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High Order Nonlinearities and Mixed Behavior
in Micromechanical Resonators

N. Kacem, S. Hentz, S. Baguet and R. Dufour

Abstract This paper investigates the sensitivity of the third order nonlinearity can-
cellation to the mixed (hardening and softening) behavior in electrostatically actu-
ated micromechanical resonators under primary resonance at large amplitudes com-
pared to the gap. We demonstrate the dominance of the mixed behavior due to the
quintic nonlinearities, beyond the critical amplitude when the third order mechan-
ical and electrostatic nonlinearities are balanced. We also report the experimental
observation of a strange attraction which can lead to a chaotic resonator.

Key words: Nonlinear dynamics, mixed behavior, strange attraction

1 Introduction

The large potential of microelectromechanical systems (MEMS) and nanoelec-
tromechanical systems (NEMS) has been widely demonstrated for ultrasensitive
force and mass sensing applications [1, 2]. However, it is a challenge to enhance
their dynamic range (DR) by achieving large amplitudes comparable to the gap in
the case of electrostatically driven resonators without altering their frequency sta-
bility. Combined with the noise mixing issue [3] when the resonator is driven in the
nonlinear regime, this leads to a drastic limitation on the sensor resolution.
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An alternative to overcome this physical limitation is the hysteresis suppression
by nonlinearity cancellation which has been the aim of extensive research work
lately and requests the study of nonlinear dynamics of MEMS and NEMS. Most
nonlinear models dealing with the nonlinearity cancellation in capacitive micro and
nanoresonators includes nonlinear terms up to the third order [4, 5]. So even ex-
perimentally observed [5], the nonlinearity cancellation is limited by the high order
nonlinearities which occur proportionally sooner with respect to the resonator size.
Precisely, the onset of the mixed behavior is close to the critical amplitude for reso-
nant NEMS sensors.

Indeed, accurate nonlinear models [6, 7] for large amplitudes includes all main
sources of nonlinearities without Taylor series expansion of the nonlinear electro-
static forces. Kacem et al. developed complete multiphysics models including high
order nonlinear terms and demonstrated analytically the ability to cancel out the
nonlinearities in MEMS and NEMS capacitive clamped-clamped beam resonators
[6] as well as cantilevers [8]. Moreover, Kacem and Hentz [9] identified experi-
mentally the mixed behavior predicted in [6] i.e. they demonstrated the physical
significance of the quintic nonlinear terms.

In this paper, we report experimentally the high sensitivity of the third order non-
linearity cancellation to the mixed behavior on a MEMS resonator under primary
resonance at large amplitudes with respect to the gap. Based on a high order non-
linear model, the fabricated resonator was designed with a large ratio between its
width and the sensing gap in order to maximize its global critical amplitude. We
demonstrate the ability to reach very large amplitudes of order 90% of the sensing
gap without pull-in occurrence. Moreover, strange attraction on a mixed behavior is
experimentally identified which can lead in some configurations to chaos.

2 Experimental investigations

The fabricated resonator shown in Figure 1 consists in a silicon doubly clamped
beam electrostatically in plane actuated and detected using two electrodes (electrode
1 for actuation and 2 for sensing) which allows for 2 port electric measurements.

It has been fabricated on 200mm SOI (Silicon on insulator) wafers and micro-
electronic silicon processes. It is 200 µm long, 2 µm thick, 5 µm wide, the actuation
gap is 1 µm, and the detection gap 300nm. It has been designed to enable the com-
pensation of the nonlinearities thanks to a compact analytical model [6] including all
main sources of nonlinearities (electrostatic and mechanical) presenting non linear
terms up to the seventh order as shown in Equation (1).(
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Fig. 1 SEM images of the fabricated resonator designed using a complete nonlinear model [7].

The device was placed in a vacuum chamber (down to 1 mTorr), and the 2-port
electrical measurements were performed at room temperature using a low noise
lock-in amplifier (Signal Recovery 7280).

As a first step, the critical behavior is approached in order to slowly access the
nonlinear regime. Figure 2 displays a hardening behavior for which the mechanical
nonlinearities are much higher than the electrostatic nonlinearities. Indeed, for a DC
voltage of 1V , the nonlinear negative Duffing nonlinearity is very low which im-
plies a high quality factor (Q ≈ 104). Hence, in this configuration, the mechanical
critical amplitude is smaller than the electrostatic one (Ac ≈ 80nm). The harden-
ing resonance peak of Figure 2 has been obtained in sweep up and down frequency
which displays a critical behavior at an output voltage of 7µV . The fabricated device

Fig. 2 Measured critical hardening resonance peak for Vac = 0.2V . WMax is the displacement of
the beam at its middle point normalized by the gap gd .

has the characteristic of large width to gap ratio and consequently can potentially
display a linear compensated behavior when both electrostatic and mechanical non-
linearities are balanced by increasing the nonlinear spring softening effect.
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In order to approach this operating point (hysteresis suppression), the DC voltage
has been increased to 3V and 5V as shown in Figure 3 where the resonance curves
have been electrically characterized in sweep up and down frequency.

Since the negative nonlinear stiffness is proportional to the square of Vdc (for
Vdc >> Vac), unlike the first peak obtained at a DC voltage of 3V , the second one
(left curve) measured for Vdc = 5V displays nonlinear branches in the softening do-
main characterized by a complete modification of the dynamic bifurcation topology.
The frequency shift between both curves due to the negative stiffness is about 2KHz.

Moreover, the first peak measured at Vdc = 3V displays a quality factor Q = 6000
which has been measured on a linear curve at a low AC voltage and the same DC
voltage. The resonance curve, in this case, is strangely nonlinear (hardening behav-
ior). The third bifurcation is the highest one in the hardening domain obtained in
sweep up frequency where the corresponding curve displays two regimes: a first
fast in amplitude variation and a second slow with a slope approaching zero. The
first bifurcation is obtained in sweep down frequency and intercepts the sweep up
frequency curve in a small part of the slow regime and the entire fast regime of
amplitude variation. The strange nonlinear hardening behavior obtained experimen-
tally can be explained by a strong dynamic perturbation due to the increase of the
softening nonlinearitie.

Fig. 3 Measured strange hardening and mixed resonance peaks for Vac = 0.2V showing the
changes on the bifurcation topologies. P is the mixed behavior initiation point and the third bi-
furcation is the highest point in the hardening domain.

In Figure 3, the left resonance curve measured at Vdc = 5V displays a quality
factor Q = 4000. Using the analytical model of a 2 ports nonlinear resonator devel-
opped in [6], for these parameters, the resonator should display a linear resonance
peak obtained by the compensation of the mechanical and the electrostatic nonlin-
earities. Unlike the mixed behavior (hardening-softening) demonstrated in [9], the
experimental peak measured at Vdc = 5V displays clearly a mixed behavior starting
by a softening branch and ending by a hardening one where the peak amplitude is
around three times the critical amplitude displayed in Figure 2.
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Particularly, in this mixed behavior, the P point and the first bifurcation have
the same frequency and the hardening domain is reduced in comparison with the
first resonance curve of Figure 3. Actually, for the fabricated resonator, the fifth
order nonlinear terms are no more negligible when it is used to operate close to
the hysteresis suppression point. Indeed, the compensation of the nonlinearities is
sensitive to the highly unstable mixed behavior.

Once the mixed behavior was reached, we continue the increase of the DC volt-
age in order to track the transition from a mixed to a softening behavior as shown
in Figure 4. The first peak has been measured at a DC voltage of 7.5V where the
branches obtained in sweep down frequency enable the capture of two bifurcation
points: the first one is the P point which corresponds to the initiation of the mixed
behavior domain and the second one is the highest bifurcation point in the hardening
domain.

Fig. 4 Measured mixed and softening resonance peaks for Vac = 0.2V .

Then, in sweep up frequency, the output voltage Vout follows the curve charac-
terized by the bifurcation points 1 and 3. When the frequency of the first bifur-
cation point is reached, a strange attractor brings the resonator oscillation to the
upper branch in the hardening domain instead of following the sweep down fre-
quency curve (jump to the downer branch) which should be physically easier where
the basins of attraction are quite larger. This is another illustration of the physical
importance of the quintic nonlinearities. Hence, it is difficult to achieve large ampli-
tudes for MEMS and NEMS capacitive resonators without altering their frequency
stability.

In order to suppress the mixed behavior, the effect of the hardening nonlinearities
is reduced in the second peak of Figure 4 for Vdc = 10V and an estimated quality
factor Q = 2000. The electrostatic nonlinearities are amplified with respect to the
mechanical nonlinearities which brings the third bifurcation point at the same fre-
quency as the first one. Remarkably, the resonator has reached very large oscillations
up to 90% of the sensing gap without pull-in occurence. Nevertheless, the highest
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branch in the softening domain displays an inflection point (potentially due to the
high order hardening nonlinearities) followed by a dynamic relaxation at the jump
down bifurcation point.

3 Conclusions

In summary, we have demonstrated the high sensitivity of the third order nonlin-
earity cancellation to the mixed behavior in nonlinear capacitive clamped-clamped
MEMS resonators under primary resonance at large oscillations. The experimen-
tal investigations were performed on a fabricated resonator designed using a com-
plete analytical nonlinear model in order to balance the third order nonlinearities
and drive the resonator linearly at high amplitudes. Beyond the critical amplitude,
the quintic nonlinearities drastically limit the operating domain of the nonlinearity
cancellation. Moreover, strange attractions become possible which can lead to un-
desirable chaotic sensors. Consequently, for nonlinear optimized resonant MEMS
designs, the onset of the mixed behavior must be considered.
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