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Abstract

This paper considers the problem of estimating a mean pattern in the setting of Grenan-
der’s pattern theory. Shape variability in a data set of curves or images is modeled by the
random action of elements in a compact Lie group on an infinite dimensional space. In the
case of observations contaminated by an additive Gaussian white noise, it is shown that
estimating a reference template in the setting of Grenander’s pattern theory falls into the
category of deconvolution problems over Lie groups. To obtain this result, we build an esti-
mator of a mean pattern by using Fourier deconvolution and harmonic analysis on compact
Lie groups. In an asymptotic setting where the number of observed curves or images tends
to infinity, we derive upper and lower bounds for the minimax quadratic risk over Sobolev
balls. This rate depends on the smoothness of the density of the random Lie group elements
representing shape variability in the data, which makes a connection between estimating a
mean pattern and standard deconvolution problems in nonparametric statistics.
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1 Introduction

In signal and image processing, data are often in the form of a set of n curves or images
Y1,...,Y,. In many applications, observed curves or images have a similar structure which may
lead to the assumption that these observations are random elements which vary around the
same mean pattern (also called reference template). However, due to additive noise and shape
variability in the data, this mean pattern is typically unknown and has to be estimated. In
this setting, a widely used approach is Grenander’s pattern theory [Gre93l (GMO07] which models
shape variability by the action of a Lie group on an infinite dimensional space of curves or
images. In the last decade, the study of transformation Lie groups to model shape variability of
images has been an active research field, and we refer to [TY05], [TY11] for a recent overview of
the theory of deformable templates. Currently, there is also a growing interest in statistics on the
problem of estimating the mean pattern of a set of curves or images using deformable templates



[AATO7, [AKTI10, BG10, BGL09, BGV09, MMTYO08]. In this paper, we focus on the problem
of constructing asymptotically minimax estimators of a mean pattern using noncommutative
Lie groups to model shape variability. The main goal of this paper is to show that estimating
a reference template in the setting of Grenander’s pattern theory falls into the category of
deconvolution problems over Lie groups as formulated in [KKOS§].

To be more precise, let G be a connected and compact Lie group. Let L2(G) be the Hilbert
space of complex valued, square integrable functions on the group G with respect to the Haar
measure dg. We propose to study the nonparametric estimation of a complex valued function
f*: G — C in the following deformable white noise model

dY(9) = fm(9)dg+edW,(g), g€ G, me[l,n] (1.1)

where
fm(9) = (72" 9).

The 7,,,’s are independent and identically distributed (i.i.d) random variables belonging to G' and
the W,,’s are independent standard Brownian sheets on the topological space G with reference
measure dg. For all m =1,...,n, 7, is also supposed to be independent of W,,.

In (II) the function f* is the unknown mean pattern to estimate in the asymptotic setting
n — +o00, and L.2(G) represents an infinite dimensional space of curves or images. The 7,,’s are
random variables acting on L?(G) and they model shape variability in he data. The W,, model
intensity variability in the observed curves or images. In what follows, the random variables 7,
are also supposed to have a known density h € L?(G). We will show that h plays the role of the
kernel a convolution operator that has to be inverted to construct an optimal (in the minimax
sense) estimator of f*. Indeed, since W,,, has zero expectation, it follows that the expectation
of the m-th observation in (LI]) is equal to

Efn(g) = /Gf*(Tlg)h(T) dr for any m € [1,n].

Therefore, Ef,,(g) = f* * h is the convolution over the group G between the function f* and
the density h. Hence, we propose to build an estimator of f* using a regularized deconvolu-
tion method over Lie groups. This class of inverse problems is based on the use of harmonic
analysis and Fourier analysis on compact Lie groups to transform convolution in a product of
Fourier coefficients. However, unlike standard Fourier deconvolution on the torus, when G is
not a commutative group, the Fourier coefficients of a function in LL?(G) are no longer complex
coefficients but grow in dimension with increasing “frequency”. This somewhat complicates
both the inversion process and the study of the asymptotic minimax properties of the resulting
estimators.

In [BLV10], a model similar to (II)) has been studied where n is held fixed, and the 7,,,’s are
not random but deterministic parameters to be estimated in the asymptotic setting ¢ — 0 using
semi-parametric statistics techniques. The potential of using noncommutative harmonic analysis
for various applications in engineering is well described in [CKO01]. The contribution of this paper
is thus part of the growing interest in nonparametric statistics and inverse problems on the use
of harmonic analysis on Lie groups [Kim98, [KK02), KKO08, [KR01, LKKKI11, PMRCI10, [Yaz04].

Our construction of an estimator of the mean pattern in (ILI]) is inspired by the following
problem of stochastic deconvolution over Lie groups introduced in [KKO0§]: estimate f* € L2(G)
from the regression model

yj = /Gf*(Tlgj)h(T) dr+mn5, g;€G, je[l,n] (1.2)

where h is a known convolution kernel, the g;’s are “design points” in G, and the 7;’s are
independent realizations of a random noise process with zero mean and finite variance. In
[KKO08] a notion of asymptotic minimaxity over L?(G) is introduced, and the authors derive



upper and lower bounds for a minimax risk over Sobolev balls. In this paper we also introduce
a notion of minimax risk in model (LI]). However, deriving upper and lower bounds of the
minimax risk for the estimation of f* is significantly more difficult in (II)) than in model (L.2).
This is due to the fact that there are two sources of noise in model (ILI]): a source of additive
Gaussian noise W,,, which is a classical one for studying minimax properties of an estimator, and
a source of shape variability due to the 7,,,’s which is much more difficult to treat. In particular,
standard methods to derive lower bounds of the minimax risk in classical white noise models
such as Fano’s Lemma are not adapted to the source of shape variability in (I.I]). We show that
one may use the Assouad’s cube technique (see e.g. [Tsy09] and references therein), but it has
to be carefully adapted to model (L.IJ).

The paper is organized as follows. In Section[2] we describe the construction of our estimator
using a deconvolution step and Fourier analysis on compact Lie groups. We also define a notion
of asymptotic optimality in the minimax sense for estimators of the mean pattern. In Section [3]
we derive an upper bound on the minimax risk that depends on smoothness assumptions on the
density h. A lower bound on the minimax risk is also given. All proofs are gathered in a technical
appendix. At the end of the paper, we have also included some technical materials about Fourier
analysis on compact Lie groups, along with some formula for the rate of convergence of the
eigenvalues of the Laplace-Beltrami operator which are needed to derive our asymptotic rates
of convergence.

2 Mean pattern estimation via deconvolution on Lie groups

In this section, we use various concepts from harmonic analysis on Lie groups which are defined
in Appendix

2.1 Sobolev space in L?(G)

Let G be the set of equivalence classes of irreducible representations of G that is identified to
the set of unitary representations of each class. For m € G and g € G one has that 7(g) €
GLg,xq,(C) (the set of dr x dr nonsingular matrices with complex entries) where d. is the
dimension of 7. By the Peter-Weyl theorem (see Appendix [B.2)), any function f € L?(G) can
be decomposed as

f(g) - Z drTr (ﬂ-(g)cﬂ(f))7 (2'1)

e

where Tr is the trace operator and c(f) = [ f(g)m(g9~') dg is the m-th Fourier coefficient of
f (a dr x dr matrix). The decomposition formula (2I) is an analogue of the usual Fourier
analysis in L2([0,1]) which corresponds to the situation G = R/Z (the torus in dimension 1)
for which G = Z, the representations 7 are the usual trigonometric polynomials m(g) = e?2™9
for some ¢ € Z (with the bold symbol 7 denoting the number Pi). In this case, the matrices
cr(f) are one-dimensional (d, = 1) and they equal the standard Fourier coefficients ¢, (f) =
c(f) = fol f(9)e ™9 dg. For G = R/Z, one thus retrieves the classical Fourier decomposition
of a periodic function f: [0,1] = R as f(g) = Y sz co(f)e*™.

Definition 2.1. Let k € N*. Let A € My xx(C) (the set of k x k matrices with complex entries).
The Frobenius norm of A is defined by ||A||% = {/Tr <Azt). It is the norm induced by the
inner product (A, B)p = Tr (AEt) of two matrices A, B € M«x(C).

By Parseval’s relation, it follows that || f||? = ||f||ﬂ%2(G) = Ja If(g)|?dg = > el On ||c7r(f)\|%
for any f € L2(G). The following definitions of a Sobolev norm and Sobolev spaces have been
proposed in [KKO08].



Definition 2.2. Let f € L*(G) and s > dim(G)/2. The Sobolev norm of order s of f is defined
—t
by 1113, = Jo 1 @)P g+ 5, o AsdxTr (ex(Pex()' ) = J L ()P dg+ 5, g Aol lex ()

where A\, is the eigenvalue value of 7 associated to the Laplace-Beltrami operator induced by
the Riemannian structure of the Lie group G.

Definition 2.3. Let s > dim(G)/2 and denote by C°°(G) the space of infinitely differentiable
functions on G. The Sobolev space Hs(G) of order s is the completion of C*°(G) with respect
to the norm || - || g,. Let A > 0. The Sobolev ball of radius A and order S in L2(G) is defined as

={f € HyG) : |fl}, < A%},

It can be checked that Hs(G) corresponds to the usual notion of a Sobolev space in the case
G =R/Z. Now, let f € ILQ( ) be an estimator of f* i.e. a measurable mapping of the random
processes Yy,,m = 1,...,n taking its value in L?(G). The quadratic risk of an estimator f is

defined as
r(h. 1) =& (1f = 1) =5 ( [ 1) - (0P ag)

Definition 2.4. The minimax risk over Sobolev balls associated to model (L)) is defined as

Rn(A,s) = inf sup (f, ),
feL2(G) freH(G,A)

where the above infimum is taken over the set all estimators.

The main goal of this paper is then to derive asymptotic upper and lower bounds on the
minimax risk R, (A4, s) as n — +o0.

2.2 Construction of the estimator

First, note that the white noise model (1)) has to be interpreted in the following sense: let
f € L%(G), then conditionally to 7, each integral fG 9)dY,(g) of the “data” dY;,(g) is a ran-
dom variable normally distributed with mean [, f(g) f*(T g) dg and variance € [, |f(g)|*dg.
Moreover, E ([ f1(9) AW (9) [ f2(9) Wi (9)) = [ f1(9) f2(g9) dg for f1, f € L*(G) and any

m € [1,n]. Therefore, using Fourier analyms on compact L1e groups, one may re-write model
(LI) in the Fourier domain as

(V) = /Gﬂ'(g_l)de(g) = ¢x(fm) +ecx(Wy), form € Gand m € [1,n], (2.2)

where

(fm) = /fm ") dg and cx (Wi, )Z/W(gl)dWm(g)-

G
Note that c;(fm) = fG (i tg)m(g ) dg = fG *(9)m((tmg)~') dg which implies that

cr(fm) = cw(f*)ﬂ(ngl), m € [1,n].

Remark also that the coefficients (c;(Wy,))r, of the matrix ¢ (W) € Mg, 4, (C) are indepen-
dent complex random variables that are normally distributed with zero expectation and variance
d-1. Moreover, note that

E (7(7,")) = ex(h) and E (cx(Yin)) = cx(f*)ex(h).

Therefore, if we assume that c.(h) is an invertible matrix, it follows that an unbiased estimator
of the the m-th Fourier coefficient of f* is given by the following deconvolution step in the Fourier

domain
n

Cﬂ/(\f*) = % Z CW(Ym)CW(h)_l- (2.3)

m=1

4



An estimator of f* can then be constructed by defining for g € G

filg) = Y dTr (r(9)ea(/))

WE@T

= % Z Z d=Tr (7(g)cr(Ym)ex(h) 1), (2.4)

m=1 WG@T

where GT = {71' €qG : A < T} for some T" > 0 whose choice has to be discussed (note that
the cardinal of Gy is finite).

2.3 Regularity assumptions on the density h

It is well-known that the difficulty of a deconvolution problem is quantified by the smoothness
of the convolution kernel. The rate of convergence that can be expected from any estimator
depends on such smoothness assumptions. This issue has been well studied in the nonparametric
statistics literature on standard deconvolution problems (see e.g. [Fan91]). Following the ap-
proach proposed in [KK08], we now discuss a smoothness assumption on the convolution kernel

h.

Definition 2.5. Let k € N* and |.|2 be the standard Euclidean norm on C¥. The operator norm
. A
of A € Myur(C) is [|A]lop = sup,0 2.

ul2

Definition 2.6. A function f € L?(G) is said to be smooth of order v > 0 if ¢, (f) is an
invertible matrix for any w € GG, and if there exists two constants C7, Cy > 0 such that

—1112 v —v ~
HMﬂﬂngymWMm@g@MiMﬂweG
Assumption 2.1. The density h is smooth of order v > 0.

Note that Assumption 2.1] corresponds to the case where, in most applications, the convolu-
tion kernel h leads to an inverse problem that is ill-posed, meaning in particular that there is no
bounded inverse deconvolution kernel. This can be seen in the assumption ch( -t Hip < CiAY

which accounts for the setting where limy__, |’c7r(f)_1 Hop = +o00 meaning that the mapping

f +— f* h does not have a bounded inverse in L?(G). Example of such convolution kernels
are discussed in [KRO1, [KK08], and we refer to these papers and references therein for specific
examples.

3 Upper and lower bounds

The following theorem gives the asymptotic behavior of the quadratic risk of fT over Sobolev
balls using an appropriate choice for the regularization parameter 7.

Theorem 3.1. Suppose that Assumption 21 holds. Let fr be the estimator defined in 24)

with T =T, = anj Let s > 2v+dim(G). Then, there exists a constant K; > 0 such
that 0 )
limsup sup  n2F2Hdm@) R(fr | f*) < K;.
n—oo  freHs(G,A)

Therefore, under Assumption 2.1l on the density h, Theorem [B.1] shows that the quadratic
risk R(fr,, f*) is of polynomial order of the sample size n, and that this rate deteriorates as
the smoothness v of h increases. The fact that estimating f* becomes harder with larger of v
(the so-called degree of ill-posedness) is well known in standard deconvolution problems (see e.g.
[Fan91] and references therein). Hence, Theorem [B.1] shows that a similar phenomenon holds



25 _____
in model (ILJ)) when using the deconvolution step (2.3]). The rate of convergence n = 2s+2v+dim(G)

corresponds to the minimax rate in model (L.2]) for the problem of stochastic deconvolution over
Lie groups as described in [KKO0S].

Then, thanks to the Theorem below, there exists a connection between mean pattern
estimation in the setting of Grenander’s pattern theory [Gre93l [GM07] and the analysis of
deconvolution problems in nonparametric statistics. Indeed, in the following theorem, we derive
an asymptotic lower bound on Hy(G, A) for the minimax risk R, (A, s) which shows that the

rate of convergence n ~ Tyt C) cannot be improved. Thus, an is an optimal estimator of f*
in the minimax sense.

Theorem 3.2. Suppose that Assumption 1] holds. Let s > 2v + dimG. Then, there exists a
constant K5 > 0 such that

liminf inf sup METSTAT e R(f, f*) > K.
nT0 fEl?(G) freH (G, A)

A Technical Appendix

A.1 Proof of Theorem B.1]

By the classical bias/variance decomposition of the risk one has

A 2 A
~E (%) ) : HE () -
= (i) -1

and by inverting expectation and sum (since Card(Gy) is finite) one obtains that

[ () - 9) (% 3 Een (Vi) ex () - cn(f*)>]

2

2

R(f5 ) = E(

Let us first give an upper bound for the bias By linearity of the trace operator

= Z d;Tr

TEGT

= D daTr [n(g)en(F7)
ﬂEé\éT
Since the (¢ (Yim))m's are i.i.d. random variables and E(c.(Yyy,)) = E(cr(fm)) = ex(f*)er(h) we
X 2 2
E (f} — f*) ‘ = HZWE@\@T d,Tr [ﬂ(g)c,r(f*)]H . Then, by Theorem [B.2] one has
A 2 S ~
that HE (f} — f*) ‘ = Zweé\@T d.Tr [cﬂ(f*)cw(f*)t] . Finally since 7 ¢ Gp and HfH%Ts < A?
we obtain the following upper bound for the bias

HE (fjt - f*) ’2 < T3 A2, (A.1)




)\

~E (/)

Let us now compute an upper bound for the variance term E <‘ fix

E( ; _E(f;) 2) = E[|| Y dTx |n(g) <EZCW(Ym)cn(h) —%(f*))
reCGr m=1 -
2
< 2E % Z Z drTr [ﬂ(g) (Cﬂ(fm)cﬂ(h)il - cﬂ(f*))]
m:lﬂ_e@T
Ey
" 2
+ 2E | ||e Z d.Tr ﬂ(g)% cn(Wm)Cn(h)_ll )
WE@T m=1
E>

using that ¢ (Vi) = cx(fim) + ecx(Why).
Let us first consider the term Es. By Theorem [B.2] and by decomposing the trace

n

B = @B Y dom % S e (Wan)ealh) en (Wi )er ()T
WE@T m,m'=1
n d
1 = _
= CE( D dez 3 Y (Waer ) ), (- Wa)en BT,
7€Gr m,m/=1k,j=1
= EQE Z d7r ) Z Z Z C7r k:z cﬂ(h)_l)ij(cﬂ'(Wr/n)k,i' ((cﬂ'(h)il)i/j
re€Gr m,m/=1k,j=14,1'=1

By the Fubini-Tonneli theorem, we can invert sum and integral and since (((cx(Wm))ki)y,; are

i.i.d. Gaussian variables with zero expectation and variance d-!, it follows that

m )

Bo= @Y ahy 5 (er TR ((ex Wan)ri (Cen (W)

reGr m=1k,ji=1
Z—Zdzl% uldy! = Zdzl% )il
WEGT k,ji=1 WEGT 7yi=1
Then thanks to the properties of the operator norm, one has Z?;I [(ex(R)™H)i5]* < [|ex ()™ H2
and therefore )
€ 12
E2 S E Z d72'r Hcﬂ'(h) IH()p' (A2)

WG@T
Let us now compute an upper bound for Ey. Since ¢, (fyn) = cx(f*)7(7,,}) and by Theorem [B.2]

2

E, = E Zd,TTr

(9) <c7r(f*)% S wlrten(h) - cn(f*)>]

ﬂEéT m=1
1 ¢ ’
= E| X o 2wl ex() ™! = ex(£%)
TeGT m=1 F




By Fubini-Tonelli theorem, we invert sum and integral, and since the random variables 7,,, are

iid.

B - % > dwﬂ«:(HCF(f*)w(r;l)cw(h)*l eI}

WEGT

= 3 @B (flenlmr en () 4 e (PR~ 2T [en(P)m(r en(h) el ])

WEGT

where the last equality follows by definition of the Frobenius norm. Now remark that,
E (T [ex( (i en M) e |) = T [enl B en(r) " ex (7|
- Tr [CW(f*)cﬂ(h)cw(h)_lcﬂ(f*)t}
lex ()11

and let us compute E (ch(f*)w(ﬁ_l)c,r(h)*lH;). Recall that

PRI < I1PlF Q1.

for any P,Q € Mg, x4, (C) and that the operator norm is a multiplicative norm, which implies
that

E (Jlex(Fmir e 2) = E (el i Hes(y |1,
= NealtrIZE (I, ) len) 2,
Since the operator norm is the smallest matrix norm one has that E (Hw > <E <H7T (r{ H;) .
Now since H?T(Tfl)Hi = Tr [71(7'11)71(7'11)} = Tr [n(r m1)] = Tr(ldg,], it follows that

E (Hﬂ'(hfl)Hzp) < dy, and therefore

<= 3 e (N (de flex(h) 2, — 1) (A3)

WE@T

Thus, combining the bounds (A.2]) and (A.3)

e (-2 ()] < %ZG) & (Heetr 1 (ler) 12, = 72 ) + 2wt 1)
< 2 @ fentn) I, (et + ).

ﬂEéT

Since f* € H,(G, A), this implies that ||, (f*)||% < M, for some constant M that is independent
of 7 and f*. Hence [cx(f*)||% + &> < (M + €2). Assumption 21 on the smoothness of h thus

implies
o (|52 (%)

2
) < 201 M+€ Zd2 201 M+6 TVZdQ
n
WEGT WEGT

< QTV+(dim(G>/z> (A4)
— n 7

where the last inequality follows by Proposition [C.I] and C' > 0 is some constant that is inde-
pendent of f* € Hs(G, A). Therefore, combining the bounds (Al and (A.25) it follows that




R(f%, f*) < L(T) where L(T) = T—°A? + %T”Hdim(G)/Q) (note that L(T) does not depend
on f* € Hy(G,A)). Let us now search among the estimators (f5)r the ones which minimize
the upper bound of the quadratic risk. It is clear that the function 7' — L(7T) has a mini-

2 2 2v+dim(G)
mum at T — Ln2$+2u+dim(G)J Such that L(Ln2$+2u+dim(G)J) < A2n23+2u+dlm(G) + n25+2u+dim(G) <

—2s
C'"'n2s+2v+dim(@) | which completes the proof of Theorem [B.11 O

A.2 Proof of Theorem

To obtain a lower bound, we use an adaptation of the Assouad’s cube technique (see e.g. [Tsy09]
and references therein) to model (ILI]) which differs from the standard white noise models clas-
sically studied in nonparametric statistics. Note that for any subset @ C Hy(G, A)

inf sup  R(f,f*)>inf sup R(f, f*).
f fr€Hs(G,A) ;e

The main idea is to find an appropriate subset ) of test functions that will allow us to compute
an asymptotic lower bound for inf FSUPfrcq R(f*, f*) and thus the result of Theorem will
immediately follow by the above inequality.

A.2.1 Choice of a subset () of test functions

Let us consider a set €2 of the following form:

d
Q=Qp=(fn:GoC:VgeG, filg)=vip Y de > wrn(n(g))ki, wep € {—ds "/ d"/?}
WG@D k,l

where Gp = {71 €G: D<A < QD} and pup € Ry. To simplify the presentation of the
proof, we will write f, = f. Let Q = HWG@D{—d;Uz, d;l/Q}d%. In what follows, the notation

w = (wﬂ-7kl)ﬂ'EGD 1<ki<d, € Q is used to denote the set of coefficients wr k taking their value

in {—dr 1/2 ydr 1 2} The notation E,, will be used to denote expectation with respect to the
distribution P, of the random processes Y,,, m € [1,n] in model (II]) under the hypothesis that

f* = fw-

Note that any f,, € €2 can be written as fu(9) = /D >_ g, dr'Tr [T(9)w], where wr =
(Wr k)1<ki<d.- Let |Q] = Card(2) and let us search for a condition on pp such that Q C
Hy(G, A). Note that ¢, (fw) = /#pw; which implies

fu € H(G,A) = |lfully, < A?
S —t
< Z drTr |:\/ UDWr~/DWr } + Z )\frdwTr |:\/ UDWr/hDWr | < A?

WE@D WE@’D
= > (1+X)upd < A2,

WE@D

using the equality Tr [wwwﬂ ] Zkl 1 w7r & = dr which follows from the fact that |wy k| =
d;l/Q. Since w € @D, one has that A\; < 2D, and thus up ZwG@D d% < 2_5D_5A2/2 —
>ored, (L + A pupd? gl A%, Moreover by Proposition [CI] we have that for D sufficiently
large, Zweép d2 < CDIMG/2 for some constant C' > 0, and therefore for such a D, it follows
that up < 27°D5~4mG/2(A2/9)C~1 — up > orclp d? < 27°D75A%/2. Hence, there exists
a sufficiently large Dy such that for all D > Dq the condition up < KD~5~4mG/2 for some

K > 0 (independent of D) implies that Q@ C Hs(G, A). In what follows, we thus assume that
wp = kD5~ dmG/2 for some 0 < k < K and D > Dy.



A.2.2 Minoration of the quadratic risk over ()

Note that the supremum over €2 of the quadratic risk of any estimator f can be bounded from
below as follows. First, remark that by Theorem [B.2]

) R 2
ap 17 1) = s B (|- 1)

fw€R Jw€eR
dx
> sup Y dr > Ey ( \/M_wakl‘>
weQﬂeG\D kl=1
dx
- rmz 2 dr > E <‘ b= vl )
UJEQWEGD k=1

dr 2

FEGD k,l

. 2 ~
with Q| = 92metp Ir Now, define for all 7 € Gp, k,l € [1,d,] the coefficients

(Cﬂ(f))kl — VHUDY|.

Wy g = argmin
ve{—d;1/2,d;1/2}

The inequalities

VD [we g —wi | < ‘\/M_wa ki — (e (f ‘ + ‘\/M_wa 1= (ex()r
< ‘\/,U_wa,kl - (cn(f))kl‘ ,

2
imply that $1p ‘ww,kl —wr | < ‘\/ﬂwa,kl — (cn(f))kl‘ , and thus by inequality (A.5)

sup R(f,f) > 4|Q| Z Z ZE <{wmkl—w;,kl{2)

Q
fwe reGp  Kl=lwel

P Z > B (Juni = wiul’)
FEGD k.l wEQ
wr pi=ds 1/2
P
FEx.h) <‘w7r i w;kr,kl‘ ) ) (A.6)

where for all #/ € Gp, K, € [1,d,], we define

Wi = w7 # wor (K1) # (k,1)

w(™k) = (w(, ,lj,ll),) is such that

W) — —we it 7 =7 and (K, 1) = (k,1)

Note that the above minoration depends on f . Let us introduce the notation

2
Cril = Ey <|w7r,kl Wy kl| > + By <‘w7r Kl T w;kl‘ ) :

In what follows, we show that Cr ;; can be bounded from below independently of f .
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A.2.3 A lower bound for C;

Let m € Gp, k1 € [1,dy] be fixed. Denote by X = (CW(Ym))(n,m)eéx[[l,n]] the data set in the
Fourier domain. In what follows, the notation E,,  is used to denote expectation with respect
to the distribution P, - of the random processes Y,,,,m € [1,n] in model (1)) conditionally to
T = (11,...,7,) and under the hypothesis that f* = f,,. The notation w = 0 is used to denote
the hypothesis f* = 0 in model (LI]). Therefore, using these notations, one can write that

_ (kD) . |2
Crpl = Ey - <‘w7r,kl nkl{ >—|—Ew7 ‘wnkl _wn,kl‘ h(ry)...h(r) dry... d7y,

* d wT T * 2 de(w,kl) T
= / Eo.r <|w7f,kl—wml|2dT +‘ w{Ty” _wmkl‘ 7’()()) h(71)...h(7p) d71... 7,
e 0

* 2 dP T
= /nEo <{wn7kl —wmkz‘ TII:O(X) +

where the last equality follows from the fact that, under the hypothesis f* = 0, the data X
in model (1)) do not depend on 7. By inverting sum and integral, and using Fubini-Tonneli
theorem we obtain

* dPy,+ T * 2 de("’M)T
Crp = BEo (/ (\ww,kl —wk | =2 (X) + [l —wmkl‘ 7’()()) h(ﬁ)...h(Tn)dﬁ...dTn>
Gn

Wffz;'fl) - w;,kl‘ TP;O’(X)> h(r1)...h(1) dTy... AT,

dPo dPO

deT
= Eo <{w7rkl ﬂkl{ / dPO Tl)...h(’Tn) dri...d7m,

_l’_

T * d]P)w(ﬂ',k)l) T
wfr,lélld) - ww,kl‘ /n T()’(X)h(ﬁ)...h@%) dTl... dTn> .

Introduce the notations
de(ﬂ,kl)7a(
dPq

Q) = [ S C0h(an).h(an) dan...day and Q7)< [

P, )h(a1)...h(an) day... day,

Since w(H) —wf = —wr =]y with wep € {—dz % d Py andwr € {—d7 % a7,
it follows that

Crpl > 4d;1E0 <m1n (”kl)(X)>>

(m,kl)
= 4d'E, (Q ) min ( QTX()X)>>

dPuy [ QM)
/ dPO X)h(r1)...h(m,) d7q... dT, min <1, W))

(m,kl)
= 4d! /nEO (%(X)h(Tl)...h(Tn)dTl...dTn min (1, QTX()X)>>

= 4dﬂl/ Ew,- (min (1, w)) h(r1)...h(7) d71...d7p,
(m kl
= 4d 'E, <m1n < )) (A.7)

Let us now compute a lower bound for E,, < ( Q(W M)(X >> Note that for any 0 < § < 1,

' QTR (X) QR (X)
E, <m1n (1, o) )) > 6P, <7Q(X) > 5) . (A.8)

11
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Proposition A.1. Let © € Gp, k,l € [1,d,] be fixed. Let pp = xD~s~4mCG/2 ang D =
2
n2s+2V+dimGJ. Suppose that s > 2v + dimG. Then, there exists 0 < § < 1 and a constant C > 0

such that
e (@700
liminf P, [ ————> >0 > C.
n—oo ( Q(X)

. 2
Proof. Throughout the proof, we assume that up = kD ~5~4mG/2 and D = Ln2s+2v+dimGJ. To

simplify the presentation, we also write K = E,, and P = P,. Then, thanks to Proposition
[C1l it follows that d2 ~ DW™&)/2 for A € Gp, and therefore, under the assumption that
s > 2v + dimG, one obtains the following relations (needed later on in the proof)

n,u%/ng — 0, nubhdt =0, ndiphD™’ — 0 as n — +oo, (A.9)
and
nupD™" = O(1) as n — +oc. (A.10)
Without loss of generality, we consider the case where wy j; = —dx 1/2 and w(ﬂlﬁl) = d_l/ % and
e = 1. To simplify the presentation, we also introduce the notation w, = w7(r7r kl) In the proof,
we also make repeated use of the fact that
|we||% = dr and ||y ||% = dy- (A.11)

Since ¢, (Yy) = /ipwm(7,,1) +cr (W) (under the hypothesis that f* = f,,) and using the fact

that || ||2 4= [|lw |2 #, simple calculations on the likelihood ratios dgﬁ;ﬁ(’)a (X) and 7&7];; Doe (X)
yield that
QU(X) iy Jgs &xp(Zin’ + Za Yh(evm) dav
Q(X) Hm e exp(Z8) + Z5) ) h(am) dan,

where
~7(7%) = deD<w7r7T(T_1)7 vaﬂ'(agml»ﬂ 27(73) =dry 1 (cr(Win), 1I)7T7T(Oé;11)>F,
er%) = dwﬂD<w7r7T(T;L1)7wwﬂ(a;nl»Fa Zg) =dry ND<CW(WM)=U)7T7T(OFI)>F

Note that by Cauchy-Schwarz’s inequality

|Z)P < dzpp lwnm (BN Dam (0, [E = dapdllwnlFl1da |,
and
1Z)1? < dipip wam (r [ lwrm (g IE = dapllwe -
Since the coefficients of the matrix ¢, (WW,,) are independent complex Gaussian random variables
with zero expectation and variance d, !, one has that 27(73 ) (resp. Z,Sf )) is a Gaussian random vari-

able with zero mean and variance dpup || W7 (o, )||% = depip||Wr||% (resp. drpp || wem(a,b)||% =
drpp|lwr||%). Thence, by (A1), one obtains that

EIZWP < whdt, E|IZDP < ibdt and BIZOP = upd2, EIZPP = upd. (A12)

Therefore, (A9) and Markov’s inequality imply that

1ZWP = o0p(n"), 1ZP = 0p(n7"), 120 25| = 0p(n1), (A.13)
and
1ZW12 = 0,(n™Y), 1ZP1P = 0,(n71), 12022 = 0,(n71). (A.14)
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Hence, using (A13)), (A.14) and the second order Taylor expansion exp(z) =1+ 2+ % +0(2%)
it follows that

(mkl)( x B B
log <%> Z log (1 + / <Z( )+ Z2) 4 %] ,(3)]2> h(om) dag, + op(n1)>
1
— Z log <1 + / (Z%) + 23 4 5]27(3)]2) h(om) dag, + op(n_1)> .
m=1 G
Then, using (AT4]) and the second order expansion log(1 + 2) = z — % + O(z%) yield
QmR( / ( > (2) 2>
log VA h(oy,) dogy,
< 00X ) Z \ ” ) hlam)
- - 1 - 2
/ <Z,(,}> + 23 + 5 ,3>|2> h(am)dam] (A.15)
G
-3 [ (204 20+ 512808 Mam da
G

2
/ (Zﬁ,? + 72 4 %yzﬁ,%)y?) h(cum) dam] (A.16)
G
+0p(1) .

Let us now study the expansion of the quadratic term (AT6). Since ¢r(h) = [, 7 h(am) dag,,
it follows by Cauchy-Schwarz’s inequality that

n

2 n
S| [ Znam)don| = iy Y twon(r ) wnco W < ni o - (0]
G m=1

m=1

ndzpipllwe|Ellex (h)5, < Condepp, D™ = o(1).

IN

for some constant Cy > 0, where the last inequality is a consequence of Assumption 2], the fact

that A7 < DL for A, € Gp and the third relation in (A3).
By Jensen’s inequality and (A9]) and since the z

with zero mean and variance ppd2 one obtains that

2 n
EZ U 122 2h(a )dam} < Z / E|Z2 |*h(am) don, < 3npbhdt = o(1),
m=1 G

s are i.i.d. Gaussian random variables

2
and thus Markov’s inequality implies that > _; [fG \Z,(f)\Qh(am) dam] = 0p(1). Now, using

(A9) and (A2) it follows that

En: < /G Zﬁn”h(am)dam> ( /G Zg%m(am)dam)

m=1

E < n,u?’/zd3 o(1),

which implies that > _ (fG h(cm dam> (fG Z,g)h(am)dam> = 0p(1). Finally, using
(A14), it follows that > <fG Z,(,f h(cm) dam> <fG |Zg)|2h(am) dam> = 0p(1). By applying

13



the same arguments to the expansion of the quadratic term (A.I5), one finally obtains that

o QM (X) Wz 150 oV da
lg<7Q()> Z/(z + 72 \Z\)(m)dm

1 B 2
—= /Z,g)h(am)dam]
G

= 1
= [ (2 2+ 1208 o) da
m=1

1 2
+= / Z,Ef)h(am)dam]

2 /g
+op(1).

Using that |, ||% = ||wr|% and the equality

(~wnea(h), (o~ wr)en(h))p = 3 lwnea(WIE + 3 Iree(WIE = 3 1(x — wr)ex (B

one obtains that
- (%) = 2 duple ) = e ), e = e ()
+ Zn: A/ (Cn (W), (5 — ) (B)
+ Z / 1ZP2h (o dam— drpip || x| %
_ Z 5/ 1282 () de + 5 drpipl|uz |

2

—Z 5 ([ 280(am) dan )+ Sduplics ]
2 n

+Z (/ Z(2 am)dam> _§d7ﬁU’DHw7TC7r(h)H%'

—§dnuDll(ww = wa)ex (W) + 0p(1).

=0

(A.17)

(A.18)

(A.19)

(A.20)

(A.21)

(A.22)

(A.23)

Control of the term (A23). Thanks to Assumption 1] and the fact that A ' < D! for

Ar € Gp and (A9), it follows by (AI0) that
ndrepp||(@r — wr)ex (W)||E < ndrppllex(R) 15,10 — wxlf < 4nppD™" = O(1),

and thus the term ([A.23)) is bounded in probability.

Control of the term (A7). Remark that (A.9) can be used to prove that

ar <Z dwﬂD<w7r7T(Tr7L1)7 (Wr — wﬂ)CW(h»F) < ndiu%waH%H(?ﬂw - wW)CW(h)H%
m=1
< ndapp w7l @r — wellFflex (7))
< dnd2pih D7V =o(1),

(A.24)

|2
op

and therefore by Chebyshev’s inequality the term (A7) converges to zero in probability.

14



Control of the term (A.IS). First, since the coefficients of the matrix ¢, (W,,) are independent
complex Gaussian random variables with zero expectation and variance d_!, one has that T}, =
dr/1D(Cx(Wi), (Wr — wr)cr(h))p are ii.d. Gaussian random variables with zero mean and
variance dypp||(Wr — wx)ex(h)||%. Using inequality (A24) it follows that

ar (Z Tm> = ndxpip|| (0 — wr)ex(h)|7 = 0(1), (A.25)
m=1

and standard arguments in concentration of Gaussian variables imply that for any ¢ > 0

g ( 27| t) <2650 (g ) 20

m=1
Therefore, combining (A25) and (A:26]) imply that the term (AIS) is bounded in probability.

Control of the terms (A19) and (A20). Remark that Jensen’s inequality, the fact that the

> (2 . . : . . .
75 are i.i.d. Gaussian random variables with zero mean and variance ppd? and (A9) imply

that
ar<2 / \Z%Ph(am)dam) - zvar ( / \z,gzn?h(am)dam)
m=1 G

< (/ 1Z22h(a dam>

< n/ E]212)]4h(a1)da1 < 3nphdi =o(1),
G
and thus the terms (A.19) and (A20]) converge to zero in probability by Chebyshev’s inequality.

Control of the terms (A2]]) and (A.22). Similarly, by Jensen’s inequality and (A.9) one has
that

= 2
“ G

m=1

and thus the terms (A2]]) and (A22]) converge to zero in probability by Chebyshev’s inequality.

Combining the above controls of the terms (A7) to (A23]), one obtains that log <%)

is bounded in probability which completes the proof of Proposition [A.Tl

Now, recall that using (AL6) and (A7)

sup R(f? f > 4|Q| Z Z Z Cw,kl

Q
fwe 7r€G’ k=1 we
Z1/2
Wr k1=dx /

g (i (1 Q70
4|Q| Z Z Z 4d 'R, <m1n (1, o(xX) ))

reGp  kI=1 weh a
Wr g =dr /

Combining inequality (A.8]) and Proposition [A.]] one obtains that there exists a constant C' > 0
2
(not depending on n) such that with the choice D = Ln 2S+2"+dimGJ and for all sufficiently large
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dr
SR SECD VD SR
fw€eR | |7r€GD k=1 weh
ww,kl:d;l/Q
C
> E:U'D Z d?r’
FEGD

where we have the fact that for any =, k, [ the cardinality of the set {w e Q with Wy gl = dr 1/ 2}
is || /2.

Now, let 0 < p < 1. Thanks to Proposition [C1l it follows that for n = pW%, one
has that (W + n) DimG/2 > Yo 2 > (W — n)DI™C/2 for all sufficiently large D, where W

7r_

is the constant defined in (KH]) Hence
dodo= ) d- > &
7eGp T A <2D T A<D
(W —n)(2D)mC/2 — (W 4 ) DImEr2
W/DImCL2 | with W' = (1 — p)W (29mC/2 — 1) > 0,

Taking D = Ln 2S+2v2+dimGJ and since pup = kD ~5~4IMG/2 we finally obtain that

2s ~ 2s . .
1 25+2v+dimG Su% R(f7 f) > anD—s—dlmG’/QDdlmG/Z = K,
Jw€

for some constant K > 0 not depending on n, which completes the proof of Theorem

B Some background on noncommutative harmonic analysis

In this appendix, some aspects of the theory of the Fourier transform on compact Lie groups are
summarized. For detailed introductions to Lie groups and noncommutative harmonic analysis
we refer to the books [Bum04, [DK00, [Sep07]. Throughout the Appendix, it is assumed that G
is a connected and compact Lie group.

B.1 Representations

Definition B.1. Let V be a finite-dimensional C-vector space. A representation of G in V is
a continuous homomorphism 7 : G — GL(V'), where GL(V') is the set of automorphisms of V.
The representation 7 is said to be irreducible if, for any g € G, the only invariant subspaces by
the automorphism 7(g) are {0} and V.

If G is a compact group and m is an irreducible representation in V', then the vector space
V' is finite dimensional, and we denote by d, the dimension of V. By choosing a basis for V, it
is often convenient to identify m(g) with a matrix of size d, x d, with complex entries.

Definition B.2. Two representations 7, 7’ in V are called equivalent if there exists M € GL(V)
such that m(g) = Mn'(g)M~" for all g € G.

Definition B.3. A representation 7 is said to be unitary if 7(g) is a unitary operator for every
g€ aqG.

Let m be a representation in V. Then, there exists an inner product on V such that « is
unitary. This means that any irreducible representation 7 in V' is equivalent to an irreducible
representation that is unitary.

16



Definition B.4. We denote by G the set of equivalence classes of irreducible representations of
G, and we identify G to the set of unitary representations of each class.

Proposition B.1. Let g € G and 7 € G, then (g~ =n(g) .

B.2 Peter-Weyl theorem

Let T € G be a representation in a Hilbert space V. Let By = (eq,...,eq4,) a basis of V. For
g € G, denote by ¢7;(g) = (e, m(g)e;) the coordinates of 7 in the basis By for i,j € [1,dx].

Theorem B.1. If G is a compact group then <\/ d,rtbgrj(.)) . is an orthonormal basis
WEG 27_]6“1 d7"]]
of the Hilbert space L.2(G) endowed with the inner product (f,h) fG

B.3 Fourier transform and convolution in L?(G)
Let m € G and define for any f € L?(G) the linear mapping

e(f): V = V

vl—>/f vdg—/f Dy dg.

Note that the matrix c.(f) is the generalization to functions in L?(G) of the usual notion of
Fourier coefficients.

Definition B.5. Let f € L2(G) and 7 € G. We call ¢;(f) the 7-th Fourier coefficient of f.

Theorem B.2. Let f € L2(G). Then f(g9) = > ned dxTr (m(g)ex(f)), and ||f||i2(G) =
> req daTr <cﬂ(f)cﬂ(f)t) = > cadnllea(f )||2F, where ||-|| denotes the Frobenius norm of

a matrix.

Definition B.6. Let f,h € L?(G). The convolution of f and h is defined as the function
9) = Jo F(g" 9)h(g') dg’ for g € G.

Proposition B.2. Let f,h € L%(G) then c(f * h) = cx(f)ex(h).

C Laplace-Beltrami operator on a compact Lie group

For further details on the material presented in this section we refer to the technical appendix
n [KKO8] and to the book [Far08]. In this section, we still assume that G is a connected
and compact Lie group. In what follows, with no loss of generality, we identify (through an
isomorphism) G to a subgroup of GL,x,(C) (the set of 7 x r nonsingular matrices with complex
entries) for some integer r > 0.

C.1 Lie algebra

Definition C.1. A one parameter subgroup of G is a group homomorphism ¢: R — G.

Theorem C.1. Let ¢ : R — GLTXT(C) one parameter subgroup of GL;,(C). Then ¢ is C*™
and c(t) = exp(tA), with A = 7 (O)
Definition C.2. Let M, ,(C) be the set of r x r matrices with complex entries. The mapping
[ ]t Mysr(C)2 = My (C) : XY = [X,Y] = XY —Y X is called a Lie bracket. A Lie algebra
is the C-vector space g = {X € M, (C) : exp(tX) € G Vt € R} endowed with the bilinear form
[,.]:gxg—9:X,Y — [X,Y], which satisfies [X,Y] = —[Y, X] and [[X,Y],Z] + [[Y, Z], X] +
[[Z,X],Y] =0 (Jacobi identity).
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Definition C.3. The Killing form is the bilinear form B defined by
B:g—C:X,)Y — Tr [ad(X)ad(Y)],

where ad(X) : g — g: Y — [X,Y] is an endomorphism of g.

C.2 Roots of a Lie algebra

A torus in G is a connected Abelian subgroup of GG. It is well known that in a compact Lie
group G, there exists (up to an isomorphism) a maximal torus. Let us fix such a maximal torus
that we denote by T. Denote by t the Lie algebra of T, which is a maximal Abelian subalgebra
of g. Let h = t+ it be the complexification of t. Then, h is a maximal Abelian subalgebra of g
such that the linear transformations (ad(H)) ey are simultaneously diagonalizable. Denote by
h* the dual space of . Let a € h*, and define

¢ ={Xeg:VHeh, [HX]=alH)X}.

Definition C.4. a € b is said to be a root of g with respect to b, if g* is nonzero, and in this
case g“ is called the corresponding root space. We also denote by ® C h* the set of roots.

Each root space is of dimension 1. One has that g° = b (by the maximal property of )
and g can be decomposed as the following direct sum g = h@ae&; g%, called the root space
decomposition of g. To each a € ® we associate the hyperplane H, C h* that is orthogonal to
«. The set of all hyperplanes { He @ a € 5} partition h* into a finite number of open convex

regions called the Weyl chambers of h*. In what follows, we choose and fix a fundamental Weyl
chamber denoted by K.

Definition C.5. Let ® be the set of real roots and &, = {a € ® : V8 € K (a,f)} be the
set of positive roots. Denote one-half of the sum of positive roots by p = % > acw, O

C.3 Laplace-Beltrami operator

The Laplace-Beltrami operator is a generalization to Riemannian manifolds (such as Lie groups)
of the usual Laplacian operator. We will denote this operator by A. To state the following
proposition, note that one may identify the set G with a subset of ®, (see the technical appendix
in [KKO§| for further details on this identification).

Proposition C.1. The elements of G are the eigenfunctions of A. Let 7 € G. The eigenvalue
of mis Ay = |7 + p||*> = ||p||*, where || - || is the norm induced by the Killing form. For « € G,
one has the following relationship between d, and A,

Z dgr — WT(dimG)/2 + O(T(dimG)/2) as T — OO,
WE@!)\W<T
where
W volG (1)
(2vm) T (1 + 1dimG)’

with volG denoting the volume of G, the bold symbol 7 denoting the number Pi and I'(.) being
the classical gamma function.
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