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Abstract

This paper develops the basic analytical theory related to some recently introduced crowd
dynamics models. Where well posedness was known only locally in time, it is here ex-
tended to all of RT. The results on the stability with respect to the equations are improved.
Moreover, here the case of several populations is considered, obtaining the well posedness
of systems of multi-D non-local conservation laws. The basic analytical tools are provided
by the classical Kruzkov theory of scalar conservation laws in several space dimensions.
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1 Introduction

From a macroscopic point of view, a crowd can be described through its density p, with
p € LY(R?;R), and assuming that p satisfies a continuity equation of the form

The vector V is in general a function of the space coordinate 2 € R? and of the density p.
The latter dependence may well be also of functional type since, in general, it is realistic to
assume that V depends on p through some sort of weighted space average of p.

A first example of a model of this kind was presented in [6, Section 4]. There, it is assumed
that pedestrians follow prescribed paths but adjust their speeds to the density they evaluate
near to their positions. This amounts to postulate a speed law of the form:

V =uv(p*n)7(x). (1.2)

The integral curves of the vector field ¥ are the trajectories followed by the pedestrians. For
instance, ¥(x) is the unit tangent at = to the geodesic curve joining x to the destination of
the pedestrian at 2. The convolution p % 1 stands for [g.n(z — &) p(t, &) d¢, for a suitable
non-negative smooth kernel 7. It represents the average density measured, or felt, by the
pedestrian at time ¢ in position x.

Below, we extend the results in [6] proving the global in time existence of the solutions
to (LI)—(L2). Moreover, we complete the stability estimates with an estimate on the depen-
dence of the solutions from v and ¥, see Theorem 221 The resulting model (LI)—(L2]) enjoys
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further remarkable analytical properties. Indeed, a standard conservation law generates a
semigroup which is not differentiable with respect to the initial data see [3, Section 1] for
an explicit example. On the contrary, under suitable conditions, the semigroup generated
by (LI)—(L2) turns out to be differentiable with respect to the data. This allows to obtain,
rigorously, necessary conditions for optimality in various control problems based on (LII)—
(T2, see Section [ below and [6, Section 4].

Assuming that pedestrians adapt their path to the crowd density they meet lead to the
model presented in [5]. There, the speed law

V = v(p) () + Z(p) - (13)

is considered. Again, ¥ is the unit vector field describing the preferred paths. But, contrary
to (L2), here pedestrians may deviate from it, due to the nonlocal term Z, which can be
assumed, for instance, of the form

I(p) = —e ——Y(P*1) . (1.4)
¢1+HV@*nN

Again, (pxn)(t,x) is the average density felt by the pedestrian at (¢, ), so that (21II) states
that each individual is ready to leave the preferred path in order to avoid regions where the
crowd density increases. The denominator in (L4 is a normalization factor, so that the
modulus of V' is essentially controlled by the function v in (L3]), a smooth non increasing
function that vanishes at the maximal density. We refer to [5] for further justifications of
the choices leading to (LI)—(L3)). Below, we show through numerical integrations that the
formation of lanes, first noted in [5], is present also in the present multi-populations setting.

For both problems (LI)-(L2) and (LI)—(L3]), we then consider the case of several, say
n, populations. By this, we mean that different groups of pedestrians are considered, distin-
guished for instance by their destination. This amounts to consider systems of the form

opt +div(p'VH =0, di=1,...,n (1.5)

where, in general, V' depends on the densities of all populations: Vi = Vi(py,...,p,). To
extend all the above well posedness and stability results, we rely here essentially on [7],
with the improvements in [14]. We recall that systems of the form (L)) are considered also
in [8], where measure theoretic techniques are exploited. The interaction among different
populations is considered also in [I] through a macroscopic model and in [9] by means of a
multiscale model. For a general review about crowd dynamics models we refer to [2].

The next section deals with the n-populations version of (LI)—(L2]). Then, Section Bl
is devoted to the analogous extension of (LI)—(L3]), presenting also a sample numerical
integration. All proofs are collected in Section [l

Throughout, we state and prove every result in R?, for a dimension d € N, d > 0, since
the 2D case contains the same difficulties as the general d-dimensional situation. By RT we
denote the interval [0, +o0].

2 A Differentiable Model

The natural generalization of (L2]) to the case of n populations is

Vi=vi(pt st + .. 4+ p" ") D), (2.1)



so that (p' * n')(z) is an average of the values attained by p’ in B(x,1). The map v’ is the
usual speed law, typically required to be non increasing since at higher densities the mean
traffic speed is lower. Below, only the regularity of v is used. The vector ¥(x) is the direction
of the pedestrian belonging to the i-th population and situated at € R%. The presence of
boundaries, obstacles or other geometric constraints can be described through v, see for
instance [4].

This section is devoted to the well posedness of (LE)—(2.1]), extending the results in [6] not
only for what concerns the number of populations, but also obtaining global in time existence
and more complete stability estimates. Before stating the main result, we rigorously specify
what we mean by solution.

Definition 2.1. Let T > 0. Fiz p, € L®°(R% R"). A weak entropy solution to (1.3)-(Z1)
on [0,T] is a bounded measurable map p € C° <[O,T]; L} (Rd;R")> whose i-th component p',

loc
foralli=1,...,n, is a Kruzkov solution to the problem

@p +div <p v (t,x)) =0 where  Vi(t,z) =o' (pl(t) bt b4 p"(t) % n"> 7(x).
p'(0,z) = py()

For the definition of Kruzkov solution, see [13] or [I1], Paragraph 6.2]. Above, the convolution
products in the arguments of v’ are intended in the sense

(dr )@ = [ dtOr@-9a i1

The next Theorem summarizes various results in [6], particularized to (LI))—(L2]).
Theorem 2.2. Fiz d,n € N with d,n > 0. Assume the following conditions:
(v) v' € (C2NW2>)(R;R) fori=1,...,n.
(V) TP e (CPNnW2H(RLSY) fori=1,...,n.

() 7 € (C2NW2=)(R%[0,1]) and ‘ wl  =1fori=1...n.

Then, there exists a semigroup S: Rt x (L' NL*NBV)(R%R"?) — (L'NL®NBV) (R R?)
such that:

1. For all p, € (L' NL>® N BV)(R%RY), for all t > 0, the orbit t — Sip, is the unique
solution to (LI)-@ZJ) in the sense of Definition[21] with initial datum p,. Furthermore,

the map t — Syp, is in C° <R+; Ll(Rd;R")).
2. For all p, € (L'NLXNBV)(R%GRY), if pi >0 fori=1...,n, then (Sipo); > 0 for all
t>0.

3. There exists a constant L such that for all p, € (L' N L>® N BV)(R%R?), the corre-
sponding solution satisfies for allt € R

TV (p(1)) < (TV (o) + Lt lpolly) € and [[p()]|y < lpollpoe €.



4. Fiz a positive M. Then there exists functions L, Ay, Ay, Az € CO(RT;RT) such for
all Po,15 Po,2 mn Ll(Rdan) with ma*X{HpO,iHLU Po,iHLom TV (po,i)} < M; fO?" all V1,02

satisfying (v), for all V1, Vo satisfying (V) and for all my,me satisfying (n), the corre-
sponding solutions py, pa satisfy, for allt € RT,

o1 = po®)||pr < (L+ELE)) [t = po2|ps
+t Ay () Im = n2llwiee +tA()][v1 — valwieo
+t Az (t) (|71 — Tallpe + |71 — Tallwra) -

5. More regular initial data tmply more regular solutions, in the sense that

po € (WHINL®)(RELGRY) = VteRT, p(t) € WHHREGR?),
po € WHX(RY: R™) — VteRT, p(t) € WH(REGR?) .

Furthermore, there exists a positive constant C such that

ey < A+ COE Npolliwra  and  [|pt)][yyr < (1 +CE [|pollyyire -

6. If v, ¥ and n are of class C3, then

po € (W2INL®)(RLGRY) = VteRT, p(t) € W2HRERY),
po € W22 (R4 R™) — VteRt, p(t) € W22 (R4 R,

and for a suitable non—negative constant C, we have the estimates

Hp(t)HW2,1 < eCt(l + Ct)z ”POHWQJ ) Hp(t)sz,m < eCt(l + Ct)z ”POHWQ,OO .

7. If v is of class C*, for any initial data p, € (W>* N W2)(RER?), 0, € (WHIN
L>)(R%R™) and for all time t € RT the semigroup S is strongly L' Gateaux differ-
entiable in the direction o,. The derivative DS(p,)(0,) of St at p, in the direction o,
18

DSi(po)(00) = Efo (00)

where P is the linear semigroup generated by the Kruzkov solution to

oot + div <aiVi(p) + pt DVi(p)(U)) =0 (t,z) €I x R?

o'(0,z) = ol (z) reRY (22)

where p(t) = Sip, for all t € RT and V' is defined in (2.1)).

Note that the linear problem (2.2]) is the equation that is obtained through a merely formal

linearization of (LH)—(21]).

The above regularity results allow to state and prove the following necessary condition for
optimality.

Proposition 2.3. Let f € CHY(R™;RY), ¢ € L¥(RT x R%:R™) and assume that the prob-
lem (I1)-(21) satisfies the assumptions at 6. in Theorem [ZZ. Denote by S: R x (L' N



L*)(R%R) — (L' N L*)(R%R™) the semigroup generated by (L3)-(21). Introduce the
integral cost functional

Koo = [ £ (Sip0) wit.z)da (23

Then, J is strongly L>® Gateaur differentiable in any direction o, € (W 0 L>®)(R%;R?).
Moreover, let ¥: R x (WHINL®)(R% R?) — (WHINL®) (R4 R™) be the linear semigroup
generated by (22). Then,

DI = [ 1S S (0bta) d

If ps € (L' NL>®)(R%; R™) solves the problem

d e (L' NL>®)(R%: R” h that  J(py) = i J
find  pi € ( ) ) such that  J(px) P TR (p

then, for all o, € (L' N L>®)(R% R"),

) f'(Seps) X 00 0(t,2) dz = 0. (2.4)

R

The proof directly follows from [6, Proposition 2.12 and Theorem 4.2] and is hence omitted.
Remark that (LO)-(ZJ)provides an environment where optimal control problems can be

considered. On the other hand, no uniform upper bound in L is available.

3 Pattern Formation

In the case of n populations trying to avoid each other, we are led to consider (LI]) with
Vi=12'(p") (T)’i(x)%—Ii(pl,...,p")) for i=1,...,n, (3.1)

where T',...,Z" are suitable nonlocal functionals. According to (B.IJ), the velocity V' of
the i-th population is the product of a scalar crowding factor v'(p') with a vector v%(z) +
Ti(p',...,p"), which is the sum of a preferred direction v*(zx) and a deviation T'(p',..., p").
The scalar v*(p') approximately gives the modulus of the speed. A further standard condition
on v' typically required in the engineering literature is that v* be weakly decreasing. However,
this assumption is here not exploited. The unit vector field ¢ can be, for instance, the
vector tangent at x to the geodesic that the individuals in the +—th population would follow
to get to their destination, if unaffected by any other individual. The term Z%(p',...,p")
describes how the i-th population deviates from its preferred trajectory due to the interaction
among individuals, both of the same and of different populations. In general, it is a nonlocal
functional, since its value at any position  depends on the population densities averaged over
a neighborhood of x. The present setting generalizes the model in [5].

Below, we first address the main analytical properties of (LI)—(B1]), such as the existence
of solutions, their continuous dependence from the initial data and their stability with respect
to U% and Z'. Then, a numerical integrations shows further qualitative properties of the
solutions to (LH)—-B.J).

Denote by R > 0 a given maximal density. Throughout, we also denote the flux of the
i-th population by ¢‘(p?) = p’ v’(p), for all p’ € [0, R].

Our starting point is the rigorous definition of solution to (LH)—(B.1), analogous to Defi-
nition 211



Definition 3.1. Fiz the initial datum (p,...,pR) € (L' N L>®)(R%[0,R™). A map p €

c ([O,T];Ll(Rd; [O,R]”)) is a weak entropy solution to (LH)-B.Il) corresponding to the

initial condition (pl,...,p"%) if, for i = 1,...,n, p' is a Kruzkov solution to the Cauchy

problem for the scalar conservation law
(91?/) +div (p v'(p') V (t,$)> =0 where  Vi(t,z) = Ul(x)—{—l—l (Pl(t),---,Pn(t)) (z).
p'(0,2) = po(x)
For the definition of Kruzkov solution we refer to [I3 Definition 1].

Theorem 3.2. Assume the following conditions:

(v) Fori=1,...,n, v' € C*[0, R];RT) satisfies v'(R) = 0.

(V) Fori=1,...,n, 7' € (C2NWhe)(R%:RY) and div 77 € WHI(RY; RI*4),

(I) There exists a constant Ct > 0 such that the functional T': L' (R%; [0, R]") — C?(R%;R?)

satisfies, fori=1,...,n,

“VIi(p)“Lw(Rd;Rd) < Crllplly@arnys

V div (Ii(p)) < C ”p”Ll(Rd;R")'
> ‘ Ll(Rd;Rdxd)

I'p) = Z'(p)

div (T'(p) ~ T'()

Vp € LI(R% [0, B]")

A

- CI p_p, RN
Vp, p' € LL(R% [0, R]) Leo (R4RY) I it eteny

IN

LURER) Crllp - p,HLl(Rd;R”)'

Then, there exists a semigroup S: RY x (L'NBV)(R%; [0, R]") — (L'NBV)(R%; [0, R]") such
that

1. For all p, € (L' N BV)(R% [0, R]"), the orbit t — Sip, is the unique solution to (L))~
BI) with initial datum p, in the sense of Definition [31.

2. For all p, € (L' N BV)(R% [0, R]"), the map t — Sip, is in C° (R*; L' (RY, [O,R]")).
3. For all p, € (LY NBV)(R% [0, R]"), the following estimate holds:
TV (Sup0) < TV (p) €% + AW € all o o, (Cr + iV Flpa)t, (32
where Wy is defined in (4.1]).

4. Fix M > 0. Let vi,ve satisfy (v), U1, Ve satisfy (v) and Iy, satisfy (I). Then, there
exist b,c € CO(RT;RY) such that for all p,1,poa € L (R% [0, R]?) with TV (p,;) < M
and for all t € R

|Sip01 = Stpozllpn < (1+ tetb(t))Hpo,l — po2||y
+te(t) (llar = gallvwroe + 171 = Fallg + [|div (T2 = T2) 1)

and the functions b, c depend ond, Cr, R, ||q1]lywi.00s | T1llwiies 1AV T |lwias V0] e
and on M.



Detailed expressions for the functions b and ¢ are available, together with the proof, in Para-
graph

This theorem also provides a kind of maximum property since each density remains
bounded by R. However, it does not guarantee that the sum pi(t) + ... + pn(f) remains
bounded by R.

Preliminary to any use of (LI)—(B.1) is the choice of a specific Z. First, we consider the
following lemma that eases the construction of operators that satisfy (I).

Lemma 3.3. Let N': R? — R? be defined by

N(u) = —= -
1+ [ul

If T satisfies (I), then so does N oT.

The proof consists in long but elementary computations and is hence omitted. By
Lemmal3.3] it is immediate to check that (L4)) is satisfied by the operator Z defined in (L4]) in
the case of one population, as soon as n € C2(R%R*) and |9y, = 1, considered in [6]. When
more populations are present, it is natural to consider different kinds of interactions. For in-
stance, the population p! might deviate from its preferred path ! due to the population p?
pushing in the direction 72, thus leading to consider the operator

Ilg(p) _ (p2?)(p2)7)»2) *1) (3.3)

)
R

Under assumption (v) on v and with € C2(R%RT) such that |||/ = 1, also Z'2 as defined
in (B.3) satisfies (I).

When these or other operators are to be considered together, then the following lemma
makes the verification of (I) immediate.

Lemma 3.4. Let T and T satisfy (I). Fiz any two functions a, 3 € (C? N W2°)(R%R).
Then, also oL + BT satisfies (I).

The proof is elementary and hence omitted.

Differently from the model in Section [2] the semigroup generated by (LI)—(B.I]) is not
proved to be differentiable with respect to the initial data. On other hand, it develops
solutions with an apparently rich structure. Moreover, as stated in Theorem B2l an upper
bound in L is available.

3.1 Numerical Integration

The study of the qualitative properties of the solutions to (L5)—(B.I)) is in general not amenable
to purely analytical tools. Numerical integrations, besides being of interest from the point
of view of the applications, show interesting pattern formations. In the case (LI)—(L3]) of a
single population, the formation of queues was already noted in [5].

The algorithm used is the Lax-Friedrichs method with dimensional splitting. A uniform
grid (z;,y;) fori =1,...,nyand j =1,...,n, is introduced and the density p is approximated



through the values p;; on this grid. At every time step, the convolution in Z(p) is computed
through products of the type A;,ppiBij, where the matrices A and B depend only on 7.

In both the integrations, we use the same geometry and the same numerical parameters.
More precisely, the space available to the pedestrians is the rectangle R x [—3, 3], while the
numerical domain is [—8, 8] x [—4,4]. Pedestrian may exit along the segments {—8} x [—3, 3]
and {8} x [—3,3]. The mesh size is Ax = Ay = 0.025.

The preferred path of each pedestrian is the sum g + 6. The vector g is tangent to
the geodesic towards the pedestrian’s target or 0 when the pedestrians would not move.
The vector § describes the discomfort of pedestrian when walking too near to a wall. It is
perpendicular to the walls and pointing towards the interior of the room. Analytically, it also
ensures the invariance of the room, see [5] for more details. Its maximum modulus is dyax
along the walls at |x3] = A and decreases linearly towards the room interior, vanishing at a
distance ¢, from the walls. In the present integration we set

max = 0.8, 6, =0.75. (3.4)

3.2 Two Groups of People Crossing

A classical situation considered in the engineering literature is that of two groups of people
moving in opposite directions and crossing each other. Typically, lanes, also called paths
or trails in the engineering literature, are formed, see for instance [12], 10] or [I] for a one
dimensional description. They consist of people going in the same direction. The model (LI])—-
(ZT)) captures this phenomenon. Indeed, we consider (LEH)—(ZT) in the following setting:

Opt + div | pLu(ph) | Ti(z) — __ V) __ V) —0
\/1+HV(p *7] 1/1+HV (p *n)

Op? + div | p2v(p?) | T2(z) — __ Vs ) —0
\/1+HV(p *17 \/1+||V 2 *77

where the p! population moves to the right and the p? population move to the left. Above,
we assume that each pedestrians wants to avoid entering regions with increasing densities and
that the repulsion towards pedestrians of the other population is bigger than that due to the
proper population. For the sake of simplicity, we use the same kernel 1 and the same speed
v in both equations. We consider the specific situation defined by

s 1 3 3
7 = ol T, mzz2) = [1-(221)%]" [1 - (222)7] X[fo.5,o.5}2(x1’x2)’
(3.6)
-1 € = 03, ¢ = 0.7
o _ _ 11 ) 12 ’
v == 0 +65 'U(p) - 4(1 p)’ €91 = 07’ €929 = 0.3.
As initial datum we choose
po(T1,22) = 0.9- X[_6_4,—3.2]><[—2.4,2.4](x17 72),
(1 20) = 07 (21, 22) (3.7)
Po\T1, T2 : X[3.276.4]><[—2.4,2.4] 1,527



The resulting numerical integration in Figure [l shows several lanes forming. First, when most
of the populations are still separated, the lanes in the two populations are rather symmetric,
in spite of the different initial densities Then, when the interaction between p! and p? gets
_Time=_0.000 _Time=_1.466

_Time=_1.971 _Time=_2.981

IR L ERLE
- |
Lo bt ok e
j‘:‘“‘?‘r?f‘“j
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ooy e s

‘ Time =_2.981

Ab b Aok ow o
A b A Aok e s

A bR Aok e s
Ab b Aok ow o

8 6 4 2 0 2 4 6 8 6 4 2 0 2 4 6 s 6 4 2 0 2 4 6 T s 4 2 [ 2 4 6

Figure 1: Numerical integration of ([B.5]) with data ([B.7]) and parameters as in (B.4)—(3.0).
Above, the population p! moving to the right and, below, p? moving to the left. Note the
lanes that are formed. First, due to the self-interaction within each populations and then due
to the crossing between the two populations. The latter lanes of different populations do not
superimpose.

relevant, lanes sharply bend their trajectory so that they are not superimposed. In this way,
pedestrians lower how much they block each other. After the interaction, the density is so
low that no more patterns arise.

3.3 Part of an Audience Leaving a Room

A sample situations developing various interesting features is the following. Two populations
are initially uniformly distributed in the same region. At time ¢ = 0, the first populations
starts moving towards an exit, on the right in Figure [2), while the second moves only to let
the first one pass. We describe this situation through (ILH)-(3d)). The preferred path of p' is
tangent to U = g+ 8, where ¢ is the geodesic vector field directed toward the right exit and
J is the discomfort, as above. The p! population then deviates from this trajectory only to
avoid the other population. On the contrary, the preferred path of p? is tangent to v2 = 6,
since this population moves only to avoid the walls and the p' population. All this leads to
the system

Opp* +div | ptu(ph) <7}’1(x) —¢ %) —0,

14|V (p24n)
(3.8)
Op® +div | p2v(p?) | T2(x) — ¢ L’M =0
14|V (pten) |
We consider the specific situation defined by
71— | +6, nlxy,xe) = [1—(2x)2]3[1—(2x)2]3 (21, 72)
0 ,  MT1, T2 1 2 X[70.5,0.5]2 1,22), (3.9)
v = 6, v(p) = 4(1-p), e = 03.



with initial data

i L
Po =105 X[76.4, —3.2]x[—2.4,2.4] 1=12, (3.10)

The resulting numerical integration is in Figure 2l Note that the initial distributions of

_Time=_0.000 _Time=_0.203 _Time=_1.213 _Time=_2.476

e
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Figure 2: Numerical integration of ([B.8]) with data and parameters as in (34)—(B.9). Above,
the population p' and, below, p?. Note first the formation of small clusters separating the
two populations, then lanes and, finally, a sort of fingering.

both populations are uniform. Very quickly, patterns start to form. First, clustering: the
different populations separate forming separated peaks of high density. Then, population p!
starts moving significantly to the right along lanes that follow paths in regions of low p?
density. Finally, the two populations are almost separated, with a sort of fingering remaining
in the region when they are superimposed. Concerning the initial clustering, we underline
the analogy with [9], where a population is described through a measure possibly containing
also an atomic part. Concerning the latter fingering, we borrowed here this term from the
entirely different case of, for instance, thin films, see [15]).

4 Technical Details

i

Below, for any p € L'(R% R"), 1o/l (re;gny stands for 377, ‘

p L ReR)’ Similarly, TV (p) =

Yo, TV (p'). More generally, if not otherwise stated, the norm of a vector v in R™ is the

I-norm, ie. |jv]| = > 7", vi‘. The following constant enters several estimates below:

/2
Wy = / (cos6)?df . (4.1)
0

The analytical tools below are based on the classical Kruzkov work [13], see also [11],
Chapter VI|. The stability estimates are taken from [7] [14].
First, we study the following Cauchy problem for a scalar non-linear conservation law:

Op + div (q(p) V(t,z)) =0
{ p(0) = po . (4.2)

10



Lemma 4.1. Assume that

q € C2%RT;R") satisfies q(0) =0,
div V (t) € WHI(RE RY)

+
V(t) € Whoo(RY: RY) forallt e RT, (4.3)

V € CYRT x R%LRY) satisfies {
po € (L'NL®)(R%4RT).

Then, there exists a unique weak entropy solution p € C° <R+,L1(Rd;R+)) to [(4-3).
If furthermore p, € BV(R%R), then p(t) € BV(R%LR) for all t € RT and, denoting
Br = Hp(t)HLOO([O,T}X]Rd)’

t
TV (p(t)) < TV (po)e™’ + Cy e“"thHLw([O,RT})/O /]Rd |V divV(r,z)| dz dr, (4.4)

where K, = (2d + 1)HqIHLoo([o,RT})HVVHL‘”([O,T}XRUZ) and Cy = dWy, with Wy defined in (44).
Let now v1,v2, V1,Va and p, 1, po2 satisfy @3). Call py1, p2 the solutions to

Op1 + div (p1v1(p1) Vi(t,z)) =0 and Ay pa + div (p2 v2(p2) Va(t,z)) =0 (4.5)
p1(0) = po,1 p2(0) = po,2 '

Then, renaming Ry = max{|[p1 |y, (jo 11xra): |02l Lo (0,71 xRA) >

p1(®) = p2()|lpr < |lPot — po2]| g
+t et (HngLoo([07RT])HV1 - V2HLC>o + qul - ngLoo([O,RTDHVlHLOO>

X

t
TV (po,1) + Calla1llvee 0, m) /0 /Rd |V div Vi(7,2)| da d’T]

t
+HQ1HL°°([O,RT})/O /Rd

t
i — a2l (o, /O /R |div Va(r, )] drdr

div (Vi (7, 2) — Va(r, 7)) ‘ dedr

Proof. We consider the following steps separately.

Existence. Let f(t,z,p) = q(p)V(t,z). Then, we have f € CO(RT x R? x R;R?) and
f(t, -, ) € C?(R? x R;RY) for any t € R*. Through elementary computations the following
implications can be checked:

Opf(t,z,p) = ¢ (p) V(L x) = d,f is bounded on [0,7] x R? x [~A, A]
div f(t,x,p) = qlp) divV(t,z) = divf € L*([0,T] x R? x [-A, A],R)
dpydiv f(t,x,p) = ¢(p)divV(t,z) = 9,divf € L>®([0,T] x R? x [-A4, A])

for all A € RT. Hence, [13] Theorem 4] can be applied and the existence of solutions follows.

Maximum principle. Since ¢(0) = 0, p = 0 is solution to (£2]). The maximum principle
of Kruzkov [I3, Theorem 3] then ensures that p, > 0 implies p(t) > 0 for all ¢ > 0.
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BV bound. The BV bound follows from [I4] Theorem 2.2], which can be applied since
Vo,f =q(p) VV(t,z), so that VI, f € L>([0,T] x R? x [ A, A]). Moreover, for any A > 0,

T T
/O/RdHVdivf(t,x,-)HLw([AADdxdt:Hq(p)HLoo([A,A])/O/RdHVdivT)’(t,x)dedt<+oo.

Let k, = (2d + 1)HqIHLC’o([O,RT})HVVHLOO([OyT]XRd)' Then, for any ¢ > 0, we have:

t
TV (p(t)) < TV (po)e™ + Cy enothHLoo([O,RTD/O /Rd |V div V(T,ﬂ:)H dzdr
with Cy = d Wy, and W, as defined in (4.1]).

Stability estimate. The stability estimate follows from [I4, Theorem 2.6]. We have, for
any A >0,

T
/0 /Rd |div (f1 = fo)(t, =, ')HLOO([—A,A]) da dt
T
= qu(pl)HLw([—A,A])/o /Rd |div Vi (7, 2) — div Va(7, 2)| dz dt
T
+lq1 — q2||Loo([A7AD/O /]Rd |div V2(7’,3:)| drdt < +.

Then, with Ry = max{][[p1||ye(jo.77xra)s | P2l Loe 0,77 xRa) > We get

lor(®) = p2®)lps < lpot = posllps
"’t GHOt <Hq§HL°°([O,RTD||V1 - VQHLOO + qul - ngLoo([QRT])H‘/lHLOO>

t
X | TV (po1) + Cy quHLOO([QRT])/(; /]Rd |V div Vi(r,2)| da dT]

t
+H(J2HLoo([o,RT])/O /Rd

t
i = el o.r) /0 /R JdivVi(r,a)] dedr

div (Vi (r,z) — Va(r, 7)) ( dedr

completing the proof. O

Corollary 4.2. In the same setting as Lemmal[]-1}, if ¢(p) = q1(p) = q2(p) = p then ¢'(p) = 1,
q"(p) = 0 and the stability estimate reduces to

[o1(t) = p2(®)|[ 10 < P01 = o2l
+te Vi — Vallpee

t
X TV(,OOJ)+C’dHf01HLoo([07T}XRd)/O /Rd |V div Vl(T,x)HdJEdT]

t
+Hp2HL°°([O,T}><Rd)/O /Rd

12
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4.1 Proofs related to Section

Proof of Theorem 1. Let p, € (L' NL* NBV)(R% R") and let Ny = ||po]|:. Let us
introduce a given time 7" > 0 and the sphere

Xy, = {p eCY <[O,T];L1(Rd;R")> : forall t € [0,T], |p(t)||g: < Nl} ;

equipped with the distance induced by the norm || - ||yec (077,11 (re;r))- Consider first a fixed
i € {1,...,n}. Choose any ri,72 € Xy, and denote pi,p) € L <[0,T];L1(Rd;R)> the
solutions of the Cauchy problems (£.2]) with respectively, for k& € {1,2},

a(p) =p, Vilt,z)=0v'(rfxn' +. . Frlxqg"). (4.6)

Thanks to the properties of v € C? and 7 the hypotheses on Vj, in Lemma A.1] are satisfied.
Hence, we get existence and uniqueness of a weak entropy solution, Besides, the L! bound on
the solution Hp(t)HLl = ||pol|y,1 for any ¢ > 0 ensures that the solution of (.2)-(£.8]) belongs
to XNl .

Noting furthermore that

Vi e L*([0,T] x R%;RY),
VVi e Le(0,7) x RER) AL ([0, T) LU RE R )
v2v’i 6 LOO <[O,T];L1(Rd;RdXdXd)>
we can apply [0, Corollary 5.2 and Lemma 5.3] or more directly [14, Theorem 2.2 and Theo-

rem 2.6].
Remark that N1 > sup;cp 1 Hr(t)HLl, so that we have the estimate

S - . 4 .
Jasvia| o < ey @l ieate 7|+ Y7,

< o) o |7 Il + 1)
Thus, with

Ky = [[vllwroe [T llwr.oe (N1[[VAl| oo + 1), (4.7)
we obtain by [6, Corollary 5.2]

o, < e

Summing over i = 1,...,n, we obtain

[Pl < lPollpeoe™ .

We want now to apply Lemma [T or [14, Theorem 2.2]. Note that, with the notations of [14],
we have

< (2d+ 1)K,

P (2d+1)vai .

13



dvvil, < o M S g
Hv v | (U) L ]Z:; P] Ll VTI Lo v Ll
N j 2 j —i
e Sl el 7l
N/ j j —> 7 2=
1 RU P 7 I Y i MR L W e
< (vi Wm”w wer (Nf”VnHioo + 2N1 [Vl +1) .
Denoting
Ky = [[vllwio 17w (Nf IVnlge + 2 N1 [IVAllwyree + 1) : (4.8)
we obtain A A '
TV (,02(75)) < TV (p’O)e(Zd'H)Klt—}—teKltdeKg‘ ol .

Let us now apply Corollary 4.2l or [14, Theorem 2.6]. We obtain

|

where

7 7

P1— P2 'OZ

S K ol oy [TV () + (£ dWaI + 2+ Ny | V)|

)

E = |||y Inllwce (1o + 1T llwr) -

Note that Ky, Ky and K are constants depending on [|v|lyy2.c0s |V ]lrees |7 w21, 1]l w200
N; and d and not on the initial condition p,. We do not need here precision on the con-
stant so, with a C large enough, not depending on p, and T, we have, denoting F(t) =
CteC (TV (po) + C(t +1)||polly,) and summing over i =1,...,n,

o)l < llpollpoe,
TV (p(t)) < TV (po)e" + Cte || pollpe .
[(pr = p2)®)]|p < F(t) Il - 72|00 (0,751 -

Choose T so that F(T') = 1/2. Then, the map Q: Xn, — X, defined by O(r) = p, is a
contraction. Banach Fixed Point Theorem ensures local in time existence and uniqueness of

weak entropy solutions to ((LI)—(2.1)).
In order to get global in time existence, we iterate the previous procedure. Starting from

time 7;,, we obtain

(o1 = p2)D)||pr < Ml — 72|00 (0,411 C(E — T,,)eC =)
X (TV (pO)eCTn + CTneCTn ”POHLOO +C(+t-T,) eCTnHPOHLw) :

Iteratively, we choose T;,4+1 > T}, such that

1

C(Thy1 —Ty) eCTm (TV (po) +C (1 + Tn+1)) Hpo||L°°) = 9"

Since the sequence T;, grows to 400, we have global in time existence, proving point 1.
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2. The positivity of the solution directly follows from the fact that p’ = 0 is a solution
and from Kruzkov Maximum Principle [I3] Theorem 3].

3. To prove these estimates, we apply [6, Corollary 5.2] and [14, Theorem 2.2 and Theo-
rem 2.6] to each equation of the system, which is possible since the coupling is only present

in the nonlocal term. Let i € {1,...,n}. Denote K; as in (&), N1 = [[polly: = >0, ‘ P
and Vi =vi(plxnl + ... + p" x ") V(x), we have

Lt

[Pl < lPollpeoe™ .

To prove the estimate on the total variation, apply [14, Theorem 2.2]. Denoting K; as
in (4.8), we obtain

TV (p() < eBHDRETY (ph) 4 PTG I

Lo

Summing over ¢ = 1,...,n we obtain the desired bound on TV (p(t)) = > 7| TV <pl(t))

4. To prove the L' stability of the solution with respect to initial conditions and param-
eters, we apply [14, Theorem 2.10]. Denote by p};, for k = 1,2, the solutions to the Cauchy
problems

Ovpj, + div (p%; Vi(t, :v)) =0,

: ' where Vki(t,:c) :v,i(p,ﬁ*n,i+---+p2*77?) U%c(x)
pk(O, ) - po,k :

Note that divV} € L*® ([O,T];Ll(Rd;Rd)) for kK = 1,2, so that the necessary hypotheses

hold. Moreover,

| ’

< by - @y, |7
+ (o = p2) @)l gaImnlloe + o2l lims = mellg )

ey (0})

+ (102 = p)OllaI9mll + o2l = Tl ) || 7

+Hdiv(?§ ~ T

div (Vi = V3)(1)|

i i e’
V] — v div o
1 2HLooH 1

)
(v3)'

@5 Pl Vnelly

L1Hp071HL1HV771HLoo + ‘

div 7

[Po || LIVl +‘

Loo‘ L1

L! Loe
+ H?ﬁ - v
Loo

vy

L! L1

and

|vi-vho|,

< |

o el 7

i i
v} — v

LOO

vy

(v

L

+ (Iltor = p2)Ollglmllgee + 1o lgellm = malle) @] |

Let us introduce

Q

= [Jo¥lgeo i lies [ oo [ IVl 1T lls + [[02 ]| 1V oo 120l
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+H/U£HL°O ||771||L°° Hle E)1||L1 ;

B = o]l llpollpllpoallp VMl I Fillps + (|04 ([ oozl 1div Tl
+|vh] oo P02 || 1T 2l
7= v Tillgs + (oo [ I Vmllpe 1Tl
5 = |va]|poel[Po2]| i IVl g0 + 020
and
o = [Jo)||peclimline s B = [[vi][pe o2l 1T illne s ' = 1Tl s 6 = llv2llpee s

these coefficients being chosen so that

aiv (Vi =V)@)|| = alltor = p)Dllgs + Blms = mallwr + o1 = w2l
+0]| 71 — Tallwia,
|vi=vio)|| . < @l =p)@) g + Bl = mallee + 7 llor = vl
+0'| V1 — Pl -
Hence, we get
[GEI0]
t
< by = pha| PV TV (01 + tdWaKs| o | /0 |vi=vi@)| _ar
t . .
s [ (@) g 20|} [ e (= v, 0
0
t
< b= bl + 400 [ 61 = o), a7+ Au(Ollor = valls
Lt 0 Lt

+t Ap(®)llm = m2llwree +tAw(®) (171 = Tallwrn + 171 = Pallp)

where A,, A,, A,, A are smooth, positive, and increasing, functions of ¢ depending on

d, [ollwzce, 1Tl [Flgees [nllwre: TV (o), max {101 [l 102l e }- 1701 [ amd
HpO,ZHLI. More precisely, denoting
f(t) = e(2d+1)K1 (TV (po,l) + tdeK2Hpo,1HLoo) )
R = maX(HpO,IHLw’ HpO,2HLoo)’
K = max el [Tellwa (ool Fnlle + D}
we have
Ap(t) o f(t) +aRet,  Ay(t) B'f(t) + BRe™Y,

Ay(t) Y f(t)+yReXt,  Ap(t)

We conclude applying the Gronwall Lemma, obtaining

§'f(t) + 6ReX?.

[(p1r = p2)(®)[| 1 < <Hpo,1 = po2|[pr + tAz (M) lIm — n2llwree + tAu(t) o1 — vallyyr o
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+tAz(t) (| V1 — Tollpe + 71 — Uguwl,l)>
% <1 +t (f(t)O/ + ReKtOc> etf(t)o/"rteKtROé) ,

and the stability estimate at 4. follows.

5. These properties follow through standard computations from the representation for-
mula given in [0, Lemma 5.1].

6. As above, we deduce this further regularity property and the W21 estimate from the
representation formula in [6l Lemma 5.1].

7. Let p € CY <R+; L' (RY, R”)) be a solution to the initial problem (L3)—(2.1]) such that
for all t > 0, p(t) € W2 N W2(R?% R"). Consider now the linearized equations

Oyot + div ((p1 (") (pxn) o *n+at vl (pxn)) Ul(%)) =0,

Opo™ + div <(p" (W) (pxm) o*n+ ™ v"(p*n)) T)’"(x)) =0,

where p = (p',...,p"), n=0"....,n"), 0 = (c',...0") and pxn = ptxnt+...+p"xn". To
prove the existence and uniqueness of weak entropy solutions to this linearized problem, we
use the technique that proved to be effective for the initial value problem: let M; = ||o,||y1,
let s1, 52 € Xy, are fixed functions; we fix the nonlocal term and study the Cauchy problems

1 — ‘A
Ook = 0o

dot + div (O’i v%p*n)?ﬂ(m)) = —div <pi (V) (p*n) sp*n 7)"(95)) for { k = 1,2
g i= 1.

We study the map 7: Xy, — X, defined by T(s) = o. This application is well defined
thanks to Kruzkov Theorem [I3] and thanks to [6, Lemma 5.1]. Indeed, denoting

THx),  Ftaz,u) = —div(p (") (pxn)sixnT(z)) ,
g(t,xu) = uwv'(pxn) T(x),  Glt,z,u) = —div(p' (") (pxn)s2xnT(z)),

we have 0, f, d,g € L=([0,T] xRY x [~U, U]), F—div f,G—div g € L>([0, T] x R? x [-U, U]),
Ou(F — div f), 0,(G — divg) € L>®(]0,T] x R% x [~U,U]). Hence Kruzkov hypotheses are
satisfied. To apply [14, Theorem 2.6], we have now to check that

Vo.f € L=([0,T] x R? x [-U,U)),
T .
fo Jga|F — G —div (f—g)HLoo([_waxdt < +400.

We have
IVE(t,w)|[pn < 100 |l wzee 1V [Iyrse 15t lni 17 llwz,oe | Tl

%9+ 6]| ()| 1 V7l 0o + |0 | 117712

v277HLO@]’

@l
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IN

HVdiv ft, -,u)HL1
[(F = @)t )|

|u| Ky )
106 g [0 g I [ s (34 0] s P

XH(Sl - 82)(t)“L1 )
HdiV(f—g)(t,-,u)HLl = 0,
10u(f = )t )| = 0.

IN

where K3 is defined as in (4.8]). Using the estimate on Hp(t) lem obtained in 4. and denoting

Ky = [lpollwroe [V [0 11l wr.oo 17l (3 + oo/l [Vllpe ) (4.9)

o= e (e s onw)

< tK4(1+ C’t)eCt lls1 — 52||L°°([0,t},L1) :

we obtain

dt
Ll

[EIOREA0

For T small enough, we obtain that 7 is a contraction, proving the local in time existence
and uniqueness of solutions by Banach Fixed Point Theorem. We then extend to +oo the
time of existence by iteration of the process.

Denote now by p, respectively pp, the solution to the initial problem (LH)—(2.I) with
initial conditions p,, respectively p, + ho,. Moreover, call ¢ the solution to the linearized
equation (2.2]) with initial condition o, and define 2z, = p + ho. If o is smooth enough we
can write for z;, the equation

Ozt + div <zfl <vi(p *1) + h(v)) (p*n) o * 77) Uz(x)> = h2div (ai (W) (p*n) o * 777)"(35)) :

We want now to estimate ||(pn — 21)(t)||:1/h- In order to do that, we use [14, Theorem 2.6].
As it is similar to the estimate in the proof of [6, Theorem 2.10], we omit it. O

4.2 Proofs related to Section

Lemma 4.3. In the same setting as Lemma [{.1}, if furthermore for a given R > 0, we have
q(R) =0, then
po € [0, R] = Vt >0, p(t)€[0,R].

Proof. Since q(0) = ¢(R) = 0, p = 0 and p = R are solutions to (£2)). The maximum
principle of Kruzkov [13] then ensures that 0 < p < R implies 0 < p(¢) < R for all ¢t > 0. O

Proof of Theorem Consider the following steps separately.

Existence. Fix an arbitrary positive time 7', whose precise value will be chosen later. Let
(rt,..orm), (st ..., ") e CO ([O,T];Ll(Rd; [O,R]”)). For any i € {1,...,n}, we define

Vi(t,z) = Ti(z) + T (rl(t), o ,r"(t)) (x), Wi(t,2) = Ti(z) + T (&(t), . ,s"(t)) ().
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As v satisfies (v) and Z satisfies (I), for any r,s € C° ([O,T],Ll(Rd, [O,R]”)), we have for
any t > 0, V(t), W(t) € (C2N WLo) (R4 RY) and div V (t),div W (t) € WHL(RY R). Then,
according to Lemmald.1] there exists p, o € C° <[O, T]; LY (R, Ri)), that are the weak entropy
solutions to the systems of decoupled equations

Op' + div (p'ot(p") VI(t,x)) =0, ol +div (clvl (ch) W(t,2)) =0,
8tpn + div (pnvn(pn) Vn(t, .%')) — 0’ ato—n + div (O-nq)n(o'n) W"(t, x)) = 0,

with initial condition p(0) = ¢(0) = p, € (L' N L>®)(R%; [0, R]"™).

Note furthermore that ¢*(R) = 0; thus, thanks to Lemma B3] that if p is a solution of the
above equation, then p, € [0, R] implies for all ¢ > 0, p(t) € [0, R]. Hence, we have invariance
of the interval [0, R].

Consider the map

C ([o. 7L ®% 0, R])) — € ([0, 7L RS [0, B]"))
r — p

T:

7

Use Lemma [4.1] and define x, = max; {(Qd + 1)H(qi)'

L°°([0,R})H }7 we get:

Lo°([0,T] xR4%)
i(t) - o'(t < tetll(q") f-w
‘ p't) —o'( )‘ Ll = € (4) Loo([OJ{DH Le° ([0, xR9)
t
x | TV (p,) + Cq qi Lo ([0 R])/O /Rd v div Vi(T’x)H dz dT]

i

t
Lee([0,R]) /0 /]Rd

Using hypothesis (I), we obtain

IEORE0]
< O Ir = sllpeeo,4,L1 resRNY)

% [t enot (qi)/

div (Vi(T, ) — Wir, x)) ‘ dadr .

L1

i

Cqllg

Leo([0,R])

Lo ([0,R]) (HVdiV UZ(x)HLl +Cr ”7"”L°°([O¢LLl(Rd;Rn>>>

+ero! V(pl) + ¢’

’(qi)'

L= ([0,R)) Loo([o,RD] '

Hence, for T small enough, we can apply the Banach Fixed Point Theorem.
Now, using the total variation estimate (4.4]), a standard iteration procedure allows to
obtain global in time existence.

Total Variation Estimate. To prove the estimate on the total variation, apply Lemma [4.T]
and use a procedure entirely similar to that exploited in the proof of Theorem
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Stability. We use [14, Proposition 2.10] to obtain

<

IN

lp1(t) = p2(t) ||y
P01 = Po2||p1 + €% (TV (po1) + t Cq g1l e (Cr + ||V div T1|1))

X <Hq11HL°°([O,R}) /Ot HI (p1(7)) _I(P2(7))HLOO(Rd) dr

+tHQQHLm([O7R})HU2 - 6>1HL<><> + t(CI + HUZHLOO)HQII - ng[,oo([oJ{D)

t
+Hq1”L°°([O,R])/O ‘diVZ(Pl(T)) — divZ (pa(7)) Liwe)

Ht g1l o0 o, mp I1div T2 — div T e + ¢(Cr + [|div Tl lar — @2l o,r))

Hpo,l - po,2HL1

I [(@ AR
X (TV (/00,1) + th HQIHLOO([QR})(CI + HVdiV 6)1||L1)> qul - qéHLoo([QRD

(Cr + div Tallgs) a1 — q2||Loo([o,RD]

+t [em 01 || oo p0.1) (TV (Po) + 1 Callqu Lo (0,7 (Cr + [V div 71”1})) 172 — V1 [l

Hlalge o | (T2 = 7] |

+Cr [Bﬁot QiHLoo([QRD (TV (Po1) + tCallq1ll oo (o, ) (C1 + [V div T;IHLI))

+||q1HL°°([O,R})}

« / o1(7) = pa(r)|| . 7 .
0

Let us denote

alt) = t[(@ + [ Tallg=)e™ (TV (po) + ¢ Callt e o, (Cr + IV div Tillg))
x||dh — qéHLOO([O,R})
+(Cr + [ldiv Fallg)llar = a2l go.my) + a1l o mplldiv (T2 = )|

tefol q’lHLoo([O,RD (TV (Po,1) +t Callq [y, o, ry) (Cr + |V div 771”L1)>

<[ To— mum} |

b(t) = (Cf [eliot

Gl oz (TV (00) + # Callar e o,y (C1 + |V v T 1))

+Hq1||L°°([O,R])} :

so that, by integration, we get

lor(t) = o)l < (1422 (oo = poalgs +a(®)) -
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which completes the proof. O
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