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Abstract: The purpose of this paper is to estimate the intensity of a
Poisson process N by using thresholding rules. In this paper, the intensity,
defined as the derivative of the mean measure of N with respect to ndz
where n is a fixed parameter, is assumed to be non-compactly supported.
The estimator f,, ~ based on random thresholds is proved to achieve the
same performance as the oracle estimator up to a possible logarithmic term.
Then, minimax properties of fn ~ on Besov spaces By, are established.
Under mild assumptions, we prove that
sup  E|fn~ — fI3 Sc(loﬂ) "‘*%*(%*%L
FEBY Mo n

and the lower bound of the minimax risk for Bg"q N Leo coincides with the
previous upper bound up to the logarithmic term. This new result has two
consequences. First, it establishes that the minimax rate of Besov spaces
By 4 with p < 2 when non compactly supported functions are considered is
the same as for compactly supported functions up to a logarithmic term.
When p > 2, the rate exponent, which depends on p, deteriorates when
p increases, which means that the support plays a harmful role in this
case. Furthermore, fn,—y is adaptive minimax up to a logarithmic term. Our
procedure is based on data-driven thresholds. As usual, they depend on a
tuning parameter v whose optimal value is hard to estimate from the data.
In this paper, we study the problem of calibrating v both theoretically and
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practically. Finally, some simulations are provided, proving the excellent
practical behavior of our procedure with respect to the support issue.
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1. Introduction

The goal of the present paper is to derive a data-driven thresholding method to
estimate the intensity of a Poisson process on the real line.

Poisson processes have been used for years to model a wide variety of sit-
uations, and in particular data whose maximal size is a priori unknown. For
instance, in finance, Merton [35] introduces Poisson processes to model stock-
price changes of extraordinary magnitude. In geology, Uhler and Bradley [39]
use Poisson processes to model the occurrences of petroleum reservoirs whose
size is highly inhomogeneous. Actually, if we only focus on the size of the jumps
in Merton’s model or on the sizes of individual oil reservoirs, these models con-
sist in an inhomogeneous Poisson process with heavy-tailed intensities (see [22]
for a precise formalism for the financial example). So, our goal is to provide
data-driven estimation of a Poisson intensity with as few support assumptions
as possible.

Of course, many adaptive methods have been proposed to deal with Poisson
intensity estimation. For instance, Rudemo [37] studied data-driven histogram
and kernel estimates based on the cross-validation method. Donoho [19] fit-
ted the universal thresholding procedure proposed by Donoho and Johnstone
[20] by using the Anscombe’s transform. Kolaczyk [33] refined this idea by in-
vestigating the tails of the distribution of the noisy wavelet coefficients of the
intensity. In image restoration frameworks, Zhang et al. [41] proposed more so-
phisticated variance stabilizing transforms applied on filtered Poisson processes.
For a particular inverse problem, Cavalier and Koo [13] first derived optimal
estimates in the minimax setting. More precisely, for their tomographic prob-
lem, Cavalier and Koo [13] pointed out minimax thresholding rules on Besov
balls. By using model selection, other optimal estimators have been proposed
by Reynaud-Bouret [36] or Willett and Nowak [40].

To derive sharp theoretical results, these methods need to assume that the
intensity has a known bounded support and belongs to L. Model selection may
allow to remove the assumption on the support. See oracle results established
by [22] who nevertheless assumes that the intensity belongs to L. We have to
mention that the model selection methodology proposed by Baraud and Birgé
[10], [6] is “assumption-free” as well. However, as explained by Birgé [10], it is
too computationally intensive to be implemented. Besides, in [10], [6] and [22],
minimax performance on classical functional spaces is derived only for compactly
supported signals.

In the present paper, to estimate the intensity of a Poisson process, we pro-
pose an easily implementable thresholding rule specified in the next section.
This procedure is near optimal under oracle and minimax points of view. We do
not assume that the support of the intensity is known or even finite and most
of the time, the signal to estimate may be unbounded.
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1.1. The Poisson setting and our thresholding procedure

In the sequel, we consider a Poisson process on the real line, denoted N, whose
mean measure y is finite and absolutely continuous with respect to the Lebesgue
measure. Given n a positive real number, we introduce f € LL; the intensity of

N as
_ dp(x)

ndx

f(@)

Since f belongs to L1, the total number of points of the process N, denoted £(V),
satisfies E(f(N)) = n|f|1 and §(N) < oo almost surely. In the sequel, f will be
held fixed and n will go to +o0c. The introduction of n could seem artificial, but
it allows to present our asymptotic theoretical results in a meaningful way. In
addition, when n is an integer, our framework is equivalent to the observation
of a n-sample of a Poisson process with common intensity f with respect to the
Lebesgue measure. Since NN is a random countable set of points, we denote by
dN the discrete random measure ZTG n 07, where d7 is the Dirac measure at
the point T. Hence we have for any compactly supported function g,

/ g(@)dN() = 3 ¢(T).

TeN

Our goal is then to estimate f by using the realizations of N.

For this purpose, we assume that f belongs to Lo and we use the decom-
position of f on a particular biorthogonal wavelet basis. We recall that, as
classical orthonormal wavelet bases, biorthogonal wavelet bases are generated
by dilations and translations of father and mother wavelets. But considering
biorthogonal wavelets allows to distinguish wavelets for analysis and wavelets
for reconstruction. The decomposition of f on a biorthogonal wavelet basis takes

the following form:
F=Y o+ Y. Bixthjx, (1.1)

keZ >0 keZ

where for any j > 0 and any k € Z,

= d k= x(z)d
o /R f@)ou(@)dz,  Brn /R F (@i ()de,
for any = € R,

Sr(@) = plz — k), win(e) = 280200 — k),

S(x) = d(x — k), Pynlx) =222z — k)

and @ = {¢, 1), (;3,1/3} is a set of four particular functions. In this paper, given
r > 0, we consider the following particular biorthogonal spline wavelet basis
built by Cohen et al. [15] where ¢ = 19,1 and ¢ and 1 are compactly supported
functions belonging to the Holder space of order » + 1 C™t!. Finally, % is a
compactly supported piecewise constant function orthogonal to polynomials of
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degree no larger than r. If we omit the Holder property, the Haar basis can
be viewed as a special case of the previous system, by setting ¢Z = ¢, 15 = =
Lo, =1y q and r = 0. The Haar basis is an orthonormal basis, which is not true
for general biorthogonal wavelet bases. However, we have the frame property:
the Lo-norm of f is equivalent to the f5 norm of its wavelet coefficients. To
shorten mathematical expressions, we set

A={A=0k): j=-1LkeZ}

and for any A € A, p\ = ¢y, (respectively @) = qzk) it A= (—1,k) and p = ;s
(respectively @y = ;) if A = (j,k) with j > 0. Similarly, 8y = oy if A =
(—1,k) and B\ = B; 1 if A = (j,k) with j > 0. Other similar identifications will
be done in the sequel. Now, (1.1) can be rewritten as

F=> @ with By Z/SDA(QU)f(fC)dfC- (1.2)

AEA

The estimate of f is based on the natural unbiased estimators of the 55’s defined
for any A by

A 1 1
ﬂ)\,n:_/gﬁ)\iEdNiE:— ox(T). 1.3
2] #@IN@ =2 3 oD (13)

This shows the practical interest of using the previous wavelet system. Indeed,
since the functions ) ’s are piecewise constant functions with an explicit math-
ematical expression, numerical values of these coefficients can be exactly and
quickly computed. This is not the case with “usual” regular orthonormal wavelet
bases for which computations of the associated coefficients are based on numer-
ical approximations, which is not suitable. Key theoretical arguments are also
based on such bases providing a convenient control of the variance of the B An'S
(see Lemma 6.4 in Section 6).

Now, let us specify our thresholding rule. Given some parameter v > 0, we
define the threshold

~ logn
My =\ 27Vanlogn + 735 lealloos (1.4)

with

loal%
TL2

loals
n2

f/,\m = f/,\,n + \/2710g nVA)n + 3ylogn

where

Vo= oz [ A@dNE) =25 3 &),

TeN

Note that ‘A/Ayn satisfies E(VAn) = Vi n, where

Vi = Var(irn) = - [ (@) (@)
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Finally given some subset I';, of A of the form
where jo = jo(n) is an integer, we set for any A € A,
Bam = Bamlys, sn 3 Hrern

and we set Bn = (BA,n)AeA- Finally, the estimator of f is

fn,'y - Z B)\,nSZA (16)

AEA

and only depends on the choice of v and jp fixed later. When the Haar basis

is used, the estimate is denoted ;f,y and its wavelet coefficients are denoted

Bf = (Bfn) reA- Thresholding procedures have been introduced by Donoho
and Johnstone [20]. The main idea of [20] is that it is sufficient to keep a small
amount of the coefficients to have a good estimation of the function f. The
threshold 7y -, seems to be defined in a rather complicated manner but is in fact
inspired by the universal threshold proposed by [20] in the Gaussian regression
framework. The universal threshold of [20] is defined by n)[{)n = /202%logn,
where 02 (assumed to be known) is the variance of each noisy wavelet coefficient.
In our set-up Vi, = Var(BA,\,n) depends on f, so it is estimated by f/,\m. Remark
that for fixed A, when there exists a constant ¢ > 0 such that f(z) > ¢ for =
in the support of ¢y and if ||@x]|2, = on(n(logn)~!), with large probability, the
deterministic term of (1.4) is negligible with respect to the random one and we

have asymptotically
Moy = \/ 27V>\,n10gna (17)

which looks like the universal threshold expression if «y is close to 1. Actually, the
deterministic term of (1.4) allows to consider 7 close to 1 and to control large
deviations terms for high resolution levels. In the same spirit, V) , is slightly

overestimated and we consider f/,\m instead of f/,\,n to define the threshold.

1.2. The general results

The performance of our procedure is studied from both the numerical approach
and three theoretical points of view: oracle inequalities, maxiset results and
minimax rates.

Section 2.1 deals with oracle inequalities. With a convenient choice of the tun-
ing parameter v and under very mild assumptions on jo, Theorem 2.1 proves
that the thresholding estimate fn,y achieves the same performance as the oracle
estimator up to a logarithmic term which is the price to pay for adaptation.
This result is derived from a more general result stated in Theorem 2.2 that
highlights the assumptions ensuring oracle inequalities in a very general set-
ting. From Theorem 2.1, we derive in Section 2.2 the maxiset results of this
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paper. Let us recall that the maxiset approach consists in investigating the
maximal space (maziset), where a given procedure achieves a given rate of con-
vergence. Maxisets of our procedure are precisely determined and characterized
in terms of classical spaces in Theorem 2.3. Interestingly, this maxiset result
provides examples of non bounded functions that can be estimated at the rate
(log (n)/n)*/(1+29) swhen 0 < o < 1/4 (see Proposition 2.1). Furthermore, we
derive from the maxiset results most of the minimax results.

Before describing them, let us recall that, to the best of our knowledge, min-
imax rates for Poisson intensity estimation have not been investigated when
the intensity is not compactly supported. But let us mention results established
in the following close set-up: the problem of estimating a non-compactly sup-
ported density based on the observations of a n-sample, which has been partly
solved from the minimax point of view. First, let us cite [12] where minimax
results for a class of functions depending on a jauge are established or [24] for
Sobolev classes. In these papers, the loss function depends on the parameters
of the functional class. Similarly, Donoho et al. [21] proved the optimality of
wavelet linear estimators on Besov spaces By, when the L,-risk is considered.
First general results where the loss is independent of the functional class have
been pointed out by Juditsky and Lambert-Lacroix [29] who investigated min-
imax rates on the particular class of the Besov spaces BY, ., for the Ly-risk.
When p’ > 2 + 1/, the minimax risk is of the same order up to a logarithmic
term as in the equivalent estimation problem on [0, 1]. However, the behavior of
the minimax risk changes dramatically when p’ < 24 1/«, and in this case, it
depends on p’. Note that minimax rates for the whole class of Besov spaces By,
(a > 0,1 < p,qg < o0) are not derived in [29]. This is the goal of Section 2.3
where we deal with this problem under the Lo-risk in the Poisson set-up. Under
mild assumptions on v, «, p and jy, we prove that the maximal risk of our
procedure over balls of B , ML is smaller than

logn\?® h % if1<p<2
" wit s = 1+s—l if 2 <p < 4o0.

We mention that actually for p > 2, it is not necessary to assume that the
functions belong to L., to derive the rate. In addition, we derive the lower
bound of the minimax risk for B ML that coincides with the previous upper
bound up to the logarithmic term. Let us discuss these results. We note an
elbow phenomenon for the rate exponent s. When p < 2, s corresponds to
the minimax rate exponent for estimating a compactly supported intensity of a
Poisson process. Roughly speaking, it means that it is not harder to estimate
non-compactly supported functions than compactly supported functions from
the minimax point of view. When p > 2, the rate exponent, which depends on p,
deteriorates when p increases, which means that the support plays a harmful role
in this case. An interpretation of this fact and a long discussion of the minimax
results are proposed in Section 2.3. We conclude this section by emphasizing that
fn,v is rate-optimal, up to the logarithmic term, without knowing the regularity
and the support of the underlying signal to be estimated.
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1.3. Discussion on the assumptions

Most of our results are established by only assuming that f belongs to Ly (to
ensure that §(N) < oo almost surely) and f belongs to Lo (to obtain wavelet
decomposition). In particular, f can be unbounded and nothing is said about
its support which can be unknown or even infinite. The goal of this section is
to discuss this last point since, most of the time, estimation is performed by
assuming that the intensity has a compact support known by the statistician,
usually [0, 1]. Of course, most of the Poisson data are not generated by an inten-
sity supported by [0, 1] and statisticians know this fact but they have in mind
a simple preprocessing that can be described as follows. Let us assume that we
know a constant M such that the support of f is contained in [0, M]. Then,
observations are rescaled by dividing each of them by M and new observations
(that all depend on M) belong to [0,1]. An estimator adapted to signals sup-
ported by [0, 1] can be performed, which leads to a final estimator of f supported
by [0, M] by applying the inverse rescaling. Note that such an estimator highly
depends on M.

Let us go further by describing the situations that may be encountered. If the
observations are physical measures given by an instrument that has a limited
capacity, then the practitioner usually knows M. In this case, if the observa-
tions are not concentrated close to 0 but are spread on the whole interval [0, M]
in a homogeneous way, then the previous rescaling method performs well. But
if one does not have access to M then we are forced in the previous method
to estimate it, usually by the largest observation. Then one is forced to face
the problem that two different experiments will not lead to estimators with the
same support or defined at the same scale and hence it will be hard to compare
them. Note also that up to our knowledge, sharp asymptotic properties of such
rescaling estimators depending on the largest observation have not been stud-
ied. In particular, this method does not seem to be robust if the observations
are not compactly supported and if their distribution is heavy-tailed. This sit-
uation happens for instance in the financial and geological examples mentioned
previously (see [26, 35, 39]) but also in a wide variety of situations (see [16]).
In these cases, if observations are rescaled by the largest one, then, methods
described at the beginning of the paper provide a very rough estimate of f on
small intervals close to 0. However, most of observations may be concentrated
close to 0 (for instance for geological data, see [26]) and sharp local estimation
at 0 may be of interest. To overcome this problem, statisticians with the help of
experts can truncate the data and estimate the intensity on a smaller interval
[0, M,.,] corresponding to the interval of interest. Then, they face the problem
that M., may be random, subjective, may change from a set of data to another
one and may omit values with a potential interest in the future.

So, even if partial solutions exist to overcome issues addressed by the support
of f, they need a special preprocessing and are not completely justified from a
theoretical point of view. We propose a procedure that ignores this preprocess-
ing and which is adapted to non compactly supported Poisson intensities. Our
procedure is simple (simpler than the preprocessing described previously) and
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we prove in the sequel that our method is adaptive minimax with respect to the
support which can be bounded or not.

Finally, let us discuss the assumption about the sup-norm of f. Most of the
papers in the literature assume that the underlying signal belongs to Lo (R),
with R > 0 and some of them assume in addition that R is known. Of course,
the first assumption seems natural from the practical point of view, but many
signals in the real-world settings may contain very high peaks (with unknown
heights) and we could benefit from modeling them by non-bounded functions.
We emphasize that for the practitioner, the knowledge of R may be a stronger
assumption than the knowledge of the regularity of the signal. So, except for
particular situations, a statistical procedure depending on R is not convenient
for practical purposes. In the sequel, if some minimax statements assume that
the underlying signal is bounded, our procedure never depends on the sup-norm
of the signal to be estimated.

1.4. The calibration issue and numerical results

We also present in this paper results concerning the ideal choice for the tun-
ing parameter v that appears in the definition of thresholds. Classical papers
devoted to oracle or minimax results prove that their results hold provided the
tuning parameters are large enough (see [4, 13, 21] or [29]). Unfortunately, most
of the time, the theoretical choice of the tuning parameter is not suitable for
practical issues. More precisely, this choice is often too conservative. See for
instance Juditsky and Lambert-Lacroix [29] who illustrate this statement in
Remark 5 of their paper: their threshold parameter, denoted A, has to be larger
than 14 to obtain theoretical results, but they suggest to use A € [v/2,2] for
practical issues. So, one of the main goals of this paper is to fill the gap between
the optimal parameter choice provided by theoretical results on the one hand
and by a simulation study on the other hand.

Only a few papers have been devoted to theoretical calibration of statistical
procedures. In the model selection setting, the issue of calibration has been ad-
dressed by Birgé and Massart [11]. They considered penalized estimators in a
Gaussian homoscedastic regression framework with known variance and calibra-
tion of penalty constants is based on the following methodology. They showed
that there exists a minimal penalty in the sense that taking smaller penalties
leads to inconsistent estimation procedures. Under some conditions, they further
prove that the optimal penalty is twice the minimal penalty. This relationship
characterizes the “slope heuristic” of Birgé and Massart [11]. Such a method
has been successfully applied for practical purposes in [34]. Arlot and Massart
[3] generalized these results for non-Gaussian or heteroscedastic data. These ap-
proaches constitute alternatives to popular cross-validation methods (see [1] or
[38]). In particular V-fold cross-validation (see [23]) is widely used to calibrate
procedure parameters but its computational cost can be high.

Here, we consider the theoretical performance of fnﬁ with v < 1 by using the
Haar basis. For the signal f = 1 1), Theorem 2.1 shows that fn,v with v > 1
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achieves the rate 1"%. But the lower bound of Theorem 3.2 shows that the rate
of fn,y with v < 1 is larger than n=? for § < 1. So, as in [11] for instance, we
prove the existence of a minimal threshold parameter: v = 1. Of course, the
next step concerns the existence of a maximal threshold parameter. This issue
is answered by Theorem 3.3 which studies the maximal ratio between the risk
of fn,v and the oracle risk on a special class of functions denoted F,,(R) (see
Section 3). We derive a lower bound that shows that taking v > 12 leads to
worse rates constants: this is consequently a bad choice.

The optimal choice for v is derived from a numerical study, keeping in mind
that the theory points out the range v € [1,12]. Some simulations are provided
for estimating various signals by considering either the Haar basis or a particular
biorthogonal spline wavelet basis (see Section 4). Our numerical results show
that choosing v larger than 1 but close to 1 is a fairly good choice, which
corroborates theoretical results. Actually, our simulation study suggests that
Theorem 3.2 remains true for all signals of F,,(R) whatever the basis.

Finally, we lead a comparative study with other competitive procedures. We
show that the thresholding rule proposed in this paper outperforms universal
thresholding (when combined with the Anscombe transform), Kolaczyk’s pro-
cedure [32, 33] and in some cases, Willett and Nowak’s method [40]. Finally, the
robustness of our procedure with respect to the support issue is emphasized and
we show the harmful role played by large supports of signals when estimation
is performed by other classical procedures.

1.5. Overview of the paper

Section 2 discusses the properties of our procedure for the oracle, maxiset and
minimax approaches, respectively in Sections 2.1, 2.2 and 2.3. Section 3 is de-
voted to the theoretical calibration of the parameter . Section 4 provides the
numerical performance of our procedure. Finally, concluding remarks are given
in Section 5 and Section 6 is devoted to the proofs.

2. General results

Theoretical properties of our procedure are studied in three different perspec-
tives: oracle, maxiset and minimax approaches.

2.1. Oracle results

The performance of universal thresholding by using the oracle point of view is
studied in [20]. In the context of wavelet function estimation by thresholding,
the oracle does not tell us the true function, but tells us the coefficients that
have to be kept. This “estimator” obtained with the aid from an oracle is not
a true estimator, of course, since it depends on f. But it represents an ideal for
the particular estimation method. The goal of the oracle approach is to derive
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true estimators which can essentially “mimic” the performance of the “oracle
estimator”. For Gaussian regression, [20] proved that universal thresholding
leads to an estimator that satisfies an oracle inequality: more precisely, the risk
of the universal thresholding rule is not larger than the oracle risk up to some
logarithmic term which is the price to pay for not having extra information on
the locations of the coefficients to keep. So the main question is: does fn,y satisfy
a similar oracle inequality? In our framework, it is easy to see that the oracle
estimate is f = ZAan B,\m@,\, where for any A € T',, B,\,n = ﬁ>‘7n1{6§>v)\,n}
and we have

E [(B)\,n - ﬂ)x)2] - mln(ﬂia V)x,n)-

By keeping the coefficients BA,\,n larger than thresholds defined in (1.4), our
estimator has a risk that is not larger than the oracle risk, up to a logarithmic
term, as stated by the following key result.

Theorem 2.1. Let us fiz two constants ¢ > 1 and ¢ € R, and let us define for
any n, jo = jo(n) the integer such that 270 < n°(logn)® < 2001 Ifv > ¢, then
fn~ satisfies the following oracle inequality: for n large enough

_ , C
E|fny = fI3 < C1 | D min(B, Vanlogn) + > 8| +-5  (21)

AT, AgT,,

where C1 is a positive constant depending only on v, ¢ and the functions that
generate the biorthogonal wavelet basis. Cy is also a positive constant depending
on v, cd, ||fll1 and the functions that generate the basis.

Note that Theorem 2.1 holds with ¢ = 1 and v > 1. Following the oracle
point of view of Donoho and Johnstone, Theorem 2.1 shows that our procedure
is near optimal. The lack of optimality is due to the logarithmic factor. But this
term is in some sense unavoidable, as shown later in Theorem 2.7.

Actually, we can go further and prove a more general result. For this purpose,
we do not use the previous Poisson setting in the statement of the next theorem.
Namely, Theorem 2.2 is self-contained so it can be used for other settings and
this is the main reason for the following very abstract formulation.

Theorem 2.2. To estimate a countable family 5 = (Bx)xen, such that ||B]e, <
0o, we assume that a family of coefficient estimators (B)\))\GF: where T' is a
known deterministic subset of A, and a family of possibly random thresholds
(Mx)xer are available and we consider the thresholding rule

B = (B,\1|5A|Zmlxer),\e/\-

Let € > 0 be fized. Assume that there exist a deterministic family (F))xer and
three constants k € [0,1[, w € [0,1] and ¢ > 0 (that may depend on € but not on
A) with the following properties.

(A1) For all X in T,
P (|B>\ — B > m?x) <w.
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(A2) There exist 1 < a,b < oo with + + 1 =1 and a constant G > 0 such that
for all X in T,

1

(E [lB,\ - B,\|2“DE < G'max (FA, Fée%) :
(A3) There exists a constant T such that for all X in T such that Fy < Te
P (|B>\ = Bal > mma, |Ba] > 77/\) < Fx¢.

Then the estimator f3 satisfies

L e <E it S S 2 L S g s
1+ K2 b = nlmrér 1— kK2 A K2 A A Ix
AEm rem rem
+LDE F
el
with

LD = % ((1 +77%)w% + (1 +T%) e%c%) .

Observe that this result makes sense only when ), F) < oo and in this
case, if LD (which stands for large deviation inequalities) is small enough, the
main term of the right hand side is given by the first term.

Now, let us briefly comment the assumptions of this theorem. The concen-
tration inequality of Assumption (A1) controls the deviation of |8y — x| with
respect to 0. The family (F))xer is introduced for Assumptions (A2) and (A3).
Assumption (A2) provides upper bounds for the moments of 3y and looks like
a Rosenthal inequality if F\ can be related to the variance of By. Actually,
compactly supported signals can be well estimated by thresholding if sharp
concentration and Rosenthal inequalities are satisfied (see Theorem 3 of [21]
and Theorem 3.1 of [30]). In our set-up where the support of f can be infinite,
these basic tools are not sufficient and Assumption (A3) is introduced to ensure
that with high probability, when F) is small, then either () is estimated by 0,
or |BA>\ — ] is small. Remark 6.1 in Section 6.1 provides additional technical
reasons for the introduction of Assumption (A3) when the support of the signal
is infinite. Finally, the condition ), Fx < oo shows that the variations of
(Bx)aer around (Bx)rer, as pointed out by Assumptions (A2) and (A3), have
to be controlled in a global way.

This theorem applied in the Poisson set-up with BAA = B;Hn, I' =T, and
7 = 1M, implies Theorem 2.1. See Section 6.2 for more details. We mention
that in further works (still in progress) devoted to more involved statistical
models, we provide other applications of Theorem 2.2.

The next subsection describes maxiset results satisfied by our procedure. Before
this, let us give some properties of Besov spaces that are extensively used in the
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sequel. We recall that Besov spaces, denoted By ,, are defined by using modulus
of continuity (see [18] and [25]). They constitute a useful tool to classify wavelet
decomposed signals with respect to their regularity and sparsity properties (see
[28]). Roughly speaking, regularity increases when « increases whereas sparsity
increases when p decreases (see Section 2.3). We now just recall the sequential
characterization of Besov spaces in the particular wavelet setting introduced in
Section 1 (for further details, see [17]). Let 1 < p,q < oo and 0 < @ < r+1. The
By ,-norm of the wavelet decomposed function f given in (1.1) is equivalent to
the norm

ool _1 e
1flapq = [k )klle, + [ijo glalets p)"(ﬁj,k)knzp if ¢ < o0,

arl_1 .
[(an)klle, +supjso 27T 272 1(B; )k, if ¢ = oo.

We use this norm to define the radius of Besov balls.

2.2. Maxiset results

First, let us describe the maxiset approach which is classical in approximation
theory and has been initiated in statistics by Kerkyacharian and Picard [30]. For
this purpose, let us assume that we are given f* an estimation procedure. The
maxiset study of f* consists in deciding the accuracy of f* by fixing a prescribed
rate p* and in pointing out all the functions f such that f can be estimated by
the procedure f* at the target rate p*. The maxiset of the procedure f* for this
rate p* is the set of all these functions. More precisely, we restrict our study to
the signals belonging to Ly NILy and we set:

Definition 2.1. Let p* = (p}), be a decreasing sequence of positive real num-
bers and let f* = (f), be an estimation procedure. The maxiset of f* associ-
ated with the rate p* and the ILo-loss is

MS( ) = { £ ELiNLa: sup {(50) 7B — 113} < oo

the ball of radius R > 0 of the maxiset is defined by

MS(f*,p")(R) = {f €elinky: stllp{(pfl)ﬂEllfﬁ - fI3} < Rz}.

So, the outcome of the maxiset approach is a functional space, which can be
viewed as an inversion of the minimax theory where an a priori functional as-
sumption is needed. Obviously, the larger the maxiset, the better the procedure.
Maxiset results have been established and extensively discussed in different set-
tings for many classes of estimators and for various rates of convergence. Let
us cite for instance [30], [5] and [7] for respectively thresholding rules, Bayes
procedures and kernel estimators. More interestingly in our framework, [4] de-
rived maxisets for thresholding rules with data-driven thresholds for density
estimation.
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The goal of this section is to investigate maxisets for f,y = ( fn,y)n and we
only focus on rates of the form ps = (pn,s)n, where 0 < s < % and for any n,

<1ogn)S
Pn,s = :
n

So, in the sequel, we investigate for any radius R > 0:

—2s
Awmme—&eMMm w{@%ﬁ Mﬂrﬂ%éﬁ}
and to avoid tedious technical aspects related to radius of balls, we use the
following notation. If F; is a given space
MS(fy.ps) =t F.

means in the sequel that for any R > 0, there exists R’ > 0 such that

MS(fy, ps)(R) NLa(R) NLa(R) C Fo(R') N Ly (R) NLy(R)
and for any R’ > 0, there exists R > 0 such that

Fs(R) NLa(R) NLa(R') € MS(fy, ps)(R) NLi(R) NLa(R').

To characterize maxisets of fy, we set for any A € A, 03 = [} (2)f(z)dr and
we introduce the following spaces.

Definition 2.2. We define for all R > 0 and for all 0 < s < %,
W, = {f = ZBMZ))‘ : sup {t45 Zﬁilmﬂﬁlfxt} < oo} .
AEA >0 XEA
The ball of radius R associated with W is:
M@—&—Zm%:m%“Zﬁmy%Sﬁ“}
XEA >0 AEA

and for any sequence of spaces G = (I',),, included in A, we also define

_ logn\ % 9
B5 o= = :
2.6 F=Y 8¢ sup ( " > d B <>

AEA Agly,

and

—2s
Big(R)={f=Y Bapr: sup <1ogn> Y B <R

n
AEA ATy
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These spaces just depend on the coefficients of the biorthogonal wavelet ex-
pansion. In [18], a justification of the form of the radius of W and further details
are provided. These spaces can be viewed as weak versions of classical Besov
spaces, hence they are denoted in the sequel weak Besov spaces. Note that if for
all n,

Tu={A\=(Gk) s j<jo}

with

oo < () <2t >0
~ \logn ’

then, Bj ¢ is the classical Besov space Bg;os

regular enough. We have the following result.

if the reconstruction wavelets are

Theorem 2.3. Let us fix two constants ¢ > 1 and ¢’ € R, and let us define for
any n, jo = jo(n) the integer such that 270 < nc(logn)¢ < 2901, Let v > c.
Then, the procedure defined in (1.6) with the sequence G = (T'y,),, such that

Ln={A=(0.k)eA: j<jo}
achieves the following maxiset performance: for all 0 < s < %,
MS(fy,ps) =2 Bs g N Wi.

In particular, if ¢ = —c and 0 < sc™t < r + 1, where r is the parameter of the
biorthogonal basis introduced in Section 1,

1

MS(fy, ps) ==: B35, NWs.

The maxiset of f,y is characterized by two spaces: a weak Besov space that
is directly connected to the thresholding nature of f,y and the space Bj g that
handles the coefficients that are not estimated, which corresponds to the indices
J > jo. This maxiset result is similar to the result obtained by Autin [4] in the
density estimation setting but our assumptions are less restrictive (see Theorem
5.1 of [4]).

Now, let us point out a family of examples of functions that illustrates the
previous result. For this purpose, we only consider the Haar basis that allows
to have simple formula for the wavelet coefficients. Let us consider for any
0<gs< %, fc such that, for any = € R,

fo(@) =27 1agpo,1):

The following result points out that if s is small enough, f. belongs to M.S( ff , Ps)
(so f. can be estimated at the rate ps), and in addition f. & L. This result
illustrates the fact that the classical assumption |f] < oo is not necessary to
estimate f by our procedure.
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Proposition 2.1. We consider the Haar basis and we set ¢/ = —c. For 0 < s <
%, under the assumptions of Theorem 2.3, if
1—6s
0<¢< ,
*="T2

then for ¢ > 2s(1 —2¢)71,
fe € MS( ~$7PS)-

Let us end this section by explaining the links between maxiset and minimax
theories. For this purpose, let F be a functional space and F(R) be the ball of
radius R associated with F. F(R) is assumed to be included in a ball of Ly NLs.
The procedure £, is said to achieve the rate p, on F(R) if

sup {(pn,S)_2 sup E”fnﬁ - f”g} < 0.
n JEF(R)

So, obviously, fny achieves the rate ps on F(R) if and only if there exists R’ > 0
such that R
F(R) € MS(fy,ps)(R) NLy(R') NLa(R).

Using previous results, if ¢ = —c and if properties of regularity and vanishing
moments are satisfied by the wavelet basis, this is satisfied if and only if there
exists R” > 0 such that

F(R) C Bs .2 (R") NW(R") Ly (R") N La(R"). (2.2)

This simple observation will be used to prove some minimax statements of the
next section.

2.3. Minimax results

To the best of our knowledge, in the non-compact support case, the minimax rate
is unknown for By, when p < oco. Let us investigate this problem by pointing

out the minimax properties of fny on By . For this purpose, we consider the
procedure fv =( fnv)n defined with

Lo ={A=0k)eA: j<jo}.

To define the integer jo, we introduce a constant ¢, chosen later, and we set
Jo = jo(n) such that ‘ ‘
270 < nf(logn) ¢ < 270t

We also set for any R > 0,
Lizoo(R)={f: Ifli <R |fl2 <R, [fle < R}.

Minimax results depend on the parameter r of the biorthogonal basis introduced
in Section 1 to measure the regularity of the reconstruction wavelets (¢, 1)). We
first consider the case p < 2.
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Theorem 2.4. Let RLR > 0,1 <p<2, 1<gq< o0 and a € R such that
maX(O,l — %) <a<r+1. Let ¢ > 1 such that

p
1 1 1
- —— ) >=-— =
a( c(1+2a)>_p 2

If v > ¢, then for any n,

2a
= logn \ 2o+1
owp Bl - M= OOk R ) ()7 2y
FEBS J(R)NL1 2,00 (R') n

where C(v,¢, R, R, a, p, ®) depends on R, v, ¢, on the parameters of the Besov
ball (except on q) and on P.

When p < 2, the rate of the risk of fn,v corresponds to the minimax rate (up
to the logarithmic term) for estimation of a compactly supported intensity of a
Poisson process (see [36]), or for estimation of a compactly supported density
(see [21]). Roughly speaking, it means that it is not harder to estimate non-
compactly supported functions than compactly supported functions from the
minimax point of view. In addition, the procedure fv achieves this classical rate
up to a logarithmic term. When p > 2 these conclusions do not remain true and
we have the following result.

Theorem 2.5. Let R,R' > 0,2 <p<o00,1<q <00 and a € R such that
O<a<r+1. Letc>1. If vy > ¢, then for any n,

1ogn) aﬁ—%

swp B, < Clone R R ap ) (2

feBg (R)NLy (R)NLz (R')

(2.4)

where C(v,¢, R, R, a, p, ®) depends on R, v, ¢, on the parameters of the Besov
ball (except on q) and on P.

For p > 2, we can note that it is not necessary to assume that signals to
be estimated belong to L., to derive rates of convergence for the risk. Note
that when p = oo, the rate exponent of the upper bound is «/(1 + «). In the
density estimation setting, this rate exponent was also derived by [29] for their
thresholding procedure whose risk was studied on Bg, . (R). Now, combining
upper bounds (2.3) and (2.4), for any R, R’ > 0,1 < p < o0, 1 < ¢ < 00 and
a € R such that max (0,1/p — 1/2) < a < r + 1, we have:

o

~ 1 ot (L1
sup E|foy = fI3 £ Cv, ¢, R, R, p, D) < 0g”> B
FEB J(R)NL1 2 00 (R) "

under assumptions of Theorem 2.4. The following result derives lower bounds of
the minimax risk and states that f, . is rate-optimal up to a logarithmic term.
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TABLE 1
Minimaz rates on By ;N L1,2,00 (up to a logarithmic term) with 1 < p,q < oo,
a > max (0,1/p — 1/2) under the || - ||3-loss

| [1<p<2[2<p<co]

__2a __2a
compact support n 2o+l n~ 2o+l

__2a
non compact support n 2o+l

- o
1

1—-1

a4 7

Theorem 2.6. Let R,R > 0,1 <p<oo0,1<qg< 00 anda € R such that

max(O, % — %) < «. Then,
m i AR c el s an g
lim inf (n " 27\2 P+ inf sup E|f. — fl5 ¢ = C(R, R, a,p)
n—-+00 fn feBng(R)ﬂl:l,Z,oo(R/)

where the infimum is taken over all the possible estimators fn and where the
constant C(R, R', «,p) depends on R’ and on the parameters of the Besov ball
(except on q). Furthermore, let p* > 1, ¢ > 1 and o* > 0 such that

1 1 1
1l — ) > — — =, 2.
@ ( e(1 —|—2a*)) —pr 2 (2:5)

If we choose a biorthogonal wavelet basis with reqularity r such that r +1 > o*
and if v is larger than c then our procedure f, is adaptive minimax up to a
logarithmic term on

{By (R)NLigoo(R): o <a<r+1, p"<p<oo, 1<g< o0},

Table 1 gathers minimax rates (up to a logarithmic term) obtained for each
situation.

Our results show the influence of the support on minimax rates. Note that
when restricting to compactly supported signals, when p > 2, By (R) C
Bg‘m(é) for R large enough and in this case, the rate does not depend on p. It is
not the case when non-compactly supported signals are considered. Actually, we
note an elbow phenomenon at p = 2 and the rate deteriorates when p increases.
Let us give an interpretation of this observation. Johnstone (1994) showed that
when p < 2, Besov spaces By, model sparse signals where at each level, a very
few number of the wavelet coeflicients are non-negligible. But these coeflicients
can be very large. When p > 2, B -spaces typically model dense signals where
the wavelet coefficients are not large but most of them can be non-negligible.
This explains why the size of the support plays a role for minimax rates as soon
as p > 2: when the support is larger, the number of wavelet coefficients to be
estimated increases dramatically.

Finally, we note that our procedure achieves the minimax rate, up to a loga-
rithmic term. This logarithmic factor is the price we pay for not knowing the lo-
cation of the significant wavelet coefficients. In addition, fv is near rate-optimal
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without knowing the regularity and the support of the underlying signal to be
estimated.

We end this section by proving that our procedure is adaptive minimax (with
the exact exponent of the logarithmic factor) over weak Besov spaces introduced
in Section 2.2. For this purpose, we consider signals decomposed on the Haar
basis, and we establish the following lower bound with respect to W,. We recall

that for any 0 < s < %,
(10gn)s
Pn,s = .
n

Theorem 2.7. We consider the Haar basis (the spaces W and Bj g introduced
in Section 2.2 are viewed as sequence spaces). Let

Lh={A=0k eA: j<jo}
with jo = jo(n) the integer such that
270 < n(logn)~t < 200+,

For0 < s < % and R,R',R" > 0 such that R" > 1 and R’ > R*™% > 1, we
have

lim inf pr_7,2s inf sup E”fn - f”% 2 C'(S)R2_4S,
n—oo U fn FEWL(R)NBS g (R)NL 2,00 (R)

where the infimum is taken over all the possible estimators f, and where C(s)
depends only on s.

Using Theorem 2.3 that provides an upper bound for the risk of our proce-
dure, we immediately deduce the following result.

Corollary 2.1. The procedure foYq defined with

Ly ={A=(0,k)€A: j<jo}
with jo = jo(n) the integer such that 270 < n(logn)~! < 290t and with v > 1
is minimaz on Ws(R) N By g(R') N L1,2,00(R") and is adaptive minimaz on

1
{WS(R) NB;g(R)NLi20(R"): 0<s< 3 1<R'S1<RZ< R’} .

3. Calibration results

In this section, we only consider the Haar basis and the estimator ff,y with
270 < n(logn)~t < 2%+l (¢ = 1 and ¢/ = 0). We restrict our study on estimation
of the functions of F defined as the set of all positive finite linear combinations
of (Pa)rea:

}'_{f_ZﬂAgZAZO: card{\ € A : BA;&O}<OO}.

AEA
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Having a finite number of non zero coefficients, the functions in F should be
the most natural and the easiest functions to be estimated by a thresholding
estimator. To study the sharp performance of our procedure, we introduce a
subclass of the class F: for any n and any radius R, we define:

Fu(R) = {fzo; f € Li(R)NLa(R) NLoo(R),

- (logn)(loglogn)
- n

F>\ 13/\750, V)\EA},

where for any A, we set
P\ = / f(x)dx and supp(py) ={x e R: ¢x(z) #0},
Supp(ea)

which allows to establish a decomposition of F. Indeed, we have the following
result proved in Section 6.9:

Proposition 3.1. When n (or R) increases, (Fn(R)), p is a non-decreasing
sequence of sets. In addition, we have:

UUFu(Rr) =F.
n R

The definition of F,,(R) especially relies on the technical condition

< (logn)(loglogn)
- n

F\ 14, 0. (3.1)
Note that the distribution of the number of points of N that lies in supp(¢x)
is the Poisson distribution with mean nFy. So, the previous condition ensures
that we have a significant number of points of N to estimate non-zero wavelet
coefficients. Another main point is that under (3.1),

1 %
v/ Vanlogn > w x 1/loglogn
n

(see Section 6.10), so (1.7) is true with large probability. The term (log")(ilw
appears for technical reasons but could be replaced by any term w,, such that

lim u, =0 and lim u;l (1ogn> =0.

n—oo n—oo n
In practice, many interesting signals are well approximated by a function of
F. So, using Proposition 3.1, a convenient estimate is an estimate with a good
behavior on F,(R), at least for large values of n and R. Furthermore, note that
we do not have any restriction on the location of the support of functions of
Fn(R). This provides a second reason for considering F,,(R) in the setting of
this paper. In Section 3.1, we focus on ff,y with the special value v = 1++1/2 and
we study its properties on F,,(R), which will be useful for calibration purposes
in Section 3.2.
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3.1. A refined oracle inequality

Restricting our study to F,,(R), we can state the following refined oracle in-
equality.

Theorem 3.1. Let R > 0 be fized and v = 1 + /2. Then fé{v achieves the
following oracle inequality: for n large enough, for any f € F,(R),

- . 1
E| f,y — f|3 < 12logn Z min (5%, Van) + — (3.2)
€T,

Inequality (3.2) shows that on F,(R), our estimate achieves the oracle risk
up to the term 12logn and the negligible term L. Finally, let us mention that

when f € Fo(R), !
> =0

AgT,,

Our result is stated with v = 1 + V/2. This value comes from optimizations
of upper bounds given by Proposition 6.1 stated in Section 6.2. This consti-
tutes a first theoretical calibration result and this is the first step for choosing
the parameter v in an optimal way. The next section further investigates this
problem.

3.2. How to choose the parameter ~y

Now, our goal is to find lower and upper bounds for the parameter . Theorem
2.1, applied with ¢ = 1, established that for any signal, we achieve the oracle risk
up to a logarithmic term provided v > 1. So, our primary interest is to wonder
what happens, from the theoretical point of view, when v < 17 To handle this
problem, we consider the simplest signal in our setting, namely

f =10,
Applying Theorem 2.1 with the Haar basis, ¢ =1 and v > 1 gives

~ logn

where C' is a constant. The following result shows that this rate cannot be
achieved for this particular signal when ~ < 1.

Theorem 3.2. Let f =19 y). If v <1 then there exists § < 1 not dependent of
n such that

~ c

where ¢ is a constant.
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Theorem 3.2 establishes that, asymptotically, ff,y with 7 < 1 cannot esti-
mate a very simple signal (f = 1j0,1)) at a convenient rate of convergence. This
provides a lower bound for the threshold parameter +v: we have to take v > 1.

Now, let us study the upper bound for the parameter -y. For this purpose,
we do not consider a particular signal, but we use the worst oracle ratio on
the whole class F,,(R). Remember that when v = 1 + /2, Theorem 3.1 proves
that this ratio cannot grow faster than 12logn, when n goes to oco: for n large
enough,

Elfal, — 113

sup < 12logn.
feEFn(R) Z)\GF mln(ﬁ)\v V)\ n) %

Our aim is to establish that the oracle ratio on F,(R) for the estimator ~£{v
where v is large, is larger than the previous upper bound. This goal is reached

in the following theorem.

Theorem 3.3. Let Ymin > 1 be fized and let v > ~in. Then, for any R > 2,

NH T
wp E|f: f13 > 2(\/7 — VJmin) 2 logn x (1 + 0,(1)).

FEFu(R) 2oeT,, mm(ﬁw Van) + 1

Now, if we choose v > (1 + \/—) ~ 11.9, we can take yyin, > 1 such that the
resulting maximal oracle ratio of 'v is larger than 12logn for n large enough.
So, taking v > 12 is a bad choice for estimation on the whole class F,,(R).

Note that the function 1y 1) belongs to F,,(2), for all n > 2. So, combining
Theorems 3.1, 3.2 and 3.3 proves that the convenient choice for v belongs to the
interval [1,12]. Finally, observe that the rate exponent deteriorates for v < 1
whereas we only prove that the choice v > 12 leads to worse rates constants.

4. Numerical results and comparisons with classical procedures

In this section, some simulations are provided and the performance of the thresh-
olding rule is measured from the numerical point of view by comparing our
estimator with other well known procedures. We also discuss the ideal choice
for the parameter v keeping in mind that the value v = 1 constitutes a border
for the theoretical results (see Theorems 2.1 and 3.2). For these purposes, our
procedure is performed for estimating various intensity signals and the wavelet
set-up associated with biorthogonal wavelet bases is considered. More precisely,
we focus either on the Haar basis where

p=0¢= Lo, = )= Lio,1/21 — L/2,9

or on a special case of spline systems given in Figure 1.

The latter is called hereafter the spline basis. Since ¢ and 1/) are piecewise
constant functions, exact values of the ﬁA »’s and of the VA n’s are available,
which allows to avoid many computational and approximation issues that often
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Fic 1. The spline basis. Top: ¢ and 1y, Bottom: ¢~> and 1;

arise in the wavelet setting. We consider the thresholding rule fnﬁ defined in
(1.6) with
Ln={A=(0,k): —-1<j<jo, keZ}

~ ylogn
My =\ 2710g () Van + — =[xl

Observe that 7, ., slightly differs from the threshold defined in (1.4) since Vy,
is now replaced with f/)\n It allows to derive the parameter v as an explicit
function of the threshold which is necessary to draw figures without using a
discretization of 7, which is crucial in Section 4.1. The performance of our
thresholding rule associated with the threshold 7 - defined in (1.4) is probably
equivalent (see (6.21)). The choice of the parameters j, and 7 is discussed in
the next subsection.

The numerical performance of our procedure is first illustrated by performing
it for estimating nine various signals whose definitions are given in Section 7.
These functions are respectively denoted 'Haarl’, "Haar2’, 'Blocks’, "Comb’,
"Gaussl’, 'Gauss2’, 'Beta0.5’, 'Betad’ and 'Bumps’ and have been chosen to
represent the wide variety of signals arising in signal processing. Each of them
satisfies |f|1 = 1 and can be classified according to the following criteria: the
smoothness, the size of the support (finite/infinite), the value of the sup norm
(finite/infinite) and the shape (to be piecewise constant or a mixture of peaks).
Remember that when estimating f, our thresholding algorithm does not use
[ f oo, the smoothness of f and the support of f (in particular | f|.. and supp(f)
can be infinite). Simulations are performed with n = 1024, so we observe in
average n X | f|1 = 1024 points of the underlying Poisson process. To com-
plete the definition of fn,y, we rely on Theorems 2.1 and 3.2 and we choose
Jo = logy(n) = 10 and v = 1 (see also conclusions of Section 4.1). Figure 2
displays intensity reconstructions we obtain for the Haar and the spline bases.

and
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The preliminary conclusions drawn from Figure 2 are the following. As ex-
pected, a convenient choice of the wavelet system improves the reconstructions.
We notice that the estimate fn)l seems to perform well for estimating the size
and the location of peaks. Finally, we emphasize that the support of each signal
does not play any role (compare estimation of ’Comb’ which has an infinite
support and the estimation of "Haarl’ for instance).

4.1. Calibration of our procedure from the numerical point of view

In this section, we deal with the choice of the threshold parameter « in our
procedures from a practical point of view. We already know that the interval
[1,12] is the right range for v, theoretically speaking. Given n and a function
f, we denote R,(7y) the ratio between the fs-performance of our procedure
(depending on «) and the oracle risk where the wavelet coefficients at levels
J > jo are omitted. We have:

R ( ) . Zkern (BA - ﬂ)\)2 . ZAGFn(B)""HBA,n‘Zﬁ/\,W - ﬁA)2
TS e (B V) Soaer, min(82, Vi)

Of course, we aim at finding values of v such that this oracle ratio is close
to 1. Viewed as a function of v, R, is a stepwise function and the change
points of R,, correspond to the values of v such that there exists A with 7y, =

|3x]. The average over 1000 simulations of R,(v) is computed providing an
estimation of E(R,(v)). This average ratio, denoted R,(y) and viewed as a
function of v, is plotted for n € {64, 128,256,512, 1024, 2048, 4096} and for three
signals considered previously: 'Haarl’, ’Gaussl’ and 'Bumps’. For non compactly
supported signals, we need to compute an infinite number of wavelet coefficients
to determine this ratio. To overcome this problem, we omit the tails of the
signals and we focus our attention on an interval that contains all observations.
Of course, we ensure that this approximation is negligible with respect to the
values of R,. As previously, we take jo = logy(n). Figure 3 displays R,, for
"Haarl” decomposed on the Haar basis. The top of Figure 3 gives a general idea
of the shape of R,,, while the bottom focuses on small values of 7.

Similarly, Figures 4 and 5 display R,, for ’Gaussl’ decomposed on the spline
basis and for 'Bumps’ decomposed on the Haar and the spline bases.

To discuss our results, we introduce

Ymin (1) = argmin, ..o Rn (7).

When the minimum of R,, is achieved for several values +, ~Ymin(n) is defined as
the smallest one. For 'Haarl’, ymin(n) > 1 for any value of n and taking v < 1
deteriorates the performance of the estimate. The larger n, the stronger the
deterioration is. Such a result was established from the theoretical point of view
in Theorem 3.2. In fact, Figure 3 allows to draw the following major conclusion
for "Haarl’:

Rn(/y) ~ Rn('ymin(n)) ~1 (41)
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FIG 3. The function v — Ry (7) at two scales for *Haar1’ decomposed on the Haar basis and

for n € {64,128, 256,512, 1024, 2048, 4096} with jo = logs(n).

for v belonging to a large interval that contains the value v = 1. For instance,
when n = 4096, the function R, is close to 1 for any value of the interval
[1,177]. So, we observe a kind of “plateau phenomenon”. Finally, we conclude
that our thresholding rule with v = 1 performs very well since it achieves the

same performance as the oracle estimator.
For ’Gaussl’, ymin(n) > 0.5 for any value of n. Moreover, as soon as n is large

enough, the oracle ratio for ymin(n) is close to 1. Besides, when n > 2048, as for
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FIG 4. The function v — Rn(y) for *Gaussl’ decomposed on the spline basis and for n €
{64, 128,256, 512, 1024, 2048, 4096} with jo = log,(n).

"Haarl’, Ymin(n) is larger than 1. We observe the “plateau phenomenon” as well
and as for "Haarl’, the size of the plateau increases when n increases. This can
be explained by the following important property of ’Gaussl’: ’Gaussl’ can be
well approximated by a finite combination of the atoms of the spline basis. So,
we have the strong impression that the asymptotic result of Theorem 3.2 could
be generalized for the spline basis.

Conclusions for 'Bumps’ are very different. Remark that this irregular signal
has many significant wavelet coefficients at high resolution levels whatever the
basis. We have ymin(n) < 0.5 for each value of n. Besides, ymin(n) ~ 0 when
n < 256, which means that all the coefficients until j = jy have to be kept to
obtain the best estimate. So, the parameter jj plays an essential role and has to
be well calibrated to ensure that there are no non-negligible wavelet coefficients
for j > jo. Other differences between Figure 3 (or Figure 4) and Figure 5 have
to be emphasized. For 'Bumps’, when n > 512, the minimum of R, is well
localized, there is no plateau anymore and R, (1) > 2. Note that R, (ymin(n)) is
larger than 1.

Previous preliminary conclusions show that the ideal choice for 7 and the
performance of the thresholding rule highly depend on the decomposition of the
signal on the wavelet basis. Hence, in the sequel, we have decided to take jo = 10
for any value of n so that the decomposition on the basis is not too coarse. To
extend previous results, Figures 6 and 7 display the average of the function R,
for the signals 'Haarl’, 'THaar2’, 'Blocks’, "Comb’, ’Gaussl’, 'Gauss2’, 'Beta0.5’,
‘Betad’ and 'Bumps’ with jo = 10. For the sake of brevity, we only consider the
values n € {64,256,1024,4096} and the average of R, is performed over 100
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FIG 5. The function v — Ry () for 'Bumps’ decomposed on the Haar basis (top) and the
spline basis (bottom) for n € {64, 128,256, 512, 1024, 2048, 4096} with jo = log,(n).

simulations. Figure 6 gives the results obtained for the Haar basis and Figure 7
for the spline basis.

This study allows to draw conclusions with respect to the issue of calibrating
~ from the numerical point of view. To present them, let us introduce two classes
of functions.

The first class is the class of signals that only have negligible coefficients at
high levels of resolution. The wavelet basis is well adapted to the signals of this
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F1a 6. Average over 100 iterations of the function Ry for signals decomposed on the Haar
basis and for n € {64, 256,1024, 4096} with jo = 10.

class that contains 'Haarl’, "Haar2’ and ’Comb’ for the Haar basis and ’Gauss1’
and ’Gauss2’ for the spline basis. For such signals, the estimation problem is
close to a parametric problem and in this case the performance of the oracle
estimate can be achieved at least for n large enough and (4.1) is true for
belonging to a large interval that contains the value v = 1. These numerical
conclusions strengthen and generalize theoretical conclusions of Section 3.2.
The second class of functions is the class of irregular signals with significant
wavelet coefficients at high resolution levels. For such signals ~min(n) < 0.8
and there is no “plateau” phenomenon (in particular, we do not have R, (1) ~

Ry (Ymin(n)))-

Of course, estimation is easier and the behavior of our procedure is better
when the signal belongs to the first class. But in practice, it is hard to choose
a wavelet system such that the intensity to be estimated satisfies this property.
However, our study allows to use the following simple rule. If the practitioner
has no idea of the ideal wavelet basis to use, he should perform the thresholding
rule with v = 1 (or ~ slightly larger than 1) that leads to convenient results
whatever the class the signal belongs to.
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Fia 7. Average over 100 iterations of the function R, for signals decomposed on the spline
basis and for n € {64, 256,1024, 4096} with jo = 10.

4.2. Comparisons with classical procedures

Now, let us compare our procedure with classical ones. We first consider the well
known methodology based on the Anscombe transformation of Poisson type ob-
servations (see [2]). This preprocessing yields Gaussian data with a constant
noise level close to 1. Then, universal wavelet thresholding proposed by Donoho
and Johnstone [20] is applied with the Haar basis. Kolaczyk corrected this stan-
dard algorithm for burst-like Poisson data. Roughly speaking, he proposed to
use Haar wavelet thresholding directly on the binned data with especially cali-
brated thresholds (see [32] and [33]). In the sequel, these algorithms are respec-
tively denoted ANSCOMBE-UNI and CORRECTED. We briefly mention that
CORRECTED requires the knowledge of a so-called background rate that is
empirically estimated in our paper (note however that CORRECTED heavily
depends on the precise knowledge of the background rate as shown by the exten-
sive study of Besbeas, de Feis and Sapatinas [8]). One can combine the wavelet
transform and translation invariance to eliminate the shift dependence on the
Haar basis. When ANSCOMBE-UNI and CORRECTED are combined with
translation invariance, they are respectively denoted ANSCOMBE-UNI-TT and
CORRECTED-TT in the sequel. Finally, we consider the penalized piecewise-
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Fic 8. Reconstructions of "Haar2’ with n = 1024. (a) ANSCOMBE-UNI; (b) CORRECTED;
(c) RAND-THRESH-HAAR; (d) ANSCOMBE-UNI-TI; (¢) CORRECTED-TI; (f) FREE-
DEGREE; (9) RAND-THRESH-SPLINE.

polynomial rule proposed by Willett and Nowak [40] (denoted FREE-DEGREE
in the sequel) for multiscale Poisson intensity estimation. Unlike our estimator,
the knowledge of the support of f is essential to perform all these procedures
that will be sometimes called “support-dependent strategies” along this section.
We first consider estimation of the signal "Haar2’ supported by [0, 1] for which
reconstructions with n = 1024 are proposed in Figure 8 where we have taken
the positive part of each estimate. For ANSCOMBE-UNI, CORRECTED and
their counterparts based on translation invariance, the finest resolution level
for thresholding is chosen to give good overall performance. For our random
thresholding procedures, respectively based on the Haar and spline bases and
respectively denoted RAND-THRESH-HAAR and RAND-THRESH-SPLINE,
we still use v = 1 and jo = logy(n) = 10. We note that for the setting of
Figure 8, translation invariance oversmooths estimators. Furthermore, compar-
ing (a), (b) and (c), we observe that universal thresholding is too conservative.
Our procedure works well provided the Haar basis is chosen, whereas FREE-
DEGREE automatically selects a piecewise constant estimator.
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Now, let us consider a non-compactly supported signal based on a mixture
of two Gaussian densities. We denote d the distance between modes of these
Gaussian densities, so the intensity associated with this signal is

1 1 x? 1 (x — d)?
=3 (per (-3) e (-5570))
and we take n = 1024. To apply support-dependent strategies, the support is
estimated by considering the smallest and the largest observations and data are
first rescaled to be supported by the interval [0, 1]. Reconstructions with d = 10
and d = 70 are given in Figure 9.

RAND-THRESH-HAAR outperforms ANSCOMBE-UNI and CORRECTED
but all these procedures are too rough. To some extent, it is also true for
ANSCOMBE-UNI-TT and CORRECTED-TT even if translation invariance im-
proves the corresponding reconstructions. However, this is not the case for
RAND-THRESH-SPLINE and FREE-DEGREE. When d = 70, the perfor-
mance of all the support-dependent strategies deteriorates, which illustrates the
harmful role of the support. In particular, procedures based on the translation
invariance principle which periodizes the data, deal with the two main parts of
the signal as if they were close to each other, they are consequently quite inade-
quate. The worse performance of FREE-DEGREE for d = 70 could be expected
since its theoretical performance is established under the strong assumption
that the signal is bounded from below on its (known) support. To strengthen
these results and to show the influence of the support, we compute the squared
error over 100 simulations for each method and we provide the correspond-
ing boxplots given in Figure 10 associated with fy when d € {10, 30,50, 70}.
Note that when d increases, unlike the other algorithms, the performance of our
thresholding rule based either on the Haar or on the spline basis is remarkably
stable. In particular, for d = 70, RAND-THRESH-SPLINE outperforms all the
other algorithms. Note also the very bad performance of ANSCOMBE-UNI and
CORRECTED for d = 50 due to the inadequacy between the way the data are
binned and the distance d.

The main conclusions of this short study are the following. We note that
the estimate proposed in this paper outperforms ANSCOMBE-UNI and COR-
RECTED (compare (a), (b) and (c)), showing that the data-driven calibrated
threshold proposed in (1.4) improves classical ones. In particular, classical meth-
ods highly depend on the way data are binned and on the choice of resolutions
levels where coefficients are thresholded, whereas our methodology only de-
pends on v and on jy for which we propose to take systematically v = 1 and
Jo = log,(n). However, unlike FREE-DEGREE, we have to choose a convenient
wavelet basis for decomposing the signals. Finally, the support, if too large, can
play a harmful role whenever the method needs to rescale the data. This is not
the case for the methods presented in this paper, which explains the robustness
of our procedures with respect to the support issue.
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F1G 9. Reconstructions of fq with n = 1024 (top: d = 10, bottom d = 70). (a) ANSCOMBE-
UNI; (b) CORRECTED; (c) RAND-THRESH-HAAR; (d) ANSCOMBE-UNI-TI; (e)
CORRECTED-TI; (f) FREE-DEGREE; (g9) RAND-THRESH-SPLINE.
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Fi1c 10. Squared error over 100 simulations of the different methods with n = 1024. In
each strip, from left to right: d=10, 30, 50 and 70. (a): ANSCOMBE-UNI; (b): COR-
RECTED; (¢): RAND-THRESH-HAAR; (d): ANSCOMBE-UNI-TI; (e¢): CORRECTED-TI;
(f): FREE-DEGREE; (9): RAND-THRESH-SPLINE.

5. Conclusions

In our paper, we have investigated the support issue for Poisson intensity estima-
tion. The minimax study of Section 2.3 has revealed that non-compact supports
have a strong impact for estimating non sparse signals. Our theoretical results
have been strengthened by simulations illustrating that classical methods based
on the knowledge of the support achieve bad performance when observations
are not concentrated on only one small interval. Even if we could imagine var-
ious methods to overcome difficulties raised by the support issue, this article
shows that such preprocessings are not necessary. Indeed, we have introduced
a random thresholding procedure that achieves optimal performance measured
in the oracle, maxiset and minimax perspectives. In particular, our estimate
automatically adapts not only to the unknown regularity but also to the un-
known support of the underlying signal. From the practical point of view, our
procedure outperforms classical rescaling wavelet methods and, unlike the lat-
ter, it is robust with respect to the support issue. Finally, we have established
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promising theoretical results on the calibration issue of the tuning parameter
~. The simulation study of Section 4.1 seems to show that these results can be
generalized to more general settings. Such a calibration problem remains still
widely open and constitutes a possible interesting research field.

Many other questions remain open. First, we could wonder if generalizations
of our results to other models are possible and if in particular Theorem 2.2 could
be applied to other settings. We conjecture that the answer is yes at the price
of technical difficulties related to each specific framework. From a very different
perspective, Figure 2 shows that, as expected, a convenient choice of the wavelet
system improves the reconstructions. Such a choice should depend on the ob-
servations and instead of considering decompositions on one given basis, several
ones could be considered. We conjecture that optimal decompositions could be
determined for instance by using Lasso-type procedures under incoherence as-
sumptions of the underlying dictionary. This constitutes an interesting research
field. Other parameters of our procedure play a capital role such as, for instance,
the choice of the coarsest resolution level (taken equal to 0 in our paper) and
Jjo, the finest one. For the latter, as in [14], some data-driven choices should be
investigated.

6. Proofs

We recall that there exist two constants ¢1(®) and co(P) only depending on ¢
such that

@) | D ad+ > ) 8| SIfIE< @) [ D ok +D > 8k |- (6.1)
keZ >0 kEZ kEZ j>0keZ

So, without loss of generality, Theorems 2.1, 2.3, 2.4, 2.5 and 2.6 are established
by using the fo-norm of coefficients instead of the functional Lo-loss. In the
following proofs, the values of the constants C,Cy,Csy, K1, K5, ... may change
from one proof to another one. For any function g, we set

supp(g) = {r € R: g(z) # 0}.

Finally, recall that we have set for any \ € A,

o2 = / &3 (@) f(x)dz.

6.1. Proof of Theorem 2.2

To prove Theorem 2.2, we use the model selection approach briefly described
now. Let us introduce the following empirical contrast: for any ¢ = (0x)xea, we

set

AEA AEA
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which is an unbiased estimator of C(o0) = |8 — ol7, — |8]7,- Note that the
minimum of C is achieved for o = . Model selection proceeds in two steps: first
we consider some family of models m C A and we find 3(m) the minimum of
C,, on each model m. Then, we use the data to select a value m of m and we
take B(rh) as the final estimator. The first step is immediate in our setting: for
any m C A, A A

B(m) = (Bal{xemy)rea

and C,(B(m)) = —D xem 3. Now, the question is: how to choose 7m? One
could be tempted to choose m as large as possible but this choice would lead to
estimates with infinite variance. For this reason, Birgé and Massart [11] proposed
to introduce a penalty term associated to each model m, denoted pen(m), and
to choose M by minimizing

Crit(m) = — Z 3% 4 pen(m)
AeEm

over a large class of possible models m. For instance, given I' C A, we can
consider all the subsets of I'. The role of the function m — pen(m) is to govern
the classical bias-variance tradeoff. Now, if we consider the family of thresholds
(nx)aea given in Theorem 2.2 and if we set for any m C T

pen(m) = Z n,
AeEm

then the model selection procedure is equivalent to the thresholding rule asso-
ciated with the family (1))xea:

m={\el: |B/\|277,\}

and

B(m) = (Brl{ 5,150y Lirery rea = B.
By definition of m one has for any m C T,
Cn(B) + pen(1h) < Cu(B(m)) + pen(m).
For any family o = (0x)aea, we set
v(e) =Y ox(Br— Br).
AEA
Then, using (6.2),
Cul0) = 18 = oI, — 1817, — 2v(0)-
So,
16 =87, < 18(m) = BIZ, +2v(3 = B(m)) + pen(m) — pen(rir)

18(m) — B, +2v(B — B(m)) — 2v(B(m) — B(m))
+ pen(m) — pen(m),

IN
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where 8(m) = E(8(m)) is the projection of 8 on the space of the vectors g =
(ox)xrea such that gy = 0 when X ¢ m for the £3-norm. But,

15(m)=Bl7, = 18(m) = B(m)[Z, +18(m) — BIF, = v(B(m)—B(m))+|5(m)—Bl7,

and

20(3— Bm) < 215 Blm)lesx(m i)
< %B—Mbﬂmumwnw—ﬁmwbﬂmum>
1
< 18- 81 + 2 18m) — B, + P Ui,

where we have set for any m C T,

xX(m) = |B(m) = B(m)le, = [ (Br = B2)2 = \/v(B(m

Aem

and we have used twice the inequality 2a1as < va? +v~ta3 with v = 2x%(1 +
k?)~1 and v = 2k2%(1 — k2) L. Finally,

1—-r% - . 1 1
?Zzllﬁ—ﬂllb < —|B(m) = Bm)IZ, + +H2||ﬂ( ) — 6||?2+—2x2(mum)

+ pen(m) — pen(m)

) = 612, + (= 1) 160m) = B0,

+ pen(m) + A,

where
A= 22 () - pen(in) = > (iz(ﬁ/\ — B - 77§) LENPEN
el

Now, we introduce

ZE( 6)‘) 1\#& ﬁx>"ﬂh) Lr>7e

Ael

and
Z]E< = Bx)*1 5, - m|>nm1|m|>m) Lpy<re.
el

Therefore,
E[A] < A1 + A,
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By using the Holder inequality,

A< S (BB -6P]) (B (10 -8 > ) 1rre
Ael

Guw? 1
a;b Zmax (F)\, F;E%) 1F>\27-5

S

<
KR
xer
1
Gw% 1 1 (F\?°
< 2 (ZF,\—H;%)ZF/\ (2) )
Ael Ael
Gw% _ 1
< 2 (1+7’ b)ZFA
AeT
and
1
Ay < Z ( (18 —B,\|2“)) ’ (]P’(WA = Bal >k, [Ba] > 77,\)) "lpcre
1 1
< —2Zmax(FA,F/\aa%)F/\*’C%IFKTE
xer
1
G 1411 (Te\® 11
< 7(zyabo<ﬁg Ry
xer Aer
G 1
S —2 1 +Tb Eb ZF)\
AeT
So,

E(A) < LD Fj,
el

which proves Theorem 2.2.

Remark 6.1. When compactly supported signals are considered, it is natural
to take I' satisfying card(I') < oo and in this case, the upper bound of E(.A)

takes the simpler form:
5 %
(P (|ﬁA — Bal > Hm))

% Z (]E “B/\ - ﬂ,\|2a])
< Leard(myma (B ]I - 7)) .

Q=

E(A)

IN

el

w‘\)—l

Even under a rough control of maxyer E|x — 8x]2%, the term E(A) is negligible
with respect to the main term as soon as w is small enough, which occurs if
the threshold is large enough. In particular, when restricting our attention to
compactly supported signals, Assumption (A3) is useless.
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6.2. Proof of Theorem 2.1

Theorem 2.1 is a direct consequence of the following more precise result.

Proposition 6.1. Under assumptions of Theorem 2.1, for all k such that
Ve/v < k< 1, there exists a positive constant K depending on v, k and
[ £l such that

1
(55 ) Bl - 113

1
< inf + 2
mcl, | 1— K2

K
~ B+ Y EGR) o+

Agm Aem AEm

where we denote by m any possible subset of indices .

Proof. To prove Proposition 6.1, we apply Theorem 2.2 with BAA = B,\m, defined
n (1.3), nan =1,y defined in (1.4) and I' =T, defined in (1.5). We set

Fy :/ f(z)dz,
SuUpp(ex)

so we have:

Z F, = / f(x)dx
zeSupP(e;.x)

Ael’, —1<_]<_]0 k
< [f@de 33 luesuppior
—1<j<jo k
< (o +2)mylflh, (6.3)

where m,, is a finite constant depending only on the compactly supported func-
tions ¢ and 1. Finally, >0\ Fy is bounded by log(n) up to a constant that
only depends on |f|1, ¢, ¢ and the functions ¢ and ¢. Now, we give a funda-
mental lemma to derive Assumption (A1) of Theorem 2.2.

Lemma 6.1. For any u > 0,

P <IBM — Bl = 2uVs, + "‘%L“”) <27, (6.4)

Moreover, for any u > 0,

P (V,\,n > VA,n(“)) <e’",

o N N 2 2
) = i + 2 20 sl

where
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Proof. We use the following exponential inequality (see [31])). If g is bounded,
for any u > 0,

P(/ o) (AN () \/2u / 2)dp(z —||g||oou><exp<>

(6.5)
Equation (6.4) comes easily from (6.5) applied with g = ¢y /n. The same in-
equality applied with g = —¢3 /n? gives:

N 4 2
P Van=>Van+ 2u/ sDA(x)nf(;p)dx_qu <ev,
s 5 R nd 3”2

We observe that

[ B < 1oy
R

n4

2
So, if we set v = u%, then

]P)(Vk,n — \/2V,\,nv — U/3 > V>\7n) <e .

P(\/Vrm = P (Van)) < e

where P~1(Vy,,) is the positive solution of

‘We obtain

(P Van))? = V20P 1 (Van) — (v/3 4+ Van) = 0.

To conclude, it remains to observe that

)2 (P03 = (VT 5070+ m)

Let k < 1. Combining these inequalities with f/,\,n = f/,\m (vlogn) yields

P(|Brn — Bal > Knay)

< 0 (- > oy, + 2B )
< P (lﬁ&,n il 2 arytognt T VM)

P <|B)\,n —Bal = \/m+ %7‘/)\,71 < f/,\’n>
< P(Van > Vam) +P <|BM — Bl 2 \[2527lognVa . + %)
< 42
< 3.
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So, for any value of k € [0,1[, Assumption (Al) is true with ny = n,, and
[ =T, if we take w = 3n~""7. To satisfy the Rosenthal type inequality (A2) of
Theorem 2.2, we prove the following lemma.

Lemma 6.2. For any a > 1, there exists an absolute constant C' such that
A 2a a, 2a a "(P)\ "OO a2
E(1Bxn = BAI) < C*a™ | Vi + | == Van |-

Proof. Note that a Poisson process N is infinitely divisible, which means that
it can be written as follows: for any positive integer k:

k
dN = Z dN’*
=1

where the N%’s are mutually independent Poisson processes on R with mean
measure p/k. Hence,

Ao _ . o) i -1 _ _
Bx.n ﬂA—Z / (AN*(z) — nk f(a:)dx)_zn

n

where for any 1,
Y = /‘”—(x) (AN (2) — nk " f(z)dz) .
n
So the Y;’s are i.i.d. centered variables, each of them has a moment of order 2a.

For any 4, we apply the Rosenthal inequality (see Theorem 2.5 of [27]) to the
positive and negative parts of Y;. This easily implies that

16a 2a k ) @ k .
<(iatia) () (30 )

It remains to bound the upper limit of E(Zle |Y;|) for all ¢ € {2a,2} > 2
when k£ — oo. Let us introduce

k

2a
d v

i=1

E

Q= {§(N") <1, foranyie{l,...,k}}.
Then, it is easy to see that P(Q5) < k~(n|f|1)? (see e.g., (6.8) below).
On O, Vil = Op (k™) if [ L& gNi(z) = 0 and

n

Vil = [I%(Tﬂrmk (k [Mr_l>
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if [ wT(m)alNi(gc) = W(T) where T is the point of the process N*. Consequently,
k
EY vl
=1
A1)’ [l .
<E(lo, | Y [7] + 0 | k [7] + kO (k™9
TeN " "
B 2
+/P(Qf) |E <Z w) . (6.6)
=1

But we have

iw < (i“”‘””“] 1)+ (0 [ler@lsa dx)D
2 ([”“’;"ﬂé(ﬁ(zv))f 1 (17 [la@lre) ) .

So, when k — 400, the last term in (6.6) converges to 0 since a Poisson variable
has moments of every order and

i sup EY Wil <E ( / {|¢A£x>|]de(x>> . {nw;nm]“ Vin,

IN

k— o0 i=1

which concludes the proof. O

Now,
2
F
Vn =2 [ R < 120 (©:7)

n n

and Assumption (A2) is satisfied for any a > 1 with ¢ =  and

2Ca*2% max(|]3,, [¥13.)

G:
n
since a2 < 27° max(|¢]%, [¢]3) and
N % 2 Ia L.
Ca?|pxl3 1,
2% WMl (4 pa —3)'
n ( A+ EYn

Finally, Assumption (A3) comes from the following lemma.
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Lemma 6.3. We set

NA:/ dN(z) and C'=(V6+1/3)y>V6+1/3.
Supp(ex)

There exists an absolute constant 0 < 7" < 1 such that if nFy < 7'C'logn and
(1 —7)(v6+1/3)logn > 2

then,
P(Ny —nF\ > (1 —7)C'logn) < Fxn™ 7.

Remark 6.2. We can take 7/ = 0.01 and in this case, the result is true as soon
as n > 3.

Proof. One takes 7' € [0,1] (for instance 7/ = 0.01) such that

31— 1)

TN

We use Equation (5.2) of [36] to obtain

]P)(N)\ —nkFy\ > (1 — T/)Cllogn) < exp (_ ( ((1 - T’)C’logn)Q )

nFy + (1 —7")C'logn/3)
_3(1— T’)Q C’
< n 24D

3(1—7")2

If nFy > n~7"1, since C’ > 2+ + 2, the result is true. If nFy < n=7"1,

202710
P(Ny —nF\ > (1 —7)C'logn) < P(Ny>(1-— T')C'logn)
< P(Ny>2) <Z nFA ATTA) -y
k>2
< (nFy)? (6.8)
and the result is true. |
Now, observe that if |B>\n| > 1,4 then
Ny > C'logn.
Indeed, || > M, implies
C’'logn A P lloo N
foaloe < Bnn] < 1221,
n n

So if n satisfies (1 —7")(v/6+1/3)logn > 2, we set 7 = 7/C"log (n) and ( =n~7.
In this case, Assumption (A3) is fulfilled since if nF\ < 7/C’logn

P(lB)\,n —ﬁk| > K1 ys |B)\,n| > 77)\7’7) < P(Nk —nkF\ > (1 —TI)C/IOgTL) < Fh\n 7.
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Finally, if n satisfies (1 — 7/)(v/6 + 1/3)logn > 2, Theorem 2.2 applies:

1 — :“:'/2 ~ 2
mE"ﬁn - Blz,
. 1+ K,2 2 1-— 1432 5 2 2
< il 97T m D R+ g DUE(Ba — AP+ Y E0R,)
AEm rem rem
+LD Y Fi.

€T,

In addition, there exists a constant K depending on a, v, ¢, ¢/, |f]|1 and on @
such that

’ w2y
LD Y Fy < Ki(log(n))® ne v 1, (6.9)
el

Since v > ¢, for all k such that \/¢/y < k < 1 there exists b > 1 such that
c< ibv and as required by Theorem 2.1, the last term satisfies

Ky

LD —

Y R< —,
AeT,

where K5 is a constant. This concludes the proof of Proposition 6.1. O

To obtain Theorem 2.1 it remains to evaluate the terms in the inequality
stated in Proposition 6.1. Let us first note that the properties of the biorthogonal
wavelet bases considered in this paper allow to set

S, = max sup  |o(x)], sup  [p(x)| p < o0
z€SUpPP(o) x€SUPP(v))

and

I, = min inf x)|, inf x > 0.
X N T ]

2
Finally, we define ©, = 2.
7}
Lemma 6.4. For all A € A, we have the following result.

- IfFy < 0,180 yhen 53 < @203 108

- IfFy > 0,71 e [y oo B0 < gy /1080
Proof. We note A = (j,k) and assume that j > 0 (arguments are similar for

j=-1).
If Fy, < 9%@7 we have

log (n)

AN

@)
A

-
S
5
©

1Bx] < 5,28 F)

AN
n
~
L
@
A

log (n) log (n)
< —_——
= O,0 -
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since 03 > 1227 F). For the second point, observe that

o) 5 gt O g B g 8 ()
n n n
O
Now, for any ¢ > 0,
2
B2 < (1+ logn B(T) + (1457 (152 ) ol
Moreover,
E(Van) < (1+8)Van+ (146 1)3vlogn "%"“
So,
E(2.) < (1+6)2ylogn Vi, + A(S) (M”) lorl2 (6.10)

with A(d) a constant depending only on §. Now, we apply Proposition 6.1 with
o2
m = {)\el“n: ﬁ?\>®i—Alogn },
n

so using Lemma 6.4, we can claim that for any A € m, F) > 64/,@. Finally,
since ©, > 1, we have

E”ﬂn ﬂ"ez < K3 Z B3l (p2<02 Hogn} Z g

AeT, AgT,,

logn , logn 2 5 K,
K E 1 ) K,y
" SAEFn [ K e ( n "(p)\"OO {B§>®2¢T§10gn, F,\>®¢%}+ n

2 2
SKs| ), (ﬁkl{ﬁfﬁ@ivxnlogn}+210gnV)""l{ﬁ?\>@2¢V>\,nlOg"}) + )R
AeT, AgT,,

K
<2K; Z min(%, O Vanlogn) + Z g2+ =2,
AeT, AETy "

where the constant K3 depends on v and ¢ and K4 depends on v, ¢, ¢/, | f]1 and
on @. Theorem 2.1 is proved by using properties of the biorthogonal wavelet
basis.
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6.3. Proof of Theorem 2.3

Let us assume that f belongs to Bs ;(R'~**)NW,(R)NL; (R)NLy(R). Inequality
(2.1) of Theorem 2.1 implies that, for all n,

Elfun = fI3

C
2 2 L2
S p> (ﬂﬂwsdn/_“%+VA*”log”1|m|>m/_‘°%) AT

AET, AZLy,

where C7 and Cy are two constants. But we have

—+o0
logn
_ 2
ZE: V&ﬂJOg7uH3ﬂ>an/E%5 = ZE: I, jz:l2fk*16§§aiféﬁ<2*kﬂ§
ey, \ET, k=0
—+oo
< Z 2k Z ﬁg\l k41
- <272 gyq/len
per v G A A
400 1 4s
_ _ k+1 [logn
< SSokgr (2 ; ,/_>
< ) n
k=0
+oo
S R274sp121)s Z 27k+2s(k+1)
k=0
and

SRR

gl

So,

~ e C
E”fn,v - f”% S C(’Y,C,QY), 8)R2 4 piys + 727

where C(v, ¢, @, s) depends on 7, ¢, ® and s. Hence,
El|fnny = fI5 < C(v,¢,®,8)R**p} (1 + 0n(1))

and f belongs to MS(f,Y, ps)(R') for R’ large enough.

Conversely, let us suppose that f belongs to MS(f,, ps)(R') NLi(R") NLa(R).

Then, for any n,
2s
= 2 (logn
Bl — 113 < 7% (<51

Consequently, there exists R depending on R’ and @ such that for any n,
logn\ >
5 e (252)”
n
AT,

This implies that f belongs to B3 5(R).
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Now, we want to prove that f € W¢(R) if R is large enough. We have

ZﬂA rl<ony/TEE S D B+ D B, o,

2D, e,
But ﬁk’n = ﬁk’"l\ﬁx,ngm\,w’ 50,
|ﬁ>\|1‘3/\‘g”>\7ﬂv < |ﬁ>\ - ﬁk,n|-

So, for any n,

2
Zﬁklmnsm/%
AEA

< ZﬂA-FE ZﬂA ‘B/\‘<(7/\\/W[ 18x \<m7+1\ﬁ >m7]‘|

AT, el

5 -

= Z ﬁA—i_ Z E[(B)\,n - Z B)\ ENEEN \/WE( EN |>T’%7)

)\Qf‘n Aely, el

3 vlogn m,

< Y Bt Y EGh -5+ Y A ( o foen >7”)

)\&Fn AeT, el

2 2 2 Ylogn _ man

< E|B. - Bl +A; B3P (oA 7 > T) .

Using Lemma 6.1,

21 N
P (UA\/ ’ngn > 77,\,7> <PV <Vap) <n?

4s
logn
2 —1/p\2 2 =
)\GZA[‘})AWHSUA\/WSCl(@) (1) (\/ n) + [18ll,n

Since this is true for every n, we have for any ¢ < 1,

5 4s
Zﬁilwﬂﬁﬂxt < R*4 (\/j t) )
AEA v

where R is a constant large enough depending on R’ and &. Note that

supt Z BiLigy1<ont < lIBIIZ,-
t21 AEA

and

We conclude that
fe Bsﬁg(R) NWs(R)

for R large enough.
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6.4. Proof of Proposition 2.1

Since ¢ < %, fo € Ly N Ly. If the Haar basis is considered, the wavelet co-
efficients ;1 of f. can be calculated and we obtain for any j > 0, for any
k& {0,...,27 =1}, Bjx = 0 and for any j > 0, for any k € {0,...,2/ — 1},

: 1\'"* _
Big = (1—¢) 29 (2 (k + 5) — kT = (k4 1)} <>
and there exists a constant 0 < ¢; ¢ < oo only depending on ¢ such that
lim 2j(%*§)kl+gﬁg@k =Ci.
—00

Moreover the 3;’s are strictly positive. Consequently they can be upper and
lower bounded, up to a constant, by 9-3(3-¢) = (1+9), Similarly, for any j > 0,
for any k € {O,...,Qj — 1},

o =0—¢) "2 ((k+1)'° — k')
and there exists a constant 0 < ¢z ¢ < oo only depending on ¢ such that

i =SS 42 —
klin;o2 k*o5 ) = co.

There exist two constants k(<) and £’(¢) only depending on ¢ such that for any
0<t<1,if Bjr #0

1Bil < tosp = k> ko)t~ H229(55)

and o | | 2
ﬁ(()t‘@g](@) > 90 = 27 < x/(c)t 3.

So, if 27 < m'(g)t_g, since Bjx = 0 for k > 27,

2
Zﬁ‘,klﬁj,kﬁt%‘,k = 0.

keZ
We obtain
+oo 271
S Blpuiein €0 3 27007290 S o < oS
AEA j=—1 k=1

where C(s) and C’(s) denote two constants only depending on ¢. So, for any
2—4¢

0<s< %, if we take ¢ < %(1 —65), then, forany 0 <t < 1,t" 3 < t*. Finally,
if ¢ > 2s(1 — 2¢)7L, then for any n,

> B <R,

AET

where R > 0. And in this case,
fo @ Loo, fo€B5gNW, = MS(fH, p,).
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6.5. Proof of Theorem 2.4
Using the maxiset results of Section 2.2, since

MS (fiy?pﬁ) = BsUP AW _a

© 72,00 T+oa

it is enough to show that

By (R) N L12.00(R) C By o 2™ (R") N W e (R")

for R > 0 (see (2.2)). Let f € By (R) N L1,2,00(R'). We first prove that f €
W_a_(R") for R" large enough. Since for any A = (j, k),

1+2a

o < min (max(2, DI@l3Fik 5 [flelel3) .

where ¢ € {¢,1)} according to the value of j, we have for any ¢ > 0 and any .J

) 2-p
S+ XS ()

Zﬁilwx\ﬁdﬁ <
A j<J k i>J K
< max(ol2, W22 S max(27,1) S B,
j<J k
NS
2 o0 2
ey 3 ()
sz k 75
< C@,R) | 272+ 3 N Bl |

j>J k
where C'(®, R') is a constant only depending on @ and on R’. Indeed, we have

used that
> Fik < my|flh, (6.11)
k

by similar arguments to (6.3)). Now, since f belongs to Bgﬂ «(R) (that contains
B2 (R)), witha+ % — 150,

> B sigont < 1@, 0,p, R) (2782 4 2P Rr2= 4730
A

where C1(®, a, p, R') depends on @, a, p and R’. With .J such that
9/ < R T < 27t

Zﬁg\l\ﬁﬂgdkt < 02(457 a, p, R/)Rﬁt%
A
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(R")

where Co(P, v, p, R') depends on @, «, p and R'. So, f belongs to W
for R” large enough. Furthermore, if p < 2 and

1 1 1
all-—— ) > -2
c(142a) p 2

B} o(R) C B3 7" (R).

o

Finally, for R” large enough,

B;Q(R) n £1)27OO(R/) C Bg,oo(R) n £1,2,00(R/) C 857(;2a) (RN) N W1+a2 (RN).

@

6.6. Proof of Theorem 2.5

In this subsection since a > 0 and p > 2, we set

o
5272 2_2.
a+ E

Using the maxiset results of Section 2.2, since
MS(JE% ps) =t Bg:olos N Ws,
it is enough to show that
B2 (R) NLi(R') NLa(R') C Bs > (R") N W,(R")
for R” > 0 (see (2.2)). Since ¢ > 1, we have
-1
By (R) C By (R) C B; .’ (R).

Let f € By, (R) NLi(R') N La(R'). We prove that f € Ws(R") for R” large
enough. Using computations of Section 6.5, we have for any ¢ > 0 and any
J>0

> Bl <o SCO,R) 272+ 87 |,
’ j=J k

where C(P, ﬁ' ) is a constant only depending on ¢ and on R’. Now, let us bound
forall j > J
Z k= Z 1Bk 77185 k> 7T
k k

Let us apply the Holder inequality. Since p > 2, we have 2 — ﬁ > 0 and

D

1
1 p—1

P—

ijﬁik < (ij|ﬁj,k|P>_ (ijwj,u)Q_
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Since f € By (R),

1
p—1 ‘
<Z|ﬂj,k|p> < R%Q‘%(a—i—%_%)'
k

Since f € Li(R'),

Z 1Bkl = Z

k k
< 2% glos Y Fik
k
7
< 22 [Ploome| fla

by using (6.11). Hence
S B2, < R (Jgleom, R)? 71279050,
k

Finally,

Zﬁil\ﬁx\ﬁdﬂ < Cl (d)vR/) (2jt2 + Rﬁ27ja%)
A

where C (&, R') is a constant only depending on @ and on R’. With .J such that

~ 1) ~
97 < Ramts=1t apfr-1 < 27F1
1 I 2 1
Zﬁilwx\ﬁdﬁ < C2(¢7O‘7p7 R/)RCHEE te e
B

where Co(P, a, p, R') depends on @, o, p and R’. So, f belongs to W,(R") for
R large enough. Finally, for R” large enough,

B2 (R) NLi(R) NLa(R') C By .(R") N W,(R").

6.7. Proof of Theorem 2.6

To establish the lower bound stated in Theorem 2.6, we first consider p > 2 and
0 < «a. As usual, the lower bound of the risk

Rn(a,p) = inf sup E|f - {13,
f fEBz‘,q(R)ﬂ]Ll(Rl)ﬂLg(Rz)f-ﬂLm(Roo)

where R, Ry, Ry and R, are positive real numbers, can be obtained by using an
adequate version of Fano’s lemma based on the Kullback-Leibler divergence. We
first give classical lemmas that introduce constants useful in the sequel. The first
result recalls the Kullback-Leibler divergence for Poisson processes (see [13]).
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Lemma 6.5. Let N' and N? be two Poisson processes on R whose intensities
with respect to the Lebesque measure are respectively f1 and fo. We denote Py
(respectively Py) the probability measures associated with fi (respectively with
f2). Then, the Kullback-Leibler divergence between Py and Py is

weur = e (ox (89))

where for any © € R, ¢(x) = exp(x) —z — 1.

Now, let us give the following version of Fano’s lemma, derived from [9].

Lemma 6.6. Let (P;)icqo,....n} be a finite family of probability measures defined
on the same measurable space . One sets

n

1
K,=-=>» K(P;,P).

- ; (Pi, Po)
Then, there exists an absolute constant B (B = 0.71 works) such that if X is a
random variable on Q@ with values in {0,...,n}, one has

Ky
inf P;(X =)< max (B, ——2"— ).
0<i<n log(n + 1)

Finally, we recall a combinatorial lemma due to Birgé and Massart (see
Lemma 8 in [36]).

Lemma 6.7. Let I' be a finite set with cardinal Q. Let D < Q. There ex-
ist absolute constants 0 and o such that there exists Mp C P(I"), satisfying
log|Mp| > oD if D = Q and log|Mp| > cDlog(Q/D) if D < @Q and such
that for all distinct sets m and m’ belonging to Mp we have |[m A m’| > 6D.

Now, we are ready to provide a lower bound for R, («,p). Let us consider
a biorthogonal wavelet basis defined in Section 1 with regularity r such that
r+ 1> «. For a given n large enough, we set j the largest integer such that

ﬁ'l 7—1, -1
2j - R a+1—5 Rl pa+p—1 na+1f%
~ \2Boca(P) ey 2Boco(P) 1 '

¥

The constant c(®) was defined in (6.1) and c;; is a constant depending only on
1/; such that

I ZJ)O,k"oo < ¢

kEZ

We set for any /,

r—{+1
fo + exp (——u(ltu)) dul

_ +1 (x).
1 1 (=1,0(%) + Ljg,e41)
fo exXp (—m) du

ge(x) =
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Note that § = | g¢|1 does not depend on £. We also introduce the integer D such
that D277 is the largest integer satisfying

o R1n2’j
D27 < ——————— — 24, 6.12
- 2B002(¢)*1c$~} (6.12)

In particular, D277 goes to oo when n goes to co. Using Lemma 6.7 with I" =
{0,1,...,D — 1} and Q = D, we extract Mp for which both properties stated
in Lemma 6.7 are satisfied and we set

ijD_{fm—fj,D‘i‘ajZJ)j,kl mGMD},

kem

with .
Boesy (@)_1%2%
a4j = ——— .

The function f; p is defined by

fi.0(@) = plio,pa-3)(x) + pg—1(x) + pg—_pa-i_1(—2)
where )
. R12JD_1
P 126D
We introduce the functions fj p to ensure that the functions f,, are positive

(they have to be Poisson intensities) without interfering with the regularity of
the main part given by a; Y, ., ¥k Let f € Cj p. Observe that the support

of Y rem ;1 is included in [~1, D277 4 1] for n large enough. In this case, since
p> 2aj2%cu~} (see (6.12)), we have for z in the support of D, _ Uik

fm(x) >

NI

> 0. (6.13)

Now, we verify that f,, belongs to By ,(R) NLi(R1) NL2(R2) NLe(Re). We
have:

| frlapa < "fj,D"a,p,q + la; Z zZ’j,k||oz,p,q

kem

A

7 1 (ol _1
< "fj,D"a,p,q"i‘Dpaj?( T2y
1 .
< Vinloma i (B2 )T Bral®Tle2t
> J:Dlle,p,q 230,02(@)_1012[) n
1
P
- |f gilat+1-1) Ry Boes(®)-te i1
= |fiplapq+ » Boca (@) 12 oca(P) egn?
P
~ R
< "fj,D"a,p,q"i‘

5 .
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Finally, fj p has an infinite number of continuous derivatives bounded (up to
constants) by p and | fj pla.p.q is bounded (up to a constant) by p(D277)'/P
that goes to 0 when n goes to co. So, for n large enough,

| fmla.pg < R
Now, it remains to verify that f,, € Li(R1) NLa(R2) NLy (Re). We have

; _ Bocy (@)t 012/; i
Ul < p+ g2ba; < m2iD 4 o 9%

for n large enough. Using again (6.12),

Ifml3 < 20F5.013 +2la; > Uikl < 20°(D277 +20) + 2c5(®) D
kem
R, Bo2’
< 2Ry + 7= < R2
n

for n large enough. Since f,, > 0,

o0 N ~ .
| frml1 = / (fjp(x) +aj; Z %‘,k(w)) dr = pD277 4+ 20p = R;.
- kem
Finally, we have: A
Ru(a,p) > irf;f sup E[f — f]3-

feCip

If f is an estimator, we can define f/ = arg mineec; |t f|l2. Then, for f € C; p,

17 = flo < 1f = flz +1f = fla < 21f = fla

and .
Ru(p)2 7 inf  sup EIf - I3

fec; p fec;p

Moreover if m and m’ belong to M p with m # m/,
o = ot 13 2 cs(@)a2 mAny] > e (@)0Da

where ¢1(®) has been defined in (6.1). Hence

C1 ((I)) . ~
Rn(a,p) > 1 9Da? “inf  sup Py(f # f).
J€Cj.p f€Cip
To apply Lemma 6.6, we need to compute K,. For any distinct sets m and
m’ belonging to Mp, since for any = > —1, log(l + z) > z/(1 + z) and by
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using (6.13), we have

K (Py,,.Pys,) = /fm/ (z)¢ (log J{’:((Z))) ndx

— [ (@) = ) = oo (14 L2 =LY )

(fim(x) = frr (2))?
< [t
2
< Jolfw = fml3 (6.14)
2na? Dea (D)
p
= naz- C:
and K, < w. By applying Lemma 6.6, since
2¢o(P)nDa’ < B
poD
we have
P
Rola,p) > %)9(1 ~ B)Da
& R (Bocy(®)te;)?27
> 2y g T P (1t 0a(1))

23002(45)—10122} n?
1 o«
> CR™rn "7 (L+o0a(1)),
where C' is a constant that depends on «, p, co(P), s 0, B, o and R;.

For the case p < 2, by using computations similar to those of Theorem 2 of
[21], it is easy to prove that the minimax risk associated to the set of functions

supported by [0, 1] and belonging to By ,(R) for 0 < « is larger than n~Tiea up
to a constant.

Finally, the adaptive properties of fny are proved by combining Theorems 2.4
and 2.5 and the previous lower bound.

6.8. Proof of Theorem 2.7

Let us consider the Haar basis. For j > 0 and D € {0,1,...,27}, we set

Cjp= {fm = pljo,1) + a5 p Z @ik |m|=D, mcC /\/J} )

kem

where
N; ={k: &, has support in [0,1]}.
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The parameters j, D, p,a; p are chosen later to fulfill some requirements. Note
that ‘
card(\;) = 27.

We know that there exists a subset of C; p, denoted M; p, and some universal
constants, denoted 6 and o, such that for all m, m' € M; p,

J
card(mAm’) > 0D, log(card(M; p)) > oDlog (%)

(see Lemma 6.7). Now, let us describe all the requirements necessary to obtain
the lower bound of the risk.

e To ensure f,, > 0 and the equivalence between the Kullback distance and
the Lo-norm (see below), the f,,’s have to be larger than p/2. Since the
©j,k’s have disjoint support, this means that

p>2119/2a; p. (6.15)

e We need the f,,’s to be in Ly (R”) N Lo (R”). Since | f|1 = p and |f] oo =
p+2//2|a; pl|, we need

p+27%a;p| < R". (6.16)
e The f;’s have to belong to Bj ;(R') i.e.
p+2°VDlajp| <R (6.17)
e The f,,’s have to belong to W,(R). We have o3 = p. Hence for any ¢ > 0
p21p§\/ﬁt + Da?7Dl|a].,D|§\/ﬁt < R24syts,
If |aj p| < p, then it is enough to have
p* + Daj , < R**%p* (6.18)
and
a,2 2s
Da?, < R¥% <J—D> . (6.19)
p
If the parameters satisfy these equations, then
R(Ws(R) N B; g(R') N L12,00(R")) = R(M;,p),

where R(Ws(R) N B3 g(R') N L12,00(R")) and R(M; p) are respectively the
minimax risks associated with Ws(R) N B3 g(R') N L1,2,00(R") and M p. By
similar arguments to those of the proof of Theorem 2.6, one obtains

1 .
R(M;p) > ~0Da? inf (1— inf P(f=71).
(Myp) 2 30Dap inf (1= inf B(f =)
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We now use Lemma 6.6. Recall that (see (6.14))
2 2
K(]P)f/ ,me) S —nDaj D-
m p El

Hence
(1-DB)o

4

as soon as the mean Kullback Leibler distance is small enough, which is implied
by

R(Mj,D) > Da?,D

2 _
;nDaj p < BoDlog (27/D). (6.20)

Let us take j such that 20 < n/logn < 27+ and with D < 27,
2 P2 i
ajp= ﬂlog (27/D).

First note that (6.20) is automatically fulfilled as soon as p < 2Bo, that is true
if p an absolute constant small enough. Then

. . 2logn
p+2"a;p| < p+ 272 % < L5p.

So, if p is an absolute constant small enough, (6.16) is satisfied. Moreover

2
91+3/2|q; | < 91+i/2 /P iogn <
n

This gives (6.15). Now, take an integer D = D,, such that
n 1-2s
Dn ~ s oo R2—4s v .
- (logn>
For n large enough, D,, < 27 and D,, is feasible. We have for R fixed,

logn
2 2 108
aijn ~n—oo CSp n ?

where Cj is a constant only depending on s. Therefore,

p+27y Dnlajp,|=p+ v CspR'™% 4 0, (1).

Since R'~2% < R’ it is sufficient to take p small enough but constant depending
only on s to obtain (6.17). Moreover,

_ logn\ %
e e (22)

Hence (6.18) is equivalent to p? < R27%%p?%. Since R > 1, this is true as soon
as p < 1. Finally (6.19) is equivalent, when n tends to +oo, to

Cop® < (Csp)*.
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Once again this is true for p small enough depending on s. As we can choose p
not depending on R, R’, R”, this concludes the proof.

Corollary 2.1 is completely straightforward once we notice that if R > R then
for every s, R > R?>™4s,

6.9. Proof of Proposition 3.1

The first point is obvious. For the second point, first, let us take f € F. We can
write f =) \ca, BaPa, where

Ar={Xx: B\ #0}
is finite. Since ) # 0 implies F\ > 0, we have

min I > 0.
AEAL
So, f belongs to F,(R) for n and R large enough.

Conversely, if f =37, 4 Bx@x belongs to F,,(R) for some n and some R > 0
and if f has an infinite number of non-zero wavelet coefficients, then there is an
infinite number of indices A = (7, k) such that

(logn)(loglogn)

F\=Fj, > —————.
n

So, either for any arbitrary large j, there exists k such that

(logn)(loglogn)
n
so f & Lo (R) or there exists j such that ), Fj, = +oo and f ¢ Li(R)
(see (6.3)). This cannot occur since f € F,(R). This concludes the proof of
Proposition 3.1.

< Fy < | floolsupp(@sn)l = 11277,

6.10. Proof of Theorem 3.1

We apply Proposition 6.1 and Equation (6.10) and we choose the parameter ~
in an optimal way. The main terms in the upper bound given by the proposition
are the first and third ones. So, we choose k2 close to v~ ! as allowed by the
assumptions of the proposition and we fix v such that

1+ K2 2% v+ 1) and 2 L+ 2% +9)
1— k2 v—1 1 — k2 v—1

2
are as small as possible. We first minimize % so we choose v = 1 + V2.

Now, we set k& = v/0.42 ~ (14 1/2)~ /2. Then, with § > 0 such that

(1+6)% = 11.822(1 — £?)(2y(1 + £2?))~* =~ 1.00006,
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we obtain

EIff, - fI5 < inf 6 ST A+ D (3.4 +11.822l0gn)Va

Agm rem
log n@a]eo \ K
A —o YAl =
FOMNE

AEM

where
A= A6V (1 + K2 (1 — k%)L

Let n and R > 0 be fixed and let f € F,(R). Assume that /5 # 0. In this case,

mos (logn)(loglogn)
2

But _ _
F\, <2 max(j,0) ”f”oo <92~ max(J,O)R

for X = (4, k). So 27 < 29 holds for n large enough and X\ belongs to I',,. Finally,
we conclude that ) # 0 implies A € I';,. Now, take

m={\Nel,: B>V}
If m is empty, then 33 = min(j3%, V) ,,) for every A € I',,. Hence
K

n

E|fyf, = fI5<6 > min(53, Vo) +
Ael’,

and Theorem 3.1 is proved. If m is not empty, with A = (j, k),
2max(j,0) F\

loal2. Fa
n n '

V)\,n
Hence, for all n, if A € m, then 8\ # 0 and

(logn)?(loglogn)|oal%
’I’L2

Vi nlogn >

and if n is large enough,

2
0.1logn Y Van =AY (%) +34Y Vi
n

AEM AEmM AEm

Theorem 3.1 is proved since for n large enough (that depends on R), we obtain:

; K
E|fi, = fI3 < 6 BX+11.922logn ) | Van+ —
Agm Aem
1
< 12logn | DB+ Y Vant -

Agm rem
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6.11. Proof of Theorem 3.2

Let v < 1. Note that for all € > 0,
[0 & Ylogn
29V nlogn + T”@A”oo Sy < nf\ﬁ, (6.21)

A 1 -
My = \/27(1 + ¢)log (n)Van + Mwa

n

with

where w. = ve=1 +6 + 1/3 depends only on €. We choose € such that ' =
v(1+¢) < 1. Let @ > 1 and n be fixed. We set j the positive integer such that

n <9i < 2n
(logn)> — (logn)*’

For all k € {0,...,27 — 1}, we define

(k+3)277 (k+1)277
N;)'k :/ _ dN(z) and N :/ ~dN(z).
k27 (k+5)277

These variables are i.i.d. random Poisson variables of parameter p, ; = n277~1.
Moreover,

. 23 _ . 27 -
Bk = ;(NJ‘J,FJC - Nj,k) and  Vjgn = E(N;,rk + Nj,k)'

Hence,
B 271
EIRL —f13 2 Y E(Benlis,eiom,)
k=0

2791

A2 o
> ) ]E(ﬁj,k,nl|5j,k,n|>ni\,'y)
k=0

271
> E(3,. 1 .
- kZ:O (ﬁj,kﬁ ‘N]f,k—N;UZ\/Q»y/log (n)(N:kJrNJTk)Jrlog (n)'yw5>
Let u,, be a bounded sequence that will be fixed later such that w,, > yw.. We

set )
Up,j = (, [4~'log (n) fin,; + log (n)un)

where [i,, ; is the largest integer smaller that 11, ;. Note that if

vV Un,j — Un,j
and N

+ o~ o~
Nk = g + 7 gk = Hng = T
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then

NG = Nyl = 1/29'log () (N}, + N;,) + log (n)u.

Let N* and N~ be two independent Poisson variables of parameter i, ;. Then,

_ 22j _ Un B _ Un
EIfiL, = fI3 > —5va,P <N+ = fing + Y5 and N7 = fig; — 2’”) :
Note that 1 1
71087)* =1 < finj < pin; < 5(logn)®

and

/Un.i \/Un.,j

lim ) — lim X —.
n——+o00 Mo, 5 n—-+00 Hn,j

So, we set

Un,. 4 Un,j

an = ,an,J —+ 277,,] and Mp,j = ﬂn,j - 2"13

that go to 400 with n. Now, we take a bounded sequence u,, such that for any

VUn,j
2

n, is an integer and wu,, > yw.. Hence by the Stirling formula,

3 Un,j - Un,j _ N /Un,j
E"frlf’y_fug > 7‘]20‘? (N+_,Um,j+ 5 J)]P(N _IUJ"J_TJ>

(logn)
In,j Mn,j
- Un,j  Hnj e P Fon.j e Hnii
= 1 200 ] | il
( og TL) n,g- Mn,j:
s ~ M
> Unge ? B g, Pins” “hn.g
= 1 2a L, ! ¢ i c
( og TL) n,g- Mn,j:
— -~ 5 ln, j [ " ‘
s g (1)t (s )
~ (logn)? =t \ Ly, Ming
=G s=mn) L+ 0n(D)
27T\/m
/-2 i VAT - \/'Un_]
Z 2’}/ e Hon,j |:h< 20n,j >+h( b, >:| (1 + On(l))

m(logn)2e—1 ‘

where h(z) = (1 + z)log (1 + z) — 2 = 22 /2 + O(a?). So,

REN

2J

) (1 +o0n(1)).

3N

R T e €
Y 2= m(logn)2e—1

Since
U, = 47'log () fin,; (1 + 0, (1)),
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we obtain

2’}//6_2

ElfH _ 2> __21° —~'log (n)+on (log (n)) 1 (1)),
"fn,’y f"2 = w(logn)%‘—le ( +o ( ))

Finally, for every § > 7/,
~ 1
EIF, ~ I3 > (1 4+ ou(1),
and Theorem 3.2 is proved.

6.12. Proof of Theorem 3.3

Without loss of generality, the result is proved for R = 2. Before proving Theo-
rem 3.3, let us state the following result.

Lemma 6.8. Let ymin € (1,7) be fized and let 0y ..., be the threshold associated

With Ymin -
o logn
M e = Dminlog V" 4+ T o o,
where
. 2 2
P v + \/Qmelognvmllmll N 37mmlogn"‘”"

(see (1.4)). Let u = (un)n be a sequence of positive numbers and

Ay={rely: P(Wx,’y < Bl + 77>\7’Ymin) < Upt.

Then
Elfal, = fI5 = ( > @) (1= (3n i 4+ uy,)).
AEA,
Proof.
]E” ~71;_{'Y - f”§ 2 Z E ((ﬁk’n - /BA)zl‘Bk,n‘an,'y + ﬁg‘l‘ﬁk,nl<n>\,'y)
AEA,
> > BP(Banl <mry)
AEA,
> Y BP(1Ban — Bal + Bl < masy)
AEA,
> Y BAP(Ban — Bal < i a0d M, + 182 < 12 5)
AEA,
> (Z 6)\> (1 — (Bn™min q,)),
AEA,

by applying Lemma 6.1. O
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Using Lemma 6.8, we give the proof of Theorem 3.3. Let us consider

2 — ‘min 21 n
f:1[071]+2\/(ﬁ VZ )2logn _

Pk
]CE./\/J'
with _
N;={0,1,...,2/ — 1}
and 5
n - n
- coi< T 40
(logn)i¥a =7 = (logn)+a’ @

Note that for any k € N,

(logn)(loglogn)

Fip=277>
n

for n large enough and f belongs to F,,(2). Furthermore, for any k € Nj,

‘/j,k,n - Vfl,O,n =
n

So, for n large enough,

> min(B, Van) = Voron+ Y, Vikn = % + Y %

A€l kEN; keN;

Now, to apply Lemma 6.8, let us set for any n, u, = n~" and observe that for
any € > 0, since Ymin < 7,

P ymin + 185 = 129) < P((1+€)29minlog nVi%2 + (14+271) B3 > 29lognVi ),

with

5= 2(\/7 — /Jmin)?logn

2 = )
n

With € = \/7/Ymin — 1 and 0 = \/Ymin/7,

P((1 + £)29minlogn Nfﬁ“ +(1+eHpi > 2710gnf/>\1n)
= POV + (1 — 0)Van > Vi)

Since V)ff’é“ < Vams
P (n)\)'Ymin + |ﬁ>\| 2 77)‘7'7) S ]P)(kan‘ > f/}\fn‘) S Unp,-

So,
{(J,k):  keN;}CAy,
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and

EIff — 13 > Y A1 (Bn i 4 n77))

keN;
2 1 o B
> (V7 = VYmin)2logn Z —(1 = (3n 7 "min 4 7))
kGN]‘ n
. 1
> (VA= VAmm)2logn | > min(B3, Van) — -
AET,

X (1 _ (3n_’7min + n_'Y))'
Finally, since card(N;) — 400 when n — +o0,

El fny — £I3
>oner, min(B%, Va,) + =

> (VY — Amin)*2logn(1 + 0, (1)).

7. Definition of the signals used in Section 4

The following table gives the definition of the signals used in Section 4.

Haarl Haar2 Blocks
hj 10,1]
110,1) 1.5 119,0.125) + 0.5 1[9.125,0.25] T 1[0.25,1] 2+Z7 (1 + sgn(z —p;)) 3551
5 3.
Comb Gaussl Gauss2
+oo _ (2—0.5)2 _ (2—0.5)2 _ (z—5)2
Z 21 5 2 ;e 2x0.252 ! e 2x0.252 4 _° o 2x0.252
o 2k Tk Btk 0.25/27 Nox: Nox:
Beta0.5 Beta4 Bumps
0507091 8211 S (14 2=z} o
: ]0,1] [1,400] - Jj w; 0.284
where
P = 0.1 0.13 0.15 0.23 0.25 0.4 0.44 0.65 0.76 0.78 0.81
h = 4 -5 3 -4 5 -4.2 2.1 4.3 -3.1 2.1 -4.2
g = 4 5 3 4 5 4.2 2.1 4.3 3.1 5.1 4.2
w = 0.005 0.005 0.006 0.01 0.01 0.03 0.01 0.01 0.005 0.008 0.005
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