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Abstract: We propose a new finite volume method to provide very high-order accuracy for the convection diffusion
problem. The main tool is a polynomial reconstruction based on the mean-value to provide the best order. Numer-

ical examples are proposed to show the method efficiency.
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1 Introduction

Efficient numerical schemes to solve convection-
diffusion problems are a constant challenge due to the
wide range of problems which concern the coupling
of the two major physical phenomena. Finite differ-
ences and finite elements are very popular to produce
numerical approximations ([1, 2, 3]) and a lot of aca-
demic or commercial codes are based on such tech-
niques.

In the last decade, the finite volume method ap-
pears to be an interesting alternative for several rea-
sons, the simplicity (one information per cell), the
built-in conservative property, the capacity to handle
unstructured and non conformal meshes. Important
developments have been realized ([4, 5, 6]) in this way
but a serious drawback of the finite volume method
is the large amount of numerical viscosity and the
weak convergence rate (at most second-order conver-
gence). The paper is devoted to a new class of fi-
nite volume schemes for convection-diffusion prob-
lem able to reach the sixth-order accuracy. We present
the method for the simple one-dimensional case and
restrict to the steady-state case for the sake of consis-
tency. The main tool is an accurate local polynomial
reconstruction based on the mean values approxima-
tions in place of the pointwise values approximations.

The rest of the paper is as follows. The second

section recalls the classical finite volume scheme for
convection diffusion problem (namely the Patankar
method). Then, we introduce the polynomial recons-
truction and the high-order schemes in section three.
The last section is devoted to some numerical tests to
show the scheme capacity to provide sixth-order ac-
curacy.

2 Classical finite volume schemes

For the sake of simplicity, we consider the one-
dimensional convection-diffusion problem in domain
2 :=|0, 1] with Dirichlet boundary conditions:

— (au) + (vu) = f onQ

w(0) = wyr,  u(l) = upg,

where we assume that ¢ and v are regular functions on
Qwith a(z) > a > 0forall z € Q.

We denote by 7}, a mesh of 2 constituted of cells
Ki = [‘rifl/QJ $i+1/2]’ 7= ].7 e ,I, of centroid C;,
where z1/5 := 0 and ;12 == z;_y1/2 + hi, and
set h := min’_, h; as the characteristic length of the
mesh.

In the finite volume context, u; denotes an ap-
proximation of the mean value over cell K;, that is



u; R h% i) K, wdz. We recall the classical scheme for
the interior cells K;,¢:=2,...,1 — 1:

Y Y
- [fd(ui,ui+1§xi+%) - fd(uiflyuﬂxi,%)]
{ {
+ [fc(uiaui+l;xi+%)_f (ti—1, ui; )] i,
where the diffusion and the convection fluxes write

)2(ui+1 — u,)
(hi + hig1)
oy TP

+ vy )] i,

ff(ui,ui+1;xi+%) = a(:ci+%

ff(ui,uiﬂ; .%'Z_’_%) =

with [a]t := 2Hel and [a]~ = 22 while f; de-
notes an appr0x1mat10n of the mean value of f over
cell K;, that is f; = h% f K fdx (for the first cell
and the last cell the expressions change in the clas-
sical way). We obtain the following linear system

AU =F + Fp

with U := (U1, . ,ul)t € R! the unknown values,
= (f1,..., fr)t € R! the source term and

Fp = ({2“—(0) i [v(())]+}ulf,o, .0,
{2‘;([1) (] b)) € B

the vector collecting the contributions deriving from
the Dirichlet boundary conditions. Remark that the
finite volume scheme is not equivalent to the finite el-
ement scheme or finite difference one for non-uniform
meshes.

3 Very high-order schemes

Very high-order schemes are based on local polyno-
mial reconstruction. For each cell K;,¢ :=1,...,1,
we denote by u;(x) € Py the polynomial reconstruc-
tion on Kj;, where d is the polynomial degree. The
reconstruction we detail in the sequel is a linear op-
erator P, that from U := (uy,...,us)" and Dirichlet
conditions wit, ur provides u;(z) € Py.

Based on the reconstruction, we then define the
new numerical fluxes. For the interior cells we have

W@ 1) + Uy (2,01)
Filois) im ol et e

7,+% 2 )
d
fc ({/CH_%) =

while for the first cell and the last cell we consider, for
the diffusive flux the expressions

F§(0) = a(0)@ (0),
FI(1) == a(1)ah(1).

At last, we define the affine operator U —
GY(U; i, urg) from RY into RY with

Gf(U;ulf, Urg) 1=
_ [f(f(ui,qu;l‘H%) — fg(uifl,ui;wifé)]
+ [fg(uiaui—b—l;xi_'_%)_-rd(uz 1, Wis T )] i

To provide the numerical solution, one has to find the
solution U of the linear problem

GY(U; wyp, urg) = 07 := (0,...,0)". )

We now detail the polynomial reconstruction
which is the crucial point of the numerical technique.
We shall consider two different situations whether we
take the boundary cells (K7 and K7) into account or
the interior cells (K;, i :=2,...,1 — 1).

The general case concerns the inner cells. To this
end, for each cell K; we associate a index subset v/(1)
such that for a given polynomial degree d, we choose
the nearest d + 2 cells to K;. We then consider the
polynomial function of the form

() = ui+ai1 R [(x o) - ;/K (= — ci)o‘dfc}

and we seek the coefficients R, o := 1,...,d, which
minimize the functional
) 2
E(R!) = Z [h/ w; dor — uj] .
jev(@) L7 K

The important point is that we minimize the functional
with respect to the mean values and not identify (as
usually done in finite volume context) the mean values
with pointwise values at the centroid.

For the first cell, we slightly modify the minimi-
zing functional. =~ We associate the index subset
v(l) := {2,...,d — 1} and augment the functional
with the Dirichlet condition

) — )+ ) [ /K

jev(l) J

E(RL) = (u updz — uj] .

The reconstruction for the last cell is analogous to
the first cell.



A simple way to solve the affine problem (1) con-
sists in evaluating the associated matrix A9 and the
right-hand side 7 and then to solve the linear prob-
lem AYU = F9 using standard methods such as the
LU method. To this end, we first compute the right-
hand side setting F¢ := G9(0r; wy, Urg ), then we eval-
uate each column A{ of the matrix A¢ with

Ag = Gd(ej; Ulf, Urg) — F,
where e/ is the canonical vector with the
j—component equal to 1.

It should be stressed that we construct the associ-
ated full matrix A9 for the sake of simplicity. In mat-
ter fact, since we only focus on the numerical scheme
itself, that construction provides a simple method to
test the convergence rate.

4 Numerical tests

To compare the numerical approximation with the ex-
act solution, we introduce three kind of errors, namely
the consistency error, the L error of the solution and
the L°° error of the derivative (we intentionally use
the L°°-norm since we deal with regular functions).
More precisely, consistency error is given by

Ec(U) := méfc ‘G? (U; wit, urg) |, 2
where
— _ _ _ 1
U:=(u,...,u7), u;:= / udz,
hi Jk,

are the exact mean values of the solution of the conti-
nuous problem. The L°° error between the mean val-
ues is given by

Ey = m{a,x "LLZ — ﬂi’,
=1

while we define the L°° error for the derivative with

u;('rz—i-%) - d(%‘-s—%)

We consider a uniform mesh of [ cells and test
three types of polynomial reconstructions, namely the
Pl, Pg, and ]P)5.

The first case concerns the exponential function
with constant diffusion and velocity, i.e., a := 1 and
v := 1 leading to a Peclet number of Pe=1. We state
that the solution is exp(z) and deduce that f = 0,
wf = 1, and uyg = e.

Table 1: Example 1 — errors and rates of conver-
gence for the exponential function using a uniform
mesh with Pe=1.

I Eg Eo By

err ord err ord err ord

10 7.8¢-02 — 83e-03 — 7.4e-02 —

Loy 20 4:26-02 0.9 4603 08 3.8¢-02 1
OV 40 2.2e-02 09 2.5¢-03 0.9 19e-02 1
80 1.1e-02 1 13e-03 1 9.8e-03 1

10 1.8¢-01 — 14e-01 — 32e-01 —

p 20 90e02 1 49e-02 1.5 15¢01 11
140 46602 1 17e-02 1.5 7.3e-02 1.1
80 2.3e-02 1 5.8e-03 1.5 3.5¢-02 1

10 9.7e-04 — 6.0e-05 — 4.0e-04 —

p. 20 13c:04 29 4706 3.7 55¢-05 2.9
340 17e-05 2.9 33e-07 3.9 7.2¢-06 2.9
80 2.2¢-06 3 22e-08 3.9 93e-07 3

10 44e-06 — 1.0e-07 — 1.4e-06 —

b 20 1.6-07 48 2.3¢-09 5.5 5.2¢-08 4.8

5

40 5.3e-09 49 4.1e-11 5.8 1.7e-09 4.9
80 1.7e-10 5 6.8e-13 59 5.6e-11 4.9

3 1 1 —
1/80 140 1/20 110

Figure 1: Example 1 — convergence curves of Ej for
the exponential function using a uniform mesh with
Pe=1.
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Figure 2: Example 1 — convergence curves of F for
the exponential function using a uniform mesh with
Pe=1.

Table 1 provides the consistency error and the nu-
merical errors both for the function and its derivative
for the L>° norm while we plot in Figures 1 and 2
the convergence curves for the solution and its deriva-
tive. We obtain an effective d + 1-order of conver-
gence rate for the functions and d-order convergence
rate for the solution derivative when employing the re-
construction with polynomial functions in P4. Consis-
tency error also enjoys the convergence property since
the scheme provides the optimal d-order rate (remem-
ber that the consistency error (2) contains derivatives).

The second case concerns the sine function with
constant diffusion and velocity a := 1 and v := 100
such that Pe=100. The goal is to handle problems
with a large Peclet number providing a convection-
dominated problem. We state that the solution is
sin(%’) and deduce that f(x) (g)Qsin (Z2) +

507 cos (%), wir = 0, and uyy = 1.

For a large Peclet number, the numerical schemes
manage to provide the optimal order convergence,
with the exception of the IP; case, as can be seen in
Table 2 and Figures 3 and 4. For the P; polyno-
mial reconstruction, large error are derived from the
conflicting outflow boundary condition since the fluid
flow out at x = 1. A pure convection problem does

Table 2: Example 2 — errors and rates of conver-
gence for the sine function using a uniform mesh
with Pe=100.

I Ee¢ Ey Ey
err ord err ord err ord
10 7.8e+00 6.5¢-02 — 1.3e+00 —
low 20 3.9e+00 2.8¢-02 1.2 1.1e+00 0.2

1
40 2.0e+00 1 1.1e-02 1.4 8.7e-01 04
80 9.8e-01 1 5.2e-03 1.1 6.0e-01 0.5

10 2.9e-01 — 3.9e-03 — 2.0e-01 —
20 2.9e-02 3.3 52e-04 29 1.1e-01 0.9
40 14e-02 1.1 13e-04 2 5.6e-02 09
80 1.4e-02 0 1.8e-04 0.5 3.0e-02 0.9

10 5.1e-03 — 5.3e-05 — 1.0e-03 —
20 2.9e-04 4.1 2.9e-06 42 1.3e-04 2.9
40 2.1e-05 3.8 1.6e-07 4.2 1.8e-05 2.9
80 3.1e-06 2.7 1.1e-08 3.9 24e-06 2.9

10 9.4e-05 — 4.2e-07 — 1.2e-05 —
20 1.5e-06 6 6.3e-09 6.1 4.4e-07 4.8
40 1.8e-08 6.3 9.3e-11 6.1 1.5e-08 4.9
80 6.2e-10 4.9 1.3e-12 6.2 4.7e-10 5

Pq

P3

Ps

1 1
1/80 1/40 1/20 110

Figure 3: Example 2 — convergence curves of Fy for
the sine function using a uniform mesh with Pe=100.
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Figure 4: Example 2 — convergence curves of £ for
the sine function using a uniform mesh with Pe=100.

not require the Dirichlet condition and we observe an
ill-conditioning matrix with large Peclet number. To
solve this phenomena, we intend to introduce another
class of polynomial reconstruction adapted to pure
convection problem as it done in ([7]).

5 Conclusions and further work

We have presented a new finite volume method for
one-dimensional convection-diffusion problem which
provides very high-order accuracy. Numerical simula-
tions have been carried out to show the capacity of the
method to provide a sixth-order scheme. Extensions
for two-dimensional domains and the consideration of
both Dirichlet and Neumann boundary conditions are
under investigation. Another difficulty concerns the
solution stability when dealing with rough data. A
strategy based on the MOOD method ([7, 8]) is also
under investigation.
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