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In this paper, our aim is to estimate sparse sequences in the framework of the heteroscedastic
white noise model. To model sparsity, we consider a Bayesian model composed of a mixture of
a heavy-tailed density and a point mass at zero. To evaluate the performance of the Bayes rules
(the median or the mean of the posterior distribution), we exploit an alternative to the minimax
setting developed in particular by Kerkyacharian and Picard: we determine the maxisets for each
of these estimators. Using this approach, we compare the performance of Bayesian procedures
with thresholding ones. Furthermore, the maxisets obtained can be viewed as weighted versions
of weak lq spaces that naturally model sparsity. This remark leads us to investigate the following
problem: how can we choose the prior parameters to build typical realizations of weighted weak
lq spaces?
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convergence, sparsity, thresholding rules, weighted weak lq spaces.
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1. Introduction

1.1. MoDEL. In this paper, we consider the following heteroscedastic white
noise model:

(1) T = Ok + ek, k=1,2,...,

where § = (0))r>1 is an unknown sequence to be estimated by using observations
(xk)k>1, € > 0 is a small parameter, and (£)r>1 is an independent and identi-
cally distributed (i.i.d.) sequence of Gaussian variables with mean zero and unit
variance. Along this paper, we assume that o = (o%)k>1 is a known sequence of

(©2005 by Allerton Press, Inc. Authorization to photocopy individual items for internal or
personal use, or the internal or personal use of specific clients, is granted by Allerton Press, Inc.
for libraries and other users registered with the Copyright Clearance Center (CCC) Transactional
Reporting Service, provided that the base fee of $50.00 per copy is paid directly to CCC, 222
Rosewood Drive, Danvers, MA 01923.



2 V. Rivoirard

positive real numbers. This heteroscedastic white noise model, that appears as
a generalization of the classical white noise model (for which, we have V & > 1,
or = 1), is extensively used by statisticians. Let us briefly recall the reasons for
this large use and provide references. Given a known linear operator A, we use
the heteroscedastic white noise model when we have to estimate the solution f of
the linear equation g = Af, with noisy observations of g. Most of the time, to
deal with such a problem, we exploit the singular value decomposition of A and
the sequence (0,;2) k>1 is then the eigenvalues sequence of the operator A*A, with
A* the adjoint of A. There is a considerable literature about statistical inverse
problems. Let us cite Korostelev and Tsybakov [28], Donoho [14], Golubev and
Khasminskii [19], Goldenshluger and Pereverzev [18], Cavalier, Golubev, Picard
and Tsybakov [7] and the references cited below. Some well-posed inverse prob-

lems with noise can be reduced to (1) with oy, "Z%° (. The condition oy, “==" 400
characterizes ill-posed problems. For instance, the sequences (oj)r>1 associated
with operators such as integration considered by Ruymgaart [35], the Radon trans-
form (see Cavalier and Tsybakov [8]), convolution for the case studied by Cavalier
and Tsybakov [8] or operators for some elliptic differential equations (see Mair and
Ruymgaart [29]) have a polynomial growth. But, the o%’s may grow exponentially.
See, for instance, Pereverzev and Schock [32] who considered the problem of satel-
lite geodesy or the inverse problems associated with partial differential equations
such as the heat equation (see Mair and Ruymgaart [29]).

In the wavelet context, Johnstone [21] and Johnstone and Silverman [22] ex-
plained that the heteroscedastic white noise model can also be used to represent
direct observations with correlated structure. More precisely, let us assume that we
are given the following nonparametric regression model:

(2) Y;:f(Z/TL)—‘rel, ’LE{LQ,,H},

where n is an integer, f is the signal to be estimated, and the e;’s are drawn from
a stationary Gaussian process. By studying the autocorrelation function of the
e;’s, Johnstone [21] and Johnstone and Silverman [22] showed that under a good
choice of € and 0 = (0%)x>1, the model (1) appears as a good approximation of the
model (2) when n is large.

1.2. BAYESIAN MODEL AND BAYES RULES. In this paper, we suppose that
the sequence 6 to be estimated is sparse. It means that only a small proportion of
the 0;’s are non-negligible. When the 6)’s are wavelet coefficients, this assumption
is natural since the underlying property of wavelets is that a function can be well
approximated by a function with a relatively small proportion of nonzero wavelet
coefficients. In this paper, we model the sparsity by using a Bayesian approach.
For this purpose, we assume that the ;’s are random and the distribution of 6 is
such that the 6;’s are independent and for any k& > 1, there exist a fixed parameter
wk. € (0,1) depending on € and k and a fixed density ~, such that, with probability
1 —wyge, 0 is equal to 0 and with probability wy, ., the density of 8 is v, where

Ve (0) = s,V (5k,e0), VOeER

and
Sk7€ = (sak)_l.
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If §p denotes the Dirac mass at 0, this model is written as follows:
(My) Or ~ (1 — wg )00 (0) + Wi cVr,e (Or), k>1.

So, roughly speaking, the first term models the negligible components and the
second one non-negligible ones.

Bayesian procedures have now become very popular in signal estimation, since
they often outperform classical procedures and in particular thresholding proce-
dures from the practical point of view. See the very complete review paper of
Antoniadis, Bigot and Sapatinas [4] who provide descriptions and practical com-
parisons of various Bayesian wavelet shrinkage and wavelet thresholding estimators.
It is relevant to note that most of works about Bayesian procedures take place in
the practical framework. However, we can cite Johnstone and Silverman [24, 25]
and Abramovich, Amato and Angelini [1] who studied Bayesian procedures from
the minimax point of view.

Most of the authors consider quite similar Bayesian models and often, priors
are based on normal distributions. For instance, in the wavelet framework, John-
stone and Silverman [23] following Abramovich, Sapatinas and Silverman [3] and
Clyde, Parmigiani and Vidakovic [10] consider a mixture of a normal component
and a point mass at zero for the wavelet coefficients. Chipman, Kolaczyk and
McCulloch [9] impose a mixture of two Gaussian distributions with different vari-
ances for negligible and non-negligible wavelet coefficients. Let us add that, often,
properties of conjugate families enable statisticians to point out easily Bayes rules
when Gaussian priors are considered in the classical Gaussian white noise model.
However, Johnstone and Silverman [24, 25] did not use Gaussian distributions and
showed the advantages from the minimax point of view in considering heavy-tailed
distributions. In the maxiset framework, we shall draw similar conclusions concern-
ing 1.

The posterior distribution of 8y, given xy, is

Pk (wk — Or) [Wr e Vr,e (Ok) + (1 — wi )00 (0)]
wee [T drl@r — 0) ke (0) dO + (1 — wy o) pr ()

)

(3) %f,g(ek | 21) =

where ¢y denotes the density of eoiy, using notations of Section 1.1. For all
€ > 0, we assume that we are given a real number A, > 1 depending only on € and
tending to 400 as ¢ — 0. We estimate each 6 by ézl (z) or by é,lf () defined by
the following procedure.

o If k < A, ézl (zx) (respectively éZz (zx)) is the median (respectively the mean)
of the posterior distribution of 8y given xj. Therefore, these rules satisfy: for any
Or < 07 (),

F’Yd) (ék) <05< F'VZ-,),E (021 (zx)), é% (zk) = /kaylf)s(ak | x) dby,

k,e

where F, » denotes the cumulative distribution function of ’yg’ G ag).
k,e )

o If k> A,, then é,ﬁl (zk) = §Z2 (zg) = 0.
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The values of the hyperparameters wy, ¢, v, and A, will be chosen later. Other
properties of these Bayes rules are given in Section 2.1. So, the choice for Bayes
rules is very classical. Indeed, most of the time, in practice, the Bayes rules used
by statisticians are the median, and more frequently the mean of the posterior
distribution, which are generally better estimates than the mode (see Berger [5],
p. 101). Note that the posterior mean and the posterior median are built by using
the posterior distribution on its whole support. For instance, let us cite Chipman,
Kolaczyk and McCulloch [9] and Clyde, Parmigiani and Vidakovic [10] who used
the posterior mean. But Abramovich, Sapatinas and Silverman [3] considered the
posterior median under a Bayesian model that has the same form as (M;). In
their Bayesian framework, unlike the posterior mean, the posterior median is a true
thresholding rule. In the wavelet context, they showed several simulated examples
for which this approach improves most of the traditional methods. If from the
practical point of view, the median seems preferable to the mean, what happens
under a theoretical approach? From the minimax point of view, Theorem 1 of
Johnstone and Silverman [24] showed that the posterior median of their Bayes model
achieves optimal rates of convergence under Besov body constraints and for [,-
losses, with 0 < ¢ < 2. If the posterior mean is used, optimal rates are also achieved
but only if 1 < ¢ < 2 (see Section 7.3 of [24]). This provides some theoretical
justification for preferring the posterior median over the posterior mean. In this
paper, to evaluate the performance of 8 = (6 (z3))x>1 and %2 = (6% (x%))r>1,
we use neither a practical approach nor the minimax theory, which have been
extensively considered, but the maxiset theory that we describe now.

1.3. THE MAXISET THEORY AND FUNCTIONAL SPACES. Let us first moti-
vate the introduction of the maxiset point of view. When nonparametric problems
are explored, the minimax theory is the most popular point of view: it consists in
ensuring that the used procedure § = (6 (x1))x>1 achieves the best rate on a given
sequence space S. But, at first, the choice of S is arbitrary (what kind of spaces has
to be considered: Sobolev spaces? Besov spaces? why?), secondly, S could contain
sequences very difficult to estimate. Since the unknown quantity 6 = (6y)r>1 could
be easier to estimate, the used procedure could be too pessimistic and not adapted
to the data. More embarrassing in practice, several minimax procedures may be
proposed and the practitioner has no way to decide but his experiment. To answer
these issues, another point of view has recently appeared: the maxiset point of view
introduced by Cohen, DeVore, Kerkyacharian and Picard [12] and Kerkyacharian
and Picard [26]. Given an estimate é, it consists in assessing the accuracy of 0 by
fixing a prescribed rate p. and pointing out the set of all the sequences 6 that can
be estimated by the procedure 6 at the target rate p.. So, under the statistical
model (1), we introduce the following definition.

Definition 1. Let 1 < p < oo and let § = (0 (x%))r>1 be an estimator. The
maxiset of 6 associated with the rate p. and the [,-loss is

VS p2,) = {0 = (B sup | (B3 (o) - eup)wpgl} <oo).

k>1
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The maxiset point of view brings answers to the previous issues. Indeed, there is
no a priori assumption on 6 and then, the practitioner does not need to restrict his
study to an arbitrary sequence space. The practitioner states the desired accuracy
and then, knows the quality of the used procedure. Obviously, he chooses the
procedure with the largest maxiset. Let us give first examples of maxiset results in
the statistical framework of this paper. For this purpose, we need to introduce the
following sequence spaces.

Definition 2. For all 1 < p < 0o and 0 < 1 < 0o, we set
B . = {9 = (0k)k>1: sup AP Z 10k|P < oo},
A E>A
and if ¢ is a real number such that 0 < ¢ < p, we set

wlyp q(0) = {9 = (Ok)r>1: sup AT g, 5 am, 08 < oo}.
>0 L

Now, let us focus on thresholding rules associated with the universal threshold
Aie = 0xer/|loge| (see Donoho and Johnstone [16]): for all € > 0, we assume that
we are given a real number A* > 0 only depending on ¢ and tending to +oo as
e — 0, and we set

A 2l oy i k< AY
9]2(:1716){ kx| > Nk e €

0 otherwise,

where s, is a constant. Kerkyacharian and Picard [26] have studied the maxisets
for this procedure. They obtained the following result for 6" = (0! (xx))x>1 (Theo-
rems 3.1 and 3.2 of Kerkyacharian and Picard [26)):

Theorem 1. Let 1 < p < oo be a fized real number and 0 < r < co. We suppose
that

(4) Ve, A= (e/|logel) ",

and there exists a positive constant T such thatV e

(5) /1] Jog e VA2 N gb < T
k<A%

Let q be a fized positive real number such that ¢ < p. Then, if s, > /2p,

MS (ét, (s\/ | log€|)(17q/p),p) =wlp (o) N Bj,&*q/p).

Remark 1. In this last result, of course, to avoid problems of definitions in (4)
and (5), it is implicitly assumed, without loss of generality, that ¢ remains smaller
than a positive constant €¢ strictly smaller than 1 (equal to 1/2 for instance).
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For the model (1), we can prove that under some conditions, the maxisets associ-
ated with linear estimates of the form (lxxy)r>1, where (I5)r>1 is a non-increasing
sequence of weights lying in [0, 1], are the spaces B}l ., called Besov bodies. These
conditions are satisfied, for instance, by projection weights, Tikhonov—Phillips
weights or Pinsker weights. For further details see Theorem 2 of Rivoirard [34]. We
can add that Lemma 1 of Rivoirard [34] proves that for the rate (4/]loge[)(1=9/P),
the maxisets of linear estimates are strictly contained in the maxisets of thresh-
olding rules. It means that from the maxiset point of view, linear estimates are
outperformed by thresholding ones. Kerkyacharian and Picard [27] also applied
the maxiset theory for local bandwidth selection in the framework of the Gauss-
ian white noise model. Under some conditions, they proved that local bandwidth
selection is at least as good as the thresholding procedure (see Section 5 of [27]).

The comparison of procedures based on maxisets is not as widely used as mini-
max comparison. However the results that have been obtained up to now are very
promising since they generally show that the maxisets of well-known procedures
are spaces that are well established and easily interpretable. Indeed, in the maxiset
approach, the Besov bodies (the spaces B]] . ) control the 6’s for the large values
of k. As for the spaces wiy 4(c), they can be viewed as weighted weak [, spaces.
The weak [, space is the space wl, 4(0) when o}, = 1 for any k > 1, so we denote it
wlp,4(1), and it was considered in statistics by Johnstone [20], Donoho and John-
stone [17] or Abramovich, Benjamini, Donoho and Johnstone [2]. This space was
also studied in approximation theory and coding by DeVore [13], Donoho [15], or
Cohen, DeVore and Hochmuth [11]. Abramovich, Benjamini, Donoho and John-
stone [2] proved that if we order the components of a sequence 6 according to their
size:

1011y > 10l2y > > 10]ny > - -,

then
0 cwly(l) < supnl/q|0|(n) < 00

(see Section 1.2 of [2]). So, wl,q(1) spaces naturally measure the sparsity of a
signal. Of course, the weighted versions of these spaces, the wi, 4(c) spaces, share
the same property.

So, since Bayesian Procedures, commonly used in practice, have been barely
studied from a theoretical point of view, it seems relevant to investigate the maxiset
results for the Bayesian procedures 6% and b2 introduced in Section 1.2 and our
first two goals in this paper will be the following:

1. to point out the maxisets of the Bayesian procedures 6 and 62,
2. to compare these estimators with traditional procedures in the maxiset ap-
proach by comparing their respective maxisets.

We shall draw interesting conclusions from the maxiset results of these classical
Bayes rules that are extensively used in practice.

1.4. MAXISET RESULTS. Given 1 < p < oo and p. the prescribed rate,
our first issue is to determine for i € {1,2}, M S(éb’?,p87 p) once we have fixed
assumptions on the hyperparameters wy ., v, and A.. First, throughout this paper,
we take the density v to be unimodal, symmetric about 0, positive, and absolutely
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continuous on R. We also assume that there exist two positive constants M and
M7 such that

(H1) sup
0>M,

do

d
log'y(ﬂ)‘ =M < 0.

It implies that the tails of v have to be exponential or heavier. This enables
us to establish asymptotic properties of 921 (zx) and 922 (zx). We prove that the
posterior median 921 (zx) is a thresholding rule. The posterior mean does not have
this thresholding property, but is a shrinkage rule (see Propositions 1, 2, and 3 in
Section 2). We also assume that wy . = w. depends only on ¢ and we set
7o = (1 —w)w; .

Then, the maxisets for these procedures can be pointed out if we take in addition
pe and A, of the form

pe = (ev IOgWa)l_Q/pv Ac = (ey/logm) ™",

with 0 < r < oo and 0 < ¢ < p. Corollaries 1 and 2 show that under mild
assumptions on 7. and on the size of the o}’s (see Assumptions (7), (8), (10),
and (11), for ¢ € {1, 2},

MS(6%, (e/logme)' =7, p) = wl,, 4(0) N BLZA=9/P).

In particular, it is possible to choose w. = €, as soon as v is great enough to
satisfy Assumptions (7), (8), (10), and (11). So, as far as the maxiset point of
view is concerned, and roughly under the same conditions, both Bayesian proce-
dures achieve exactly the same performance as the thresholding one for the rate
(ey/|1loge])(1=9/P). And for this last rate, we can then claim that each of the
Bayesian procedures outperforms the linear algorithm. We note in Section 2.4 that
Assumption (H;) on the tails of v is essential to get maxisets as large as possible.
Finally, in Section 2.5, the previous results are readily extended to the case where
we want to estimate functions f decomposed in an appropriate unconditional fixed
basis B = {tp,k > 1} as f = >, o, 0k, We assume that 6 is still observed
through the model (1) and still estimated by Bayes rules. In this case, the maxisets
are no longer sequence spaces but real functional spaces. See Section 2.5 for more
details.

1.5. CONNECTIONS BETWEEN THE PROPOSED BAYESIAN MODEL AND THE
SPACES POINTED OUT. Starting from a Bayesian model, the outcomes of the
study of the associated natural Bayes rules under the maxiset approach are the
spaces wly, 4(0). Thus, the Bayesian model (M;) and wl, ,(o) spaces are connected
throughout the maxiset approach. We can wonder whether or not this connection
is “artificial”. It is worthwhile to observe that the Bayesian model has been con-
structed to model the sparsity of the sequences to be estimated. And as recalled in
Section 1.3, wl, 4(o) spaces are natural spaces to measure the sparsity of a sequence
by controlling the proportion of non-negligible 6;’s. The third goal of this paper is
then the following.

3. Can we establish a “direct” connection between (M;) and wl, 4(o) spaces?
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Actually, we would like to prove a result similar to the one obtained by Ab-
ramovich, Sapatinas and Silverman [3] and exploited by Abramovich, Amato and
Angelini [1]. Abramovich, Sapatinas and Silverman considered in the wavelet frame-
work a Bayesian model (denoted (M7)) similar to (M), where « is fixed in advance
and is the density of a Gaussian variable with mean zero and unit variance. Then,
they established a necessary and sufficient condition on the other hyperparame-
ters of (M7) to ensure that the signal built from the wavelet coefficients coming
from (M7) belongs, almost surely, to a prescribed Besov space (see Theorem 1
of Abramovich, Sapatinas and Silverman [3]). We would like to do the same job
with (M7) and wl, 4(0) spaces, but without fixing « in advance. Theorem 7 of
Section 3 gives answers to this issue. In particular, we point out the condition
SUP )~ A? f;oo ~v(z)dxr < oo, which means that the tails of v cannot be heavier
than those of a Pareto(g)-variable. Consequently, similarly to the result presented
in Section 2.2 of Rivoirard [33], this result illustrates the strong connections between
Pareto(q)-distributions and wi, 4(o) spaces. Theorem 7 is proved by using results
on weighted empirical distribution process established by Marcus and Zinn [30].

1.6. CONTENTS. In Section 2, we give some properties of the Bayes
rules and evaluate the maxisets obtained for the Bayesian procedures 0% and 6.
Section 3 investigates the relationships between the Bayesian model and wi, 4(o)
spaces. Finally, in Section 4, we prove the results concerning the asymptotic prop-
erties of the Bayes rules.

2. Maxisets for Bayesian Procedures

2.1. PROPERTIES OF THE BAYES RULES. In the Introduction, we defined
the Bayes procedures 6% and 62 used in this paper. Recall that for k& < Ag,
ézl (zk) (respectively é,l;? (zx)) is the median (respectively the mean) of the posterior
distribution of 6, given zj given by (3). We also mention that if 44 . denotes the
prior distribution of 6y, then for any 1 < p < oo and any estimator 0y (2) of O, the
Bayes risk B(ék,’ykﬁ,p) of ék(xk) with respect to 4y associated with the [,-loss
defined by

B0k, ke p) = // Ao (01)10k (T1) — Ok P i (x — ) dBy. dazy,,

where ¢y, still denotes the density of oy &y, satisfies:

B0 Ak, 1) < BB, e 1),

and X A
B0} ke, 2) < B(Or, An.e, 2).

These Bayes rules are shrinkage rules. In particular, they satisfy the following
property, which will be capital for description of their maxisets. For further details,
see Lemma 2, inequality (62), and Section 5.5 of Johnstone and Silverman [25].

Proposition 1. For all k > 1, since v is symmetric, absolutely continuous,
positive, and unimodal, we have for i € {1,2},
o 0%i(xh) < 0% (23) for any (x},23) such that x} < a3,
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° ézi(ka) = —éz (zx) for any xy,
e 0L Gzi(xk) <z for any xp >0,
° |0,li"(zk) — 0| < max(|0kl;|zr — Ok|) for any (zk,O).

Assumptions imposed on the Bayesian model enable us to deduce other proper-
ties. Assumption (H7) implies that

Vu>M,  vy(u)=y(M)exp(—M(u— M)).

It means that the tails of v have to be exponential or heavier. We shall see below
(see Section 2.4) that this assumption is essential to get maxisets as large as possible.
Furthermore, wy,. = w. depends only on € and we shall assume throughout this
paper that m. = (1 — w.)wZ ! satisfies the following mild assumptions, globally
denoted (Hs):

1. ¢ — m. is continuous,
. inf€>0 e > 1,
. m = exp(l),
Tie E;O 00,
. ey/log . =%0.

Then, we deduce the asymptotic behavior of éZl (x)-

Proposition 2. Assume that (Hy) and (Hy) hold. For all k < A., 8% (z4) is a
thresholding rule, i.e., there exists a uniquely defined t(w.) such that

0 (1) =0 = spelon] < tme),
where the threshold t(w.) satisfies t(me) > /2log(w) for . large enough, and

t(me)
Te—F00 /2 IOg(TrE)

Furthermore, there exists a positive constant C such that

. b
limsup |sg cx — Sk 00 (¥8) [ 15, 2y >20(n) < C.
Te—+00

Remark 2. The threshold ¢(n.) introduced in Proposition 2 will be used
throughout this paper, even though it is only implicitly defined.

The proof of this proposition is given in the Appendix. Since V k < A, éZl (k)
is a thresholding rule, it will be easy to evaluate the maxiset for 6°t. As for the

posterior mean, we have the following useful result.

Proposition 3. Assume that (Hy) and (Hz) hold. Let k < A be fized. There
exist two functions e1 and g5 bounded on [1,+00) such that e1(x) = 0, and

. 1+e1(Skexr)
1+ med(sketr)V(Sk,exr) " tea(Skexn)’

(6) 0% (x1,) =
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where ¢ denotes the density of a (0,1) Gaussian variable. If t(w.) is the threshold
introduced in Proposition 2, there exists a positive constant C such that

lim sup |sg x5 — Sk,sézz (@) 1)sy can|>2t(r) < C-

Te—+00

Proposition 3 is proved in the Appendix.

Remark 3. By using the results of Proposition 3, we have for 7. large enough,

~ t _1
922 (s,:i (7;5))‘ < e zslzji\/logws.

Unlike 921 (x), forall k < A, 92"’ (xr) is not a thresholding rule, since é,zf (xg) #0
if x5 # 0, and we can easily prove that under (Hy),

lim

Sk,err—0

—+oo _
72 u? exp(—3u?)y(u) du ! o
Tk Foo 1 ek (l'k;) =1.
S exp(—5u?)y(u) du + 7.
Now, we are ready to evaluate the maxisets for both Bayesian rules. In Sections 2.2

and 2.3, for 7 € {1, 2}, the risk of b studied under the l,-norm (1 < p < 00), will
be denoted Rp(ébi). We have:

1/p
Ry(0%) = @6 01 ) = (SR ) -0l )

k>1

2.2. MAXISETS FOR THE POSTERIOR MEDIAN. Since V k < A, ézl () is a

thresholding rule, it is easy to evaluate the maxiset for 6%, On the one hand, we
have:

Theorem 2. Assume that (Hy) and (Hs) hold. Let 0 <1 < 0o and 1 <p < o0
be two fized real numbers. Suppose that Ve > 0,

Ac = (e/logm)™"

and there exist two positive constants Ty and Ty such that ¥V e > 0,

(7) e P - (log 71'8)*%*g <Ti,
(8) logwe —i Z oh < Ts.
k<Ac

Let q be a fized positive real number such that ¢ < p. If 0 € By s r(1- q/p) Nwly, 4(0),
then there exists a positive constant C such that

Ve >0, Rp(ébl) < C(er/logm )19/,
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The proof of this theorem that uses Proposition 2 is omitted since it is inspired
by the proof of Theorem 3.1 of Kerkyacharian and Picard [26] and is very similar
to the proof of Theorem 4 of Section 2.3.

On the other hand, we have:

Theorem 3. Assume that (Hy) and (Hz) hold. Let 0 <r < oo and 1 < p < o0
be two fixed real numbers. Suppose that Ve > 0,

Ac = (e/logm:)™".

Let q be a fized positive real number such that ¢ < p. If there exists a positive
constant C' such that

Ve>0, R,(6%) < C(e/logm. )t —9/7,

then 6 € Bififq/p) Nwlpq4(0).

Before proving Theorem 3, let us recall the following result (Lemma 2.2 of Kerky-
acharian and Picard [26]):

Proposition 4. For any 1 <p < oo and 0 < q < p,

wlp,q(0) = {9 = (Ok)k>1: sup AP Loy < 061 < OO}~
k

Proof of Theorem 3. Since 71 = exp(1), we have Ay = 1 and [|f||] < CP. For
any € > 0, ’
S I S B - olf, < crazoor,
E>A.

and since € — A, is continuous with lim._.g A: = +00, we have:

sup AT Y o, <
A>0 o
1 1
and 6 € B,;f,i v,
In the following, we shall use ¢(r.) (denoted ¢t if there is no risk of confusion)

introduced in Proposition 2 and the following inequality: for any m > 0, with
Z ~ N(0,1), for € small enough,

9) P(|sk,6xk — S0k > %) < IE”(|Z| > %V?logws)

/OO _u2/2 d'U;
<2 e —
L/2logm. V2T

1 1 2 > 1 du
< 2ex —f(—\/210 7Tg) )/ e UmV2logme 77
p( o\ V=08 o oL

< K(logwg)_l/2 Ws_l/mQ,
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where K depends only on m. So, for k < A, and for ¢ small enough,

= 0k["E (L5, Lo 1<t Ljscani>t) T E(0|"L1s, Loy 1< 2 Ljsp canl<t)

¢ .
< |9k|p1\s;c,sek\sép(|8k,s$k — Skl > 5) +E (0" (xk) — Ok

|6k|p1|5k,59k|§%

IA

1 R
§|9k\p1|sk,€9k\g§ +E |07 (z1) — 0k P
Therefore, for € small enough,

Z |9k|p1\8k,s9k\ﬁé <2E Héb1 - GHZ, < 2017(5 V logﬂ-e)p_q'
k

Since € — m. is continuous, it implies that there exists A\g > 0 such that

sup )\quz 107119, |<opn < 00
A< Ao k

1(1_a
Since § € B;,g ”),

sup )\q_pz 10k|P 119, | <on < AS_”Z |0k |P < o0.
A>Xo k k

11_1
Using Proposition 4, we have proved that 6 € Bpfgg » wlpq(0). O

Finally, from Theorems 2 and 3, we deduce easily:

Corollary 1. Assume that (Hy) and (Hs) hold. Let 0 <r < oo and 1 < p < 00
be two fixed real numbers. Suppose that Ve > 0,

A, = (E V IOg’fre)_T

such that (7) and (8) are satisfied. Let q be a fized positive real number such that
q < p. Then,

MS(67, (e/log 7)1 =U/? p) = wl, 4(0) n Byl

1 Q)

l—4
We can conclude that the spaces Bpr,((xj " Nwl, (o) appear as maximal spaces

where A% attains specific rates of convergence.

2.3. MAXISETS FOR THE POSTERIOR MEAN. As in Section 2.2, we prove
the following results:

Theorem 4. Assume that (Hy) and (Hs) hold. Let 0 <r < oo and 1 < p < o0
be two fized real numbers. Suppose thatV e > 0,

Ac = (e/logm)™"
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and there exist two positive constants Ty and Ty such that ¥V e > 0,

(10) eP ﬂ';%(logﬂ'g)*%*g <T,
(1) 7 B (logm)HE Y o <.
k<Ac

101
Let q be a fized positive real number such that ¢ < p. If 6 € B,;,E,i 4/P) A wlp 4(0),

then there exists a positive constant C such that

Ve >0, Rp(ébZ) < C(ey/logm )1 —9/7,

Proof. In the following, K will denote a constant independent of £ that may be
different at each line. Let ¢t = ¢(m.) be the threshold introduced in Proposition 2.
For all k < A,

E 6% (x1) — 0xP = A+ B+ C,

with

A=E02 (zr) = O Ly, 0p<zr  B=EI022(wr) = OklPLejsy o <aes

t
2

and )
C=E \922 (Tx) = OnlPLis, ap|>2t-

For the first term, we have, using Remark 3 and (9),

A=E |é]l;2 ($k) - 9k|p1\skysmk\<

t
<3
< 2PTUE 1072 (24) [Py, Lapi<g + 2P THOKPE L, ay i<t

< Ksglm * (log )% 4207 Ok B [y oy < L jsr o0/
+ 2P0k E L), api<t Lis..00l<t]
< Koﬁspwg_%(logws)% + 2P~ 16,7 P(|sk’5;vk — Sp.eOk| > %)
+ 2P 0[P 1, Loy <t
< Kaﬁspw;%(logws)% + K|9k|p7rg_%(log7r€)_% + 2p_1|9k|p1‘3k159k‘5t.
The second term can be split into B = By + By + Bz, with
By =E |0 (x) — OklPLe sy cari<atLise 0013t
By =B 072 (k) — Ok|P 1 <o <20 Lt <[y oy <30

5
By =E |0 (xr) — Ok[" 1t o5, cap) <201y 00| <t
Using Proposition 1 and (9),

_ Hb2 P
By =E 0% (xr) — Ok["Ls oo, an|<2tLisp.c00 >3t
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S E |xk - 0k|p1|ajk79k|2‘9k‘1%<|Skygmk‘Sztllsk,sek‘>3t
F1OkPE Lo, 0,1 <164 L& <[k x| <2t Lise 04 >3t
1 1
< (E|og, — 0k|?P)2P(|sk.cxr — sk.c0k] > )2 + |0k]P P(|skcxr — sx.0k] > t)
_1
< KePopme 2 (logwg)_% + K|9k\p7rs_1(log7r5)_%,
Ab
32 = E |9,1<,‘2 (mk) - ek|p1%<|sk75mk|§2t1i<|sk759k|§3t
< E |ZL’k - 0k|p1|xk—9k|2\9k\1%<|sk,59k\ + |0k|p E 1|37k—9k|<|9k‘l‘sk,sek‘f?’t
t\3
< KePoy) P<|Sk,eﬂik — S,eOk| > 1) +10k]P1 s, L6, <3t

_ 1 1
< KePopme 2 (logme) ™% + |0k |P 15, Loy <3t

A
By =E |0 (xr) = Ocl"1s o), con<20L)sp c00]<

<t
p
<E |xk o 0k| 1|5k‘szk*5k,59k‘2%

1 t\ 2

< (E o — 0u) 1P (Isk.cmn — sc0n] = 1)
_ L

< KePopm. =2 (logm.)"%.

For the last term, we denote 7(k,&) = sk T — skygé? (x) and recall that & is the
noise. Using Proposition 3 and (9), we have

C =E |0} (xk) — Okl Ljs, ap|>2t
=B 102 (xk) = Okl Loy ap 26 s, 00 <t + B 107 (@8) = OlPLisy o526 L1s, 0, >¢
< 5, 2E (1€ — 7(k, €)1y o >20) PP sk,ch — 50,0k > )2
+ 5p e B 1€k — T(k, )P 15, Loy >20Ljsh 041
< Ks;gﬂbﬂsk,sxk — Sk.e0k| > t)% + Kslz,zl‘sk,gek|>t

1
< KePol (me 2 (logwa)_i + Ljs, 04]>t)-

Finally, for € small enough, and V k < A,

b — L _1
E |0k2 (xk) - 6k|p < K[ﬁpffiﬂs = (log 7"5) 1+ 6pa£1‘0k|>50k1 /2Tog 7.

1 a1
10617 < s i + 06177 (log ) 2]

We conclude by using Proposition 4 and by observing that

E(6" — 017 = > B0 (xx) — 07 + D |6k < K(e\/logme)? ™,

k<A k>A.

114
since 6 € B,{& " wlp q(0) and A, = (ey/logm)~". O
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As in Section 2.2, we have a converse result, but unlike Theorem 3, we need to
control the size of the o’s.

Theorem 5. Assume that (Hy) and (Hs) hold. Let 0 <1 < 0o and 1 < p < o0
be two fixed real numbers. Suppose that ¥V e > 0,

Ac = (e/logme)™".

Let q be a fixed positive real number such that q < p. If there exists a positive
constant C' such that

Ve >0, Rp(ébz) < C(ey/logm)t—9/P,

lq—4
- Nwly 4(0) as soon as there exists a positive constant T such that

then 6 € By oo
(12) Ve>o0, ZO’p<T
k<A,
Proof. To prove that 6 € By, <(>o ») , we refer the reader to the proof of Theorem 3.
Then, we want to show that

sup AT7P Z 107116, ) <20, < 0O.
A>0 B

For this, we still use the threshold ¢ = #(m.) of Proposition 2. Using (9), for any
k < A. and for € small enough,

%) + ‘91@' E(l\sk Eé‘k\<t 1\sk Emk\< )

t
< |0kP1ys, 0 1<t P(lsk,axk — 5k, > 1)

|9k|p1\8k,59k\ﬁi = |0k|pE (1|Sk,59k|§£ 1|Sk,smk

t
+ |0k|p1\sk,59k\S%]P(‘Skvexkl < 5)

1 t
< 10" Lys, o<t + \‘9k|p1\s,€,59k|ggp(|5k,59~"k| < 5)-

By using Remark 3, we have for € small enough,

t
‘L‘)b"‘( ,”2)‘ < g 2 SkE\/IOg’JTE

Therefore,

Z|9k| Ly con<t < QZ\M 1\qk59k|<t19’(|8ks$k|< )
< szE (1812 @) = 0017 + 162 @0 | 110, 1< 5
k

< 2PN B0 (wr) — Oxl” + 20 Y B0 (@) [PLys, L uy i<
k k<A.
< 2P (6% — 9||p 2P Z SpoTe logﬂ'a)%
k<A

< 2P CP(er/logm )P~ + 2Pl log7rE Z oh.

k<Ac
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Consequently, under condition (12), for ¢ small enough,
3 Ly < 21O+ e g

Using the same arguments as for the proof of Theorem 3, the last inequality implies
that 0 € wip4(0). O

Finally, from Theorems 4 and 5, observing that condition (12) is less restrictive
than condition (11) since p/2 > 1/2 > 1/32, we deduce easily:

Corollary 2. Assume that (Hy) and (Hz2) hold. Let 0 <r < oo and 1 < p < o0
be two fixed real numbers. Suppose thatV e > 0,

Ae = (E V IOgﬂ'a)_T

such that (10) and (11) are satisfied. Let q be a fized positive real number such that
q < p. Then,

7] 11—
MS(sz7 (6\/@)1_‘1/1),])) = wly 4(0) N Bpr)g a/p)

l—4
Once more, we can conclude that the spaces Bpr,éo ») Nwly 4(0) appear as max-

imal spaces where %2 attains specific rates of convergence.

2.4. FIRST CONCLUSIONS. Before going further, let us compare the various
procedures involved in this paper. We recall that unlike ézl (zx), 922 (zx) does not
possess the advantage of being a thresholding rule (k < A.) and this explains the
differences between the assumptions that are needed to determine the respective
maxisets associated with the Bayesian procedures 6% and 0. For instance, this
explains why, unlike ébl, if %2 achieves the %iven rate of convergence, we need

q

a condition on the oy’s to prove that 6 € B,;*‘,fiﬁ) N wlp ¢(0). Furthermore, to
obtain the upper bound for Rp(éb2), we use a decomposition into eleven terms for
E |é22 () — Ok|P. Since it is a thresholding rule, the corresponding decomposition
for é,l;l is simpler. This explains why the assumptions of Theorem 4 are a bit
more restrictive than those of Theorem 2. Actually, to obtain the assumptions of
Theorem 4, we just have to replace 7. with 7r51/ * in the assumptions of Theorem 2.
But, since we consider a rate of the form e+/log . without focusing on the optimal
constant, the Bayesian procedures achieve exactly the same performance from the
maxiset point of view. When 7. is a power of €, then, by using Theorem 1, we can
compare the Bayesian procedures 6 and 62 with the thresholding one. We can
conclude that each of them achieves the same performance as the thresholding one.
Finally, since linear estimates are outperformed by thresholding ones, they are also
outperformed by 6% and 62 .

Let us show now the importance of Assumption (Hp). Section 7.2 of Johnstone
and Silverman [24] proves that if «y is a normal density, whatever the value of wy, ¢,
the posterior median satisfies

10 ()] < (1~ @),
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for some o > 0 and the same inequality holds for the posterior mean. It yields for
0, > 0,

N 1
E|02 (zx) — Ok [P > iapag.

Moreover, when v has tails equivalent to exp(—C|t|*) for some A € (1,2), Johnstone
and Silverman showed that for large 0y,

107 (x1,) — 01| > C|0K* "

Thus (H;) cannot be essentially relaxed without obtaining smaller maxisets.

2.5. MAXISETS OF BAYESIAN PROCEDURES FOR ESTIMATING FUNCTIONS

OF L, SPACES. In this section, we estimate functions of L,(D) = {f: || fllz, =
(Jp | f(2)[Pdz)'/P < 0o}, where D = [0,1]¢ or D = R%. For this purpose, we exploit
a wavelet basis of Ly(D) denoted B = {1x, k > 1}. More precisely, we assume that
(¥r)k>1 is the wavelet-tensor product constructed on compactly supported wavelets
(see Meyer [31]). So, if 1 < p < oo, Meyer [31] proved that B is an unconditional
basis of L, (D), which means that:

o for any f € L,(D), there exists a unique sequence 6 such that f =", Oxt)y,

e there exists an absolute constant K such that if V & > 1, |0| < |6}, then

H > Okt
k

< KH > O
Lp k

Lp

Remark 4. The restriction 1 < p < oo is due to the fact that there is no
unconditional basis if p ¢ (1, c0).

Furthermore, we assume that {oxtr, k > 1} satisfies the following inequality,
called a superconcentration inequality: for any 0 < r; < oo, there exists a constant
C(p,r1) such that for all F' C {1,2,...},

[z eeer "
L

keF

< C(p,m)| sup lowel]l,, -

P

Remark 5. Theorem 4.2 of Kerkyacharian and Picard [26] gives conditions on
the o1’s and on B to satisfy the above superconcentration inequality.

We consider the model (1), and the function f = ), Opt)y is estimated by
for =3, 0% (zp)by or f2 =30, 022 (21)9k. In this framework, we set:

Definition 3. For 1 < p < oo and any i € {1,2}, the maxiset of f% associated
with the rate p. and the L,-loss is

MS(fbi7p57p) = {f = Zekm: sup {(EHfb _ f||1£p)%ps_l} < oo}.
k €
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To study maxisets of fbl and sz, we introduce for any n > 0 and any 0 < ¢ < p:

Bg’OO(B): {f:Z&kwk: sup/\"HZkak‘ <oo}7
k' A>0 E>A

Lp

wlyq(0)(B) = { 1 = 3 O Sup XT3 L, rcof 0, < o},
k k

If B is a standard wavelet basis regular enough, the space Bg,oo(B) can be identified
with a real Besov space. See Meyer [31] for further details.

Theorem 6. Assume that (Hy) and (Hz) hold. Let 0 < r < oo be a fized real
number. Suppose that

Ve>0, A= (sy/logm.) ",

and there ezist two positive constants Ty and Ty such that for any e > 0,

3 min(p;2)

g™ P [Ws_l(logws)_%} (logws)_% <T

and
1

_1
re S (logme) i 8 Y olllnlly, < To.
k<A.

Let q be a fized positive real number such that ¢ < p. Then, under the model (1),

MS(f¥, (ey/log m2) =7, p) = wi, 4(o) (B) N By S~ "/P(B).

The analogous result for be is obtained if we assume that for any e > 0,

gP [w;%(logws)_%}%min(mm (logm.) ™% < Ty,

and
1

_ 1
e P (logme) i E Y ob|lgklh, < T,
E<A.

where T3 and Ty are two positive constants.

Once more, when 7. is a power of ¢ (i.e., for the rate £4/log(1/¢)), by using
Theorems 5.1 and 5.2 of Kerkyacharian and Picard [26] we can conclude that each
of the Bayesian procedures achieves the same performance as the thresholding one.

Proof. Again, we only give the proof for the procedure associated with the mean.
Recall that B is an unconditional basis of L, (D) if and only if there exists M > 0
such that for any set F' C {1,2,...} and any choice of the coefficients c’s

|(g )

keF

(13) Mt

> exthn

keF

<M

> et

keF

Ly Ly Ly
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Furthermore, since {oxt, k > 1} satisfies a superconcentration inequality, there
exist two positive constants ¢, and C), such that for any F' C {1,2,...}, we have:

(14) CP/Z|0k¢k|p§/(Z|0k¢k2)g SCp/Z|Uk¢k|p-

keF keF keF

In the following, K will denote a constant independent of € that may be different
at each line. We use the threshold ¢ = #(7.) introduced in Proposition 2 and the

results of Proposition 1. Let us assume that f € wl, 4(c)(B) ﬁBig_Q/p)(B). Then,
E| S, (0% — Hk)z/)kHip is bounded by K leil A;, with the A;’s defined as follows:

A = H Z Or s z < K(E\/logﬂ'g)(p_Q),

E>A.

since f € Bpﬁ(l q/p)(B). Next,

p
A2 - E H Z ak/l/}kl‘sk,awk‘gé1‘sk,59k‘>t L
k<A ’
z
212
SK]E/( Z ekwkl\skfiwkfsk@OHz%) 5
k<A

by using (13).
If p <2, by using (9), the Jensen inequality, and (13),

A2 < K/ Z sz/)k |Sk el — Sk 50k| > t/2))5

k<A.
Z 91&&1@‘

If p > 2, by using (9), the generalized Minkowski inequality, and (13)

Ay < K/ Z 9 ‘Sk g — Sk,59k| > t/2)%>
k<Ac
> 91&/%’

k<A, Ly

1

< K(n; ~4(log ) ~7)

P

(N}

< Kn_ 1/4 (log ¢) *%

and

P 5
Ag_]EH Z 9k¢k1\5k smk\<t1\sk <Or|<t L, <K/ Z ekwkl‘skseth) ’

k<A k<Ac

by using (13). Further,

P
2

b p b
Ac=E|| 3 vty ey | SK]E/( > 001, a5 07)

k<Ac k<A.

< I(<€]D7T;P/2(]og7r8)g /( Z U;%d),%) < K&‘pﬁ;pm(logwg)% Z UZIIWHIL’D,

k<A. k<A

P
2
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by using (13), Remark 3, and (14). Using (13), we have:

s p
A5 IE Z 9 *ek)wk1f<|sk a$k|<2t1 <|Sk 59k|<3t1|37k 9k|>‘9k‘
k<A,
g
< KE / ( Z (xk - ek)%bl%l\sk,awk—sk,g@ﬂz%>
k<Ae
Itp<2,
A5 < K/ Z |wk|p]E (|£Ck - 9k|p1\8k Tk —5k,e 08> ﬁ)
k<A.
< Kern Flogn) [ 3 .
k<A
by using (9) and the Cauchy—Schwarz inequality.
If p > 2, by using (9), the generalized Minkowski inequality, and (14),
2\ %
A5<K/ Z QZ)k ]E|l.k*0k‘ 1\sk5zk Sk,eOk|> %)p>
k<A.
< KePr 2 (log )™ Z /|wk|pa
k<A
Now we have
5 P
A =E H Z (03 = Ok)Uk1 s sy ol <2t Lt <y 00 <3t L —01 < |0
k<A,
< K/ Z okd)klhk 5(9k\<3t) )
k<A.
by using (13). By using (13), the following terms:
b P
A7 =E H Z 0 2 9k)¢k1t<|sk Ezk|<2t1|8k 59k|>3t]-|a:;C 01>10k|
k<A,
%
< KE /( Z (xk - ek)2wi1‘5k,smk*5k,50k|Zt> )
k<Ac
, P
A8 =K H Z 0 9k)¢k1 L<|sp, 5zk|<2t]-|8k 59k|>3t]—|a:;c 01 1<|0k|
k<A,
%
SI(]E/( Z 91%¢21|5k,593k*8k,59k|2t> )
k<A.
- p
A9 =E H D (602 = 0k)UrL s <y o<t s 00 < s
k<A.

%
< KE /( Z (zh — 9k)2¢i1\sk,szrsk,sek|zg)

k<A
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are bounded, up to a constant, by the upper bounds of Ay or As. Next,

p
Ag —]EH Z P = O6)Uk s, o l>2tL)sy 00 |<t .
k<A, P

P

~ 2

< KE /( Z (922 - ek)Qw?@l\shgwk\>2t1\skygwkfsk759k|>t) y

k<Ac

by using (13).
If p < 2, by using (9), the Cauchy—Schwarz inequality, and Proposition 3,

AIO < K/ Z |¢k|p]E |9b2 - 0k|p1‘€k El‘k|>2t1‘€k cTk—Sk,eOk|>1

k<Ae
1
< K/ Z |wk|p€p I[D |5k Ty — Sk,56k| > t) 2
k<Ac
< KePrY2%(logm.)™ Z /|wk|p

k<Ae

If p > 2, by using the generalized Minkowski inequality, the Cauchy—Schwarz in-
equality, (9), (14), and Proposition 3,

(SS)

b 2
Ao < K/ § : wk ]E|0 y 79k|p1\9k sxk\>2t1\‘?k TR —Sk 59k|>t)p)
k<Ac
»
2

< K/ Z LZJkUk& ]P(|Sk el — Sk 59k| > t)l)

k<Ac
< KePrn Y2 (logm )~ /4 Z /\wk\pa
k<Ac
Finally,

p

An —EH Z P = 06)Uk s, o> 2t Lsy 00>t .

k<A. P
A 5
< KE /( Z (922 - Hk)g%%l\ska\>2t1\sk750k\>t> .

k<Ac

If p < 2, by using Proposition 3,

A < K/ D kPR (0 — 0k[PLis, oy >2e1)s, 00>t
k<A.

<Ke? ) /Wfk\ O Lisy 00>t

k<Ac
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If p > 2, by using (14) and Proposition 3,

P
2

A <K/ S VR st (B IO = OuPLja, aps20) )

k<Ac

= KEP/( > wiailwsk,sek\»f <Ke? )

k<Ac k<Ac

/ W)k Ukl\sk Ok|>t:

Thus we conclude that there exists a positive constant C' such that

< CP(ev/log ﬂg)(p_q),

Ve>0, E H zk:(é,l?(xk-) — Ok ;

by using the following result proved by Kerkyacharian and Picard [26] (upper bound
of the term By, p. 311): if f =3, Oxthy, € wlp 4(0)(B), then V A > 0,

D
2 —
[ (S o0ttncan)” <KX,
k
Now, let us assume that there exists a positive constant C' such that

< CP(ey/log ws)(pfq).

Ve>0, E H ;(é,’f(a:k) 0 ’;

To bound the following term, we just use (13):

Am—Hk; O —EH Z (622 — 6y) wk‘ p_ /(Zk: (6% — gy, )

< KE H Z(sz — ek)’(/Jk‘ . < K(e\/logﬂ-E)P—q7
k

P

[SS]

which proves that f = 37, Oy, € By " (B). Now, using (13),

H Z%Wl\sk 01 g

< K(Ai2 + Azs),

with
Az = H Z Ok, o.1< g
k<Ac

-1
<2° EH Z ekwk1|5k,59k|§£1|Sk,smk|>§
k<Ae

P 1
+2P7 Ay
Lp

—_

P 1
5” > Ok, orl<t||, T 2771 Ay, < 51413 +2P7 Ay < 2P Ay,

k<Ac



Mazisets for Bayes Rules 23

for € small enough (see the upper bound of As), where

P

Ay =E H 2 : ekwk:llSk,a@kISﬁllsk,amlﬁé
k<A

L,

But, using (13), we obtain

t
2

1; + KAy < K(ex/logﬂg)(pfq),

~ p A
A < KE H > (6 - Gk)wkHL + KE H D0, < .
k P k<AE ’

< KE|| Y (0 - 60v
k
which implies that

H > Okl o<t
k

}; < K(E\/logwe)(p_q).
P

Now, we use Lemma 5.1 of Kerkyacharian and Picard [26], which ends the proof of
the theorem. [

3. Relationships between (M;) and wl, ,(c) Spaces

In this paper, our aim is to estimate sparse sequences, and we model sparsity
within a Bayes approach, and more precisely, by using the model (M;). We noticed
that under this model, the maxisets for the previous Bayes rules are defined by using
wlp q(0) spaces. To some extent, this result is not surprising, since we recalled in the
Introduction that these spaces are weighted versions of weak I, spaces that naturally
measure sparsity. Then, the model (M;) and wl, ,(o) spaces are connected via a
maxiset approach. So, it is natural to wonder whether we can establish other more
natural connections between our Bayesian approach to model sparsity and wi,, (o)
spaces. The following result gives a positive answer.

Theorem 7. Suppose that we are given 1 < p < co and 0 < q < p. We
again consider the model (My) with ¢ = 1. Denote wy, = w1 and ¥V A > 0,

F(\) = 2f/\+°o ~v(z)dx. If there exists a constant C such that

p
sup A? E o lig, 5000 < C? as,,
A>0 3

then R
sup A1 (A E wrot < C1,
)\>% ( ) k ROk

Conversely, if there exists a constant C' such that

(15) sup N2F(\) Z wyoh, < C9,
A>0 A

then

. p
sup \? E 0 Lg, 5000 < OO a.s.
A>0 L
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Proof. It

P
sup A9 g T Lo son S C1 as,
A>0 .

we have:

sup NF () Z wyoy, =supE </\q Z 0£1|9k|>0k)\)
A>0 k A>0 k

<E (sup A\ ZUZIWDUM) < (1.
A>0 X

Conversely, suppose that (15) is true. To establish the required inequality, we ex-
ploit Theorem 0.3 of Marcus and Zinn [30]. Let (4)x>1 be a Rademacher sequence
(i.e., a sequence of i.i.d. random variables taking values +1 and —1 with probability
1/2 each) independent of (0x)r>1 and let S, be the partial sum of the symmetrized
random variables (0§ |0k|?)k>1:

Sn = i Yk;
k=1

where
Yk =Tk J;}lsquk‘q.
We have
E (Yeljy<1) =0,

P(|Ye| > 1)_1@(

q - -1
> ak_p> = ka(Uk_p/q) < C’q(Zwkch) wyor,,
k

9 _
var(Vidpy 1) = E (Yl pv<a) = o E [0 10>, 1), < orre]
-p/a —-p/a

= 2w 2p r 2q < 2p r 2q—1 1
= 2wy0}, =y (z) de < 2wyo;, qz*17 F(z) dx
0 0

-p/q

-1 Tk
< 2Cq(2wk0£> wkaip/ qr? tdx
A 0
—-1
S QCq(Zwk0£> wkcr],:.
k

Using the three series theorem (see Theorem 22.8 of Billingsley [6]), S, converges
with probability 1 as n — 4o00. Therefore, if u is a fixed positive real number, we
have for any increasing sequence of positive real numbers (by,),, with lim,_, ;o by =
+00,
1
lim sup b—\Sn| <pu as.

n—-+4oo n
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Obviously,

limsup sup sup—)\q‘Zak 1|9k|>0k>\)‘ <pu as.
n—-+oo 1<j<n A>0 Yn 1

Then, we can apply Theorem 0.3 of Marcus and Zinn [30], which shows that

1 n
lim sup — sup )\q‘ Zai(lwkb%)\ — P(|0g| > O‘k>\))‘ < 1160 p.
n—+oo Un A>0 b1

Since

1
limsup — sup A? Y oPP(|0k| > oxA) =0,
n—-+oo bn A>0 Z k ‘ | )

it yields

n

1
lim sup — sup A? Z v Ljoy>opn < 1160 pu.
n—-+oo Un A>0

With u — 0, we have proved that for any increasing sequence of positive real
numbers (b, ), with lim,,_, ;. b, = +00,

1
lim —su )\qg o1 =0 a.s.
n—to0 by, )\>% kT|0k|>0kA

If the random sequence A, = supysoA? 2221 021|gk‘>0k>\ were not bounded, we
could construct an increasing function ®, with lim, 1. ®(n) = 400, such that
Ag(n) > n. By considering an increasing sequence (b, ), with bg(,) = n, we obtain
a contradiction. So, there exists a finite random variable Y such that

Vn>1, A, <Y, as.

It implies that

sup \? E akl‘gkbgkx <00 as.
A>0

The result is proved. [

So, to ensure that a sequence coming from the Bayesian model (M) belongs to
wlp q(0) almost surely, we should not consider densities vy having tails heavier than
those of Pareto(q)-distributions. In the wavelet framework, with special values for
the o,’s, Rivoirard [33] has already noted the strong connections between Pareto(q)-
distributions and wl, 4(o) spaces, since in Section 2.2 of that paper, least favorable
priors for these spaces are presented and it is explained how these priors are built
from Pareto(q)-variables.

Concluding remarks. In this paper, we discussed the modelling of sparsity.
The form of our Bayesian model was the following:

Ok ~ Wi, eVi,e (01) + (1 — wi )00 (6k), k>1.
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Provided the tails of 7y, . are exponential or heavier, the maxisets of the Bayes rules
are wly, 4(0) spaces that naturally measure the sparsity of a signal. So, our choice
for the Bayesian modelling seems appropriate. It is all the more appropriate since
this model enables us to build typical realizations of wl, 4(o) spaces.

The main goal of this paper was to compare in the maxiset approach the per-
formances of classical Bayes estimators: the posterior median and mean of our
Bayesian model. We proved that for a large range of loss functions, the maxisets
of these estimators coincide with the maxisets associated with thresholding esti-
mators. These results have been established for the heteroscedastic white noise
model (1), where the £’s are assumed to be Gaussian and independent. It would
be interesting to study the maxisets of the Bayes rules without these assumptions.
It would also be interesting to try to find Bayes estimators that outperform gt
and 0”2 under the maxiset approach, if possible. Note that if the maxiset theory
seems to provide advantages, the problem of optimality in this approach remains
an entirely open issue. Can we introduce a meaningful notion of optimality? If yes,
what are optimal estimators? Other natural questions arise: what do the maxisets
become when the o’s are unknown and they are, for instance, estimated by using
a Bayes approach? Do we obtain larger maxisets when the 0;’s are gathered in
non-overlapping blocks, each of which is provided with a prior?

Since the outcome of the maxiset approach is a functional space (or a sequence
space), we have not focused on the Bayes risks of the estimators. But, inspired
by the maxiset point of view used in this paper, we could investigate the maximal
set of prior distributions such that the associated Bayes risk of a given estimator
achieves a prescribed rate. This provides an interesting topic for further research.

4. Appendix

In this section, O, (1) will denote any function of z that is bounded as x — +oc.
We write o, (1) for any function that is bounded by a function depending only on
e and that tends to 0 as 7. tends to +o0o. Furthermore, ¢ denotes the density of a
(0,1) Gaussian variable and + is the density introduced in (M;). We shall exploit
the following lemma:

Lemma 1. For any x > 0 and 0 < 7 < z, define:

K (x)= /Tﬂ? exp ( - %v2)'y(x —v) dv

and
+oo 1
I(z) = / exp ( - 5112 + xv)'y(v) dv.
0
Under (Hy), there exist four positive constants Ma, Ms, C1, and Co such that

+oo

w 1 1
Mg/ exp ( - 51)2 - Mv) dv < K, (z)y(z)™' < Mg/ exp ( - 51)2 + Mv) dv,

and
Cy < liminf I(x)y(x) ' ¢(x) < limsup I(z)y(z) 'o(x) < Oy < .

Tr—+00 x—+00
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Proof. Under (H;), since ~y is positive, absolutely continuous, symmetric, and
unimodal, it is easy to show that there exist two constants My and M3 such that,

v (a,b) € R2, M, exp(—Mla — b|) < V(a)v(b)_1 < Mjexp(Mla — b|).

We immediately get the first inequality. Now, let us define V x > 0,

J(x) = /0+0<> exp ( - %vz)v(x +v) dv.

As before,

+oo 1 “+oo 1
Mg/ exp(—§v2—Mv) dv < J(z)y(x)! SMg/ exp(—§v2+MU) dv.
0 0
By simple computations, we have:
L,
I(x) = exp (51: ) (J(x) + KO(:E)),
which implies the result. [

Now, let us give the proof of Propositions 2 and 3.

Proof of Proposition 2. Without loss of generality, we can assume that z; > 0.
Then, using Proposition 1,

| —

00 (z) =0 <= P(O), >0 xp) <
+o00
— 2w5/ Sk,gqb(sk,g(xk — 9))sk,€'y(sk,59) do
0

“+oo
< we / ke @ (ke (@h — 0)) Sk, (58,0) dO + (1 — we)sp e H(Sp,c )

— 00

+oo
= / sk75¢(sk75(xk — 9))sk,8’y(sk759) df
0

0
- / Sk,€¢(8k,6(xk - 9))3k,s'y(sk,s€) df < WESk,EQS(Sk,sxk)'

— 00

Then éZl (zr) =0 <= sg.exp <t, with ¢t such that

+o0 1
/ exp ( - §u2)7(u)(exp(tu) — exp(—tu)) du = ..
0
We have that t is a function depending only on 7. and as 7. — 400,

/0+°° exp ( - %uQ)W(u) exp(tu) du = m.(1 4 o,_(1)).
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Using Lemma 1, we have, for 7. large enough,

V2log(me) < t(me) < /2log(me)(1 + or. (1)),

and the first statement of Proposition 2 is proved.
For the second statement, we assume that si.x; > 2¢, which implies that
92‘ () > 0. Using (13), we have:

o0
PO < 07 () | 21) = % — 2w5/ br(K — 0) ke (0) dO + (1 — we)dp (k)

“+o0
= w, br(wr — 0) Y1, (0) dO

— 00

Skygek 1
— 2/ exp (sk,sxku - §u2)’y(u) du + .

— 00

+o0o 1 )
= exp (sk@xku - U >’y(u) du.

Using Lemma 1, since s .xj > 2¢, we prove easily that

Tl (ske) ! = or.(1).

Therefore,

sk,EG 1
2/ exp (sk’exku - §u2)'y(u) du = I(sgexi)(1+ or.(1)).

By using again Lemma 1, it implies that there exists a positive constant V such
that for m. large enough,

Sk,e0' —Sk,cTk 1
/ exp ( - §v2)fy(v + Sg,exy) dv - 'y(skﬁxk)*l >V

— 00
— Ksk,sfk—sk‘sézl (sk’sxk)’}/(skvsmk)il 2 V’

in notations of Lemma 1. Finally, there exists a positive constant C' such that

. Nb
lim s+11p |k, eTh — Sk,0)" (T8)| 115, ap|>2t(r) < C. O
Te—+00

Proof of Proposition 3. Without loss of generality, we can assume that z; > 0.
We have:

A +m
0 (x1.) :/ 07¢ (0] zx) dO
I s1.000(spc(wh — 0))sk.c(s1,:0) db
I e @(she(wh — 0))sp,7(58,20) A0 + ek cp(sp 1)
1 fj;o wexp (— 2u? + sy cxpu)y(u) du

@ jooexp — Lu2 4 55, cxpu)y(u du+m.
2 ,

o0
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Set
+oo 1
Ii(z) = / uexp ( — —u?+ xu)’y(u) du
- 2
and oo
I(z) = / exp ( - %uz + xu)'y(u) du,

which implies that

1 Il(Sk,smk)

16 gb2(g)) = — —1\keTh)
(16) @) Ske Lo (8kcxr) + e

On the one hand, as * — 400, using Lemma 1,

(17) G < ggljrgb(xh(@*lqﬁ(x) < limsup Iz(2)y(2) "' ¢(z) < Co.

r——+00
On the other hand, Lemma 1 yields,

exp ( - %1:2>11(17) = /

— 0o

= /+Oo(v+x)exp<— %’UQ)’Y(’U—I—J?)dU

— 0o

= zexp ( - %.%‘2)]2(13) —|—/

—0oQ

o U exp ( — %(x - u)2>7(u) du

+oo 1 )
vexp(— Y )'y(v—i—x) dv.

But it is easy to prove that

“+oo
/ vV exp (—
0
0
/ v exp (—
—x

v2)y(v + ) dv = 3(2)04(1),

N~ N

v2) (v + @) dv = 7(2)04(1),

and obviously,

— 1
lim (x)™* / vexp ( — 51)2)7(1) +z)dv=0.

Tr—00

Therefore,

(18) exp ( - %:ﬂ)l’l(:v) = zexp ( - %I’z).[g(%) + v(2)0(1).

Using (17), we obtain equation (6). Now, let us prove the second statement of
Proposition 3. Suppose that sy .z > 2t(m.). Using (16) and (18),

R Il(sk sxk)
0 < Spetp — Sp.c002(x5) = sppoxpy — ————0= 8
> Skelk k,eVg ( k) k.eltk 12(8k751‘k) + e

_ TeSk,elk + Iy (skexk)T(skcxk)
Iy(spewr) + e

)
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where T is a bounded function. But we suppose that sg.zr > 2t(m.). So, (17)
implies that for 7. large enough

Iy(skemr) > Cry(sp.car)d(skemr)

Therefore, by using again sy cxx > 2¢(me),

. TeSk,e Xk
limsup ———————

< o0
Te—00 IQ(Sk,sxk) ’

which ends the proof of the proposition. [
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