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Abstract 

In the human genomes, recombination frequency between homologous chromosomes 

during meiosis is highly correlated with their physical length while it differs 

significantly when their coding density is considered. Furthermore, it has been observed 

that the recombination events are distributed unevenly along the chromosomes. We 

have found that many of such recombination properties can be predicted by computer 

simulations of population evolution based on the Monte Carlo methods. For example, 

these simulations have shown that the probability of acceptance of the recombination 

events by selection is higher at the ends of chromosomes and lower in their middle 

parts. The regions of high coding density are more prone to enter the strategy of 

haplotype complementation and to form clusters of genes which are “recombination 

deserts”. The phenomenon of switching in-between the purifying selection and 

haplotype complementation has a phase transition character, and many relations 

between the effective population size, coding density, chromosome size and 

recombination frequency are those of the power law type.  
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1. Introduction 

Mendel’s law of independent assortment states that alleles placed at different loci assort 

independently of each other during the gamete formation. Actually, this is true only for 

genes that are not linked to each other which means that recombination frequency 

between them is very high. This law has been introduced into the neo-Darwinian theory 

by Fisher (1930) and Wright (1932) who made an explicit assumption that alleles are 

assorted independently into the gametes. Imagine a situation when several heterozygous 

loci located on one chromosome are considered. If one wants to follow the Fisher-

Wright rule, the probability of separation of two alleles of neighbouring loci should be 

0.5 and the total number of recombination events on the chromosome should be close to 

half of the number of the considered loci or higher. Notice that the recombination 

frequency depends on the number of considered heterozygous loci on chromosome. 

Fisher-Write model may render the proper results in description of some population 

evolution phenomena but only in those instances where the frequency of recombination 

does not play the critical role in the studies.  It should not be used in cases where the 

recombination itself is the subject of studies like in the case of hybrydogenesis (Som 

and Reyer, 2006), or sexual reproduction of diploid organisms (Redfield, 1994). In the 

natural genomes, the series of genes are placed close to each other on the same 

chromosome and the probability of recombination between them is very limited (Daly 

et al., 2001; Greenwood et al., 2004; Hurst et al., 2004). Therefore the best 

representation of the Mendel law of independent assortment could be obtained for genes 

placed on different chromosomes. Nevertheless, it has been found that even in such 



 3 

configuration, clusters of human genes involved in the antigen recognition, which are 

located on different chromosomes are not inherited independently (Trowsdale, 2001; 

Hiby et al., 2004; Pharm, 2005; Gendzekhadze et al., 2006; Yawata et al., 2006) though, 

it is not established if it is a consequence of pre- or post-zygotic mechanisms.  

Recombination may have both a positive effect, creating advantageous gene cluster and 

a negative effect, breaking them apart. Different selective factors and conditions related 

to the effects of gene linkage can influence increases or decreases in recombination rate 

(Barton 1995; Feldman et al. 1997; Otto and Feldman, 1997; Otto and Michalakis 

1998). The decreased recombination rates are usually favored when the population is 

initially near a polymorphic equilibrium with linkage disequilibrium. On the other hand, 

increased recombination may be favored when population is initially far from an 

equilibrium and is subject to deleterious mutations or to directional selection, under 

conditions, provided that there is weak negative (synergistic) epistasis among alleles, 

i.e. if they cause more harmful effect in combination than separately (Otto and Gerstein, 

2006). However, synergism is not a sufficient condition for recombination to be favored 

because decreased recombination can be favored under strong synergism with low 

mutation rates and loosely linked modifiers. Recombination rate can be also favored 

when epistatic interactions between genes fluctuate of over a timescale of a few 

generations. In small to moderately large population under stronger genetic drift, 

stochastic associations among beneficial alleles can select for recombination over other 

conditions regarding epistasis (Otto and Barton 2001). Selection for the increased 

recombination rate is the highest when linkage among loci is tight, when beneficial 

alleles rise from low to high frequency, and when the population size is small (Barton 

and Otto 2005). 
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Analyses of recombination between homologous eukaryotic chromosomes revealed the 

uneven distribution of recombination events along the chromosomes. There are some 

regions where the probability of recombination is very low – recombination “deserts”, 

and regions where the frequency of recombination is very high – recombination “hot 

spots” (Jeffreys et al., 2001; Petes, 2001; Yu et al., 2001; Mézard, 2006). Furthermore, 

there are some rules for distribution of recombination events along the chromosomes – 

the frequency of recombination is higher in the subtelomeric regions than in the central 

parts of chromosomes. The last statement is true for both, accepted recombination 

events in the real eukaryotic chromosomes (Kong et al., 2002; Nachman, 2002; 

Tenaillon et al 2002; Jensen-Seaman et al., 2004; Prachumwat et al. 2004; Barton et al., 

2008) as well as for virtual chromosomes in the Monte Carlo computer simulations 

(Waga et al., 2007). In the computer models, the implemented recombination events 

were distributed evenly along the chromosomes but haploid gametes forming the 

surviving zygotes were produced by recombination at the ends of chromosomes rather 

than in the middle of chromosomes. Uneven distribution of recombination events along 

the chromosomes is related to the distribution of genes on it and can strongly influence 

the evolution of strings of the linked genes. Computer simulations have shown that 

depending on the internal and external genomic conditions the evolutionary costs could 

be lower for the strategy of complementing the functions of clustered (linked) genes or 

for the purifying selection, under high recombination rate. Switching between these two 

strategies of the haplotype evolution has a phase transition character (Zawierta et al., 

2008) and it depends on the probability of recombination inside the cluster of genes 

(chromosome) and on the inbreeding coefficient (Waga et al., 2007). Inbreeding 

coefficient in natural populations depends on the effective size of populations (Ne) 



 5 

which usually are not very large and do not fulfil the rules governing the Mendelian 

population (ideal - infinite in size and panmictic). In models, inbreeding coefficient can 

be controlled by spatial distribution of individuals, restrictions in their relocations, 

mating restricted by distance between sexual partners and distances between parents and 

their offspring.  

In this paper we compare the results of analyses of the virtual genetic structure of 

computer simulated populations with some structural properties of human 

chromosomes, especially the relations between the recombination rate, the coding 

density and a strategy of their evolution. 

 

2. Materials and methods 

2.1. Statistics of human chromosomes and recombinations 

The size of human chromosomes, numbers of genes and their distribution were 

downloaded from the Ensembl Web site (http://www.ensembl.org/Homo_sapiens) 

(Release 57). This site provides a data set based on the February 2009 Homo sapiens 

high coverage assembly. Genetic maps of human chromosomes and values of 

recombination rate between markers came from human Icelandic family map 

constructed on the basis of 1,257 meioses and 5,136 microsatellite markers (Kong et al. 

2002). Localizations of individual genetic markers were downloaded from the UCSC 

Genome Browser (Kent et al. 2002; http://www.genome.ucsc.edu). To compare the 

results of computer simulations with the human genome data we have used the physical 

size of human chromosomes being the distance between the first and the last mapped 

markers on the genetic map of chromosome, measured in nucleotides. 

 



 6 

2.2. The model 

In our simulations, each Monte Carlo step (MCs) starts with a fixed-sized population of 

N individuals. Each individual is represented by its diploid genome composed of two 

homologous chromosomes (bitstrings L bits long). Bits correspond to genes, so if a bit 

is set to 0 – it corresponds to the functional (wild) allele. However, if a bit is set to 1 – it 

corresponds to the defective version of an allele. All defective alleles are recessive 

which means that both alleles at the corresponding positions in the two bitstrings (loci) 

have to be defective to determine the deleterious phenotype. The genomes of all 

newborns are checked and those with at least one defective phenotype are killed which 

corresponds to the selection coefficient equaled 1. Additionally, during each MCs 2% of 

populations is randomly killed. To fill up the gap, the genomes of newborns are 

constructed in the reproduction process where two individuals are randomly drawn from 

the survivors’ pool as the mating partners. Genome of each partner is replicated and one 

mutation is introduced into each copy of the bitstring in the random position. If the 

value of a bit at position chosen for mutation is 0 – it is changed to 1 if it is 1 – it stays 1 

(there are no reversions). The two copies of bitstrings recombine with probability C in 

the process imitating crossover at the same, randomly chosen positions. One copy of 

bitstring or one product of recombination, if crossover has occurred, is considered to be 

a gamete. The haploid gametes of two partners fuse and form the diploid zygote.  

New individuals are being produced until the population size reaches N. The varying 

parameters of the model are:  

N – population size, 

L – number of bits in the bitstring, 

C – recombination rate – the probability of recombination between bitstrings. 
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To show the differences between the two haplotypes of individuals we have analyzed 

the Hamming distance between them which is a sum of all corresponding loci which 

have different values of bits (0,1 or 1,0). In this case the Hamming distance represents 

the number of heterozygous loci. 

 

3. Results and discussion 

3.1. Complementary haplotype strategy versus purifying Darwinian selection 

In simulations performed according to the described model, it has been found that 

populations evolving under the constant parameters of N and L may choose between 

two strategies of their genome evolution depending on the recombination rate C, namely 

– purifying Darwinian selection with relatively low fraction of defective alleles or 

complementation of large fragments of bitstrings (Waga et al., 2007; Zawierta et al., 

2007). If recombination is switched off (C=0), after simulations being long enough, the 

populations reach a final stage with perfectly matched bitstrings – all loci are 

heterozygous. Switching between these two strategies has a very sharp transition 

character from purifying to the complementation strategy at critical recombination 

frequency. In panmictic populations the critical value of recombination depends on N. 

In fact, it depends on effective population size or inbreeding coefficient. When 

simulations are performed with large populations but with mating spatially restricted by 

distance between partners – the critical value of recombination does not depend on the 

value of N. Though, the phenomenon has properties of phase transition (Zawierta et al., 

2008).  

The results of series of simulations for two different N and constant L are shown in Fig. 

1. Under low recombination rate the complementing strategy is winning which results in 
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high Hamming distance between bitstrings, corresponding to the high number of 

heterozygous loci. Under higher recombination rate the purifying selection strategy, 

with lower fraction of heterozygous loci is winning. In larger populations, the transition 

from complementation to purifying selection happens at a lower recombination rate i.e. 

for N = 1000 the transition occurs between C = 0.18 and 0.19, for smaller populations, 

the transition is observed at a higher recombination rate (for N = 100 the transitions 

occurs between C = 0.7 and 0.71). The recombination rate at the transition will be called 

critical value and denominated by C
*
. What is also interesting is the fact that close to the 

transition point the ends of chromosomes are under purifying selection while the central 

parts of chromosome are rather complement. This observation suggests that uneven 

distribution of recombination events along the chromosomes should be observed – the 

higher recombination rates in the subtelomeric regions and the lower recombination 

rates in the central parts of chromosomes which agrees with the data obtained from the 

experimental studies of recombination in different organisms (Kong et al., 2002; 

Nachman, 2002; Tenaillon et al 2002; Jensen-Seaman et al., 2004; Prachumwat et al. 

2004; Barton et al., 2008).  

 

3.2. Chromosome length and coding density 

In models, the chromosome size is described by L – the number of bits in the bitstring, 

corresponding to the number of genes. The length of natural chromosomes can be 

measured in three different units: number of genes, physical units corresponding 

directly to the number of nucleotide pairs, and genetic units – centiMorgans 

corresponding to the frequency of recombinations (one centiMorgan is a fragment of 

chromosome where the probability of crossover is 1 percent). The physical size of 
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human chromosomes corresponding to the distance between the chromosome location 

of the first and the last mapped markers on the genetic map of chromosome, ranges 

from 31.5 Mb (Mb – million base pairs) to the 244.5 Mb (Kent et al. 2002; 

http://www.genome.ucsc.edu). We used these values to compare the results of computer 

simulations with the human genome data. The length of human chromosomes based on 

the physical size strongly correlates with genetic size measured in centiMorgans (Fig. 2 

A). Whereas, the number of genes contained in the human autosomes ranges from a few 

hundreds to more than two thousands. What is more important, some chromosomes of 

approximately the same size measured in base pairs or in centiMorgans contain 

significantly different number of genes (i.e. chromosomes 17, 18, 19 – see Table 1). As 

a result, the correlation between the size of chromosomes (both, genetic and physical) 

and their coding capacity measured in number of genes is not high (Fig. 2 B and C). 

Moreover, human chromosomes differ substantially in coding density measured in 

number of genes per recombination unit and coding density is not correlated with the 

chromosome size (Fig. 2 D). The highest coding density in the human genome is 

observed for the chromosome 19 and it is more than 6 times higher than for the smallest 

coding density observed for the chromosome 18. It doesn’t matter if we consider the 

size of chromosomes measured in base pairs or recombination units (Venter et al., 2001; 

Grimwood et al., 2004; Nusbaum et al., 2005).  The length of the chromosome 19 is 

almost four times smaller than that of the chromosome 2 which has a similar number of 

genes.  What is interesting, almost thirty percent of genes located on the chromosome 

19 are members of large, clustered gene families. In addition, majority of these familial 

clusters are represented by syntenically homologous clusters in mouse (Dehal et al., 
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2001). Therefore, to find out how the strategy of chromosome evolution depends on the 

coding density seems to be very important.  

 

3.3. Chromosome evolution 

In the computer models, the number of bits in the bitstrings (L) corresponding to the 

number of genes in chromosomes is usually used as synonym of their size. 

Recombination frequency (C) is not considered as a phenomenon concerning the 

chromosomal size. In fact, it determines the size of chromosomes in the genetic units 

measured in centiMorgans. If only one of these two parameters is changed – L or C, the 

coding density – measured in number of genes per centiMorgan is also changed. To 

show the effect of coding density on the evolution of genomes we have simulated 

populations with different size of bitstrings (L) and different recombination rate (C) 

and, looked for the C* value for different population size. Results are shown in Figures 

3 and 4. Notice that both figures are in log/log scale. 

The relation between critical recombination rate per bitstring and the number of bits in 

the bitstring for different population size is presented in Fig. 3. Bitstrings containing 

more bits (genes) enter the complementing strategy under higher recombination rate 

than those containing fewer bits, i.e. bitstrings 2048 bits long enter the complementing 

strategy at 2.5 crossovers per gamete production on average in the efficient population 

size of the order of 100 individuals. Those data correspond to the human chromosome 

1, which contains above 2000 genes and is about 274 centiMorgans long.  

In order to show more clearly how the critical recombination rate depends on the 

population size, Fig. 3 has been transposed into Fig. 4, where the relation between 

critical recombination rate and the effective population size is shown for bitstrings 
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containing different number of bits. Since both plots are linear in the log/log scale it 

means that the relations are of the power law type. For longer bitstrings the 

approximately parallel lines are shifted up. The results suggest that the chromosomes 

containing more genes enter the complementing strategy more easily. It agrees with the 

relation between the size of chromosomes and the values of the linkage disequilibrium 

(LD) found in natural genomes. It has been found that large chromosomes have 

generally stronger linkage disequilibrium in comparison to small chromosomes (Smith 

et al., 2005). One should remember that the human chromosomes differ significantly in 

their coding density measured as number of genes by centiMorgan and it is not 

correlated with the size of chromosomes.  

The relation between the numbers of genes per centiMorgan at critical recombination 

rate C* and the numbers of genes in the bitstrings is presented in Fig. 5. Density of 

genes per centiMorgan at C* is growing non-linearly with the number of genes in the 

bitstrings if the effective population size is constant. It can be expected that if the 

crossover frequency is proportional to the number of genes, the longer chromosomes 

should enter the complementing strategy easier. In addition, we have counted the 

number of genes per centiMorgan in human chromosomes and placed the corresponding 

values in the space of plots shown in Fig. 5. The majority of these values are located in 

the area of critical recombination rates characteristic for effective population size 

between 100 – 200 individuals, with the exception of chromosome 19, which is located 

between the line for population size of 300 and 400. Furthermore, it is worth noticing 

that the effective size of our virtual populations corresponds to the much higher real 

effective size of populations because in our model all individuals are in the reproduction 

age while in the human (age structured) populations approximately only one third of 
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individuals is in the reproduction age (Cavalli-Sforza et al., 1994). Therefore, the 

effective size of virtual populations should be multiplied by three, to compare with 

natural populations. The effective size of populations (Ne)  for critical value of 

recombination which was suggested by computer modelling seems to be lower than the 

usually quoted value of 10 000 (Takahata, 1993). However, Liu et al. (2006) after 

incorporating the geographic distances between populations, estimated an Ne value for 

about 1000 individuals for the founding population.  Thus, it seems reasonable to 

assume that humans evolved in the populations small enough to put the chromosomes 

close to the critical values of recombination. If the last suggestions are correct, the 

recombination events along the human chromosomes should be distributed unevenly, 

showing higher recombination rate in the subtelomeric regions than in the chromosome 

centres, like it has been shown previously in the computer modelling (Waga et al, 

2007). In fact, such an uneven distribution of recombination events has been observed 

for human chromosomes (Payseur and Nachman, 2000; Kong et al., 2002; Nachman, 

2002; Jensen-Seaman et al., 2004; Cheung et al., 2007). As a result, on average the LD 

is lower near telomeres than near centromers (The International HapMap Consortium, 

2005). It is agreed with data obtained from the detailed studies of linkage disequilibrium 

chromosome 19, where it was found several regions of excessively high LD near the 

centromere (Phillips et al., 2003). 

In Fig. 6 we have compared the real data obtained for human chromosomes with our 

virtual chromosomes. We have used the detrended cumulative plots to present the 

distribution of accepted recombination events in two human chromosomes and in one 

virtual chromosome after simulations. X-axis represents position on chromosome 

normalized to 1, while y-axis represents the normalized, cumulated differences between 
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the found recombination frequencies and the recombination expected to occur under 

assumption that it is distributed evenly. Thus, the increasing parts of the plots 

correspond to the relatively high recombination rate while decreasing parts correspond 

to the regions of chromosomes where recombination rate is lower than average for this 

chromosome. The same characteristic distributions of recombination events can be 

observed for all human autosomes. The similarity between results of simulations and 

experimental data from human chromosomes suggests that human chromosomes have 

evolved close to the critical values of recombination. Since the critical values of 

recombination are closely related to the effective population sizes, it could be concluded 

that humans have evolved in the relatively small populations. Recent results of 

simulations, performed with a model with many possible morphs of each gene confirm 

the results shown in this paper for the model assuming only two alleles for each gene 

(Cebrat et al, 2009). Similar results have been obtained in computer simulations when 

population size, instead of constant, has been controlled by Verhulst factor, threshold of 

deleterious mutations was higher (weaker selection force) and generations overlapped in 

more natural way (Stauffer and Cebrat, 2006, Kowalski et al., 2009) then in the simplest 

version of model which was rendered by the Penna ageing model (Penna, 1995). 

 

4. Conclusions 

Computer simulations of population evolution predict the uneven distribution of 

accepted recombination events inside the chromosomes. The higher recombination rates 

in the subtelomeric regions and the lower recombination rates in their central parts mean 

that these chromosomes recombine with frequency close to its critical value, where the 

switching between the two strategies of population evolution – the complementing 
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haplotypes and purifying selection is possible. The switching between those strategies 

depends on the chromosome length, their coding density, recombination rate and 

inbreeding. Regions with high coding density are more prone to enter the gene 

clustering strategy (i.e. 19 human chromosome). Comparisons of the properties of the 

human genomes with the virtual genomes suggests that humans evolved in relatively 

small effective populations. 
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Figures Legends: 

Fig. 1. Fraction of heterozygous loci along the virtual chromosomes in populations of 

different sizes [N] and recombination rates [C]. (A) N = 100 individuals, (B) N = 1000 

individuals. Notice, for larger populations complementing regions appear under lower 

recombination rate. 

 

Fig. 2. (A) The relation between the physical length of human chromosomes in millions 

base pairs and their length in genetic units – centiMorgans. (B) The relation between the 

genetic length of human chromosomes in centiMorgans and coding capacity measured 

in the number of genes per chromosome. (C) The relation between the physical length 

of human chromosomes in millions base pairs and their coding capacity measured in the 

number of genes per chromosome. (D) The relation between the coding density and the 

chromosome size.  

 

Fig. 3. Critical recombination rate [C*] as a function of length of virtual chromosomes 

measured in their coding capacity (number of genes) for different efficient population 

sizes [N]. See text for details. 

 

Fig. 4. Critical recombination rate for different length of chromosomes [L] in the 

relation with different population sizes. Notice the power law relation between the 

recombination rate and efficient population size – both axes in logarithmic scale.  

 

Fig. 5. Density of genes per centiMorgan at critical recombination rate for 

chromosomes containing different numbers of genes and for different population sizes 



 21 

[N]. Under conditions above the lines chromosomes choose the complementing strategy 

for a given population size while below the lines – the purifying strategy. Notice that 

short chromosomes can choose the complementing strategy at lower coding density per 

recombination unit. Solid circles mark the positions of human chromosomes in that 

virtual space (number of genes per centiMorgan versus total number of genes in 

chromosome). Under those conditions, some human chromosomes could choose the 

complementing strategy in the efficient population size of the order of 300 individuals 

at the reproduction age.  

 

Fig. 6. The detrended cumulative plot of the distribution of accepted recombinations 

along the chromosomes. Dense points (look like a bold line) – human chromosomes 13 

and 20, x – virtual chromosome of individuals evolving close to critical value of 

recombination. Increasing parts of plots represent the higher recombination rate than the 

average, decreasing parts show the regions where the recombination rate is lower than 

the average. 
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Table 1 

Number of protein coding genes on each human autosome. 

Chromosome  

Nr 
Assembly size

(Mb)
a

Physical length 

(Mb)
b

Genetic length 

(cM)
b

Number of 

genes
a

1 249.3 244.5 274.27 2068 

2 243.2 241.6 259.43 1310 

3 198.0 197.5 221.83 1124 

4 191.2 190.0 204.47 840 

5 180.9 180.2 205.69 948 

6 171.1 170.0 189.6 1066 

7 159.1 155.9 182.96 1027 

8 146.4 145.1 166.08 789 

9 141.2 140.6 160.01 839 

10 135.5 134.3 177.19 812 

11 135.0 133.0 152.45 1383 

12 133.9 132.7 171.21 1084 

13 115.2 94.3 129.52 340 

14 107.3 83.8 122.82 663 

15 102.5 77.3 133.61 708 

16 90.4 89.4 129.99 956 

17 81.2 79.8 135.67 1257 

18 78.1 77.2 121.65 304 

19 59.1 56.8 109.73 1495 

20 63.0 57.7 98.63 570 

21 48.1 30.1 65.59 249 

22 51.3 31.5 68.82 490 

a
Assembly size human chromosomes means the size of the chromosome based on the 

complete genome assembly.  
b
The physical size is the distance in Mb between the first and last mapped markers and 

genetic length is the distance in cM between the first and last mapped markers. 
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