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❆❜str❛❝t✳ ❚❤✐s ✇♦r❦ ✐s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ❛ s✐♥❣✉❧❛r ❡q✉❛t✐♦♥ s❡t
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♣r❡❝✐s❡❧②✱ ❢♦r ❛ ❞❛t✉♠ g : R
3
+ → R✱ ♦✉r ♣r♦❜❧❡♠ ❝♦♥s✐sts ✐♥ s❡❡❦✐♥❣ u : R

3
+ → R

❢♦r♠❛❧❧② s♦❧✉t✐♦♥ t♦✿

−❞✐✈

„

1

x3
∇u

«

= g ✐♥ R
3
+, u = 0 ♦♥ Γ = R

2 × {0} .

❲❡ ❣✐✈❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉❧ts ♦❢ ✇❡❛❦ ❛♥❞ str♦♥❣ s♦❧✉t✐♦♥s ✐♥ s✉✐t❛❜❧❡

✇❡✐❣❤t❡❞ s♣❛❝❡s✱ ✇❤❡r❡ t❤❡ ✇❡✐❣❤t ❞❡♣❡♥❞s ♦♥ x3✳

❑❡② ✇♦r❞s✳ ❊❧❧✐♣t✐❝ ❡q✉❛t✐♦♥✱ s✐♥❣✉❧❛r ❡q✉❛t✐♦♥✱ ❤❛❧❢✲s♣❛❝❡✱ ✇❡✐❣❤t❡❞ s♣❛❝❡s✱

✇❡❛❦ s♦❧✉t✐♦♥s✱ str♦♥❣ s♦❧✉t✐♦♥s✱ ❍❛r❞②✬s ✐♥❡q✉❛❧✐t②✳
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✶ ■♥tr♦❞✉❝t✐♦♥

❚❤✐s ✇♦r❦ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ ❛ s✐♥❣✉❧❛r ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥ s❡t ✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡
R

3
+✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r ❛ ❞❛t✉♠ g : R

3
+ → R✱ ♦✉r ♣r♦❜❧❡♠ ❝♦♥s✐sts ✐♥ ❧♦♦❦✐♥❣ ❢♦r

u : R
3
+ → R ❢♦r♠❛❧❧② s♦❧✉t✐♦♥ t♦✿

−❞✐✈

(

1

x3
∇u
)

= g ✐♥ R
3
+, u = 0 ♦♥ Γ = R

2 × {0} . ✭✶✮

❚♦ ✉♥❞❡rst❛♥❞ t❤❡ ♦r✐❣✐♥s ♦❢ t❤✐s ❡q✉❛t✐♦♥✱ ✇❡ t✉r♥ t♦ t❤❡ ✇♦r❦ ♦❢ ❇r❡s❝❤✱ ●✉✐❧❧é♥✲
●♦♥③á❧❡③ ❛♥❞ ▲❡♠♦✐♥❡ ✐♥ ❬✼❪✱ ✇❤♦ st✉❞② ❛♥ ❛♥❛❧♦❣♦✉s ❡q✉❛t✐♦♥ s❡t ✐♥ r❡❣✉❧❛r ❜♦✉♥❞❡❞
❞♦♠❛✐♥ ω ⊂ R

2✳ ●✐✈❡♥ h : ω → R ❛♥❞ g : ω → R✱ t❤❡ ❛✉t❤♦rs ❛r❡ ❧♦♦❦✐♥❣ ❢♦r
ψ : ω → R ❢♦r♠❛❧❧② s♦❧✉t✐♦♥ t♦✿

−❞✐✈

(

1

h
∇Ψ

)

= g ✐♥ ω, Ψ = 0 ♦♥ ∂ω. ✭✷✮

❇❛s✐❝❛❧❧②✱ h ✐s ❛ ♣♦s✐t✐✈❡ ▲✐s♣✐❝❤t③✲❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣✱ ❜❡❤❛✈✐♥❣ ❛s t❤❡ ❞✐st❛♥❝❡
❢✉♥❝t✐♦♥ δ(x′) = ❞✐st(x′, ∂ω)✱ x′ ∈ ω✱ ✐♥ ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ ∂ω✳

✶



❚❤❡ ❛✉t❤♦rs ✐♥ ❬✼❪ ❡①♣❧❛✐♥ ❤♦✇ s✉❝❤ s✐♥❣✉❧❛r ❡q✉❛t✐♦♥ ✭✷✮ ♥❛t✉r❛❧❧② ❛♣♣❡❛rs ✐♥ t❤❡
st✉❞② ♦❢ ♠♦❞❡❧s ✐ss✉❡❞ ❢r♦♠ ♦❝❡❛♥♦❣r❛♣❤②✱ ✉♥❞❡r ❛ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ❛ss✉♠♣t✐♦♥
❛♥❞ s❡t ✐♥ ❞♦♠❛✐♥s ✇✐t❤ ✈❛♥✐s❤✐♥❣ ❞❡♣t❤✳ ■t ✐s t❤❡ ❝❛s❡ ❢♦r ❡①❛♠♣❧❡ ♦❢ t❤❡ ♣❧❛♥❡t❛r②
❣❡♦str♦♣❤✐❝ ❡q✉❛t✐♦♥ ❬✾❪✱ t❤❡ ✈❡rt✐❝❛❧✲❣❡♦str♦♣❤✐❝ ❡q✉❛t✐♦♥s ❬✽❪✱ ❛♥❞ t❤❡ ❤②❞r♦st❛t✐❝
❙t♦❦❡s ♦r ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❬✶✱ ✸✱ ✺✱ ✶✶✱ ✶✺❪✳ ❇❡❢♦r❡ st❛t✐♥❣ t❤❡✐r ♠❛✐♥ r❡s✉❧t✱
✇❡ ❞❡✜♥❡ t❤❡ s♣❛❝❡

H(ω) =
{

Ψ ∈ L2(ω) / h−1/2∇ψ ∈ L2(ω)2, Ψ = 0 ♦♥ ∂ω
}

,

❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♥♦r♠ ‖Ψ‖H(ω) =
∥

∥h−1/2∇Ψ
∥

∥

L2(ω)2
✳

❚❤❡♦r❡♠ ✶✳✶✳ ▲❡t g ❜❡ s✉❝❤ t❤❛t δh1/2g ∈ L2(ω)✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ Ψ
♦❢ ✭✷✮ s✉❝❤ t❤❛t Ψ ∈ H(ω) ❛♥❞✿

‖Ψ‖H(ω) 6 C
∥

∥

∥
δh1/2g

∥

∥

∥

L2(ω)
.

▼♦r❡♦✈❡r✱ ✐❢ h1/2g ∈ L2(ω), t❤❡♥✿

h1/2∇(
1

h
∇Ψ) ∈ L2(ω)4,

∥

∥

∥

∥

h1/2∇(
1

h
∇Ψ)

∥

∥

∥

∥

L2(ω)4
6 C

∥

∥

∥
h1/2g

∥

∥

∥

L2(ω)
.

❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ♥♦ t❤❡♦r❡t✐❝❛❧ st✉❞② ✇❛s ♠❛❞❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❤❛❧❢✲s♣❛❝❡
R

2
+✱ ❤♦✇❡✈❡r ✉s❡❢✉❧❧ t♦ ♦❜t❛✐♥ ❛ ❣♦♦❞ ❝♦♠♣r❡❤❡♥s✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ❛ ❜♦✉♥❞❡❞

❞♦♠❛✐♥✳ ❚❤✐s ♣❛♣❡r ✐s t❤❡r❡❢♦r❡ ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ s✉❝❤ ❛ ❝❛s❡✱ s❡❡ ✭✶✮✳ ❲❡
♣r❡s❡♥t t❤❡ ❝❛s❡ ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥ ✸ ♦♥❧② ❢♦r t❡❝❤♥✐❝❛❧ r❡❛s♦♥s✱ ❡①♣❧❛✐♥❡❞ ❧❛t❡r✳
❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ♦✉r ✇♦r❦ ❡♥❛❜❧❡s t♦ ❛❝❤✐❡✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t s✐♠✐❧❛r t♦ ❚❤❡♦r❡♠
✶✳✶✱ ✐♥ ❛ ❝♦♥t❡①t ♦❢ ✇❡✐❣❤t❡❞ s♣❛❝❡s✱ ✇❤❡r❡ t❤❡ ✇❡✐❣❤t ❞❡♣❡♥❞s ♦♥ x3✳ ❇❡❢♦r❡❤❛♥❞✱
✇❡ ✐♥tr♦❞✉❝❡ ♣r❡♠❛t✉r❡❧② t❤❡ s♣❛❝❡ W 1, 2

− 1
2 , x3

(R3
+)✱ s❡❡ ✭✶✶✮✱ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♥♦r♠

❣✐✈❡♥ ❜② ✭✶✷✮✳

❚❤❡♦r❡♠ ✶✳✷✳ ▲❡t g ∈ D′(R3
+) s✉❝❤ t❤❛t x

3/2
3 g ∈ L2(R3

+)✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛

✉♥✐q✉❡ s♦❧✉t✐♦♥ u ∈ W 1, 2

− 1
2 , x3

(R3
+) ♦❢ ✭✶✮✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C

s✉❝❤ t❤❛t✿
‖u‖W 1, 2

−
1
2

, x3
(R3

+) 6 C
∥

∥

∥x
3/2
3 g

∥

∥

∥

L2(R3
+)
.

■❢ ✐♥ ❛❞❞✐t✐♦♥✱
√
x3g ∈ L2(R3

+), t❤❡♥

√
x3∇(

1

x3
∇u) ∈ L2(R3

+)9,

∥

∥

∥

∥

√
x3∇(

1

x3
∇u)

∥

∥

∥

∥

L2(R3
+)9

6 C ‖√x3g‖L2(R3
+) .

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❧❛r❣❡r ❝❧❛ss ♦❢ ❞❛t❛ g ✐♥ s✉✐t❛❜❧❡ ✇❡✐❣❤t❡❞ s♣❛❝❡s✱
❛♥❞ ❣✐✈❡ r❡s✉❧ts ♦❢ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ✇❡❛❦ ❛♥❞ str♦♥❣ s♦❧✉t✐♦♥s t♦ ✭✶✮✱ t❤❛t
✐♥❝❧✉❞❡ ❚❤❡♦r❡♠ ✶✳✷✳
◆♦t❡ t❤❛t t❤❡ ✐❞❡❛s ❝♦♥t❛✐♥❡❞ ✐♥ t❤✐s ✇♦r❦✱ ❝❛♥ ❜❡ ❛❞❛♣t❡❞ t♦ t❤❡ R

N
+ ✲❝❛s❡ ✇❤❡r❡

N > 3✳ ■♥ t❤❡ R
2
+✲❝❛s❡✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ✐♥tr♦❞✉❝❡ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❧♦❣❛r✐t❤♠✐❝ ✇❡✐❣❤t✱

✇❤✐❝❤ ❝♦♠♣❧✐❝❛t❡s ❛ ❜✐t ♠♦r❡ t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧ts✳ ❚❤✐s ✐s ✇❤② ✇❡ ❧✐♠✐t
♦✉r st✉❞② t♦ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥ ✸✳

❆♥ ♦✉t❧✐♥❡ ♦❢ t❤✐s ♣❛♣❡r ✐s ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ s❡t t❤❡ ❢✉♥❝t✐♦♥❛❧ ❢r❛♠❡✇♦r❦✱
❜② ✐♥tr♦❞✉❝t✐♥❣ t✇♦ ❦✐♥❞s ♦❢ ✇❡✐❣❤t❡❞ s♣❛❝❡s✳ ❋✐rst❧②✱ ✇❡ ❣✐✈❡ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡
✇❡✐❣❤t❡❞ s♣❛❝❡s W 1, 2

α (R3
+)✱ s❡❡ ✭✹✮✱ ❡♥❝♦✉♥t❡r❡❞ ✐♥ ✇♦r❦s ❝♦♥❝❡r♥✐♥❣ ❢♦r ❡①❛♠♣❧❡

▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥ st✉❞✐❡❞ ✐♥ R
3
+✳ ❙❡❝♦♥❞❧②✱ ✇❡ ✇✐❧❧ ❜✉✐❧❞ ❛♥♦t❤❡r ❢❛♠✐❧② ♦❢ ✇❡✐❣❤t❡❞

s♣❛❝❡s W 1, 2
α, x3

(R3
+)✱ s❡❡ ✭✶✶✮✱ ✇❤❡r❡ t❤❡ ✇❡✐❣❤t ❞❡♣❡♥❞s ♦♥ x3✱ ❛♥❞ ❡s♣❡❝✐❛❧❧② ❛❞❛♣t❡❞

t♦ t❤❡ st✉❞② ♦❢ ✭✶✮✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ✇♦r❦ ♦❢ ●r✐s✈❛r❞ ❬✶✷❪✱ ✇❡ ✇✐❧❧ ❞❡✜♥❡ ❛ tr❛❝❡ ♦♣❡r❛t♦r✱

✷



❣✐✈❡ ❞❡♥s✐t② r❡s✉❧ts ❛♥❞ ❣❡♥❡r❛❧✐③❡❞ ❍❛r❞②✬s ✐♥❡q✉❛❧✐t✐❡s✳ ❲❡ ✇✐❧❧ ✜♥✐s❤ t❤✐s s❡❝t✐♦♥
✇✐t❤ ❛ ❝♦♠♣❛r❛✐s♦♥ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❢❛♠✐❧✐❡s ♦❢ ✇❡✐❣❤t❡❞ s♣❛❝❡s✱ ♣r♦✈✐♥❣ ❝♦♥t✐♥✉♦✉s
❛♥❞ ❞❡♥s❡ ❡♠❜❡❞❞✐♥❣s ❜❡t✇❡❡♥ t❤❡♠✳
■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ st✉❞② t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s t♦ ✭✶✮✱ ❜②
❝♦♥s✐❞❡r✐♥❣ ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ ❞❛t❛ g✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ♣r♦✈❡ ✐♥ ❚❤❡♦r❡♠ ✸✳✷ t❤❡
❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✶✮ ✐♥ W 1, 2

α, x3
(R3

+)✱ ✇❤✐❧❡ ✐♥ ❚❤❡♦r❡♠
✸✳✹✱ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✶✮ ✐s ♦❜t❛✐♥❡❞ ✐♥ W 1, 2

α (R3
+)✳

❚❤❡ ❧❛st s❡❝t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r ✐s ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ str♦♥❣ s♦❧✉t✐♦♥s t♦ ✭✶✮✱
❝♦♠♣❧❡t✐♥❣ t❤❡ t❤❡♦r❡t✐❝❛❧ st✉❞② ♦❢ Pr♦❜❧❡♠ ✭✶✮✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❣✐✈❡ t✇♦ s✐t✉❛t✐♦♥s
✇❤❡r❡ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✸✳✷ ✐s ✐♥ ❢❛❝t ❛ str♦♥❣ s♦❧✉t✐♦♥✱ s❡❡ ❚❤❡♦r❡♠ ✹✳✶
❛♥❞ ❚❤❡♦r❡♠ ✹✳✺✳

✷ ❋✉♥❝t✐♦♥❛❧ ❢r❛♠❡✇♦r❦

❚❤✐s ✜rst s❡❝t✐♦♥ ✐s ❛✐♠❡❞ t♦ s❡t t❤❡ ❢✉♥❝t✐♦♥❛❧ ❢r❛♠❡✇♦r❦ ❛❞♣❛t❡❞ t♦ t❤❡ st✉❞② ♦❢
Pr♦❜❧❡♠ ✭✶✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❞❡✜♥❡ ❛♥❞ st✉❞② ❤❡r❡ t❤❡ ❛♣♣r♦♣r✐❛t❡ s♣❛❝❡ ❢♦r ✇❡❛❦
s♦❧✉t✐♦♥s t♦ ✭✶✮✳
▲❡t ✉s ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❞❛t✉♠ g s✉❝❤ t❤❛t x3g ∈
L2(R3

+)✳ ❋♦r♠❛❧❧②✱ ❧❡t ✉s ♠✉❧t✐♣❧② ✭✶✮ ❜② x3u ❛♥❞ ✐♥t❡❣r❛t❡ ♦✈❡r R
3
+✳ ❚❤❡♥✱ ✉s✐♥❣

●r❡❡♥✬s ❢♦r♠✉❧❛ ❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦✈❡r u✱ ✇❡ ❞❡❞✉❝❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥❡r❣② ❡q✉❛❧✐t②✿

✂
R

3
+

|∇u|2 dx+
1

2

✂
R

3
+

∣

∣

∣

∣

u

x3

∣

∣

∣

∣

2

dx =

✂
R

3
+

x3gu dx.

❚❤❡r❡❢♦r❡✱ ✇❡ ❛r❡ ♥❛t✉r❛❧❧② ❧❡❛❞ t♦ ❧♦♦❦ ❢♦r ✇❡❛❦ s♦❧✉t✐♦♥s u s✉❝❤ t❤❛t✿

∇u ∈ L2(R3
+)3,

u

x3
∈ L2(R3

+), u = 0 ♦♥ Γ. ✭✸✮

❚❤✐s ✜rst s✐t✉❛t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶✱ ✇❤❡r❡ ✇❡ ❡st❛❜❧✐s❤ t❤❡ ❡①✐st❡♥❝❡
❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s✉❝❤ ❛ ✇❡❛❦ s♦❧✉t✐♦♥✳ ❚❤❡♥✱ s✐♥❝❡ |x3| 6 (1 + |x|2)1/2✱ ❛♥② ✇❡❛❦
s♦❧✉t✐♦♥ s❛t✐s❢②✐♥❣ ✭✸✮ ✐s ✐♥ ❢❛❝t ✐♥ t❤❡ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡ W 1, 2

0 (R3
+)✱ ✇❤❡r❡✿

W 1, 2
0 (R3

+) =

{

u ∈ D′(R3
+) /

u

(1 + |x|2)1/2
∈ L2(R3

+) ❛♥❞ ∇u ∈ L2(R3
+)3

}

.

❆♥❞ t❤❡r❡❢♦r❡✱ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ u = 0 ♦♥ Γ ✐s ♠❡❛♥✐♥❣❢✉❧❧✳

▲❡t ✉s r❡❝❛❧❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s W 1, 2
α (R3

+)✱ ✉s❡❢✉❧❧ ✐♥ t❤❡
s❡q✉❡❧✱ ❛♥❞ st✉❞② ❛ ♥❡✇ ❢❛♠✐❧❧② ♦❢ ✇❡✐❣❤t❡❞ s♣❛❝❡s✱ ✇❤❡r❡ t❤❡ ✇❡✐❣❤t ❞❡♣❡♥❞s ♦♥ x3✱
s❡❡ ✭✶✶✮✳

✷✳✶ ❆♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s W
1, 2
α (R3

+)

■♥ ❛ ❣❡♥❡r❛❧ ✇❛②✱ t❤❡ s♣❛❝❡s W 1, 2
α (R3

+)✱ α ∈ R✱ ❤❛✈❡ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ s✐♥❝❡ t❤❡②
❛r❡ ❛❞❛♣t❡❞ t♦ t❤❡ st✉❞② ♦❢ s♦♠❡ s❡❝♦♥❞ ♦r❞❡r ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥s s❡t ✐♥ R

3
+✱ ❛♥❞ ♠♦r❡

♣r❡❝✐s❡❧②✱ t♦ t❤❡ ▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥ ✇✐t❤ ✐♥❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ♦r ◆❡✉♠❛♥ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✳ ❲❡ r❡❢❡r ❤❡r❡ t♦ t❤❡ ✇♦r❦ ♦❢ ❆♠r♦✉❝❤❡ ❛♥❞ ◆❡č❛s♦✈❛ ❬✷❪✱ ❇♦✉❧♠❡③❛♦✉❞
❬✻❪✱ ♦r t❤❡ ♦♥❡ ♦❢ ❍❛♥♦✉③❡t ❬✶✸❪✳

▲❡t α ∈ R ❛♥❞ s❡t ❢♦r ❛♥② x ∈ R
3
+✱ ρ(x) =

√

1 + |x|2✱ ✇❤❡r❡ |x| ❞❡♥♦t❡s t❤❡
❡✉❝❧✐❞❡❛♥ ♥♦r♠ ♦❢ x✳ ❚❤❡♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡✿

W 1, 2
α (R3

+) =
{

u ∈ D′(R3
+) / ρα−1u ∈ L2(R3

+) ❛♥❞ ρα∇u ∈ L2(R3
+)3
}

, ✭✹✮

✸



✇❤✐❝❤ ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡ ❢♦r t❤❡ ♥♦r♠✿

‖u‖W 1, 2
α (R3

+) =
(

∥

∥ρα−1u
∥

∥

2

L2(R3
+)

+ ‖ρα∇u‖2
L2(R3

+)3

)1/2

. ✭✺✮

❚❤❡ ✇❡✐❣❤t ρ ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t t❤❡ s♣❛❝❡ W 1, 2
α (R3

+) s❛t✐s✜❡s t✇♦ ❢✉♥❞❛♠❡♥t❛❧

♣r♦♣❡rt✐❡s✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ D(R3
+) ✐s ❞❡♥s❡ ✐♥ W 1, 2

α (R3
+) ✭s❡❡ ❬✶✸❪✮✳ ❖♥ t❤❡ ♦t❤❡r

❤❛♥❞✱ ✐❢ α 6= −1/2✱ ❛♥② ❢✉♥❝t✐♦♥s ♦❢ W 1, 2
α (R3

+) s❛t✐s✜❡s ❛ P♦✐♥❝❛ré t②♣❡ ✐♥❡q✉❛❧✐t②
✭s❡❡ ❬✷❪✮✳

❆s 1
ρ ✐s ❜♦✉♥❞❡❞✱ ♥♦t❡ t❤❛t ❢♦r ❛♥② α > β✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣

❤♦❧❞s✿
W 1, 2

α (R3
+) →֒W 1, 2

β (R3
+), ✭✻✮

❚❤❡♥✱ ❛♥② ❢✉♥❝t✐♦♥ u ✐♥ W 1, 2
α (R3

+) ❤❛s ❛ tr❛❝❡ ♦♥ Γ✱ ❛♥❞ u|Γ ❜❡❧♦♥❣s t♦ t❤❡ ✇❡✐❣❤t❡❞

s♣❛❝❡ W
1/2, 2
α (Γ)✳ ❋♦r ♠♦r❡ ♣r❡❝✐s✐♦♥✱ ✇❡ r❡❢❡r t♦ ❬✶✸❪✳

❚❤❡♦r❡♠ ✷✳✶✳ ❚❤❡ ♠❛♣♣✐♥❣ γ : u 7→ u(x′, 0) ❞❡✜♥❡❞ ♦♥ D(R3
+)✱ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ✐♥

❛ ✉♥✐q✉❡ ✇❛② t♦ ❛ ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣✱ st✐❧❧ ❞❡♥♦t❡❞ ❜② γ✱ ❢r♦♠ W 1, 2
α (R3

+)

✐♥t♦ W
1/2, 2
α (Γ)✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ s❤♦rt ♣❛r❛❣r❛♣❤ ✐s ❞❡❞✐❝❛t❡❞ t♦ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s♣❛❝❡ W̊ 1,2
α (R3

+)✱
t❤❡ ❝❧♦s✉r❡ ♦❢ D(R3

+) ✐♥W 1, 2
α (R3

+)✳ ❋✐rst❧②✱ ✇❤❡♥ α 6= −1/2 ❛♥❞ ❛❝❝♦r❞✐♥❣ ❢♦r ❡①❛♠♣❧❡
t♦ ❬✻❪✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❍❛r❞② t②♣❡ ✐♥❡q✉❛❧✐t②✿

∀u ∈ W̊ 1,2
α (R3

+),
∥

∥ρα−1u
∥

∥

L2(R3
+)

6 Hα ‖ρα∇u‖L2(R3
+)3 , ✭✼✮

✇❤❡r❡ Hα ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✱ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ α✳ ❆♥❞ ❢♦❧❧♦✇✐♥❣ ❢♦r ❡①❛♠♣❧❡ t❤❡
♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ■✳✷ ♦❢ ❬✶✸❪✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ Hα = 2

(2α+1) ✇❤❡♥ 0 6 α 6 1✱ ②✐❡❧❞✐♥❣

✜♥❛❧❧②✿

∀u ∈ W̊ 1,2
α (R3

+),
∥

∥ρα−1u
∥

∥

L2(R3
+)

6
2

(2α+ 1)
‖ρα∇u‖L2(R3

+)3 . ✭✽✮

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✼✮ ❛♥❞ st✐❧❧ ✐❢ α 6= −1/2✱ t❤❡ ♠❛♣♣✐♥❣ u 7→ ‖ρα∇u‖L2(R3
+)3

❞❡✜♥❡s ❛ ♥♦r♠ ♦♥ W̊ 1,2
α (R3

+)✱ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♦♥❡ ❞❡✜♥❡❞ ✐♥ ✭✺✮✳ ❙❡❝♦♥❞❧②✱ ✐t ✐s ❛❧s♦
♣r♦✈❡❞ ✐♥ ❬✶✸❪ ♣❛❣❡ ✷✸✽✱ t❤❛t ❢♦r ❛♥② α, β ∈ R t❤❡ ♠❛♣♣✐♥❣ ❜❡❧♦✇ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✿

Tρ,β : u ∈ W̊ 1,2
α (R3

+) 7→ ρβu ∈ W̊ 1, 2
α−β(R3

+), ✭✾✮

❛♥❞ ♦♥❡ ❤❛s t❤❡ ❡st✐♠❛t❡✿

∀u ∈ W̊ 1,2
α (R3

+), ‖Tρ, βu‖W 1, 2
α−β

(R3
+) 6

√

1 + β2 ‖u‖W 1, 2
α (R3

+) . ✭✶✵✮

❋✐♥❛❧❧②✱ ❛♥❞ ❛❝❝♦r❞✐♥❣ t♦ ❬✶✸❪ ♣❛❣❡ ✷✺✽ ❚❤❡♦r❡♠ ■■✳ ✸✱ t❤❡ s♣❛❝❡ W̊ 1,2
α (R3

+) ❝❛♥ ❜❡
❝❤❛r❛❝t❡r✐③❡❞ ❛s t❤❡ ❦❡r♥❡❧ ♦❢ γ✿

W̊ 1,2
α (R3

+) =
{

u ∈W 1, 2
α (R3

+) / u = 0 ♦♥ Γ
}

.

❲❡ ✜♥✐s❤ t❤✐s ♣❛r❛❣r❛♣❤ ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡ s♣❛❝❡ ♦❢ ❞✐str✐❜✉t✐♦♥s W−1, 2
−α (R3

+) ❛s t❤❡

❞✉❛❧ s♣❛❝❡ ♦❢ W̊ 1,2
α (R3

+)✳

✹



✷✳✷ ❚❤❡ s♣❛❝❡s W
1, 2
α, x3

(R3
+)

❋♦r α ∈ R✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❍✐❧❜❡rt s♣❛❝❡✿

W 1, 2
α, x3

(R3
+) =

{

u ∈ D′(R3
+) / xα−1

3 u ∈ L2(R3
+), xα

3∇u ∈ L2(R3
+)3
}

, ✭✶✶✮

❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♥♦r♠✿

‖u‖W 1, 2
α, x3

(R3
+) =

(

∥

∥xα−1
3 u

∥

∥

2

L2(R3
+)

+ ‖xα
3∇u‖

2
L2(R3

+)3

)1/2

. ✭✶✷✮

■♥ t❤❡ ❡❛r❧② ✶✾✻✵s✱ ❛ s✐♠✐❧❛r s♣❛❝❡ ❤❛s ❜❡❡♥ st✉❞✐❡❞ ❜② ●r✐s✈❛r❞✱ s❡❡ ❬✶✷❪✳ ■♥ ❤✐s
✇♦r❦✱ ●r✐s✈❛r❞ ❝♦♥s✐❞❡rs t❤❡ ❝❛s❡ ♦❢ ❢✉♥❝t✐♦♥s u s❛t✐s❢②✐♥❣✿

xα
3 u ∈ L2(R3

+), xα
3∇u ∈ L2(R3

+)3.

❍❡ ❡st❛❜❧✐s❤❡s ❝r✉❝✐❛❧ ♣r♦♣❡rt✐❡s✱ s✉❝❤ ❛s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ tr❛❝❡ ♦♣❡r❛t♦r ❛♥❞ ❞❡♥s✐t②
r❡s✉❧ts✳ ❋♦❧❧♦✇✐♥❣ ❤✐s ✐❞❡❛s✱ ✇❡ ❜❡❣✐♥ t❤✐s s❡❝t✐♦♥ ❜② ❡st❛❜❧✐s❤✐♥❣ t❤❛t ✇❤❡♥ α < 1/2✱
❛♥② ❢✉♥❝t✐♦♥s u ♦❢ W 1, 2

α, x3
(R3

+) ♣♦ss❡ss❡s ❛ tr❛❝❡ ✐♥ L2(R2)✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ♣r♦✈❡ t❤❛t
❛♥② ❢✉♥❝t✐♦♥ u ♦❢W 1, 2

α, x3
(R3

+) ✐s ❝♦♥t✐♥✉♦✉s ✐♥ t❤❡ ✈❡rt✐❝❛❧ ❞✐r❡❝t✐♦♥✱ ❡♥s✉r✐♥❣ t❤❡r❡❢♦r❡
t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❡①♣❡❝t❡❞ tr❛❝❡✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳ ▲❡t α < 1/2✳ ❚❤❡ ♠❛♣♣✐♥❣ u 7→ γu ❞❡✜♥❡❞ ❜②✿

γu = lim
x3→0

u(·, x3),

✐s ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ❢r♦♠ W 1, 2
α, x3

(R3
+) ✐♥t♦ L2(R2)✳

Pr♦♦❢✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ s❡t E = L2(R2)✳ ❚❤❡♥✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡ ✭✶✮✿

F =
{

v ∈ L2
(α−1)(0, +∞; E) / v′ ∈ L2

α(0, +∞; E)
}

,

❛♥❞ ♥♦t❡ t❤❛t W 1, 2
α, x3

(R3
+) ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ❛s ❛ s✉❜s♣❛❝❡ ♦❢ F ✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢

t❤❡ t❤❡♦r❡♠ ♦❢ ❋✉❜✐♥✐✳ ❚❤❡r❡❢♦r❡✱ ✐❢ ✇❡ ♣r♦✈❡ t❤❛t F ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥
C0([0, +∞[; E)✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❞❡✜♥❡ u(0) ❛s ✇❡❧❧ ❛s γu ∈ E ❢♦r ❛♥② u ∈W 1, 2

α, x3
(R3

+)✳
❲❡ ❢♦❝✉s ♥♦✇ ♦♥ ❡st❛❜❧✐s❤✐♥❣ t❤✐s ❡♠❜❡❞❞✐♥❣✳ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✐♥❡q✉❛❧✐t✐❡s ❜❡❧♦✇✱
❛✈❛✐❧❛❜❧❡ ❢♦r ❛♥② v ∈ F ❛♥❞ T > 0✿

✂ T

0

‖v(t)‖E dt 6

(✂ +∞

0

‖v(t)‖2
E t2(α−1) dt

)1/2
(✂ T

0

t−2(α−1) dt

)1/2

,

✂ T

0

‖v′(t)‖E dt 6

(✂ +∞

0

‖v(t)‖2
E t2α dt

)1/2
(✂ T

0

t−2α dt

)1/2

,

t❤❛t t❤❡ ♠❛♣♣✐♥❣ v 7→ (v, v′) ✐s ❝♦♥t✐♥✉♦✉s ❢r♦♠ F ✐♥t♦ L1
❧♦❝

([0, +∞[; E)2 ✳ ❆s ❛
❝♦♥s❡q✉❡♥❝❡✱ ♦♥❡ ❤❛s ♣r♦✈❡❞ t❤❛t✿

F →֒ C0([0, +∞[; E),

❛♥❞ t❤❡ ♣r♦♦❢ ✐s ✜♥✐s❤❡❞✳

❲❡ ❢♦❧❧♦✇ t❤✐s s❡❝t✐♦♥ ❜② ❡st❛❜❧✐s❤✐♥❣ ❛ ❞❡♥s✐t② r❡s✉❧t✱ ❛❞❛♣t❡❞ ❢r♦♠ ❬✶✷❪✳

✶L2
α(0, +∞; E) ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s v : ]0, +∞[→ E s✉❝❤ t❤❛t✿

✂ +∞

0
‖v‖2

E t2α dt < ∞.

✺



❚❤❡♦r❡♠ ✷✳✸✳ ❋♦r ❛♥② α ∈ R✱ t❤❡ s♣❛❝❡ D(R3
+) ✐s ❞❡♥s❡ ✐♥ W 1, 2

α, x3
(R3

+)✳ ❆s ❛
❝♦♥s❡q✉❡♥❝❡✱ ✐❢ α < 1/2 t❤❡ ❢✉♥❝t✐♦♥s ♦❢ W 1, 2

α, x3
(R3

+) ❤❛s ♥✉❧❧ tr❛❝❡ ♦♥ R
2✳

Pr♦♦❢✳ ■❢ ✇❡ ♣r♦✈❡ t❤❛t D(R3
+) ✐s ❞❡♥s❡ ✐♥W 1, 2

α, x3
(R3

+)✱ t❤❡♥ ✐t ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥
✷✳✷ t❤❛t ✇❤❡♥❡✈❡r t❤❡ tr❛❝❡ ♦❢ u ✐s ❞❡✜♥❡❞✱ ✐t ✐s ♥❡❝❡ss❛r✐❧② ❡q✉❛❧ t♦ ✵✳
❊①❝❡♣t✐♦♥❛❧❧② ✐♥ t❤✐s ♣r♦♦❢✱ ✇❡ ❞❡♥♦t❡ ❜② E ′(R3

+) t❤❡ s❡t ♦❢ ❞✐str✐❜✉t✐♦♥s ✇✐t❤ ❝♦♠♣❛❝t

s✉♣♣♦rt ✐♥ R
3
+✱ ❛♥❞ E ′(R3

+) t❤❡ s❡t ♦❢ ❞✐str✐❜✉t✐♦♥s ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥ R
3
+✳ ❚❤❡

♣r♦♦❢ ✐s t❤❡♥ ❞✐✈✐❞❡❞ ✐♥t♦ t❤r❡❡ st❡♣s✳

❙t❡♣ ♦♥❡✳ ■t ✐s ❝❧❡❛r t❤❛t D(R3
+) ✐s ❞❡♥s❡ ✐♥ W 1, 2

α, x3
(R3

+)∩E ′(R3
+)✱ s✐♥❝❡ ❛♥② ❢✉♥❝t✐♦♥

✐♥ W 1, 2
α, x3

(R3
+) ∩ E ′(R3

+) ❜❡❧♦♥❣s t♦ H1
0 (R3

+) ∩ E ′(R3
+)✳

❙t❡♣ t✇♦✳ ❲❡ ♣r♦✈❡ t❤❛t W 1, 2
α, x3

(R3
+)∩ E ′(R3

+) ✐s ❞❡♥s❡ ✐♥ W 1, 2
α, x3

(R3
+)∩ E ′(R3

+)✳ ▲❡t

u ✐♥ W 1, 2
α, x3

(R3
+) ∩ E ′(R3

+) ❛♥❞ ψ ∈ C1([0, +∞[)✱ s✉❝❤ t❤❛t 0 6 ψ 6 1✱ ψ(t) = 0 ✐❢
t 6 1✱ ψ(t) = 1 ✐❢ t > 2✳ ❚❤❡♥✱ ❧❡t ✉s ❞❡✜♥❡ ϕε ❜②✿

x ∈ R
3
+, ϕε(x) = ψ(

x3

ε
),

❛♥❞ s❡t uε = uϕε✳ ❖♥❡ ♣r♦✈❡s ✇✐t❤ ♥♦ ❞✐✣❝✉❧t② t❤❛t uε ∈W 1, 2
α, x3

(R3
+)∩E ′(R3

+)✳ ◆❡①t✱
♦❜s❡r✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣✉t❛t✐♦♥s✿

✂ +∞

0

‖u(t)ϕε(t) − u(t)‖2
L2(R2) t

2(α−1) dt =

✂ 2ε

0

∣

∣

∣

∣

ψ(
t

ε
) − 1

∣

∣

∣

∣

‖u(t)‖2
L2(R2) t

2(α−1) dt

6

✂ 2ε

0

‖u(t)‖2
L2(R2) t

2(α−1) dt.

❲❡ ❞❡❞✉❝❡ ❢r♦♠ ▲❡❜❡s❣✉❡✬s t❤❡♦r❡♠ t❤❛t uε → u ✐♥ L2
α−1(0,+∞, L2(R2))✱ ✇❤❡♥ ε

❣♦❡s t♦ ✵✳ ■t ✐s ❛❧s♦ ❝❧❡❛r t❤❛t ϕε∇u → ∇u ✐♥ L2
α(0,+∞, L2(R2)3)✳ ❚❤❡r❡❢♦r❡✱ ✐t

r❡♠❛✐♥s t♦ ❡st❛❜❧✐s❤ t❤❛t u∇ϕε → 0 ✐♥ L2
α(0,+∞, L2(R2)3) ❛♥❞ t❤✐s ❢♦❧❧♦✇s ❢r♦♠✿

✂ +∞

0

‖u(t)∇ϕε(t)‖2
L2(R2)3 t

2α dt =

✂ 2ε

ε

∥

∥

∥

∥

u(t)ψ′(
t

ε
)

∥

∥

∥

∥

2

L2(R2)

t2α

ε2
dt

6 4

✂ 2ε

ε

‖u(t)‖2
L2(R2) t

2(α−1) dt.

❙t❡♣ t❤r❡❡✳ ❲❡ ❝❤❡❦ t❤❛t W 1, 2
α, x3

(R3
+) ∩ E ′(R3

+) ✐s ❞❡♥s❡ ✐♥ W 1, 2
α, x3

(R3
+)✱ ✉s✐♥❣ t❤❡

✉s✉❛❧ ♣r♦❝❡ss ♦❢ tr✉♥❝❛t✐♦♥✳ ■♥❞❡❡❞✱ ❧❡t ϕ ∈ C1(R3
+) s✉❝❤ t❤❛t 0 6 ϕ 6 1✱ ϕ(x) = 1

✐❢ |x| 6 1✱ ϕ(x) = 0 ✐❢ |x| > 2 ❛♥❞ ❞❡✜♥❡ ϕk ❜②✿

x ∈ R
3
+, ϕk(x) = ϕ(

x

k
).

❚❤❡♥ ❢♦r ❛♥② u ∈W 1, 2
α, x3

(R3
+)✱ uk = uϕk ❜❡❧♦♥❣s t♦W 1, 2

α, x3
(R3

+)∩E ′(R3
+)✱ ❛♥❞ ❢♦❧❧♦✇✐♥❣

❙t❡♣ t✇♦✱ ✇❡ ❞❡❞✉❝❡ t❤❛t uk ❝♦♥✈❡r❣❡s str♦♥❣❧② t♦ u ✐♥ W 1, 2
α, x3

(R3
+)✳

❘❡♠❛r❦ ✷✳✹✳ ❆❝❝♦r❞✐♥❣ ❢♦r ❡①❛♠♣❧❡ t♦ ❬✶✷❪✱ s❡❡ ❚❤❡♦r❡♠ ✶✳✷ ❛♥❞ ❚❤❡♦r❡♠ ✶✳✸✱
♦❜s❡r✈❡ t❤❛t ❢♦r ❛♥② α 6= 1/2 t❤❡ ❢♦❧❧♦✇✐♥❣ ❍❛r❞②✬s ✐♥❡q✉❛❧✐t② ❤♦❧❞s✿

∀u ∈W 1, 2
α, x(R3

+),
∥

∥xα−1
3 u

∥

∥

L2(R3
+)

6
2

|2α− 1| ‖x
α
3∇u‖L2(R3

+)3 . ✭✶✸✮

▲❡t ✉s ♥♦✇ ✐♥tr♦❞✉❝❡ ❛♥❞ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❞✉❛❧ s♣❛❝❡ t♦ W 1, 2
α, x3

(R3
+)✳

❉❡✜♥✐t✐♦♥ ✷✳✺✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② W−1, 2
−α, x3

(R3
+) t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢ W 1, 2

α, x3
(R3

+)✳

✻



■♥ t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t ❢♦r ❛♥② α ∈ R✱ t❤❡ s♣❛❝❡ D(R3
+) ✐s

❞❡♥s❡ ✐♥ W 1, 2
α, x3

(R3
+)✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ s♣❛❝❡ W−1, 2

−α, x3
(R3

+) ✐s ❛ s♣❛❝❡ ♦❢ ❞✐str✐❜✉✲
t✐♦♥s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳

Pr♦♣♦s✐t✐♦♥ ✷✳✻✳ ❆♥② ❞✐str✐❜✉t✐♦♥ g ∈ D′(R3
+) ❜❡❧♦♥❣s t♦ W−1, 2

−α, x3
(R3

+)✱ ✐❢ ❛♥❞ ♦♥❧②
✐❢ t❤❡r❡ ✐s f0 ∈ L2(R3

+) ❛♥❞ f ∈ L2(R3
+)3 s✉❝❤ t❤❛t✿

g = xα−1
3 f0 + div (xα

3 f),

✇✐t❤ t❤❡ ❡st✐♠❛t❡ ❜❡❧♦✇✿

‖g‖W−1, 2
−α, x3

(R3
+) 6

(

‖f0‖L2(R3
+) + ‖f‖L2(R3

+)3

)

.

▼♦r❡♦✈❡r✱ ✐❢ α 6= 1/2✱ ♦♥❡ ❝❛♥ t❛❦❡ f0 = 0✳

Pr♦♦❢✳ ▲❡t f0 ∈ L2(R3
+) ❛♥❞ f ∈ L2(R3

+)3✳ ❚❤❡♥✱ ♦♥❡ ❤❛s ❢♦r ❛♥② ϕ ∈ D(R3
+)

∣

∣

〈

xα−1
3 f0 + div (xα

3 f), ϕ
〉∣

∣ =

∣

∣

∣

∣

∣

✂
R

3
+

xα−1
3 f0ϕdx−

✂
R

3
+

xα
3 f · ∇ϕdx

∣

∣

∣

∣

∣

6 ‖f0‖L2(R3
+)

∥

∥xα−1
3 ϕ

∥

∥

L2(R3
+)

+ ‖f‖L2(R3
+) ‖xα

3∇ϕ‖L2(R3
+)3

6 C ‖ϕ‖W 1, 2
α, x3

(R3
+) ,

❛♥❞ ❜② ❞❡♥s✐t② ✇❡ ❞❡❞✉❝❡ t❤❛t✿

xα−1
3 f0 + div (xα

3 f) ∈W−1, 2
−α, x3

(R3
+).

❈♦♥✈❡rs❡❧②✱ ❧❡t g ∈W−1, 2
−α, x3

(R3
+)✱ ❛♥❞ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♠❛♣♣✐♥❣

u 7→ (xα−1
3 u, xα

3∇u),
❢r♦♠ W 1, 2

α, x3
(R3

+) ✐♥t♦ L2(R3
+)4✳ ❚❤✐s ♠❛♣♣✐♥❣ ✐s ✐s♦♠❡tr✐❝❀ t❤✉s ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r

W 1, 2
α, x3

(R3
+) ❛s ❛ ❝❧♦s❡❞ s✉❜✲s♣❛❝❡ ♦❢ L2(R3

+)4✳ ❚❤❛♥❦s t♦ t❤❡ t❤❡♦r❡♠ ♦❢ ❍❛❤♥✲❇❛♥❛❝❤✱

✐❢ g ∈W−1, 2
−α, x3

(R3
+)✱ ♦♥❡ ❝❛♥ ❡①t❡♥❞ g t♦ ❛ ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ❢♦r♠ ♦♥ L2(R3

+)4✳ ❆s
❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❡ ❞❡❞✉❝❡s ❢r♦♠ ❘✐❡s③ r❡♣r❡s❡♥t❛t✐♦♥✱ t❤❛t t❤❡r❡ ✐s (f0, f) ∈ L2(R3

+)4

s✉❝❤ t❤❛t✿

∀u ∈W 1, 2
α, x3

(R3
+), g(u) =

✂
R

3
+

f0 (xα−1
3 u) dx−

✂
R

3
+

f · (xα
3∇u) dx,

❛♥❞ ♦♥❡ ❞❡❞✉❝❡s t❤❛t✿
g = xα−1

3 f0 + div (xα
3 f) ✐♥ R

3
+.

❆❝❝♦r❞✐♥❣ t♦ ✭✶✸✮✱ ✐❢ α 6= 1/2 t❤❡ ♠❛♣♣✐♥❣ u 7→ ‖xα
3∇u‖L2(R3

+)3 ❞❡✜♥❡s ❛ ♥♦r♠ ♦♥

W 1, 2
α, x3

(R3
+) ❡q✉✐✈❛❧❡♥t t♦ ‖·‖W 1, 2

α, x3
(R3

+)✳ ❚❤❡♥✱ t❤❡ ❛❜♦✈❡ r❡❛s♦♥✐♥❣ ❤♦❧❞s ✐❢ ✇❡ r❡♣❧❛❝❡

t❤❡ ♠❛♣♣✐♥❣ u 7→ (xα−1
3 u, xα

3∇u) ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡✱

u 7→ xα
3∇u,

❢r♦♠ W 1, 2
α, x3

(R3
+) ✐♥t♦ L2(R3

+)3✱ ❛♥❞ ❛s ❡①♣❡❝t❡❞ ✇❡ ❝❛♥ t❛❦❡ f0 = 0✳

❘❡♠❛r❦ ✷✳✼✳ ◆♦t❡ t❤❛t ❢♦r ❛♥② β ∈ R✱ t❤❡ ♦♣❡r❛t♦r✿

Tβ : W 1, 2
α, x3

(R3
+) →W 1, 2

α−β, x3
(R3

+), u 7→ xβ
3u, ✭✶✹✮

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✱ ❛♥❞ ❛❧s♦ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s ❤♦❧❞✿

1
√

1 + β2
‖u‖W 1, 2

α, x3
(R3

+) 6 ‖Tβu‖W 1, 2
α−β, x3

(R3
+) 6

√

1 + β2 ‖u‖W 1, 2
α, x3

(R3
+) . ✭✶✺✮

❚❤❡♥✱ ✐t ❢♦❧❧♦✇s ❢♦r ❛♥② α ∈ R t❤❛t g ∈W−1, 2
α, x3

(R3
+) ✐❢ ❛♥❞ ♦♥❧② ✐❢ xβ

3g ∈W−1, 2
α−β, x3

(R3
+)✱

✇✐t❤ t❤❡ ❡st✐♠❛t❡s ❜❡❧♦✇✿

1
√

1 + β2
‖g‖W−1, 2

α, x3
(R3

+) 6

∥

∥

∥
xβ

3g
∥

∥

∥

W−1, 2
α−β, x3

(R3
+)

6
√

1 + β2 ‖g‖W−1, 2
α, x3

(R3
+) . ✭✶✻✮

✼



❇❡❢♦r❡ ✜♥✐s❤✐♥❣ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇❛♥t t♦ ❝♦♠♣❛r❡ t❤❡ s♣❛❝❡W 1, 2
α, x3

(R3
+) t♦ W̊ 1,2

α (R3
+)✱

t❤❡ ❝❧♦s✉r❡ ♦❢ D(R3
+) ✐♥ W 1, 2

α (R3
+)✳

❋✐rst❧②✱ s✐♥❝❡ ρβ 6 xβ
3 ❢♦r ❛♥② β 6 0✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❞❡♥s❡

❡♠❜❡❞❞✐♥❣✿
∀α 6 0, W 1, 2

α, x3
(R3

+) →֒ W̊ 1,2
α (R3

+). ✭✶✼✮

❙❡❝♦♥❞❧②✱ ✇❤❡♥ α > 0 t❤❡ ❝♦♥✈❡rs❡ s✐t✉❛t✐♦♥ ❤❛♣♣❡♥s✱ ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❞❡♥s❡ ❛♥❞
❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣ ❜❡❧♦✇✿

∀α > 0, W̊ 1,2
α (R3

+) →֒W 1, 2
α, x3

(R3
+). ✭✶✽✮

❚♦ ❡①♣❧❛✐♥ ✭✶✽✮✱ ❧❡t ✉s ✜rst ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✷✳✽✳ ▲❡t α ∈ R✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t②✿

∀u ∈ W̊ 1,2
α (R3

+),

∥

∥

∥

∥

ραu

x3

∥

∥

∥

∥

L2(R3
+)

6 2(1 + |α|) ‖u‖W 1, 2
α (R3

+) . ✭✶✾✮

Pr♦♦❢✳ ❋✐rst❧②✱ ✇❡ ♣r♦✈❡ ✭✶✽✮ ❢♦r α = 0✳ ▲❡t u ∈ W̊ 1, 2
0 (R3

+) ❛♥❞ (un) ⊂ D(R3
+) ❛

s❡q✉❡♥❝❡ ❝♦♥✈❡r❣✐♥❣ t♦ u ✐♥ W 1, 2
0 (R3

+)✳ ❋r♦♠ ❍❛r❞②✬s ✐♥❡q✉❛❧✐t② ✭✶✸✮✱ t❤❡ s❡q✉❡♥❝❡
(un

x3
) ✐s ❛ ❈❛✉❝❤② s❡q✉❡♥❝❡ ♦❢ L2(R3

+)✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❞❡❞✉❝❡ t❤❛t u
x3

∈ L2(R3
+)✱ ✇✐t❤✿

∥

∥

∥

∥

u

x3

∥

∥

∥

∥

L2(R3
+)

6 2 ‖∇u‖L2(R3
+)3 6 2 ‖u‖W 1, 2

0 (R3
+) ,

t❤❛t ♣r♦✈❡s ✭✶✾✮ ✇❤❡♥ α = 0✳ ❚❤❡♥✱ s✐♥❝❡ ✇❡ ❛❧r❡❛❞② ❤❛✈❡ ∇u ∈ L2(R3
+)3✱ ✇❡ ♣r♦✈❡

t❤❛t u ∈W 1, 2
0, x3

(R3
+) ✇✐t❤✿

‖u‖W 1, 2
0, x3

(R3
+) 6

√
5 ‖u‖W 1, 2

0 (R3
+) ,

❛♥❞ ✭✶✽✮ ✐s ♣r♦✈❡❞ ❢♦r α = 0✳ ❙❡❝♦♥❞❧②✱ ✇❡ ❡st❛❜❧✐s❤ ✭✶✾✮ ❢♦r ❛♥② α✳ ▲❡t u ∈ W̊ 1,2
α (R3

+)✳

❋r♦♠ ✭✾✮✱ t❤❡ ❢✉♥❝t✐♦♥ ραu ❜❡❧♦♥❣s t♦ W̊ 1, 2
0 (R3

+)✱ ❛♥❞ ❤❡♥❝❡ t♦W 1, 2
0, x3

(R3
+)✱ ❛s ✇❡ ❤❛✈❡

❥✉st ♣r♦✈❡❞ ✐t✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❍❛r❞②✬s ✐♥❡q✉❛❧✐t② ✐♠♣❧✐❡s t❤❛t✿
∥

∥

∥

∥

ραu

x3

∥

∥

∥

∥

L2(R3
+)

6 2 ‖∇(ραu)‖L2(R3
+)3 6 2

(

‖ρα∇u‖L2(R3
+)3 + |α|

∥

∥

∥

∥

x

ρ
ρα−1u

∥

∥

∥

∥

L2(R3
+)

)

6 2(1 + |α|) ‖u‖W 1, 2
α (R3

+) .

❲❡ ❛r❡ ♥♦✇ ✐♥ ♣♦s✐t✐♦♥ t♦ ❡①♣❧❛✐♥ ✭✶✽✮✳ ▲❡t α > 0 ❛♥❞ u ∈ W̊ 1,2
α (R3

+)✳ ❚❤❡♥✱ s✐♥❝❡

xα
3 6 ρα, ✇❡ ❛❧r❡❛❞② ❤❛✈❡ xα

3∇u ∈ L2(R3
+)3✳ ❇❡s✐❞❡s✱ ✐❢ ✇❡ ✇r✐t❡ xα−1

3 u ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ✇❛②✿

xα−1
3 u =

(

x3

ρ

)α
ραu

x3
,

✐t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✳✽ t❤❛t xα−1
3 u ∈ L2(R3

+)✱ ❛♥❞ t❤❡♥ t❤❛t u ∈W 1, 2
α, x3

(R3
+) ✇✐t❤✿

‖u‖W 1, 2
α, x3

(R3
+) 6

(

1 + 4(1 + |α|)2
)

‖u‖W 1, 2
α, x3

(R3
+) .

❘❡♠❛r❦ ✷✳✾✳ ❚❤❡s❡ ❡♠❜❡❞❞✐♥❣s ②✐❡❧❞ s❡✈❡r❛❧ ❝♦♥s❡q✉❡♥❝❡s✳ ❋✐rst❧②✱ ♥♦t❡ t❤❛t✿

W 1, 2
0, x3

(R3
+) = W̊ 1, 2

0 (R3
+), ✭✷✵✮

❛♥❞ ❛❧s♦ t❤❛t ‖·‖W 1, 2
0 (R3

+) ❞❡✜♥❡s ❛♥ ❡q✉✐✈❛❧❡♥t ♥♦r♠ t♦ ‖·‖W 1, 2
0, x3

(R3
+) ♦♥ t❤❡ s♣❛❝❡

W 1, 2
0, x3

(R3
+)✳ ▼♦r❡♦✈❡r✱ W−1, 2

0, x3
(R3

+) ❛♥❞ W−1, 2
0 (R3

+) ❛r❡ t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥s✳ ❙❡❝✲
♦♥❞❧②✱ ♦❜s❡r✈❡ ♠♦r❡ ❣❡♥❡r❛❧❧② t❤❛t✿

∀α 6 0 W−1, 2
α, x3

(R3
+) →֒W−1, 2

α (R3
+) ;

∀α > 0, W−1, 2
α (R3

+) →֒W−1, 2
α, x3

(R3
+).

✽



✸ ❲❡❛❦ s♦❧✉t✐♦♥s

▲❡t ✉s st❛rt ♦✛ ✇✐t❤ ❛ ✜rst s✐t✉❛t✐♦♥✳ ❍❡r❡✱ ✇❡ s❡❡❦ ✇❡❛❦ s♦❧✉t✐♦♥s t♦ Pr♦❜❧❡♠ ✭✶✮ ✐♥
t❤❡ s♣❛❝❡ W 1, 2

0, x3
(R3

+)✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ❧❡t ✉s ✇r✐t❡ Pr♦❜❧❡♠ ✭✶✮ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿







−∆u+
1

x3

∂u

∂x3
= f ✐♥ R

3
+,

u = 0 ♦♥ R
2,

✭✷✶✮

✇❤❡r❡ f = x3g✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ▲❡t f ∈W−1, 2
0, x3

(R3
+)✳ ❚❤❡♥✱ Pr♦❜❧❡♠ ✭✷✶✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ u

✐♥ t❤❡ s♣❛❝❡ W 1, 2
0, x3

(R3
+) ❛♥❞ s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿

‖u‖W 1, 2
0, x3

(R3
+) 6 2 ‖f‖W−1, 2

0, x3
(R3

+) . ✭✷✷✮

Pr♦♦❢✳ ❲❡ ♦❜s❡r✈❡ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✻ t❤❛t u ∈W 1, 2
0, x3

(R3
+) ✐s ❛ s♦❧✉t✐♦♥ t♦ ✭✷✶✮ ✐❢ ❛♥❞

♦♥❧② ✐❢ u s❛t✐s✜❡s t❤❡ ❢♦r♠✉❧❛t✐♦♥ ❜❡❧♦✇✿







∀v ∈W 1, 2
0, x3

(R3
+),✂

R
3
+

∇u · ∇v dx+

✂
R

3
+

∂u

∂x3

v

x3
dx = 〈f, v〉 . ✭✷✸✮

❍❡r❡ t❤❡ ❞✉❛❧✐t② ✐s t❛❦❡♥ ✐♥ t❤❡ s❡♥s❡ ♦❢ W−1, 2
0, x3

(R3
+)✱ W 1, 2

0, x3
(R3

+)✳ ◆❡①t✱ ❧❡t ✉s ❢♦❝✉s
♦♥ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠

u, v ∈W 1, 2
0, x3

(R3
+), (u, v) 7→

✂
R

3
+

∇u · ∇v dx+

✂
R

3
+

v

x3

∂u

∂x3
dx.

■t ✐s ❝❧❡❛r❧② ❝♦♥t✐♥✉♦✉s ❛♥❞ ❝♦❡r❝✐✈❡ ♦♥ W 1, 2
0, x3

(R3
+)✱ s✐♥❝❡ ♦♥❡ ❤❛s ❢♦r ❛♥② u ∈ D(R3

+)

❛♥❞ t❤❡♥ ❜② ❞❡♥s✐t② ❢♦r u ∈W 1, 2
0, x3

(R3
+)✿

✂
R

3
+

u

x3

∂u

∂x3
dx =

1

2

∥

∥

∥

∥

u

x3

∥

∥

∥

∥

2

L2(R3
+)

. ✭✷✹✮

❚❤❡♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶ ❢♦❧❧♦✇s ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❛①✲▼✐❧❣r❛♠✬s ❧❡♠♠❛✳

❲❡ ❝❛♥ ❛❧s♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ r❛♥❣❡ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s✱ ❧✐✈✐♥❣
✐♥ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ s♣❛❝❡W 1, 2

α, x3
(R3

+)✳ ❍♦✇❡✈❡r✱ ✇❡ ♥❡❡❞ t♦ ❝♦♥s✐❞❡r ♣❛rt✐❝✉❧❛r ✈❛❧✉❡s
♦❢ t❤❡ ♣❛r❛♠❡t❡r α✳ ◆♦t❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐♥❝❧✉❞❡s Pr♦♣♦s✐t✐♦♥ ✸✳✶✳

❚❤❡♦r❡♠ ✸✳✷✳ ▲❡t −3/2 < α < 1/2 ❛♥❞ g ∈ W−1, 2
α+1, x3

(R3
+)✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛

✉♥✐q✉❡ u ∈ W 1, 2
α, x3

(R3
+) s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✶✮✳ ❇❡s✐❞❡s✱ ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t

Cα ✭✷✮ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ α✱ u s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡ ❜❡❧♦✇✿

‖u‖W 1, 2
α, x3

(R3
+) 6 Cα ‖g‖W−1, 2

α+1, x3
(R3

+) . ✭✷✺✮

▼♦r❡ ♣r❡❝✐s❡❧②✱ Cα ✐s ❞❡✜♥❡❞ ❜②✿

Cα =
(5 − 4α+ 4α2)

√

1 + (1 + 2α)2

4(α− 3/2)(1/2 − α)
.

Pr♦♦❢✳ ❚♦ ❡♥❧✐❣❤t❡♥ t❤❡ ♣r♦♦❢✱ ✇❡ s❡t E = W 1, 2
α, x3

(R3
+) ❛♥❞ F = W 1, 2

−(α+1), x3
(R3

+)✱ ❛♥❞

✇❡ ❞❡♥♦t❡ ❜② F ′ t❤❡ ❞✉❛❧ s♣❛❝❡ t♦ F ✳ ❚❤❡♥✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r✿

A : u ∈ E 7→ −❞✐✈ (
∇u
x3

) ∈ F ′.

✷❯♥t✐❧ t❤❡ ❡♥❞ ♦❢ t❤❡ ♣❛♣❡r✱ Cα ❞❡♥♦t❡s ❛♥② ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ α✳

✾



◆♦t✐❝❡ t❤❛t ❛❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✷✳✻✱ A ✐s ❝❧❡❛r❧② ❞❡✜♥❡❞ ❛♥❞ ❝♦♥t✐♥✉♦✉s✳ ❚❤❡♥✱
❧❡t ✉s ❛❧s♦ ❝♦♥s✐❞❡r t❤❡ ❝♦♥t✐♥✉♦✉s ❜✐❧✐♥❡❛r ❢♦r♠✿

(u, v) ∈ E × F, a(u, v) = 〈Au, v〉F ′, F .

❋✐rst❧②✱ ✐t ✐s ❝❧❡❛r t❤❛t u ∈ E ✐s ❛ s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✶✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ u s❛t✐s✜❡s t❤❡
❢♦❧❧♦✇✐♥❣ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥✿

∀v ∈ F, a(u, v) = 〈g, v〉F ′, F . ✭✷✻✮

❙❡❝♦♥❞❧②✱ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ u ∈ E s❛t✐s❢②✐♥❣ ✭✷✻✮✱ ❜② ❛♣♣❧②✐♥❣
❇❛❜✉̌s❦❛✲❇r❡③③❦✐✬s t❤❡♦r❡♠ ✭❝❢✳ ❇❛❜✉̌s❦❛ ❬✹❪✱ ❝❢✳ ❇r❡③③✐ ❬✶✵❪✮✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♥❡❡❞ t♦
❡st❛❜❧✐s❤ t❤❡ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ❜❡❧♦✇✿

inf
u∈E−{0}

sup
v∈F−{0}

|a(u, v)|
‖u‖E ‖v‖F

>
1

Cα
> 0. ✭✷✼✮

▲❡t u ∈ E − {0}✳ ❚❤❡♥✱ s✐♥❝❡ F = T2α+1E s❡❡ ✭✶✹✮✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✶✺✮ t❤❛t✿

sup
v∈F−{0}

a(u, v)

‖u‖E ‖v‖F

>
a(u, x2α+1

3 u)
√

1 + (1 + 2α)2 ‖u‖2
E

.

❚❤❡♥✱ ♦❜s❡r✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣✉t❛t✐♦♥s✱ ♦❜t❛✐♥❡❞ ✜rst ❢♦r u ∈ D(R3
+) ❛♥❞ t❤❡♥ ❜②

❞❡♥s✐t② ❢♦r u ∈ E✱ s❡❡ ❚❤❡♦r❡♠ ✷✳✸✿

a(u, x2α+1
3 u) =

✂
R

3
+

xα
3∇u · x−(α+1)

3 ∇
(

x2α+1
3 u

)

dx

= ‖xα
3∇u‖2

L2(R3
+) +

2α+ 1

2

✂
R

3
+

x2α−1
3

∂u2

∂x3
dx

= ‖xα
3∇u‖

2
L2(R3

+) + β
∥

∥xα−1
3 u

∥

∥

2

L2(R3
+)
,

✇❤❡r❡ β = 1−4α2

2 ✳ ◆❡①t✱ ✇❡ ❤❛✈❡ ❢♦r ❛♥② ε ∈]0, 1]✿

a(u, x2α+1
3 u) = ε ‖xα

3∇u‖
2
L2(R3

+) + (1 − ε) ‖xα
3∇u‖

2
L2(R3

+) + β
∥

∥xα−1
3 u

∥

∥

2

L2(R3
+)
,

❛♥❞ ❍❛r❞②✬s ✐♥❡q✉❛❧✐t② ✭✶✸✮ ②✐❡❧❞s t❤❛t✿

a(u, x2α+1
3 u) > ε ‖xα

3∇u‖
2
L2(R3

+) +

[

(1 − ε)
(2α− 1)2

4
+ β

]

∥

∥xα−1
3 u

∥

∥

2

L2(R3
+)
. ✭✷✽✮

❚❤❡♥✱ ❢♦r ε = 4(α−3/2)(1/2−α)
5−4α+4α2 , ❜❡❧♦♥❣✐♥❣ t♦ ]0, 1] ❛s s♦♦♥ ❛s α ❜❡❧♦♥❣s t♦ ]−3/2, 1/2[✱

♥♦t❡ t❤❛t t❤❡ ❝♦♥st❛♥ts ✐♥ ✭✷✽✮ ❛r❡ t❤❡ s❛♠❡✳ ❚❤✉s ✇❡ ❣❡t✿

a(u, x2α+1
3 u) >

4(α− 3/2)(1/2 − α)

5 − 4α+ 4α2
‖u‖2

E ,

❛♥❞
1

Cα
=

4(α− 3/2)(1/2 − α)

(5 − 4α+ 4α2)
√

1 + (1 + 2α)2
.

❆s ❛ ❝♦♥❝✉❧s✐♦♥✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t ❢♦r ❛♥② −3/2 < α < 1
2 ✱ t❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡

❝♦♥st❛♥t Cα✱ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ α✱ s✉❝❤ t❤❛t✿

a(u, x2α+1
3 u) >

1

Cα
‖u‖2

E ,

✐♠♣❧②✐♥❣ ✭✷✼✮✱ ❛♥❞ ❡♥❞✐♥❣ t❤❡ ♣r♦♦❢✳

✶✵



❘❡♠❛r❦ ✸✳✸✳ ■❢ α 6 −3/2 ♦r α > 1/2 ❛♥❞ g ∈W−1, 2
α+1, x3

(R3
+)✱ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡✲

♥❡ss ♦❢ s♦❧✉t✐♦♥s t♦ ✭✶✮ ✐s st✐❧❧ ❛♥ ♦♣❡♥ q✉❡st✐♦♥✳

■♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡st❛❜❧✐s❤ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ✇❡❛❦
s♦❧✉t✐♦♥s t♦ Pr♦❜❧❡♠ ✭✶✮ ✐♥ t❤❡ s♣❛❝❡ W 1, 2

α (R3
+) s❡❡ ✭✹✮✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ s❤❛❧❧

❝♦♥s✐❞❡r t❤❡ ❡q✉✐✈❛❧❡♥t ♣r♦❜❧❡♠ ✭✷✶✮✳

❚❤❡♦r❡♠ ✸✳✹✳ ▲❡t − 1+
√

2
2 6 α < 3−

√
6

2 ❛♥❞ ❧❡t f ∈ W−1, 2
α (R3

+). ❚❤❡♥✱ t❤❡r❡ ✐s

❛ ✉♥✐q✉❡ u ∈ W̊ 1,2
α (R3

+) s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✷✶✮✱ ❛♥❞ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t Cα > 0
❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ α✱ s✉❝❤ t❤❛t u s❛t✐s✜❡s✿

‖u‖W 1, 2
α (R3

+) 6 Cα ‖f‖W−1, 2
α (R3

+) . ✭✷✾✮

▼♦r❡ ♣r❡❝✐s❡❧②✱ Cα ✐s ❣✐✈❡♥ ❜② ✭✸✸✮ ✐❢ 0 6 α < 3−
√

6
2 ✱ ❛♥❞ ❜② ✭✸✹✮ ✐❢ − 1+

√
2

2 < α < 0✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ s❡t
E = W̊ 1, 2

α (R3
+) ❛♥❞ F = W̊ 1, 2

−α (R3
+)✱ ❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② F ′ t❤❡ ❞✉❛❧ s♣❛❝❡ t♦ F ✳ ❲❡

❝♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r✿

B : u ∈ E 7→ −∆u+
1

x3

∂u

∂x3
∈ F ′,

❝❧❡❛r❧② ❞❡✜♥❡❞ ❛♥❞ ❝♦♥t✐♥✉♦✉s✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✷✳✽✳ ❚❤❡♥✱ ✇❡ ❛❧s♦ ❝♦♥s✐❞❡r t❤❡
❝♦♥t✐♥✉♦✉s ❜✐❧✐♥❡❛r ❢♦r♠✿

(u, v) ∈ E × F, b(u, v) = 〈Bu, v〉F ′, F .

❋✐rst❧②✱ ✐t ✐s ❝❧❡❛r t❤❛t u ∈ E ✐s ❛ s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✷✶✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ u s❛t✐s✜❡s
t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥✿

∀v ∈ F, b(u, v) = 〈f, v〉F ′, F . ✭✸✵✮

❚❤❡♥✱ ✇❡ ♣r♦✈❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ u ∈ E s❛t✐s❢②✐♥❣ ✭✸✵✮✱ ❜② ✉s✐♥❣ ❇❛❜✉̌s❦❛✲
❇r❡③③❦✐✬s t❤❡♦r❡♠✳ ▲❡t u ∈ E−{0}✳ ❚❤❡♥✱ s✐♥❝❡ F = Tρ, 2αE s❡❡ ✭✾✮✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠
✭✶✵✮ t❤❛t✿

sup
v∈F−{0}

b(u, v)

‖u‖E ‖v‖F

>
b(u, ρ2αu)√
1 + 4α2 ‖u‖2

E

.

❋♦r ❛♥② u ∈ D(R3
+) ♦❜s❡r✈❡ t❤❛t✿

b(u, ρ2αu) =

✂
R

3
+

∇u · ∇(ρ2αu)dx+

✂
R

3
+

(ρα u

x3
)(ρα ∂u

∂x3
) dx.

◆❡①t✱ t❤❛♥❦s t♦ t❤❡ ❢♦r♠✉❧❛s ❜❡❧♦✇✿

∆
(

ρ2α
)

= 6αρ2α−2 + 4α(α− 1) |x|2 ρ2α−4,
∂

∂x3

(

ρ2α

x3

)

= −ρ
2α

x2
3

+ 2αρ2α−2,

♦♥❡ ❞❡❞✉❝❡s t❤❛t✿✂
R

3
+

∇u · ∇(ρ2αu)dx

= ‖ρα∇u‖2
L2(R3

+)3 −
1

2

✂
R

3
+

∆(ρ2α)u2 dx

= ‖ρα∇u‖2
L2(R3

+)3 +

✂
R

3
+

[

−3α− 2α(α− 1)
|x|2
ρ2

]

ρ2(α−1)u2 dx, ✭✸✶✮

✶✶



❛♥❞ ❛❧s♦ t❤❛t✿
✂

R
3
+

ρ2α u

x3

∂u

∂x3
dx = −1

2

✂
R

3
+

∂

∂x3

(

ρ2α

x3

)

u2 dx =
1

2

✂
R

3
+

(

ρ2α

x2
3

− 2αρ2α−2

)

u2 dx

=

✂
R

3
+

(

1

2

ρ2

x2
3

− α

)

ρ2(α−1)u2 dx

>

✂
R

3
+

(
1

2
− α)ρ2(α−1)u2 dx. ✭✸✷✮

❇② ❞❡♥s✐t②✱ ✐t ❢♦❧❧♦✇s t❤❛t ❢♦r ❛♥② u ∈ E✿

b(u, ρ2αu) > ‖ρα∇u‖2
L2(R3

+)3 +

✂
R

3
+

β(x)ρ2(α−1)u2 dx,

✇❤❡r❡ β ✐s ❞❡✜♥❡❞ ❜②✿

x ∈ R
3
+, β(x) = −4α+

1

2
+ 2α(1 − α)

∣

∣

∣

∣

x

ρ

∣

∣

∣

∣

2

.

❙❡✈❡r❛❧ s✐t✉❛t✐♦♥ ❛♣♣❡❛r ✇✐t❤ r❡s♣❡❝t t♦ α✳

❋✐rst ❝❛s❡ ✶✳ ■❢ α ∈ [0, 1]✱ t❤❡♥ β(x) > −4α + 1
2 ❛♥❞ ❍❛r❞②✬s ✐♥❡q✉❛❧✐t② ✭✽✮ ②✐❡❧❞s

❢♦r ε ∈]0, 1]✿

b(u, ρ2αu) > ε ‖ρα∇u‖2
L2(R3

+)3 +

✂
R

3
+

[

(2α+ 1)2(1 − ε)

4
+ β(x)

]

ρ2(α−1)u2 dx

> ε ‖ρα∇u‖2
L2(R3

+)3 +

✂
R

3
+

[

(2α+ 1)2(1 − ε)

4
+

1

2
− 4α

]

ρ2(α−1)u2 dx.

❚❤❡♥✱ ✇❡ ❝❤♦s❡ ε s✉❝❤ t❤❛t✿

ε =
(2α+ 1)2(1 − ε)

4
+

1

2
− 4α,

❧❡❛❞✐♥❣ t♦✿

ε =
4(α− 3+

√
6

2 )(α− 3−
√

6
2 )

5 + 4α+ 4α2
,

❛♥❞ ❤❡♥❝❡ ❜❡❧♦♥❣✐♥❣ t♦ ]0, 1] ❛s s♦♦♥ ❛s α ∈ [0, 3−
√

6
2 [✳ ❚❤❡r❡❢♦r❡✱ ♦♥❡ ❤❛s✿

b(u, ρ2αu) >
4(α− 3+

√
6

2 )(α− 3−
√

6
2 )

5 + 4α+ 4α2
‖u‖2

E ,

❛♥❞ Cα ✐s ❣✐✈❡♥ ❜②✿

1

Cα
=

4(α− 3+
√

6
2 )(α− 3−

√
6

2 )

(5 + 4α+ 4α2)
√

1 + 4α2
. ✭✸✸✮

❙❡❝♦♥❞ ❝❛s❡✳ ■❢ α < 0 ♦r α > 1✱ t❤❡♥✿

β(x) > −4α+
1

2
+ 2α(1 − α) = −2(α+

1 +
√

2

2
)(α+

1 −
√

2

2
)

❛♥❞ 1 > β(x) > 0 ❛s s♦♦♥ ❛s α ∈ [− 1+
√

2
2 , 0[✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❡ ❤❛s✿

b(u, ρ2αu) > −2(α+
1 +

√
2

2
)(α+

1 −
√

2

2
) ‖u‖2

E ,

✶✷



❛♥❞✿
1

Cα
=

2(α+ 1+
√

2
2 )(α+ 1−

√
2

2 )√
1 + 4α2

. ✭✸✹✮

❆s ❛ ❝♦♥❝✉❧s✐♦♥✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t ❢♦r ❛♥② − 1+
√

2
2 6 α < 3−

√
6

2 ✱ t❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡
❝♦♥st❛♥t Cα✱ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ α✱ s✉❝❤ t❤❛t✿

b(u, ρ2αu) >
1

Cα
‖u‖2

E ,

✐♠♣❧②✐♥❣ ❛♥ ❛♥❛❧♦❣♦✉s ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ✭✷✼✮ ❢♦r b ✐♥st❡❛❞ ♦❢ a✱ ❛♥❞ ❡♥❞✐♥❣ t❤❡ ♣r♦♦❢✳

❘❡♠❛r❦ ✸✳✺✳ ❋✐rst❧②✱ ♦❜s❡r✈❡ t❤❛t t❤❡ ❝❛s❡ α = 0 ✇❛s ❛❧r❡❛❞② tr❡❛t❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥
✸✳✶✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✷✵✮✳

❙❡❝♦♥❞❧②✱ ❢♦r ❛♥② α < − 1+
√

2
2 ♦r α >

3−
√

6
2 ❛♥❞ f ∈ W−1, 2

α (R3
+)✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢

✇❡❛❦ s♦❧✉t✐♦♥s t♦ ✭✷✶✮ ✐s ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠✳

✹ ❙tr♦♥❣ s♦❧✉t✐♦♥s

▲❡t −3/2 < α < 1/2✱ g ∈ W−1, 2
α+1, x3

(R3
+) ❛♥❞ ❝♦♥s✐❞❡r t❤❡ s♦❧✉t✐♦♥ u ∈ W 1, 2

α, x3
(R3

+) t♦
Pr♦❜❧❡♠ ✭✶✮ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✸✳✷✳ ❲❡ r❡❛❞✐❧② s❡❡ t❤❛t u s❛t✐s✜❡s✿

−xα+1
3 ∆u+ xα

3

∂u

∂x3
= xα+2

3 g. ✭✸✺✮

❙✐♥❝❡ ✇❡ ❛❧r❡❛❞② ❤❛✈❡ xα
3

∂u
∂x3

∈ L2(R3
+)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t✿

xα+2
3 g ∈ L2(R3

+) ⇒ xα+1
3 ∆u ∈ L2(R3

+).

❚❤✉s✱ ❜② t❛❦✐♥❣ s✉❝❤ ❛ ❞✐str✐❜✉t✐♦♥ g✱ ✇❡ ❡①♣❡❝t ♠♦r❡ r❡❣✉❧❛r✐t② ♦♥ ❛♥② s❡❝♦♥❞ ♦r❞❡r
❞❡r✐✈❛t✐✈❡ D2u ♦❢ u✱ ❛♥❞ ♠♦r❡ ♣r❡❝✐s❡❧② t❤❛t xα+1

3 D2u ∈ L2(R3
+)✳

❚❤❡♦r❡♠ ✹✳✶✳ ▲❡t −3/2 < α < 1/2 ❛♥❞ g ∈ D′(R3
+) s✉❝❤ t❤❛t xα+2

3 g ∈ L2(R3
+).

❚❤❡♥ g ∈ W−1, 2
α+1, x3

(R3
+) ❛♥❞ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ u ∈ W 1, 2

α, x3
(R3

+) ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠
✸✳✷ s❛t✐s✜❡s✿

xα+1
3 D2u ∈ L2(R3

+). ✭✸✻✮

▼♦r❡♦✈❡r✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t Cα > 0✱ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ α✱ s✉❝❤ t❤❛t✿

∥

∥xα+1
3 D2u

∥

∥

L2(R3
+)

6 Cα

∥

∥xα+2
3 g

∥

∥

L2(R3
+)
. ✭✸✼✮

Pr♦♦❢✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t xα+2
3 g ∈ L2(R3

+)✳ ❇② Pr♦♣♦s✐t✐♦♥ ✷✳✻✱ ♦❜s❡r✈❡ t❤❛t g ∈
W−1, 2

α+1, x3
(R3

+)✱ ✇✐t❤✿

‖g‖W−1, 2
α+1, x3

(R3
+) 6

∥

∥xα+2
3 g

∥

∥

L2(R3
+)
.

❚❤✉s✱ t❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✸✳✷✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ u ∈W 1, 2
α, x3

(R3
+) s♦❧✉t✐♦♥ t♦ ✭✶✮ ❛♥❞ ❛

❝♦♥st❛♥t Cα > 0✱ ❞❡♣❡♥❞✐♥❣ ♦♥ α✱ s✉❝❤ t❤❛t✿

‖u‖W 1, 2
α, x3

(R3
+) 6 Cα ‖g‖W−1, 2

α+1, x3
(R3

+) 6 Cα

∥

∥xα+2
3 g

∥

∥

L2(R3
+)
. ✭✸✽✮

◆♦✇✱ ✐❢ ✇❡ s❡t v = xα+1
3 u ✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✸✺✮ t❤❛t✿

∆v = xα+2
3 g + α(α+ 1)xα−1

3 u+ (2α+ 3)xα
3

∂u

∂x3
,

✶✸



✐♠♣❧②✐♥❣ ✜♥❛❧❧② ∆v ∈ L2(R3
+)✳ ❚❤❡r❡❢♦r❡✱ ♦♥❡ ❞❡❞✉❝❡s ❢r♦♠ ❈♦r♦❧❧❛r② ✸✳✹ ♦❢ ❬✷❪✱ t❤❛t

t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ w ∈W 2, 2
0 (R3

+) ✭✸✮ s✉❝❤ t❤❛t✿

∆w = ∆v ✐♥ R
3
+, w = 0 ♦♥ Γ,

❛♥❞✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✸✽✮✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t Cα > 0 s❛t✐s❢②✐♥❣✿

‖w‖W 2, 2
0 (R3

+) 6 Cα ‖∆v‖L2(R3
+) 6 Cα

∥

∥xα+2
3 g

∥

∥

L2(R3
+)
. ✭✸✾✮

▼♦r❡♦✈❡r✱ ❢r♦♠ ✭✶✹✮ ♦♥❡ ❤❛s v ∈ W 1, 2
−1, x3

(R3
+) ❛♥❞ t❤❡♥ v ∈ W 1, 2

−1 (R3
+)✱ s❡❡ ✭✶✼✮✳

❚❤✉s✱ z = v − w ❜❡❧♦♥❣s t♦ W 1, 2
−1 (R3

+) ❛♥❞ s❛t✐s✜❡s✿

∆z = 0 ✐♥ R
3
+, z = 0 ♦♥ Γ,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t z = 0 ✭s❡❡ ❬✷❪ ❚❤❡♦r❡♠ ✸✳✷✮✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ v = w ❜❡❧♦♥❣s t♦
W 2,2

0 (R3
+)✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ♦♥❡ ❤❛s ❢♦r i, j = 1, 2, 3 ❛♥❞ ❢r♦♠ ✭✸✾✮✿

∂2

∂xi∂xj
(xα+1

3 u) ∈ L2(R3
+), ✭✹✵✮

∥

∥

∥

∥

∂2

∂xi∂xj
(xα+1

3 u)

∥

∥

∥

∥

L2(R3
+)

6 Cα

∥

∥xα+2
3 g

∥

∥

L2(R3
+)
. ✭✹✶✮

❚❤❡♥✱ s✐♥❝❡ u ∈W 1, 2
α, x3

(R3
+)✱ ♦♥❡ ❞❡❞✉❝❡s ❢r♦♠ ✭✹✵✮ t❤❛t✿

xα+1
3

∂2u

∂xi∂xj
∈ L2(R3

+),

❛♥❞ t❤❡ ❡st✐♠❛t❡ ✭✸✼✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✹✶✮ ❛♥❞ ✭✸✽✮✳

■♥ ❚❤❡♦r❡♠ ✹✳✶✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ ❛ ✜rst s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢
❚❤❡♦r❡♠ ✸✳✷ ✐s ✐♥ ❢❛❝t ❛ str♦♥❣ s♦❧✉t✐♦♥✳ ❲❡ ❣✐✈❡ ✐♥ t❤❡ s❡q✉❡❧ ❛♥♦t❤❡r ❝❛s❡ ♦❢ ✜❣✉r❡✱
❧❡❛❞✐♥❣ t♦ t❤❡ s❛♠❡ ❝♦♥❝❧✉s✐♦♥✿ ✐♥st❡❛❞ ♦❢ ❝♦♥s✐❞❡r✐♥❣ ❛ ❞❛t✉♠ g s✉❝❤ t❤❛t xα+2

3 g ∈
L2(R3

+)✱ ✇❡ ❛ss✉♠❡ ♥♦✇ t❤❛t xα+1
3 g ∈ L2(R3

+) ✐♥ ❛❞❞✐t✐♦♥ t♦ g ∈ W−1, 2
α+1, x3

(R3
+).

❚❤❡r❡❢♦r❡ ✇❡ ♥❡❡❞ t♦ ✉s❡ ❛♥♦t❤❡r ♠❡t❤♦❞✱ ❜❛s❡❞ ♦♥ ❞✐✛❡r❡♥t✐❛❧ q✉♦t✐❡♥ts t❡❝❤♥✐q✉❡
✭❝❢✳ ◆✐r❡♥❜❡r❣ ❬✶✹❪✮✱ ❢♦r ✇❤✐❝❤ ✇❡ r❡❝❛❧❧ ♥♦✇ t❤❡ ❜❛s✐❝s✳

◆♦t❛t✐♦♥ ✹✳✷✳ ❋♦r ❛♥② η ∈ R
2 × {0} ✇✐t❤ η 6= 0✱ ❛♥❞ ❛♥② ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ u

❞❡✜♥❡❞ ♦♥ R
3
+✱ ✇❡ s❡t✿

x ∈ R
3
+, Dηu(x) =

u(x+ η) − u(x)

|η| .

❘❡❝❛❧❧ t❤❛t ❢♦r ❛♥② u, v ∈ L2(R3
+)✱ ♦♥❡ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥✿

✂
R

3
+

uDηv dx =

✂
R

3
+

v D−ηu dx, ✭✹✷✮

❛♥❞ t❤❛t ✐❢ u ∈ H1(R3
+)✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ❤♦❧❞s✿

‖Dηu‖L2(R3
+) 6 ‖∇′u‖L2(R3

+)2 . ✭✹✸✮

❲❡ ❛❧s♦ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡ss❡♥t✐❛❧ r❡s✉❧t✱ ✇❤♦s❡ ♣r♦♦❢ ✐s ❝❧❛ss✐❝❛❧✳

✸❍❡r❡✱ W
2, 2
0 (R3

+) ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s u ∈ W
1, 2
−1 (R3

+) ✇✐t❤ s❡❝♦♥❞ ♦r❞❡r ❞❡r✐✈❛t❡s D2u ∈

L2(R3
+)9✳ ❚❤✐s s♣❛❝❡ ✐s ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♥♦r♠✿

‖u‖
W

2, 2
0 (R

3
+)

=

„

‖u‖2

W
1, 2
−1 (R

3
+)

+
‚

‚D2u
‚

‚

2

L2(R
3
+)9

«1/2

.

✶✹



Pr♦♣♦s✐t✐♦♥ ✹✳✸✳ ▲❡t u ∈ L2(R3
+) s✉❝❤ t❤❛t

∀η ∈ R
2 × {0} ✇✐t❤ η 6= 0, ‖Dηu‖L2(R3

+) 6 C,

✇❤❡r❡ C > 0 ✐s ❛ ❝♦♥st❛♥t ♥♦t ❞❡♣❡♥❞✐♥❣ ♦♥ η✳ ❚❤❡♥

∇′u ∈ L2(R3
+)2 ❛♥❞ ‖∇′u‖L2(R3

+)2 6 C
√

2.

❲❡ ❣✐✈❡ ❛ ❧❛st ♣r❡❧✐♠✐♥❛r② r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✹✳✹✳ ▲❡t α ∈ R✱ ❛♥❞ g ∈ D′(R3
+) s✉❝❤ t❤❛t xα

3 g ∈ L2(R3
+)✳ ❚❤❡♥✱

g ∈ L1
loc(R

3
+) ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s✳

✐✮ ❋♦r ❛♥② η ∈ R
2 ×{0} ✇✐t❤ η 6= 0✱ t❤❡ ❢✉♥❝t✐♦♥ Dηg ❜❡❧♦♥❣s t♦ W−1, 2

α, x3
(R3

+) ❛♥❞ t❤❡
❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ❤♦❧❞s✿

‖Dηg‖W−1, 2
α, x3

(R3
+) 6 ‖xα

3 g‖L2(R3
+) . ✭✹✹✮

✐✐✮ ❋♦r ❛♥② v ∈ W 1, 2
−α, x3

(R3
+)✱ ♦♥❡ ❤❛s Dηv ∈ W 1, 2

−α, x3
(R3

+)✱ ❛♥❞ ✐❢ ✐♥ ❛❞❞✐t✐♦♥ g ∈
W−1, 2

α, x3
(R3

+)✱ ✇❡ ❤❛✈❡ ❛❝❝♦r❞✐♥❣ t♦ ❝❧❛✐♠ ✐✮✿

∀v ∈W 1, 2
−α, x3

(R3
+), 〈Dηg, v〉 = 〈g, D−ηv〉 . ✭✹✺✮

Pr♦♦❢✳
✐✮ ❙✐♥❝❡ xα

3 g ∈ L2(R3
+) ❛♥❞ s✐♥❝❡ xα

3Dηg = Dη(xα
3 g) ♦♥❡ ❤❛s xα

3Dηg ∈ L2(R3
+)✳

❚❤❡♥✱ ♦♥❡ ❞❡❞✉❝❡s ❢♦r ❛♥② ϕ ∈ D(R3
+) t❤❛t✿

∣

∣

∣

∣

∣

✂
R

3
+

ϕxα
3Dηg dx

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

✂
R

3
+

xα
3 g D−ηϕdx

∣

∣

∣

∣

∣

6 ‖xα
3 g‖L2(R3

+) ‖D−ηϕ‖L2(R3
+)

6 ‖xα
3 g‖L2(R3

+) ‖ϕ‖W 1, 2
0, x3

(R3
+) .

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ xα
3Dηg ∈ W−1, 2

0, x3
(R3

+) ❛♥❞ t❤❡♥ Dηg ∈ W−1, 2
α, x3

(R3
+)✱ s❡❡ ❘❡♠❛r❦

✷✳✼✳

✐✐✮ ❋♦r ❛♥② v ∈W 1, 2
−α, x3

(R3
+) ♦♥❡ ❤❛s Dηv ∈W 1, 2

−α, x3
(R3

+)✱ ❛♥❞ ♦❜s❡r✈❡ t❤❛t✿

x−α−1
3 Dηv = Dη

(

x−α−1
3 v

)

, x−α
3 ∇(Dηv) = Dη(x−α

3 ∇v).

❚❤❡♥✱ ❧❡t ❛ss✉♠❡ ✐♥ ❛❞❞✐t✐♦♥ t❤❛t g ∈W−1, 2
α, x3

(R3
+)✳ ▲❡t v ∈W 1, 2

−α, x3
(R3

+) ❛♥❞ (vk)k ⊂
D(R3

+) ❛ s❡q✉❡♥❝❡ ❝♦♥✈❡r❣✐♥❣ t♦ v ✐♥ W 1, 2
−α, x3

(R3
+)✳ ❖♥❡ ♦❜t❛✐♥s✿

〈Dηg, v〉 = lim
k→+∞

〈Dηg, vk〉 = lim
k→+∞

✂
R

3
+

vk Dηg dx

= lim
k→+∞

✂
R

3
+

g D−ηvk dx,

❛♥❞ r❡❧❛t✐♦♥ ✭✹✺✮ ❤♦❧❞s✱ s✐♥❝❡ g ∈ W−1, 2
α, x3

(R3
+) ❛♥❞ D−ηvk ❝♦♥✈❡r❣❡s t♦ D−ηv ✐♥

W 1, 2
−α, x3

(R3
+)✳

❲❡ ❛r❡ ♥♦✇ ✐♥ ♣♦s✐t✐♦♥ t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✹✳✺✳ ❆ss✉♠❡ t❤❛t −3/2 < α < 1/2 ❛♥❞ ❧❡t g ∈ W−1, 2
α+1, x3

(R3
+)✳ ■❢ ♠♦r❡✲

♦✈❡r xα+1
3 g ∈ L2(R3

+)✱ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ u ∈ W 1, 2
α, x3

(R3
+) t♦ Pr♦❜❧❡♠ ✭✶✮ s❛t✐s✜❡s

❛❞❞✐t✐♦♥❛❧❧②✿

xα−1
3 ∇′u ∈ L2(R3

+)2, xα+1
3 ∇(

1

x3
∇u) ∈ L2(R3

+)9. ✭✹✻✮

▼♦r❡♦✈❡r✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t Cα > 0✱ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ α✱ s✉❝❤ t❤❛t✿

∥

∥xα−1
3 ∇′u

∥

∥

L2(R3
+)2

+

∥

∥

∥

∥

xα+1
3 ∇(

1

x3
∇u)

∥

∥

∥

∥

L2(R3
+)9

6 Cα

∥

∥xα+1
3 g

∥

∥

L2(R3
+)
. ✭✹✼✮

✶✺



Pr♦♦❢✳ ❙✐♥❝❡ g ∈W−1, 2
α+1, x3

(R3
+)✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ✉♥✐q✉❡ ✇❡❛❦ s♦❧✉t✐♦♥ u ∈W 1, 2

α, x3
(R3

+)
t♦ Pr♦❜❧❡♠ ✭✷✶✮✱ s❡❡ ❚❤❡♦r❡♠ ✸✳✷✳ ❲❡ r❡❝❛❧❧ t❤❛t u s❛t✐s✜❡s ✭✷✻✮✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r
♦♥❡ ❤❛s✿

∀v ∈W 1, 2
−(α+1), x3

(R3
+),

✂
R

3
+

xα
3∇u · x−(α+1)

3 ∇v dx = 〈g, v〉 , ✭✹✽✮

✇❤❡r❡ t❤❡ ❞✉❛❧✐t② ✐s t❛❦❡♥ ✐♥ t❤❡ s❡♥s❡ W−1, 2
α+1, x3

(R3
+)✱ W 1, 2

−(α+1), x3
(R3

+)✳ ❇② ✭✶✹✮ ❛♥❞

Pr♦♣♦s✐t✐♦♥ ✹✳✹✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❛s ❛ t❡st ❢✉♥❝t✐♦♥ ✐♥ ✭✹✽✮ vη = D−ηDη(x2α+1
3 u)✱ ❢♦r

❛♥② η ∈ R
2 × {0} ✇✐t❤ η 6= 0✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ♦♥❡ ♣r♦✈❡s ❜② r❡❧❛t✐♦♥ ✭✹✷✮ t❤❛t✿✂

R
3
+

xα
3∇u · x−(α+1)

3 ∇vη dx = a(Dηu, x
2α+1
3 Dηu),

✇✐t❤ Dηu ∈W 1, 2
α, x3

(R3
+)✳ ❚❤❡♥✱ t❤❡ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ✭✷✼✮ ✐♠♣❧✐❡s✿

✂
R

3
+

xα
3∇u · x−(α+1)

3 ∇vη dx > Cα ‖Dηu‖2
W 1, 2

α, x3
(R3

+) ,

❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t Cα✱ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ α✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♦❜s❡r✈❡ ❜②
Pr♦♣♦s✐t✐♦♥ ✹✳✹✱ ❛♥❞ ❜② ✭✶✺✮ t❤❛t✿

∣

∣

〈

g, D−ηDηx
2α+1
3 u

〉∣

∣ =
∣

∣

〈

Dηg, Dηx
2α+1
3 u

〉∣

∣

6
∥

∥xα+1
3 g

∥

∥

L2(R3
+)

∥

∥x2α+1
3 Dηu

∥

∥

W 1, 2
−(α+1), x3

(R3
+)

6 Cα

∥

∥xα+1
3 g

∥

∥

L2(R3
+)

‖Dηu‖W 1, 2
α, x3

(R3
+) .

❈♦❧❧❡❝t✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡s✱ ✇❡ ✜♥❛❧❧② ❞❡❞✉❝❡ t❤❛t✿

‖Dηu‖W 1, 2
α, x3

(R3
+) 6 Cα

∥

∥xα+1
3 g

∥

∥

L2(R3
+)
, ✭✹✾✮

❈♦♥s❡q✉❡♥t❧②✱ Pr♦♣♦s✐t✐♦♥ ✹✳✸ ❡♥s✉r❡s t❤❛t ❢♦r i = 1, 2✿

xα−1
3

∂u

∂xi
∈ L2(R3

+), xα
3∇(

∂u

∂xi
) ∈ L2(R3

+)3, ✭✺✵✮

✇✐t❤ t❤❡ ❡①♣❡❝t❡❞ ❡st✐♠❛t❡s✳ ❚❤❡♥✱ ✐❢ ✇❡ ✇r✐t❡ ❡q✉❛t✐♦♥ ✭✶✮ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

xα+1
3

∂

∂x3

(

1

x3

∂u

∂x3

)

= −
∑

i=1, 2

xα
3

∂2u

∂x2
i

− xα
3 g,

✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✺✵✮ t❤❛t✿

xα+1
3

∂

∂x3

(

1

x3

∂u

∂x3

)

∈ L2(R3
+),

❛♥❞ ✭✹✻✮ ❢♦❧❧♦✇s✳

❚♦ ✜♥✐s❤ t❤✐s s❡❝t✐♦♥✱ ❧❡t ✉s ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥✳ ❲❡ ❝♦♥s✐❞❡r |α| < 1/2✱
g ∈W−1, 2

α+1, x3
(R3

+) s✉❝❤ t❤❛t xα+1
3 g ∈ L2(R3

+)✱ ❛♥❞ t❤❡ s♦❧✉t✐♦♥ u ∈W 1, 2
α, x3

(R3
+) t♦ ✭✶✮✳

❙✐♥❝❡ xα+1
3 g ∈ L2(R3

+)✱ t❤❡♥ g ∈W−1, 2
α, x3

(R3
+) ❛♥❞ ✇❡ ❞❡❞✉❝❡ ✜rst❧② ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✷

t❤❛t u ∈W 1, 2
α−1, x3

(R3
+)✱ ❛♥❞ s❡❝♦♥❞❧② ❢r♦♠ ❚❤❡♦r❡♠ ✹✳✶ t❤❛t xα

3D
2u ∈ L2(R3

+)✳ ❆s ❛
❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❝❛♥ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✳

❈♦r♦❧❧❛r② ✹✳✻✳ ■❢ |α| < 1/2 ✱ g ∈ W−1, 2
α+1, x3

(R3
+) ❛♥❞ xα+1

3 g ∈ L2(R3
+), t❤❡ s♦❧✉t✐♦♥

u ∈W 1, 2
α, x3

(R3
+) t♦ Pr♦❜❧❡♠ ✭✶✮ ❛❧s♦ ❜❡❧♦♥❣s t♦W 1, 2

α−1, x3
(R3

+) ❛♥❞ s❛t✐s✜❡s ❛❞❞✐t✐♦♥❛❧❧②✿

xα
3D

2u ∈ L2(R3
+)9.

❇❡s✐❞❡s✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t Cα > 0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ α s✉❝❤ t❤❛t✿

‖u‖W 1, 2
α−1, x3

(R3
+) +

∥

∥xα
3D

2u
∥

∥

L2(R3
+)9

6 Cα

∥

∥xα+1
3 g

∥

∥

L2(R3
+)
.

✶✻



❘❡♠❛r❦ ✹✳✼✳ ❆❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✹✳✶ ❛♥❞ t❤❡ ❛❜♦✈❡ ❝♦r♦❧❧❛r②✱ ❛♥ ♦♣t✐♠❛❧ s♣❛❝❡
♦❢ str♦♥❣ s♦❧✉t✐♦♥s t♦ Pr♦❜❧❡♠ ✭✶✮ ✐s ✐♥ ❢❛❝t✿

W 2, 2
α, x3

(R3
+) =

{

u ∈ D′(R3
+) / x

α+|k|−2
3 D|k|u ∈ L2(R3

+) : 0 6 |k| 6 2
}

,

❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♥♦r♠✿

‖u‖W 2, 2
α, x3

(R3
+) =





∑

06|k|62

∥

∥

∥x
α+|k|−2
3 D|k|u

∥

∥

∥

2

L2(R3
+)





1/2

.

❲❡ ❧❡❛✈❡ t❤❡ st✉❞② ♦❢ t❤✐s s♣❛❝❡ ❢♦r ❢✉rt❤❡r ✇♦r❦s✳

▲❡t ✉s ✜♥✐s❤ t❤❡ ❝♦♠♣❛r❛✐s♦♥✱ ❜② s❛②✐♥❣ t❤❛t ✇❤❡♥ −3/2 < α 6 −1/2✱ ❚❤❡♦r❡♠
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▲❡t ✉s ❡♥❢♦r❝❡ t❤✐s ♣♦✐♥t ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✳ ▲❡t ❛ ❞✐str✐❜✉t✐♦♥ g s✉❝❤ t❤❛t√
x3g ∈ L2(R3

+)✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t♦ ❝❤♦♦s❡ ❢♦r♠❛❧❧② α = −3/2 ✐♥ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢
❚❤❡♦r❡♠ ✹✳✶✳ ❯♥❢♦rt✉♥❛t❡❧②✱ s✉❝❤ ❛ ❞✐str✐❜✉t✐♦♥ ❞♦❡s ♥♦t s❛t✐s❢② t❤❡ st❛t❡♠❡♥t ♦❢
❚❤❡♦r❡♠ ✸✳✷✱ ❛♥❞ s✐♥❝❡ ✇❡ ❛r❡ ♥♦t ❛❜❧❡ ❢♦r t❤❡ ♠♦♠❡♥t t♦ ❡st❛❜❧✐s❤ ❡①✐st❡♥❝❡ ❛♥❞
✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✶✮✱ ✇❡ ❛❞❞ t❤❡ ❡①tr❛ ❛ss✉♠♣t✐♦♥

√
x3g ∈W−1, 2

0, x3
(R3

+)
♦❢ ❚❤❡♦r❡♠ ✹✳✺✳
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