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Abstract

We consider the problem of estimating a mean shape from a set of J planar configurations
described by a sequence of k landmarks. We study the consistency of a smoothed Procrustean
mean when the observations obey a deformable model including some nuisance parameters such
as random translations, rotations and scaling. The main contribution of the paper is to analyze
the influence of the dimension k of the data and of the number J of observed configurations on
the convergence of the smoothed Procrustean estimator to the mean pattern of the model. Some
numerical experiments illustrate these results.
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1 Introduction

1.1 A deformable model for statistical shape analysis

Statistical analysis of planar shapes is the study of random (planar) configurations

Yy
Y=|: | er"?
\7

described by a set of k landmarks Y, = (Yg(l),Yg@)) € R%, ¢ =1,...,k Since the seminal work of
Kendall [Ken84], one considers that the shape of Y is “what remains when translations, rotations and
scaling are filtered out”. More precisely, two configurations Y1, Ys € R¥*2 are said to have the same
shape is there exists a vector (a,a,b) € R x [—m, 7[xR? such that

Yo = "Y1 Ry + 1, @b,  with Ry — (€O5(@) Tsm()) (1.1)
sin(a) cos(a)



where 1j, denotes the vector of RF with all entries equal to one, ® denotes the tensor product and
b= (0W,b?) is a row vector.

In shape analysis, an important issue is the computation of a sample mean shape from a set of J
random planar configurations Y4q,...,Y s, and the study of its consistency as the number of samples
J goes to infinity. A statistical model of shapes must include some nuisance parameters associated to
the ambiguity of location, rotation and scaling. In [Goo91], consistent estimation of a mean shape is
therefore considered in the following deformable model:

: *
cos(aj) _Sm(o‘f')>, and j=1,...,J, (L2

sin(aj)  cos(aj)

Y] = e% (f + C])Ra;‘ + ]]-k ®b;<, with Ra; = <

where the mean pattern f € RF*? is an unknown configuration of k landmarks which is also called

a population mean in [Goo91| or a perturbation mean in [Hucl1]. The error terms ¢; € RFX2 5 =

1,...,J are independent copies of a random perturbation ¢ in R¥*? with zero expectation. For j =
1,...,J, the scaling, rotation and translation parameters (a}, o}, b;) € Rx [, 7[xR? are independent

and identically distributed (i.i.d) random variables independent of the random perturbations ¢ -

According to Goodall [Goo91] a sample mean pattern }' computed from Y1,..., Y is said to be
consistent if, as J — o0, it has asymptotically the same shape than the mean pattern f. Since Goodall’s
proposal, the deformable model (L2)) has been highly popular in the statistical shape community, and
the study of consistent procedures to estimate the shape of the mean pattern f using this model
has been considered by various authors [KM97, [Le98l Lel93, [Hucll]. In this setting, sample mean
patterns obtained by a Procrustes procedure have received a special attention. In particular, it is
shown in [KMO97, [Le98] that, in the very specific case of isotropic perturbations ¢ ;» the so-called full
and partial Procrustes sample means are consistent estimators of the shape of f. Nevertheless, these
estimators can be inconsistent for non-isotropic perturbations. Therefore, it is generally the belief that
consistent statistical inference based on Procrustes analysis is restricted to very limited assumptions
on the distribution of the data, see also [DM98] [KBCL99, [Hucl1] for further discussions.

The aim of this paper is to show that a Procrustes sample mean can be considered as a consistent
procedure even in the case of non-isotropic perturbations. To this purpose, we propose to exhibit
the relation that exists between the dimensionality k£ of the data and the consistency of smoothed
Procrustes sample means in the perturbation model (L2)). Our main result (see Theorem [L] below)
is that when the dimensionality k is high and the mean pattern f is the discretization of a sufficiently
smooth plane curve, it is possible to build a consistent estimator of the shape of f in model (L2
under general assumptions on the perturbation ¢;. The problem of analyzing high-dimensional 2D
configurations (i.e. when the number of landmarks k is high) arises in the statistical study of a set of
random points in R? that have been sampled from planar curves. A typical example is the analysis of
contours extracted from digital images.

1.2 Main contributions

We consider that the unknown mean pattern f € R¥*2 has been obtained by sampling a planar curve
f:[0,1] — R? on an equi-spaced design, meaning that

F= @)
Under appropriate smoothness assumptions on f, we use a two steps procedure to estimate f. First,
we perform a dimension reduction step by projecting the data into a low-dimensional space of R¥*2 to
eliminate the influence of the random perturbations ¢;. Then, in a second step, we apply Procrustes
analysis in this low-dimensional space to obtain a consistent estimator of f.
To give a more precise definition of our estimating procedure, introduce the following k£ x k matrix

g\ k
AN = (% > T > : (1.3)

0<|m|<A te=1




The matrix A* is the smoothing matrix corresponding to a discrete Fourier low pass filter with
frequency cutoff A € N. It is a projection matrix in a sub-space V* of R¥ of dimension 2\ + 1.
Then, we project the data on V* x V* ¢ R¥*2 and we estimate the scaling, rotation and trans-
lation parameters in model (2] using M-estimation as follows: denote the scaling parameters by
a = (ay,...,ay) € R’ the rotation parameters by a = (a1,...,ay) € R’ and the translation param-
eters by b = (by,...,bs) € R?/ and introduce the functional,

J J 2
1 1
M a, a, b) J—Z e “ANY; — 1, ®bj)R_q, -5 > e ANY — 1k ®bj )R, = (1.4)
j=1 j'=1 RFX
where ||-||gex2 is the standard Euclidean norm in R¥*2. An M-estimator of
(a*,a*,b") = (a},...,a},af,...,a%,b],...,b5) € RY x [—m, [T xR?’
is given by R
(@*, & bY) € argmin M*(a,a,b), (1.5)
(a,a,b)€O¢
where (a*, &t b)) = (a7, ...,a},47,...,4),b},...,b)) € R x [—m, [/ xR?* and

J J J
0y = {(a,a,b) €[-A A x [~A A xR > a; =0, a;=0and Y b= 0}, (1.6)
j=1 j=1 j=1

with A, A > 0 being parameters whose values will be discussed below. Finally, the mean pattern f is
estimated by the following smoothed Procrustes mean

J
P %Z_: <A>\Yj _ 1lk®l3?) R_g. (1.7)

To analyze the convergence of the estimator }'A to the mean pattern f, let us introduce some
regularity conditions on the planar curve f and on the covariance structure of the random variable ¢
in R¥¥2. Let L > 0, s > 0 and define the Sobolev ball of radius L and degree s as

(L) = {7 = (0. 1®) € (0,118, 30+ m) (en (O + len(F2)P) < L)} (18)
meZ
where e (f) = (em(f0),en(F@)) = (o FO@e2miat, [ (O @)e=2mmidt) € €2 is the m-th
Fourier coefficient of f = (f(1), f®) e L2([0, 1], R?), for m € Z.
Assumption 1. The function f belongs to Hs(L) for some L > 0 and s > % Moreover, the k x 2

matrix f = (f(%))?zl 1s of rank two, i.e there is at least two different landmarks in the k-ads composing

I
Let ¢ = (Cl C(Q)) = (C ,...,Ck NS ,...,CIEQ)) € R?* be the vectorized version of ¢ = (Cél),
Cg )g— ekaQ

Assumption 2. The random variable & is a centered Gaussian vector in R?* with covariance matriz
> € R2X2% - Let qax (k) be the largest eigenvalue of 3. Then,

lim 'ymax(k:)kfﬁ =0,

k—o0

where s is the smoothness parameter defined in Assumption [



Note that neither isotropy nor invariance conditions are required on the covariance structure of ¢.
The following theorem is the main result of the paper.

Theorem 1.1. Consider model ([L2) and suppose that the random variables (a*,a*, b*) are bounded

and belong to [—é, é]‘] X [—é é]‘] x [=B,BJ*’ for some 0 < A,B and 0 < A < Z. If Assumptions (]

and[2 hold, and if A\(k) = Lkﬁj, then for any J > 2 there ewists (ag, ag,by) € R x [—m, m[xR? such
that

1, - . -
E”'f)\ — foollanxe = 0, in probability, (1.9)

where fo, = € fRq,+ 1 ®by. Suppose, in addition, that the random variables (a*, a*, b*) have zero
expectation in [—4,5]7 x [—é, é]" x [-B, B]*) with A, A < 0.1. Then, we have

%H})\ — FllZnxe P 0, in probability. (1.10)

Statement ([.9) means that, under mild assumptions on the covariance structure of the error
terms (, it is possible to consistently estimate the shape of the mean pattern f when the number of
observations J is fixed and the number k of landmarks increases. Note that (ag, g, by) depends on
J and is given by formula (B3]) in Section Bl To obtain statement (LI0), we assume the condition
A, A < 0.1 which means that the random scaling and rotations in model (L2)) are not too large.
Also, it is assumed that random scaling, rotations and translations have zero expectation, meaning
that the deformations parameters in model (I.2)) are centered around the identity. Then, under such
assumptions, statement ([I0) shows that one can consistently estimate the true mean pattern f when
both the sample size J and the number of landmarks k£ go to infinity. These results are consistent
with those obtained in [BC11], where we have studied the consistency of Fréchet means in deformable
models for signal and image processing.

1.3 Organization of the paper

In Section Bl we recall some properties of the similarity group of the plane, and we describe its action
on the mean pattern f. Then, we discuss General Procrustes Analysis (GPA) and we compare it to our
approach. In Section [B] we discuss some identifiability issues in model (I.2)). The estimating procedure
is described in detail in Section [l Consistency results are given in Section Some experiments in
Section [@] illustrate the numerical performances of our approach. All the proofs are gathered in a
technical appendix.

2  Group structure and Generalized Procrustes Analysis

2.1 The similarity group

First let us introduce some notations and definitions that will be useful throughout the paper. The
similarity group of the plane is the group (G, .) generated by isotropic scaling, rotations and translations.
The identity element in G is denoted e and the inverse of ¢ € G is denoted by ¢g~'. We parametrize
the group G by a scaling parameter a € R, an angle o € [—7, 7| and a translation b € R?, and
we make no difference between g € G and its parametrization (a,a,b) € R x [, 7[xR?. For all
g1 = (a1,a1,b1),92 = (az,a2,bs) € R x [—7, 7[xR? we have

g1.92 = (al,al,bl).(ag,QQ,bg) = (a1 + ag, 1 —{—OQ,GalbgRal + bl),
g, = (a1, a1,b1) 7! = (—a1, —a1, —e "0 R_,,), (2.1)
e = (0,0,0).



The action of G onto R**? is given by the mapping (g, ) — g.x := e Ry+1,®b, for g = (a,a,b) € G

and € RF*2. Note that we use the same symbol “.” for the composition law of G and its action on
RF¥*2 Let
Lixz = 1; @ R?

be the two dimensional linear subspace of RF*2 consisting of degenerated configurations, i.e configu-

rations composed of k times the same landmarks. The orthogonal subspace 1@2 is the set of centered
configurations. We have the orthogonal decomposition R¥*2 = 1;2 @15, and for any configuration
x € RF2 we write ¢ = g+ & € 1@2 @ 1,5 We call zg the centered configuration of x and

T=1;® <% Zif:l xgl), % Zif:l ﬂ:f)) the degenerated configuration associated to @, see Figure [ for

an illustration.

Definition 2.1. Given a configuration « in R¥*2 the orbit of « is defined as the set
Gx :={gx, gc G} R

This set is also called the shape of x.

Consider now a degenerated configuration @ € 1;49. Its orbit G.x is the entire subspace 1;x2. Note
that the linear subspace 1o is stable by the action of G, and that the action of G on 1xy» is not free,
meaning that g;.@ = go.2 does not imply that g; = go. Now, if & € RF*2\ 1,5 is a non-degenerated
configuration of k landmarks, its orbit G.z is a sub-manifold of R¥*2\ 1,5 of dimension dim(G) = 4.

Definition 2.2. Given a configuration & € R¥*2, the stabilizer I(z) is the closed subgroup of G which
leaves @ invariant, namely
Ix)={g9g€G: gx=ux}.

If x € 149 is a degenerated configuration, it can be written = 1, ® ($(1),$(2)) and its stabilizer
is non trivial and is equal to I(z) = {(a,a, (), 2?) — (2D 2®HR,), a € R, a € [-m,x[}. If
x € RF*2\ 14,5 is a non-degenerated configuration, its stabilizer I(x) is reduced to the identity {e}.
The action of G is said free if the stabilizer of any point is reduced to the identity. Hence, the action
of G is free on the set of non-degenerated configurations of k-ads in R2.

Definition 2.3. A section of the orbits of G is a subset of R¥*2 containing a unique element of each
orbit.

Two well-known examples of sections for the similarity group acting on R¥*2 are the so-called
Bookstein’s and Kendall’s coordinates (see e.g. [DMO98] for a precise definition).

2.2 Generalized Procrustes analysis and Kendall’s shape space

Let x € RF*2 \ 1xx2 be a non-degenerated configuration. Let H = Idy — %]lk]l;g be a centering matrix.
The effect of translation can be eliminated by centering the configuration = using the matrix H (see
[DMO9S]| for other centering methods), while the effect of isotropic scaling is removed by projecting the
centered configuration on a unit sphere, which yields to the so-called pre-shape x¥ of « defined as

0 Hx

= € R¥2,
[ H || geixco

Consider now the pre-shape sphere defined by S§ := {:co, x € RFX2\ 1k><2} and see Figure [l for an
illustration. Note that this normalization of the planar configurations amounts to choose a section for
the action of the group generated by the translation and scaling in the plane. The Kendall’s shape
space is then defined as the quotient of Sg by the group SO(2) of rotations of the plane, namely

>k .=sk/so(2) = {[cco] cxl e Sg} with [2°] = {2"R,,a € [-7,7[} .

5



1kx2

1
1kx2

Figure 1: Three orbits of the action of the similarity group G are represented in blue. The space
of centered configurations 1@2 is the green plane. The preshape sphere S5 is the red circle. For a
particular & € R¥*2_ the centered version is @y and the centered and normalized version is °. The
degenerated configuration associated to x is .

The space X5 can be endowed with a Riemannian structure and we refer to [KBCL99] for a detail
discussion on its geometric properties.

Let us briefly recall the definition of the so-called partial and full Procrustes distances on S§. The
partial Procrustes distance is defined on the pre-shape sphere SS as

dp(a®,y) = nf [o® —y Rallgee, @y €85
Hence, it is the (Euclidean) distance between the orbits [x"] = SO(2).2% and [y°] = SO(2).y° with
x0 4y € S Let now H be the group of transformations of the plane generated by scaling and

rotations. The action of h € H on the centered configuration x° is defined as h.x® := e®aR,, where
h = (a,a) € R x [—=m,7[. The full Procrustes distance is then defined as

2 0,0 : 0 02 k
dF(m Y ) = ﬁg;“m - hy HRkX27 T,y € SQ'

The full Procrustes sample mean Y of Yi,..., Y (see e.g. [Goo91] [DMI§]) is defined by Yp =
argmin esk Z‘] d? (YO 0). It can equivalently be defined by,

1 J
YO
-7 Z Y (2:2)
where ﬁl, e ,iL J are given by the following Procrustes procedure
(h1,... hy) € argming, p yens JZ] 1Hh Y;) JZ 1 - (2.3)
. J 0 o ’
subject to 72 h;. Y ‘kaz =

Obviously, the mean shape f in model (L2)) does not necessarily belong to S5, and will generally not
have the same orientation than Y. Therefore, using the Euclidean distance in R¥*2 to compare Yr
and f is not meaningful. Moreover, the matching criterion (2.3]) is clearly invariant under the action
of rotations, meaning that YR, is a minimizer of (Z3) for any a € [—m, 7.

To study the consistency of the sample mean YF, it is classical in the literature on shape analysis
to use the Kendall’s shape space 2’2“. It has then been proved in [KMO9T7, [Le98| that, under mild



assumptions on f, [Y x| converges almost surely to [f°] as J — 400 when the covariance matrix of
the random perturbation ¢ in ([L2)) is isotropic (see Proposition 1 in [Le98| for a precise definition of
isotropy for random variables belonging to R¥*2). When the random perturbation are non-isotropic,
it has been shown in [KM97, 98] that [Y ] does not converge to [f°] for some specific configurations
of mean shape. Note that in [KM97, [Le98], the authors also studied the convergence of the so-called
partial Procrustes sample mean defined as

J J
. 1 1
Yp € argmin — g d2 (a: YO) = argmin min 7 E: HY?Raj - CCOH];MQ

:EOES]; j=1 wOESk (a1,.0g)€[—m,7]/

and they arrived at the same conclusion on the consistency of Y p. Hence, it is commonly the belief that
Procrustes sample means can be inconsistent when considering convergence in 2’5 and the asymptotic
setting J — +o0.

Therefore, our approach and GPA share some similarities. They are both based on the estimation
of scaling, rotation and translation parameters by a Procrustean procedure which leads to the M-
estimators ([L3]) and (2.3). To compute a sample mean shape, this M-estimation step is then followed by
a standard empirical mean in R¥*? of the aligned data using these estimated deformation parameters,

see equations (7)) and (22)).

However, one of the main differences between the approach developed in this paper and GPA

is the choice of the normalization of the data. In GPA, the deformation parameters hq,...,hy are
computed so that the full Procrustes sample mean Yp belongs to the pre-shape sphere S 5, see the
constraint appearing in (Z3)). Therefore, the computation of hi,...,hy is somewhat independent of

any assumption on the true parameters (a*, a*,b*) in model (L2). In this paper, to ensure the well-
posedness of the problem ([L5]), we chose to compute the estimator (dA,dA,l;A) by minimizing the
matching criterion (L4]) on the constrained set @y. The choice of the constraints in @y is motivated
by the hypothesis that the true deformation paremeters (a*,a*,b*) in (I.2) have zero expectation.
Another main difference in our approach is the smoothing of the data before applying a Procrustean
procedure.

3 Identifiability conditions

Recall that in model ([.2]), the random deformations acting on the the mean pattern f are parametrized
by a vector (a*,a*,b*) = (af,...,a%,af,...,a%,b;,...,b%) in RY x [—m, 7]/ xR?.

Assumption 3. Let 0 < A, B and 0 < A < w be three real numbers. The deformation parameters
(at, at,bk), are i.i.d random variables with zero expectation and and taking their values in

ARt R
. A A A A 9
e* = [——2,—2]x[ X 2}x[—B,B].

Let @ = [—%, %]JX [—é, é]‘] x [~ B, B]*). Under Assumption 3, we have (a* a*, b*) € ©*. Note
that searching for estimators of the scaling parameters in the compact interval [ 5 ‘;‘] 7 is an essential
condition to ensure the consistency of our procedure. Indeed, the estimation of the deformation
parameters (a*,a*,b*) and the mean pattern f is based on the minimization of the criterion (L4
over the set @ defined in ([LG]). If there were no restriction on the amplitude of the scaling parameter,
the degenerate solution a; = —oo for all j = 1,...,J is always a minimizer of (L4]). Therefore, the
minimization has to be performed under additional compact constraints.



3.1 The deterministic criterion D

Let (a,a,b) € R x [—7, 7]/ xR?/ and consider the following criterion,

J J 2
1
D(a,a,b) = — Z Z 9 gj . (3.1)
Jk =1 REX2
where g; = (aj,a;,b;) and g; = (a],oz],bj) for all j = 1,...,J. The criterion D is a version without

noise of the criterion M?* defined at (I4). The estimation procedure described in Section [l is based
on the convergence of the argmins of M* toward the argmin of D when k goes to infinity. As a
consequence, choosing identifiability conditions amounts to fix a subset @ of R’ x [—7, [/ xR?’ on
which D has a unique argmin. In the rest of this section, we determine the zeros of D, and then we
fix a convenient constraint set ®( that contains a unique point at which D vanishes.

The criterion D clearly vanishes at (a*,a*,b*) € R’ x [—7, [/ xR?/. This minimum is not unique
since easy algebra implies that

D(a,a,b) =0 = (g;lg;k)f = (g;l.g;/).f, for all j,5' =1,...,J.

Suppose now that f ¢ 1oy is a non-degenerated planar configuration. In Section 2] we have seen
that the action of G on f is free, that is, the stabilizer I(f) is reduced to the identity. Thus, we obtain,

D(a,a,b) =0 = gj_l.g;f = gj_,l.g;,, forall 5,5/ =1,...,J
a; a; = a;, aj,
= oz;—ozj—oz;‘/—oz],

“0; —bj)Rq; =€ (b;», - bj/)R,aj/
for all j,5' =1,...,J

We have proved the folowing result,

Lemma 3.1. Let f € R¥*2 be a non-degenerated configuration of k-ads in the plane, i.e. f ¢ loxy.
Then, D(a,a,b) =0 if and only if (a,a,b) belongs to the set

(a*,a™,b")x G = {(a*,a*,b*) * (ag, ap,boy), (ap,ap,by) € R x [—W,W[XRZ},

where (a*, o, b*)*(ag, ag, by) = (aj+ao, ... ,a%+ag, o] +ao, ..., a5+, e“IbORa{—i—b’{, . ,ea?}boRaT]—i—
by) € RY x [—m, w[/ xR2/.

Remark 1. Lemma [31]is simpler than it appears. By reordering the entries of the vector (a*, a*, b*)
there is an obvious correspondence between (a*, a*,b*) € ®* and (¢7,...,97) € G’ via the parametri-
zation of the similarity group defined in Section 2.1l Hence, Lemma BTl tells us that the criterion D
vanishes for all the vectors (a, a, b) € R7 x [—7, 7[/ xR?’ corresponding to the subset of the group G’
given by

(95,95 %G = {(g5-90:- -, 97-90), 90 € G} C G’

The “*” notation is nothing else than the right composition by a same gy € G of all the entries of a
(91,--.,97) € G'. Hence the subset (g7, ... ,977)*G can be interpreted as the orbit of (g7,...,g%) € G’
under the (right) action of G. Indeed, G acts naturally by (right) composition on the all the coordinates
of an element of G”.



Figure 2: Choice of identifiability conditions when J = 2.

3.2 The constraint set 0

By Lemma [3.]] the set ®( must intersect at a unique point, say (ag,, @g,; b*eo), each set (a*, a*, b*)x*
G. It is convenient to choose ® to be of the form ®¢ = R’ x [~ [/ xR?/ N Ly where Ly is a linear
space of R*/. The linear space £y must be chosen so that for any (a*,a*,b*) in ®*, there exists a
unique point (ag,, g, ,bg,) in O that can be written as (ag,, ag,, bg,) = (a*, a*, b*) * (ao, ap, bo)
for some (ag, g, bg) € R x [—, m[xR2.

Remark 2. As we have seen in Remark[I] the set (a*, a*,b*) * G can be interpreted as an orbit of the
action of G on G7. In this terminology, the set @ can be viewed as a section of the orbits. Indeed,
the section is the set of representatives (a’éo, ag,; b*G)o) of each orbit. See Figure [2 for an illustration.

Let us consider a choice of ®y motivated by the fact that, under Assumption Bl the random
deformation parameters have zero expectation. In this setting, it is natural to impose that the estimated
deformation parameters sum up to zero by choosing Ly = 1@, which is the orthogonal of the linear
space 145 = 147.R € R*’. Such a choice leads to the set ®¢ defined equation (L8 i.e.

0y ={(a,a,b) €0’ (a1 +...+aj,a1+...+ay,b +...+by) =0}

Now, let us show that for any (a*,a*,b*) € ©" there exists a unique (ag, , g, ,bg,) = (a*, o, b*) *
(ag, ag, by) € O for some (ag, g, bg) € R x [—7, 7[xR2. This amounts to solve the following equations

ai + aop + ...+ a’; + ag =0,
o] + o + ...+ oy + g =0, (3.2)
¢UboRor +b5 + ... + eTbyRas +b5 =0.

After some computations, we obtain that equations ([B.2]) are satisfied if and only if
(ag, g, bg) = (—a*, —a*, —b" (e Ro+) 1), (3.3)

—x __ 1 J * —x __ 1 J * r* 1 J * 2 * _ 1 J ak
where a —7Zj:1aj6R,a —7Zj:1aj6R,b —7Zj:1bj€]R and e Ra*—jzj:1€ JRa;

is a 2 x 2 invertible matrix. Therefore, (a’éo, ag,: b’éo) is uniquely given by

(a5, [a,]j, b6,];) = (af — a*, o — a*, b} — e“J*(B*(ea*Ra*)*l)Ra;),

for y=1,...,J.

Remark 3. Another possible approach is to fix, say the first observation as a reference, meaning that
the criterion D could be optimized on the following subspace of R” x [—m, [/ xR?/

@1 = {(a,a,b) € [—A, A]J X [—./4, .A]ZJ X RQ, (al,al,bl) = 0}



With such a choice, for any (a*,a*,b*) € ©7, the j-th coordinate of (ag,, 2o, be,) = (a,a",b%)
(ag, ag, by) is given by
*

([ae,)j [ao,];: bo,]j) = (aj —ai,af — o], b] — €%~ b Ro:_az),

where (ag, ag,bp) = (a},0f,b5) ™" = (—a}, —a}, —e"b{R_4:). A graphical illustration of the choice
of identifiability conditions for J = 2 is given in Figure

4 The estimating procedure

4.1 A dimension reduction step

We use Fourier filtering to project the data into a low-dimensional space as follows. Assume for

convenience that k is odd. For ¢ = (x},...,z}) € RF*Zand m = -k .. %, let

2
k k k
_ 7i27rm£_ (1) 7i27rm£ (2) 7i27rm£ C2 with =, = (21 2?
cm(:c)—Za:ge = me e ,sz e € C* with ¢ = (z,”, 2,”),
=1 =1 =1

be the m-th (discrete) Fourier coefficient of . Let A € {1,..., %51} be a smoothing parameter, and
define for each Y; the smoothed shapes

k
. 1 .
= (E > cm(Yj)emm%) = AYY; e RMZ
0<|m|<A =1

In Section 1], we have shown that the similarity group is not free on the subset 1542 of degenerated
configurations composed of k identical landmarks, see Section 2.1l That is why we are going to treat
separately the subspace 1542 and 1;2 by considering the matrices

A 1 / A 1 i27rmz7€/ g
A= 1T and Ay = doe F : (4.1)
0<|m|<A £=1

Remark that A is a projection matrix on the one dimensional sub-space V := 1;,.R = {cl} : ¢ € R} of
R*. The matrix AS‘ is a projection matrix in a (trigonometric) sub-space Vé‘ of dimension 2A. Note
that it is included in the linear space V*+ = {z € R¥ : 2/1; = 0}. Hence, V3 x V}} is a linear subspace
of 1#2 which is the space of the centered configurations. We have,

A=A} +A and YV =V} aV. (4.2)
Thus, we can write the smoothed shape ]ch\ as
Fl =AM =AY+ AY € (Vx V) o (V) x V)

where V xV = 1;5 and Vé‘ X Vé‘ - 1#2. In other words, Aa‘Yj is the smoothed centered configuration
associated to Y; and AY] is the degenerated configuration given by the Euclidean mean of the k
landmarks composing Y;. Finally, remark that the low pass filter and the action of similarity group
commute, that is, we have for all g € G and f € RF*2

g.(AMf) = e*AMNfRy + 1, @b = AMNe®fRo + 1, @ b) = A g.f).

4.2 Estimation of the deformation parameters

Recall that the estimator (a*,&>,b") of (a*, a*,b*) is defined by the optimization problem (LJ).
Nevertheless, thanks to the discussion of Sections 2.I]and 1], one can carry out the estimation process
in two steps. First, we estimate the rotation and scaling parameters on the space Vé X Vé C 1,@2
of the centered configurations. We then use these estimators to estimate the translation parameters
which act on V x V = 1;x2. Note that this procedure is equivalent to the optimization problem (L35])
as shown by Lemma [£.] below.
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Estimation of rotations and scaling. Define

J
1
e YAYY ;R o, — 5 > e W AYY R,
i'=1

2
M a, o)

RkX2

Let 17 = {(a1,...,ay) € RJ,a1 +...,ay = 0} and consider the space @5% = (-4, A}/ N 17) x
—A, A]7 N17). Then, estimators of the rotation and scaling parameters are given by
J

(@*, &) € argmin Mj(a, ). (4.3)
(a,a)e®F ™

Estimation of translations. Now that we have computed estimators of the rotation and scaling
parameters, let us define the criterion,

17
M(a,a,b) = J_;

and the space @Y = {( . (1) b(2) . b(2)) € Rw,bgl) +...+ bSl) = b§2) +...+ bSQ) = 0}. The

estimator of the translatlon parameters is then given by,

2

N

1
—(IJA — ]lk (024 b; )Rfaj — j Z efaj/ (Y]/ — ]lk (039 bj’)Rfaj/

RkX2

b* = argmin M (a*, &>, b). (4.4)
be@®}
We emphasis that the estimators of the translation parameters depend on the estimated rotation and
scaling parameters. It is shown in the proof of Lemma ] below that we have an explicit expression
of b* given by

b = (Y1 — e Y(e%Ro) *Ray, -, Y7 — €Y (e%Re) ' Ry,) (4.5)
where e? Ry = %z;zl e Ry, € R¥? Y = %Z?:l[Yj]g € R%, that is AY; =1, @ Y; e R % is a

degenerated configuration, and Y = % ijl Yj € R2.
This two steps procedure is equivalent to the optimization problem (L) as we have the following

decompositions M*(a, a, b) = Mg (a, ) + M(a,a, b) and @y = Oy x ©}, implying following result
(see the Appendix for a detailed proof)

A (@, at) e argmz’?a My (a, )
Lemma 4.1. (a&*,&*,b") € argmin M a, o, b) < - (a,a)ego_ Ah A
(a,a,b)€O b* = argminM(a™, &, b).
be®f

5 Consistency results

In what follows, C', Cy,C denote positive constants whose value may change from line to line. The
notation C(-) specifies the dependency of C' on some quantities.
5.1 Consistent estimation of the deformation parameters

Rotation and scaling. Recall that the rotation and scaling parameters are estimated separately on
the smoothed and centered observations. We have the following result,

Theorem 5.1. Consider model (I.2)) and suppose that Assumptions[dl and[@ hold and that Assumption
[3 is verified with max{A, A} < 0.1. Consider (a*,&") the estimators defined in equation ([@E3).

A= k=1 then for all x > 0 we have

(—H( a*, &) — (a*, )2 > C1(L, s, A, A, fo)Al(k,J,x)+CQ(A,.A)A2(J,95)> <4e™®,  (5.1)

11



where C1(L, s, A, A, fo),C2(A, A) > 0 are positive constants independent of k and J, Ay(k,J,z) =
F (k™ 350 ) + F(Vi(k, J,2)) with Vi(k, J, 2) = 3ymax )k 251 (14 /25 + 22 and Ay(J,2) = <%+

2
2736) , where F(u) = u+ +/u, for all u > 0.

Remark that a direct consequence of Theorem [5.11is the consistency of (a*, &) to (a*, a*) when
k,J — oo. Indeed, we have lim,_,o F'(u) = 0 and under Assumption [2 and for any fixed J > 1 and
x > 0, the term Vi (k, J,x) tends to zero as k goes to infinity. Hence for any > 0 and J > 1, we have
limy_, o0 A1(k, J,2) = 0. Now, for all x > 0, we have limj_,o A2(J,2) = 0. Thus a double asymptotic
min{k, J} — oo ensures that %H(d)‘, &) — (a*, a*)||2,, tends to 0 in probability.

Note that also that Proposition [A1] (see the Appendix) then ensures the convergence of (a*, &)
to (ag, ag,) as J remains fixed and k — oo. It should be also mentioned that the condition
max{A, A} < 0.1 is not needed to only ensure the convergence in probability of (a*, &) to (@, 2,)
is the setting J fixed and k — co. However, this extra condition on A and A is needed to derive a rate
of convergence (depending explicitly on k and J) .

Translation parameters. We have the following result,

Theorem 5.2. Consider the hypothesis and notations of Theorem [521] and the estimator b given by
formula (&4)). Then we have for all x > 0,

1 -
P(jum — b |20 > Cs(L, s, A, A, B, £)As(k, J,z) + 04(A,A,B)A2(J,x)> < 9e2, (5.2)

where C3(L,s, A, A, B, f),C4(A, A, B) > 0 are positive constants independent of k and J, As(k,J,x) =
2s
F(k™357) + F(Vi(k, J,x)) + Va(k, J,x) with Va(k, J, z) = 42mexEl (1 | BT 4 2,

Similar comments to those made after Theorem [5.1] are still valid here. For any J € N and =z > 0,
we have limy_, o As(k, J,x) = 0, since Va(k, J,z) tends to 0 as k goes to infinity by Assumption 2l In
the double asymptotic setting k, J — oo, Theorem ensure the consistency of b to the true value
b* of the translation parameters. Remark also that Proposition [A.3] (see the Appendix) ensures the
convergence in probability of b} to by, with only an asymptotic in k (with fixed J).

5.2 Consistent estimation of the mean shape

Theorem 5.3. Consider model (I2)) and suppose that Assumptions[dl and[2 hold and that Assumption

is verified with max{A, A} < 0.1. Consider the estimator f* defined in (LZ) and let A = fezer,
Then, we have for all x > 0,

1 .
P(EHF — Fli3is = O(L, s, A A B, ) (As(k, J.2) + Asg(k, J.2) + A2<J,m>)) <167,

where C(L,s, A, A, B, f) > 0 is a constant independent of k and J, Ai(k,J,x) = F(kf?sﬂ) +

F(Vi(k, J,2)) with Vi(k,J,2) = 3ymac(k)k 207 (14 22 +22), Ag(k, Jy2) = Val(k,J,z) +
s 2

F(k™251) + F(Vi(k, J,)) with Va(k, J,z) = 42228 (1 4 BT L 2) and Ay(J,z) = ( 2 %) .

The terms A;(k, J,z), As(k,J,x) and As(J,z) that appear in the statement of Theorem [£.3 are
the same to those appearing in Theorems [5.1] and As a consequence, we have %Hf)‘ — fH]?{kX2 —0
in probability when min{k, J} — oo, see the comments after Theorems [5.1] and Let

fo, =e* (f +1;, @b (e%" Ro-) ") Ra (5.3)

12



6 32 6

30

28

T 20 2 24 26 28 30 2 34 100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000
3 3

(a) (b) (c)

Figure 3: Plot of the mean pattern f = (f(l), f(2)) used in the simulations with k& = 1024. @
The first coordinates f(). The second coordinates f(2).

J=1"7
is an invertible 2 x 2 matrix, see also formula ([3.3]). A slight modification of the proof of Theorem [5.3]
gives the following inequality,

—x __ 1 J * —x _ 1 J * pE_ 1 J * 2 a* _ 1 J a*
where a® = 5377 jaf €eR a" =33 a0l €R b =335 b eR and e Rov = 5375 € R

P(%HP — Foul? = C(L,s, A, A, B, £)(Ai(k, @) + As(h, J,m))> < Ue .

Note that Theorem [£.3] gives rate of convergences of ]AC)‘ to f thanks to a concentration inequality.
As for the estimation of the deformation parameters, the condition max{A, .4} < 0.1 is not needed to
only ensure the convergence in probability of }’)‘ to fe, is the setting J fixed and k — co. However,
this extra condition on A and A is needed to derive a rate of convergence (depending explicitly on &
and J) of f to fo,-

6 Numerical experiments

6.1 Description of the data

We make here some numerical simulations to show the effect of the dimension k£ and the number
J of observations on the estimation of the deformation parameters and the mean pattern with data
generated by model (L2)). Different types of noise are considered. For all ¢ € [0, 1], let

f(t) = (10sin?(wt) 4 cos(107) + 20, 2sin(67t) — 11sin?(wt) + 12exp(—25(t — 0.4)?) + 1).

This curve is plotted in Figure Bl The deformation parameters (a;,a;,b;), g =1,...,J, are i.i.d
uniform random variables taking their values in © = [—1 1] x [-1 1] x [-1,1]2. The law of the

deformation parameters is supposed to be unknown a priori and the minimization is performed on the
constraint set

J J J
7
Q) = {(a,a,b) € [-1,1]7 x {—%,g] x R Zaj =0, Zaj =0 and ij — 0}_

Recall our notations: the error term is denoted by ¢ = (¢ O3 ¢ (2)) € R**2 and the vectorized version
of ¢ is denoted by ¢ € R?*. The simulations were run with three different kinds of noise.

White noise : the random variable ¢ = (Cfl), 2(1), . ,ka), Cék))’ € R? is a centered Gaussian vector
of variance
31 = 41dyy.
We have ymax(k) = 4 and this correspond to an isotropic Gaussian noise as in [KM97, [Le98], see

Figure [
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Stationary noise : the random variable ¢ is a centered Gaussian vector of variance 35 with

k

1 vy 2
%5 = I [few (-450)]
Hence, X5 is a Toeplitz matrix and it follows from classical matrix theory, see e.g. [HJ90], that
Ymax (k) is bounded (here ypax < 80). See Figure

Correlated noise : the random variable ¢ is a centered Gaussian vector of variance

23:1d2®PDiag<§—2, 6:1,...,/<:)P’

where P is an arbitrary matrix in SO(k). Hence, in this case Ymax(k) = & and the level of noise
increase with k, see Figure [Gl

6.2 Description of the procedure

The estimation procedure follows the guidelines described in Section[dl We are testing the effect of the
number J of observations and the number &k of landmarks on the estimation of the parameters of interest
of model ([2]). All the simulations are performed with J = 10,100, 500 and k& = 20, 50, 100, 1000, 3000
and for each combination of these two factors the simulations are performed with M = 30 repetitions
of model (L2)).

Moreover, the estimation are done without and with the pre-smoothing step. In the former case
we have A(k) = %, that is, there is no reduction of the dimension. In the latter case, the smoothing
parameter A(k) is fixed manually to ensure a proper reconstruction of the mean pattern f. Note that
we need A > 7 to get correct results and we took Aog = A50 = A1g0 = 7, A1000 = 11 and Azggp = 25.

We use a quasi-Newton trust-region based algorithm to solve the optimization problems (43]) and
(#4). The formula for the gradient is given in (B.I)). All the computations are performed with Matlab.

6.3 Results: estimation of the mean pattern

For each of the 30 repetitions of model (L2)) with the possible values of k and .J, we compute the
quantities %H - fo, ||]%%,CX2 where f* corresponds to the smoothed Procrustes mean of the observations

defined in (7)) and, %H} - f%oﬂékw where f is the (non smoothed) Procrustes mean of the data.
Recall that fe, is defined by formula (5.3).

Boxplots of the results are given in Figures[7 ]l and [@ for the different kinds of error terms described
in Section In the figures, the abscissa represents the different values of the number k£ of landmarks
and boxplots in red correspond to J = 10 observations, in green to J = 100 observations and in blue
to J = 500 observations.

The estimation of the mean pattern with the white noise error term is given by Figure[7l In Figure
[Tal, for a fixed k, the non-smoothed version %H} — f*H[Qka2 decreases when J increases. Moreover,

the values of £ f— F*|[Z1x> remain stable when J remains fixed and k increases. Recall that this
framework corresponds to the isotropic Gaussian noise described in [KM97]. The simulations seem to
confirm their conclusions and show that in this framework the dimension k is not preponderant. In
Figure [7h] the smoothed version %H fr— f\\%kxg decreases when .J and k increase. The main difference

with the non smoothed estimation is the convergence to 0 of %H})‘ — f|2xx> when J remains fixed and
k increases.

In Figure [§] the results of the estimation of the mean pattern are plotted for the stationary noise
term. Figure [Bal shows us a similar behavior of the non-smoothed Procrustes mean but with non-
decreasing values of %H - f*”%kX2 when k increases and J remains fixed. In Figure 8B the smoothed
Procrustes mean converges as k goes to infinity and the larger J the faster the convergence is.

The results of the estimations of the mean pattern with the correlated noise are presented Figure [0
The results that appear Figure @al are quite different compared to those presented Figures [Tal and [Bal

14



8 90

6 80

4 70

2 60

oy 50

-2 40

4 30

-6 20

-8 10
o 5 10 15 20 25 30 35 40 a5 50 100 liﬂ 200 250 300 50 100 liﬂ 200 250 300
(a) Observations Y1,Y2,Ys (b) A realization of ¢, (c) Spectrum of 3

Figure 4: Example of data generated by model (L2)) with white noise in the case k = 300.
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Figure 5: Example of data generated by model (L2)) with stationary noise in the case k = 300.

(a) Observations Y1,Y2,Ys (k = (b) A realization of ¢; (k = 300) (c) Spectrum of X3

300)

Figure 6: Example of observations generated by model (L2)) with the correlated noise in the case
k = 300.
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The estimation seems to be worst when k increases and J remains fixed. The reason is that the level
of noise, measured by Ymax(k) is increasing with k. The smoothing step is efficient and the estimations
presented Figure [9b] have a similar behavior to those of Figures [7h] and [8H

A  Proofs

A.1 Proof of Lemma [4.1]
Using the decomposition (.2]), we obtain the following identity
MMa,a,b) = My (a,a) + M(a,a,b). (A1)

Note that we have used the fact that the subspaces V4 and V are orthogonal and that Al ® b; =
1 ® bj, for all b; € R Let us also introduce the notation Y; = %Z?ZI[YJ]K € R?, that is AY; =
1 ® Y; € RF*2 is a degenerated configuration, and Y = %Z}Ll Y, € R% For a fixed (a,a) €
R’ x [—7, [/, the functional b — M/(a, c,b) vanishes if and only if there exists a by € R? such
that e™%(AY; — 1z ® bj)R_o, = 1x ® by for all j = 1,...,J. Therefore, for this fixed (a,c),
there is a unique point b = b(a, ) = (Y1 — e Y (e“Ra) 'Ray, ..., Y — e Y (e“Ry) ' R,,) with
€A Ry = % 23'121 e Ry, € R?*2 and which satisfies,

b(a,a) = argmin M (a, c, b)
be@®}

Thence, thanks to the decomposition ([AI]) and the fact that M(a, o, b(a,a)) = 0, we have
argmin  M*(a,a, b) = < argmin  Mg\(a, @) , b( argmin Mo/\(a,a))>,
(a,a,b)€O (a,a)e@7"™ (a,a)e@7"™

and the claim is proved. O

A.2 Proof of Theorem [5.1]
For all (@*, &*) € ©F and (a*,a*) € [~ A, A] x [~A, A], we have the following inequality

Loy aa 20020 aa 2 2 2

Sl@% a%) - (a*,a)|fer < S1(@% &%) = (al,, @6, llgas + S ll(ae,, ae,) — (a” ).
The proof of Theorem [E.1] is a direct consequence of Proposition [A.1] and Lemma [A.2] below which
control the convergence in probability of the two terms in the right hand side in the preceding inequality.

Proposition A.1. Consider model (L2) and suppose that Assumptions[dl and[2 hold and that Assump-

tion [3 is verified with A, A < 0.1. If A = A(k) = Lkﬁj then there exists a constant C'(L,s, A, A, fo)
such that for all x > 0

1 S
P <j||(ak,aﬂ) — (a5, @ lIRes = C(L, s, A, A, fo) (F(k™77) + F(Va(k, J,x)))) <277,

where Vi (k, J, x :?rymaxktlf%j1 14+ 2% +22%) and F: RT — R, with F(u) = u + /u.
Jk Jk

The proof of Proposition [A.T]is postponed to Section[A.5l The following lemma is a direct consequence
of Bernstein’s inequality for bounded random variables, see e.g. Proposition 2.9 in [Mas07].

Lemma A.2. Suppose that Assumption [ holds and that the random variables (a;,a;), ji=1,...,J
have zero expectation in [—A, A] x [—A, A]. Then, for any = > 0, we have

1 * * * *\ (|2 2x T 2 —T
P (= l(@s, ao,) = (@",a) e = C(AA) (E +55) ) < e,

where C(A, A) = 4max{A?, A%}. O
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A.3 Proof of Theorem

The proof of Theorem follows the same guideline as the proof of Theorem Bl Consider the
inequality

1 0N 2 2 0 * (12 2 * * ]2

LB 0120 < 216 b s + 2 b8, 52
Theorem is now a direct consequence of Proposition [A.3] and Lemma [A.4]
Proposition A.3. Under the hypothesis of Proposition [A1], there exists a constant C(L,s, A, A,
B, f) > 0 such that for all x > 0,

2 5 _=2s —

P (jubA — b, [2s = C(Lus, A, A, B, ) (F(k™55) + F(Vi(k, J,x)) + Vz(lc,J,x))) <5e7,
where Vi(k, J,2) = 3max (k)™ 750 (14 /22 +22), Va(k, J,2) = Sy (k) (1 + /2 + 2) and
F(u) =u++u, u>0.

The proof of Proposition [A3]is postponed to Section [A.6]

Lemma A.4. Suppose that Assumption[3 holds with A < and that the random variables (a}, a7, b})

j=1,...,J have zero expectation in © C R*. For any x >0 , we have
P zHb* —b*|22, > C(A,AB) (V2 + & N <o
J 1700 R2J = T J " 3J = ’

where C(A, A, B) = 8B%*4(cos A — sin A) 2.

Proof. This result is a consequence of the Bernstein’s inequality for bounded random variable. We

have
J _ —_— — —_—
1B, — blla2s = | D Il b7 (¢* Ra) ' Ras 32 < eV I[IB" (€% Rar) ™ |lp2,
j=1
where e®" Ry« = %ijl €% Ra;«, is an invertible 2 x 2 matrix whose smallest eigenvalue is greater
than e (cos A — sinA) > 0 as A < Z. To see this, remark that the eigenvalues of €@ Rqo« are
%Z}Izl €% (cos o £isinaj) and we have 1% 3-]:1 €% (cos o £isin oz;f)| > e 4(cos A—sin.A) > 0. We
now have
1 * * *
\/—7“5@0 — b'[|ges < C(A, A ||,

where C’(A,fA) = e?4(cos A — sin.A)~!. Finally, for all u > 0 we have P(%Hb’éo — b*||g2s > u) <
P(C(A, A)||b*||gz > u) and a Bernstein type inequality (see e.g. Proposition 2.9 in [Mas07]) gives us
IP’(HB*HRQ > 2B(\/% + %)) < 4e~* which yields

]P’(%”b*eo —b*|Fs > C(A,A’B)( 2y %)2) B

where C(A, A, B) = 4B%*4(cos A — sin A) 2. O
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A.4 Proof of Theorem [5.3]
Recall the notations introduced Section 2.1k for g gj = (a)‘ &) b>‘) we have gj. f= e fRs» +I;§‘ Then,
J

YRR
we have
J
L a 2 e M—1 /A A 2
“le - — = N-L(ANY) —
o F A kHJ;(gn Ay - £,

J
2 A A
< 25wty 2o
]:
J
4 A o A A
SH;HA ((g]) gjf f) sz ! ]ACJRQ*_& Rk X2 I{:HAf ka“'
A% B

The rest of the proof is devoted to control the terms B and V. The term B is controlled by the bias
of the low pass filter. According to Lemma [B.I] if Assumption [I] holds and by choosing the optimal

frequency cutoff A = A(k) = Lk:TlHJ, there exists a constant C'(L, s) > 0 such that
2 A 2 __2s
B = EHA f = fllgexe < C(L, )k~ 2s+1. (A.2)

The term V contains two expressions. To bound the first one we use Bessel’s inequality and Lemma
[B.4l More precisely, we have for all j =1,...,.J

%HAA((Q?)’I-Q}J“ — )|z < %H(g?)’l-g;*-f — |3

< C(A, £)(a5 = & 0 = @), (6 = BDR_g)|[z
< O, Pl — a0 — a)|[e + C(A, P|D — b} [5e

We can now use Theorem [5.1] and to derive the following concentration inequality,

P(i Ej: A () g F — )|
kJ st J J R (A.g)

> O(L,s, A, A, B, f)(Al(k, J,x) + As(k, J,x) + AQ(J,QJ)>> < 13e7°

where C(L, s, A, A, B, f) > 0 is a constant independent of k and J and A;, Ay, As are defined in the
statement of Theorem [.J] and The second term contained in V is treated by equation (A.I0)
below. Hence, formulas (A.3) and (A.10) yield

IP’(V > CO(L,s, A, A, B, f)(Al(k, J,2) + As(k, J,2) + Ag(J,ﬂ:))) < 14e77, (A.4)
for some constant C(L, s, A, A, B, f) > 0. Putting together equations (A.2) and (A.4)) gives
PGII}A = e 2 O(Ls, A A B, ) (As(k, ) + Ash, I, ) + Ao, x))) <1467
for some constant C(L, s, A, A, B, f) > 0. The proof of Theorem [5.3]is completed. O

A.5 Proof of Proposition [A1]

The mean pattern f can be decomposed as f = f + fo € 1,.,® 1kx2 Then, fq is the centered
version of f and we can consider the criterion,

1 J
D , _J—;

J

* 1

0%~ at,—aj

7 JfORa;—ozj_j E 7 fORa,—a/
J'=1




We now have,
(@*, &) = argmin Mg(a, ) and (ag,, xp,) = argmin Dy(a,c).
(a,0)e®7 ™ (a,0)€®5 <
Then, the convergence of (a*, &) to (ag, ¥o,) is guaranteed if (ag, , g, ) is uniquely defined and
if there is a uniform convergence in probability of M(f‘ to Dy, see e.g. |[vdV98|. This is the aim of
Lemmas [A.5] and [A.6] below.

Lemma A.5. Let f be a non-degenerated configuration in R¥*2 ie. f & 1pxa. Then, the argmin
of Dy on J@g’a is unique and denoted by (ag ,ag,) = (a; — a*,a; — &), where a* = %Z}]:l aj,
1
=7 Zj:l o
Proof. As f is a non-degenerated configuration, we have fg % 0. Thus, the stabilizer of f is reduced
to the identity, see Section 21l Then Dg(a, ) = 0 if and only if there exists (ag, ag) € R? such that
(a,a) = (a*, a*)*(ag, o) = (a]+ao, o] +ap, . ..,ar;+ap, a’;+ag). By choosing (ag, o) = (—a*, —a*)
we have Z}Ll(a;,a;) * (ag, ) = 0. That is (ag,, ag,) = (a*,a*) * (ag, a0) € OF. O
We now show the uniform convergence in probability,

Lemma A.6. Suppose that Assumptions [, [4 and[3 hold and let F : R — R, with F(u) = u + /u.
For any x > 0 we have

IP’( sup ‘Mé‘(a,a) — Dy(a, )| = C(L,s, A, fo) <F(k7%~sr1) + F(V(k, J,x))) ) <27
(a,0)€®5 <

where C(L, s, A, fo) = 24 max{%HfoHkag, %HfoHkag, 2} and V(k, J,x) = 3’ymax(/<:)k7%i1 (1 +

2
F(%)).
Proof. Let us write the following decomposition,

Mj(a, )

1 < 1< o 2
= jzl ¢ foRa;—a, = Z e foRur, o, s (A.5)
= .] =
J J 2
ST e AN — Fo)Ruay — = 3 €T (AN — fo)R (A.6)
Tk 0 0)Lva* e J 0 a y =g .
]:1 jl: RkEX2
J J
2 s a’,—a
#2307 folfagay = 5 3 T ol
j=1 j'=1
(A7)
J
a —a 1 a , a 4
T (AGE = Fo)Raj—ay — = D €V (AGF — Fo) Ra, - >
j'=1 RkEX2
J J 2
1 a*—a 1 a* , a i/
+ = > llet Ay 0¢; Bag—a, = 5 > e T A i R 4 —ay (A.8)
_ _ RkX2
Jj=1 j'=1
J J
2 a*—a; 1 a*, ajr
+EZ< 7 JAéfRa;f—aj_jZ 7 AOfRoz —ajr
j=1 jr=1
) S (A.9)
at—a; g\ a’ 3 —ajr
e’ JAOCjRa;faj - j Z AOC]’RQ C|tJ/>]Rk><2
Jj'=1

Then, criterion My is viewed as a perturbed version of the criterion Dy(a, ) = (A3,
M (a,a) = Dy(a,a) + B)(a,a) + V) (a,a)
where the bias term is B)(a, a) = (A6) + (A7) and the variance term is V}(a, ) = (A8) + (A9).
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The bias term. We have for any (a,a) € ©5%,

2 J 2
sz BT (A — fo)R ) —a; kaz_H%.,Zﬂ eV (AYf — fo)R G0 | s
1 2 .
< €2AEHASf —fo
RkXQ
A double application of Cauchy-Schwarz inequality implies that,
ay _anORa*—aJ — J Z a’ S—a; lfORa*,—on/ "
. 1 o
eajiaj(A F—fo)Rar it T g z;eajl ajl(A f = fo)Ra oy R
jl=
2 (1< 21 :
< E<j ZezAH‘foRa;—ajH[Qka) <j Z 2AH(AOf fO) o —ozj||ka2>

7j=1 Jj=1
1
e Hf0||ka2||A I = Follgexe.
Finally, by using Lemma [B.1] we have,

sup  [BY(a,@)| < Ci(L, 5,4, f) (k—% n k—ﬁ) _
(a,0)e®@* ™

where Cy(L, s, A, f) = C(L, s)e** max {2%”1"0\@“2, 1}.

The variance term. First, the term (A.9) is by the Cauchy-Schwarz inequality controlled by 262’4%

| follgrx2+/(A8). The term (AJ) is bounded from above by - Z] L E2AANC |12k To derive an

upper bound in probablhty, note that we have the following equality in law,
ZHA C_]“RkX2 - § B§7

with B = [Id] ® Z%] [IdQJ ® (Aé‘)’Aé‘] [Id] ® 2%] € R2FX2Jk and € = (&1,...,&yp) is a centered
Gaussian vector of variance Idg ;. We have tr(Id; @ %) < 2Jkymax(k) and tr((A)) A)) = 2)‘“ . Using
a classical concentration inequality for quadratic form of multivariate Gaussian random Varlables see

ILMO0O] Lemma 1, we have for all x > 0, IP’<§’B§ > 2Tk Ymax (k) 2FL + 29imax (k) 22 V22Tk +
4x’ymax(/<:)L;1> < e7*, which yields together with formula (A.2)),

J
P 1 2A( AN~ 112 24 —gle —z
i > A, = ¥ : +4/2—+2—) ) <e" :
< k j=1 -l OC]HRM 2 6™ max (k) 247 <1 2Jl<: 2Jl<:> ¢ (A.10)

Hence we have,

IP’( sup  |[Vj(a, ) + Bi(a,a)|
(a,0)e®@*

> C(L,s, A, fo) (K755 + k759 + Vi(k, J,2) + m(k,J,x))> <27,

where C(L737A7 .fO) = e2A max{%”.fOHka%ﬁ”.fOHRkXQ\/ieA72} and Vl(k7 J,I') 3’Ymax(k) (1 +

k23+1

V235 +25%)- O
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For a fixed J € N, the convergence of the M-estimator (a*,&") to (ag,: ag,) when k — oo is
guaranteed by Lemma [A.F] and [AL6] see e.g. [vdV98|. Nevertheless, we are able to give a rate of
convergence and non-asymptotic bounds in k£ and J by using the classical inequality,

|Do(a?, &™) — Dy(ag,,ap,)| <2 sup |Do(a,a) — M (a, o).
(a,0)€@5 <

This, together with Lemma below will prove Proposition [A1l

Lemma A.7. Assume that A, A < 0.1. There exists a constant C (A, A) > 0 independent of J such
that for all (a, ) € O we have

1
‘DQ(CL,Q) - DO(a’*@ma%o)‘ > C(A7A7 .fO)j H(CL - a%oaa - a#éo)H[%&ZI )

where C(A, A, fo) = C(A, A) ¢ follexe-

Proof. By definition, given a (a*,a*) € [~A, A)Y x [-A, A}/, the point (ag,: @g,) is the unique
minimum of Dy on @ = [-A, A]" N1+ x [-A, A]/ N 17. Then, for all (a,a) € OF, there exists
a ¢ = c(a, ) € ©F such that the Taylor expansion of Dy at (ag,, ag,) can be written,

* * 1 * * * * * *
DO(G'? a) - DO(G'@()? a@o) = 5(0' - a@o’ o — a@o),[szO(aG)o’ a@o)](a - a@o’ o — a@o)
1
+ 5 [ViDy(0)](a - ap, o — ).

Let § = max{A, A}. This, together with Lemma [B.2] and [B.3 imply that

* * 1 * * * * * *
Dy(a,a) — Do(ag,. ae,) > 5(0 — A, ¢ — a@o),[szO(aG)oa ag,)l(a —ag, a - ag,)
40 1 " " 2
- 5F62A||f0||§gkx2ﬁ H(a —ag,, O — aeo)HRzJ
1 . . \[2 o4 40 94
> || ol 7 (@ - ab,, o — o, (6 M5t

Hence, one can choose § > 0 sufficiently small such that (e*QA -4 %OeQA) is strictly positive for all J
and k. For example, we have (6*25 — 5%0625) > 0, if § < 0.1. Then, using such a ¢ it follows that for
all (a, ) € 7%,

1 1
|Dofa,@) = Dolab,s aip,)| = C(AA) [ follie T [[(@ = ab, o — a2 =

The proof of Proposition [A.1lis almost done. Remark that Lemma [A. 7 ensures that for all u > 0 we
have IP’(%H(d)‘,d)‘) - (a’éo,a’éo)ﬂégj > u) < P(m SUD(g,0) c@% ‘Mg‘(a,a) — Do(a, )| > u).
Lemma [A.6] ensures that there is a constant C(L, s, A, A, fo) such that for all x > 0,

1 ~ ~ * * — 25 —x
P(= (@, &) — (ad, ad,)lEar > C(Lys, A, A, o) (F(k™35) + F(Vi(k, J,2)) ) < 267
where Vi (k, J,x) = Wmax(k)kf%il (1+2% +2%) and F: R — R, with F(u) = u+ /u. O

A.6 Proof of Proposition [A.3]

First of all remark that, thanks to formulas (3.3)) and (4.3]), we have explicit expressions of bg =
argminbee)g D(a*, a*,b) and of b = argminbeeg M(&)‘, at, b). Indeed, we have,
*G)o = (bT - eaTB*(ea*Ra*)_lRaIa s ,b§ - eaﬁg*(ea*Ra*)_lRa* ),

J

22



where €% Ro- = 4 377, €% Ryr € R¥2, 5" = £ 377, b7 € R? and

Y (e Rdx)_le%, Y — €Y (e R ) IR )

« O!J

where e@AR y o= %Z}] 16&;}% A€ R2X2Y; = %2521[ ile = % fRq *—i—b*—i—eﬂg’j ar € R?

where f — kZz 1 Jio € R?, 7] = ng 1[C lp € RZand Y = 7Zj:1Y] = f(e* Ra*)+b +
%Z}Ll ei¢;R oy € R2. Thence, we have

J
1 * 7 1 . a* &/\ * P _
~lIbe, — 0N |[fes < 5 X;I!f(e I Roy — €% (€% Ra ) (€% Rgp) ' R ) [ (A.11)
J:
+ b7 (€% (69" R ) ™ Ry — ¢ (¢4’ R,\) 'R, I3 (A.12)
+ 1% €5 Ra I + le® (e“"CRa*)(edARax)*lRa;II]?@ (A.13)

where (€9"(Ro+) = 4 ijl ¢ jBar € R2. The rest of the proof is devoted to the control of the terms
(A.11), (A.12) and (A.13).

In this section, we denotes by || - ||op the operator norm of a 2 x 2 matrix, i.e. [|Allop = |Ymax(A4)|
where Ymax(A) denotes the largest eigenvalue of a matrix A € R2X2. Note by the way that the
eigenvalues of the matrix %ijl e Ry, € R¥? are %Z}]:l e% (cos(aj) % isin(e;)) for any J and
(a1,...,a5,01,...,a;5) € [~A, A x [~A, A]Y. It yields [le™ R_q,|lop < e and [(e%Ra)  op <
e (cos(A) — sin(A))~! which is a positive real number since by hypothesis we have A < Z. We are
now able to derive an upper bound for (A.11l),

J
I 1 a* a) * N _
(AID < \\f\\ézj D lle% Rax — €% (e%" Ra=) (€4 Ryp) le;Hip

Jj=1

J
r: 1 a* —d>‘ * ~ —
< e Fla5 ZHeJRa;@ IR_g3) = (¢ Ras)(e2 Ran) '3,

— * a
< 2e 2A\|f\|R2JZ||6 R All plle™ Raz — % Raallo

+ 22| FllRel1(e8” Rap ) THIZl1(e@” Ras ) — (3" Ryr)lI2,

It is now easy to show that there exists a constant C(A4, A, f) > 0 independent of k£ and J such that

A1) < C(4, 4, f)

<l
M“

AN % AN
”( — 45,05 — O‘j)H]%{?' (A.14)

<.
Il
—

The term (AI2) is very similar to the term (A1) and we have

<l
Mx

(AI2) < C(A A, B) I(a} — a3, af — &7)lIRe, (A.15)

<.
Il
—_

for some constant C'(A, A, B) > 0 independent of k and J. By using formula (A.14), (A.13) and
Proposition [AT] together, there exists a constant C(L, s, A, A, B, f) independent of k¥ and J such that
for all z > 0,

IP((IEI) + [(A12) > C(L, s, A, A, B, f)(F(k™751) + F(Vi(k, J,@))) < de (A.16)
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where Vj(k, J,x) is defined in statement of proposition [A. 1l and F(u) = u + y/u for u > 0.
The term (A3]) can be bounded in probability as follows. First of all, remark that there exists a
constant C'(4,.A) > 0 such that

(AI3) < C(4,A)= ZHC}HW

Then, for all j =1,...,.J, the random variable ; = %Z];:l([cgl)]g, [ng)]g) € R? can be written

L 1 / !
(¢ ¢ =7 (3;;; iz) AT 6 €PN, [P

. 1 22y, . . .
where 0y is a column vector of k zeros. The random vector (¢, ()" is a two dimensional centered

1. 0 1
Gaussian vector of variance V.= L [ "k Olf =k Or . The 2 x 2 matrix V is of trace less
k20, 1} 0 1

or equal to Zymax(k). Hence, the random variable %Z}Lﬂ]@”& = %ijl(fg.l),f§2))(&§1),é§2))’
has the same probability distribution as %5’[[ dy ® V]¢ where £ is a centered Gaussian vector of
variance Idpy. A standard concentration inequality of x? distribution (see e.g. [LMO00] Lemma 1)

is P (5’[IdJ ®V]¢ > Jkaax(k’) k%nax( W2Jx + xkvmax(k‘)) < e ® for any x > 0. It yields that
there exists a constant C(A,.A) > 0 such that for all z > 0

P <(lm) > C(A,A)%naTX(k) (1 + \/%Jr %)) <e® (A.17)

To end the proof remark that for all u > 0 we have P(%||bg — lA)/\H]%QJ > ) < P((AID) + (A12) +
(A13) > u). This together with (A.I6) and (A.I7) yield that there exists a constant C(L,s, A, A, B,
f) > 0 independent of k and J such that for all z > 0 we have

1 7 __—25
P66, — Y [Ees = C(L.s, A, A B F)(F(k50) + F(Vi(k, J.2)) + Va(k, J,2)) ) < 5e™,

where Va(k, J, z) = W/"‘a"(k) (1 +/25 + %) and the proof of Proposition [A.3]is completed. O

B Technical Lemma

Lemma B.1. Assume that Assumption [ holds, i.e. f € H(L) with s > 3 (see (L8)) and f =

(F(E)E, e RE2If A(k) = Lkﬁj then there exists a constant C(L,s) such that for all f € Hg(L)
we have

1 __2s
CIANS = flRice < C(L )k 51,
where A is the projection matriz defined in ([E2)).

Proof. Recall the notations introduced Sections LT and Bl : ¢ (f) = (cm(FM), e (fP)) € C? is the
m-th Fourier coefficient of f € L?([0,1],R?) and ¢,,(f) = (c,g,lb)(f), C,Q,%)(f)) € C? is the m-th discrete
Fourier coefficient of f € R¥*2. Thus, we have by Parseval’s equality

k
27 L
oAU 5 ) LS 5
ka2 ‘ ‘>>\ ¢=1I1IRkXx2 |m|>)\ (C
where for all ¢ = (¢, ?) € C2, el|2e = |cD2 + |2 Tt yields
1 1
LIANS ~ Fl €2 3 When(f) — el +2 3 llew(DlE
[m|>X Im|>x
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Firstly, Lemma 1.10 in [Tsy09] ensures that if s > 3 then {%cm(f(i)) — cm(f(i)){ < C(L, s)k‘s+% for
1
any m € N and 7 = 1,2. Secondly, equation (1.87) in [Tsy09] ensure that if A(k) = |[k2s+1] then
. 2s
2:|m|>)\|cm(f(’))|2 < C(L, s)k™2+1. Thence, there is a constant C(L, s) independent of k such that

1 __2s
%HA)\f - f“%ka < C(L,S)(k:z_zs +k 25+1)‘

If s > % then we have

1 A 2 __2s
EHA f = fllgexe £ C(L, )k~ 2s+1, 0

We now give a general expression of the gradient and of the Hessian of the criterion D. Recall that
we have

J
D(a,a,b) Z

2

(e JfR +]lk®(b —bj))R_q, + i Z —ayr j’fRa’;/ +]lk®(b;/ *bj/))Rfaj/

Rkx2
where (a,c,b) = (a1,...,a5,a1,...,07,b1,...,b5) € R x [—7,7[/xR2/. To shorten the formulas
below we note g; = (gj(l),g](Q),g](g),gJM)) = (aj, 04, b;), that is g]( ) = aj, g](?) = qj g](?’) = bgl) and
gy = b Let fo, = g7 g7.f =€ (€% fRas + 15 ® (b — bj))R_q,, and for all j =1,...,J and
b1 = 15 s 547

2 1<
0 (pl)D(a o b) Jk< Pl)fgjl fgjl - jj/ZZIfgj/>ka2- (B.l)
The second order derivatives are
9 (Pz)a PI)D(G' o b) J2k <(9 (m)fgj1 PQ)fg]2> > if j1 # Jo2, (B'2)
2 J1 RkX2

J
1
0 (Pg)a pl)D(a o b) Tk <ag(p2)ag(p1)fgjla (fgjl - j Z fgj/>> i
J1 J1 y_ RFX
7’'=1

951
2 2
+ T5 2k 0 (pl)fgh’a(m)fgjl Rk”. (B_3)

The expressions of the gradient and the Hessian of D simplify on the set (a*, a*, b*) xG, see Lemma
BIl For any go = (ao,0,bo) € R x [—7, 7[xR2, we have fg;l,go - %zﬁ]/:l for g0 =€ (f -1 ®
J

bo) Ry — & Z}]/:1 e”(f — 1 ®bg)R_q, = 0. It yields that for all (ag, ag,by) € R x [—7, 7[xR? we
have VD((a*, a*, b*) x (ag, ap, b)) = 0, and

2 e .
_ﬁ<8g§f1)fg;‘1 .o 8g51272)fg;‘2 .g0>ka2’ if Wil 7& J25

Dyir 9, onD((a”,a”,b%) x (a0, a0,b) = 1
J
1 (ﬂ o J%) <8g§f1)fgjl~gov8g§§2>fg;l-go .

(B.4)

Lemma B.2. The smallest eigenvalue of VzDo(a’éO, a’éo) restricted to the subset O is greater than

672A 7 ’fOHRkX2

Proof. In this proof, h = (a,a) € R x[—m, 7/ and fh S foRa*,a We have 0, fh = _f2h
and 6aj1f2jl = f%le_g for all j; = 1,...,J. By using Formulas (IED the Hessian of Do at the
point (ag ,ae,) = (a* — a*, a* — a*) € OF® is given by,

_ _ _ _ — 3zl foll? if j1 # J2
80‘]1 aO‘JQDO(a* - a'*’a* o a*) = aan aam ( a*’a* - a*) - {(llpk_ L) HQEE?7H2 |
JE — TJ%k OllRrkx2
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and the second order cross derivatives are 0. The Hessian of Dy at (a* — a*, a* — &*) can be written,

2 o
V2Dy(a* — a*,a* —a*) = lle® foﬂém < (B.5)

e

JIdy — 1y, 0
0 JIdJ—]IJXJ ’

where Idy is the identity in R’ and 1 is the J x J matrix of ones. The eigenvalues of JId; — 1y
are 0 with eigenvector 1y and J with eigenspace ]lj It yields that on ©7"® the smallest eigenvalue of

V2Dg(a* — a*, o — &*) is €2 Z || fol|24x2- To finish the proof, remark that a* < A. O
Lemma B.3. Let § = max{A, A}. For allc = (ay,...,aj,a1,...,ay) € OF% and (a,a) € R? we
have 1

[99D0(e)] (@, 0] < 408624 foll2eua e (. 0) s

Proof. In this proof, h = (a,a) € R’ x [—m, «[’, that is hg»l) = a; is the parameter of scaling and
h§2) = «; is the parameter of rotation. We have f%j = el foRa;ﬁ_aj. Then, from equations (B.2)
and (B.3)), it follows that for all ji,jo,j3 = 1,...,J and p1,p2,p3 =1,...,2,

8, w30, )0, w1 Do(a, a) =0, if j1 # j2 and j2 # js and ji # js,
J3 J2 J1
2
0, »3)0, )0, 1) Do(a, ¢ :——<8 0 90 0_> if j1 # jo,
nz 902 0y o) (@, 0) = —— b hgz;l)fh“, hgg)fhm s’ J1#]

J1 J1 J1

J
2 1
9, )0, )0, w1 Do(a, ) = ﬁ<ah§.’l’3>ah§j2>ah§jﬂfgn’ <f2j1 -3 > fgj,>>
i'=1

RkX2

2 2 0 0 0
* (E - ﬁ) <<ah§~‘i”ah§‘i”f o O T > N <8h§’53’8h§’:“f

0. )fo + {0 0 fo 0 fo
h (r3) Yy (p2) J B ; (1) J h;
hh2 1 hhS h]'12 i’ hhl 1 REXx2

RkX2

By Cauchy-Schwarz inequality we have,

‘<3h(p2>3h<p1)f2j 0, 0 £, > ‘S 19, w200, 1) 1, lrex2 10, ) £, rixz < €2 Fol[faxa- (B6)
j J1 ! J2 2 [ Rkx2 J1 J1 L J2 2

J1

and
0 0 1< 0
'<8h§1173)8h§1172)8h§;171)fhj1 ; <fhj1 7 ]/21 fhj,> >ka2
0 0 1 0 24 2
] G SCRSLASEN I |75, - j;fhj, s S 2 ol (BT)
For k = (K1,...,K27) € N*/ denote by |k| = k1 + ...+ ks and

(On)" = (0a1)"™ (0a1)" - - - (Oay )™ (O, )™ .

Then, the differential of order 3 of Dy at ¢ € O applied at (a, ) € R?7 writes as

[V2Do(c)] (@, @) = ) (9n)"Do(c)h"
|k|=3
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where " = aj'af?...a7’ " a/}?’. This formula together with equations (B.6) and (B.7) give,

Z Z (9h<p3>(9h<p2>3 m)Do( S B Rl

p1,p2,p3=1j1=1

[VgDo(c)] (a, a)‘ =

+3 Z 3h<p3>3h<p2>5h<p1>Do( )R n 2 )

J2
N#j2=1
2 J
1 4 6
024 HfOHRkM Z < Z’h(m)h(m)h(m)’ ﬁ Z ’h(m p2)h pa)‘>
p1,p2,p3=1 J1=1 J1#j2=1
2 J
1 6(J -1)
< 266214%”-1:0”]%%@ Z < Z| (p1 (p2 T Z|h§1171)h§1172)|>
p1,p2=1 Jji=1 Jji=1
J 2
< 5 2Al 2 l h(pl)h(pQ)
Jj=1p1,p2=1
J 2 2 J 2
= 2054 Foll s 3 (SO IRV]) <4056 ol S0 S PP
- A 0 ka2J j ~ € A 0 ka2J j .
j=1 “p1=1 j=1p1=1
And the claim is now proved. O

Lemma B.4. For all f € R**2 and (ay,ay,b1), (a2, a2,b3) € [—A, A] x [-A, A] x R?, let g;.f =
e fRy, + 1, ®b;, i =1,2. Then, we have

1
EHgl-f - g?-f‘|]%§k><2 < C(A, f)H(alaal’bl) - (a2’a2’b2)”%§4’

where C(A, f) = 2111ax{464A1 HfHkaz, }-
Proof. We have

1 1 _ 1
FllgrF = g2 FBees < 261 F Ry — Fls + 20 e @ (01— )2 (BS)

Let now F(a a) = %HeafR — fllgrx2. We have |0, F(a,a)| = mka2]<e“fRa,eafRa -

A
Frixz| < &= ”fHRkX2 and [0 F(a, )| = mwﬂ “fRayz, e fRa — flrexa| < G| Fllmese-
The Euchdean norm of the gradient of F' satisfies

1
IVF (0,02 = VIBF(a @) + 0aF (@ )P < VEe ] f g

Since we have |F(a,a)| = |F(a,a) — F(0,0)| < \/ieAﬁHfHkazH(a, a)||r2, equation (B.8) yields
1
Fl91-F = g2l < 2max {4 L F[3rca 1} (a1 — a2l + or — ol 4 o7 — 037 + [0 — 057 %),

which concludes the proof. U
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