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Abstract

Let P be a Markov kernel on a measurable space X and let V' : X—[1,400). We
provide various assumptions, based on drift conditions, under which P is quasi-compact
on the weighted-supremum Banach space (By,| - |[v) of all the measurable functions
[+ X—=C such that || f|ly :=sup,ex |f(2)]/V(x) < co. Furthermore we give bounds for
the essential spectral radius of P. Under additional assumptions, these results allow us
to derive the convergence rate of P on By, that is the geometric rate of convergence of
the iterates P™ to the stationary distribution in operator norm. Applications to discrete
Markov kernels and to iterated function systems are presented.
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1 Introduction

Let P be a Markov kernel on a measurable space (X,X’). Let us introduce the weighted-

supremum Banach space (By, | - ||v) composed of measurable functions f : X — C such that
|f ()]
f = sup <
£l = eug V(x)

where V' : X —[1, 4+00). Let (Bo, ||-|lo) be the usual Banach space composed of all the bounded
measurable functions f : X — C equipped with the supremum norm || f||o := sup,ex | f(x)].

The first purpose of the paper is to study the quasi-compactness of P on By with a control
of its essential spectral radius r.ss(P). Recall that res5(P) is the infimum bound of the positive
real numbers ro for which the following property holds: the spectral values of P of modulus
greater than r( are finitely many eigenvalues having a finite-dimensional characteristic space.
P is said to be quasi-compact on By if 7¢s5(P) is strictly less than the spectral radius of P (see
Section 2 for details). The second purpose of the paper is to specify the link between quasi-
compactness and the so-called V-geometric ergodicity [MT93], namely with the convergence
of P™ to 7 in operator norm on By, where 7 denotes the P-invariant probability measure. In
this case, we are interested in finding upper bounds for the convergence rate py (P) defined
by

p(P) =it {pe (0,1), sup [P"f —(f)lv = O(p")}. (1)
Ifllv<1
Finally the third purpose of the paper is to derive the V-geometric ergodicity of P, with a
control of py (P), from the strong ergodicity property with respect to some Lipschitz-weighted
spaces.

Note that this paper is not directly concerned with the essential spectral radius or the
convergence rate of Markov chains either with respect to the Lebesgue space L?(7) as studied
for instance in [Wu04, Sec. 5| for general Markov kernels and in [AP07| for Hastings and
Metropolis algorithms using operator methods (see [FHL12, Section 2| for an overview), or
with respect to By with a bounded function V', that is for uniformly ergodic Markov chains
as investigated for instance in [Wu04, Th. 3.10] and [Hen07, Cor. IV.1]. Mention that the
paper [Wu04] also deals with the essential spectral radius and the convergence rate of iterates
of P acting on By . Actually Wu’s article is the closest work to ours. Precise comparisons
between our results and those of [Wu04] are included throughout the paper but the core is in
Subsection 2.3.

Let us give an account of the main results of the paper in regards to our objectives. Under
irreducibility and aperiodicity assumptions, it is well-known that the V-geometric ergodicity
holds under the following drift condition:

Jo € (0,1), IM € (0,400), PV <oV + M lg, (D)
where S C X satisfies the minorization condition

VeeX, VAe X, P(z,A)>v(A)ls(z), (S)



for some positive measure v on (X, X') (see [MT93|). In Theorem 1 (Subsection 2.1), without
assuming any irreducibility or aperiodicity conditions, the quasi-compactness of P on By is
proved under Conditions (D)-(S). This is an expected result, already obtained in [Hen06,
Hen07]. We provide a simple and short proof of Theorem 1 which enables to well understand
why the drift condition implies good spectral properties of P on By . Furthermore we obtain
the following upper bound for 7ess(P) which is more explicit than in [Hen06:

ov(lx)+7

(lg) 77 with 7 := max(0, M — v(V)). (2)

Tess (P) >

In Theorem 2 (Subsection 2.2), assuming that, for some ¢ > 1, P’ is a compact operator
from By to By, P is shown to be power-bounded and quasi-compact on By under the following
weak drift condition

N € N*, 3d € (0,+00), 36 € (0,1), PNV <NV +dix. (WD)

Such a condition with N = 1 has been introduced in [MT93, Lem. 15.2.8| as an alternative to
the drift condition [MT93, (V4)] under suitable assumption on V. Under Condition (WD),
let us define the real number oy (P) € (0, 1) as the infimum of the real numbers 6 € [0, 1) such
that we have (WD):

Sy (P) :==inf{J € [0,1) : IN € N*, 3d € (0,+00), PV <"V +d1x}. (3)
Then the upper bound obtained in Theorem 2 for r.ss(P) is more precise than (2), that is:

Tess(P) < oy (P).

The key idea to prove Theorem 2 is that Condition (WD) yields a Doeblin-Fortet inequality
on the dual of By . This fact has been already used in [FHL11] to study regular perturbations
of V-geometrically ergodic Markov chains. Under assumptions based on sophisticated param-
eters By, (+) and - (+) for measure of non-compactness of P, Wu presented in [Wu04, Th. 3.11]
a formula for r.ss(P) involving equivalent functions to V. The assumptions, the conclusion
and the proof of Wu's result are different from ours, as explained in Subsection 2.3. The ques-
tion to know if the equality ress(P) = oy (P) holds true under the hypotheses of Theorem 2
is open. However, by combining our Theorem 2 and Wu’s result, we prove in Subsection 2.3
that the answer to the previous question is positive in many situations. In particular we have
Tess(P) = 0y (P) in all the examples of our paper.

When the Markov kernel P has an invariant probability distribution, the connection be-
tween the V-geometric ergodicity and the quasi-compactness of P is recalled in Theorem 3
(Subsection 2.4). Namely, P is V-geometrically ergodic if and only if P is a power-bounded
quasi-compact operator on By for which A = 1 is a simple eigenvalue and the unique eigen-
value of modulus one. In this case, if V denotes the set of all the eigenvalues A of P such that
Tess(P) < |A| < 1, then the convergence rate py (P) is given by:

pv(P) =ress(P) if V=0 and py(P)=max{|\, eV} if V#(.

This result is valid for any quasi-compact operator, however we have not found such an explicit
result in the literature on V-geometric ergodicity.



Theorem 4 proved in Subsection 2.5 is of great interest to investigate the eigenvalues of
modulus one and the above set V in order to obtain the V-geometric ergodicity of P and,
more importantly, an upper bound for py (P) from Theorem 3. Namely, under Condition
(WD), for any A € C such that § < |A\| <1 where § is given in (WD), and for any p € N*,
we obtain with S(\) := In|A[/Ino:

feBynKer(P— M) = Jee (0,400), |f| <c(nV)PP-D/2y»50, (4)

In particular, if A is an eigenvalue such that |A| = 1, then any associated eigen-function f is
bounded on X. By contrast, if |\ is close to 6y (P), then |f| < ¢ VAW with B()) close to 1.

In Section 3, applications of Theorems 2-4 to discrete Markov chains are presented. When
X := N and lim, V(n) = +oo, any Markov kernel P is compact from By to By, and The-
orem 2-Theorem 3 are then specially relevant: if P satisfies Condition (WD), then P is
power-bounded and quasi-compact on By ; if in addition P is irreducible and aperiodic, then
P is V-geometrically ergodic. In Subsection 3.4, Property (4) is used to compute the conver-
gence rate py (P) for birth-and-death Markov chains.

Section 4 is devoted to V-geometrical ergodicity of iterated function systems (IFS). The
ideas developed in this section are based on Lipschitz contractive properties of P as in [Wu04,
Sect. 7.2]. More precisely, in [Wu04, Sect. 7.2| the contractive properties are expressed in
terms of Wassertein distance. Ours are expressed in terms of moment/contraction conditions,
called (C,) (for some a € [1,400)), which are classical for IFS, see [Duf97, Ben98, DF99.
Under Conditions (C,) and our compactness assumption on P* : By — By for some £ > 1, the
same precise bounds on 7.55(P) and py (P) as in [Wu04, Sect. 7.2] are obtained for IFSs in
Corollary 6. The others statements of Section 4 show that, in certain cases, Condition (C,)
can be used directly to obtain further interesting rates of convergence of IFSs with explicit
constants.

To the best of our knowledge, Theorems 1, 2 and 4 of Section 2 are new. Moreover
Theorem 2 and Wu’s result [Wu04, Th. 3.11] are complementary since their combination
provides the expected formula 7.s5(P) = Oy (P) under general assumptions. As in [Wu04],
the bounds on py (P) are derived from those on r.ss(P) by using Theorem 3, but here we
take advantage of Theorem 4 to study the eigenvalues A of P such that oy (P) < || < 1.
This approach is original and often provides the exact value of py(P). Most of bounds on
pv (P) obtained in Section 3 are new. Of course this method can only be used for Markov
kernels P such that P’ is compact from By to By for some ¢ > 1. Classical instances of
V-geometrically ergodic Markov kernels concern the discrete state-space, the autoregressive
models on X = R? with absolutely continuous noise with respect to the Lebesgue measure,
and finally the MCMC algorithms. Our compactness assumption is fulfilled for the two first
instances, see Section 3 and Subsection 4.4. Unfortunately it does not hold in general for
non-discrete Markov kernels arising from Hastings and Metropolis algorithms. Concerning
the last issue, we refer to the works [Bax05, Lun97, LT96, MT96, MT94, RT99| where the
convergence rate py (P) is investigated by probabilistic methods. The best rates are obtained
in [LT96] under the stochastic monotonicity assumption for P which cannot be compared
with our compactness assumption.



Throughout the paper, when the function V' = V. depends on some parameter ¢, we use
the notation B. = By, so that B, may stand for different sets from section to section.

2 Quasi-compactness on By and V-geometric ergodicity

Let (B, - ||) be a complex Banach space, and let L be a bounded linear operator on B with
positive spectral radius 7(L) := lim,, ||L"™|'/", where || -|| also stands for the operator norm on
B. For the sake of simplicity, we assume that (L) := 1 (if not, replace L with r(L)~*L). The
restriction of L to a L-invariant subspace H is denoted by Lz, and I stands for the identity
operator on B.

The simplest definition of quasi-compactness is the following (compare the definition below
with the reduction of matrices or compact operators).

Definition 1 L is quasi-compact on B if there exist ro € (0,1) and m € N*, \; € C, p; € N*
(i=1,...,m) such that:

B= 251 Ker(L — NI)P* @ H, (5a)
where the X\;’s are such that
Nil > 19 and 1 <dimKer(L — N\ I)P* < oo, (5Db)
and H is a closed L-invariant subspace such that
sup [|[L"h[| = O(ro"). (5¢)
heH, ||n||<1

Concerning the essential spectral radius of L, denoted by r.ss(L), here it is enough to have
in mind that, if L is quasi-compact on B, then we have (see for instance [Hen93|)

Tess(L) = inf {ro € (0,1) s.t. we have (5a) (5b) (5¢)}.
It is also well-known (e.g. see [Nev64, Kre85]) that ress(L) is defined by

reas(L) = lim (inf |11 — K]} ©)

where the infimum is taken over the ideal of compact operators K on B. Consequently L is
quasi-compact if and only if there exist some ng € N* and some compact operator Ky on B
such that r(L™ — Kj) < 1. Under the previous condition we have

Tess(L) < (r(L™ — Kg))Y/m0, (7)

Indeed, for all k > 1 we have |[(L" — Ky)*||}/(0k) = || Lok — K ||Y/("0F) with some compact
operator K, on B. Then (6) gives: 7ess(L) < limy, [|[(L™0 — Ko)F||Y/(0k) = (r(L0 — Ky))/mo.
Finally, for any ¢ > 1, since lim,, (inf || L" — K|)//" = limy(inf | L — K||)Y/(%) | we obtain

Tess(L) = (Tess (Lz))l/é- (8)

Throughout the paper, we consider a function V : X —[1, +00) and a Markov kernel P on
(X, X) such that PV/V is bounded on X (i.e. |PV|y < 00). So P continuously acts on By



2.1 Quasi-compactness on By under the drift condition

Theorem 1 Let us assume that the Conditions (D)-(S) in Introduction hold true. Then P
18 a power-bounded quasi-compact operator on By with

ov(lx)+7

() 7 with 7 := max(0, M — v(V)). (9)

Tess (P) <

The proof of Theorem 1 is based on the next lemma.

Lemma 1 Let Q(z,dy) be a Markov kernel on (X,X) having a continuous action on By
(i.e. |QV ||y < o0) such that @ = A+ B for some nonnegative bounded linear operators A
and B on By. Let r(B) denote the spectral radius of B which is assumed to be positive.

Then, there exists a nontrivial nonnegative continuous linear form n on By such that no B =

r(B)n and n(Alx) = (1 —r(B))n(1x).

Proof. Since B > 0 and r := r(B) > 0, we know from [Sch71, App., Cor.2.6] that there
exists a nontrivial nonnegative continuous linear form 1 on By such that no B = rn (see
also Remark 2 and Appendix A). From @ = A+ B, we have no @ = no A+ rn, thus

n(Q1lx) = n(1x) = n(Alx) + rn(lx). Hence n(Alx) = (1 — r)n(1lx). O

Proof of Theorem 1. Condition (D) implies that PV < oV + M 1x. Iterating this inequality
easily ensures that supy, |[P*V ||y < oo, that is P is power-bounded. Then, from Plx = Ix
and 1x € By, we have r(P) = 1. Moreover, since ||PV|y < oo, we deduce from (S) that
v(V) < co. Thus we can define the following rank-one operator on By: T'f := v(f)1lg. Let
R:=P —T. From T > 0 and from (S), it follows that 0 < R < P, so r(R) < 1. Let us set
r:=r(R). If r =0, then P is quasi-compact with r.ss(P) = 0 from (7). Now assume that
r € (0,1]. Then, from Lemma 1, there exists a nontrivial nonnegative continuous linear form
n on By such that no R =rn and n(T'1x) = (1 — r)n(lx), from which we deduce that

(A =rn(x) _ A =r)nV)
n(ls) = (1) < i)

Next, we have RV = PV —-TV = PV —v(V)lg < ogV+Mlg—v(V)lg = oV+(M—v(V))1s.
Hence, setting 7 := max(0, M — v(V)) >0,

(L —r)n(V)
v(1x)
Since ) # 0, we have (V') > 0, and since g € (0,1), we cannot have r = 1. Thus r € (0,1),

and P is quasi-compact from (7) with ress(P) < ress(R) = r. Then Inequality (9) is deduced
from (10). O

rn(V)=n(RV) <on(V)+7n(ls) <on(V)+r7 (10)

Remark 1 If Conditions (D)-(S) are fulfilled for some iterate PN in place of P (with pa-
rameters oy < 1, My > 0 and positive measure vy(-)), then the conclusions of Theorem 1
hold true with (9) replaced by

1

1 ~

Tess(P) = ress(PN)YN < onvn(1x) + TN where T := max (0, My — vy (V)).
vn(lx) + 78



Remark 2 The proof of Lemma 1 is based on the following result [Sch71, App., Cor.2.6]/:
if L is a positive operator on a Banach lattice B whose positive cone is normal and has
interior points, then there exists a nontrivial nonnegative continuous linear form e’ on B such
that ¢ o L = r(L)ée'. In fact By is the simplest (and generic) example of Banach lattices
satisfying the last conditions, and we give in Appendix A a proof of the previous statement in
this special case. Mention that this result also provides that the quasi-compactness of P on
By is equivalent to the mean ergodicity with finite rank limit projection (see [Her08], see also
[Lin'75, Lin78]).

2.2 Quasi-compactness on By under the weak drift condition (WD)

Recall that (By,| - ||o) denotes the Banach space of all the bounded measurable functions
f : X—C, equipped with the supremum norm || f||o := sup,cx |f(z)|, and that éy (P) is the
infimum of the real numbers 6 € [0, 1) such that we have (WD) (see (3)).

Theorem 2 If Condition (WD) holds true and if P* : By — By is compact for some £ > 1,
then P is a power-bounded quasi-compact operator on By, and we have

Tess(P) S 5v(P)

Proof. Tterating (WD) shows that P is power-bounded on By (proceed as in the beginning
of the proof of Theorem 1). Since &y (P) = (5 (P))/¢ and 7ess(P) = (1ess(PY))YE (see (8)),
we only consider the case £ := 1, that is P : By — By is compact.

Now let (BY, || - [|v) (resp. (B, - lo)) denote the dual space of By (resp. of By). Note
that we make a slight abuse of notation in writing again || - ||y and || - ||o for the dual norms.
Let P* denote the adjoint operator of P on Bj,. In fact, we prove that P* is a quasi-compact
operator on By, with ress(P*) < dy(P), so that P satisfies the same properties on By . Since
P : By— By is assumed to be compact, then so is P* : By, — Bj,. Moreover P* satisfies a
Doeblin-Fortet inequality from Lemma 2 below. Then we deduce from Lemma 2 and [Hen93]|
that P* is a quasi-compact operator on B, with r.ss(P*) < 6 for any § € (dy(P), 1), so that
Tess(P*) < oy (P). O

For the sake of simplicity we consider the same usual bracket notation (-, ) in both By, x By
and Bf, x By. Recall that By, By are Banach lattices, so are By, Bj. For each ¢ € By,
(resp. ¢ € Bj), one can define the modulus |¢'| of ¢’ in Bj, (resp. in Bj), see [Sch71|. For
the next arguments, it is enough to have in mind that ¢’ and |¢’| have the same norm in By,
(resp. in B()), more precisely:

Vg' € By, lg'llo=(g'l.1x) and Vg' € By, |dllv =g, V).

Lemma 2 Let 6 € (6y(P),1). Then, there exist N € N* and d € (0,+00) such that for all
' € By we have: [|[P*N f'lly < 6N fllv + dllf'lo-

Proof. Let ' € By, and n > 1. Since P™ is a nonnegative operator on By, so is its adjoint
operator P*™ on Bj,, and we have for all f € By such that || f|ly <1 (ie. |f] < V):

(P 0] < (P < (@)L VY = (FL PV,



By definition of dy(P) and from § € (dy(P),1), there exist N € N* and d € (0,400) such
that PNV < 6V V + d1x. Thus

1PNy = sup (PN S, )]
feBy,llfllv<i

{1/, PYV)

<
< NUFLVY+d(f ) 1x) = SV v +dl f o-

2.3 Comparison with Wu’s work and further statements

Quasi-compactness of Markov kernels acting on By is fully studied in [Wu04, Th. 3.11]. A
first difference between Theorem 2 and [Wu04, Th. 3.11| concerns their proofs. The proof of
Theorem 2 is much more direct than in [Wu04]| since it uses Doeblin-Fortet inequalities. The
next remarks show that Wu’s assumptions and conclusion are different from ours, but also
complementary.

e (X,d) is assumed to be a Polish space in [Wu04|, and Wu’s topological assumptions on
P are the following ones:
(A1)  P(x,dy) and Py(z,dy) = V(2)" 'V (y)P(z,dy) satisfy Hypothesis (A1)!
where Wu’s hypothesis (A1) (introduced in [Wu04, p. 265]) uses sophisticated parame-
ters By, () and B (+) for measure of non-compactness of P. Our topological assumption,
namely P (for some £ > 1) is compact from By to By, is more manageable and it only
involves the kernel P (not Py ). Furthermore, using duality ((P*)’ is compact from B},

to By,), our compactness assumption corresponds to one of the standard hypotheses of
[Hen93|.

e The contraction-type condition in [Wu04, Th. 3.11| involves equivalent functions to V.
When V(z) — 400 as d(x,xg) — +00, it writes as follows (See (a.i) < (a.iii) in [Wu04,
Th. 3.11]): there exists an equivalent function W (i.e. ¢~V < W < ¢V) such that

r(W) = limsup ~——-——
(W) o= lim sup = )
In practice, finding such a function W is not easy, excepted of course when we directly

have PV < 0V + dlx with some § € (0,1) and d > 0 (in this case W = V). Our
contraction-type condition is:

<1

% (P ) < 1.
That all the iterates of P are involved in the definition (3) of dy(P), and so in a bound
of 7ess(P), is quite natural from the spectral definition of r.ss(P). Moreover, since the
definition of dy (P) is only based on the function V' (not on equivalent functions), our
contraction condition is more manageable than in [Wu04].

'The use of Py is crucial in [Wu04]: indeed Py is a bounded operator on By which has the same spectral
properties as P acting on By. The statement [Wu04, Th. 3.11] is then deduced from the study of the
essential spectral radius of bounded kernels acting on Bo, see [Wu04, Th. 3.10]. Note that when P satisfies
Hypothesis (A1), the same holds for Py whenever PV? /V? is bounded on X for some p € (1, 4+00), see [Wu04].



e Wu’s conclusion [Wu04, (3.17)] states that ress(P) is equal to the infimum of the
quantities r(W) over all the equivalent functions W. Using this formula to compute
Tess(P) seems to be very difficult in practice (anyway such computations are not re-
ported in Wu’s examples). Finally, combining Theorem 2 which gives the inequality
Tess(P) < 0y (P), and Wu'’s result enables us to prove in Corollary 1 that the expected
equality 7ess(P) = 0y (P) holds in many case.

Corollary 1 Assume that X is a Polish space, that P satisfies Condition (WD), that P’ is
compact from By to By for some £ > 1, that the topological assumptions (A1’) of [Wul4,
Th. 8.11] are satisfied, and finally that PV is bounded on each compact set of X. Then:

Tess(P) = oy (P).

Proof. From Theorem 2 we know that ress(P) < Oy (P). Let r > ress(P). From [Wu04,
Th. 3.11] there exists an function W equivalent to V (i.e. ¢ 'V < W < ¢V) such that
PW < rW + dlx (since PW is bounded on compact sets). Iterating the last inequality
shows that there exists e > 0 such that: Vn > 1, P"W < "W 4 elx. Thus we obtain
Vn > 1, P"V < "V + cely, so that we have for any p > r and for N sufficiently large:
PNV < pNV 4 celx. Therefore: &y(P) < p. Since r is arbitrarily close to 7¢ss(P), so is p.
This gives: Oy (P) < ress(P). O

e In practice, (A1’) is deduced from the following conditions (see [Wu04, p. 265]):
(A2’) P, Py are Feller and P*, P‘é are strongly Feller (for some £ >1).

Recall that a nonnegative kernel T'(-,dy) on X satisfying sup,cx T'(x,X) < oo is said
to be Feller (respectively strongly Feller) if, for every bounded continuous (respectively
measurable) function f : X — R, the function (T'f)(-) := [ f(y)T'(-,dy) is continuous. In
the general setting of Markov operators, it seems to be dlﬂﬁcult to compare our compact-
ness assumption with Hypothesis (A1’), and even with (A2’). However, for absolutely
continuous kernels, Hypothesis (A2’) is stronger than our compactness assumption as
explained below.

Conditions (K). (X, d) is a separable metric space equipped with its Borel o-algebra X. Every
closed ball of X is compact. For some xo € X we have limgy 1) - 400 V(7) = +00. Finally
there exist a positive measure n on (X, X) and a measurable function K : X2 —[0, +00) such
that:

Ve eX, P(x,dy) = K(x,y)dn(y). (11)

Lemma 3 Assume that Conditions (K) hold. If P* is strongly Feller for some £ > 1, then
P2t is compact from By to By .

Although Lemma 3 is a classical statement, we prove it in Appendix B for completeness.
Obviuously we deduce from Lemma 3 that, if P™ satisfies Conditions (K) for some m > 1
and if P’ is strongly Feller for some ¢ > 1, then P2“™ is compact from By to By . This shows
that the compactness assumption of Theorem 2 is fulfilled in all the examples of [Wu04,
Sect. 8|. Furthermore, Lemma 3 and Theorem 2 allows us to derive the following result.

10



Corollary 2 Assume that Conditions (K) and (WD) hold and that P* is strongly Feller for
some £ > 1. Then P is a power-bounded quasi-compact operator on By with

Tess(P) S 5v(P)

Remark 3 If P is given by (11) with K continuous in the first variable, then P is strongly
Feller. Indeed, for all (x,2') € X2, we have:

(PHE) — (Ph)(@)]| < /X K (', y) - K(z,y)| dn(y).

Since we have K(-,-) > 0, [K(-,y)dn(y) = 1, and lim, _, , K(2',y) = K(z,y), we deduce
from Scheffé’s theorem that limy _, , [ |K(2',y) — K(z,y)|dn(y) = 0. This proves the desired
statement. The previous argument even shows that {Pf, || f|lo < 1} is equicontinuous. Observe
that, when the last equicontinuity property holds and V(z) = +00 as d(x,xq) — 400, Ascoli’s
theorem is another way to prove the compactness of P : By — By .

Let us introduce a last statement which gives a suitable sum up of the present discussion,
in particular for analyzing ours models of Markov chains in Section 3. We know from [Wu04,
p. 270] that if P is Feller and P’ is strongly Feller for some ¢ > 1, and if V and PV are
continuous, then Py is Feller and Py is strongly Feller, and thus (A1’) holds true (see
(A2’)). Therefore, using Corollary 1 and Lemma 3, we obtain the following statement.

Corollary 3 Assume that X is a Polish space, that Conditions (K) and (WD) hold, that V
and PV are continuous, that P is Feller and P is strongly Feller for some £ > 1. Then P is
a power-bounded quasi-compact operator on By with

Tess(P) = oy (P).

2.4 From quasi-compactness on By to V-geometrical ergodicity

Recall that a Markov chain (X,,),en with transition kernel P is V-geometrically ergodic if P
has an invariant probability measure 7 such that
(VG1) 7(V) < 00

(VG2) lim sup [P f —7(f)llv =0.
T reBy | fllv<t

Let II denotes the rank-one projection defined on By by: IIf = n(f)lx. Note that the
condition (VG2) is equivalent to the convergence to 0 of ||P™ — II||y, the operator norm
associated with || - ||y Moreover, using P" — Il = (P — II)", it can be shown that the
convergence is geometric, that is, there exists p € (0,1) and ¢, € (0,+00) such that

|~ Ty < ¢, 0" (12)

11



Recall that the infimum bound of the positive real numbers p such that (12) holds has been
denoted by py (P) and called the convergence rate of P on By .

In this subsection we propose a result which makes explicit the relationship between the
quasi-compactness of P and the V-geometric ergodicity of the Markov chain (X,,)neny with
transition kernel P. Moreover, we provide an explicit formula for py (P) in terms of the
spectral elements of P. A key element is the essential spectral radius r.ss(P). For general
quasi-compact Markov kernels on By, the result [Wu04, Th. 4.6] provides interesting addi-
tional material on peripheral eigen-elements.

Theorem 3 Let P be a transition kernel which has an invariant probability measure ™ such
that m(V') < oo. The two following assertions are equivalent:

(a) P is V-geometrically ergodic.

(b) P is a power-bounded quasi-compact operator on By, for which X =1 is a simple eigen-
value (i.e. Ker(P — I) = C - 1x) and the unique eigenvalue of modulus one.

Under any of these conditions, we have py(P) > Tess(P). In fact, for ro € (ress(P),1),

denoting the set of all the eigenvalues \ of P such that ro < |\ <1 by V,,, we have:

e cither py(P) < ry when V,, =0,
e or py(P) =max{|\, A € V,,} when V,, # 0.

Moreover, if Vyy =0 for all ro € (ress(P), 1), then py (P) = ress(P).

From Definition 1, for any r¢ € (ress(P), 1), the set of all the eigenvalues of A of P such that
ro < |A| <1 is finite.

Remark 4 The property that P admits a spectral gap on By in the recent paper [KM11]
corresponds here to the quasi-compactness of P (which is a classical terminology in spectral
theory). The spectral gap in [KM11] corresponds to the value 1 — py(P). Then, [KMI11,
Prop. 1.1]) is a reformulation of the equivalence of properties (a) and (b) in Theorem 3
under -irreducibility and aperiodicity assumptions (see also [KM11, Lem. 2.1]). The last
statements in Theorem 3 provide the value of the convergence rate py (P) for V-geometrically
ergodic Markov chains from the essential spectral radius ress(P) and the (possible) eigenvalues
A such that ress(P) < |A] < 1.

Proof. Note that we have By = Clx & Hy, with Hy := {f € By : n(f) = 0} (write
f=n(f)lx + (f —n(f)1x)). Since m(V) < oo, m defines a bounded linear form on By, so
that Hp is a closed subspace of By . From the invariance of 7, we obtain that P(Hy) C Hp.

Now assume that (a) is fulfilled. Then for any p € (py(P),1) we have from (12):

sup [P Al = O(p").
heHo, [|h]|v <1

12



It follows from Definition 1 that P is quasi-compact on By, with ress(P) < py(P). The fact
that P is power-bounded on By easily follows from (a).

Conversely, assume that (b) holds and prove that Property (a), together with the claimed
properties on py (P), are fulfilled. Since P is Markov and power-bounded on By, we have

r(P) = 1. From Definition 1 and the assumption on the peripheral eigenvalues of P, we
obtain for any rg € (ress(P),1):
By = Clx @ (®aev,, Ker(P - A\I)P) @ H, (13)

where H is a closed P-invariant subspace of By such that suppcp p), <1 [P hllv = O(ro").
Let f € By. Then we have

f=m(flx= > fr+h (14)

AEVr,

with fy € Ker(P — AI)P» and h € H, and there exist some constants ¢y and ¢y (independent
of f) such that [|fx|lv < exl[fllv and [|h]ly < eg||f]lv (since the projections associated with
the decomposition (13) are continuous).

When V,, = 0, then (14) yields

|P"f —=(f)1xllv = |[P"(f —=(/)1x)llv < O@ro™) || flv-

Thus Property (a) holds and py (P) < rg. If V,, = 0 for all rg € (ress(P), 1), then py(P) <
Tess(P), so that py (P) = ress(P) from the proof of (a) = (b).

When V,, # 0, define v := max{|A|, A € V,,}. We have for A € V,,, and n > p,

pa—1

Pl = 1P = AT+ Al <3 ()T = Al sl
k—Op}\il )
< a X () artie - a0t )iy
k=0

Then for each k = 0,...,px—1, we have (})|A|"™% = O(nF|A|") < O(n*v™). Thus ||[P" fy|v =
O(p") || fllv for any p € (v,1). From (14) and 9 < p, we obtain:

1P f = w(Nixllv < Y IIP A+ [P Ry < (0(0") + O(ro™) || fllv = O(™) || flv-
AEVr,

Since p € (v, 1) is arbitrary, this gives py (P) < v. Conversely, given any A € V,, and f € By
such that Pf = Af, we have w(f) = 0 (use the invariance of 7), and from P"f = A" f and
the definition of py (P), we easily deduce that |A| < py(P). Thus v < py(P). O

The next lemma provides the existence of the P-invariant probability measure under the
weak drift Condition (WD). This statement (see e.g. [MT93] for similar results) will be of
interest in our examples for the use of Theorem 3. For completeness, a proof is given in
Appendix B.

Lemma 4 Assume that (X, d) is a separable complete metric space and that V : X —[1, +00)

is continuous and such that the set {V < a} is compact for every a € (0,+00). Under
Condition (WD), there exists a P-invariant probability measure m such that m(V') < co.
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2.5 Study of characteristic functions

As explained in Introduction, the next theorem plays an important role in our work.

Theorem 4 Assume that the weak drift condition (WD) holds true. If A € C is such that
d < |\ <1, with 6 given in (WD), and if f € By NKer(P — AI)?P for some p € N*, then
there exists ¢ € (0,4+00) such that

p(p—1)

fl<eVie (V).
The proof of Theorem 4 is based on the following lemma.

Lemma 5 Let A € C be such that § < |\ < 1. Then

In [A|

Vf € By, 3c€ (0,+00), Vo € X, [NT"@|(P"® f)(z)] < eV (x) s (15)

with, for any x € X, n(z) := L_l?n‘g(x)J, where |-| denotes the integer part function.

Proof. First note that the iteration of (WD) gives
k—1
VE>1, PPNV <NV (D V) 1x <V +
=0

d
1x. 1
1—oN % (16)
Let g € By and = € X. Using (16), the positivity of P and |g| < ||g|lv V, we obtain with
b:=d/(1—6V):

VE> 1, |(P"g)(x)| < (PV]g])(z) < llgllv (P*V)(z) < llgllv (8*VV (@) +b).  (17)
The previous inequality is also fulfilled with & = 0. Next, let f € By and n € N. Writing
n=kN +r, with k € Nand r € {0,1,..., N — 1}, and applying (17) to g := P" f, we obtain
with £ := maxo<p<n—1 | P f||v (use P"f = PN(PTf)):

(P f)(@)| < &[NV (@) +b] < €[5 (0"V(z) +b)] <€6NV(0"V(x) +b).  (18)
Using the inequality
~InV(z) InV(x)
Iné Iné
and the fact that Ind <In|\| <0, Inequality (18) with n := n(z) gives:

—1<n(z) < -

AP @] < o (O V) + o)

_ g(st <en(x)(ln5ln|)\) ean(m) + befn(m) ln|)\>

< g5V (e(‘“l‘lfg“wn(lnu_lna) V@) 4 p s 1n|>\>

=gt ( V(@) e A-nd w(@iﬁ)

In [A]

— géfN (eln\)\|71n5 _|_ b) V(a’;) Iné |

This gives the desired conclusion with ¢ = & 5N (el A=10d by, O
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Proof of Theorem 4. If f € By NKer(P — X), then |A\|7"®@)|(P™®) £)(z)| = | f(x)], so that
(15) gives the expected conclusion when p = 1. Next, let us proceed by induction. Assume
that the conclusion of Theorem 4 holds for some p > 1. Let f € By NKer(P — AI)PTL. We
can write

min(n,p)
Pif=(P=A+A)"f= N[+ Y (Z

k=1
For k € {1,...,p}, we have fy, := (P — X )k f € Ker(P — AXI)P*1=% C Ker(P — AI)?, thus we
have from the induction hypothesis :

>>\"’“ (P —\D)ky. (19)

In || p(p—1)

3 € (0,+00), Vk € {1,...,p}, Vz €X, |fi(z)| < V(x)ms (InV(z)) = . (20)

Now, we obtain from (19) (with n := n(z)), (20) and Lemma 5 that for all z € X:

A

min(n,p)
@] < NP @) + ¢ Vi) RS (n V(@) ey (n@))

k
k=1
In [A] In )| p(p—1)
< cV(x)™Ws 4+ V(z)ws (InV(z)” 2z n(x)?
In [\| p(p*l)Jr
< eV(r)ms (InV(x)) 2z TP

with some constants c1,c2 € (0,+00) independent of x. Since p(p —1)/2 +p = p(p +1)/2,
this gives the expected result. O

To conclude this section, notice that the V-geometrical ergodicity clearly implies Condi-
tion (WD). However Condition (WD) is not sufficient for P to be V-geometrically ergodic,
even if P is assumed to be compact from By from By . In fact, the previous statements provide
the following procedure to check the V-geometric ergodicity of P and to compute an upper
bound for its convergence rate py (P). Let P be a transition kernel with an invariant probabil-
ity measure 7 such that 7(V') < oco. Theorem 2 shows that, if P (or some iterate) is compact
from By into By and satisfies the weak drift condition (WD), then P is quasi-compact on
By and ress(P) < 6y (P). Next Theorem 3 ensures that the V-geometric ergodicity of P can
be deduced from quasi-compactness provided that the following properties are satisfied :

(i) A =1 is a simple eigenvalue of P on By, namely Ker(P — I) = C - 1x;

(ii) A =1 is the unique eigenvalue of P of modulus one on By .

Finally Theorem 4 can be useful to check (i)-(ii), and in a more general way to investigate
the sets V,, of eigenvalues of P given in Theorem 3 in order to obtain an upper bound for
the convergence rate py (P). This procedure is applied in the next section.

3 Applications to discrete Markov chains

In this section, we are concerned with discrete Markov chains. For the sake of simplicity, we
assume that X := N throughout the section. Let P be a Markov kernel on N. The main focus
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is on the estimation of the essential spectral radius 7ess(P) from Condition (WD): a general
statement is derived from Corollary 2 in Subsection 3.1, and applications to random walks
(RW) with bounded state-dependent increments are presented in Subsection 3.2.

For irreducible and aperiodic discrete Markov chains, criteria for the V-geometrical er-
godicity are well-known from the literature using, either the equivalence between geometric
ergodicity and V-geometric ergodicity of N-valued Markov chains [HS92, Prop. 2.4], or the
strong drift Condition (D) with a small set S [MT93]. In Subsection 3.3, we just explain as
an alternative way how the quasi-compactness combined with irreducibility and aperiodic-
ity conditions provide the V-geometrical ergodicity. Finally the procedure mentioned at the
end of the previous section (see (i))-(ii)) is applied to compute the convergence rate of some
random walks (see Example 4 and Subsection 3.4). Such computations are not reported in
Wu’s work, excepted for the examples [Wu04, Ex. 8.3-8.4] corresponding to the specific case
P(0,0) := 1 — ¢ in Subsection 3.4. Wu obtained the rate py(P) for these two examples as
special instances of discrete reflected random walks. These processes, also called Lindley’s
random walks, are investigated in Subsection 5.2, in which we obtain the rate of convergence
with explicit constant for general discrete Lindley’s random walks.

3.1 Quasi-compactness of discrete Markov chains

Let P = (P(i,7)); jen2 be a Markov kernel on N. The function V' : N—[1, +00) is assumed
to satisfy

, _ (PV)(n)
111511 V(n) =400 and ilelgw

Corollary 4 The two following conditions are equivalent:

(a) Condition (WD) holds with V' ;

(b) L:= inf ((y)% < 1 where £y :=limsup, _, ,..(PNV)(n)/V(n).

inf
N>1
In this case, P is power-bounded and quasi-compact on By with

Tess(P) = 5v(P) = L.

Proof. That P is power-bounded and quasi-compact on By with ress(P) = 0y (P) under
(WD) follows from Corollary 3 since P is strongly Feller in the discrete state space case.

Let us prove the equivalence (a)< (), as well as the equality oy (P) = L. First, Condi-
tion (WD) clearly gives £y < 6V < 1 (with 6 in (WD)), thus L < §y/(P) by definition of
dy (P). Conversely, assume that L < 1: there exists N > 1 such that {5 < 1. Let § be such
that £y < 6 < 1. Then there exists ng € N such that: Vn > ng, (PNV)(n)/V(n) < V.
Hence

PNV)(i
PNV <"V +d, with d:= max M
0<i<no V(i)
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This proves (WD), and &y (P) < (£x)Y" since § is arbitrary close to (£x)"N. In fact, the
last argument shows that 8y (P) < (£x)"" provided that ¢y < 1. From definition of L, there
exists a sequence (Ng)r>o such that L = limg(¢y, )"/Ve. Thus we have 6y (P) < (¢n,)"/Ne for
k large enough. Thus oy (P) < L. O

In the next subsections, Corollary 4 is applied to random walks on N with the following
special sequence V, := (7")nen for some v € (1,400). The associated weighted-supremum
space B, = By, is defined by:

By = {(f(m)uen € € sup ™[ f(n)] < o0}, (21)

3.2 Quasi-compactness of RW with bounded state-dependent increments

Let us fix b € N*, and assume that the kernel P on X := N satisfies the following conditions:

Vie{0,....b—1}, Y P(i,j) =1
j=0
0 if i —j| > b

e (22)
aj—i(i) ifli—jl<b

Vi>bVjeN, P(ij) = {

where (a_y(i), ..., ap(i)) € [0,1]2+! satisfies S0__, ap(i) = 1 for all i > b. This kind of
kernels arises, for instance, from time-discretization of Markovian queueing models (see a
basic example in Remark 6).

Proposition 1 Assume that for every k € 7 such that |k| <b

lim ag(n) = ax € [0, 1], (23a)
and that vy € (1,400) is such that
b
¢(7) = > apyt <1 (23b)
k=—b
Vi€ {0,...,b—1}, > P(i,j)y’ <oo. (23c)
Jj=0

Then P is power-bounded and quasi-compact on B~ with

7ness(P) < Qb('Y)

Proof. Set ¢, () := Zzsz ar(n)v*. We have (PV,)(n) = ¢, (7)V,(n) for each n > b, hence
we obtain from (23a)

(PV;)(n)

lim su < .
ST S ¢(7)
The conclusion of Proposition 1 then follows from Corollary 4 using (23b)-(23c). O
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Assume that ag # 1. Let ¢(*) be the k-th derivative of ¢. It is checked in Appendix C.2
that there exists 1 < ¢ < 2b such that

Vke{l,....,0—1}, ¢®1)=0 and ¢“(1)#£0, (24)

according that the first condition is removed when ¢ = 1. Since ¢(1) = 1, a sufficient condition
for (23b) to hold for some ~y € (1,400) is that

oY(1) < 0. (25)

Example 1 (State-dependent birth-and-death Markov chains) When b:=1 in (22),
we obtain the standard class of state-dependent birth-and-death Markov chains. Namely, the
stochastic kernel P is defined by:

Vn > 1, P(”?“ - 1) ‘= DPn; P(n7n) = Tn, P(n7n + 1) = Qn,

where the real numbers (pn,Tn,qn) € [0,1]? and p, + 1y + o = 1. Assume that the following
limits exist:
limp, :==pe€ (0,1, limr,:=r€l0,1), limg,:=gq.
n n n

If v € (1,+00) is such that

o(y) = % +r+qgy<1l and ZP(O,n)W" < 00,
n>0

then it follows from Proposition 1 that P is power-bounded and quasi-compact on B, with
p
Tess(P) < ; +7r+qy.

The conditions v > 1 and p/v+r+qy < 1 are equivalent to the following ones (user = 1—p—q
for (i)):

(1) eitherp>q>0and 1 <~y <p/q; (ii) orq=0 and~y > 1.

e Whenp>q>0andl <y <p/q: if 3,50 P(0,n)y" < oo, then P is power-bounded
and quasi-compact on B, with ress(P) < ¢(7). Set ¥ := +/p/q. Then

miné(7) = 6(3) = r +2y/p7 € (r,1). (26)

y>1

Consequently, if >, <o P(0,n)(¥)" < oo, then the previous conclusions holds for v =7,
with essential spectral radius on By satisfying

Tess(P) <1+ 2y/pq.

o When q:=0 and v > 1: if ano P(0,n)y"™ < oo, then P is power-bounded and quasi-
compact on B~ with
Tess(P) < ¢(v) =p/v +7.

Such a case is illustrated by the next example.
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Example 2 (Simulation of a Poisson distribution with parameter one) The Markov
kernel P on X := N defined by

P(0,0) = P(0,1) = %

n 1

1
VnZl, P(n,n—l) == m, P(n,n—i—l) :m

5 P(n,n) :=

arises from a Hastings-Metropolis sampler of a Poisson distribution. We have p = r = 1/2
and q = 0 with the notations of Example 1. Hence, for each v € (1,4+00), P is power-bounded
and quasi-compact on B, and

ress(P) < 1/2+1/(27).

Remark 5 (Random walks with i.d. bounded increments) Consider the case when the
increments ap(n) do not depend on the state n, that is when the kernel P is

. .o . . .o Aj—; if ‘Z—j‘gb
b= > =1 > =9 4
\V/Z € {07 7b 1}’ = P(%]) 17 va = b,VJ S N’ P(%]) { 0 Zf |Z _,]| > b

where (a_y, ..., ap) € [0,1]%*! and Zzz_b ap = 1. Obviously the statements of Example 1
apply but some additional facts can be deduced for such Markov chains. First note that
¥y € (1,400), VN > 1, ¥n > Nb, (PVV,)(n) = o(7) V4 (n). (27)

Consequently, under the assumptions (23c) and ¢(y) < 1 where ¢(-) is given by (23b), we
obtain from Corollary 4 that Condition (WD) is fulfilled with V., and

Tess(P) = 5V«, (P) = Qb(’Y) (28)

Moreover, it is shown in Appendiz C.2.2 that, under the assumptions ag # 1 and (23c),
Condition (WD) holds true with Vs, for some o € (1,7] if and only if $\Y(0) < 1 (see (24)-
(25)). Finally, for the birth-and-death Markov chains, that is when b := 1, the convergence
rate can be computed (see Subsection 3.4).

3.3 V-geometrical ergodicity for discrete Markov chains

Let P = (P(i,])); jen2 be a Markov kernel on N. The following irreducibility and aperiodicity
conditions for discrete Markov chains are well-known. For any (i, ) € N2, define

R;j:={n>1:P"(i,j) > 0}.
The Markov kernel P is said to be irreducible if
V(i,j) €N, Ri;#0, (Z)
and to be aperiodic if

di eN, ’Rm‘ — ’Rm‘ = {n —m, (m,n) S Ri,i X ’Rm’} = 7. (.A)
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Since R;; is stable under addition from the Chapman-Kolmogorov equation, the subgroup
of Z generated by R;; coincides with R;; — R;;. Hence the aperiodicity Condition (\A) is
equivalent to the usual one: the largest element d = d(i) € N* such that R;; C d-N* (i.e. the
g.c.d. of R;;), called the period of 7, is equal to 1. If P is irreducible then each state j € N
has the same period.

Corollary 5 Under Condition (WD), P has an invariant probability measure 7 such that
(V) < oo. If the additional Conditions (I)-(A) hold true, then P is V -geometrically ergodic.

The previous statement is well-known. It can be derived from quasi-compactness (note that
the first assertion follows from Lemma 4): apply Corollary 4 and Theorem 3 with Condi-
tions (Z)-(A) (see Appendix C.1 for completeness).

Under the additional Conditions (Z)-(A), all the statements of Subsection 3.2 can be
completed in order to find again the V,-geometric ergodicity. For instance, in Example 1,
the V,-geometrical ergodicity holds when P(0,0) € (0,1) and p,,q, > 0 for all n > 1.2
In Example 2, Conditions (Z)-(A) are automatically fulfilled so that P is V,-geometrically
ergodic without additional assumptions.

Note that the irreducibility condition is not necessary for P to be V-geometrically ergodic:
in this case the use of Theorem 3 (via Corollary 4) is of interest to obtain the V-geometric
ergodicity as illustrated in the following simple example.

Example 3 (An instance of binary RW) Assume that
Vn>1, P(ln,n—1):=pe (0,1, P(n,n):=r=1—p.

Under the assumptions v > 1 and ), -, P(0,n)y" < oo, we know from (28) that ress(P) =
p/y + r. Note that Condition (T) is not automatically fulfilled in this instance. Anyway,
without additional assumptions, P is V., -geometrically ergodic. Indeed Theorem 3 applies.
First the equation Pf = f leads to: ¥Yn > 1, f(n) = f(n — 1), so that f is constant. Hence 1
is a simple eigenvalue of P. Second, given A € C, |A\| =1, X # 1, any solution of Pf = \f
is of the form: f = (f(0)z\")nen with z) := p/(A—1). From |\ —r| > 1—1r = p, we obtain
|za| < 1, so that the equality (Pf)(0) = Af(0), namely Af(0) = f(0)>_,,~0 P(0,n)2\" is only
possible when f(0) = 0. Hence 1 is the only eigenvalue of modulus one.

Finally recall that, as it was outlined at the end of Section 2, quasi-compactness is espe-
cially of interest for bounding the convergence rate of P. Example 4 below is a first simple
illustration of this fact. Other applications to birth-and-death Markov chains are proposed in
the next Subsection.

Example 4 (An instance of RW with unbounded increments) Let us point out that
Corollary 4 and Theorem 3 may be also useful for random walks on X := N with unbounded

*Note that, if P(0,0) = 0, then the period d(0) of i := 0 may be equal to 2. For instance this fact holds when
P(0,1) =1, and A = —1 is then an eigenvalue of P: P is quasi-compact on By, but it is not Vz-geometrically
ergodic.
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increments. For instance, let P be defined by [MS95]
Vn>1, P(0O,n) :=gq,, Yn>1, P(n,0):=p, Pn,n+1):=q=1—p,

with p € (0,1) and g, € [0,1] such that ", -, qn = 1. Fory € (1,+00) and V, := (7" )nen,
we have: ¥n > 1, (PVy)(n) = p+ ¢v"*t = (p/4"™ + qy)Vy(n). Thus, if v € (1,1/q) and
Y s @Y < 00, then Condition (WD) holds with V., and we have 6y, (P) < qvy. Therefore,
under the previous conditions, if follows from Corollary 4 that P is power-bounded, quasi-
compact on B~ and

7ness(P) < q7.

No additional assumptions are required to obtain the V. -geometric ergodicity: P is V.-
geometrically ergodic provided that v € (1,1/q) and Zn21 gnY" < 00. Moreover the conver-
gence rate py, (P) of P on B, satisfies:

pv, (P) < max(qv,p). (29)

Proof of (29).  Theorem 3 is applied with any ro > max(qvy,p). Let A € C be such that
max(qy,p) < |A| <1, and let f € By, f # 0, be such that Pf = \f. We obtain f(n) =
(MNq)f(n—1)—pf(0)/q for any n > 2, so that

A

22 fn) = J() <i>nl‘pf(0)<1‘(a>:_l>

4 q

) -2

Since f € By and |N|/q > v, we obtain f(1) = pf(0)/(A — q), and consequently: Vn >
1, f(n) = pf(0)/(\ — q). Neat the equality AF(0) = (Pf)(0) = Yoy uf(n) gives: AF(0) —
pf(0)/(A —q) since >, <, qn = 1. We have f(0) # 0 since we look for a solution f # 0.
Thus X\ satisfies \> — q)\_— p =0, namely: X\ =1 or A\ = —p. The case A = —p has not to be
considered from assumption. If X = 1, we have f(n) = f(0) for each n € N, so that 1 is a
simple eigenvalue. We have proved that 1 is a simple eigenvalue of P on B, and that X =1
is the only eigenvalue of P on B, such that max(qvy,p) < |\| < 1. Then Theorem & gives the
estimate (29) of the convergence rate. Note that p cannot be dropped in (29) since A = —p

is an eigenvalue of P on B, with corresponding eigenvector (up to a multiplicative constant)
fpi=(1,—p,—p,...).

3.4 Study of the convergence rate for the birth-and-death Markov chains

We consider real numbers p, q,r € [0,1] such that p+r+¢ =1, p > ¢ > 0, and we assume
that P is defined on X := N by

Vn>1, P(n,n—1):=p, P(n,n):=recl0,1), Pn,n+1):=gq,
P(0,0) € (0,1), ZP(O,n) (7)™ < oo where 7 := \/g € (1, +00). (30)

n>0
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Let V5 := (¥")nen. The weighted-supremum space B := By, associated to V5 is defined
in (21). Note that Conditions (Z)-(A) hold true. We know from Corollary 5 that P is
Vz-geometrically ergodic and from (26) (28) that

Tess(P) = 5V:/(P) =7r 4+ 2\/]9_(]

As illustrated afterwards, thanks to Theorem 3 and Lemma 6 below, the last estimate on
the essential spectral radius r.ss(P) is relevant to compute the convergence rate pva(P).

Lemma 6 Assume that Conditions (30) hold true. If f is a nontrivial eigenvector in By
associated with a complex eigenvalue A of P such that r + 2,/pq < |A\| < 1 then

Jay € C\ {0}, Yn >0, f(n)= a1 2\", (31)

with zy satisfying the following conditions:

‘Z)\’ < :?7 (32&)
g2+ (r =Nz +p =0, (32b)
Z P(0,n)z)\" = A. (32¢)

n>0

Proof. Let A € C be such that r +2,/pg < [\ < 1. Let f € By, f # 0 such that Pf = \f so
that

Vn=1, A(n)=pfln—1)+rf(n)+qf(n+1). (33)

Let us denote by zy, 2} the two complex solutions of the characteristic equation
2>+ (r—=XNz+p=0.

Observe that 2)24 = p/q¢ = 7% Recall that the solutions of (33) are of the form, either
f(n) = a2y + a2y if z) # 24, or f(n) = a12\™ + agnzy if z) = 2}, with a1, ay € C.

We have |z)| # |2}|. Indeed, Theorem 4 applied with p := 1 and ¢ := r + 2,/pq implies
that |f| < cV537 with 7 := In|A[/Iné € (0,1) and some constant c. Consequently we have
lonz\™ + a2y "] < ¢A™" in case zy # 2}, and |a12)" + aanzy"| < ¢37" in case 2z, = 2. If
|zx| = |#}], then we would have |z)\| = [z}| =7, but the two previous inequalities then easily
imply that oy = as =0, that is f = 0.

From |z)| # |2}|, we can suppose that (for instance) |zy| < 7 and |z}| > 7. Since f,

(zA™)nen are in By and (24"), is not in By, we obtain: Vn >0, f(n) = a12)". Since f # 0

(i.e. a1 #0), the equation (Pf)(0) = Af(0) implies that z) must satisfy (32c). O

Proposition 2 In addition to Conditions (30), the boundary transition probabilities are as-
sumed to satisfy, for some a € (0,1):

P(0,0) :==a, P(0,1):=1-a.
Then P is Vz-geometrically ergodic. Furthermore, defining ag :=1—q—./pq, the convergence
rate py.(P) of P is given by:
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e when a € [ag,1):
pv; (P) =71 +2y/pg; (34)

e when a € (0,ap]:

(a) in case 2p < (1—q—|—w/pq)2:

pv;(P) =1+ 2/pq; (35)
(b) in case 2p > (1 —q+ \/ﬁ)z, setting a1 :=p — /Pq — r(r + 2\/@) :
1 _
pv=(P) = |a+ 5(_71_3)(1 when a € (0,a1] (36a)
pv;(P) =1+ 2\/pq when a € [a1,ap). (36b)

When r := 0 in the previous proposition, we have ag = a1 = p—/pqg = (p—q)/(1++/q/p),
and it can be easily checked that 2p > (1 — g+ /pg)?. The properties (34) (36a) (36b) then
rewrite as:

Ry
pv (P) b4 Ta(i p|p) when a € (0, ag] (37a)
pv; (P) = 2/pq when a € (agp,1). (37b)

Using Kendall’s theorem, the properties (37a)-(37b) have been proved for a < p in [RT99|
and [Bax05, Ex. 8.4]. For a > p, (37b) can be derived from [LT96] using the fact that P is
stochastically monotone. Our method gives a unified and simple proof of (37a)-(37b), and
encompasses the case r # 0.

Proof of Proposition 2. By elimination, given some A € C, a necessary and sufficient condition
for the two following equations:

@224+ (r=Nz+p=0, (38a)
a+(1—a)z= A (38b)

to have a common solution z € C is that

l—a a—X 0 l—a 1 0
0= 0 l1—-a a=-X| = (1-XN)] 0 1 a—2AX
g r—=XA p g 1 p
= 1-N[A-a)1l-a-q)+p(l-a) (39)

Assume that @ # 1 —g. Then A = 1 is a solution of (39) and the other solution of (39),
say A(a), and the associated complex number in (38b), say z(a), are given by:

p(1 —a)

a—l—i—qER and z(a)::LeR (40)

Aa) :==a+ PR
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Now, let A € C be such that r +2,/pg < |A| < 1, and assume that there exists f € By,
f # 0, such that Pf = Af. Then Lemma 6 gives f := (2)")n>0 (up to a multiplicative
constant), with z) € C satisfying |2z)| < 7 and Equations (38a)-(38b). Thus we have A = A(a)
and z\ = z(a), with A(a) and z(a) given by (40). Conversely, we have Pf, = \(a)f, with
fa = (2(a)")n>0 since, by definition, z(a) satisfies the equations (38a)-(38b) associated with
A = A(a). Now we must find the values a € (0,1) for which we have r + 2,/pg < [A(a)| < 1
and |z(a)| <#. This is the relevant question since Theorem 3 gives the following properties:

(i) if r +2/pg < |Ma)| < 1 and [2(a)| <7, then we have py. (P) = |A(a)| since A(a) is the
only eigenvalue A of P on Bs such that r 4 2,/pg < |A| <1 (apply Theorem 3 with any
o such that 4 2,/pqg < ro < |A(a)|),

(ii) if A(a) or z(a) do not satisfy the previous conditions, then we have py. (P) = + 2,/pg
since there is no eigenvalue A of P on B5 such that r+2,/pg < |A| < 1 (apply Theorem 3
with any 7o such that r + 2,/pg < rg < 1).

First, observe that
[2(a)] <7 & la—1+4q| > V/pg. (41)
Hence, if a € (ag,1) (recall that ag :=1 — ¢ — \/pq), then |z(a)| > 7. Then (ii) gives (34).

Second consider the case a € (0,ap]. Then we have |z(a)| <7, and we have to study A(a).
Note that N (a) = 1 —pgq/(a—1+q)?, so that the function a + A(a) is increasing on (—o0, ag]
from —oo to A(ag) = r — 2,/pq. Thus

Va € (0,a0], Aa) <r—2ypg<r+2ypq.

and the equation A(a) = —(r + 2,/pg) has a unique solution a; € (—00,ap). For the
continuation, it suffices to have in mind that a1 < ag and A(a;) = —(r + 2,/pg), that

A0) =p/(g—1) € [-1,0) and finally that

(q—\/ﬁ—l)Q—Qp.

1—g¢q

A0) = Aar) = p/(g—1) +7+2ypg =
When 2p < (1 — g+ /pg)?, (35) follows from (ii). Indeed |A(a)| < 7+ 2,/pg since

Va € (0,a0], —(r+2ypq) = Aa1) < A(0) < Aa) <7+ 2y/pq.

When 2p > (1 — g+ /pq)?, we have a1 € (0,a0] and:

e if a € (0,a;), then (36a) follows from (i). Indeed r +2,/pq < |A(a)| < 1 since
Va € (0,a1], —1<X0) < Aa) < Aay)=—(r+2ypq);
e if a € [a1, ag], then (36b) follows (ii). Indeed |A(a)| < 7 + 2,/pq since

—(r+2ypq) = Aa1) < Aa) <r+2y/pgq.
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It remains to study the special case a = 1 — ¢. Then A = 1 is the only solution of (39).
Again let A € C be such that r 4+ 2,/pg < |A| < 1, and let f € By, f # 0, such that
Pf = \f. Then Lemma 6 gives f := (2)\")n>0, with z) € C satisfying Equations (38a)-(38b),
thus Equation (39). Consequently there is no eigenvalue of P such that r 4+ 2,/pg < [A\| < 1.
Theorem 3 applied with any 79 € (r + 2,/pg, 1) then gives pv. (P) =7+ 2,/pg. O

Remark 6 Let us consider the time-discretised M/M/1 queue obtained using the uniformiza-
tion technique [HS92, Section 4.1]. The arrival and service rates are denoted by f > 0 and
w > 0 respectively. For 0 < h < 1/(8 + n), the kernel Py, is defined by P, = I + hQ where
Q is the generator of the continuous time birth-and-death process (Xi)i>o of the number of
customers in a M/M/1 queue, so that

Ph(0,0) = 1_Bh’ Ph(oa 1) = Bh;
Vn > 1, Ph(nan_l) = ph, Ph(’I’L,TL) = 1_h(5+:u)’ Ph(n’n+1) = Bh.

Assume that 5/p < 1 which is the ergodicity condition of the M/M/1 queue. Note that
why Bh,1 — h(B + 1), 1 — Bh stand for p,q,r,a with the notations of Proposition 2 and that
p>q, a= Py(0,0) € (0,1) and a+ q— 1= 0. Therefore, for any 0 < h < 1/(8+ u), Py is
Va-geometrically ergodic with 4 = \/j/3 and

v (Pn) = 1= h(y/ii—/B).

Note that py,(Py) is decreasing as h growth to 1/(B8 + p). The minimum (not attained)
2,/pq = 2h\/uf = 2v/pB/ (1 + B) would be obtained as h:= 1/(8 + p) but in this case r := 0
and we retrieve a binary random walk (and its convergence rate pvs = 2v/uB) corresponding to
the embedded Markov chain associated with the birth-and-death Markov process. This last value
was found to be the L' -convergence rate in [LT9I6] using the monotone structure of the Markov
chain and to be the IL2-convergence rate in [RT01] from the equality of the two rates using the
reversibility of the model. Finally, note that exponential bounds for (Xi)i>o are easily derived
using that its semi-group (P,);>o satisfies Py, = exp(Qt) = > noo Pu¥ exp(—t/h)(t/h)F [k and
that Py, has the same invariant probability measure than (Xi)i>o for any h < 1/(8 + p).
Indeed, we obtain that for any 0 < p < (/i — VB)%:

Note that (\/ii—+/B)? is know to be the L?(r)-spectral gap for such a process (see e.g. [Kar00]).

4 V-geometrical ergodicity of iterated function systems

In this section we assume that (X, d) is a Polish space equipped with its borel o-algebra X
Let (V,V) be a measurable space. Let us first recall the definition of an iterated function
system (IFS) of Lipschitz maps (see [DF99, Duf97]).

Definition 2 (IFS of Lipschitz maps) Let (¥,,),>1 be a sequence of V-valued i.i.d. random
variables, with common distribution denoted by v. Let Xy be a X-valued r.v. which is assumed
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to be independent of the sequence (Up)n>1. Finally, let F': (Vx X,V @ X)—>(X,X) be
jointly measurable and Lipschitz continuous with respect to the second variable. The associated
iterated function system (IFS) is the sequence of random variables (X, )nen which, given X,

18 recursively defined by:
Vn>1, X, :=F(0,,Xn-1). (42)

Clearly (X, )nen is a Markov chain, with transition kernel P:

Ve eX, VAe X, P(z,A) =E[l4(F(%,))] = /VlA(F(v,:c)) dv(v). (43)

Let 29 € X be fixed. For any b € [0, +00), we set
Ve eX, p(z):=1+ d(z,z9) and Vy(x):= p(x)’.

We simply denote by (B, | - |) the weighted-supremum Banach space By, associated with
Vi(+), that is

By = {f : X — C measurable such that |f|, := 22§ ‘5((;))19‘ < oo} . (44)
If ¢ : (X,d) —(X,d) is a Lipschitz continuous function, we define
L($) = sup {W (r.y) € X2, 24 y} | (45)
Let a € [1,+00). We denote by L, the following space:
[f (@) = f(y)]

(z,y) € X2, x;éy} < oo}.

(46)
Such Lipschitz-weighted spaces have been introduced in [LP83] to obtain quasi-compactness
of Lipschitz kernels, see also [MR89, Duf97, Ben98, HHO1|.

Lo = {f :X—=C : mu(f):=sup { d(z,y) (p(x) + p(y))*—1’

Note that, for f € L,, we have for all x € X: |f(z)] < |f(x0)| + 29" mq(f) p(x)®. Thus:

Vf € La, |f|a I= sup |f(:r3)|
zex p(x)®

L, equipped with the norm || f||, := mq(f) + | f|a is a Banach space.

<oo and L,CB,.

In Subsection 4.1 we give standard contraction/moment conditions, called (C,), for P to
have a geometric rate of convergence on L,. In Subsection 4.3 the passage to the V,-geometric
ergodicity is investigated. As already mentioned in Introduction, this section is close to [Wu04,
Sect. 7.2-8]. Under Conditions (C,), an IFS satisfies the contractive property [Wu04, (7.2)]
with respect to the Wassertein distance introduced by Wu. But his topological hypothesis on
P is replaced by our more general compactness assumption on P’ : By — B, (for some ¢ > 1).
The bounds obtained in Corollary 6 on 7.ss(P) and py, (P) (for P acting on B,) are the same
as in [Wu04|. The rates of convergence with explicit constants, obtained in Subsection 4.2
for discrete Lindley’s random walks and in Subsection 4.4 for autoregressive models, are not
reported in [Wu04].
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4.1 Basic inequalities for IFS

For all z € X, v € V and (vy,...,v,) € V" (n € N*), define:
Fyx:= F(v,z) and L(v):= L(F,) (47a)
Fyowy :=F, 0---0F, and L(v,:v1):= L(F,, .y ). (47b)

By hypothesis we have L(v) < oo, and so L(v, : v1) < co. Note that, for each a > 1, the limit

Fe:= lim E [L(Fﬁn:ﬂl)a]ﬁ

n — +o0o

exists in [0, +00], since the sequence (E[L(9,, : ¥1)?])nen~ is submultiplicative. Let us consider
the following classical moment/contraction conditions:

Conditions (C,). For some a € [1,+00):

E [d(Fy,z0,0)"] < 00 (48a)
ke < L. (48b)

Proposition 3 (see [Duf97, Ben98|) Under Conditions (C,), there exists a unique P-invariant
distribution, denoted by 7, on (X, X), and we have w(d(xq,)*) < 0.

Proposition 4 ([Duf97]) Under Conditions (C,), the transition kernel P continuously acts
on Ly, and for any k € (Rq, 1), there exists positive constants ¢ = ¢, and ¢ = ¢, such that:

VYn>1, Vfe Ly |P'f—r(f)lxla<cr™mg(f) (49a)
Vn>1,Vfe Ly |Pf—7(f)lxlle<cE"|flla (49b)

In particular, if Ky := E[L(z?l)a]% < 1, then
Ve Ly, Vn>1, |P"f—7(f)lx|a < c1 kY ma(f), (50)

where the constant ¢y is defined by ¢, := £l@-1/e 7l (1 + Hﬂ'Ha)a_l, with

"V V(g 1/b
£ := supsup (PVe)(@) <oo and |« = </Xp(y)b dw(y)) forb:=1,a.

n>1reX Va (x)

Properties (49a)-(49b) and (50) can be derived from the results of [Duf97, Chapter 6|. For
convenience they are proved in Appendix D. Note that the properties (49a) and (50) do not
provide the V,-geometric ergodicity since they are only established for f € L£,. Indeed, in
general the spaces £, and B, do not coincide, even for countable Markov chains.

Remark 7 Under the conditions (C,) and E[L(vﬂl)“]% < 1, the proof of (50) (see Appendiz D)
gives the following bound for the constant & of Proposition 4. Given any real number & satis-
fying E[L(Y1)*] < 6 < 1, choose r such that

1 + L(ﬂl) d(.%', .%'0) + d(Fgl xo, 1‘0)>a:|

<.
1+ d(z, )

d(z,z9) >r = E K
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Then we have, with & = E[(max(1, L(t)) + d(Fy, z0, 0) )],

§&i(1+7)°

<1l4 =
Esl+ 1—90
Remark 8 From Proposition 4 we deduce the following fact. Assume that Conditions (Cg)
holds and that f : X =R is such that P'f € L, for some ¢ € N*. Then, for any k € (Rq, 1),
we have

Vn >0, |P"f—n(f)lxla = |P"UPf = 7(f)lx)|, < ek ma(Pf), (51)

where ¢ = ¢ 1s the constant of Proposition 4. If Kk = k1 := E[L(ﬁl)“]l/a < 1, then ¢ = c1.
Although this is not directly connected with the V,-geometric ergodicity, such estimate may be
of interest. This is illustrated in Corollary 8.

Example 5 (A simple example) Let (X,,)nen be the real-valued IFS
Xo €R, Vn>1, X, :=19,X,1,

associated with Fyx = vr and with a sequence (Up)n>1 of i.i.d. random variables assumed
to be independent of Xo. This kind of multiplicative Markov models are popular in finance.
Let us assume that the ¥,’s have a uniform probability distribution on [0,1]. The transition
kernel P(x,dy) of (Xn)n>o0 ts the uniform distribution on [0,x] if x > 0 (resp. on [z,0] if
x < 0). The Dirac distribution &y at 0 is clearly P-invariant. Finally, setting xo := 0 and
d(z,y) := |z — y|, we have: Ya € [1,+00)

E[d(FﬂIO,O)a] =0 and ky1:= E[L(lgl)aﬁ _ E[ﬁla]% _ (ai 1> a ‘

Consequently Inequality (50) is valid. If a := 1, then the constant ¢y in (50) is equal to 1
since we have p(x) = 1+ |x| and © = dy.

Example 6 (Autoregressive model) In this ezample, we prove that Inequality (50) is ful-
filled with the (optimal) value k1 := Ry. Let (Xp,)nen be the real-valued IF'S

Xp € R, Yn>1, X, =aX, 1+ U,,

associated with F,x := ax + v where o € (—1,1) is fized and with a sequence (¥,)p>1 of
centered random wvariables. This is the so-called autoregressive model of order 1 with an
arbitrary centered noise. We take d(z,y) := |x — y| and x¢ := 0, so that L(v, : v1) = |a|”
and |F,0| = |v|. Then, we have kK, = |a for all a € (1,4+00). In particular we have K, =
E[L(01)%]"/* < 1. Therefore, Conditions (C,) reduce to the moment condition E[|01]%] < oo,
and under this condition, Inequality (50) holds for ki = |a|.

Next, let us check that |a| is the minimal value of k (and k1) such that Inequality (49a)
(and Inequality (50)) is valid. Since ¥ is centered, we have: Y € X, E[X; | Xo = 2] =
Elaz + ©1] = ax. In other words, we have Pp = a¢p where ¢ is the identity function on R
(i.e. ¢(x) := x). Note that ¢ is in L, for every a > 1, and that w(¢) = 0 using P = agp.
Consequently, under the condition E[|01]|*] < oo, Inequality (49a) holds for f := ¢, and we
can deduce from P"¢ = o™ ¢ that Inequality (49a) cannot be valid with some k < |a|.
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4.2 Application to discrete Lindley’s random walk

Recall that a Lindley random walk is defined on X := [0,+00) by X,, := max(0, X,,_1 +
¥y), where (Up,)n>1 is a sequence of R-valued i.i.d. random variables independent of Xj.
The rate of convergence of Lindley’s random walks with respect to || - ||y is investigated
in [Lun97, LT96, Wu04]. More specifically, under the assumptions E[’yg '] < oo for some
Y € (1,400) and E[W;] < 0, it is proved that there exists v € (1,70] such that E[y1] < 1,
that P is V-geometrically ergodic with V' (x) = 4*, and that py (P) = E[y"!]. The constant
¢, of (12) associated with any p € (E[y71],1) is not computed in [Lun97, LT96, Wu04].

This subsection is devoted to the special case of discrete Lindley’s random walks. More
specifically, under the above assumption, setting V, := (7")nen, we prove that the V-
geometric ergodicity property (12) holds true with the optimal rate p := E[y”!] and with
an explicit (and simple) constant c¢,. This result is based on Proposition 3 and Proposition 4
using the distance® d(i,7) := |v* —~7|, (i,j) € N2

Let Xy be a N-valued r.v. and (¥,,),>1 be a sequence of i.i.d. Z-valued r.v., independent
of Xy. Let us introduce the sequence of N-valued r.v. (X}, )nen defined by

Vn>1, X, :=max(0,X,—1 + ).
The common distribution v := (v;);en of the ¥,,’s is assumed to be such that

Iy € (1,40), EpyY] = Zyj v <oo and E[W] = Zjuj <0. (52)
>0 =

Proposition 5 Under the assumptions (52), there exists v € (1,70] such that
K1 = E[’yﬂl] <1,

and (Xp)n>o is Vy-geometrically ergodic with Vy, := (Y")nen. More precisely, we have the
following properties:

VfEBy, Yn>1, VieN, [(P"f)(i)—n(f)] <cir™mi(f)y (53a)
¢~
————— k1" (53Db)

(v=1)

with ¢ = w(Vy). Moreover, Inequality (12) is fulfilled with p = k1 and ¢, == 7(V)(y +
D/(y=1).

V(i,j) € N?, Vn>1, [PX,=j|Xo=1]—-7(1{)] <

Proof. The first assertion holds since G(v) := E[y”!] satisfies G(1) = 1 and G'(1) = E[;] < 0.
To prove (53a)-(53b), we apply Proposition 4 with the distance®

3Such a distance is used in [Wu04, p. 296] to compute the rate of convergence of Lindley’s random walks,
but with no explicit constants.

“The fact that, in Proposition 5, the geometrical ergodicity is directly deduced from Proposition 4 is very
particular. This is due to the choice of the distance in (54).
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Note that we have with zg = 0: Vi € N, p(i) := 1 + d(i,0) = 4°. Thus the space By,
corresponds to B; in (44). Next observe that the spaces By and £; coincide. Indeed, for all
f = (f(n))nen such that |f|1 := sup,en | f(n)[/7" < oo, we have (use sup,en- (7" +1)/(7" —
D=O+1/(v-1))

|f(@) = f()]

)= { " = 7]

v+1

Y1 | fl1- (55)

,(i,j)eNz,i#j}g

Next we have: V(v,i) € ZxN, F,i:= max(0,i+v). Let us compute the Lipschitz (random)
coefficient L(11) with respect to the distance d(i,j) := |y* — 47|. We obtain for (i,j) € N?
such that ¢ < j and for all v € Z:

(a) d(Fvi,ij) zwvhi —Wj{ when ¢ +v >0 and j+v > 0;
(b) d(Fvi,ij) = {1 —fyj”‘ =Y ‘fy*” —'yj‘ when i +v <0 and j +v > 0;
(¢) d(Fyi,Fyj) =0 when i +v <0 and j+v < 0.

In Case (b), we have i < —v < j, thus |[y™% —~7| < |y* —47|. Thus
d(Fyi, F,j
L(v):= sup M =~".
Gg)eN2izi 17V — V|
Finally, we obtain E[d(F}y,0,0)] = E[|y™*0:%1) — 1]] < E[y”1]. Thus Conditions (52) implies
that Conditions (C;) holds with E[L(9;)] = E[y"!] < 1. Consequently, P has an invariant
distribution 7 such that 7(V,) < oo from Proposition 3. Then, Property (53a) follows from
(50) with a := 1 (note that ¢; = [y p(y) dm(y)). To obtain (53b), use the fact that my (1) =
(y =Dyt =

Example 7 (Simulation of a geometric distribution) The Markov kernel P on X := N
defined for p € (0,1) by

P(0,0) :==1-p/2, P(0,1):=p/2
Vie N*, P(i,i—1):=1/2, P(i,i):=(1—-p)/2, P(i,i+1):=p/2.

arises from a Hastings-Metropolis sampler of a geometric distribution with parameter p. In
[MT96, Example 2/, P is shown to be V -geometrically ergodic with V = (p_"/Q)nzo and to have
a convergence rate satisfying pv(P) < po := /p+ (1 —p)/2. More specifically: Property (12)
holds for any p € (po,1) with some constant c, such that lim,_, ,, ¢, = +00. Proposition 5
allows us to improve this result.

Indeed, P can also be viewed as the Markov kernel of the discrete Lindley random walk
where V1 is distributed as: P(¥; = —1) =1/2, P(¥; =0) = (1 —p)/2 and P(¥; = 1) = p/2.
Consequently the estimates (53a)-(53b) are valid for this kernel, with here v := p~ /% and
k1 = E"1] = po. In particular, Property (12) holds true with p == py and c,, = (1 +
VD)2 (1= /B), namely we have for all f = (f(n))nen such that |f|1 == sup, |f(n)|p"/? < co:

2 _ n
1, vieN, p2P) - n(f)] < % 7 (wﬁ + %) |
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4.3 V,-Geometrical ergodicity of IFS

Recall that we have set: Vx € X, V,(z) := p(z)®. Let (X,)nen be an IFS. Under Condi-
tions (C,), Alsmeyer proved that, when (X,,)nen is Harris recurrent and the support of 7 has
a non-empty interior, (X,,)nen is Vg-geometrically ergodic, see [Als03, Prop. 5.2]. In Corol-
lary 6 below, we prove that, under Conditions (C,), (X, )nen is Vy-geometrically ergodic with
a convergence rate such that py, (P) < R,, provided that P’ : By — B, (for some £ > 1) is
compact. The same result was proved in [Wu04, Prop. 7.2] under the following alternative
hypotheses in place of our compactness assumption: P and PV for some N > 1 are Feller
and strongly Feller respectively.

First observe that, under Conditions (C,), Property (49a) with f : =V, and n := 1 gives
PV, < &V, for some & € (0,400), and so P continuously acts on B,. Second P fulfills
Condition (WD) with the function V,. Indeed, let 6 and x be such that kK, < k < § < 1.
Then there exists N € N* such that ¢ kVm4(V,) < 6V, where ¢ = ¢, is defined in (49a). Then
Property (49a) applied to f := V, gives: PNV, < 6"V, + m(V,). Since ¢ is arbitrarily close
to Rq, the real number dy, (P) associated with V, via the definition (3) satisfies:

ov, (P) < Ka. (57)

Corollary 6 Let us assume that Conditions (Co) hold true and that P : Bo— B, (for some
0> 1) is compact. Then P is V,-geometrically ergodic, and we have

Tess(P) < 0y, (P) <Ka and py,(P) <Rq. (58)

Proof. The fact that P is a power bounded quasi-compact operator on B, with 7¢ss(P) <
Sy, (P) < R, follows from (57) and Theorem 2. From this property, we deduce that the adjoint
operator P* of P is quasi-compact on the dual space B, of B, and 7ess(P*) < 7ess(P).> To
avoid confusion, we denote by Pz, the restriction of P on L,. From Proposition 4 we know
that Pz, is a bounded linear operator on L,. Let us prove that P is Vj-geometrical ergodic
from Conditions (b) in Theorem 3.

Let ro € (Ka,1). We show that A\ = 1 is the only eigenvalue of P on B, such that ro < |A\| <
1. Let A € C be such an eigenvalue. Then A is also an eigenvalue of P* since P and P* have
the same spectrum and 7ess(P*) < 7¢s5(P) < Kq < |A]. Thus there exists f € B/, such that
f'oP = Af". But f'is also in £, since we have: Vf € La, [(f', £)] < I'llg; 1 la < [#l5,1Fe
This proves that A is an eigenvalue of the adjoint of P, . Hence A is a spectral value of Pz, .
More precisely A is an eigenvalue of P, since, from (49b), P, is quasi-compact on £, and
Tess(Plz,) < Ko < 10 < |A]. Finally we have A\ = 1. Indeed, if A # 1, then any f € L,
satisfying Pf = Af is such that w(f) = 0, thus f = 0 from (49b) (pick k € (Ka,70)).

Now we prove that 1 is a simple eigenvalue of P on B,. Using the previous property
and the fact that P is power bounded and quasi-compact on B,, we know that P™—1II in
operator norm on B,, where IT is the finite rank eigen-projection on Ker(P—1) = Ker(P—1)>.
Set m = dimKer(P — I). From [Wu04, Prop. 4.6] (see also [Her08, Th. 1]), there exist m

®Use Inequality (6), the fact that an operator and its adjoint have the same operator norms, and finally
the fact that the adjoint of a compact operator is compact.
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linearly independent nonnegative functions fi, ..., f, € Ker(P —I) and probability measures
By -y pom € Ker(P* — 1) satisfying p(V,) < oo such that: Vf € Bq, IIf = >0 p(f) fx.
That 1 is a simple eigenvalue of P on B, then follows from Proposition 3.

From Theorem 3 and the previous results, for any rg € (R,, 1) we have py, (P) < rg. Thus
we have py, (P) < Rq. O

Remark 9 In simple examples (as in Ezample 6), the optimal rate in (49a) is equal to Ry.
In this case, we have py, (P) = Ry since L, C B.

Remark 10 The second inequality in (58) means that, for any real number k € (Kq, 1), there
exists a constant e = e,, such that

Vn>1, Vf € By, |P"f—7(f)1xla <er™|fla. (59)

Unfortunately the previous approach does not give any information on the constant e of (59).
Inequality (51) is more precise but in general is only valid for a smaller class of functions f.

4.4 Applications to autoregressive models

Assume that X := R? and denote the Lebesgue measure on R? by dy. Let ||-|| denote any norm
of R?, and define d(x,y) := ||x—y|| the associated distance on R?. Set p(z) := 1+||z|| (zo := 0)
and let us consider V,(z) := (1 + ||z)* with a € [1,4+00). We have lim|,(| — o0 Va(z) = +00.
We know from Remark 3 that any Markov kernel P(x,dy) = K(x,y)dy, associated with a
continuous (in the first variable) function K : R? x R?—|0,+0c0), is compact from By to
B,. This fact allows us to apply Corollary 6 to some classical IFSs. As an illustration,
Properties (51) and (58) are detailed below for affine autoregressive (AR) models. Such
applications can be easily extended for others [F'Ss, as for instance for functional autoregressive
models and AR processes with ARCH errors (see Examples 9-10).

Let (X,)nen be the IFS
Xo€R:,  Wn>1, X, :=AX, |+ 0n, (60)

associated with F(v,z) := Az + v where A = (a;;) is a fixed real ¢ x g-matrix. We have
L(v) = ||A|| where ||A|| denotes the induced norm of A corresponding to || - ||, and d(F;,0,0) =
||v||. Consequently, Conditions (C,) hold for a € [1,+00) provided that we have:

|4 <1 and E[[[91]] < occ. (61)

Under these conditions, P has an invariant probability measure from Proposition 3, and we
can easily prove that limsup,| - 100 PVa(2)/Va(z) < [|A[|*. Thus

Ra=[[All = E[L(@1)]s  and v, (P) < || A]|". (62)

The following result was already proved in [Wu04, Sect. §].
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Corollary 7 Assume that Conditions (61) hold true for some a € [1,4+00) and that the
common distribution of (U )n>1 is absolutely continuous with respect to the Lebesgue measure
on RY. Then P is Vy-geometrically ergodic and if r(A) denotes the spectral radius of A, then:

Tess(P) <r(A)* and py,(P)=1r(A).

Proof. Under the assumptions of the corollary, if P? is compact from By to By, then we can
deduced from Corollary 6 and (62) that P is V,-geometrically ergodic and

ress(P) < [|A* and  py, (P) < [|A]|.

Let us check that P? is compact from By to B,. Let v(-) denote the density of ;. Note
that P has the form (11) with the Lebesgue measure on R? and K (z,y) := v(y — Az) for
(z,y) € R? x RY. If v(+) is continuous, then the desired property follows from Remark 3. In
the general case we can proceed as follows. Let f € By such that ||f||o < 1. Then we have

Y(o.a) €RTXRY, |(PE) = (PH@)| < [ vy - AW~ 2)) = vly)] dy.

Since t — v(- — t) is continuous from R? to the Lebesgue space L'(RY), it follows that P is
strongly Feller. Then Lemma 3 gives the desired property.

Next, since 7¢55(P) < ||A]|* and py, (P) < ||A|| whatever the norm, we obtain r.ss(P) <
r(A)® and py, (P) < r(A) using the fact that, for any € > 0, there is an induced norm || - ||
such that r(A) < [|A||c < r(A)+e. The proof is complete provided that py, (P) > r(A). This
follows from an easy computation based on the affine recursion (60), see [Wu04, top of p 301].

O

That the model is V,-geometrically ergodic under Conditions (61) is well-known. However,
to the best of our knowledge, the rates of convergence obtained in the next statement are
new. Assertions (i) and (i7) below require stronger hypotheses than in Corollary 7 and
[Wu04, Prop. 8.3|, but they give rates of convergence with explicit constants. Recall that
the total variation distance between two probability measures 1 and po on X is defined by
|1 — pollrv = suppex |1 (B) — pa2(B)|. The gradient is denoted by V.

Corollary 8 Assume that the assumptions of Corollary 7 are fulfilled, that the density v(-)
of 91 is continuously differentiable on R, and that there exist some positive constants 8 and
b such that

b
VweR!,  [[Vv(v)| £ Z—7=15- (63)
(1 +[Jvl])?
Then the following assertions hold true:
(i) If B> q+ for some vy € [0,a — 1], then for each f € B, we have Pf € L, and
¥n>2, Vo e R, |Ey[f(Xn)] = 7(f)] < erdy AP+ (|27, (64)

where dy := mq(P[) and c; is the constant of Proposition 4.
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(ii) If B > q and if the initial distribution p is such that I, := [(1+ ||z|))%dp(z) < oo, then:
¥n>2,  |Pu(Xn €)= 7()lrv < crdo L [ A" (65)

where ¢ is the constant of Proposition 4, and the constant dy can be easily expressed in
function of the matriz A and the derivative of v (in link with the norm ||-||). For instance,
if || - || is the supremum norm on R? then: do = q(maxy Y0, |air|) [e |V ()] dy.

Proof. Recall that P(z,dy) = K(z,y)dy with K(z,y) := v(y — Az) so that the partial
derivative of K in the direction x satisfies: 0,K (z,y) = —A*Vr(y — Az) where A* is the
adjoint matrix of A.

Assertion (i) holds from Remark 8, if we prove that P(B,) C L,. This is deduced from
Proposition E.1 in Appendix E if we check Conditions (76)-(77). From (63) it can be easily
seen that, for any r > 0, there exists a constant a, such that we have for all z € R? satisfying
|| <7 Yy € RY, ||0.K(x,y)|| < ar(1+|y])~?. Since B — v > ¢, Condition (76) holds.
Next, set J(z,y) := (1 + ||y[|)” [|0: K (x,y)| for y € RZ. We have

/ Ty dy — / (1+ Az + o) [A* V()| dv
Ra Ra

<c(+lal [ 19e@ldo+ [ ol I9vw)d)

< CT(A+ [|lz]])7, (66)
which proves Condition (77). Thus Proposition E.1 gives P(B,) C L,.

Under the assumptions of (7i), setting dp := di,, we deduce from (i) (case v = 0) that:
VBE X, Vn>2 Ve eRY, |Py(X, € B)—n(B)| < cidp A" (1+ =)™ (67)

Assuming (for simplicity) that || - || is the supremum norm on R, it follows from (78) that we
have for all B € X

q
vz e R%, ||V(Plp)(z)| < (ml?xz |air|) /R |Vu(y — Az)|| dy.
i=1 8
Thus dp := my(P1g) < dy with dy given in Corollary 8, and (65) easily follows from (67). O

Remark 11 Under the conditions of Assertion (i), an upper bound of the constant dy :=
mq(Pf) for f € By can be easily derived (see Appendiz E for details):

q
dp = ma(Pf) < qlflybCyp (maxy  Jai)

i=1
| [ (Ll Aa])?
with Cy:= sup (-4 Jal) ™ [ S dy < oo
X
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Remark 12 The constant ¢y in (64)-(65) is that of Proposition 4. Let us give an upper bound
of ¢1 under Conditions (61). Set
_1-4]

M = E[||91]|*]?, eo:= 5 and 1= max <0,

1+ M —¢g
€0 '

Recall that xo := 0 here. Then we have for any x € R? such that ||x| > r

1 ual
E [(1 + L(¥1) d(z, z0) +d(Fﬂlﬂfo,€Co)>a] * _ g [(1 + [lA[ =l + ||191H> ] :
1+ d(z, z0) 1+ ]
L+ Al flzll | E[I91]°]
< +
1+ ||| 1+
1+ M _ 1+ |A]|

1+r — 2
Set p:= ((1+|A])/2)", & =E[(J|All + [91])?] and & :=1+ & (1 +7)%/(1 — p). Recall that
[7llo == ( fsx(1+]|z]])° dﬂ'(y))l/b forb:=1,a. Then we have from Proposition 4 and Remark 7

1/a

< Al +

a=1 _
cr <& |l (L + flrfla)*

Example 8 (Contracting normals) Assume that X := R and that P(x,dy) is the Gaus-
sian distribution N (6z,1 — 02) for § € (—1,1). This kernel is studied in [Baz05, Evam-
ple 8.3/, in the specific case 0 := 1/2 in [Kol00] and the convergence of its ergodic averages
is discussed in [RT99, Example 4]. Note that P is the transition kernel of the IFS defined
by Vn > 1, X,, = 0X,,_1 + U, where (Up)pn>1 is a sequence of R-valued i.i.d. random
variables, with common distribution N'(0,1 — 02). It can be easily checked that P has the
standard Gaussian distribution N (0,1) as invariant probability measure 7. Here we have

Bo:={f :R=C, sup,ep |f(2)]/(1 + |2])* < oo}.

Let a € [1,400). Since Conditions (61) hold, we have ress(P) < |0|* with P considered
as an operator on By. Concerning the geometric ergodicity, Corollary 7 ensures that the
convergence rate of P on B, satisfies py, (P) = 10| for any a € [1,+00) (also use Example 6
to obtain the last equality). This improves all the earlier bounds obtained for py,(P) in this
example (compare with [Baz05] in case a := 2).

Furthermore, for this example, Property (65) enables us to improve and simplify the results
of [RT99, Section 5] concerning the total variation convergence bounds. In fact, for any initial
distribution p such that I, :== [(1 + |z|)du(z) < oo, Inequality (65) with a := 1 gives (use

c1 = 1+/2/7, dy == 2|0]/\/27(1 — 62)):

Vn =2, [uP"—allry <

V2T + 2

YA

Finally Assertion (i) of Corollary 8 provides an interesting alternative result between the
last one and the V,-geometrical ergodicity. For instance, in case a := 2, Property (64) ensures
that, for all f € By, we have Pf € Lo and:

Vn>2, Vo eRY, B [f(Xn)] — w(f)] < cdp|0]" (14 |])?, (68)
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with ¢ == 2 (1 4+ V2/y/7) (1 4+ /2 +2vV2//7 )/|6] (first use that P"Ws(z) = 2(1 — 6°") +
02" Wa(z) for n > 1 with Wa(z) = 142, so that sup,>; Sup,egp P"Wa(x)/Wa(z) = 2; second
deduce from Va/2 < Wy < Vi that € < 4; third check that x|y = 14 \/2/7, ||7|ls® =
2(1 ++/2/x)). Note that (68) does not involve the V,-geometrical ergodicity (either on By,
or on Ba). However the rate of convergence in (68) is optimal and the associated constant C
is explicit. The weighted-Lipschitz constant dy := mo(Pf) can be easily computed thanks to
Remark 11.

The two last examples are classical extensions of the affine ARs.

Example 9 (The functional autoregressive process) Let (X,,)nen be the IFS
Xo€RY,  Vn>1, X,:i=p(Xp_1)+ O, (69)

associated with F(v,x) := (x) + v where ¢ : R1—R? is a fized differentiable function and
Y1 has a density v(-). Assume that

a:=sup |[¢¥(z)]| <1 and Fa € (1,400), E[|[¢h]*] < oo. (70)

zeRY
Then Corollary 7 extends to the IFS model (69) as follows: ress(P) < a® and py, (P) < a.
A direct adaptation of the above arguments allows us to prove that, if the density v(-) of ¥y

satisfies (63), then all the conclusions (i) and (ii) of Corollary 8 hold true with again o in
place of || A]|.

Example 10 (Autoregressive process with ARCH(1) error) Let (X, )nen be the real-
valued IFS
Xy € R, Yn>1, X,:=aX,1+0(Xn_1)0,, (71)

where o : R—TR is defined by o(z) := Vb+ ca? with fizred a,b > 0. It can be easily seen
that the associated Markov kernel is of the form P(x,dy) = K(x,y)dy, provided that the
probability distribution of 91 has a density v(-). Corollaries 7 and 8 can be adapted under
suitable assumptions on v(-).
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A Positive eigenvectors of the adjoint of a nonnegative operator
on BV

Proposition A.1 If L is a positive bounded linear operator on By such that r(L) =1, then
there exists a nontrivial nonnegative continuous linear form n on B such that no L = 1.

Proof. Since r(L) =1 and the spectrum o(L) of L is closed, there exists A € o(L) such that
A = 1. Set A, ;= A(1 + 1/n). From the Banach-Steinhaus theorem, there exists fy € By,
fo > 0, such that ||[(A,I — L)~ fo|ly — 400 when n — +oc. Using the Neumann series, namely

lz| >1 = (I - L)'= Zz_(kH) Lk,
k>0
the positivity of L (which gives |L¥fy| < L*|fo|), and finally the fact that By is a Banach
lattice (¥(f,9) € By, : |f| <lgl = Ifllv = [ If1llv < llglllv = llgllv), we obtain:
1T = L) follvy < 1(XalZ = L)7Hfol v = +o0  as n— +oo.
This implies that 1 € o(L). Now, let B, denote the dual space of By with the associated

norm also denoted by || - ||y, and let L* be the adjoint of L. Since o(L*) = o(L), we have
1eao(L).

Let us set 3, := 1+1/n. We deduce from the Banach-Steinhaus theorem that there exists
feBy, fi>0, (e VfeBy:f>0 = fi(f)>0)such that

n = [[(Bn I — L*)f1 folly = +o0  as n— 400,

where I denotes here the identity map on Bj,. Let us define the following positive elements
in the unit ball of BQ/'

= <ﬁn1 LYy = = ST (LY (e W),
On k>0
We have f > 0, thus ||f/|lv = f/(V) = 1. Thanks to the Banach-Alaoglu theorem, the
sequence (f}), has a limit point, say 7, in the unit ball of Bj, for the weak topology in By,
that is: for all neighborhood W of i and for all N > 1, there exists n > N such that f] € W.
Now, given f € By, consider the following special neighborhoods of 1 with respect to the
weak topology of B, :

W(f.p) = {f/ € By |10) — 00| < 3 |F(ED ~ (L) < %}

Let us denote by (n,), = (n,(f)), any increasing sequence of integer numbers such that we
have f;bp e W(f,p) for all p > 1. First, pick any f € By, f > 0: then it follows from
fa,(f) = 0and [f;, (f)—n(f)| < 1/pthat n(f) > 0. Son > 0. Second, consider f :=V: then
we obtain n(V') =1 from f; (V) =1and |f;, (V) —n(V)| <1/p, so n # 0. Finally, let us fix
any f € By. We have

Bulfn =) = (Fa=m(Lf) = (Bud = L)) = (Bu I = L) ()(f)
— I = (B = L)),
Replacing n with n, = n,(f) gives (I — L*)(n)(f) = 0 as p—+oo0. Namely: noL =n. O
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B Proof of Lemma 3 and Lemma 4

Proof of Lemma 3. Obviously, we may assume ¢ := 1. Let (f)nen € BISI such that || f,[|o < 1.
From the Banach-Alaoglu theorem, there exist a subsequence (fy,, )reny and f € L°°(n) such
that

Vg € Li(n), li,gn/fnkgdn:/fgdn-
Since K (z,-) € L(n) for all z € X, we obtain: Vz € X, limg(Pf,,)(z) = (Pf)(x). Define
Vk>1, Vo €X, Ag(z):= sup |(Pfn,)(®) = (Pfn,)(@)].

p,q=k

The sequence (PA})x>1 is non increasing from Ayy1 < Ay and the positivity of P. Next, since
Ay — 0 (pointwise) and [|Ag||co < 2, we have PAy N\, 0 (pointwise) from Lebesgue’s theorem.
Note that each PAy is continuous from the strong Feller assumption. Then we deduce from the
monotone Dini theorem that the sequence (PAy),>1 uniformly converges to 0 on each compact
of X. Now let & > 0. Then there exists A > 0 such that d(z,z0) > A = V(z)™! < ¢/2,
and there exists ng € N such that: Vk > no, supy(; z0)<a [(PAg)(z)| <e. Since V' > 1 and
|PAg|lo < 2, we obtain for every k > ng:

|(PAg) ()]

|(PAR) ()|
V) < max <d( sup |[(PAg)(z)|, sup 7> <e.

[PAg|lv = sup
zeX z,x0)<A d(z,x0)>A V(.%')

Finally observe that we have for all p,q > k
|P? fy = P? fr| < P(IPfny = Pfu,l) < PA,

therefore we have: Vp,q > no, ||[P?fn, — P?fa,|lv < |[PAp|lv < . We have proved that the
sequence (P2 fr)k>1 is Cauchy in By . Hence it converges in By . O

Proof of Lemma 4. We know from (WD) that P is power-bounded on By . Let zy € X. Then
we have K := sup,,(P"V)(zg) < oco. Let m,, n > 1, be the probability measure on (X, X)
defined by: VB € X, m,(1p) = 1 Z;é (P*15)(x0). Then Markov’s inequality gives

m™m(V) K

< —.
[0 (6%

Vn>1, Yo € (0,+00), mn(l{ysa}) <

Thus the sequence (m,),>1 is tight, and we can select a subsequence (7, )ren weakly con-
verging to a probability measure m, which is clearly P-invariant. Next, for p € N*  define
Vp(-) = min(V(-),p). Then Yk > 0, Vp > 0, my,, (V,) < m,, (V) < K. Since V,, is contin-
uous and bounded on X, we obtain: Vp > 0, limy m,, (V) = m(V,) < K. The monotone
convergence theorem then gives (V) < oo. O

C Additional material for discrete Markov chains

C.1 Complements for the proof of Corollary 5

Lemma 7 Under Conditions (Z)-(A), 1 is a simple eigenvalue and the unique eigenvalue of
modulus one of P on By .
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Proof. First prove that the support of m coincides with N. We have
VieN, Vn>1, w(j):=n(P "lyy) =Y x(i) P"(i,j).
i>0
Hence, if 7(j) = 0 for some j € N, then we would obtain (i) = 0 whenever P"(i,j) > 0, thus
m(i) = 0 for all i € N from Condition (Z), which is impossible.

Second, we have the following implication: VA € C, |A| =1, Vf € By,

Pf=Xf = Plfl=Ifl. (72)
Indeed, we deduce that |f| < P|f| from Pf = \f and the positivity of P. Then it follows
from 7(P|f| — |f]) = 0 that P|f| = |f| m-a.s. Thus P|f| = |f]| since the support of 7 is N.

Third, we prove that 1 is a simple eigenvalue of P on By. Let g € By such that Pg = g,
and set f := ¢ — ¢(0)ly. Then Pf = f so that P|f| = |f|. We have: Vn > 1, 0 = |f(0)| =
2250 P(0,7) [f(j)|. Condition (Z) then yields f =0, namely g is constant.

Finally, let A € C, |A\] = 1, and let f € By, f # 0, be such that Pf = Af. It follows
from (72) and the last statement that, Yn € N, |f(n)| =1 (up to a multiplicative constant).
From [A| = 1, [f| = 1, and Vo > 1, A" f(0) = 3,5 P"(0,7) f(j), we obtain: P"(0,j) >
0 = A" f(0) = f(j). In particular: n € Roo = A" f(0) = f(0). This gives: V(m,n) €
Roo % Ro,, A"~ ™ =1, hence A =1 by Condition (A). O

C.2 Random walks with bounded increments
C.2.1 Proof that the integer ¢ in (24) is well-defined

Set A(y) 1= ¢(y)° = Zil):o a_y 1y where ¢(v) is defined in (23b) and ag # 1. The integer
¢ in (24), if well-defined, can be equivalently characterized from Leibniz’s formula by

-1

Vke{l,... -1}, ¢®(1)=Aa®( Hb —j) =0 and ¢(1) =AOM)-T](b-j) #0,

§=0
according that the first condition is removed when ¢ = 1. To prove the existence of such an
integer ¢, observe that, if A®)(1) = Hk 1(b j) for k =1,...,2b, then Taylor’s formula would

—an 3 (o) 25 - i()

which is impossible since ag # 1.

C.2.2 Condition (WD) for random walks with i.d. bounded increments

Let P be defined on X = N by
Aj—j if ‘Z—j‘ < b

Vie{0,....b—1}, > P(i,j)=1; Vi>bVjeN, P(z’,j):{o £l b

J=0

39



where b € N*, (a_y,...,ay) € [0,1]%**1 and Zzz_b ap = 1. Assume that ag < 1 and that
there exists v € (1, 4+00) such that

Vie{0,....b—1}, > P(i,j)y < oo.
=0

The integer ¢ in the next proposition is defined by (24), it is well-defined from Subsection C.2.1.
Proposition 6 The following conditions are equivalent:

(a) There exists v € (1,7] such that P satisfies Condition (WD) with Vyy := (%" )nen, and

we have
dv,, (P) = A(ZO) = ¢(70);
g0
-1
(b) AD1) < T~ 7), ie ¢O(1) <0.
j=0

Proof. Let us prove the equivalence (a) < (b). Assume that A®(1) > H;;E(b —7), le.
#(1) > 0, and prove that, for all v5 € (1,7], P does not satisfy (WD) with V := Vy,- From
the definition of ¢ and from ¢()(1) > 0, there exists 72 € (1,7] such that ¢(v') > ¢(1) = 1
for all v € (1,72), so that (27) gives

PNV,
vf)/ € (17'72)7 VYN > 1, llmsup&

_ NN
=5 100 ny/ (n) - (b(fy ) > 1

Hence, from Corollary 4, for all 7/ € (1,v2), P does not satisfy Condition (WD) with V' := V.
This proves the desired result. Indeed, if (WD) holds with V' := V,, for some vy € (1,7],
then (WD) would be fulfilled for all 4" € (1,70] from Jensen’s inequality, which contradicts
the last conclusion.

Conversely, assume that ¢(¥)(1) < 0. Then there exists v; € (1,7] such that ¢(yp) < 1 for
all v € (1,71). Let 79 € (1,71). From (27) with k = 1, we obtain (PV,,)(n) = ¢(v0) V5, (1)
for all n > b. Since by assumption we have ijo P(i,7)7) < oo for each 0 < i < b—1, it
follows from Corollary 4 that P satisfies (WD) with V' := V. and that dy, (P) < ¢(70). The
converse inequality follows from (27) and Corollary 4. U

D Proof of Formula (50)

For the sake of simplicity we prove Properties (49a) and (49b) with explicit constants in
the special case when r; := E[L(1;)?]"/* < 1. Under the general assumption R, < 1 of
Conditions (C,), the proof of (49a)-(49b) is similar (replace P by PY with N such that
E[L(Fﬁzviﬂl)a] <1).

First, we prove that the constant & in Proposition 4 is well defined. Second, we obtain
a basic estimate (75) of the distance between functional of the states occupied at time n of
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the IF'S from two different initial probability distributions. Then, we complete the proof of
Formula (50).

First, we have for any x € X

(R ) < e[ty
< [(”ﬂ?&diﬁ’f“ Teiey) ]

Since E[(max(1, L(v1)) + d(Fy,xo,x0))*] < 0o, we obtain &1 := sup,ex(PVa)(z)/Va(x)

Next Lebesgue’s theorem ensures that lim sup(PV )()/Va(z) converges to E[L(1;)?] When
d(xz,x09) — +00. Now let § be such that E[L(¢;)?*] < § < 1. Then there exists r > 0 such that
we have for all x € X satisfying d(x,zg) > r: PVy(x) < 6V, (z). Besides, if d(z,z¢) < r, then
we obtain (PV,)(z) < &Vu(z) <& (1 +7)* Thus: PV, <6V, + & (1 + r)%1x. Therefore

a0+ G+
s ) Ve (73)

PV, <"V, + 1
This prove that the bound & given in Proposition 4 is finite.

SICREV < (1+

Second, let us introduce some additional notations. If i is a probability measure on X and
Xo ~ p, we make a slight abuse of notation in writing (X} )nen for the associated IFS. We
simply write (XZ)neny when p := §, is the Dirac mass at some z € X. We denote by M,
the set of all the probability measures p on X such that |[ulle == (fx Va(y) du(y))/* < .
Finally, for n € N and for any probability measures p; and us on X, deﬁne

A, p2) == d(XP, XE2) (p(XEY) + p(X£2))
Lemma D.1 We have: Vn > 1, Y(u1, p2) € My x M,

E[An(, )] < €55 /PECS, X5)] (lalla + lpalla) ™™ (74)

Furthermore we have for all f € L,:
E[|F(X0) = F(X42)[] < €55 ma(f) w7 BIAXE, XE)] (I lla + li2lla) ™" (75)

Proof. If a =1, then (74) follows from the independence of the ¥,,’s and from the definition
of L(v) and k;. Now assume that a € (1,+00). Without loss of generality, one can suppose
that the sequence (9,,),>1 is independent from (X}, X/?). Also note that, if 4 € M,, then
we have

E[p(X)°] = / PV ) (@)dpu() < € ]2

From Holder’s inequality (use 1 = 1/a + (a — 1)/a), we obtain

E[An(u1, p2)] = E[d(FﬂnzﬁlXﬁlaFﬂn:ﬁ1X52)(p(X#1)+P(X7’$2))a_1

B[S, X5V E [L0: 01) (p(X) + p(X0) "]

IN

Eld(X{", X{2) E[L(0, : 1)) 7 E[(p(X21) + p(X2))"] =

n a—1

Eld(X§, XeIE[LW) ] €@ (lulla + lu2lla)*™

IN

IN
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This proves (74). Property (75) follows from (74) and the definition of mg(f). O

We can prove (50). Property (75), applied to p; := 0, and pg := m gives

(P f)(z) = n(f)| = [BIF(XT)] - E[f(XD)|
< E[|f(X2) - F(XD)]
< €T malf) 1Bl X5)] (1:/la + l17lla)* "

Next observe that ||d,||, = p(x) and
Eld(z, X{)] < E[d(z, z0) + d(z0, X{)] < p(x) +7(d(z0, ")) < p(=) [|7]|1-

Hence E[d(x, X)) (18 lla + 7]la)=* < p(2)2[l7lls (1+ | ]la)*~L. Property (50) (namely (49)
with explicit constant) is then proved.

Finally, to prove (49b), it remains to study m(P"f) for f € L,. Inequality (75) applied
to p1 = 0, and pg = o, gives:

n n a=l n a—1

Vf € Loy [(P"f)(2) = (P" )] < &5 ma(f) kY d(z,y) (p(z) +p(y)" .

a—1

Thus mq(P"f) < & o mge(f)KT. Since mq(lx) = 0, this gives

a—1

o mq(f) K7

ma(P"f —m(f)lx) <&

Combining the last inequality with (50) gives (49b).

E Additional material for P defined by a kernel K

Here (X, )nen is a Markov chain with state space X = R? (¢ € N*) equipped with any norm
| - ||, and we assume that there exists K : R? x R?—[0,+00) measurable such that, for all
x € X, P(z,dy) is absolutely continuous with respect to the Lebesgue measure on R?, namely:
Pz, dy) = K(z,y) dy.

Let a € [1,400) and vy € [0,a — 1]. The next result is useful to obtain the set inclusion
P(B.) C Ly, where By, L, are defined by (44) and (46) page 26.

Proposition E.1 Assume that, for all xqg € RY, there exist a Lebesgque-integrable function
Gz : RT—10,400) and an open neighborhood Uy, of xo in R? such that:

0K
Ve €Uy k=1,....q, (1+]yl)’ |8—:Ck(:c,y)‘ < Guo(y) for a.e. y e R (76)
and assume in addition that there exists a constant d such that
q v 0K a-1
k=1,...,q, VzeR? L+ lyl)" | 7= (2, y)| dy < d (14 [J=]))*". (77)
R4 Oz,
Then we have P(By) C L,.
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Proof. Let f € B,. From Lebesgue’s theorem, one can easily deduce that the function
Pf :R?— C is differentiable on R?, and that its derivative is given by:

o(Pf) 0K
k=0,...,q, Yx € R? = — dy. 78
Ve= 0. Vo e R S @) = [ ) S dy (78)
For the sake of simplicity assume that || - || is the euclidean norm on R%. By (78) and (77)

we obtain: Vz € RY, [|[V(Pf)(z)| < dy/q]fly(1+ HxH)ail, where V stands for the gradient
operator. Then Taylor’s inequality gives for any (z1,x2) € R? x R?

|Pf(z1) = Pf(z2)| < o1 — a2 tshl)Pl] IV(Pf)(tzy + (1 = t)aa)|
€[o,

a—1
d/q | fly Nl — a2 e (1 + [ty + (1 = t)z2]])
te[0,1

IN

IN

-1
dy/q|fly llzn — 2] (14 ol + flz2l)*
It follows that Pf € L,. O
The following statement gives a simple sufficient condition for (77) to hold true.
Proposition E.2 Let a € [1,+00) and V,_1(-) :== (1 + || - )¢~ . Assume that PVy_1/Va_1

18 bounded, and

M :=  sup w < 0. (79)

(z,y)€ERIXRI ‘K(xa y)’
Then, for each vy € [0,a — 1], Condition (77) is fulfilled.

Proof. Let z € RY. We have

/Rq(l + Iyl |0 K ()| dy < M /Rq(l +ly)* ™ K(z,y) dy = (PVa_1)(z) < C Vo1 ()

for some constant C. O

Proof of Remark 11. Assume that |- || is the supremum norm on R?. We obtain from (78)
with K (z,y) :=v(y — Az) and from (63): Vf € B,, V& € RY,

V(P < Iflw(mgxizglaml)/m(lﬂLIIyH)'Y IVu(y — Ax)l| dy

q
b
f maxg ik / 1+ y+A.%' 'Yidy
’ ”\/( k i:1’ ’) Rq( H H) (1+Hy”)5

IN

q
bCyp1fly (mgxz |air]) (1 + [l])7.

i=1

IN

We easily deduce that mq(Pf) < qbC,g|f|y (maxg Y i, |aix]). O
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