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Asymptotic behavior of the number of Eulerian
orientations of graphs

Mikhail Isaev

Abstract
We consider the class of simple graphs with large algebraic connec-
tivity (the second-smallest eigenvalue of the Laplacian matrix). For this
class of graphs we determine the asymptotic behavior of the number of
Eulerian orientations. In addition, we establish some new properties of
the Laplacian matrix, as well as an estimate of a conditionality of matrices
with the asymptotic diagonal predominance

1 Introduction

The eulerian orientation of the graph G is the orientation of its edges such
that for every vertex the number of incoming edges and outgoing edges are
equal. We denote the number of Eulerian orientations FO(G). It is easy clear
that FO(G) = 0, if the degree of at least one vertex of G is odd. Eulerian
orientations of the complete graph K, are called regular tournaments.

In [9] it is shown that for even n — oo

2n+1

BOK,) = ( )(n—l)/2 nl/2o—1/2 (1 + O(n71/2+s)) (1.1)

™
for any € > 0.

Undirected graphs without loops and multiple edges are called simple.

The problem of counting the number of the Eulerian orienations of an undi-
rected simple graph is complete for the class #P, see [6]. Thus this problem is
difficult in terms of complexity theory.

In addition, for the case of loopless 2d-regular graph G with n vertices the
following estimates hold, see [4], [10]:

ot (RN < o < ((22) 12

An improvement of the upper bound for the regular graph case and some addi-
tional studies in this direction were fulfilled in [5].
For the simple graph G we define n x n matrix @ by

-1, {vj,u} € EG,
Qjr = dj, j=k, (1.3)
0, otherwise,

where n = |V G| and d; denotes the degree of v; € VG. The matrix Q = Q(G) is
called the Laplacian matrix of the graph GG. The eigenvalues A\; < \a < ... < A\,



of the matrix @) are always non-negative real numbers and the number of zero
eigenvalues of @) coincides with the number of connected components of GG, in
particular, Ay = 0. The eigenvalue )5 is called the algebraic connectivity of the
graph G. (For more information about the spectral properties of the Laplace
matrix see, for example, [2] and [7].)

According to the Kirchhoffs Matrix-Tree-Theorem, see [3], we have that

1
HG) = —A2As e An, (1.4)

where ¢(G) denotes the number of spanning trees of the graph G.

In the present work we generalize approach of [9]. We determine the asymp-
totic behavior of the number of Eulerian orientations of simple graphs with large
algebraic connectivity, see Theorem 2.1. In Section 2 we give conventions and
notations and formulate the main result.

In Section 3 we prove some basic properties of the Laplacian matrix. Some
statements seem to be of independent interest, for example, we obtain an esti-
mate of a conditionality of matrices with the asymptotic diagonal predominance,
see Lemma 3.2. Also, we prove the following property of simple graphs with
large algebraic connectivity: when you remove the vertex the number of span-
ning trees decreases by no more than cn times, for some ¢ > 0 depending only
on \y/n, see. Corollary 3.3.

We prove the main result in Section 4. We express FO(G) in terms of
an n-dimensional integral using Cauchys formula. The derivation of asymptotic
estimation of this integral uses three lemmas (Lemma 4.1, 4.2, 4.3), whose proofs
are given in Section 5.

2 Main result

Let p > 1 be a real number and & € R™. We use notation

n 1/p
120, = | D lal” ] (2.1)
j=1
For p = co we have the maximum norm
1., = mave o . (2.2)
The matrix norm corresponding to the p-norm for vectors is

AZ
4], = sup I . I
#0 7Il,

(2.3)

If A is the matrix of self-adjoint operator (symmetric matrix) then the norm
| A2 is equal to the largest module of eigenvalue of A and the following inequal-
ity holds:

1Al = 1Al - (2.4)

For invertible matrices one can define the condition number.

po(A)=All, - [A7H] ) = (|44~ = 1. (2.5)



If f is bounded both above and below by g asymptotically, we use the nota-
tion

f(n) = O, 1, (9(n)) (2.6)
which implies as n — oo, eventually
kilg(n)| < |f(n)] < klg(n)]. (2.7)

When functions f and g depend not only on n, but also on other parameters
€, we use notation (2.6) meaning that condition (2.7) holds uniformly for all
possible values of 5

The main result of the present work is the following theorem.

Theorem 2.1. Let G be simple graph with n vertices having even degree and
the algebraic connectivity Ao > yn for some v > 0. Then as n — o0

EO(G) = Oy, 4, (2578 [\/H(G)) (2.8)

where t(G) enotes the number of spanning trees of the graph G and constants
ki,ko > 0 depend only on o.

Remark 2.1. Taking into account (1.4), the value t(G) can be represented as
the principal minor of the Laplacian matrix Q.

Remark 2.2. For the complete graph \;y = n, FK, = @ and t(K,) =
n"~2. The result of Theorem 2.1 for this case is in agreement with asymptotic
formula (1.1).

Remark 2.3. There is the result on the asymptotic behavior of Eulerian circuits
analogous to Theorem 2.1, see [1].

3 Some basic properties of the Laplacian matrix
In what follows we suppose that
G is a simple graph. (3.1)

The Laplacian matrix @ of the graph G has the eigenvector [1,1, ..., 1]T, cor-
responding to the eigenvalue A\g = 0. We use notation Q = Q@ + J, where J
denotes the matrix with every entry 1. Note that @@ and Q have the same set
of eigenvectors and eigenvalues, except for the eigenvalue corresponding to the
eigenvector [1,1,...,1]7, which equals 0 for @ and n for 0.

Using (2.4), we get that

A= 1Ql2 < [1Qll2 < NIQIL = m}XZng‘kl =n. (3.2)
k=1

We denote by G, the graph which arises from G by removing vertices
v1,Ve,...,v, and all adjacent edges.

Lemma 3.1. Let condition (3.1) holds for graph G with n vertices. Then

Ao (G) < —2 - mind;, (3.3)
J

n —



A2(Gr) = A2 (G) =, (3.4)

where A1 (G) is the algebraic connectivity of G and d; is the degree of the vertex
v € VG.

The proof of Lemma 3.1 can be found in [2].

Lemma 3.2. Let a > 0 and I be identity nxn matrixz. Then for anyn andnxn
symmetric matriz X such that the matriz I+ X is nonsingular and | X;;| < a/n,

pa(I + X) < proo (I + X) < Cpa(I + X)), (3.5)

where C' depends only on a. (does not depend on n)

Proof of Lemma 3.2. The left-hand side of (3.5) follows from (2.4). We order
the eigenvalues of I + X modulo

il < Ixel <. < [l (3.6)

Using (2.4), we get that
Xl = I+ Xlly < 1T+ Xl < Moo + X[l <1+ a. (3.7)
We consider & = (x1,...,2,) € R such that ||Z]| = 1. For simplicity, we

1
assume that =1 = ||Z]| , = 1. We denote by J = {j | x; > 2—}
a

Case 1. |J]| < 4£ Estimating the first coordinate of (I + X)Z, we get
a
that

- a
I+ X)Zloo 2 21 = Sl + )l =
ieq g7 (3.8)

a(n 1 1
>1——(—-1 — == 2.
- n <4a tn Qa) 4Hz”°°

Case 2. |J| > 42 Note that
a

—112 — — —
n L+ X072 1+ X7, 2 bal- 17, > hal- 1] 5 17 - (39)
Then
17+ %)z, > 20l g (3.10)
w0 = 472 oo |

Combining(3.8) (3.10), we get that at least one of the following inequalities
holds.

-1 -1 4a*/?
[T+X)7Y <4 [JU+X)7Y < ol (3.11)
From (3.7) we have that
I+ X, <1+a. (3.12)
Taking into account |x,| < 1+ a and po(I + X) = ||Xn|| > 1, we obtain (3.5) m
X1

The proofs of Lemma 4.1, Lemma 4.2 and Lemma 4.3 are based on the
following property of the Laplacian matrix.



Corollary 3.1. Let G be a simple graph with n vertices and algebraic connectiv-
ity of the graph Ao > yn for some v > 0. Then there is some constant coo > 0,
depending only on vy, such that

Q7' =11Q~ 1||<>o§— (3.13)

Proof of Corollary 3.1. Using (3.3), we get that

d; > o >~(n—1) >~yn/2. (3.14)

n
Taking into account (3.2), all eigenvalues of @ are in the interval [yn;n]. In-

equality (3.13) follows easily from the assertion of Lemma 3.2 for the matrix
QTQN, where

L ifj =k,
Qjr = Vdjt+l J (3.15)
0, otherwise.

The following lemma will be applied to estimate the determinant of a matrix
close to the identity matrix I.

Lemma 3.3. Let X be an n x n matriz such that | X|, < 1. Then for fized
m > 2
m—1 ( 1>T+1

det(I + X) = exp (Z ~— tr
T

r=1

(X7) + Em(X)> , (3.16)
where tr is the trace function and

B0 < & e

gt (3.17)
m 1—[X|,

The proof of Lemma 3.3 is based on evaluating the trace of the matrix
In(I + X), using the representation as a convergent series. Lemma 3.3 was also
formulated and proved in [8].

Lemma 3.4. Let G be a simple graph with n vertices and algebraic connectivity
of the graph Ay > yn for some v > 0. et Gy be the graph which arises from G
by removing vertex v1 and all adjacent edges. Then there is a constant ¢ > 0
depending only on v such that

det Q
cn

Proof of Lemma 3.4. Note that the matrix Mj; that results from deleting
the first row and the first column of @ coincides with the matrix @, with the
exception of the diagonal elements. Let 2 be a diagonal matrix such that

det Q1 >

(3.18)

|1, if {v,v;} € EG,
£ { 0, otherwise. (3.19)
Define n x n matrix X by
1 . ;
Xy = { w0 {Ul,UJ'} ¢ EG,{vi1,v;} ¢ EG, and j, k # 1 (3.20)
0, otherwise.



After performing one step of the Gaussian elimination for Q + Q4 X, we obtain
that

det(Q + Q4+ X) = (dy + 1) det Q1 (3.21)
Using (2.4), (3.14), we have that
n 3
12+ Xl < 1@l + || X[l < Q2 + [I X[ <14 ———= <= (3.22)
di+17 ~
Since the algebraic connectivity Ay > yn
A A 3 3
Q+X)Q 7Y <0+ X < — < — 3.23
1@+ X)Q e IR+ X[RIQ 2 € < o (329

Combining Lemma 3.3 and (3.23), we get that as n — oo

det (1+(2+X)Q") =exp (tr (24 X)Q71) + B2 (2 + X)Q 7))

>
3 —1
> exp _nny—n+O(n ).

(3.24)
Using (3.21) and (3.24) we get that as n — oo
di+1)det Q1 =det (1 +(Q+X)Q ') det Q >
(dr +1) det @y (A< Q) det @ 55
> det Qexp (—3/7*+O0(n™")).
Since dy + 1 < n, we obtain (3.18). ]

Corollary 3.2. Let the assumptions of Lemma 3.4 hold. Let G, be the graph

which arises from G by removing vertices vi,vs, ..., v, and all adjacent edges.
Then there is a constant ¢; > 0 depending only on ~y such that
A det Q(G)
det O(G,) > ——< "/ 3.26
(G > T (3.26)

for any r < yn/2.
Proof of Corollary 3.2. From (3.4) we have that
X2(Gr) = yn—r > yn/2. (3.27)

Using r times the assertion of the Lemma 3.4, we obtain (3.26). ]

According to (1.4)
det Q

n2

1
HG) = =AoAg -+ Ap_y = : (3.28)
n

then the following proposition holds.

Corollary 3.3. Let the assumptions of Lemma 8.4 hold. Then there is a con-
stant ¢ > 0 depending only on vy such that
t(G)

HG) =2 ==, (3.29)

where t(G) denotes the number of spanning trees of the graph G.



Lemma 3.5. Let a > 0 and the assumptions of Lemma 3.4 hold. Then for any
set A C VG such, that |A| > an, there is a function h : VG — Ny, having
following properties:

h(v) =0, ve A, h(v)<H, veVG, (3.30)

{we VG| (w,v) € EG h(w) <h(v)}|>an, v¢A, (3.31)
where constants H, o > 0 depend only on a and ~.

Proof of 3.5. At first, we construct the set A} = {v € VG | h(v) = 1}, having
property (3.31).

If |[A] > n—n/4, then let Ay = {v € VG | v ¢ A}. Taking into account
(3.14), we get that property (3.31) hold for o = /4. In this case H = 1.

For |A| < n —yn/4 define & € R™ such that

[ 1—|Al/n, v € A4,
%‘{ Alfn, v ¢ A, (8:32)

Since 1 + 22+ ...+ 2, =0

A — 141\ ?
7T Q7 = 7TOF > M| 7|2 > Ao A (LH) >
n

Y (3.33)
> nan (v/4) = 2
16
On the other hand,
FQi= > (z;-w) (3.34)
{vj, v, }€EG

which is equal to the number of edges (v,w) € EG, where v € A,w ¢ A. We
denote A; the set of vertices w ¢ A, having at least an adjacent vertices in A,
where a = a3

#1Qi < n|A;| + an|VG). (3.35)

Combining (3.33) and (3.35), we get that |A1] > an.

We make further construction of the function h inductively, using for the
k-th step the set AR) = AU A, U...UA. The number of steps does not exceed
1/a as |Ag| > an for each step, perhaps with the exception of the last one. =m

4 Proof of Theorem 2.1

In a similar way as in [9] (see the proof of Theorem 3.1) we note that the function

H (xjflsck +xk71zj) (4.1)

{’Uj,Uk}EEG

is the generating function the number of orientations of graph G by the differ-
ences in the numbers of incoming and outgoing edges at each vertex. The value



EO(Q) is the constant term, which we can extract via Cauchys Theorem using
the unit circle as a contour for each variable:
X [I (7 e+ o)
{vj, o} €EG
EOG) =-——=¢ dridzy ... dz,. (4.2
© = e § ' $ Fua i (62

T1To " Ty

Making the substitution z; = e for each j, we find that

EO(G) = 2/FClz—rg 5= [[  cosajdd,  (43)
Un(n/2) {vj, v }€EG

where Ajk = Hj — Qk,

Un(p) = {(@1, 22, .. 20) [ 25| < p j}, (4.4)

and using the fact that for graphs with vertices of even degree the integrand is
unchanged by the substitutions 6; — 6; + .

Let’s start the evaluation S from the part that makes a major contribution
to the integral We fix some sufficiently small constant £ > 0. Let

01+...+06,

Vo ={0 € Un(x/2) | |0; — 0] (mod7) <n~/2+s §= boo(4.5)

By Taylors theorem we have that for eV

1 1 B
H cos Aji = exp -5 Z A2, — 3 Z Al 4 O(n1+2)
{vjvn}EBG {vj,0}EBG (v .00} €EC

(4.6)
We denote by Sy the contribution to S in the integration over the region V5.

Lemma 4.1. Let G be a simple graph with n vertices and the algebraic connec-
tivity Ao > yn for some v > 0. Then for any a,b >0 as n — oo

/eXp —a Z A?k —-b Z A?k df = Oy ks n/e_“éTQ‘gdH_’ ,
Vo {vj, v} €EG {vj v }€EG R™

(4.7)
where constants ki, ke > 0 depend only on a, b and ~.

Lemma 4.1 follows from Lemma 8.3 of [1]. The proof is given in Section 5.
Combining (3.28), (4.3), (4.6), (4.7) and

/eid?égdé‘: 7T"/2a7”/2/\/ det Q, (4.8)
R

we get that
S0 = Oy ks (2%1”%1/\/@) ) (4.9)

where constants k1, ke > 0 depend only on .



Thus it remains to show that the other parts are negligible One can show
that

1 9
| cos(z)| < exp(fixQ) for |z| < 6" (4.10)
Divide the interval [—%7‘(‘, %ﬂ] mod 7 into 32 equal intervals Hy, ..., Hs; such
that Hy = [~ g7, gy7)- For each j, define the region W; C U,(7/2) as the set

of points e U, (7/2), having at least g%n coordinates in H;. Clearly, the W;s
cover U, (m/2) and also each W; can be mapped to Wy by a uniform translation
of the §; mod 7. This mapping preserves the integrand of (4.3), and also maps
Vo to itself, so we have that

[T cosa di <32z, (4.11)
Up(n)2)—Vy (Vi0k}EEG
where
Z= H | cos A de. (4.12)
Wo—Vp 1vive}€EG

We proceed by defining integrals S7, S2, S3 in such a way that Z is obviously
bounded by their sum. We then show that each of them is negligible. Let

> 1
Vi ={0 € Wy | |0;] > = for fewer than n® values of j},
52 (4.13)
Vo={0eWV |65 > 176" for at least one value of j}.

Then our three integrals can be defined as

S1 = H | cos Aji| da,
Wo—v, {vivr}€EG

S2 = / H |COS A]k| dé; (414)
v, {vj,vk}€EG

S3 = H | cos A da.
Vi—Vo—V, {Vi:vk}€EEG

We begin with S7. Let h be the function from Lemma 3.5 for the set A =
{v; | 16;] < gy7}. We denote Iy, such natural number that inequality

0] > 6—147r(1 +1/H) (4.15)

holds for at least n®/H indices of the set {j | h(v;) = l}. Existence of ln
follows from the definition of the region V;. If §; and 0; are such that

1 1
6,2 (L + lin/H) and (64 < (1 + (Lin — 1)/H) (4.16)

or vice versa, we have that |cosAjz| < cos(ggm/H). This includes at least
(an —n®)n®/H edges {vj,vx} € EG. Using (3.2) and (3.28), we get that as
n— oo

™

S; <n” (cos M—H)(Oming)ns/H = O(exp(—cn”e)) 2%47Tn,;1/ t(Q)
(4.17)




for some constant ¢ > 0, depending only on 7.
For 1 <r < n® let S2(r) denote the contribution to Sy of those 6 € V4 such
that |6;| > {57 for exactly 7 values of j. If 6| < 57 and [6i| > 57 or vice

= 32
versa, we have that

1
| cos Aji| < cos <3—27r) (4.18)

This includes at least r(yn/2 — n®) edges {v;,vx} € EG, because the degree of
any vertex of the graph G is at least yn/2, see (3.14). For pairs (j, k) such that
1051, 10k] < 757, we use (4.10). We put ¢" = (61,...,0p_,).

r(yn/2—n®
So(r)y < z” (cos ;—2) o )Z / exp —% oAy g,
G n(7/2) {vj, v, }€EG,
(4.19)
where the first sum is over graphs, arises from G by removing all possible sets
of r vertices.

Lemma 4.2. Let the assumptions of Lemma 4.1 hold. Then

n—1 n+l
2

1 L 9%
Un (7/2) {v;, 05} EEG \/@

Lemma 4.2 was formulated and proved in [1] (see Lemma 6.1). The proof is
given also in Section 5.
Using Lemma 3.1 and Corollary 3.2, we get that

(4.20)

Ao (Gyr) > yn — 0, (4.21)
A detQ
det Q(Gr) 2 (= (4.22)

According to Lemma 4.2 we have that

n—r—1 n-—r+tl

1 - 2732 2
/ i Z A% | dor < # (4.23)
Un_r(n/2) {vj vk }€EG, det Q(G,)

Combining (4.19) with (4.22), (4.23) and allowing n” for the choice of the set
of r vertices for G,., we get that

n—r—1 n4r r(yn/2—n*) r/2
So(r) < 25 gyl (cos 1) )™ (4.24)
v/ det @
Using (3.2) and summing over 0 < r < n¢, we find that

ne

$:= Y (1) = 02T 7" /V/U(G) (4.25)

r=1

for some constant ¢ > 1, depending only on 7.

10



Note that Ajj < %7‘( for 0 € Vi — Vs, thus
Vi—VaC Vs ={0€U,(r/2) | |0; — 0] (modr) < 7/8}, (4.26)

where

0.+ 0,
gt HOn (4.27)
n

Since the integrand is invariant under uniform translation of all the §;’s mod 7
as well as Vp and V3 are mapped into itself, we can fix § = 0 and multiply it by
the ratio of its range 7 to the length n~%/2 of the vector 2[1,1,...,1]%. Thus
we get that

Sy < mnt/? H | cos Ajg|dL, (4.28)

LOU, (7/8)\Vp 1Vi-0}EEG

where L denotes the orthogonal complement to the vector [1,1,...,1]7. In a
similar way as in (4.19) we find that

1
Sy < mnl/? / exp | =3 Z A?k dL. (4.29)

LU, (7/8)\Vo {vj,vn}EBG

Lemma 4.3. Let the assumptions of Lemma 4.1 hold. Then as n — oo

o trpl/2
exp 1 Z A?k dL = O (exp(—cn®)) rrmrn’

/ ; o
L\Un(n*1/2+5) {’IJ]‘,’UK-}EEG det Q
(4.30)

for some ¢ > 0, depending only on ~.

Lemma 4.3 was formulated and proved in [1] (see Lemma 6.2). The proof is
given also in Section 5.
Combining (3.28), (4.30) and (4.29), we get that as n — co

n—1 n+1
2

S3 = O (exp(—cn®)) 27r72An = O (exp(—cn™)) Q%W%ﬂ/\/t((l)
det Q)
(4.31)

for some ¢ > 0, depending only on . Combining (4.9), (4.17), (4.25) and (4.31),
we obtain (2.8) as well as the following lemma.

Lemma 4.4. Let the assumptions of Lemma 4.1 hold. Then as n — oo
S = (1+ 0 (exp(—cn®))) So (4.32)

for some ¢ > 0, depending only on ~.

5 Proofs of Lemmas 4.1 - 4.3

In this section we always assume that the assumptions of Lemma 4.1 hold. Let

— — A =

¢ =d(0) = [1(0),...,. ()" = Q0. (5.1)

11



Let P(H_j be the orthogonal projection 0 onto the space L, where L denotes the
orthogonal complement to the vector [1,1,...,1]T. Note that

Q4 = QP(h). (5.2)

For any a > 0, we have that:

/e_“éTdiéTz 7r"/2a_"/2/\/ det Q (5.3)

]R'n.
and
/e_“éTQedL = /e_“éTQedL = ﬂ%a_%nl/2/\/ det Q. (5.4)
L L
Proof of Lemma 4.2. Note that
> A% =0"qQh. (5.5)
{’IJ]‘,’UK-}EEG

The diagonal of the cube U, (7/2) is equal to 7n'/2. Using (5.2), we find that

1 - —
exp | —5 Z A2 | do < Wnl/Q/e*%WQedL_ (5.6)
Uy (7/2) {vj,v }€EG v

Combining (5.4) and (5.6), we obtain (4.20). ]

—

Note that for some function g1 (0) = g1(0a,...,0,)

ir a7 $1(0) 5
0G0 = S+ 01(0) (5.7)
We recall that (see (3.14))
mind; > yn/2. (5.8)
J

Combining (5.7) and (5.8), we get that as n — oo

+o0 +oo +oo .
/ =707 — / o [ eman(Bainti) / e HT q0, | do, .. do,
RTL — 00 —

RS B
|61(8)|<Lextnt/2te
(5.9)

for some ¢ > 0, depending obly on v and a, where ¢, is the constant of (3.13).
Combining similar to (5.9) expressions for ¢1,... ¢,, we find that as n — oo

/ e 20 Qg — (1 + O (exp(—en®))) /efaé'ré(;dé» (5.10)

16(68) |00 < F e ml/2te R

12



for some ¢ > 0, depending only on v a. Using (5.10) and (3.13), we get that as
n— 0o

T~ (140 (exp(-en®))) [TVl )
Un(n=1/2+9) v

Proof of Lemma 4.3. Note that

1PO)][oc = 116 =01, 1,...,1]"[|oo < 2[[6]]oc, (5.12)
where
0 = w (5_13)
n
Thus
Un(%n*““) C {§| P@) € Un(n*1/2+€)} (5.14)

Using (5.2), (5.5) and (5.14), we find that

1 o
w2 ¥ w)a- [ e
LNUy(n=1/2+¢) {vj, v }eBG LNU, (n=1/2+e¢)
—+00

- 1/2 .

= / e‘%m”dé/ / ey > T : e~ 3070044
V2T
P(6)€U, (n—1/2+¢) —00 Un (4n—1/2+¢)

(5.15)
Combining (5.3), (5.11) and (5.15), we obtain (4.30). -

Proposition 5.1. Asn — oo

exp faéTég—b Z A?k do =

Un (n—1/2+¢) {vj, v }EEG

AT AL L —
= le,kz /€_a9 Q40

(5.16)
where constants ki, ke > 0 depend only on a, b and ~.

In th present paper we give only the scheme of the proof of Proposition 5.1.
The detailed proof can be found in [1] (see Lemma 8.3).
Scheme of the proof of Proposition 5.1. Since a,b > 0

exp —agTng b Z A?k di < /efaéTQAé)dH_’. (5.17)
Un(n*1/2+5) {vj, vk }EEG Rn

Let .
Ri(0) =8y 0f, 1<k<n. (5.18)
j=k

13



Using the representation of the integral as an iterated integral, one can show
that

d)?efaéTQele(*)d@* < n? efaéTQ§ka(§) d§+
Un(n71/2+5) Un(n71/2+5) (5.19)
40 (exp(—cn®)) /e*aéTQedQ_’
Rn

for some constants ¢, ¢’ > 0, depending only on a, b and .
Using (5.19), one can get that:

o7 QTR0 gf < 0_’12 o=@ 0T QI-Ri(9) g,
n
U, (n=1/2+2) Uy (n—1/2+e)

40 (exp(—c1n*9)) /efaéTégdé‘;

R™

(5.20)

. / L .
/ e—aéTQ9—Rk(9)d§Z (1 + ) / e—aWQ9—Rk+1(9)dé'+
n
U, (n—=1/2+<) Un (n—1/2+¢)
+0 (exp(—can®)) /e‘“gf@gdg,
Rﬂ.

(5.21)
for some constants c1, ¢}, ca, ¢, > 0, depending only on a, b and . Note that

by A <8 0] =Ri(0). (5.22)
{vj,v }€EG J=1

Using several times inequality (5.21) for k = 1,2,...,n — 1 and combining with
(5.22), (5.17), we obtain (5.16). ]

Proof of Lemma 4.1. Let
F(l)=exp [ —a0™Qf—b > Al ]. (5.23)
{vj, v }€EG
Note that for 6 € L,
F@)=exp|—a > A% -b > A}]. (5.24)
{v;, v }EEG {vj, v }€EG

Since the integrand of (4.7) is invariant under uniform translation of all the 0;’s
mod 7 as well as Vj are mapped into itself, we can fix § = 0 and multiply it by
the ratio of its range 7 to the length n~'/2 of the vector %[1, 1,...,1]7. Thus
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we get that

/exp —a Z A?k —-b Z A?k di =

o {v;un }EEG {v; vx}EEG (5.25)
= mmn!/? F(0)dL.
LNUp(n=1/2%2)
In a similar way as in (5.15) we find that
+oo
F(@)dL = / F(6) d5/ / e~ona® g =
LNUy (n=1/2%¢) P(0)€Un (n=1/2+¢) o (5.26)

—1/2 o
- (1) / F(8)dd.
an
P(9)€U, (n=1/2+2)

Using (5.11) and (5.14), we get that

/ F(0)df = / F(é)dé’+o(exp(fcn%))/e*am@.

P(B)EU, (n=1/2+¢) Up(n=1/2%¢) R
(5.27)
Combining (5.16), (5.25), (5.26) and (5.27), we obtain (4.7). [ ]
6 Final remarks
Combining (4.2), (4.5), (4.6), (4.31), (5.25), (5.26), (5.27), we find that:
Proposition 6.1. Let the assumtions of Theorem 2.1 hold. Then
EO(G) = (1 + O (n1162)) 2l EGI=1/2p=nt1/2) g (6.1)
where
Int = / exp —léTQé—i Z At | dd,
2 12 )
Uy (n=1/2+¢) {vj, v }EEG '

Q=Q+J, Aj=0;—0,

where Q = Q(G) denotes the Laplcian matriz and J is the matriz with every
entry 1.

Integral(6.2) can be evaluated more precisely for specific classes of graphs in
order to get asymptotic formulas for EO(G) similar to (1.1). For example, for
even n — 0o

ool

EO(Kp,) =e (140 1/249)) (6.3)

rn—apn—l
for any € > 0, where K, ,, denotes the complete bipartite graph with n vertices
in each part.
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