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Abstract

We investigate the Large Deviations properties of bootstrapped empir-
ical measure with exchangeable weights. Our main result shows in great
generality how the resulting rate function combines the LD properties of
both the sample weights and the observations. As an application we re-
cover known conditional and unconditional LDPs and obtain some new
ones.

Keywords Large deviations, Exchangeable bootstrap

1 Introduction and main results

We say that a sequence of Borel probability measures (P™),>1 on a topological
space Y obeys a Large Deviation Principle (hereafter abbreviated LDP) with
rate function I if I is a non-negative, lower semi-continuous function defined on
Y such that

— inf I(y) <liminf ! log P"(A) < limsup ! log P"(A) < — inf I(y)
n

yEeA° n—oo n—oo N yeEA

for any measurable set A C ), whose interior is denoted by A° and closure by
A. If the level sets {y : I(y) < a} are compact for every a < oo, I is called
a good rate function. With a slight abuse of language we say that a sequence
of random variables obeys an LDP when the sequence of measures induced by
these random variables obeys an LDP. For a background on the theory of large

deviations, see Dembo and Zeitouni [8] and references therein.
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Our framework is the following: We are given a triangular array (W, )1<i<n)n>1

of R -valued random variables defined on a probability space (€2, A, P) and such
that

(H1) For every n > 1 we have Y., W =n.

(H2) For every n > 1 the vector (W7,..., W) is n-exchangeable i.e. for ev-

ery element o of &,, the set of permutations of {1,...,n} the vectors
(Wi, W) and (W, ..., W) have the same distribution.

We shall assume that the W/"’s have some LD properties to be detailed below.
We are further given a triangular array ((zI")i1<i<n)n>1 of elements of a Polish
space (X, dy) such that

n

1 w
/an —Zém? —>M€M1(E) (11)

n-
i=1

where % stands for weak convergence in the space of Borel probability measures
on ¥. Let us recall that u™ <% y if and only if for every real-valued, bounded and
continuous application f defined on ¥ we have [, f(z)u™(dz) = [ f(x)u(dz).
Our goal in the present paper is to investigate the LD properties of

n_l E n
L _nZWZ— Sur (1.2)

i=1

So far LD properties of families of randomly weighted empirical measures like
(1.2) have been established in the particular case of independent and identi-
cally distributed W{*,... ., W see e.g. [15, 7, 23]. Results on the LD proper-
ties of some particular cases of L™ as considered here, i.e. with exchangeable
Wi, ..., W are available but their proofs rely on the definition of the chosen
sampling weights, see e.g. [2, 7, 6]. Hence, the present paper gives the first
derivation of the LD properties of the family of empirical measures £" under
the natural assumptions (H1-H2). The interest in considering families rather
than particular cases lies on the fact that only an upper level of abstraction can
reveal the mechanisms that really enter into play.

Here we shall consider £" from the bootstrap point of view and adopt its
vocabulary [13, 18, 1, 16]. In 1979, in a landmark paper, Efron proposed

the following idea: When given a realization z7,...,z; of random variables
X7, ..., X} one can easily obtain ”additional data” by sampling independent
and % S dyp-distributed random variables X{,..., X} .... It amounts to

sample with replacement from an urn which composition is described by % S Oz
Often, this is computationally cheap and theoretical studies are available to as-
sess the quality of the distribution of H (% Py dx») in approximating the
distribution of H(= > " | dxn) which make it all worthwhile. A rich litera-
ture started flourishing on the ground of this idea. It was soon noticed that



the preceding procedure is not the only possible one and that it can be gen-
cralized so that = > | W/"6,» under conditions (H1-H2) is the right object
to be considered. For example, Efron’s bootstrap corresponds to (W7, ..., W)
distributed according to a Multinomial law. The literature on the subject devel-
oped into two complementary directions: ”conditional” results where 7, ..., 2]
are fixed observations filling some conditions and H(+ > W6,n) is consid-
ered and "unconditional” results where the z7,..., 2] are allowed to fluctuate
and H (LY W6xn) is considered instead.

Classically the bootstrap scheme is said to be efficient when it mimics the
behavior of H(+> " 6 xr) and one distinguishes between ”conditional effi-
ciency” and ”unconditional efficiency”. For example, Praestgaard and Wellner
investigated the Central Limit behavior of £™ in [24]; they gave a necessary and
sufficient condition on the second moments properties of the W;* which works
for both conditional and unconditional efficiency. Later, Hall and Mammen
studied the efficiency of the bootstrap schemes in the Edgeworth expansions
at the second order [19]. There, conditions on the fourth order cumulants of
the weights are required. In a similar context, Wood already showed in [28]
that Efron’s bootstrap is efficient to mimic the empirical mean in the moderate
deviations regime for observations satisfying the Cramer condition but not for
heavier tails.

Following Barbe and Bertail [1], we say that a bootstrap scheme is LD-
efficient when the bootstrapped empirical measure has the same LD properties
as the original empirical measure. It is a very strong property: thinking of
percentile bootstrap’s confidence intervals, LD-efficiency says that the relative
coverage accuracy tends to 1 exponentially fast. As an application of our general
approach, we will be able to discuss both conditional and unconditional LD-
efficiency for many classical choices of ((W/")1<i<n)n>1 and/or ((X*)1<i<n)n>1-
Actually we go further in the sense that as an application of our approach we
obtain LD results that are new in the literature like e.g. an unconditional LDP
for Efron’s bootstrap and conditional and unconditional LDP’s for iid weighted
bootstrap and k-blocks bootstraps.

Now let us describe our results more precisely. To this end we need to
introduce some more notations. We consider

Mf(&)—{peMl(Rn ¥ xp(dx)—l}
a subset of
Wl(R+)—{p€M1(R+) : /R a:p(dx)<oo}

the so-called Wasserstein space of order 1 on R;. Both M} (R;) and W!(R)
are endowed with the Wasserstein-1 distance

Wil = nt & [ o ylatdedy)
' 7€C(py) | JRL xR



where C(p,~y) is the subset of M;(R; x Ry) of couplings of p and v i.e. the set
of Borel probability measures m on Ry x Ry such that their first marginal m; is
p and second marginal 7o is 4. In addition to (H1-H2) we shall assume that
the ((W/")1<i<n)n>1 are such that

K2

(H3) The sequence (8™ = 157", dwn)n>1 satisfies an LDP on M| (Ry) en-
dowed with the Wy |, distance with good rate function .

In Section 7 we prove that (H3) is valid for a broad collection of sampling
weights. Actually we shall see that the LD properties of (£™),>1 directly follow
from the LD properties of

1 n
vi=- ;&Wmm

on the set
MRy x X)) = {p € Mi(Ry xX) : / zp1(dr) = 1}
Ry

endowed with the distance

A(p,v) = Wi, (p1,m) + BBL.s(p,7)

where

5BL,6(07 7) = sup
FECH Ry XE)
N lloo+11£11L 61

f(@)p(dr) — A f(@)y(d)

}

is the so-called dual-bounded Lipschitz metric on M;(R; x X) and as usual

Ry

flloe = sup _[f(z)], flles = sup —F—=+,

[1£11o mellhle (z)] 1711 I M T o
TFY

0 is a metric on Ry x 3 compatible with the product topology and Cy (R x 3) is

the set of real-valued, bounded and continuous applications defined on Ry x X.

For any two probabilities p, v on a measurable space (F,E) we denote by

Hvlp) = fEdylogd—: if v<p
+00 otherwise

the relative entropy of v with respect to p. To any p(dw,dx) € M; (R4 x 3) we
associate p,(dw) € My(Ry) (resp. pw(dz) € M1(X)) a stochastic kernel which
is the conditional distribution of the first (resp. second) marginal of p given the
second (resp. first). We summarize this by p(dw, dz) = p,(dw) ® p2(dx) (resp.



pldw, dz) = p1(dw) @ py(dx)). If v,y € M7 (Ry x X) are such that vy =y =6
(resp. va =2 = 0) then

H(vly) = A H (v |y )0(dw) (1.3)

(resp. H(v|y) = [5, H(ve|v.)0(dx)), see Lemma 1.4.3 in [12]. Our first result is
the following

Theorem 1.1. The sequence (V™),>1 satisfies an LDP on M}(R; x X)) en-
dowed with the distance A with good rate function

v Hplprop) + 1 (p1) if pp=p
T (ps ) = { 400 otherwise.

The reason for working on M} (R x %) endowed with the distance A is to make
the following map

F: MMRixS) — M)
pldw,dz) [ wp(dw,dz)

well-defined and continuous once M () is endowed with the weak convergence
topology. By contraction (see Theorem 4.2.1 in [8]) an LDP for (£"),,>1 easily
follows from Theorem 1.1

Corollary 1.1. The sequence (L™),>1 satisfies an LDP on My(X) endowed
with the weak convergence topology with good rate function

Kvip) = p;Fi&g:V I (pip)

= it A LAt + 70}

Pz F(pe@p)=v
We shall often see in applications that IV (v) = H(v|¢) for some & € M;(R,)
such that

Ae(a) = log/ e ¢(dr) < oo (1.4)

R
for every a € R. We denote by
Ag(z) = s1€1§ {az — Ae(a)}. (1.5)
the Fenchel-Legendre transform of A¢. In this particular case we obtain a gen-
eralization of Kullback inequality
Lemma 1.1. If IV (v) = H(v|£) for some & € M1(Ry) then for every v,u €
M (%) we have

K(v;p) > { Je N (FE(@)ulde)  if v < p W)

+00 otherwise.



Moreover, assuming that (1.4) holds for every o € R, the preceding inequality
turns out to be an equality for every v, € M1(X) if and only if

lim A;-(a) =0 and lim A/g(a) = 4o0. (1.7)

a—r—00 a—+o0

Remark that the right hand side of the inequality (1.6) is the rate function
obtained in case of iid weights in [7].

Next we allow the z!"’s to fluctuate and consider a triangular array (X" )1<i<n)n>1
of Y-valued random variables defined on (2, A,P) such that

(H4) The sequence (O™ = =37 | dxn)n>1 satisfies an LDP on M; (%) endowed

T n

with the weak convergence topology with good rate function IX.
(H5) For every n > 1 the vectors (X7,..., X") and (W7, ..., W) are indepen-
dent.

An LDP for
1 n
vi=— Z;&W%X?)

holds as a consequence of Theorem 1.1 and Theorem 2.3 in [17]
Theorem 1.2. The sequence (V™),>1 satisfies an LDP on M}(R; x X) en-
dowed with the distance A with good rate function
J(p) = H(plpr @ p2) + I (p1) + I (p2). (1.8)
Again, by contraction, an LDP for
o i=1 o
easily follows from Theorem 1.2

Corollary 1.2. The sequence (L™),>1 satisfies an LDP on M;(X) endowed
with the weak convergence topology with good rate function

K = inf
(v) el J(p)
= inf inf / H(ps dr) + 1V }+1X }
p2€]\41(2){pz:F(pz®p2)_U{ . (pz|p1)p2(dzr) (p1) (p2)
= inf {K(v; I . 1.9
P2€11\I/1[1(E){ (U7p2)+ (p2)} ( )

It follows that for every v € M1(X) we have K(v) < IX(v).



The latter inequality illustrates the smoothing effect of the random weights
Wi, ..., W on the distribution of L™. We shall see in most examples that for
classical choices of (W) 1<i<n)n>1 and/or ((X!")1<i<n)n>1 there exists at least

one v € M;(X) such that K(v) < I*(v). Nevertheless, we have the following

Corollary 1.3. A necessary and sufficient condition on (W]")1<i<n)n>1 to

ensure that for every ((XI")i<i<n)n>1 and every v € M(X) we have K(v) =
IX(v) is that for every v,¢ € M1(%)

kwo={ 0t

+00  otherwise.

It follows from Lemma 1.1 that is condition is satisfied e.g. when the sampling
weights are such that I'"(v) = H(v|d1) as for the delete-h(n) jacknife with
h(n) = o(n), see Corollary 2.5 below.

The paper is structured as follows. Section 2 presents several applications
of our main results. There we discuss efficiency issues for both conditional and
unconditional LDPs. The rest of the paper is devoted to proofs. In particular
Section 7 contains the proofs of several sampling weights LDPs. Some of these
are new to the literature.

2 Examples of applications

In this section we investigate the LD properties of (£™),,>1 and (L™),,>1 for sev-
eral particular choices of (W] )1<i<n)n>1 and/or ((X]")1<i<n)n>1. To specify
our results we need some more notations. For every A > 0 we shall denote by
P(A) the Poisson distribution with parameter A and by Q(\) the distribution
of a random variable Y such that AY is P(A)-distributed. More generally, for
every A,y > 0 we shall denote by F(A,~) the distribution of a random vari-
able Y such that A\Y is P(v)-distributed. For every positive integers m and n
and every n-tuple of non-negative numbers (pf,...,pp) such that Y ;" pP =1
we shall denote by Mult,, (m, (p},...,p})) the distribution of (Y1,...,Y,) the
numbers of balls found in n urns labeled 1,...,n when m balls are thrown in
these urns independently, each having probability p} to fall in the urn labeled
1, probability p4 to fall in the urn labeled 2, etc...

2.1 Efron’s bootstrap and ”m out of n” bootstrap

For every m,n > 1 the weights (W7*,..., W) for the ”m out of n” bootstrap
are defined such that
T ewn, ... W) ~ Multy(m, (1/n,...,1/n)).
n

Classical Efron’s bootstrap corresponds to m = n. It emerges from sampling
with replacement from the urn containing the observed data. We shall assume



that m = m(n) and that the sequence (A, = m(n)/n),>1 satisfies lim,,_, oo Ay, =
A > 0. Quite surprisingly we could not find in the literature a reference for the
following, even in the simple m(n) = n case

Theorem 2.1. The sequence (8" = £ 37" | wn)n>1 obeys an LDP on M (R)
endowed with the W |.| distance with good rate function H(-|Q(N)).

First we consider fixed observations ((z1)1<i<n)n>1 such that (1.1) holds.

Corollary 2.1. The sequence (L™),>1 satisfies an LDP on My(X) endowed
with the weak convergence topology with good rate function

K(v; p) = XH (v|p).

By properly rescaling we immediately obtain for every A > 0 and every measur-
able A C M;(X) that

1
— inf H < lim inf logP(L" € A) <
Jnf H(v|p) < limin () ogP(L" € A) <
1
< limsu logP(L™" € A) < — inf H(v|n). (2.1
< limsup s g P( ) < inf wlp). (2.1)

Next we investigate the LD properties of (L™),,>1 without any other assumption
that (H4-H5). To this end we introduce

Z={neM() : I'(n) =0}.
It follows from Corollary 1.2 and 2.1 that

Corollary 2.2. The sequence (L™),>1 satisfies an LDP on M;(X) endowed
with the weak convergence topology with good rate function K such that

K@) = _inf {AH@IO) + IO} < A inf H(vln).

Now we consider some particular cases for ((X!")i1<i<n)n>1. First, we assume
that for every n > 1 the random variables X7',..., X]’ are independent and
identically p-distributed. Then %Z?:l dxr 2 uoas. (see Theorem 11.4.1 in
[11]) and Corollary 2.1 can be interpreted as a conditional LDP. Hence, any
"m out of n” bootstrap such that lim, . m(n)/n = 1 (in particular Efron’s
bootstrap) leads to a conditional LDP that coincides with the original LDP
in this case. This was first established in [2] for Efron’s Bootstrap and in [6]
in the general case. Actually the X7, ..., X’ need not be iid but only that
the associated empirical measures satisfy an LDP with rate function H(-|u)
for Efron’s bootstrap to be conditionally LD-efficient. Corollary 2.2 completes
the previous result with an unconditional LDP. In this particular case IX(¢) =
H(¢|p) and by taking e.g. = 500 + 1561, v = 1500 + 561, ¢ = 280 + 361
and A = 1 we observe that K(v) < H(v|¢) + H(¢|p) < H(v|p) hence Efron’s



bootstrap is not unconditionally LD-efficient. Straightforward use of the same
kind of arguments shows that this remark also holds true when X7',..., X is
the result of sampling without replacement from an urn with suitable properties
(see Theorem 7.2 in [8] for the reference LDP) or when X7',..., X are the n
first components of an infinitely exchangeable sequence of random variables (see

[9] for the reference LDP).

2.2 Iid weighted bootstrap

The weights (W{",..., W) for an iid-weighted bootstrap are defined on the
ground of a sequence Y7,...,Y,, ... of R;-valued independent random variables
with common distribution £. We shall assume that for every @ > 0 we have
A¢(a) < oo and that AZ(0) = oo (or equivalently P(Y; = 0) = 0). The weights
(Wi, ...,Wm) are defined by

Yy Y; Y,

n __ n __ n __ n
1% =Ty o W =Ty Y-""’W"_ilz" =
n =1 "7 n =1 "7 n i=1"1

In order to describe the LD behavior of (S® = 23" | fwn),>1 we introduce
the map

g : Wl (RJ’_) X ]Ri — Wl (RJ’_)
(p,m) = G(p,m): A€ Bgr, — p(mA)

where for every Borel set A € Br, and every m > 0 we write
mA={xeRy,Jyec A:xz=my}.
The continuity of G is the main argument in the proof of the following

Theorem 2.2. The sequence (S™ = =37 dwn)n>1 satisfies an LDP on
M} (Ry) endowed with the W1 .| distance with good rate function

) =t { 1G9}

inf
m>0
The previous LDP leads to

Corollary 2.3. For every v,u € M;(X) we have

K ) > | 1m0 Jo Ag(m g (@)u(de)  if v < p
H) = +00 otherwise.

Moreover, the preceding turns out to be an equality for every v,u € My(X) if
and only if ) )
lim Ag(a) =0 and lim Ag(a) = +oo.

a——0o0 a—+00



It follows from the previous corollary that there is no distribution £ such that
for every v, u € M1(X) the identity K(v; u) = H(v|u) holds. Indeed, as soon as
there exists v, u € M;(X) such that g—Z(x) = 0 on aset A such that p(A) > 0 one
has K(v; ) = oo while it could be possible that H(v|u) < co. In words there
is no choice of ¢ for which one gets a conditional LDP that coincides with the
original one for X7',..., X, independent and p-distributed. It is clearly due to
the fact that AZ(0) = oo forces all the weights W', ..., W} to be positive which
is to be compared to e.g. Efron’s bootstrap. Finally, as for Efron’s bootstrap,
one can construct examples to show that in most classical cases the iid-bootstrap
is not unconditionally LD-efficient.

2.3 The multivariate hypergeometric bootstrap

Let K be a fixed integer number such that K > 2. The multivariate hyper-
geometric bootstrap emerges from the following urn scheme: Put K copies
of each observed data in an urn so that the urn contains Kn elements then
draw from this urn a sample of size n without replacement. The sampling
weights (W', ..., W) take their values in {0,1,..., K} under the constraint
Yo, W =n and are distributed according to

cvr Lot
PWP = wt, ..., W} =w)) = E——F
CnK

Let us denote by B(K, %) the Binomial distribution with parameters K and
1

7o
Theorem 2.3. The sequence (S = %Z?:l dwr )n>1 satisfies an LDP on
M{(Ry) endowed with the Wy .| distance with good rate function

1
"(p) = H(p|B(K, 3))

Consider fixed observations ((2')1<ij<n)n>1 such that (1.1) holds, we obtain

Corollary 2.4. The sequence (L™),>1 satisfies an LDP on My(X) endowed
with the weak convergence topology with good rate function

K(v;p) > { I A*%(K,%)(Z_Z(x))ﬂ(dx) ifv<p

+00 otherwise.

We only obtain an inequality since B (K, %) does not satisfy condition (1.7).
Again, there is no integer K such that for every v,u € M;(X) the identity
K(v; ) = H(v|p) holds. Indeed, as soon as there exists v, u € M7(X) such that
g—;(x) > K on a set A such that p(A) > 0 one has K(v; ) = oo while it could
be possible that H(v|u) < co. Thus all multivariate hypergeometric bootstraps
fail to be conditionally LD-efficients for iid observations. One can construct
examples to show that in most classical cases the multivariate hypergeometric
bootstrap fails to be unconditionally LD-efficient.

10



2.4 A bootstrap generated from deterministic weights
The weights for bootstrap schemes defined from deterministic weights are given
by

(Wlnv RS W:zl) = (wgn(l)a v 7wgn(n))

where for every n > 1 the wy,...,w] are fixed non-negative real numbers such
that >, w!" =n and

1 n
= dup My e MR,
1=1

and o, is an uniformly over G,, distributed random variable. We clearly have

Theorem 2.4. The sequence (S* = 137", dwr )n>1 satisfies an LDP on
M{(Ry) endowed with the W1 .| distance with good rate function

0 if p=1v

Wiy —

™ (p) _{ +o00  otherwise.

An important special case is the grouped, or delete-h jacknife. The grouped
jacknife with group block size h may be viewed as a bootstrap generated by
permuting the deterministic weights

(w? o= |2 L 0,0
w17 7wn - n_ha"'an_h7 9 )
| —
n—nh h

We shall take h = h(n) such that lim, . h(n)/n =a € [0,1) so
7= (1-a)_r +ad.

Corollary 2.5. If o > 0 the sequence (L™)n,>1 satisfies an LDP on My(X)
endowed with the weak convergence topology with good rate function

(1= o) H(vlp) + B (E=02)y) g £ gy ()

+00 otherwise.

K(vip) = {

If a = 0 the sequence (L™),>1 satisfies an LDP on M;(X) endowed with the
weak convergence topology with good rate function

Ko ={ 00 s

+00 otherwise.

Naturally this result coincides with Theorem 7.2.1 in [8]. Combining Corollary
1.2 and Corollary 2.5 we obtain an unconditional version of the latter result. To
every v € M;(X) we associate

(-(1-a

& ={CeM(D) : - Y e My(D)}

11



Corollary 2.6. If a > 0 the sequence (L™),>1 satisfies an LDP on M;(X)
endowed with the weak convergence topology with good rate function K(v) =
infeee, U(v, ¢) where

(-(1-a

U0 = (1= ) +atr (<=E=0) 4 1)

If « = 0 the sequence (L™),>1 satisfies an LDP on M (X) endowed with the
weak convergence topology with good rate function K (v) = IX(v).

2.5 The k-blocks bootstraps

Let us consider the (moving or circular) k-block bootstrap. Consider weights
from the ”m = n/k out of n” bootstrap:

1

k(Wln, oo, WY ~ Multy, (m, (1/n,...,1/n)).

The k-blocks bootstrapped empirical measure can be written as in [20] with the

formula
PO I N |
‘Cn = ﬁ i:E 1 [/LZ E E 6m;‘

Jr~i
where j ~ ¢ means that the j belong to block i. For the moving k-blocks
bootstrap, j ~ i if j € {i — k/2,---,i 4+ k/2} miodulo n. With slight modi-
fications we could also consider the circular k-blocks bootstrap where j ~ ¢ if
j€{i,...,i+k—1} modulo n. Both schemes are asymptotically equivalent as
soon as k is fixed as it is the case here. Notice that

1~ R n

L, = n;W Orp  with WP = o ;Wj
where (WNI", .. ,WN]}) fails to be exchangeable. However, our approach relies
on preliminary results like Theorem 1.1 that are general enough to allow us to
handle this situation under some mild additional hypothesis. Indeed, assume
that the observations ((z}')1<i<n)n>1 satisfy

I w
2 S ) € M(SF). (2:2)

i=1

the 4 indices being taken modulo n. This situation arises e.g. when we are given
the realization «7, ..., 2] of X{*,..., X} the first n components of a stationary
Markov chains (Y;);>1 with transition probability P and stationary measure p
as in [10] (see also [5]). In this case we get

1 & w
— 5 n n —> P R P O
”;:1: (XPy XDy ) THOL®- - OF as

itk—
k—1

12



so (2.2) is satisfied with u*) =y ® P®---® P. which leads to the following
—_———

k—1
conditional LDP

Theorem 2.5. The sequence (L) satisfies an LDP on Mi(X) endowed the

weak convergence topology with good rate function
- 1 1"
K(v; p®) = inf {EH(U(k)“L(k)) R e My (2R, P ; yi(k) = 1/}

In the particular case of iid observations we further obtain

Corollary 2.7. The sequence (L) satisfies an LDP on Mi(X) endowed the

weak convergence topology with good rate function
K(v; u™) = H(v|p).

hence the k-blocks bootstrap is conditionnally efficient in this case but fails to
be unconditionally efficient for the same reason as Efron’s bootstrap, see Section
2.1.

3 Proof of Theorem 1.1

Most of the proof of Theorem 1.1 relies on the proof of a particular case
that we describe now: We are given two triangular arrays ((w!')i1<i<n)n>1 and
((#)1<i<n)n>1 of elements of Ry and ¥ respectively, possibly with repetition,
such that

n 1 - 1% n 1 - w
b ZEZ‘S”? S vte MI(Ry) and v? :5251?—>V26M1(2),

=1 =1

and such that for every n > 1 we have Z?:l w = n. Let (o0p)n>1 be a se-
quence of random variables defined on (£2,.4,P) such that for every n > 1 the
distribution of o, is uniform over &,,. Let (1"),,>1 be the sequence of random
measures defined on (2, A, P) by

n __ 1 . 1
™=~ 25@&@@;) e MI(R, x %).

This is a particular case of V™. Following the proof of Theorem 1 in [25] we
shall prove

Lemma 3.1. The sequence (T™),>1 satisfies an LDP on My (R4 x X) endowed
with the weak convergence topology with good rate function

H(pv* @ 1v?) i =vland =12
I(p)Z{ (ol ) i p P2

+00 otherwise.
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A stronger version of Lemma 3.1 i.e. an LDP for (T"),>; on M}(R; x %)
endowed with the distance A is proved in Section 3.2. The final proof of Theorem
1 relies on the latter result and Theorem 2.3 in [17] and is given in Section 3.3.

3.1 Proof of Lemma 3.1

Let us introduce some more notations before we carry on with the proof of
Lemma 3.1. For every n > 1 we write

1
= 1 . = — n n
P, = {I/ EMIRy xX):d0€B, v= - Eﬁl 6(wa(i)’wi)}'

We introduce two triangular arrays ((L?)1<i<n)n>1 and ((RF)1<i<n)n>1 of el-
ements of Ry and ¥ respectively, defined on (€2, 4,P) and such that for every
n > 1 the 2n random variables LY},..., LY RY},..., R are mutually indepen-
dent. We further assume that every LT (resp. R}) is distributed according to
vh" (resp. v>™). The sequence

n

1
Tn — Ezé(Lvaf) € Ml(RJ,_ X E)

i=1
has the following LD behavior

Lemma 3.2. The sequence (T™),>1 satisfies an LDP on M7 (Ry x X) endowed
with the weak convergence topology with good rate function H (p|lv' @ v?).

Proof Since 1" ™ 1! we have vt %% p! according to e.g. Theorem 7.11 in
[26]. Moreover, since v>™ % 12 we have 1" @ 12" 5 ! @ 12 (see [3], Chapter
1, Theorem 3.2). The announced result then follows from Theorem 3 in [2]. O

Our strategy in proving Lemma 3.1 consists in comparing 7" to random mea-
sures coupled to 7™. Comparison is possible because the p € M;(R; x X)
such that I(p) < 400 can be approached in the weak convergence topology by
elements of P,. Our proof of this property requires to use several metrics on
M; (R4 x X) compatible with the weak convergence topology. This is the reason
why in Section 3.1.1 we give a short account on the weak convergence topology
prior to the proof of our approximation result. In Section 3.1.2 we construct
our coupling. Finally, in Section 3.1.3 we prove the LD bounds of Lemma 3.1.

3.1.1 An approximation result

We are given the Polish space (R, d.) with de(x,y) = |z —y|'. The distance d.
is not a bounded metric but it is topologically equivalent to the bounded metric

1'We use this notation to underscore the fact that for Lemma 3.1 to hold it is not necessary
for the w}'’s to be real numbers. It is sufficient to have Polish space valued w}’s.

14



i  de(z,y)
@) = Ty

Analogously we define a bounded metric dyx on ¥ on the ground of ds;. The
product topology on R x ¥ is metrizable by e.g.

da, v (1, 22), (Y1, 92)) = max(de(z1,91), ds (2, y2)) (3.1)

or

d2 1 (71, 22), (Y1,2)) = de(1, 1) + dx (2, y2). (32)
They both make Ri x X a Polish space. We can also metrize the product
topology on Ry x ¥ with the analogues d2 pr and da 4 of (3.1) and (3.2) built
on the ground of d. and dx. With a slight abuse of notation we shall denote by

/]R+ fdp — /]R+ fdv } (3.3)

the so-called dual-bounded Lipschitz metric on M;(R,) where § is either d.
or de. Tt is compatible with the weak convergence topology (see [11], Chapter
11, Theorem 11.3.3). According to Kantorovitch-Rubinstein Theorem (see [11],
Chapter 11, Theorem 11.8.2) the following metric on M;(Ry)

feCy,(®y)
I flloo+Ilfllg, s<1

BBL,é(pa V) = sup {

Wl,lfe (p,v)= _inf {~/]R . Je(x,y)Q(d:v,dy)} )

QEeC(p,v)

the so-called Wasserstein-1 metric associated to d, is compatible with the weak
convergence topology as well. However, note that the ”analogue” of W, ; built
on the ground of d. is not a metric for the weak convergence topology (for an
illustration of this fact see [11] p.420-421). Finally we shall denote by

BBL,dsn (PrV) = e {

fECH R4 xZ)
Il tFly, g, S

and

W, s (p,v) = inf / J z,y)Q(dz,dy) ¢,
1,d2,+( ) QEC(P#){ (R4 xZ)X (R4 xX) 2+( ) ( )

two metrics on M7 (R x X) compatible with the weak convergence topology on
this set. The following is a key result in the proof of Lemma 3.1.

Lemma 3.3. Let p € My (Ry x X)) be such that p = v' and pa = v?. For every
n > 1 there exists a p, € P, such that p, X p-
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Proof Let p € M;(R, x X) be such that p; = v! and py = v2. According
to Varadarajan’s Lemma (see [11], Chapter 11, Theorem 11.4.1) there exists a
family ((ul’, vI')1<i<n)n>1 of elements of Ry x E such that

IEN w
= ;5<uwr> = p.

For every n > 1 we take ¢,,7, € G,, such that

and

Zdz o —gggg{Zdz LR }

We shall prove that

n
"> .
== =
n & W5 i@ ) P
i=

To this end it is sufficient to prove that S5, 7 (0", p) — 0. Let € > 0 be fixed.
There exists an Ny such that for every n > Ny we have

Ber.ds(P7") < /3. (3.5)

Since v} % p; = v! there exists an N; such that for every n > N; we have
W, g (v, vh™) < e/3. We will show that due to this for every n > Ny we have

1 o -
Ezd wl i) <e/3. (3.6)

We shall prove that it leads to

BeLdsn (37" <€/3 (3.7)

for every n > Nj where

N R
7 :ﬁz5<w$n<w”?>'

Analogously to (3.6 - 3.7) one can prove that there exists an Ny such that for
every n > Ny

Bpr.ds (V" p") <e/3. (3.8)

By combining (3.5, 3.7, 3.8) we obtain the announced result.
Proof of (3.6) Since 4} and v''™ have finite support every Borel probability

16



measure @ on Ry x R such that Q; = v} and Q2 = v is of the form

1 n
Q@) =~ D 0z up) (3.9)
i,j=1

where & = (@ j)1<i,j<n 1S an n X n bi-stochastic matrix. Conversely every n xn
bi-stochastic matrix « defines through (3.9) a Borel probability measure Q(«)
on Ry x Ry such that Q(a); = 4 and Q(a)y = v, From the Birkhoff-Von
Neumann Theorem we know that every bi-stochastic matrix can be written as
a convex combination of permutation matrices. These are n x n matrices with a
single 1 in every line and every column, all other entries being 0 (for a proof of
this fact see e.g. [22], Chapter 11, Example 11.2). There is an obvious one-to-
one correspondence between elements of G,, and n X n permutation matrices.
For every § € &,, we shall denote by K5 the permutation matrix naturally
associated to § by this correspondence. Therefore for any Borel probability
measure Q on R, x Ry such that Q; = 4} and Q2 = v i.e. any choice of the
components (As)ses, of the convex combination o = Z§€Gn AsKs such that
Q@ = Q(a) we have

n

/R d@)QUindy) = 3 M d(wufy) (310

€6, i=1
1 o= -~
2 ﬁzde(uz 5wga (7,)) (311)
i=1
Hence for every n > Ny
1 - n n n n
n Z de(ui, wy, ) = Wy g, (070"
i=1
< ¢€/3

which proves (3.6).
Proof of (3.7) For every f € Cp(Ry x %) such that || f||oc + ||} 4, ,, <1 we

have

N
S|
.y
S
€
3
=
S~—
~
£
o3
<
=3
~—

/ faqn - / fdy
R+><E R+XZ

IN
S|
}Ql
s
—
g

S
=
-
N
~—
—
<
N
s@
3
~—
N

IA
3 Im
-
S
@
—
£
‘:‘3
g
€3
3
S



Hence for every n > N1 we have B, 7 (§",9") <¢/3. O

3.1.2 Coupled empirical measures

To every n > 1 and every realization of 7™ we associate two elements of M; (R x
Y) by

Wy g, , (T W") = min {WLJH(T", u)} (3.12)
and
Wy, , (T W") = max {WLJH(T”, u)} : (3.13)

In case there are several elements of P,, achieving the min (resp. the max) wr
(resp. W) is picked uniformly at random among these measures.

Lemma 3.4. For every n > 1 the random measures W", /1/17" and T™ are iden-
tically distributed over M (R4 x X).

Proof We shall only prove that Wn and T™ are identically distributed since the
proof with W™ and T"™ works the same way. Let n > 1 be fixed. For the sake of

clarity let us first assume that there is no repetition among the wf, ..., w; and
the =7, ..., 2. In this case every p € P, corresponds to a single 7 € &,, by
1 n
P=% z; 0wy at)- (3.14)
=

Next let us consider a fixed realization (I, 77 )1<i<n of (L, RI')1<i<n and let
us denote by w" the corresponding value for 7™. Due to the property of the
minimizer in the Wasserstein distance between two atomic measures we already
employed in the proof of Lemma 3.3, for every p € P, (i.e. every 7 € G,

according to (3.14)) there exists a o € &, such that

J2,+((lzna T?)a (wg(i)vxgor(i)))

S|

N
Il
-

VV17d~2’Jr (anp) -

n

7 (1n n 1 n ..n
de (Ui, wg () + o ZdE(Ti s Tgor(i))-

=1

Il
S|

N
Il
-

Thus, since we are looking for the minimum over ¢ and 7, for a fixed realization
(17, 1) 1<i<n of (LT, R?)1<i<n the corresponding value of w" is obtained by
finding 7; and 7, such that

Z de(lznv wsl(z)) = a'neléﬁnn {Z de(l?, wg(z))}
=1 =1
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and

and taking

1 n
W= S an )
n 4 ny ()7 nr (4)

In case several n; and/or 7, realize the minima in the displays above, those
defining w" are picked among them uniformly at random. Now, remark that
for every v, € &, observing (lfyll(i), szlr(i)hﬁién has the same probability as
observing (I, 7)1 <;<y, and results in v, on; and 7, o7, in defining w" instead of
m and 7. Thus, if we consider n; and 7, as random variables defining W", , we
see that their distribution conditioned on W™ is uniform over &,,. Hence W™
and T" are both uniformly distributed over P", thus identically distributed.
This proof extends easily to the case when there are repetitions among the

n n n n
wl,...,wy orzf,. .., xn. (]

3.1.3 Proof of the LD bounds of Lemma 1
We start the proof of the LD bounds by proving the following

Lemma 3.5. We have:
1. I is a good rate function.
2. The sequence (T™),>1 is exponentially tight.

Proof
(1) Let o« > 0. We have

No = {pe MRy xX):1I(p) <a}
{pe Mi(Ry xX): Hplv' @ v?) <a}n{pe Mi(Ry x %) : p; =v! and py = v?}.

Thus, for every a > 0, N,, is the intersection of a compact and a closed subset
of My (R4 x X), therefore it is compact.

(2) For every measurable A C M;(R4+ x ) we have
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lim sup — logIP’(T” € A°) = limsup — logIP’(T" € AC|— Zém =t Z&Rn =12

n— o0 n—oo
1=1

limsup — 1og]P’(’T" € A%

n—oo

IN

n—oo N

1 1 —
—liminf —logP(— Y 60 = b7
iminf — log (”Z =v"")

— n = 2n
hnrr_l)lgfnlogIED ZéRi ="
Since (T™),>1 satisfies an LDP on M; (R4 x X) with a good rate function it is
exponentially tight (see [8], Remark a) p.8). Thus for every a > 0 we can chose

a compact set A, C M;(R4 x ¥) that makes the first term in the last display
smaller than —a— 2. On the other hand it is clear that for every n > 1 we have

Z5Ln—1/ o n'%

equality corresponding to the case when there are no ties among the =7, ..., 2.
Thus

1 1 —
—1. 1 f—l P — 5 n —= 1’” <1
iminf — log (n; r=v")<

n—oo n

which completes the proof. 0

Proof of the lower bound
It is sufficient in order to prove the lower bound of the LDP to prove that

o1 "
—1(p) < liminf ~log P(T™" € B(p,¢))

holds for every p € M (R4 x ) and every £ > 0, where B(p,¢) stands for the
open ball centered at p € M;(Ry x X) of radius € > 0 for the W, 4,,, metric.
So let ¢ > 0 and p € M;(Ry x %) be such that I(p) < 4o0c. In particular
p1 = v and py = 2. According to Lemma 3.3 there exists a sequence (p"),>1

of elements of M; (R, x X)) such that p" € P, and p" % p. According to Lemma
34

P(T" € B(p,e)) P(W" € B(p,¢))

> P(W1d2+(W ,T") < 3 W1d2+(T ") < §7W1,d~2,+(p ,p) < 6
n €
> P(W17J2’+( T ) 3 W1 d2+(p p) 6)
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since it follows from the definition of W that for every p" €V, we have

Wy g, (W T < Wy g, (0" T

yda 4 sda, 4

On the other hand since p™ = p we get that for n large enough {Wl F (p",p) < %} =
Q. Thus, for those n’s

n € n €
PWig, (0" T") < 3. Wig, (0" 0) < 3)

Y%

PW, 4, (0, T") <

S| ™

> P(W11J2,+(7'",p)< ).

Finally, it follows from Lemma 3.1 that

1 1
liminf ~ logP(T" € B(p,e)) > liminf ~logP(W, 5 (p,T") < <)
n n ’

n— 00 n— 00 6

—H(plv' @ v?) = —1(v).

Y

Proof of the upper bound

In order to prove the upper bound of the LDP, it is sufficient to prove that it
holds for compact subsets of M7(Ry x X). Indeed, since (17),>1 is an expo-
nentially tight sequence (see Lemma 3.5) the full upper bound will follow from
Lemma 1.2.18 in [8]. Let A be a compact subset of M;(R; x X) and let us
denote by

At e = {p €A:p=v'and py = 1/2}
which is a compact subset of M;(R; x X) as well. Since the weak conver-
gence topology on M;(Ry x ¥) is compatible with the W, ;. . metric, it makes

M;(R; x X) a regular topological space: For every p € A such that p €
AS, » there exists €, > 0 such that B(p,2¢,) N A,1,2 = (. In particu-

lar B(p,e,) N A1 ,2 = 0 where B(p,e) denotes the closed ball centered on
p € Mi(Ry x %) of radius € > 0 for the W, z  metric. On the other hand,

since p — H(p|v' @ v?) is lower semi-continuous, for every p € A,1 ,2 and every
0 > 0 there exists a ¢(p,d) > 0 such that

1
_inf H(ylvt @ v?) > (H(plv* @ v*) —0) A .
YEB(p(p.0)) J

For every 6 > 0 we consider the coverage

AC (UPGAﬁAilyuzB(paap)) U <UP€AV1’V2B(/)7

from which we extract a finite coverage

AcC (UPEHB(pa Ep)) U (UPEIQB(p, gD(pj 6)))
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where Iy C ANAS, . and I C A1 2 are finite sets. Then, according to
Lemma 1.2.15 in [§]

1 1 _
limsup —logP(T" € A) < max {lim sup -~ logP(T™ € Uper, B(p,e,) N A),
n

n—oo n—oo

)
lim sup — logIP’(T € Uper, B(p, Pl )))} .
n—oo TN 8
For every p € I there can not be an infinite number of integers ny such that
P(T™ € Uper, B(p,e,) N A) #0

for otherwise we would get B(p,£,) N A,1 2 # 0. The first term in the max is
then equal to —oo. We are left with the second term and according to Lemmas
1,2 and 3 we have

lim sup — log P(T" e A) < lim sup -~ log P(T™ € Uper, B(v, #(p.9) )
n—oo N n— oo 8
< max {hm sup — log ]P’(W" € B(p, #(p.9) ))}

pEl2 n—oo N 8

= )
< max{hmsup 1og]}D(ng (pn7wn)< 90(% ))}
pelz n— 00 42,4 4
< maX{hmsup log]P(W (p,W") < @(paé))}
pelz n—00 d2,+ 2
< max{ St (WW)}
pEl> B(p,¢(p,0))
1
< —
= rpnealx{ H(plv' @ v*) — 5)/\5}
< ma (I(p) — ) A 1
X{ — — il
T pED P 5
<

1
—inf S (I(p) =) A =».
ot {(10) - )7 5}
By letting § — 0 we obtain the announced upper bound, see Remark 1.2.10 in

8.

3.2 A stronger version of Lemma 3.1

In the present section we shall prove the following

Lemma 3.6. The sequence (T™),>1 satisfies an LDP on M}(R4 x ¥) endowed
with the distance A with good rate function I.
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Proof First let us notice that

NIRy x X)) = {p e MRy xX) /R x p1(dr) < 1}

is a closed subset of M;(Ry x ¥) when the latter is endowed with the weak
convergence topology. Since for every n > 1 we have P(T,, € N (R x X)) =1,
Lemma 4.1.5 in [8] implies that (7},),>1 obeys an LDP on N} (R x X) endowed
with the weak convergence topology, with good rate function I.

Next we prove that the same remains true when N (Ry x ) is endowed with
the distance A. Indeed, since (T™),>; satisfies an LDP on the Polish space
M; (R4 x X) with a good rate function it is exponentially tight: For every L > 0
there exists a compact A C M*(R; x ¥) such that

lim sup E logP(T™ € A°) < —L.
n

n—00

The set AN K with
K={pe M'(Ry xX) :p; € U {v""}}

is a compact subset of N1 (R, x ¥) endowed with A. Moreover

1 1
limsup — logP(T" € (ANK)¢) < limsup —logP(T" € A°) +

n—oo N n—oo N

1
+limsup —logP(T" € K°)

n—oo N

< —L.

Finally, M} (R4 x X) is a closed subset of (N} (R x ), A) and for every n > 1
we have P(T,, € M1(R; x X)) = 1 so again, due to Lemma 4.1.5 in [8] the
sequence (T},),>1 obeys an LDP on M} (R, x X) endowed with the distance A
with good rate function I. O

3.3 Conclusion of the proof of Theorem 1

In order to conclude the proof of Theorem 1 it is sufficient to establish that the
distribution of V™ on M}(R; x ¥) is a mixture of Large Deviation Systems
(LDS) in the sense of [17]. For the sake of clarity we recover the notations of
[17] when identifying the components of the LDS

e Z = M}(R; x ) is a Polish space when endowed with the distance A, see
the Appendix.

e X = M}(R,) is a Polish space when endowed with the Wi-distance since it
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is a closed subset of the Polish space W' (R4.), W1 |.|) (see e.g. [4]).
e For every n > 1 we note

n

1
Xn:{ueM}(R+) : 3 (wy,. .., w,) € (RO, U=E§6wi}

and for every v € X and every n > 1 there exists a v € &), such that v" A& v,
see Lemma A.1 in the Appendix below.

e The map 7 : Z — X defined by 7(v) = 14 is continuous and surjective.

e For every n > 1 and every v = %Z?:l Ow;, € Xy let P be the distribution
of T = 3711 0w, y.er) under P. The family T = {P},v € X,,n > 1} of
finite measures on the Borel o-field on Z is such that for every n > 1 and every
v € X,, we have P*(n~1({v}¢) = 0.

e Let @™ be the distribution of %Z?:l dwr. For every n > 1 and every and
every measurable A C M}(R; x )

P(V" € A) = /X P (A)Q"™ (dv).

All the requirements of Definition 2.1 in [17] are satisfied by our model thanks
to Lemma 3.6. It follows from Theorem 2.3 in [17] that the sequence (V™),,>1
obeys an LDP on M1(R x X) with distance A with good rate function

_ [ Hplpr@p) + 1 (p1) if pp=p
J(p) = { 400 otherwise.

4 Proof of Lemma 1.1

In order to prove (1.6) it is sufficient to consider v, € M;(X) such that
K(v;u) < oo for otherwise the inequality trivially holds. Then there neces-
sary exists (at least) a p € M}(Ry x ¥) such that po = p and F(p) = v. For
every such p the latter reads

v(A) = / wp (du)p(da)

for every measurable A C ¥, hence v < p and
dv /

—(z) = wp, (dw 4.1
a0 = [ werlaw) (11)

1 a.s. This shows that v < u is a necessary condition for the existence of p such
that po = p and F(p) = v so, as claimed, the announced inequality holds true
as an equality if v < p is not satisfied. Moreover, we have

H(plp1 @ p) + H(p1[¢) H(plé @ p)
H(pz|&)p(de)

=
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since py = p. It follows from Kullback’s inequality (see e.g. Theorem 2.1 in
[21]) that
H(pal6) 2 2| wpa(adw)
Ry

which combined with (4.1) brings the announced inequality. Actually, it shows
that a necessary and sufficient condition on £ to get for every v, u € M;(X) an
equality in (1.6) is that for every v, u € M;(X) there exists a p € Mi(Ry x %)
such that po = p, F(p) = v and

Hipslé) = A;(j—:u))

1 a.s.. According to Kullback’s inequality this holds true if and only if there
exists 5, € R such that p a.s. p, can take the form

pa(dw) = Zizeﬁzwﬁ(dw) (4.2)

and still satisfy
dv

/]1h wpg (dw) = @(x)

Let us recall that under (1.4) the map A¢ is C*° in R, that for every o € R

fR+ we*™E(dw)
fﬂh e E(dw)
1

— we* &(dw
7 [, were

Ag(a) =

and that Ag () > 0 for every « € R, see Section 2.2.1 in [8]. So finally it appears
that , ,
all)lzloo A¢(a) = 0 and all)rfoo Ag(a) = +oo.

is a necessary and sufficient condition to get for every v, € M;(3) and every
x € ¥ such that Z—Z(:v) > 0 a p, of the form (4.2) with fﬂh wpg (dw) = Z—Z(:v)
and H(p,|§) = Az(g—l’:(x)) If g—;(x) = 0 then one takes p, = 0y and still gets
fR+ wpg(dw) = g—;(x) and H (p;|§) = Az(g—;(x)) = A7(0). The announced result
follows.

5 Proof of Theorem 1.2

In order to prove Theorem 1.2 it is sufficient to establish that the distribution
of V™ on Mj(R; x X)) is a mixture of LDS. Again we recover the notations of
[17] when identifying the components of the LDS

e Z = Mi(R; x ¥) is a Polish space when endowed with the distance A.

e X = M;(X) is a Polish space when endowed with the weak convergence
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topology.
e For every n > 1 we note

1 n
X, = MYD) : T (z1,...,20) X", v=" 6,
{VE 1(3) (a1 Zn) € v n; 1}

and according to Varadarajan’s Lemma for every v € X and every n > 1 there
exists a v™ € X, such that v 5 .

e The map 7 : Z — X defined by 7(v) = v is continuous and surjective.

e For every n > 1 and every v = L 3" | §,. € X, let P be the distribution
of T, = 231" | 6wn », under P. The family Il = {P},v € X,,,n > 1} of finite
measures on the Borel o-field on Z is such that for every n > 1 and every v € X,
we have P (r=1({v}¢) = 0.

e Let Q" be the distribution of %E?:l dxp. For every n > 1 and every and
every measurable A C M}(R; x )

PO € A) = /X PP (A)Q™ (dv).

All the requirements of Definition 2.1 in [17] are satisfied by our model thanks
to Theorem 1.1. It follows from Theorem 2.3 in [17] that the sequence (V™),>1
obeys an LDP on M1 (R, x X) with distance A with good rate function

J(p) = Hplpr © po) + 1% (p1) + 1% (ps).

6 Proof of Corollary 1.3

In view of (1.9) a necessary condition on ((W/*)1<i<n)n>1 for K = I is that
for every v, ¢ € M1(2) and every ((X")i1<i<n)n>1

I (v) = I7(0) < K1, Q).

If we consider X{',..., X, resulting from sampling without replacement on
an urn which composition z7,..., 2" satisfies 2> | Oy 2 ¢ we know that

7 n

LS dxp satisfies an LDP with good rate function

JX(o)_{ 0 iff=¢

oo  otherwise.

so the announced condition is necessary. It is also clearly sufficient and the
announced result follows.

7 Sample weights Large Deviations Principles

In this section we prove the results given in Section 2.
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7.1 Efron’s bootstrap and ”m out of n” bootstrap
7.1.1 Proof of Theorem 2.1

The proof relies on the combination of a coupling construction and a Sanov’s
result in a strong topology.

Coupling Poisson and Multinomial distributions.

Let m,n > 1 and Z7,..., Z) be independent random variables such that every
ZM is P(m/n)-distributed. We shall interpret each Z' as the number of balls
randomly thrown in an urn labeled i. To (Z7, ..., Z") we couple (M7, ..., M)
in the following way

o If Y0 | Z = m we take M]* = Z!" for every 1 < i < n.

o If Y | Z! > m we pick uniformly at random >, Z —m balls in the urns.
We define (M7, ..., M)’) as the new occupation numbers of the urns.

oIf "  Z' <mweadd m—Y . | Z balls into the urns. The urns are chosen
independently for each added ball with probability 1/n. Again, we denote by
(M7, ..., M]") the new occupation numbers of the urns.

Lemma 7.1. The vector (M7, ..., M) is Mult,(m,(1/n,...,1/n))-distributed.
The coupling is optimal in the following sense:

Lemma 7.2. For every non-negative real numbers x1, . . ., x, such that Y ;| x; =
n we have
1« 1« 1 1
Wi (= Onpyn, — Ongn) < Wi (= Onyy — On gn).
LH(n;_l: M ";—1: nzp) < 1,||(n§1: g nzp)

1=

Proof of Lemma 7.1 Remark that the conditional law of (Z1,...,Z,) given
Yo Z! =k is Mult,(k, (1/n,...,1/n)). Thus, if k = m the result is obvious.
If K < m or k > m, the coupling is done such that we move from the law of
k balls randomly putted in n urns to m balls into the same urns by picking or
putting at random. We finally get the Mult,,(m, (1/n,...,1/n)) law. O

Proof of Lemma 7.2 By definition

1 & 1 & I, n 1, n
Wi, (= E Ompgn, — Ongn) = su — E — M) — — E —zn
Ll |(n — M — war) fECbgUr) { n — f(m 7 n ,_lf(m ¢
= = NAllp,). <1 = =

IN

1 - n n
o - 2.

Due to the construction of (M7, ..., M) we have that either all M* — Z <0
orall M* — Z" > 0, so
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Sy - zp)

1~ .,
1—E;Zi

Moreover, for every non-negative real numbers z1, ..., z, such that >, z; =n
we have

3~

1 - n n _
E;IMZ- -z =

—

n

1 1 &
W1,|~|(526LE¢7E 5%Z;‘) = sup {

i=1 i=1 ‘(fﬁibﬁz)l i=1 i=1
1 & n .,
z 5 Z(xi - EZz )
i=1
1 n
- [i-234]
mis
which concludes the proof. O
A Sanov’s result in a strong topology.
Let ((Z7,...,Z])1<i<n)n>1 be a triangular array of random variables such

that for every n > 1 the Z}',..., Z" are independent and identically P(\,)-
distributed and such that lim, .o A, = A > 0.

Lemma 7.3. The sequence (R™ = 1 3" | 0.1 zn)n>1 obeys an LDP on WHRY)
endowed with the W |.| distance with good rate function H(-|Q(N)).

Proof of Lemma 7.3 According to Theorem 3 in [2] the sequence (R™),>1
obeys an LDP on M; (R ) when the latter is endowed with the weak convergence
topology with good rate function H(-|Q(A)). Moreover, for every n > 1 we have
R"™ € WHR,) and, since all the exponential moments of Q()) are finite, for
every v € M;(Ry) if H(v|Q(A\) < oo then necessarily v € W!(R,), see e.g.
Lemma 2.1 in [14]. Thus (R"),>1 obeys an LDP on W*(R, ) endowed with the
weak convergence topology with good rate function H(-|Q())), see Lemma 4.1.5
in [8]. In particular it is exponentially tight i.e. for every L > 0 there exists a
compact K, C W!(R) such that

1
limsup — logP(R" ¢ K1) < —L.
n

n—roo

To strengthen the topology for which the LDP holds it is sufficient to prove that
the sequence (R"),>1 is exponentially tight in the stronger W || topology, see
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Corollary 4.2.6 in [8]. To this end we follow the proof of Theorem 1.1. in [27].
For every L > 0 we introduce

Ap = {I/ e W'(R,): /R Ay (@)v(de) < L} .

We prove that for every L > 0 the set C, = K N Ay is Wy | |-compact. First
notice that Ay, is closed for the weak convergence topology hence C, is compact
for this topology. Thus, to prove that Cy, is Wy |.|-compact it remains to prove
that C'p has uniformly integrable first moments. Let S(N) = A (N)/N.
According to Lemma 2.2.20 in [8] we have limy_,o S(N) = oco. For every
v € (' we have

/>qu(dx) < —N/ Q(A) V(d:l:)
< L
- S(N)

hence C, is Wy |.|-compact. Since

n—00 n—00

lim sup — log]P’(R" ¢ Cr) < max ( L,limsup — log]P’(R" ¢ AL)> (7.1)

we are led to consider P(R™ ¢ Ap). According to Chebichev’s inequality for
every § € (0,1)

P(R" ¢ A) = ZAQW L)

IN

exp(—onL) (E exp(dA*Q(A)(Zf))) . (7.2)
But for every z € R and every A > 0 we have A%, (z) = A%y (Az) hence

. | A=z +Azlogx ifx>0
Aoy () = { 00 otherwise. (7.3)

So we get for every « € R the relationship Ay ) (z) = (A/An)AG, ) (2) so
P(R" ¢ Ar) < exp(—dnL) (E eXp((S(/\//\n)A*Q(A)(Zf)))

According to Lemma 5.1.14 in [8] for n large enough we have

2

Eexp(0(A/An)Ag (Z7)) < 1=0(M )
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which combined with (7.1) and (7.2) shows that (R"™),>1 is exponentially tight
in the W |.| topology. The announced result follows. 0

Conclusion of the proof of Lemma 2.1

LD wupper bound Let F be a Wy . -closed subset of M{(Ry). Since M{(Ry)
is a closed subset of W!(R,), F is also a closed subset of W!(R,) . For ev-
ery n > 1 let Z7',...,Z" be independent and identically P()\,) distributed
random variables and (M7, ..., M) the vector associated to Z7',...,Z" by
the coupling construction described in Section 7.1.1. According to Lemma
7.1 (M7, ..., M) is Mult, (m(n), (1/n,...,1/n))-distributed, which is also the
distribution of Z7,...,Z conditioned on {} ;" ; Z" = m(n)}. According to
Lemma 7.3

n 1 n
li 1 P(— own € F) = i 1 P(— F
imsup - log Z wr € F) imsup - log (n; My € F)
1 n
< 117151_>solip logP(;Z(SﬁZ? €eF)

—lim mf log]P’ Z" =m(n))

n—,oo N

.
< it AWIOW)
since liminf,, o0 = log P(3 7, Z" = m(n)) = 0.

LD lower bound Let O be an open subset of M} (R, ). In order to prove the LD
lower bound it is sufficient to prove that for every p € O we have

1 1<
lim inf — log P(— own € 0) > —H A)).
iminf - og (n; wr € 0) > (PIQ(N))
So let p € O and ¢ > 0 be small enough to ensure that B(p,e) C O. We can
assume that H(v|Q(\)) < oo for otherwise the LD lower bound trivially holds.
According to Lemma A.1 proved in the Appendix for every p € M{ (R, ) there
exists a triangular array of non-negative real numbers ((z7)1<i<n)n>1 such that

pr= LN Gan "4 » and such that for every n > 1 we have Yo al =n.

Again, let Z7', ..., Z" be independent and identically P(\,,) distributed random
variables and (M7, ..., M]') the vector associated to Z7', ..., Z by the coupling
construction described above. In particular

n

W17|,|(% Z(sm(n) M7 Zaﬁzf) < W17| | %Z xo 21

=1 i:l

=Y Ban).

=1

3|*—‘
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So,

1 & 1
P(ﬁ Ziswf €0) = P(ﬁ Z(SWM} €0)
=1 i

I I
2 P(Wlx\'\(ﬁ;‘sﬁ”f{"ﬁgisﬁzy)<5/3a
n 1 - n
Wi (p 7525%”2;@) <e/3, Wi (p",p) <e/3)
i=1
1 n
= P(Wy (0", > Z(sﬁzy) <e/3, Wi (p",p) <e/3)

1 n
> P(Wy . (p, ” ZCSﬁZ;) <¢e/6)

=1

for every n large enough and the LD lower bound follows from Lemma 7.3. [

7.1.2 Proof of Corollary 2.1

First notice that Agy)(a) = Ae®/* — 1) so condition (1.7) is satisfied. Using
(7.3) we immediately obtain the announced result. O
O

7.1.3 Proof of Corollary 2.2

Let us prove the inequality in Corollary 2.2. Let v € M;(X) be such that
inf, ez H(v|n) < oo. Necessarily for every n € Z such that H(v|n) < oo we
have v < . Now for every such 7 consider p € M}(Ry x ¥) defined by ps = 7
while the regular conditional distribution of its first marginal given the second
is

po(duw) = { FO NG (@) (dw) if g—;(x? >0
3o (dw) otherwise.

Let us check that F'(p) = v. Indeed, every measurable A C ¥ can be decomposed
into A = A, U AL where A, = AN Support(v) and

F(p)(4) = / wp(dwyn(a)

_ /A V < /R + w]—"(A,Aj—Z(z))(dw}) n(dz) + /A # ( /R ) w50(dw)> n(dz)

I
=
b
X
~
I
<
—
S
~—
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Moreover by taking ¥; =3 N {Z—Z(x) >0} and Zo =3N {Z—Z(m) =0} we get

H(plpr ®n) + H(p1|QN) + I¥(n) = H(p|QN\) @)

- /pr )1 Q()n(de)

dv
= [ HPOZ@PO) +

+ [ H(6[P(N))n(dz)

Yo

dv dv dv
- / A= o) + G ) og G ) + da()
= AH(v[n),

hence K (v) < Xinf,cz H(v|n). O

7.2 Iid weighted bootstrap
The following

Lemma 7.4. G is continuous.

is the main argument in the proof of Theorem 2.2

7.2.1 Proof of Lemma 7.4

We consider a sequence of probability measures (p™),>1 such that p” e p

and a sequence of positive numbers m,, — m > 0 and prove that G(p", m,,) A&
G(p,m). It is not difficult to show that for every f € C,(R% ), every p € W' (Ry.)
and every m > 0 we have

@0l mde) = [ F(elde).
So [g, 2G(p",mn)(dzx) =[5, mp"(dz) — L o Jp, zo(dz) = [ 2G(p, m)(dx).

Hence, according to Theorem 7.11 in [26] we are left to prove that for every
fe Cb(Ri) we have

A F@)G(p" mn)(dz) = | f(2)G(p, m)(dz).

Ry

Since p" i p we have p* 5 p hence for every ¢ > 0 there exists a compact
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K. C RY such that sup,,~;{p"(K¢), p(KS)} <e. Thus

A f@)G(p",mn)(dz) — 5 f(@)G(p, m)(dx)

= | Gt - f<;><>
< /fm (de) /f )|+ 2611l
< [ f(m—n)—f(;) "(de) +

| s - f

Since f is continuous it is uniformly continuous over compact subsets of R* so
there is an Ny such that for every n > Ny

)|+ 2l flle (74)

FGo) =G0

sup <é€.

rzeK.

By taking Ny large enough we can make the second term in (7.4) as small as
desired, which concludes the proof. 0

7.2.2 Proof of Theorem 2.2

According to [27], that all the exponential moments of £ are finite is a necessary
and sufficient condition for £ 37 |y, to satisfy an LDP on W' (R;) endowed
with Wy || with good rate function H( - |u). Next, since

G Wl (RJr) — RJr
v — fR+ av(dx)

is continuous when W!(RR) is furnished with the W; distance we obtain that
(L0 dy,, L 31" | ;) satisfies an LDP on the product space W!(R4.) x Ry
with good rate function

Rip.x) = H(plpa) i [fp, up(du) ==
’ +00 otherwise.

Since A*(0) = oo we have R(p,0) = co. Hence, according to Lemma 4.1.5 in [8],
an LDP for (£ 3" 6y,, 2 3" | Vi),>1 holds on W!(R4) x RY with the same
rate function R. Since G is continuous and

n

1 1 — 1 —
EZéW{L :g(g;(syl,ﬁ;y;)
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(8™),>1 obeys an LDP on W!(R ) due to the contraction principle, see Theo-
rem 4.2.1 in [8]. Finally, the announced result follows from Lemma 4.1.5 in [8§]
since for every n > 1 8™ € M{ (R, ) and the latter is a closed subset of W1 (R ).
O

7.2.3 Proof of Corollary 2.3

Let v € M7(X) be such that v < pu for otherwise we already know that K(v; u) =
+00. We have

ko = it AaGlew+ i {6 lo

pa:F(pa®@p)=v

= inf inf H @u)+H ,
nggopz:F(;g®u):V{ (plpr @ p) (p1lG(m, &)}

= inf inf H(p|G(m, &) ®
’”>0Pz:F(pz®u):V{ (plG(m, &) @ p)}

— nf {/ngmg)) (@)}

m>0py: F Pt@“) v

> inf [ AZ(

SRR RECE AR

where, to establish the last inequality and characterize the equality, we proceed
as in the proof of Lemma 1.1. O

7.3 The multivariate hypergeometric bootstrap

Since the W/"’s take values in the finite set {0,..., K} the proof of this LDP
closely follows the proof of Sanov’s Theorem for finite alphabets as exposed in
Section 2.1.1 in [8] . This is the reason why we shall not give all the details of
the proof. The main step is to notice that for every (wf,...,w)) € {0,...,K}"
such that Y. | w? = n if we introduce

nv™ (k)
POVE = uf oo W = ) = RO, (R 0= ) (79)

with 1 log R(n ) — 0. For every integer n > 1, every v € M{({0,...,K})

of the form (& ... 2%) with ky,..., kg integers there exists T, (v) vectors
(Wi, ..., wh) € {O .., K}" such that v = L 3% | 6,n with

(n+1)"Ke W) < T () < e HW) (7.6)
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where H(v) = — Zfil v(i)logv(i), see Lemma 2.1.8 in [8]. Hence, combining
(7.5) and (7.6) for every integer n > 1, every v € M{({0,..., K}) of the form
(%, ceey kTK) with k1, ..., kg integers we get

R, (n)e—nH(Vl‘B(K,%)) <P(S"=v) < RQ(n)e—nH(VPB(K,%))

with Llog Ry 2(n) — 0. The proof then follows as in Theorem 2.1.10 in [8] until
its conclusion. O

7.4 A bootstrap generated from deterministic weights
7.4.1 Proof of Corollary 2.5

First we consider @ > 0. Let v € M;(X) be such that W € M1(X). Then
p € M}I(R; x ) defined by p; = v while the regular conditional distribution
of its second marginal given the first is

pi_(dz) = v(de) and po(dr) = 00 = (1 = )v(de)

ey o

is the only element of M1 (R, x ¥) that satisfies F'(p) = v, p1 =~ and py = p.
Since for this particular p we have

H(plpr ® pa2) = (1 — )H(v|p) + aH (wm)

we obtain an upper-bound on K as announced. To prove the reverse inequality
let v € M1(X2) be such that K(v;u) < oo for otherwise the announced result
trivially holds. Necessarily there exists a p € Mi(Ry x ¥) such that F(p) =
v, p1 = v and pa = u. These conditions are only met by the probability measure

: : p=(-a)v
p introduced above. In particular =———
inequality holds.

must be a probability and the reverse

If « = 0 then v = §; so the only v € M;(X) such that there exists p €
MR, x ¥) such that F(p) = v and ps = p is p and necessarily p = §; @ p.
The announced result follows. (]

7.4.2 Proof of Corollary 2.6

First we consider o > 0. Let v € M;(X) be such that inf.ce, U(v, () < oo holds.
Then for every ¢ € £, we have w € My(X) and p € M}(R; x X) defined
by p1 =~ and

pa_(dz) = v(dz) and po(dz) = ¢(dz) — (1 — ajv(dz)

= o

satisfies F'(p) = v, p1 = v and p2 = ¢ hence K(v; u) < U(v, ) and the announced
upper bound on K follows.To prove the reverse inequality let us assume that
K(v;p) < oo. Then there exists a p € M}(Ry x X) such that F(p) = v
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and py = 7. Necessarily p_1_(dz) = v(dz) and ps is such that po(dz) =
M € M;(X). Thus &, is non-empty and

H(plp1 @ p2) + I (p1) + I¥ (p2)
= (1) Hlp) + ol (#m) X (p2)

> inf U(v, p2)
p2€EEL

If = 0 then v = §; and for every v € M;(3) there is only one p € M1 (R x X)
such that F(p) = v which is p = §; ® v and the announced result immediately
follows. O

7.5 The k-blocks bootstrap

7.5.1 Proof of Theorem 2.5

Let us apply Corollary 2.1 to L™ = %Z?:l WZ-"(S(I;L“__@?MA). We obtain the
desired result using the contraction principle on the map

H : Ml(E’“) — Ml(E)
k
p® s H(pW) =LY
which is continuous because it is Lipschitz. O

7.5.2 Proof of Corollary 2.7

Let v € M;(X). Since H(v®*) = v and in this particular case u*) = u®* we
get

~ 1
Ky ™) < ZH@F|u®r)
— HEl).
On the other hand for every p(¥) such that H(p*)) = v we have

k

1 k (k
H(vlp) = H( Yo"l ZH 2 l)

i=1
since H(-|p) is convex. To conclude the proof Just notice that

k k
H(p®|u®*) = <<’“>|®1 Lo H(@E pP k)
H(®i 1Pi |H )

= ZH ().

Y
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A Topological properties of (Mi(R, x X), A) and
(M} (Ry), Wh)

A1l (M]I(R, xX),A) is a Polish space

A.1.1 (M}(R; x X),A) is complete

Let (p")n>1 be a Cauchy sequence of elements of (M}(R4 xX), A). In particular
(p¥)n>1 is a Cauchy sequence of elements of (M (R,), W;) which is a complete
space (see e.g. [4]) so there exists a py € M (R) such that Wy (p}, p1) — 0.
Furthermore (p™),>1 is a Cauchy sequence of elements of (M;(Ry x ), SBL.s5)

hence there exists a v € M;(Ry x X) such that Spr.s(p™, ) — 0. Necessarily
we have 41 = p; hence A(p™,v) — 0.

A.1.2 (M}(Ry x X),A) is separable

Let R and E be dense countable subsets of Ry and X respectively. It is sufficient
to prove that

1 n
U {— E 5(un,w) : forevery 1 <i<n, u € Randv] € E}
n K2 K2
i=1

n>1

is dense in NV (R4 x X) endowed with the distance A. Indeed, since M1 (R, x )
is a closed subset of N} (R x X) the announced claim follows. So let p €
NH(R 4 x3). In particular fR+ xp1(dx) < co. Lets us denote by (X1,Y1),..., (X, Y5),. ..
a sequence of independent random variables with common distribution p. Ac-
cording to Varadarajan’s Lemma

I w
— E d(xr,yn) — p almost surely (A1)
n k2 K2

i=1

and according to the strong law of Large Numbers
1 n
— Z X' — xp1(dz) almost surely (A.2)
i3 R+

So there exists a family ((zI", ¥ )1<i<n)n>1 of elements of R4 x ¥ such that

1 n 1 n
— Z Senyr) = p and  — Z X' — xp1(dzx).
n “ P n “ R
i=1 i=1 +

Since R x E' is dense in Ry x X for every n > 1 and every 1 < ¢ < n there exists
(ul,vl') € R x E such that max{|ul’ — 27|, ds (v, y")} < 27". Clearly,

17

n

1 I .
Wi, (o > Stupp), - D S am) <2

=1 i=1
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hence W, ; (23 S(ur vy, p) — 0. Since both Bpr s and W, i, , metrize

o 1\
the weak convergence topology we have that

1 n
ﬁBL,(S(E Z S(ur wr)s p) = 0.
=1
Furthermore we have £ Y™ | §,» = p1 and since

n n n

1 1 1

SO DD B BESD I
=1 =1 =1

< 2™

n

we obtain that % Do ul — fR+ xp1(dx) which together with the latter weak

convergence ensure that = 3" | dyn M b1, according to Theorem 7.11 in [26].

A.2 An approximation result on (M](R,), W;).

Lemma A.1. For every p € M} (R,) there exists for every n > 1 an elements
p" of

1 n
A, = {u € M{(Ry), 3 (21,...,2,) € (Ry)" v = gz%}

i=1
such that v %3 p.

Proof By the same kind of argument as in the separability proof above one can

construct a sequence (£ 327" | 8,n)n>1 such that L 377 Gyn M b, In particular
% o ul — 1. So we only need to modify the u;’s in such a way that for every
n > 1 their total sum equals n. For a fixed n we have three possibilities:

o If Y0 | u; = n we take w = u; for every 1 <i < n.

o If >  u; >n we look at the u;’s as the occupation masses of n cells by a
mass u; each. We pick uniformly at random the excess of mass until we get new
occupation masses wY, ..., w, such that > I  w!' = n.

o If " | u; < n again we look at the u;’s as the occupation masses and add
mass uniformly at random into the n cells until they contain a total mass of n.
We call w?, ..., w, the final occupation masses.
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In all the cases considered above we have

1 — 1 —
Wl(— Z(sun, — Z(gw_n) = sup {
te s v

Sy - Y s

1 n
< sup — ful) = fw!
FECH(RY) n;| ( Z) ( 1)|
Il <t =
<

1 n
gZW? —wy'|
i=1

n n
— ’LLZ- - — U)Z-
n “ n

i=1 =1

n

%Zu?—l

i=1

— 0.
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