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Carleman estimates for the Zaremba Boundary Condition and

Stabilization of Waves.

Pierre Cornilleau*& Luc Robbianof

July 31, 2012

Abstract

In this paper, we shall prove a Carleman estimate for the so-called Zaremba problem. Using
some techniques of interpolation and spectral estimates, we deduce a result of stabilization for the
wave equation by means of a linear Neumann feedback on the boundary. This extends previous
results from the literature: indeed, our logarithmic decay result is obtained while the part where
the feedback is applied contacts the boundary zone driven by an homogeneous Dirichlet condition.
We also derive a controllability result for the heat equation with the Zaremba boundary condition.
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Carleman estimates, Stabilization of Waves, Zaremba problem, pseudo—differential calculus, con-
trollability.
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1 Introduction

1.1 General background

We are interested here in the stabilization of the wave equation on a bounded connected regular open
set of R%. Our stabilization will be obtained by means of a feedback on a part of the boundary while
the other part of the boundary is submitted to an homogeneous Dirichlet condition.

Since the works of Bardos, Lebeau, Rauch (see [2]), the case of stabilization for the wave equation is
well understood (by the so called Geometric Control Condition) for Dirichlet or Neumann boundary
condition. Indeed, if the part of the boundary driven by the homogeneous Dirichlet condition does
not contact the region where the feedback is applied, Lebeau has given a sharp sufficient condition
for exponential stabilization of the wave equation (see [20, Théoréme 3] and [21]). Moreover, Lebeau
and Robbiano (see [23]) have shown that, in the case where the Neumann boundary condition is
applied on the entire boundary, a weak condition on the feedback (which does not satisfy Geometric
Control Condition) provides logarithmic decay of regular solutions.

On the other hand, multiplier techniques (see [15, 8]) give some results of exponential stabilization
(even if the part of the boundary driven by the homogeneous Dirichlet condition touches the region
where the feedback is applied) but under very strong assumptions on the form of the boundary
conditions.

Our goal here is to obtain some stabilization of logarithmic type under weak assumptions for the
boundary conditions. More precisely, we will see that, for solutions driven by an homogeneous
Dirichlet boundary condition on a part of the boundary and submitted to a feeback of the form

dyu = —a(x)du

on the other part of the boundary, where a is some non-trivial non-negative function, their energy with
initial data in the domain of A (denoting A the infinitesimal generator of our evolution equation)
decays like In(t)~* when t goes to infinity.

To this end, we will need some Carleman estimates for the so-called Zaremba Boundary Problem

Axu=f in X,
u= fo on 0Xp,
oyu=f1 ondXy,

where X is some regular manifold with boundary 90X splitted into dXp and dXy and normal
vectorfield v. However, we will mainly tackle some local problem and the following model case (in
R" with the flat metric)

Au=f in {z, > 0},

u= fo on {z, = 0,21 > 0},

Oz, u=f1 on{x, >0,z >0},

should help the reader to understand the main difficulties of this problem.

The Zaremba problem lies in the large class of boundary pseudodifferential operators, studied by
many authors. The first one was probably Eskin (see the monograph [9] where pseudodifferential
elliptic boundary problems are studied) but then Boutet de Monvel - in [5] - raised the fundamental
transmission condition. It was shown to play a key role in the resolution of such problems (see the
books of Grubb [12] and [13, Chapter 10] where the algebra of pseudodifferential problems is studied
in details).



Unfortunately, the Zaremba problem can not be solved by this pseudodifferential calculus. Indeed, its
resolution involves a pseudodifferential operator on the boundary that does not satisfy the transmis-
sion condition (see [16]). It lies in the general class of operators introduced by Rempel and Schulze
in [25] which allow to construct a parametrix for mixed elliptic problems - including the Zaremba
problem (see [16] and, more specifically, Section 4.1). However, up our knowledge, a Carleman esti-
mate for the Zaremba problem could not be obtained so far.

Carleman estimates have many applications ranging from the quantification of unique continuation
problems, inverse problems, to stabilization issues and control theory (see the survey paper [17] for
a general presentation of these topics). This last application was the motivation for the proof of
a suitable Carleman estimate (in the papers of either Lebeau and Robbiano [22] or Fursikov and
Imanuvilov [10]) and is still animating nowadays a large developpement of Carleman estimates (see
e.g. [19, 18] were controllability of parabolic systems with non-smooth coefficients is studied). Fi-
nally, we use the approach developped in [21, 23, 7] (also used by other authors - see, e.g., [3]) to
deduce our stabilization result. We shall also address a controllability result for the heat equation
with the Zaremba boundary condition (based on the approach developped in [22]).

Acknowledgements. The authors thank Jérome Le Rousseau and Nicolas Lerner for interesting
discussions related to this work.

1.2 Stabilization of Waves

Let Q be a bounded connected open set of R? with > boundary 0. Let also I' a smooth hy-
persurface of €2 which splits the boundary into the two non-empty open sets 0Q2p, 92N so that
0= 00p UOQN UT (see Figure 1).

We study the decay of the solution of the following problem

(0?2 — A)yu=0 in Q x RT,
u=0 on 00p x RT, (1)
Oyu+ a(x)du =0 on 00y x RT,

(’LL, atu)|t:O = (UO; ul) in Qa
where (ug,u1) € H'(2) x L?(2) is such that ug = 0 in 9Qp and a is, for some p € (0,1), a
non-negative function of €” (0 ), the space of Holder continuous functions on 0§y

For the sake of simplicity, we here focus on the classical Laplacian A but all the results described
below remain true with the Laplacian associated to a smooth metric (see Section 4).

0N

Np

Figure 1: A configuration example.

We denote H = {ug € H*(Q);uo = 0 in 9Qp} x L3(2) and define

(5 1)



with domain
D(A) = {(uo,u1) € H; Aug € L*(Q),u1 € H'(Q),up = 0 on dp and d,ug + a(z)u; =0 on Iy }.

For any solution u of (1), we define its energy by
1
Blu,t) = / Oulz, )% + |Dpulz, ) 2de
Q

where 0y = (0py 5 -y On)-
Denoting the resolvent set of A by

p(A) ={ueC;A—ul : D(A) — H is an isomorphism},
we will establish the following spectral estimate:

Proposition 1.1. Let p > 1/2 and a € €°(0Qy) a non-negative function.
If a # 0 and a(x) — 0, then one has iR C p(A) and there exists C > 0 such that
T—

YAER, [[(A—id) Y gom < CeCP.
Hence, using an useful result of Burq (see [7, Theorem 3]), we get our logarithmic decay result:

Theorem 1. Let p > 1/2 and a € €P(0QN) a non-negative function.
If a(x) — 0 and a # 0 then, for every k > 1, there exists C, > 0 such that, for every (uouy) €
T—

D(AF) the corresponding solution u of (1) satisfies

V>0, E(u,t)/? < log(QCVij—t)k (a0, 1) ar -

These results are completely analogous to the ones obtained by Lebeau and Robbiano in [23].
The outline of the proof is also quite similar to the one proposed there except that the situation is
a bit different here because of the mixed character of the boundary value problem.

The key point is also to establish some Carleman estimate in a neighborhood of I' and to obtain
some interpolation inequality (see [23, Théoreme 3]). This last result concerns an abstract problem
derived from the spectral problem.

Defining X = (—1,1)xQ,0Xn = (—1,1) x990y, 0Xp = (—1,1) x9N p, we consider the corresponding
problem:

Axv =g in X,
(0y +ia(x)0y,)v =v1 on IXp, (2)
v=20 on 0Xp,

for some data vg € L?(X) and v1 € L?(0Xy).
IfY = (-1/2,1/2) x Q and 90X = (—1,1) x {z € 9n;a(z) > 6}, we will prove the following
interpolation result.

Proposition 1.2. Let p > 1/2 and a € €°(0Qy) a non-negative function.
If a(x) - 0 and a # 0, there exists § > 0, C > 0 and 19 € (0,1) such that for any T € [0, 70] and
z—

for any function v solution of (2), the following inequality holds

loll vy < € (ollzzgo + lonllzzoxn) + 10l 2oxg) + 19a00lz20x8) ) ol 3T

1.3 Carleman estimates for the Zaremba Boundary Condition

We will now present our Carleman estimates and establish first some useful notations. Let n > 2 be
the dimension of the connected manifold X.



1.3.1 Notations

Pseudodifferential operators We use the notation introduced in [22].

First, we shall use in the sequel the notations (€) := (1 + [¢|2)2 and D,, = %8%. for1 <j<n.

Let us now introduce semi-classical ¥DOs. We denote by S™(R™ x R™), S™ for short, the space
of smooth functions a(z, &, h), defined for h € (0, hg] for some hy > 0, that satisfy the following
property: for all o, 8 multi-indices, there exists Cy 3 > 0, such that

0800a(x,&,h)| < Cap(™ VP, zeR", £€R", he(0,h.

Then, for all sequences a,,,—; € Sm=J_ j €N, there exists a symbol a € S™ such that a ~ Zj hjam_j,
in the sense that a — 37,y hiam—; € ANS™ N (see for instance [24, Proposition 2.3.2] or [14,
Proposition 18.1.3]), with a,, as principal symbol. We define U™ as the space of ¥DOs A = Op(a),
for a € S™, formally defined by

1

Au(z) = G // e @t (x € h) u(t) dt dE, u e S (RM).

We now introduce tangential symbols and associated operators.
We set © = (2, 2,), ' = (21,...,2p—1) and {’ = (&1, ...,&n—1) accordingly. We denote by S7*(R™ x
R™~1), ST for short, the space of smooth functions b(z, £, h), defined for h € (0, hg] for some hy > 0,
that satisfy the following property: for all o, 8 multi-indices, there exists C, g > 0, such that

020 b(x, € h)| < Cap(€)™ Pl zeR™, & €R™, h € (0,ho].

As above, for all sequences b,,—; € ng_j, j € N, there exists a symbol b € SI* such that b ~
> hiby,—;, in the sense that b— D <N hiby,—; € hNS?_N, with b,, as principal symbol. We define
U as the space of tangential YDOs B = op(b) (observe the notation we adopt is different from
above to avoid confusion), for b € ST, formally defined by

1 . ’ ’ !
Bu(z) = W//em O (€ R ult @, d dE, uw e (R,

(

We shall also denote the principal symbol b, by o(B).

Different norms We use L? and H?, semi-classical norms on R, on {x,, > 0}, on {z,, = 0} and
on {x, = 0, £x; > 0}. We recall that, in this paper, we use the usual semi-classical notations,
namely D, = haxj, and the symbols are quantified in semi-classical sense. In particular all the

K
norms depend on h.
To distinguish these different norms, we denote by

lull* = /R u(@)Pdz,  ulls = || Op((&)*)ull

and

n
Jull 500 = | W@z, ol o0 = 6l3ams0 + 3 1D ulas0.
{zeR™, z,>0} j=1

Finally, on z,, = 0, we use the norms
o = [ )P ol = [op((€)*)el,

and the space HZ.(+x1 > 0) of the restrictions of H?.(R"~!) functions equipped with the norm

_ . I\ S
[Vl s, (21 >0) = weggﬁgnfu lop({£)*)wl.
Witgy >0="Y



In particular for v € H*(R"™!), we have

V22, >0l Hs, (£2:>0) < [V]s

and we write, when there is no ambiguity, |v|gs (+s,>0) instead of [v|4q, 0lms, (+2,>0)-

1.3.2 Carleman estimate

We now detail the local Carleman estimate obtained for the Zaremba boundary problem.

Let B, = {z € R";|z| < £} and P a differential operator whose form is
9 1
P = —6% + R Z, —,Gz/
i

where 0,0 = (0y,, ..., 04, _,) and the symbol r(z,{’) of R is real, homogeneous of degree 2 in ¢’ and

satisfies
Je > 0;V(x, &) € By x R, r(x,€) > ¢|¢)?,

Ve e R, r(0,8") = [¢'[*.

As usual in the context of Carleman estimates, we define the conjugate P, = h2e?/h o Poe=%/h for
@ any real-valued €*° function. Since

1 i 2 1 i
P,=h%(=8, + -0, h? Z0p + — O
(B v fa0) e (oo s La),

the corresponding semi-classical principal symbol satisfies

Pe(@,8) = (€n + 100, 0(2))* +1(w, &' + i0arp()).
We assume that ¢ is such that, for some ko > 0,

I

Vo € By, — () #0 (3)

and that Hormander pseudo-convexity hypothesis (see [14, Paragraph 28.2, 28.3]) holds for P on B,
V(z,€) € Bry X R", py(x,€) =0 = {Repy, Imp, }Hx, &) >0, (4)
where the usual Poisson bracket is defined, for p, ¢ smooth functions, by

{p. q}(x,&) = (0ep.02q — 0xp.0cq) (2, §).

a
Remark 1. For instance in the model case P = —A, we can choose ¢(x,,) = 2, + 51‘31 We have
2

indeed py(z,&) = (& +i(1+ axy))? +|¢'|? thus {Repy, Imp, } (2, §) = 4a(&2 + (1 + axy,)?) > 0if 2,
is small enough.

In the general case, changing ¢ into €?? for f > 0 large enough, hypothesis (4) can be satisfied
(see [14, Proposition 28.3.3] or [22, Proof of Lemma 3, page 352]).

Our local Carleman estimate for the Zaremba Boundary Condition can now be stated in the
following form.

Theorem 2. There exists € > 0 such that if ¢ satisfies

<687<'0 >0 on{z,=0}N BKU) and |0,p(0)] < 0z, ¢(0)



and (3), (4) hold then, there exists k € (0,ko] and C,hy > 0, such that, for any h € (0,hy),
go € HY?(z1 > 0), g1 € H-/?(z, < 0) and any g € H*(R™) supported in B, which satisfies

0 g=qo if ¢, =0 and x1 > 0,
P(g)EL(R)‘md{aznggl if £, =0 and z1 < 0,

the following inequality holds:

lge® ™| b1, (@ >0) + 196971 /2 + 1D, 9)e?" ™ 1 /2

<C (h_l/QHhQP(g)e(p/hHL2(1n>0) + |goe‘/’/h|H;C/2 ) + |hglew/h|H;c1/2

(z1>0 (I1<0)) ’

Remark 2. The estimate in the theorem, except for the boundary terms, is the usual Carleman
estimate. Let us also remind that all the norms are semi-classical: in particular ||ge?/"| HI (2,>0) 1S
equivalent to hHe‘P/h@ngLz(mnm) + |\€Wh9”L2(zn>0)- For the other norms, we refer the reader to the
definitions in paragraph 1.3.1.

Remark 3. The norms [.|;/ and [.|_/2 on the boundary z, = 0 of the left hand side of this
inequality cannot be replaced by the norms |.|; and |.| ( provided that the data go, g1 are estimated
in the spaces H'(z; > 0) and L?(z; < 0)).
Indeed, in the special case where P = —A, it is well-known that the variational solution of the
boundary value problem

—Au=f inX,

u=20 on 0Xp,

d,u=0 on Xy,

may be, even for smooth data f, such that d,u ¢ L?(0X).
We refer the reader to the famous two-dimensionnal conterexample of Shamir (see [26]) where one
consider, in polar coordinates, the sets

X ={(r,0);r €(0,1),0 € (0,7)}, 90Xy ={(r,7);7€(0,1)}, 0Xp=0X\IXy.
and the function )
u(r,0) = ¢(r)rt/? sin (5)
with ¢ € €°°(]0, 1]) a cut-off function such that ¢ = 1 in some neighborhood of 0 and supp(¢) C [0, 1).

The paper is structured as follows: our proof of the main Carleman estimate (Theorem 2) is
divided into the three subsections of Section 2. This will allow us to deduce the interpolation
inequality of Proposition 1.2 and finally Theorem 1 in Section 3. In Section 4, we conclude by
some comments on the geometry and sketch a proof of controllability of the heat equation with the
Zaremba boundary condition.

2 Proof of Theorem 2

We first recall some well-known facts about pseudodifferential operators. We refer the reader to [24].
For simplicity, we write in all this section || - || s (2, >0) instead of || - | s (x, >0)- Note that there will
be no confusion as we do not use the classical norm on H*(z, > 0).

Composition formula. If a € §™, b € 5™ then Op(a) o Op(b) = Op(c) for ¢ € S™™" given by

N
(e, &h) = Y (/) Ogadh | (x,& h) +hN T R(2, €, h)

al
lal<N



where

N + 1 ! 1 —iz le} feY
zu%ghy=@;554(1—ﬂN > iwaué e = hoga(x, € + ¢ h)OSb(x + tz, &, h)dzd(dt.
| =N+1 : 2n

We will also use the composition formula for tangential operators, which is completely analogous.
In the sequel, we will also need the following straightforward result.

Lemma 2.1. Let a € S*. Then

Dy, 0p(a)] = 0p(01,0).

Next, we use the same notations as in [23] and put

Po(@,€) = & + 2i(0,9)én + a2(2, &) + 2iqi (2, €) ()
where g2(2,¢) = —(02,9)? + r(2,¢') — (2, 00 p(x)) and q1(2,¢') = 7(x, 0ar (), ).
Here we denote by 7(z, .,.) the bilinear form associated to r(z,.) (i.e. such that r(x,&') = 7(z,&’,&’)
for all ¢ € R™71).
We also define
q1 (xa E/)2
(0r, (x))*
The sign of p is of great importance to localize the roots of p, in &,. We may explain this from the
model case presented in the introduction. In this framework, one has P = —A and we may choose
© = ¢(x,) (more precisely of the form op(x,) = z,, + ax? /2 for some a > 0) so that

pcp(xagl) = (gn + iazn()o('r))2 + |€/|2a
q2($a€/) = —(8%90(95))2 + |§/|2a q1($,§/) =0 and :u’(wagl) = |€/|2 - (aIn(p(x))2
Moreover, the roots of p, in &, are given by

p1(,€) = =i(0a,0(x) = [€']),  p2(2,&) = —i(0s, 0(x) + [¢'])

,U/(x,é-/) = q2(:1;, 6/) +

and satisfy
(@, &) > 0= Tm(p1(z,£)) > 0> Im(pz(x,))
whereas
w(z, &) < 0=TIm(ps2(x,&)) <O0.

In the microlocal zone p < 0, the operator p, is elliptic and since its roots in &, have negative
imaginary part, one will be able to estimate directly the traces of ¢ in terms of the interior data
P(g). On the contrary, in the microlocal zone p > 0, even is p,, is elliptic, only one of its root in &,
has negative imaginary part and elliptic estimates would only get an equation on the traces of g. In
our general framework, we prove several analogous properties presented in Lemma B.1 (which are
very close to the ones of [23, Lemme 3]) and the case p > 0 will in fact be treated in section 2.2.

Our proof of Theorem 2 is consequently divided in two main parts. In the first one, we establish
a microlocal Carleman inequality concentrated where p < 0 and, in the second one, we focus on
the microlocal region p > —(9,, ¢)?. We will finally gather the results of these two parts in a short
concluding section.

Notations: In the sequel, we set, for w a function defined on R",

Jw ifz, >0,
710 ifa, <o,

We also denote, for z € C/R_ and s € R,

2% = exp (slog(z))

where log is defined as an holomorphic function on C\R_. Moreover, we use the notation 1/z := 2172,



2.1 Estimates in zone p <0

We remind that we have denoted v = e®/"g. We also define the set
50& = {(1‘55/) € Rn X Rnila M($,§/> S 70‘(81n90>2}

where @ > 0 is a sufficiently small parameter to be fixed later.

The proof we give essentially follows that of Lemma 4 in [23] and Proposition 2.2 in [19)].

Let x_ supported in &, and satisfying x— = 1 in a neighborhood of £3,. Obviously x_ € S%
because x— = 0 when |£’| is large enough. If u = op(x-)v, one has

Pyu = op(x—)P,v+ [Py, 0p(x—)]v = fi where
If1llz2(z,>0) < Cll Pl 22, >0) + ChI|v]| 11 2, 0) - (6)

Denoting 6) = (d/dx,,)’d|,, —o, straightforward computation show that we have

Pou= fi = h*y0(u)8" — ih(y1(u) + 200y, 0(z",0)y0(u)d (7)

where yo(u) = ), —o+ and v1(u) := Dy, Uy, —o+ = —1h0y,U|,, —o+ are the first semi-classical traces.
We now construct a local parametrix for P,.
Let x(z,€) € SY such that y = 1 for sufficiently large |¢| as well as in a neighborhood of supp(y_)
with moreover

supp(x) N p, ' ({0}) = 0.

Note that it is indeed possible because the real null set p;'({0}) is bounded in & and, using Lemma
B.1, the roots of p, in §, are not real.

We define

x(@,§)

ptp(xv 5)
One may find e; € S73 such that E = Op(eg + he;) satisfies, for some Ry € S72,

e 9572

eo(x, &) =

Eo P, =0p(x)+ h’Ra.

Indeed, by symbolic calculus, one may verify that e; = X%&- In the sequel, we shall denote
©

e:=eg+ hey.

We set the new quantities

wy = yo(u), wo = y1(u) + 2i0,, o(x",0)y0(u) (8)

and we apply our parametrix E to the equation (7) which may be written now in the form

h
P«pﬂ - fl + —.w05 — h2w15/.
- (3

One computes the action of E on wy and w; and finds
B (St @) = s [[[[ 0 M, 0y
7 0 o (27Th)n—1 0(Lny Ly 0 s

1 . 1. ! A~
B (—h2’w15l) (x',xn) _ W // i@’ =y").€ /ht1($n,.T/,El)’wl(yl)dyldfl,

where )
o [ el e,
R

tA / !/ —
O(SCn,SC 75 ) %

~ 1 .
tl(xnaxlagl) = %/}Rezmngn/hgne(l‘aé—)déﬂ-



We note that the integral defining £y is absolutely converging but that the integral defining #1 has to
be understood is the sense of the oscillatory integrals (see for instance [14, Section 7.8]).

Using the fact that e(z,&’,&,) is holomorphic for large |, | and actually a rational function with
respect to &,, we can change the contour R into the contour defined by v = [-C(¢'), C{¢")] U {&, €
C; & | = C(&),Im(&,) > 0} oriented counterclockwise where C' > 0 is chosen sufficiently large so
that x = 1 if |§,] > C(¢).

Doing so, we get
u = E(ﬁ) + To’wo + T1w1 —+r1

where
r1 = (I = Op(x))u + h*Rou (9)
and, if j = 0,1 and x,, > 0, the tangential operators 7 of symbols
« 1 ) )
5(0.8) = 5oz [ e € € (10)
2w J,

The symbols 1 — x and x_ are not in the same symbol class but it is known (see Lebeau-Robbiano
[22] and Le Rousseau-Robbiano [19, Lemma 2.2]) that, since supp(1 — x) Nsupp x— = ), we have

(I-Op(x))op(x-) € [ hNEN.
NeN

Consequently, recalling (9), one has the estimate
[r1lle < Chlle]l = Chljvl| 2@, >0) < Chllvll a2, >0)- (11)

We now choose x1(z,¢’) € S% so that supp(x—) C {x1 = 1}, x1 is supported in &, and y =1 in
a neighborhood of supp(x1)-
We set t; = t;x1 for j = 0,1 which allows us to get

u = E(f1) + op(to)wo + op(t1)wy +r1 + 73, (12)

where
r2 = op((1 — x1)to)wo + op((1 — x1)t1)wr.
One now notes that [p,(z,£)| = ¢(€)? on supp(x). Consequently, one obtains

IEI < CllAN = Cllflle@.>0)- (13)

Moreover, using (10), one may obtain
VieN,a e N1 Be N1 |8L 0507 (;] < Ch=l(g/)~1HiH-IAl,

Consequently, noting that ro does not involve derivations with respect to z;,, and that supp(1 —x1)N
supp(X—|z,—0) = 0, one obtains

Iralls < Ch(|[v]l1 (@, >0) + Dy V), =0l -1/2) (14)

from the composition of tangential operators and using the following trace formula (see [23, page
486))

Y1a=ol < CATV2|[9]| 111 (2, >0)-
Regarding the two last terms, we use that p(x, &) < 0 for (x,¢&') € supp(x1). Hence, by Lemma

B.1, py(z,&,&,) " is an holomorphic function of &, on {Im(&,) > 0} for (z,£') € supp(x1)-
Recalling the form of e, one consequently has, for 7 = 0,1,

N ey L ) i/ Sh iwntn /h 6 (OaDp-0cpp) (%, €', &n) )
(tj) (@, &) 22.7TX1(%§ ) (Le p¢($,§/,§n)d§n + hAe p(x, &, 6n) e

= 0.
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We shall now address the traces terms. We take the first two traces at z,, = 0% of (12) which
consequently gives, for j = 0,1,

() = (E(f1)) +75(r1) + 75(r2).
Summing up equations (11), (13) and (14), one now deduces by trace formula
W2 o (w12 + A2 (u) 212 < C(Ifillz2(ens0) + Blloll (e, >0) + AIDa, vjs,—ol ~1/2)-

Using (12) again, one may deduce

ll 72 >0y 22 vo (W) 2 B2 [y (W) 12 < CUL Ll L2 0) PV E (2 50) + I D, V), =0 ] —1/2).-

We finally come back to the original unknowns. One has

Y0(u) = op(X=)Vjz,=0 and op(X-)Dz,Vjz,=0 =11 (t) = [Da,,; 0p(X=)]Vjz, =0

which, using Lemma 2.1 and (6), allows us to get

|| Op(X—)U||H1(mn>O) + h1/2| OP(X—)U|xn:0|1/2 + h1/2| OP(X—)Dan|xn:0|71/2 (15)
< C(I1PpvlL2(2,>0) + Allvl 1 (2, >0) + A Day Vjz, =0] —1/2)-

2.2 Estimates in zone py > —(0,,p)?
We denote by v = e#/"g and

Vo = Vjg,—0 — (e”/h)l LR HY?(x, = 0),

v = (Dznv)lxn:O + i(aacn(p)\zn:O’UO + (elp/h) 0 (ihgl + i(azn@)mn:ogO) € H_1/2(‘Tn = 0) (16)

|zn=

We have suppvg C {2’ € R*!, 21 > 0} and suppv; C {2/ € R""1, 2; < 0}. We consider vy and v;
as unknown in the problem and in the sequel the goal is to obtain an equation on vy and vy.
The boundary conditions take the following form

’U‘CETLZO = Vo + GO)
(Dﬂﬁnv)\mnzo = U1 — i(aan)\mn:O'UO + Gla (17)

where, following (16), we have

1Gol1/2 < [€?/"gol1 /2,
|G1|-1/2 < h|€wh91|71/2+C|€Whgo|1/2- (18)
We remark that if gg is fixed on z; < 0 and g¢; is fixed on x; > 0 we can extend gop and g; on
R"~! such that
|€Wh90|H1/2(zl<0) < |€Wh90|1/2 < 2|€Wh90|H1/2(x1<0)
and
€9/ g1 17201 50) < 1€ g1] 2172 < 20/ g1 5172 (2, 50)-
These extensions depend on h.
Let
]:a = {((x,gl) € R™ x Rn_la M(-Tafl) > _(1 - a)(azn(p)Q}
where « is small enough.
Let x4 (,&') supported in Fa, and satisfying x4 = 1 in a neighborhood of F3,. Obviously x4 € S%

because x4+ = 1 when [£’| is large enough.
Let u = op(x+)v. We have

Ppu = op(x+)Ppv + [Py, 0p(x+)]v = f1 where
I fill22(z,>0) < ClPovl 222, >0y + Chlv|| 1 (2, >0)- (19)
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Let x;1 supported in F, such that xy; = 1 on a neighborhood of F3,, in particular on supp x.
When the roots p; are well defined (see the Lemma B.1), we have by (5) p1 + p2 = —2i(0,, ¢) and
p1p2 = g2 + 2iq;. Hence, we obtain

(D, —0p(p2x1))(Da,, — op(p1x1))u = D2 u— Dy, op(p1x1)u — op(pax1)Da, u
+op(p2x1) op(p1x1)u
= D2 u+ op(2i(a,)x1)Da,u + op((g2 + 2iq1)x7)u
— [Da,,,0p(p1x1)]u + op(R1)u (20)

where R; € hS%— is given by symbolic calculus.
By Lemma 2.1, the symbol of [D,,,op(p1x1)] belongs to hS%. Thus, we have

(Dz,, — 0p(p2x1))(Da, —0p(p1x1))u = fo (21)

where

f2 =Ppu— 0p(2i(9,9)(1 = X1)) D, 0p(x+)v — 0p((g2 + 2ig1)(1 = x1)) op(x+)v (22)
— [Dx,,,0op(p1x1)]u + op(Ry )u.

By (19), (20) and (22), using that (1 —x1)x+ =0, (1 —x3)x+ = 0 and ||u| g2 < C||v|| g1, we obtain
by symbolic calculus

IfollL2 @ >0) < CllPovl| 22, >0) + Chl|v] a1 (2, >0)- (23)

2.2.1 Estimate of (D,, — op(p1x1))u
Denoting z = (D,,, —op(p1x1))u € L*(z, > 0) (since g € H*(R™)), we have by (21)

(De,, —op(p2x1))z = f2 — ihz|3,-00z,—0- (24)
Let y € SY such that y = 1 if |¢] is large, x = 1 in a neighborhood of supp x4 x R¢, and

suppx N {(z,€&) € R" x R", &, — p2(x,&') =0} = 0.

This is indeed possible. If |¢’| is large enough then go(z,£’) > C|¢'|? and Im py < —C|¢'|, pu(x, &) >0
and in this region &, — pa(z,&’) # 0. If |¢'] is bounded, pa(x,&’) is also bounded and if |&,| large,
En—p2(z,&) # 0. Now, if |£] is bounded then, on the support of x4, Im ps < —3,., ¢(x) by Lemma B.1
and &, — pa(z, ') # 0.

Moreover, by the same arguments, we obtain that |, — p2x1| > ¢(§) on supp x.

Observe now that &, — pax1 € S (<§>,dz2 + % + %) The metric § = da? + % + % is
slowly varying, semi-classical o-temperate, the weights (£), (') are g-continuous and semi-classical
o, g-temperate (see definitions in Appendix A and Lemma A.1 with ¢ = 1 with a change of variables
and dimension).

We set
x(z,§)
&n — (p2x1)(2,¢)

We have, by symbolic calculus,

q(z,§) =

+

dfl2 ﬁ)
€2 (©2/)

€S <<£>‘1,d:c2 -
Op(q) Op(&n — pax1) = x + R

( ©
Moreover, we can improve this by R € hS (<£>’1,d$2 + % + %) Indeed, the symbol of

_ 2 g2
where R € hS ()7, da? + 57 + 15 ).

12 2
Op(q) Op(&n) is g€n and, using that pox1 € S (<§’>, dz® + {Eyr + %) the symbol of Op(q) Op(—pax1)
is —apax1 + R where R € hS ((€)71,da? + 57 + 5% ).
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Applying Op(q) in Formula (24), we obtain

z = 0p(q) f2 — ih Op(q) (2|, =00z, —0) + Op(1 — x)z — Op(R)z. (25)

In the sequel, we estimate each terms in the previous equality.
First, we have

[ Op(R)zll it (@, >0) < | Op(R)zl[x < Chllz| < Chllz| L2z, >0),
2

[ Op(9) foll o1 (@, >0) < CllOP(9) f2llr < Cllfallz2(2,>0)- (26)
Moreover, using Lemma 2.1, we have
z = [Dx, —op(p1x1)] op(x+)v = 0b(x+)[Da,, — 0op(prx1)]v + hop(Ro)v (27)

where Ry € Sg—.
Let y = [Dy, —op(pix1)lv € L*(z, > 0).
We have, by (27), z = op(x+)y + hop(Ro)v. Thus, we obtain

Op(1 — x)z = Op(1 — x) op(x+)y + ~ Op(1 — x)op(Ro)v. (28)

Moreover, since supp(1 — x) Nsupp(x+) = 0, one can apply [19, Lemma 2.2] and get that

Op(1 —x)op(x1) € [ PNE N
NeN

and, consequently,

10p(1 = x) op(x+)yllr < Allyllz2(@,>0) < Chl|vll g @, >0)- (29)

We remark that D, Op(1 — x) € S° because y = 1 when [¢] large enough. Since Ry is a tangential
symbol, we get

[ Dz, Op(1 = x)op(Ro)vl|L2(2,>0) < || Dz, Op(1 = x)0p(Ro)v||
< Cllop(Ro)v|| < Cllv[|L2(,>0)- (30)
Following (28), (29) and (30), we have

10p(1 = X)zll 11 (@, >0) < 1 OP(1 = X)zll1 < Chl|vl| a1 (2, >0)- (31)

We have also
1 e 1 )
—ih Op(q)(z,’|mn:0(szn:0) = W /ew §'/h (% /elz"gn'/hq(x,ﬁ’,fn)dfn,) é\zn:O(El)dgl
= op(t)(2|z,=0) (32)

where 2|, —o(¢’) is the Fourier transform with respect to 2’ taken at x,, = 0, the formula should be
understood as an oscillating integral and we have set

o, ) = = / cnen R, € ) dEn.

2m

If one also requires y = 1 for [¢,| > C(¢’) and &, € C (which is compatible with the definition of x
on R), we get

N L e X(@,E6)
e = 2im /ve &n — (P2X1)($a€')d§n (33)
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where we integrate on the new contour v = [—C(¢&'), C(&)] U {&, € C;|&,| = C(&'), Im(&,) > 0}.
By (33), we obtain that, for all | € N, all o, 8 € N*~! there exists C' > 0 such that

0L, 0205t (x, &) < Ch™! (&) 1AL, (34)

Let now x2(2/,¢') € €°(R" ' x R"!) a cut-off function such that (x4)|s,—o is supported in the
interior of {x2 = 1} and (x1)s,—0 = 1 on a neighborhood of the support of x».
One may write

op(t)(2(z,,=0) = 0P(tX2)(2|z,=0) + oP((1 = X2)t)(2[,=0)- (35)
First, we get
op((1 = x2)t)(2)z,=0) = op((1 = x2)t) [(Da,, — op(p1x1) 0P(X+)) V] 1, =0
= op((1 = x2)t) op((X+)jz,=0) (Dz, — 0op(p1X1))V) |, o
+0p((1 = x2)t) ([Dz, —op(p1x1),0P(X+)] V)|, 0 - (36)
By symbolic calculus and as supp(1 — x2) Nsupp x+ = @, the asymptotic expansion of the symbols of

op((1=x2)t) op((X+)|z,=0) and op((1 = x2)t) [Da,, — 0op(p1x1),0P(X+ )], =9 are null (taking account
that [D., —op(p1x1),0p(x+)] is a tangential operator). Hence by trace formula, we have

[lop((¢")) op((L = X2)t) (2jz,=0) | L2(2 >0) < Chl[vl111.(,,50) + ChlDa, v}, =0l -1/2- (37)
On the support of x2 we have x|, —o = 0 and, following (33), we deduce
1 - 1
¢ N o— / iTnEn/h
( X2)($)€ ) 217{_)(2(:1"’6 )/Ye é»n _ p2($,§/>
by residue formula and since, by Lemma B.1, Im ps < 0 on the support of xs.
To estimate the L? norm of 9,, op(t)(2s,=0) = 0P(dz, t)(2|x,=0), We proceed in the same way.

Actually, 9,,t € h™'S% and we have to use (36).
By the same support argument used to obtain (37), we get

10z, op((1 = X2)t) (22, =0) | L2(2, >0) < Chl[v] H1(2,>0) + ChlDa, v)g, =0l -1/2- (39)
Analogously, the equation (38) become

dé, =0 (38)

h=t , I3
Dy, tx2) (2, &) = —xa(z, & /ezz"g"/hind n=0. 40
ru)e.€) = Sl €) [ S (40)
Following (35), (37), (38), (39) and (40), we deduce
[l op() (212, =0) | 11 (2, >0) < Ch|v]l 11 (2, >0) + Ch| D, vjz, =0l -1/2- (41)

Finally, using (25), (26), (31), (32), (41), and for all A small enough, we obtain

| zllzr @0y < Cllfellz2@nso0) + Chllvl| g2, >0) + Ch{(Dz, )0, =0l -1/2
< COlPov|r2(e,>0) + Chllv]l a1 (2 >0) + Ch[(Day 0) 12, =0l —1/2 (42)

where we have used (23).

2.2.2 Estimates of vy and v

The goal is now to find an equation on vy and v; (see their definitions in (16)) . We remind that
z = [D,, —op(p1x1)]u and, since u = op(x+)v, we have then

(D, 0) 2, =0 — (0P(P1X1)V) |2, =0 = f3
where f3 = 25,—0 + (1 = 0p(x+))(Dz,, v) [z, =0 — 0P(p1X1) (L = 0P(X4)) v}z, =0- (43)
Following (17), we have

v1 —op((p1 +i(0z,, )|z, =0)X1)V0 = f1
where fy = f3 — G + OP((/)1X1)|xn:0)G0 + Op(i(azn@)mn:o(l - Xl\znzo))UO- (44)
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Remark 4. We may now explain the main difficulty faced to solve this equation. Coming back to
our model case detailled in the beginning of section 2, one has

P1 + 'L(azn(p)\znzo = Z|£I|a
so that equation (44) takes the form, up to some remainder term and where f is some data,
vy —iop(¢'[)vo = f.

Since the symbol |¢’| does not satisfy the transmission condition, one cannot use the usual algebra
of pseudodifferential operators. We will overcome this problem writing a factorization of the form

€] = (& +al€") 2 (& — ile"DY?
and using that the operators of symbols (&; +4|¢”|)'/? preserves functions with support in {Fz; > 0}.
Coming back to our remainder estimates, one has
| Dz, )z, =0l —1/2 < Clvoliy2 + Clvi|—1/2 + C|G1] -1 2
and, since 1 — x1)z,—0 = (1 = X1jz,=0)(1 = X+ ),
op(1 — Xl\znzo) —op((1 — X1|mn:O)) op(l —x4) € h‘I’OT (45)

which gives
lop (1 = X1jz,=0)v0] < Clop (1 — x+)vo| + Chlvol.
Consequently, by (42), (43), (44) and trace formula, we obtain

h1/2|f4|71/2 < Ch1/2|G1|71/2 + Ch1/2|G0|1/2 + C||Povll12(2, >0y + Ch||v|| m1 (2, >0) + Chlvi]—1/2
+ Chlvg| + ChY?|op (1 = X+)Da, V), —0|—12 + ChY?|0p (1 = X1 )vjz, —ol1 /2. (46)

Let now

A (€) = (& +iVETR + (0 20)P)
€)= (&6 — iVIETP+ (s, 20)7)

Since A% is holomorphic function in Im¢&; > 0 and using an adapted version of the Paley-Wiener
theorem (see Theorem 7.4.3 in [14]), one gets that A° is the Fourier transform of a distribution
supported on {z; < 0} and, for analogous reason, A} is the Fourier transform of a distribution
supported on {1 > 0}. This justifies the indices + and —.

We set 21 = op(A_"*)vy € L2(z,, = 0) and zp = op()\im)vo € L?(x, = 0). We have supp 21 C
{z1 <0} and supp zp C {1 > 0}. Moreover, by (44),

21— op(AZ) op(((p1 + 10, 0)X1) jwn=0) 0D(AT )20 = f5

where

h2(fs| < CehM?| fal 1o (47)
As z; supported in {z; < 0}, we have

Tor500p(AZ Y op(((p1 + 10, £)X1 ) =0) OP(AL /)20 = =Ty =05 (48)

where we denote here 74,502 := 2|, ¢ the restriction of z to {z; > 0}.
Following the notations introduced in Appendix A, we note that /\;1/2 € S(<§>§1/2, g).

Moreover, one has (p1 + (0, )|z, —0)x1 € S((§)e, g). Consequently, by symbolic calculus, we have

op(AZ?) op(((p1 + 02, 0)X1) j2n—0) 0D(AT /) = op(a) + hop(b) (49)

where
{ a=2""2((pr + 00, 0)X1) 0’17,
be SUENENTHE T g).
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Remark 5. To guide the reader, we shall also explain what happens at this milestone in our model
case. As explained above, one has

(p1 + 10z, ) = il¢|
and consequently, in some sense precised below,
a=1+0(e).
The very simple form of this operator explain that one should now get the estimates desired on zg
and then on vy and v;.

The estimates on b implies that |[b(z', )] < C/e? (because (£')(¢/) 71 (¢")-! <e72) and b € S(1,9)
with semi-norms depending on €. We can apply the Lemma A.3 to get

Ve >0, 3C: > 05 |op(b)zo|r2(a;>0) < |0p(b)20] < Cclzl. (50)

Second, we have a = aj,r—g+c and a € S((¢')(¢') ", g) which imply that a € S(1, g) with semi-norms
depending on ¢ and |0,rc(2’,€")| < Ce™! (because (€/)(¢')71 <e1).

We can apply Lemma A.4 to ¢ and obtain, if the radius satisfies k < 2 (see the hypotheses of
Theorem 2) and since vy is supported in By,

|0p(€)20| 12 (a1 50) < C¢l20] + Ceh'2|ug |y /2. (51)

Next, we use the assumption |0, ¢(0)| < €05, ¢(0), the change of variables found in Lemma B.2 and
Lemma B.1.

" — 9.0(0) __¢&
Writing V' = 52245 and ' = 3

Du,, 2(0) m, we have by (97)

p1(0,&") 410z, (0) = i0s,(0)p(n’)

with

p(') = V2 = V2 +2in.V .
One may write
0,0(0) p(n') (X1)je=0

~ VIR @0n 00
where d(¢') = d(1) x x1(0,¢") and

dor) = p(n') L= P — I e

/12 + €2 a 2 + &2
V' ' < VWP +e2<|n|+e

and, using now (98), we thus obtain, since |V| < ¢ and for ¢ sufficiently small,

=i(x1)(0,&") +id(¢’) (52)

a|x’:0(§l)

We remark that

()| < Ce

since, by (96), || > § on supp(x1) C Fa.
Finally, one has
d(¢')] < Ce and d(£) € S(1,g)

and we can apply Lemma A.3 to deduce
| 0p(d)z0] 122150y < |0D(d)2]o < (Ce + Ceh'/?)|z0]. (53)
Following (48), (49) and (52), we obtain

12,5020 + Tz, >0 Op(hb +tc+ id(Xl)pcn:o + (1 - (X1)\zn:o))20 = —7z,>0f5- (54)
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On the other hand, using (45) again, we have
lop(1 — (X1)jz,=0)20] < Clop(1 — x4 )z0| + Ch|z|
< Clop(1 = x+)voli/2 + Chlvoli/z
and, following (50), (51), (53) and (54), we deduce
|z0lL2 (21500 < (Ce+ C.hY?)|zo] + C€h1/2|v0|1/2 + Clop(1 — x4 )vol1/2 + | fs]
< Celzo| + C-hM?|vgl1 o + Clop(L — x4 )vol1 /2 + | f5].

It is clear that |20|r2(z,>0) = |20]. Taking € small enough, we have then
Vh € (0,ho), |20] < ChY?|ugl1/2 + Clop(l — x+)vol1/2 + C|fs.
Using zg = op()\i/ 2)1)0 and for hg small enough, we deduce

[voli/2 < Clop(l — x+)volij2 + C|fs|.
Following (46) and (47) we have, using (17) and for hy small enough,
h1/2|’U0|1/2 S Ch1/2|G1|,1/2 + Ch1/2|G0|1/2 + C||P§DU||L2(IH>O) + ChHUHHl(In>O) + Chl’l}1|,1/2
+ChY?op (1 = x4)Da,, vz, —o|-1/2 + Ch?| 0p (1 = X1 )vj4,—o0l1/2- (55)

Using (55) in (44) and by (46), we obtain also, for hy small enough,

h1/2|’01|,1/2 S Ch1/2|G1|,1/2 + Ch1/2|G0|1/2 + C||P§DU||L2(IH>O) + ChHUHHl(In>O) + Chl’l}1|,1/2
+ChY?op (1 = x4)Da,, vz, =0l -1/2 + CB'?| 0p (1 = X1 )V, —0l1/2-

One now remarks that the term |v;| on the right-hand side of this inequality can be absorbed if hg
is sufficiently small. Recalling now (17) and (18), one gets, provided hg is small enough,
W2 0p,—ol1/2 < Ch*2 1€/ g1 1o + CRY21e2/ " gol1 3 + ClI Pl L2 (2, 50) + CBl0 ]| 11 (2, 50)
+Ch'?|op (1 = x4 ) D, Uz, =0l ~1/2 + Ch'?|0p (1 = X4 )0}, 0|12 (56)

and

W2 Dy )y, —ol—1/2 < Ch¥2(e?/Mg1| 1 jo + ChY21e9/go 1 jo + Cl|Ppvl 122, >0y + ChIY| 11 (2 50)
+ ChM2|0op (1 = x4)Da, Vi, —ol-1/2 + Ch?[op (1 = X4 )0z, =0l1/2-  (57)

2.2.3 Estimate of u in H'(z, > 0)

To estimate the H'-norm of u we use the Carleman technique.
First, we have

1(Da,, —op(prx1))ulZe(e,50p = (D, —0p(Re pixa))ullZs(s, 50y + [lop(Im prxi)ulliz(, »o)

+  2Re((Dz, —op(Repix1))ul —iop(Im p1x1)u)r2(z,>0)

= [|(Da, — op(Re prx1))ulZa(s, s0) + lop(Im prx1)ullZs,, 50,

+ Re(i[op(Im p1x1), Dz, — 0p(Re p1x1)]ulu)

—  hRe(op(Im pyx1)ulu)o

+ h ((LO(Dxn —op(Rep1x1)) + L1 op(Im plxl))u|u) , (58)
where (.,.) (resp. (.,.)o) denotes the standard scalar product on {z, > 0} (resp. {z, =0}) and L;
are tangential operators of orders 0.

Moreover, one has
[(op(Im p1x1)ulu)o| < Cluje, =ol7 )2 (59)
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and, for any C’ > 0,

h ‘ ((LO(D% —op(Rep1x1)) + L1 op(Im plxl))u|u)|
1
< @(H(Dxn —op(Re pix1))ullF2(,,50) + [lop(Im pix1)ull 72, w0)) + CP [lull72(, 50y (60)

The commutator term i[op(Im p1x1), Dz, — op(Re p1x1)] is a tangential 1-order operator and has
h{Im p1x1,&, — Rep1x1} for principal symbol.
Taking account that p, = (£, — p1)(&n — p2), we have
{Repy, Imp,} = %{m,p@}
= |&0 — p2*{Im p1, & — Re(p1)} + O(&n — p1) + O(&n — p1).
Hence by hypothesis (4) we obtain that
Imp; =0, & =Repr = {Imp1,&, — Re(p1)} > 0.
Furthermore, noting that {Im p1, &, — Re(p1)} is in fact independent of &,,, we have
Imp; =0 = {Imp1,& —Re(p1)} >0
and this classically implies that there exists C7 > 0 and C; > 0 such that, on the support of 1,
{Im p1, &, — Re(p1)} + Cr(€) [ Tmpr|? > Co(€).
Using the standard Garding inequality (see e.g. [24, Theorem 3.5.8]), we deduce
Call op({€)1/2) op(x1 2y 20y — Chlula(y, o0 (61)
< Re(ifop(Im p1x1), Dz, — 0p(Re prx1)Julu) + Cillop(Im prxa)ull7 s, <)

On the other hand, as x; = 1 on the support of x, we have op(x+) = op(x1)op(x+) + hop(r_1)
where r_; € 57_—1. Thus

lop({€")*)ullEa(z, 50 < Cllop((€)?) op(x1)ull 20, 50y + ChlV]Z2 (s, 0)- (62)
From (58), (59), (60), (61) and (62), we get
%H Op(Im P1X1)u||%2(zn>0) + O2H“H§{1/2(zn>o) (63)
< (Da,, = op(prx1))ullF2 (4, 0y + Chltge,=ol3 o + Chl|v]F2(,, <0

for C" chosen sufficiently large.

Let now C' > 0 given by Lemma B.1 such that Im p;(x,&") > §|¢'| for |£'] > C. Let also xy €
€ °>°(R™1) such that

Lif |¢/] > C + 1,

xu(€) = {0 if |¢'] < C.

Note that in particular x; = 1 on the support of x g so that
op({€')) op(xar) — op(xz(€)/(Im p1)) op((Im p1)x1) € hWF-
Using symbolic calculus, we consequently obtain
lop({¢')) op(x#)ull 2z, >0) < Cllop((Im p1)x1))ull L2(z, >0) + Chllull L2 (2, >0)- (64)
If hg is small enough, using (63), (64) and that 1 — x g is compactly supported, we get

lop((€NullL2(2,>0) < [lop((€)) oP(xH )l 22, >0) + [0P((6)) (1 = op(x&))ull L2(2, >0)

< C|(Da, — op(p1x1))ull 2(zn>0) + ChY s, —ol1 /2 + CBY 2|0 12(2, > 0)-
(65)
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We have also

| D, ull 222, >0) < [(Dz,, — op(p1x1))ull L2(2,>0) + loP(p1x1) Ul 22 (2, >0)
<Dz, —op(prix1))ull L2z, >0) + Cllop((€))ull 22, > 0)- (66)

Then, by (65) and (66), one gets
lopO vl (2, >0) < Cll(Da, = 0b(prx1)ull z2(e,>0) + OB [ujz, =l 2 + ChY2[[0] p2(a, >0

Using now (42), we finally deduce

|| OP(X+)U||H1(IH>0)

< C (1Pl 2as0) + B210 01 (50 + B2 01, =0l1/2 + Bl (D 0) ol -1/2) - (67)

2.3 End of the proof

We now collect the results of Sections 2.1 and 2.2.
We first note that is possible to choose « so small that y— =1 on supp(1 — x4).
Doing so, one has op (1 — x4) —op (1 — x4)op (x—) € h¥% which gives
lop (1 = X+) Dz, vjz,=0l-1/2 + 0P (1 = X4 )Vjz,=0l1/2
<C (| op (X=) Dz, Vjz,—0l-1/2 + 0P (X=)V|z,—0|1/2 + P| Dz, Vg, =0l —1/2 + h|U\zn:0|1/2) .
Summing up (15) and (56), (57), we now deduce the final trace estimate
| Dz, V2, =0l-1/2 + |V)z,=0l1/2

<C (h|€(’0/hg1| + |€(’D/hgo|1 + h_1/2||P§D’UHL2(In>O) + h1/2||’UHH1(In>O)) (68)

provided hg is sufficiently small.
Proceeding in the same way, one can deduce that, provided h is sufficiently small,

vl @, >0) < C (lop(x-)vll 112 (@, >0) + loP(x )0l 2 (2 >0)) -

Consequently, using (15), (67) and (68), one gets the desired result

[Vl 1 (2 >0) | Dy Vi =0l ~1/2F V) 0|12 < C (le“’/hgoh/z + hle? M gr| 12 + h_1/2||Pth||L2(zn>0)) :

3 Proof of Theorem 1

3.1 Different Carleman estimates

We define X = (—1,1) x Q (where (—1,1), diffeomorphic to R, is considered as a manifold without
boundary) and we split its boundary into 0Xny = (—1,1) x 0Qx and 0Xp = (—1,1) x 0Qp.

Since Q is a relatively compact smooth open set of R?, there exists some smooth function f
defined in a neighborhood of 92 such that, near 052,

ye ol f(y) =0,
ye Q& fy) >0.

Moreover, near any point y* € 99, one has df # 0. We may apply Lemma B.2 with p(y, &) = |¢|?,
transport y* to 0 and get that, in new coordinates,

y €N ys >0,
{ye@ﬂ(:)ydzo, (69)

with moreover p(y, &) = &2 + r(y,&).
The operator —A consequently takes, in some neighbourhood of 0, the form —ajd +1(y)0y, —Q (y,0yr)
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with 0y = (0y,,...,0y, ,) and @ a smooth elliptic differential operator of order 2.
As in [23], one can find some function e(y’, y4) normalised by e(y’,0) = 1 such that the operator
P = —eo (97, +A)ol/e takes, in some neighbourhood of 0 and in coordinates z = (z¢,), the form

1
P=-07 +R (:c 2a%,) (70)
where 0,0 = (0zgy ..., 0 ), the principal symbol of R is real and satisfy, for some ¢ > 0,

/ r(x,&) > cl¢']?,
V(-%g )a { T(:L',§/> _ |§0|2 +TO($7§6)7 (71)

with § = (&1, -, €a—1)-
Moreover, since I' is a relatively compact smooth submanifold of 92, there exists some smooth
function k defined in a neighborhood of I' such that, near I,

y € 00p < f(y) =0and k(y) > 0,
y € 00N < f(y) =0 and k(y) <O0.

Hence, if one works near y* € T', one has dk(y*) # 0 and we additionally obtain that

yE@QD@yd:Oandy1>0, that is xG@XD@:cd:Oandx1>0, (72)
yE@QNéyd:Oandy1<0, xG@XNézd:Oandx1<0,
and, along with (70), (71), that
r(0,¢") = ¢
On the other hand, if v satisfies (2), then © = e X v satisfies the following equations
Pv = evg in X,
=0 on 0Xp, (73)

0,0 —1a05,0 + b0 =v;  on 0Xy,

where, as in [23], we have used the notation b = —0d,(1/e)jx-

To localize and use the local form of our operator, we choose some cut-off function 6 with sufficiently
small compact support. Let g = v satisfying different problems, depending on the localization cho-
sen.

The first problem is a problem without boundary conditions (if the support of the cut-off is away
from 0X). Moreover, if the support of the cut-off function intersects the boundary, we have three
different cases to consider: one where the only boundary condition is of Dirichlet type, one where
the only boundary condition is of Neumann type and the last one is a Zaremba boundary problem.

In each situation, we need some adapted Carleman estimates. In the three first situations, these
results were obtained by Lebeau and Robbiano: it is Proposition 2 of [22] and Proposition 1, Propo-
sition 2 of [23], recalled below.

As before, we consider B, := {z € R¥*!;|z| < k} and ¢ a € function. We note €5°(B,;) the
set of € functions supported in Bi.

Proposition 3.1. Assume that (3), (4) hold. Then, there exists C,hy > 0 such that for any h €
(0, ho) and for any g € 65°(Bx), the following inequality holds

9/ 2o 50y H1h(@eg)e? M 2,50y < € (W2 IH2P(9)E? M 12,50y + lge?/™] + (@2 9)e?/ ™))

Proposition 3.2. Assume that (3), (4) hold and that

0
a—;’;>00n{xd:0}ﬂB,€.
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Then there exists C,hg > 0 such that for any h € (0,ho), go € €°({xzqa = 0}), and for any
g € 65°(By;) such that
g =0 on {zq =0},

the following inequality holds:
lge? " | 2 (2u50) + 11(D:9)e? M| 1200 50y < ChT2 W2 P(9)e! || 122y >0)-

Proposition 3.3. Assume that a is smooth, (3), (4) hold and that the following hypotheses are

fulfilled

5—2>00n{zd:0}ﬂBm

1>a? on {xqg=0}0NB,,

29\ Iy 29\
(17@2) <8_$d> >a2 |j’ (:C, @) — a2 <a—$0) ] on {:CdZO}ﬁB,{.
Then there exists C,ho > 0 such that for any h € (0, ho), g1 € €°°({xq =0}), and any g € 65°(B:)

such that
02,9 +100,,9 —bg = g1 on {xzqg =0},

the following inequality holds:

9/ 2o 50y HI1(00g)e? 2 50y +(Darg)e? ") < C (K2R P()e 110 + hgre?])

However, due to the low regularity of the function a here, we cannot apply this result directly and
shall derive the following suitable result by a perturbation argument.

Corollary 3.4. Assume that (3) and (4) hold. If a is a function such that a(x) — 0,

z—0

g—fd>0 on {xq =0} N By,

then, there exists k,C,hg > 0, such that, for any h € (0,ho), g1 € L*({zq = 0}) and any g € H'(R")
supported in B, which satisfies

P(g) € L*(R"™) and 0,,9 + iad,,g — bg = g1 on {xg = 0},
the following inequality holds:
1969/ 1120 50) + 11(029)e? [ 1202, 50) < C (W™V2IR2P(9)e | (a0 + [hgre?/™])

Proof. We apply Proposition 3.3 with @ := 0 and g7 := g1 — ia0y, 9 to get, after a standard approxi-
mation argument,

lge? || 22w >0y + [1P(029)e? | 20, 50) + |P(Durg)e? ™| < Ch™2|[R2P(g)e?" || L2 (2y0)
+ C (|hgle<'a/h| + |ha8moge”/h|)
< Ch7'V2 |2 P(9)e?""|| 12w ,50)
+ Clhgie?/"|+h Csup a| |0s,9¢7"].
By
Choosing now « sufficiently small so that C'sup |a| < 1/2, we get the desired estimate. O

K

We finally deduce from Theorem 2 the analog of the Carleman estimates of Propositions 3.1 , 3.2
and Cororally 3.4.
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Corollary 3.5. Assume that (3) and (4) hold. If p > 1/2, a € €°({zn, = 0, x1 < 0}) such that

a(x) —— 0,
x1—0

(86—('0 >0 on {xg=0}N B,g) and |0 ¢(0)| < €0,,4(0)
Tq

then, for any € sufficiently small, there exists k,C,hg > 0, such that, for any h € (0,ho), g1 €
L?(x1 < 0) and any g € H'(R™) supported in B, which satisfies

g=0 on {xqg = 0,21 > 0},

2 n
P(g) € L*(R") and { Oz,9 +100z,9 —bg = g1 on {xqg=0,11 <0},

the following inequality holds:

l9e? | 1220 50) + [17(029)e? | 120 50) < C (h‘”Q||h2P(g)e“’/h||L2<zd>o> + |h916”/h|L2<x1<o>) :
Proof. One applies Theorem 2 (with n = d+ 1) with gg := 0, g7 := g1 — ia0.,9 + bg and ¢ such that

g=29o0 on {zg = 0,21 > 0},
02,9 =71 on {zq=0,z1 <0}

We get that [ge?/"|| g1 (2y>0) + |9€97"]1 2 + |(Dz,9)e?/"| 1 )2 is bounded by

c (h_1/2||h2P(g>€<p/h”L2(m,i>0) + |hg1€W/h|H;1/2(ml<O))

+C (|ha(8mog)ewh|H;1/z(11<0) + |hbge¢/h|H;1/2(ll<O)) .

Moreover, we have

|hbge?"| 172 (2, <0) < [Pbge? | 124y <0y < hsélp|b| l9e?" ™ 111 (21 <0) - (74)

K

On the other hand, one has (8,,9)e?/" € H=/?(x; < 0) so there exists u € H~Y/?(R"~') such that

Uz <0 = (8I0g)6¢/h.
Denoting @ := 1y,,<qya € €° (R"~1), one now has, provided p > 1/2,

au e H V2R, (75)

using standard continuity result (see e.g. [27, Corollary p. 143]).

1/2(

Since au = 1{11<0}a(8mog)e90/h = @(0,,9)e?/" and according to the definition of the Hy. ' “(z1 < 0)

norm, one consequently has
|a(azog>ew/h|H;1/2(zl<0) S |E(8mog>ew/h|—l/2'
Using [27, Corollary p. 143] again, we deduce, for 1/2 < p’ < p,
1a(0209)€ ™ 11172 4, <oy < [8(0209)e” |12 < Cllax(-/8)llgor [Pa09)e? | gy1r2(y, gpr (76)

where y is some regular cut-off function supported in By such that x = 1 on B; and, for any

z € R*H, x(./K)(2) = x(2/K).
One may now apply Lemma C.1 and get that

|a(azog)e¢/h|H;1/2(ll<O) < CkrP7F HGJH%P|(8xog)GW/h|H;1/2(ml<0)' (77)
Summing up (74) and (77), we deduce that, for h and & sufficiently small,
lge? " |1 (za=0) + 192" 172 + |10 g)e?/ ™| 1 2

< C (W2 B2 P(9)e? ! | Laaymo) + 1hg1e? M y-1r2,, o))

Finally, writing g = (ge?/")e=%/", we have
l9e?" || L2wa0) + 17(029)e? " | L2(2y>0) < Cllge? |11 (2g0)
and the sought result is proved. O
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3.2 Proof of Proposition 1.2

We follow the method of Lebeau and Robbiano (see [22, Paragraph 3.B]). We here simply insist on
the points that differ in our context.

Interpolation inequality away from the boundary Defining X; = (—3/4,3/4) x Q4 with
Qg = {x € Q;d(z,00) > d}, we first recall an interpolation inequality for system (2) away from the
boundary.

Lemma 3.6. There exists C > 0 and 19 € (0,1) such that for any 7 € [0, 7] and for any function v
solution of (2), the following inequality holds

lollxy < C (IAxllzaco) + 1ol z2goxg) + 100l z2oxs) ) NolliiTxy-
Proof. We first have, for any function v solution of (2),
[0l (x0) < C (1Ax 0 L2 (x) + 100]| 2(0x) + 10800 L2(03)) " [0l x)

for § € €5°(0X) any non-trivial function.

Indeed, if v = 0 on X, this result is contained in [22, Paragraph 3.B, equation (45)]. The proof of
this slightly more general interpolation result is absolutely identical and we shall not detail it here
(see also [22, Paragraph 3.B, Lemme 3] for a local version of this estimate).

It suffices now to choose 6 supported in 9X to obtain the Lemma. O

Interpolation method near the boundary We now use the Carleman estimates described in
Section 3.1 to prove estimates near the boundary.

First of all, we begin by the definition of the phase function inspired by [22]. We put ¢ = f(v)
where f(t) = €8t and, writing = = (z0,y),

Ve e X, (x) = o(xo) + 1(y)

where, for some d > 0, ¢ is such that 9,11 (y) > 0 if d(y,0Q) < 3d (for 9, a vector field defined in
some neighbourhood of 9 which extends the normal derivative on 9€2) and

Vi (y) = d(y,09) if d(y,09) < 2d,
W= 3d if d(y,00) > 3d,

and, for some ¢ > 0, 1) is an even function such that {(z¢) < 0 if zg > 1/2 with

0 if 29 € [0,1/2],
¢0($0) = { 5(1 — 21‘0) if SC?) € [3/47 1)

We will now show that we can apply our Carleman estimates to our function .
First, it is classical that the function ¢ = f(¢) satisfies Hormander hypoellipticity condition (4) for
some 3 > 0 large enough. We refer the reader to Lemme 3 in [22, Paragraph 3.B] for a proof.
On the other hand, since d,¢ = f/(¥)0,9 and 9, = f/()D 1), it is clear that

|02 0] < Cel|dyp] on 0X

and the hypotheses of Theorem 2 are fullfilled for ¢ sufficiently small.
A finite partition of unity on 9 combined with Propositions 3.1, 3.2 and Corollaries 3.4, 3.5 may
now show that

le#/M w172 x) + e/ hduw]| 72 xy 78)
< C (W Pull3a ) + B3|/ (0, — iads, + )02,

Hle# Ml agoxg) + e 0wl 2 oxs,))
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for any w € H'(X) supported in some small neighbourhood W of X which also satisfies Pw €
L?(X), w=0on dXp and d,w € L*(0Xy).

Indeed, one first chooses the partition of unity (6;) on some neighborhood of 992 such that any
element of this partition 6 lies in one of the following cases:

1. supp(0) N 902 C 0Np,
0) N o C {y € 0n;aly) < 20},

(0)
2. supp(0)

(0) NOQ C {y € M;aly) > 6},
)

. supp(#
4. supp(0) N9 C 90p U{y € 00n;a(y) < 20} and 6 supported in a neighborhood of T

Next, for 0 and supp(f) chosen sufficiently small, one defines g = 0. Working in local coordinates
such that (69) and (72) hold, we may apply to function g

e Proposition 3.2 in case 1,
e Corollary 3.4 in case 2,
e Proposition 3.1 in case 3,
e Corollary 3.5 in case 4,

and, summing up these inequalities, we directly get the estimate (78). Note in particular that the
estimates of Propositions 3.2, 3.3 and 3.1 can be applied to w, using a standard approximation
argument.
To get now our interpolation inequality, we define, for r1 < r] < ry < rh <rs <7}, the sets (see
Figure 2)
V={zeXm <) <)
and, for j =1,2,3,
Vi={zeXir; <y(x) <rj}.
As in [22], we choose r1 = —2d, 1} = —d, ro = 0, vy, = d, r3 = 3/2d, r = 2d so that, using the
definition of 1,
(—=1/2,1/2) x (Q\Qq) C V2, Vi C (—1,1) x Qq. (79)

Moreover, using that infy = —e and sup ¢y = 3d, one has V' & X for d sufficiently small so that
—5d > —e¢.

Y

In

Figure 2: Interpolation sets Vi, V3, V3 and level sets associated to (1;)1<i<3, (7])1<i<3 -
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We now apply the interpolation method (see Lemme 3 in [22, Paragraph 3.B]). We choose x a
¢ function supported in V' and W such that x = 1 for ¢(x) € [r},r3] and we apply the Carleman
estimate (78) to w = x¥ where 0 is the solution of (73).

We write Pw = xP0 + [P, x]0 and we note that [P, x| is a differential operator of order 1 supported
in V3 U V3. Hence,

97" Pwl| 2 x) < [[e?"voll vy + Clle? 0]l vy + Clle?” 5] (v -
Analogously, using trace estimates on V; and V3, we have
1e2/"(8y — 10y + b)wl L2 axx) < € 01| L20x 5 V) + Cle? D] g1 va) + Clle? 5] 11 (vs)-

Summing up, we obtain by (78)

€925 L2 vy + |€2/ 00| 12y < C (HethOHLZ(V) + e 1 L2 oxwnv)
+ e L2 oxg vy + 1697000 208 v
+ (el Lz vy + 17050 r2vn)
+ e L2y + ||€Whar77||L2(Vs))

so that, using the definition of ¢,
ef(”)/hllﬁl\Hl(vZ) < Cef(r’l)/hH@”Hl(Vl)

+Cel(ra)/h (||U0HL2(X) + lvillzzoxn) + 10l 220x3) + 1000l L2(ax3,) + ||17||H1(v3))

and, using (79) and coming back to the solution v of (2),
el /o) gy x,) < Cef(ri)/h”vHHl(X)

+Ce D (ol zaxy + ol 2oxy + 0l oxgy + 1000l aoxgy + ol () -

1) < f(r2) < f(r3), one may

In the same way as it was done in [22, Paragraph 3.B] and since f(r
1) such that

deduce after an optimization in h € (0, ho) that there exists 79 € (0,

o]l 21 (v\ x0)

T0 .
< € (Ioll o) + Inll2oxny + 10l oo + 190l acaxg) + el ) ot

If one combines this result with Lemma 3.6 and taking account that d,v = —ia(z)0,,v +v1 on XY,
we get the sought result of Proposition 1.2.

3.3 End of the proof
3.3.1 Preliminary settings

First of all, let us recall that the system (1) possesses a unique solution. We define the Hilbert space
H = HL(Q) x L*(Q) (where HL(Q) = {u € H'(Q);u = 0 on 9Qp}) equipped with the norm

memi=Awﬂw+WﬁM-

We also define the unbounded operator A on H by
0 I
=(44)
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with domain

D(A) = {u = (ug,u1) € H; Au € H and 9, ug + au; = 0}.

It is clear that system (1) can be rewritten in terms of the abstract problem

QU (t) = AU(t),

U(@(Z‘l’),

u
where U = < dyu >

Moreover, A is a monotone operator. Indeed, an integration by parts gives, for any u = < ZO > €
1
D(A),

Re(Au,u)g = Oy upurdo = —/ a|u1|2da <0.
BQN BQN

On the other hand, A — I is an isomorphism from D(A) to H. Indeed, one easily obtains for

(;‘; ) € H,
u \ _ ( fo —ug + Aug = fo + f1,
(A_I)( ul)_(fl )(:){ up = uo + f,

and the bijectivity is granted by Lax-Milgram noting that the bilinear form

(u,v) € HH(Q)? — / (03u.0,0 + uv)dz Jr/ auvdo
Q 0N

is coercive. Hence, Hille-Yoshida theorem gives that A generates a strongly continuous semigroup
on H and hence the existence and unicity of solutions to problem (1).

3.3.2 Proofs of Proposition 1.1 and Theorem 1

We consequently focus on the equation

(A—MI)(Z?):(;? )

We will write R(p) = (A — puI)~! when it is defined.
One has the following system

(A + )\2)’&0 = (Z)\fo + fl) in Q,
(0y +ixa(x))ug = —a(z)fo  on Iy, (80)
ug =0 on JQp,

and we introduce v(z, z) = e**0uq(z),

X = (—1, 1) X Q,@XN = (—1, 1) X GQN and GXD = (—1, 1) X 8QD

so that v is solution of

Axv = e (iXfo + f1) in X,
(0, +ia(x)0y, )v = e (—a(z)fo) on OXy,
v=20 on 0Xp.

Applying Proposition 1.2 to vy := e 0 (i\ fo+ f1) and v1 := e**°(—a(x) fo), one may get the estimate,
for any A € R,

luollzn @) < Ce“™ (Ifollan @) + I fillace + lluoll 2gans,)) (81)
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where we have noted 9909, = {x € IQy;a(x) > §}.
If ||u0HLz(aQ§V) < | follzr o) + 1 f1llz2(q), one consequently has

uoll () < Ce (I follm) + 1 fillz2()) - (82)
Else, we have the following estimate

[uoll () < Ce“luol| 2z, )- (83)
Using that
/ u_o(—A — )\2)’U,Od$ = _)\QHUOHL?(Q) +/ |8Zu0|2dx — / u_oauuoda
Q Q 0N

and, since (A + \?)ug = i\fo + f1 and 9, ug + iadug = fo, we get, taking the imaginary part of this
identity,

Al . a|uo|2d0 < (|)‘|||fOHH1(Q) + ||f1||L2(Q)>HuOHL2(Q)-
N

Consequently (83) and Young inequality give us
ol 2 ) < Ce“P(|| foll ey + | fillz2 ()

and one also gets the estimate (82).
Since u; = fo + tAug, we get in both cases the aditional estimate

luill 20y < ol + IMwoll iy < Ce™ (| foll ey + 1 fillz2)) -

We consequently have proved that, for any A sufficiently large,

uoll mrr ) + w2 < Ce“ (I follm ) + 1 fillz2()

and that A — i\l is one-to-one.

Since D(A) — H is compact, the Fredholm alternative (see e.g. [6, Théoreéme VI.6] ) gives us that A
is onto (because (A —iX)u= f < (I + (iA —1)R(1))u = R(1)f where R(1) is a compact operator)
and finally that A — ¢\l is an isomorphism. Moreover,

Al =M = RGN o m < CeCPL
On the other hand, the spectrum of A is discrete. Furthermore, for any A € R, A — 4\l is one-to-one.

Indeed, if
(A —iX]) ( 4o ) =0
uy

then, using a special case of (80), one has

/ (A + N)ugugdr = 0
Q

so that, using an integration by parts and the boundary conditions of wy,

/(—|0Zu0|2 + N ug|*)dz — i)\/ alug|*do = 0.
Q

QN

Taking the imaginary part of this expression, we get A x aug = 0 in dQy and then ug = 0 on 9QY,.
Since ug also satisfies system (80) with fo = 0 and f; = 0, the unique continuation estimate (81)
gives us ug = 0 and hence (ug,uq) = 0.

Using again that D(A) — H is compact and the Fredholm alternative, we get that iR C p(.A).
Since A € p(A) — R(\) is continuous, there consequenty exists some constant C' > 0 so that

A <A = RGN [ —m < CePY,
which concludes our proof of Proposition 1.1.

Theorem 1 is then an immediate application of [1, Theorem A] (see also Théoreme 3 in [7]).
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4 Comments and further applications

Regularity of the function a. We begin by some considerations on the sufficient regularity of
the function a. Using paradifferential calculus, is it not hard to get that a can be chosen in the Besov
space Bié?Q(@QN) — L (0Qy). Indeed, the main point is to get continuity estimate analogous to
Equations (75), (76) in the proof of Corollary 3.5 and this can be done in a standard way by the use
of paraproduct decomposition (introduced in [4]).
Moreover, some regularity result of solutions to the Zaremba problem would allow us to extend our
Theorem 1 to less regular functions a. More precisely, given f € L?(2), fo € L?(0Qp), f1 € L*(0Qx),
if any u € H*(€) such that

Au=f in Q,

u = fo on d)p,

dyu= f1 on Ny,

belongs in fact to H3/27¢(Q) for any ¢ > 0, we would be able to get our result for a € €*(9Qy) with
p > 0. Unfortunately, this regularity result seems to be known only in dimension 2 (see, e.g., the
book [11]).

Other geometric cases. On the other hand, the Carleman estimate given in Theorem 2 is local in
a neighborhood of (—1,1) xT", thus we can use it in other geometric cases, patching this estimate with
other Carleman estimates either to prove a global Carleman estimate or to prove an interpolation
inequality in the spirit of Proposition 1.2.

In particular, Theorem 1 remains valid if € is replaced by (M, g) a smooth compact riemannian
manifold with boundary and T" is a smooth submanifold of 9M of codimension 1. Note that I' is not
necessarily connected (see Figure 3).

Indeed, it is sufficient to work on each connected component of M and to notice that our proof
remains valid on each component.

dMp

OMp

OMy

Figure 3: A configuration example where I" is not connected.

Control of the heat equation. With the Carleman estimate found (Theorem 2), we can also
prove some null controllability results for the heat equation with the Zaremba boundary condition.
We give the result without detailled proof.

Let w an open subset of 2 such that @ # Q and T > 0. Then, for all up € L%(f), there exists
f € L*((0,T) x w) such that the solution u of the following system
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Ou— Au=1,f inQxRT,

u=20 on 00p x RT,
Oyu =0 on Ny x R,
Ujp—g = Up in Q,

satisfies u(T,.) = 0.

We refer the reader to the survey by Le Rousseau and Lebeau [17, Sections 5-6] where a strategy
of proof is explained in details.

First of all, it is sufficient to have the following interpolation inequality (see [17, Theorem 5.3]).
Let X = (—1,1) x Qand Y = (—1/2,1/2) x . Then, there exists C' > 0 and 7 € (0, 1) such that,
for any v € H?(X) such that v =0 on (—1,1) x 9Qp, d,v =0 on (—1,1) x Ny and v(—1,.) = 0 on
Q

)

ol vy < Cllolgaty (102, + A)wllzzx) + 182,00, ) z2w)) "

This interpolation estimate is analogous but different from the one of Proposition 1.2. Nevertheless,
we can prove it in the same way: the main novelty is to obtain a local interpolation inequality in a
neighborhood of (—1/2,1/2) x I and this can be done exactly as in Section 3.2.

With this interpolation inequality and following [17, Theorem 5.4], we can then obtain an in-
equality on sums of eigenfunctions.
Let (¢;);jen+ be a orthonormal basis of eigenfunctions of the Laplacian with the Zaremba boundary
condition and 0 < p; < po < ... the associated eigenvalues. Then, there exists C' > 0 such that, for
all complex sequences () en+ and all g > 0,

> loyl? < Cec‘m/

pi<p «

2
dx.

’ Z a;j;
Hy <
Following the strategy of [17, Section 6], one is now able to construct a control function f.

A Symbolic Calculus

We use the metric definition given by Héormander and, if ¢ is a metric and m a g-continuous function,
the notation S(m, g) of symbol spaces (see definitions 18.4.1, 18.4.7 and 18.4.2 in [14]).
We denote (n)2 = |n|? + &2 and g the metric

ag | de”
€z €2

Lemma A.1. g is a metric slowly varying, semi-classical o-temperate, uniformly with respect to
if h <e.

The weights ('), (£)e and (§")e are g-continuous and semi-classical o, g-temperate uniformly with
respect to € if h < e.

Moreover, we have

qg= dx'? +

h?(a,€) = sup <7gff"“(y’")> = (":*.

(') \ Y9G enW' 1)

Remark 6. When a symbol a(z, &) is quantified in the semi-classical sense, the usual symbol is
ap(x,§&) == alx, h).

If a € S(m, g) then ay, € S(mp, gn) where my(x,§) := m(x, h§) and (gn) (z,¢)(dx, d§) = G(z,ne)(dx, hdE).
We verify that

(gn)” = h=*(g")n

and the calculus is admissible if g is temperate.
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In this case we say that g is semi-classical temperate. The condition on g read, there exists C' > 0
and N > 0 such that for all x,y, z,£, 1, ,

9(x,8) (Za C) < Cg(y,n)(za C)(l + h_QQ?z,g)(‘T - ya§ - U))N

Analogously, we say that m is semi-classical o, g-temperate if, there exists C' > 0 and N > 0 such
that, for all z,y,&,n,

m(z, &) < Cm(y,n)(1 +h=2g7, o (x —y,& =)™

On the other hand, if b7 (2, ) := sup (gh)gzw , one has
(y,m) (gh)(zﬁg) yv”)

|~

bh(‘rag) = hf)($, hE)

Proof. We have g% = (&/)2dxz? + (€")2da""? + d¢'?. If

&1 —m 1" —n"|?
ez ez

|2
<0

where § is small enough, then
(€2~ ()2, (€")2 ~ ()2 and (€')* ~ ()

uniformly with respect to e. We deduce that g is slowly varying and that (&), (¢”)c and (') are g
continuous.

To prove the temperance, the key point is the following estimate: there exists C' > 0 and N > 0
such that

Ve € R ()2 < CEMZA+RT?E /)Y and ()2 < CE)ZA+ 72 =Y. (84)

Indeed, one has
[ + e < 2(1¢” + &%) + 20 —n* < 221+ h72[¢ —nf*)

if h <e. The temperance is then a straightforward consequence of (84).
Moreover, it is also easy to see that

N2, _m ||
002 €)= sup Wt Er e\ _ 1
’ oy \ (€020E + (€2l > + I |? (€")2

since (£”). < (¢'). and equality is obtained for y; =1, y” = 0 and ' = 0.
O

In the sequel, we will need the following version of the sharp semi-classical Garding inequality.

Proposition A.2. Let a € S(1,g) such that a > 0. Then there exists C. > 0 and h. > 0 such that
Vf e L*(R"1),Vh € (0, he); Re(op(a) f| f)o = —C:h|f?,
where (.,.)o is the standard scalar product on L?(R™"~1).

Proof. We first note that
h

(hg")e

€ 1
7,an € S (b—h,gh) :
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If h < e then by < 1 and the standard sharp Garding inequality (see [14, Theorem 18.6.7]) applied
to ;ay, directly gives

vf € L*(R"™"),Vh € (0,¢); (opw (a) f1.f)o = —Cehl fI?,

where opy;, denotes the Weyl quantified operator associated to a.
Moreover, one may classicaly write

opy (a) = op(a)
for some a which satisfies
a=a-+ hb

where b € S(1,g). The result is then a straightforward consequence of the L? continuity of op(b). O
Lemma A.3. Let (ac)cc(0,1) a family of S(1,g) and

M. = sup lac(a, &)
(m/,fl)eRn—lan—l

Then there exists C. > 0 such that
Vue S (R"), [op(ac)ul < (M. + Ch'/?)lu| (85)
provided h is sufficiently small.

Proof. The method of proof is classical. We give here a proof in our context.
By the symbolic calculus, we have

op(ac)* op(az) = op(lac|*) + op(c)

where ¢ € hS(1, g) and
vue #®R), |(op(c)ulu)o] < Cohluf*. (36)

By assumption M2 — |a.|?> > 0 and M2 — |a.|? € S(1,g). Proposition A.2 consequently gives some
C. > 0 such that
Vu € SR, M2uf? — (op(Ja- P)ulu)o + Cohluf? > 0

thus by (86) we have also
M2 |ul* — |op(as)ul* + Cohlul® > 0

which gives (85).

Lemma A.4. Let (ac).c(0,1) a family of S(1,g). We assume that there exists C > 0 such that

C

Ve € (0,1), Y(z',¢),a-(0,£") =0 and |0y ac(z',&")] .

IN

Then there exists C1 > 0 and h., K. > 0 such that for all vy € Hl/Q(R"_l) supported in B, := {2’ €
R 2’| < K},
K
Vh < he, |op(ac)zo| < Clg|20| + K€h1/2|v0|1/2 (87)

with zo = op()\i/2)vo.

Proof. Let x and ¥ in €°°(R"~ 1) such that x = ¥ = 1 on B,,, supported in Ba, and supp x C {x = 1}.
We have )\i/2 € S(<£’>§/2, g) hence, by symbolic calculus,

op(az)zo = op(a:)¥z0 + op(as)(1 — %) op(AY*)xwo
= op(a:X)zo + op(a1)zo + op(az)vo, (88)

31



where a1 € hS(1,g) and ag € hS((f’ﬁ/Q, g) (since the asymptotic expansion of ay is null).
We have, since a; € hS(1, g),

|op(a1)zo| < Ceh|zo)- (89)
One has the estimate
1, / W, ! I, K
sup a-(¢', € x(@)| = sup (@)’ [ az/as(tz,mdt\ < 20" (90)
(x',€") (z',€") 0 €

and a.x € S(1,g). We can apply Lemma A.3 and get, by (90),
|op(acx)zo| < (2Ck/e + CohM/?)|z|. (91)
On the oher hand, by symbolic calculus, we have
op((¢")71/?) op(as) = op(az)

where a3 € hS(<§’>i/2<§’>’1/2,g) C hS(1,g). Consequently,

|op(az)vo| = [op(asz)voli/2 < Cehlvoly )z (92)

Finally, we have
120] = |op(AY *)wo| < Celwoly o (93)
Following (88), (89), (91), (92) and (93), we get the estimate (87). O

B Symbol reduction and roots properties

We recall that
pkp(xv 5) = 5721 + 22896,190571 + Q2(~’Cv 5/) + 27"11 (SC, 5/)

where qa(x, &) = — (0., 0(2))? +r(x, &) —r(z, 00 0(2)), q1(2,&") = 7(x,&, 0 p(x)) and

q1 (‘T’ 51)2
p(z, &) = ga(a, &) + .
@) =R G, o)
Lemma B.1.
o — Ifp(x, &) <0, the roots of of py(x, &, &) with respect to &, have negative imaginary parts.

— On the other hand, if p(x, &) > —(0x, p(x))? the two roots of p(x,&,&,) with respect to
&n have different imaginary parts.

If we denote by p1(x,&') and pa(x, &) the roots such that Tm(py(z,&')) > Im(pa(x,&'))
then
3C >0, § > 0 such that |¢'] > C = Im(p1(z,£")) > §|¢],

Im(py(2,£')) > =0, ¢(x) > Im(p2(,¢)). (94)
Moreover, if a > 0 there exists § > 0 such that for all (z,£') € R"™1 x R"~! satisfying
(@, &) = —(1— o) (0, 0(2))?,

Ip1(2,€") +i0,,0(x)| > 6(') and |Tm py(x,&")| > 5(¢'). (95)
o Ifr(0,&) = |¢)?, |0wp(0)] < €0, ¢(0) and, for some o > 0, p(0,£) > —(1 — a)(0s, ¢(0))?

then, there exists § > 0 such that
€] > 60z,,#(0) (96)
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and, for sufficiently small €, the following formula is valid

. . ¢
0,¢ Oz, 0(0) =10, (0 — 97
0.6+ 0n,00) = 01,000 (- (97)
where, setting V = gf'—%, we have noted

p(n) = VI = V]2 + 2.V .
Moreover, one has the following estimates

V'] > e, '] +e>Re(p(n')) > 0| —e, (98)
V'l > 2, [Im(p(n'))] < 2e.

Proof. The first point is proved in [23, Lemme 3] using some geometric transformation. For the
reader’s convenience, we however give another elementary proof.

For simplicity, we do not write the variables (z,£’) and we define the two roots p; and ps such that
Im p; > Im py. Using equation p, = 0, we have

p1+ p2 = —2i0,, ¢
and consequently, there exists a,b € R such that
pr=a+ib, pr=—a—i(20;,p+D).

It is sufficient to show that b < 0. Moreover, since p1ps = ¢2 + 2iq; and q1, g2 are real-valued, one
gets
G2 = —a® + (205,90 +b), @1 = —a(20,,¢ +b)

and consequently, if b > 0,

2 2
q b
q2 + (6171(,0)2 =a? <<2+ o, (P> - 1) +b(281n50+b) >0

a contradiction with our assumption.
We now prove that p; and py have different imaginary parts if p(z,&’) > —(0,, ¢(x))?. Assuming
that Im p; = Im pa, by equation p, = 0 there also exists a € R such that

p1 =0 — 10z, and ps = —a — 10y, .

Thus ¢z + 2iq1 = pip2 = —(0n,p)? —a® hence ¢ = 0 and p = — (05, 0)? — a® < —(0.,9)%; a
contradiction with the assumption.
Consequently, since p1 + pa = —2i0,, ¢ and Im p; > Im po, we obtain (94).

Moreover, we have

qQ(‘Tagl) = r(xagl) + 0(1) and ql(xagl) = O(<€/>)

It is easy to deduce that

p1(x, &) =i/r(x, &)+ O(1) and pa(x, &) = —i/r(z, &) + O(1).

Hence for |¢'| > C where C' is large enough, we have

Im(py) > 6[¢'}, [p1(x, &) +i0s, ()] > d|¢'] and | Tm pp(x,£")| > 6[¢']

where § > 0 is sufficiently small. But we have already proved that py(z,£’) + 05, ¢(z) # 0 and
Im po(x,&") # 0 thus, by compactness argument on || < C, we get (95).
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If 7(0,¢') = |¢/|? then

pe(0,8,6) = (&n +10:,0(0)) + (& + i0.:9(0)).(& + i04(0))
= (& +100,9(0))* + €7 = |00:0(0)|* + 2i&".040(0).

On the other hand, if x(0,¢") > —(1 — a)(amnw(o))z’ one has, writing 7' = 6355—4;;(0)’
=V > 7. VI?+a sothat |7|> e

This proves (96).
Hence, for sufficiently small e and since |0,/ (0)] < 0., ¢(0), we get

€12 = 100 0(0)[? + 2i€".0,0(0) & R_
and we consequently deduce
p1(0,€) + 02, 0(0) = iv/[€']? — [0 p(0)[2 + 2i€". 00 p(0),

which immediately give (97).
Using that, for any z € C with Re(z) > 0,

Re(vz) > /Re(z) and 2Re(v/z) Im(y/2) = Im(z),

we finally have, for || > ¢ and since |V| < ¢,

Re(p(n')) > VI 2 = V]2 > |n'| = V| > || — ¢

and, for |n/| > 2e,

V / /

Viwl .,
wl—e = =172

[ Tm(p(n))] < |

On the other hand, one has

1/4
| Re(p(n )] < (102 = V) + 40" V)*) 7" < (0P + [VI)Y2 < [ +|V]
which concludes the proof since V| < e. O

Lemma B.2. Let p(z,£) a € positive definite quadratic form in T*(U) where U is a neighborhood
of 0 € R".
Let f a smooth function defined in U satisfying f(0) =0 and df # 0.

Then there exists a change of variables such that, in the new variables (y,n), we have locally near 0
fl@)>0<y, >0 and f(z) =0<y, =0,

a(y,m) =n2+ry.n) if n= ' ),

with q the symbol p written in the new variables.
Moreover, if k a smooth function defined on a neighborhood of 0 in the submanifold S := f=1({0})
such that k(0) = 0 and dk(0) € T§S \ {0} we can choose the new variables (y',n') such that

(k(z) >0 o0n f(z)=0<y1 >0 ony, =0) and (k(x) =0 on f(z) =0 y1 =0 on y, =0),
r(0,7) = ||

Proof. Tt is classical (see [14, Corollary C.5.3] for instance) that we can find change of variables such
that

(f(x) >0y, >0), (f(x) =0y, =0)andq(y.n) =n +r(y.n)

with 7 a homogeneous polynomial of order 2 in 7’. Moreover, using Taylor formula, one may write

r(y.n') =r',0,0") +ynri(y,n').
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By the same method, we can choose variables 2’ = (21, 2”") on S such that, denoting s the function
r written in the variables (2/, ("),

(k(y') >0 21 >0), (k(y) =0 2 =0)and s(/,0,¢") = +51(<,¢"),

where we have set ¢’ = ({1, ().
Finally, by a linear change of variables in z” (which does not pertub the other term), we can write
51(0,¢") = [¢"|? and consequently get

s(0,¢") =<1

Remark 7.

e A € positive definite quadratic form in 7*(U) is a €°° map such that for all x € U, p(z,.)
is a positive definite quadratic form.

e We note that this Lemma takes a more standard form if £ can be defined in a neighborhood of
0 € R™. Indeed, one has the following result.

If f and k are smooth function defined in a neighborhood of 0, satisfying f(0) = k£(0) = 0 and
such that df (0) and dk(0) are independent, then there exists a change of variables such that,
in the new variable (y,n) and locally near 0,

f(z) >0& vy, >0,

E(x) >0on f(x) =0<y; >0ony, =0,
q(y,n) = nn +r(y,n') where n = (1,1,
r(0,n7') = [n'*.

9y

C A norm estimate

Lemma C.1. Let p € (0,1), a € €°(R"™') such that a,,—g =0 and x a smooth function supported
in the unit ball By. Then there exists C > 0 such that, for any p’ < p and any X\ € (0,1),

lax (/Mg < O [lal|igr
where, for any x € R x(./A)(x) = x(x/N).
Proof. We first estimate |(ax(./\))(z) — (ax(./A\))(y)| depending on the positions of x and y.

o If x,y ¢ By, one clearly has
[(ax(-/\) (@) = (ax(-/2) )] < CX~ Jlallsg |z —y|7"

o If z,y € B,, one has

T

(@x(-/N)@) = (@x(./ M) = a@) (x (5) =x (%)) + (@) - aw)x (%)

which gives, since |z — y| < 2X and x is smooth,

[(ax(-/2) (@) = (ax(-/A) ()]

IN

r—Y
¢ (@™ + lalrerle -

IN

Z'fyp, 7 ’
¢ <|a<x>|% FX allgole — yl? ) |
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Using now that a,,—o = 0, one has moreover
la(@)] < |z1[llallep < CN laller
and finally gets
¥,y € B, [(ax(-/N)(@) = (ax(-/N)) ()] < CX " [lallen [z = y|”".
e If now x € By, y ¢ B, one has

[(ax(-/ ) (@) = (ax(-/A)(Y)| = [(ax(-/N)(@)] = [(ax(-/A) (@) = (ax(./A)(®)]

where ¢ € [z,y] and |t| = A. Using the second case, we also get

[(ax(-/A)(@) = (ax (/)W) < CN"* ]z |z —yl”
since |z —t| < |z — y|.
Finally, it is obvious that
lax(-/ Ml < lIxllzellall=(s,) < CllallL=(s,)
and since, for any x € By, |a(z)] < CN?|al|%e,
lax(-/ M)z < O |lall<.

The proof is complete. O
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