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Global nonlinear dynamics of thin aerofoil wakes

In the present investigation of thin aerofoil wakes we compare the global nonlinear dynamics, obtained by direct numerical simulations, to the associated local instability features, derived from linear stability analyses. A given configuration depends on two control parameters: the Reynolds number Re and the adverse pressure gradient m (with m < 0) prevailing at the aerofoil trailing edge. Global instability is found to occur for large enough Re and |m|; the naturally selected frequency is determined by the local absolute frequency prevailing at the trailing edge.

Introduction

The global dynamics of spatially developing shear flows is known to closely depend on its local stability features. Previous linear stability analyses [START_REF] Woodley | Global linear stability analysis of thin aerofoil wakes[END_REF][START_REF] Taylor | A note on the absolute instability of wakes[END_REF] have established that thin aerofoil wakes display local absolute instability near the trailing edge. In the present investigation we revisit this flow and examine its fully nonlinear régime within the framework of nonlinear global mode theory [START_REF] Pier | Bifurcation to fully nonlinear synchronized structures in slowly varying media[END_REF][START_REF] Chomaz | Fully nonlinear dynamics of parallel wakes[END_REF].

With x and y denoting streamwise and cross-stream coordinates respectively, we consider the semi-infinite flow domain (x > 0, -∞ < y < +∞) corresponding to the region downstream of the aerofoil trailing edge, where a symmetric velocity profile is imposed, represented by the double Falkner-Skan boundary layer solutions with negative pressure gradient m. The pa- 2 Global nonlinear dynamics obtained by direct numerical simulations

Global flow dynamics are obtained by direct numerical simulation of the governing equations, implementing a method similar to that used in [START_REF] Pier | Local and global instabilities in the wake of a sphere[END_REF]. Timeintegration is performed via a fractional step method of second-order accuracy in time. Spatial discretization combines fifth-order finite differences in the x-direction and Chebyshev collocation points in the y-direction. The streamwise grid is uniformly stretched in the downstream direction and the collocation points are mapped onto the entire cross-stream domain via an algebraic transformation. Non-reflecting boundary conditions [START_REF] Jin | A nonreflecting outlet boundary condition for incompressible unsteady Navier-Stokes calculations[END_REF] are used at the downstream boundary of the computational domain.

At low values of Re the wake is globally stable and the system converges towards a steady y-symmetric solution of the Navier-Stokes equations. Above a critical Reynolds number, which depends on the value of the parameter m, global instability occurs, and time-dependent fluctuations develop in the wake. After a transient régime, a fully developed self-sustained downstreampropagating vortex-street is observed. Figure 1 shows snapshots of streamwise and cross-stream velocity fields of such a saturated régime obtained with Re = 5000 and m = -0.085. The naturally selected vortex-shedding frequencies are obtained by recording time-series at different locations and computing the associated frequency spectra. These spectra display a wide range of harmonics but obtaining them at different spatial locations demonstrates that the entire flow is tuned to a single fundamental frequency. The dependence of the selected global frequency on both control parameters is given in figure 2. From these curves it is concluded that, for given m, the global frequency is nearly independent of Re, except near onset. However, the global frequency significantly depends on m: the vortex shedding slows down when m is decreased and separation of the inlet velocity profile is approached. 

Basic flow and local absolute frequencies

This section investigates the unperturbed basic flow and its local stability features, covering the same parameter ranges as the previous section. The basic flow is, by definition, a steady solution of the Navier-Stokes equations. Basic flow fields may be computed by imposing a symmetry condition along the x-axis and considering only the domain y ≥ 0. At very large Reynolds numbers, however, this symmetry condition is not enough to stabilize the basic flow, and the selective frequency damping method [START_REF] Åkervik | Steady solutions of the Navier-Stokes equations by selective frequency damping[END_REF] has therefore also been implemented. Thus, the basic flows are readily obtained by numerical integration of the governing equations, using the same code as in the previous section with only minor modifications.

For given values of Re and m, local stability characteristics of the associated basic flow are then derived at a given streamwise station by freezing the x-coordinate and studying the equivalent parallel shear flow of corresponding velocity profile. Such an approach can be justified by rigorous asymptotic analyses based on the assumption of slow streamwise development of the basic flow. In the case of thin aerofoil wakes, this is certainly a reasonable assumption, except very close to the trailing edge; and even in the very near wake region, the assumption of weak spatial inhomogeneity only breaks down for small values of both Re and |m|.

Local linear instability waves developing on these velocity profiles are then governed by the Orr-Sommerfeld equation, which yields the local linear dispersion relation ω = Ω(k; x; Re, m)

between the complex frequency ω and complex wavenumber k at streamwise station x for the basic flow characterized by Re and m.

In the context of open shear flows, a crucial feature is the complex absolute frequency defined for parallel flows as the frequency observed at a fixed spatial location in the long-time linear response to an initial impulse. The local absolute frequency ω 0 (x; Re, m) is derived in classical fashion by applying a pinch-point criterion [START_REF] Briggs | Electron-stream interaction with plasmas[END_REF][START_REF] Bers | Space-time evolution of plasma instabilities -absolute and convective[END_REF], equivalent to a vanishing group velocity condition

ω 0 (x; Re, m) = Ω(k 0 ; x; Re, m) with ∂Ω ∂k (k 0 ; x; Re, m) = 0. ( 2 
)
Figure 3 illustrates the streamwise evolution of the local absolute growth rate ω 0,i and real absolute frequency ω 0,r . It is seen that the largest absolute growth rate ω 0,i occurs near the trailing edge at x = 0. The growth rate increases with (adverse) pressure gradient |m|, and the size of the absolutely unstable domain (where ω 0,i > 0) increases with Reynolds number. All basic wake flows of this investigation are at least marginally absolutely unstable at x = 0. However, for moderate values of m, the extent of the absolutely unstable domain is rather limited. It is only for stronger adverse pressure gradients, close to detachment, that relatively strong absolute instability is obtained. 

Discussion

The spatial structure of the global mode is the following. The upstream region, close to the trailing edge, is covered by small-amplitude perturbations that propagate downstream. While propagating downstream, their amplitude grows exponentially until nonlinear saturation occurs. Further downstream, a finite-amplitude wavetrain prevails, the amplitude and wavenumber of which slowly vary with downstream distance. In the far wake, the wave amplitude slowly decays while small-scale features may develop for high-Reynoldsnumber configurations.

A comparison of the vortex shedding frequency measured by DNS and the real part of the absolute frequency ω 0,r (x = 0), prevailing at the trailing edge, is shown in figure 4. This plot shows that the naturally selected frequency is in excellent agreement with the absolute frequency prevailing at the trailingedge, thereby demonstrating that the global dynamics of thin aerofoil wakes is closely linked to the local absolute stability characteristics of the associated base flow. 0.16 0.17 A nonlinear saturation station x sat may be defined as the streamwise position where the envelope of the global mode reaches 90% of its maximum. Figure 5 shows how the thus computed x sat depends on Re for selected values of m. The saturation length appears to converge towards a constant value for Re → ∞ while it would diverge at the critical Reynolds number for onset of global instability. A somewhat intriguing result is also derived from this plot: the nonlinear saturation may occur downstream of the absolutely unstable domain. It has been verified that this observation does not depend on the length of the computational domain. Nevertheless, we are currently implementing a completely different numerical method to verify the robustness of this counterintuitive result.

We are also studying the controllability of this flow by applying smallamplitude harmonic forcing near the trailing edge. Preliminary results in- dicate that the open-loop control technique developed in a different context [START_REF] Pier | Open-loop control of absolutely unstable domains[END_REF][START_REF] Pier | Primary crossflow vortices, secondary absolute instabilities and their control in the rotating-disk boundary layer[END_REF] is capable of modifying the present flow.
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 1 Fig. 1 Snapshot of fully developed nonlinear régime at Re = 5000 and m = -0.085. Equispaced isocontours of (a) streamwise and (b) cross-stream velocity fields.
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 2 Fig. 2 Reynolds number dependence of the naturally selected global frequencies for different values of the parameter m.
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 3 Fig. 3 Streamwise variation of (a) imaginary and (b) real parts of local absolute frequencies obtained with m = -0.085 and Re = 100, 200, 300, 400, 500, 700, 1000, 1500, . . . , 5000.

Fig. 4

 4 Fig. 4 Comparison of measured vortex shedding frequency ωg and trailing-edge absolute frequency ω 0,r (x = 0).
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 5 Fig. 5 Variation of nonlinear saturation station with control parameters Re and m.