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The theme of a vanishing period.

Daniel Barlet*

23/09/11

Abstract

Let A € Q*" and consider a multivalued formal function of the type

)\—i—mj

M»

ci(s (Log s)’

j=0

where ¢; € C[[s]],m; € N for j € [0,k — 1]. The theme associated to such a ¢
is the "minimal filtered differential equation” with generator ¢, in a sens which is
made precise in this article. We study such objects and show that their isomorphism
classes may be characterized by a finite set of complex numbers, when we assume
the Bernstein polynomial fixed. For a given A\, to fix the Bernstein polynomial is
equivalent to fix a finite set of integers associated to the logarithm of the monodromy
in the geometric stuation described above.

Our purpose is to construct some analytic invariants, for instance in the following
situation : Let f: X — D be a proper holomorphic function defined on a complex
manifold X with value in a disc D. We assume that the only critical valueis 0 € D
and we consider this situation as a degenerating family of compact complex mani-
folds to a singular compact complex space f~1(0). To a smooth (p+1)—form w on
X such that dw =0 = df Aw and to a vanishing p—cycle ~ Choosen in the generic
fiber f~!(s0),s0 € D \ {0}, we associated a vanishing period ¢(s) := f w/df
which is, when ~ is choosen in the spectral subspace of H,(f~ (50) C) for the
eigenvalue e*™* of the monodromy of f, of the form above. Here (7s)scp- is
the horizontal multivalued family of p—cycles in the fibers of f obtained from the
choice of ~.

The result obtained allows, for instance, to associate "natural” holomorphic func-
tions of the parameter space when we have a family of such degenerations depending
holomorphically on a parameter.

*Barlet Daniel, Institut Elie Cartan UMR 7502
Nancy-Université, CNRS, INRIA et Institut Universitaire de France,
BP 239 - F - 54506 Vandoeuvre-les-Nancy Cedex.France. r
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1 Introduction

Let begin by the definition of a vanishing period. Let X be a complex connected
manifold of dimension n+1 and f: X — D be a holomorphic function with
value in a disc D C C with center 0. Assume! that the critical set S := {df =0}
is a closed subset in {f = 0} with no interior point in {f = 0}. Let w be
a (p+ 1) — ¢>*—differential form on X such that dw = 0 = df A w, and let
v € Hy(Xs,,C) be a vanishing p—cycle on the generic fiber X, of f. Then we
call a vanishing period for f the multivalued® holomorphic function on D*,

defined as
F(s) = / had
! Vs df

where (7s)sem, Vs € Hp(Xs, C), is the horizontal family of p—cycles in the fibers of
f whose value® at sy is 7.

It is known that such a function F, is solution of regular singular meromorphic
linear differential system around s =0 which is the Gauss-Manin connexion of f.
It admits when s — 0 a convergent asymptotic expansion (see [M.74] or [A-V-G.])
in the space

== @egrion=h By Clls]].s* . (Log s)’.

Let A := {3, P,(a).b"}, where P, are polynomials, the C —algebra whose
product is defined by the following two conditions :

1. The commutation relation a.b — b.a = b2.

2. The left and right multiplication by a are continuous for the b—adic topology
in A

Then we associate to the vanishing period F, the left sub—A—module generated
by the asymptotic expansion of F, when s — 0. This object, called a theme, is
in some sens the minimal filtered differential equation satisfied by F,. Note that
the regularity of the Gauss-Manin connection, which implies the convergence of the
asymptotic expansion of F,, shows that we do not loose information by going to
the formal completion.

The aim of this article is to study themes and more precisely to try to understand
the classification of [A\—primitive? themes up to isomorphy. The main goal is
to try to characterize an isomorphy class of a [\|—primitive theme by a finite
set of complex numbers, when we begin to fix some discrete invariants (call the

Lif the hypersurface {f =0} in X is reduced, this is always satisfied, up to localize around
0 in D.

250 well defined and holomorphic on the universal cover exp: H — D*.

3in fact at some base point in H choosen over sq.

4A [\]—primitive theme is a theme contained in =,. So it keeps only the part of the asymptotic
expansion associated to a the eigenvalue €™ of the monodromy of f.



fundamental invariants) which corresponds to fix the Bernstein polynomial of the
theme. In order to obtain such a classification, we study holomorphic families of
[A]—primitive themes, and we construct "minimal” versal families. Then we give
some sufficient conditions in order that this family is universal. In this case, it
implies that we describe exactely with a finite set of complex numbers the isomorphy
class of theses themes.

The main results in this article are the following.

e The theorems 3.1.3 , 3.1.7 and 3.1.10 of stability of themes by quotient, twisted
duality and the characterization of [A]—primitive themes by the uniqueness
of Jordan-Holder sequence.

e The existence theorem 3.2.6 for the canonical form of a [A]—primitive theme,
which leads to the construction of the canonical family, and the versality the-
orem 5.2.4.

e The theorem of uniqueness 4.3.1 of the canonical form for an ”invariant ”
[A]—primitive theme, which gives many cases where the canonical family is
universal.

2 Preliminaries.

2.1 Regular and geometric (a,b)-modules.

Let us first recall the definition of an (a,b)-module®.

Definition 2.1.1 An (a,b)-module E is a free finite rank C[[b]]—module endowed
with an C —linear map a: E — E which satisfies the following two conditions :

e The commutation relation a.b — b.a = b%.

e The map a 1is continuous for the b—adic topology of FE.
Remark that these two conditions imply that for any S € C[[b]] we have

a.S(b) = S(b).a + b>.5(b)

where S” is defined via the usual derivation on C[[b]]. For a given free rank
k  C[[b]]-module with basis ey, ..., e, to define a structure of (a,b)-module it is
enough to prescribe (arbitrarily) the values of a on eq,..., e.

An alternative way to define (a,b)-modules is to consider the C —algebra

A:={>_ Pa)}

SFor more details on these basic facts, see [B.93]
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where the P, are polynomials in C[z] and where the product by a is left and
right continuous for the b—adic filtration and satisfies the commutation relation
a.b —b.a = b

Then a left A—module which is free and finite rank on the subalgebra C[[b] C A
is an (a,b)-module and conversely.

An (a,b)-module E has a simple pole when we have a.F C b.E and it is regular
when it is contained in a simple pole (a,b)-module. The regularity is equivalent to
the finitness on C[[b]] of the saturation E* of E by b~'.a in E®cpy Cl[b]][b].
Recall that submodules and quotients of regular (a,b)-modules are regular.

The Bernstein polynomial of a regular (a,b)-module E of rank k is defined
as the minimal polynomial of —b~'.a acting on the k—dimensional C —vector
space E* / b.E*. Of course, when E is the b—completion of the Brieskorn module
of a non constant germ f : (C"™' 0) — (C,0) of holomorphic function with an
isolated singularity, we find the "usual” (reduced) Bernstein polynomial of f (see
for instance [K.76] or [Bj.93]).

We say that a regular (a,b)-module F is geometric when all roots of its Bernstein
polynomial are negative rational numbers. This condition, which corresponds to
M. Kashiwara theorem [K.76], encodes the monodromy theorem and the positivity
theorem of B. Malgrange (see [M.75] ) extending the situation of (a,b)-modules de-
duced from the Gauss-Manin connexion of an holomorphic function.

Another important property of regular (a,b)-modules is the existence of Jordan-
Holder sequences (J-H. sequences for short).

Recall first that any regular rank 1 (a,b)-module is characterized, up to isomorphism,
by a complex number A and the corresponding isomorphy class is represented by
the (a,b)-module F) := C[[b]].en where a.ey = A.b.ey, which is isomorphic to the
left A-module A/A.(a — \.b).

Recall also that a submodule F of the (a,b)-module E is called normal when
FNb.E =bF. Normality is a necessary and sufficient condition in order that the
quotient E/F is again an (a,b)-module.

A Jordan-Hdélder sequence for the rank k regular (a,b)-module E is a sequence
of normal submodules® {0} = Fy C F} C ... F,_, C F, = E such that the quotients
Fj/Fj_l for j € [1,k] are rank 1 (a,b)-modules. So, to each J-H. sequence of
E  we may associate an ordered k—tuple of complex numbers Ai,..., A\ such
F;/Fj_y ~ E,, for each j € [1,k].

The existence of J-H. sequence for any regular (a,b)-module is given via the following
proposition proved in [B.93].

Proposition 2.1.2 Let E be a reqular (a,b)-module of rank k. Then E admits
a J-H. sequence. Moreover we may choose Fy >~ E\, with —\; in any prescribed

5For G C F C E submodules with ' normal in E, the normality of G in F is equivalent
to the normality of G in E.



class modulo 7 of a root of the Bernstein polynomial of FE.

Recall that the tensor product of two (a,b)-modules E and F ( see [B.06] ) is
defined as the C[[b]]—module E®cyy £ with the C —linear endomorphism defined
by the rule a.(z®y) = (a.x)@y+z®(a.y). The tensor product by a fix (a,b)-module
preserves short exact sequences of (a,b)-modules. As we have E)® E, ~ Ey4,, the
tensor product of two regular (a,b)-modules is again regular.

In an analoguous way, for two (a,b)-modules E and F we define a new (a,b)-
module as the C[[b]|—module Homgy(E, F)) endowed with the C —linear map
a defined by
(a-p)(x) = ap.o(z) — plap.T).

It is an easy exercice to see that (a.p) is again C][b]]—linear and that we have again
ab—ba="0b" on Homcy)(E,F). We shall denote by Hom,,(E, F) the (a,b)-
module obtained in this way. Note that after applying the functors Homg,(E, —)
or Homg,(—,F) to any short exact sequence of (a,b)-module we obtain again a
short exact sequence of (a,b)-modules . Moreover, as Hom,,(Ex, E,) ~ Ex_,, we
see that for E,F regular (a,b)-modules the (a,b)-module Hom,,(E, F) is also
regular.

Definition 2.1.3 Let E be a regular (a,b)-module. The dual E* of E is defined
as Homgy(E, Eg) where Ey:= A/ A.a~C[b]l.eg with a.eq=0.

We have Ef ~ E_, and as the duality transforms a short exact sequence of (a,b)-
modules in a short exact sequence, the dual of a regular (a,b)-module is regular. It
is easy also to see that for a regular (a,b)-module E the canonical map E — (E*)*
is an isomorphism.

The dual of a regular (a,b)-module is again regular, but the dual of a geometric
(a,b)-module is almost never geometric. To use duality in the geometric case we
shall combine it with tensor product with FEyx where N is a big enough integer
(or rational number). Then E*® Ey is geometric and (E*® Eyn)*® Ey ~ E. We
shall refer to this process as ”twisted duality”.

Define now the left A—module of ”formal multivalued expansions”

A1 (Logs)
T

== EBAEQH}O,H E)\ with E)\ = EBjGN (C[[b]]S

with the action of a given by

for 5 > 1 and a.s* ! = \b(s*1), with, of course, the commutation relations

S(b).a + b*.5'(b) for S € Cl[[b]].
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For any geometric (a,b)-module of rank k, the vector space Hom ;(E,Z) is of
dimension k and this functor transforms short exact sequences of geometric (a,b)-
modules in short exact sequences of finite dimensional vector spaces (see [B.05] for
a proof).

In the case of the Brieskorn module of an isolated singularity germ of an holomorphic
function f at the origin of C™"' this vector space may be identified with the n-th
homology group (with complex coefficients) of the Milnor’s fiber of f (see [B.05]).
The correspondance is given by associating to a (vanishing) cycle ~ the A—linear

map
W] [/ w/df] €=

where w € Q0! 4, is the multivalued horizontal family of n—cycles defined by
~ in the fibers of f, and where [g] denotes the formal asymptotic expansion at
s =0 of the multivalued holomorphic function g.

2.2 Primitive and coprimitive parts.

Definition 2.2.1 Let E be a regular (a,b)-module. We shall denote
Exp(E) the subset of (C/Z of classes modulo 7 of the numbers —a where «
s a root of the Bernstein polynomial of E.

REMARKS.

1. For any regular (a,b)-module we have Exp(E) = Exp(E*) as the Bernstein
polynomial of E and of its saturation E* coincide.

2. Let E be any regular (a,b)-module. We have [A] € Exp(FE) if and only if
there exists a A € [A\] and an (a,b)-linear injection of F\ in E : it is enough
to prove this for E* and in the simple pole case we may choose the \ with
the smaller real part in [A] for which a — A.b is not injective on F, thanks
to the proposition 1.3 in [B.93].

3. Let E be any regular (a,b)-module. Then FExp(E*) = —FEzp(E).

4. Using the previous remarks and the isomorphism of FE with its bidual, we
obtain that [A] isin FEzp(E) if and only if there exists some X € [A\] and
an (a,b)-linear surjective map FE — F).

Using the previous remarks the following lemma is an easy exercice.

Lemma 2.2.2 Let 0 - F — E — G — 0 be an exact sequence of reqular (a,b)-
modules. Then we have the equality Exp(E) = Exp(F)U Exp(G).



Definition 2.2.3 A reqular (a,b)-module is [A]—primitive, where [A] is a subset
in C /Z, if all roots of its Bernstein polynomial are in [—A|, or equivalently when
Exp(E) C A.

NoTATION. When A = {[A\]} we shall say that E is [A|—primitive. When
M = (C /Z) \ A, we shall replace M —primitive by [# A]—primitive.
REMARKS.

1. With our definition the nul (a,b)-module is A—primitive for any choice of A.
And it is the only regular (a,b)-module which is at the same time A and
[# A]—primitive.

2. Using remark 2 above, it is easy to see that any submodule (normal or not) of
a A—primitive (a,b)-module is A—primitive.

3. As a consequence, a regular (a,b)-module is [A]—primitive if and only if it

admits a J-H. sequence such that the classes modulo Z of Ay,..., A\, arein
[A]. Tf it is so, this property is true for any J-H. sequence, thanks to proposition
2.1.2.

4. If we have a short exact sequence of (a,b)-modules
0O—=F—=E—-G—=0

with F regular and [A]—primitive then F' and G are regular and [A]—primitive.
Conversely if F' and G are regular and [A]—primitive then FE is regular
and [A]—primitive.

5. Let f:E — F bean A—linear map between two regular (a,b)-modules.
Then if G C E isa A—primitive submodule, then f(G) is also A—primitive:
if this is not the case, by remark 3 above we may find an submodule of f(G)
isomorphic to E, with [u] € A. But then, with H := GnN f~'(E,), we have
an exact sequence
0O—=KerfNnG—H—E,—0

of regular (a,b)-modules, contradicting remark 4 above.

Proposition 2.2.4 Let E be a reqular (a,b)-module and let A be a subset of
C/Z. There exists a mazimal A—primitive submodule E[A] of E. It is normal
and the quotient E/E[A] is [# Al—primitive. Moreover, any normal submodule
F CE suchthat E/F is [# A—primitive contains E[A]. So, for any M C C JZ
the quotient E/E[# M) is the mazimal [M]—primitive quotient of E.



Proor. We shall proof the proposition by induction on the rank %k of E. Assume
k > 1 and the proposition proved in rank < k — 1.

If any [A] € —A is not the class modulo Z of a root of the Bernstein polynomial
of FE, it is clear that {0} is the biggest [A]—primitive submodule in E. So we
may assume that there exists a root —\ of the Bernstein polynomial of E with
[A] € A. Up to change the choice of A in [A] we may assume that F admits a
normal submodule F' isomorphic to F). Then G :=F / F hasrank £—1 and the
induction hypothesis gives the existence of the maximal [A]—primitive submodule
G[A] of G. Let 7 be the quotient map E — E/F. Then we shall show that
71 (G[A]) is a maximal [A]—primitive submodule of E.

The exact sequence 0 — F — 7 Y(G[A]) — G[A] — 0, thanks to the previous
remark 4, shows that 7~ '(G[A]) is [A]—primitive.

If HCFE isa [A]—primitive submodule of FE, then w(H) is also [A]—primitive
and so contained in GJ[A], giving H C 7 }(G[A]).

The other assertions in the proposition are easy defining [M] := [# A]. |

REMARKS.

1. For any regular (a,b)-module E and any A C C /Z we have

Exp(E[A]) = Exp(E) N A.

2. Let F C E be a submodule of a regular (a,b)-module E. Then for any A
we have F'N E[A] = F[A] : the maximality of F[A] gives F N E[A] C F[A],
and the maximality of E[A] implies the other inclusion.

Definition 2.2.5 We shall call E[A] (resp. E/E[# A]) the [A]—primitive
part (resp. the [A]—coprimitive part) of E.

An easy consequence of the proposition 2.2.4 is the following.

Corollary 2.2.6 Let E be a regular (a,b)-module and let [M\],...,[A\d] with
(Ni] # [N\j] for i# 7 in [1,d] be an order on the set Exp(E). Then there exists
an unique sequence of normal submodules of E :

O:FOCF1C"'CFd:E

such that Fj/Fj_y is [\j]—primitive for each j € [1,d].

Note that we have F; = E[{[\],...,[)\]}].

But, in general for j > 2, the quotient Fj/Fj_l is not isomorphic to E[)\;], as
it may be seen on the rank 2 (a,b)-module E, , := fl/fl(a — A.b)(a — p.b) when
[A] 7 [,



Lemma 2.2.7 Let E be a regular (a,b)-module and let A be a subset of C /Z.
The duality functor of (a,b)-modules transforms the exact sequence

0— E[A] > E— E/E[A] -0
in the exact sequence
0 — E*[# —A] = E* = (E[A])* = 0.

So there is a canonical isomorphism (E[A])* ~ E* /[—A].

PROOF. As the dual of a [A]—primitive (a,b)-module is [—A]—primitive, the
universal property of the inclusion FE[A] — E relative to A—linear maps from
[A]—primitive (a,b)-modules to E gives that the surjection map E* — (E[A])*
factorizes any A—linear map from FE* to a [—A]—primitive (a,b)-module. So
(E[A])* is the [—A]—coprimitive part of E*. This implies that the kernel of this
quotient is the [# —A]—primitive part of E*.

3 Themes.

3.1 Stability by quotient and twisted duality.

As it is explained in the introduction, a theme is, in the precise sens given below, a
minimal filtered differential equation associated to a formal ”standard multivalued
asymptotic expansion”.

Definition 3.1.1 A theme is a left A—module isomorphic as A—module to
A.p CZ for some ¢ € =.

REMARKS.

1. A theme is a monogenic geometric (a,b)-module. Note that the finitness on
C[[b]] comes immediately from our definition of Z : there are only finitely
many exponents A €]0,1] N Q involved in ¢ and also the degree of loga-
rithms are bounded. Moreover there is no b—torsion because = itself has no
b—torsion. So such an A.¢ is an (a,b)-module, and the monogenic assertion
is obvious. The regularity is an easy consequence of the fact that = has a
simple pole and so there exists a simple pole sub-(a,b)-module of = which
contains A.g, which is of finite type on C[[b]]. The geometric aspect is then
obvious.

2. We have proved that any monogenic geometric (a,b)-module may be embeded
in ZE®cV where V is a finite dimensional complex vector space in [B.09],
but nevertheless not every monogenic geometric (a,b)-module is a theme.
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For instance, if A > 1 is rational and n is an integer the (a,b)-module
E = A/A(a —Ab).(a— (A+n).b) isarank 2 (a,b)-module which is not a
theme : if f:E — Z isan A—linear map, its b—rank is less or equal to 1,
for the following reason:

Let e; denote the image of 1 in E and put es:= (a — (A+mn).b).e;. Then
we have (a — A.b).e; =0 in E. Then f(ey) = p.s’ ! for some p € C.
Now it is easy to see that v := f(e;) has to be a solution of the equation
(a—(A+n).b).yp = p.s* L. Butif p# 0 this solution is ¢ = 0.8} 2 7.6 !
for some well choosen o € C. So f(e;) isin C[[b]].f(ez) and the rank on
C[[b]] is at most 1 for any f.

3. Any geometric (a,b)-module of rank 1 is a theme.
4. A theme is [A\]—primitive if and only if it may be embedded in =,.

5. It is an easy exercice to show that if ¢ € =\ has degree k—1 in Logs then
A.p is a ([A]—primitive) theme of rank k.

The next lemma contains the classification of [A]—primitive themes of rank 2.

Lemma 3.1.2 Let X €]0,1] be a rational number. A rank 2 [\|—primitive theme
is isomorphic to one and only one rank 2 [\|—primitive theme in the following list:

1. Let Ay >1 in [\ and define E,, \, as the quotient
By = AJA(a—Aib).(a — (A — 1).b).

2. Let \y >1 in [N, ne€N* and a € C* and define Ej »4n(a) as the
quotient

Bxoan(a) = A/ A(a = 2b).(1+ab™)(a— (A +n —1).b).

In all cases, there exists an unique normal submodule of rank 1 and it is isomorphic
to E)\l.

PROOF. Recall the classification of regular rank 2 (a,b)-module given in [B.93]
proposition 2.4 :

1. E=FE\&E,.

2. For n €N let E\(n) bethe C[[b]]-module with basis (z,y) and where a
is defined by

ax=A+n)br+b""y and ay=\by.

11



3. For (A\,p) € C* /sy let E,, be the C[b]]—module with basis (z,¢) and
where a is defined by

ay=pbt and at=y+ (A—1).bt

4. For n € N* and a € C* let Ej,_,(a) be the C[[b]]—module with basis
(y,t) and where a is defined by

ay=A—n)by and at=y+ (A—1).bt+a.b"y.

The cases 1 and 2 are not monogenic. The cases 4 corresponds to the case 2 in the
lemma when A = A; > 1. So it is enough to prove that they may be embedded in
=. But it is an easy exercice to verify that it is isomorphic to A.¢ C = with

- )

Y= M2 Logs +v.sM? with = —

We shall show that in case 3 we get a [A\]—primitive theme if and only if we are in
the case 1 of the lemma. Of course we may assume p € [A\] because we are looking
for [A]—primitive themes. Then it is enough (up to exchange A\ and pu) to prove
that Ej 4, is not a theme for p € N*. But this has been proved in the remark 2
following the definition 3.1.1.

To check uniqueness of the normal rank 1 submodule is an easy exercice left to the
reader. |

REMARK. An easy consequence of the uniqueness of the normal rank 1 normal sub-
module is the uniqueness of the J-H. sequence for a [A]—primitive rank 2 theme.
Moreover in every case we have the inequatity A; < Ay — 1, where A, Ay are
numbers associated to the rank 1 quotients of the J.H. sequence.

If it is not surprising that a monogenic submodule of a theme is again a theme, it
is less obvious that the quotient of a theme is again a theme, as it is shown in the
next theorem.

Theorem 3.1.3 Let E be a theme and let F  be a monogenic submodule of FE.
Then F is a theme. Moreover, if F' is normal in FE, the quotient E/F 1$ also
a theme.

REMARK. A normal submodule of a monogenic (a,b)-module is monogenic : the
normality of F' in FE implies the injectivity of the map F/b.F — E/b.E. As
the action of @ on F / b.E is a principal nilpotent C —linear endomorphism, the
a—stable subspace F/b.F is equal to Im(a") for some integer h. So F/a.F+b.F
is 1-dimensional. This implies that F is monogenic.

The proof of the theorem will use the following proposition.
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Proposition 3.1.4 Let E be a non zero [A—primitive theme. Then E has an
unique normal rank 1 submodule. Moreover, if F =~ FE\, s this normal rank 1
submodule the quotient E/F is again a [N—primitive theme.

ProOF. The existence of J-H. sequences for regular (a,b)-modules shows that there
exists at least one normal rank 1 submodule of E # {0}. As E is [\ —primitive,
this normal rank 1 submodule F} is isomorphic to E), for some \; € [A].
Assume that we have another normal rank 1 submodule G of E. Put H := F;+G.
Then, assuming Fj # G the rank of H is two : if not, we have F; =0’ .H and
G = b?.H. But the normality of F; and G imply p = ¢ = 0 contradicting
F1 7& G.

So H isa [\ —primitive theme of rank 2. But then it has a unique rank 1 normal
submodule, contradicting again F} # G. This proves the uniqueness of Fj.

To show that the quotient FE / F} is again a theme, put for N € N

=M =@, C[[b]].s*".(Log s C En.

This is a [A]—primitive geometric submodule of =, for A €]0,1]NQ. And we have
the exact sequence of A—modules, for any N > 1:

0 — C[[p]].s** — =M Ly =D g
where f, is C[[b]]—linear and defined by

AT =0 and  fi(s* ' (Logs)') == j.s* " (Logs) .

It is easy to check (but not obvious) that f, is a—linear, surjective and with kernel
C[[b]].s*1L.

Consider now a non zero [A|—primitive theme E — E(AN) for some N. Its unique
normal submodule F; is send bijectively on C[[b]].s**?~! for some p € N (in
fact A+ p— 1= A1). It coincides with E N Ker f\ because E N Ker f\ is normal

and rank 1 in FE. So the restriction of f, to F induces an injection of E/F1 in

=(N-1)
=N ) [ |

PROOF OF THEOREM 3.1.3. The first assertion is obvious. As the quotient of a
monogenic geometric (a,b)-module is again monogenic’ and geometric, the point is
to construct an embedding of F in Z=. We shall do it by induction on the rank
of F. The case of rank 1 is an easy consequence of the proposition 3.1.4 : assume
that F ~ E\, with A\; € [\] and define f:Z™) — =) as the direct sum of the

identity on ELN) for p €]0,1]NQ,u # A and the composition of fy with the

obvious inclusion EE\N Ve ug\ Then if ¢ : F — Z®) is an embedding, then

fog: E/F — ZW) is also an embedding.

"See the remark following the statement of theorem 3.1.3.
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Assume now that the theorem is proved for rank < k — 1 and that F has
rank k& > 2. Then choose G a normal rank 1 submodule in F. As we have

E/F ~(E/G) / (F/G) the induction hypothesis allows to conclude. [

Corollary 3.1.5 Let E be a monogenic geometric (a,b)-module. Then E is a
theme if and only if for any [N € Exp(E) its [N—coprimitive part E/E[# )] is
a theme.

We shall show that the analoguous statement with the [A]—primitive parts of F
is also true, using the twisted duality theorem 3.1.10.

PrRoOOF. The previous theorem implies that the condition is necessary. To show
that it is sufficient, let FExp(E) = {[M],...,[\d]}. For N € N large enough
let 6,: F — E(AJZV) the composition of the quotient map E — E/E[# X\;] with
an injection of this quotient, which is, by assumption a [\;]—primitive theme, in
EE\N) Now 0 := @, 0;: E — Z™) is an embedding : by construction we have

Ker6; = E[# [N]] and as E[N;P] = M;E[P;] the kernel of 6 is {0}. |

Proposition 3.1.6 1. Let E be a rank k [N—primitive theme. Then there

erists® ¢ € Ef\k_l) Eg\k_Q) such that E is isomorphic to A.¢ C Ef\k_l).

2. Conversely, for any such o, /l.go is a rank k [N]—primitive theme.

3. In this situation, for any j € [1,k] Fj:= A.gp N Ef\j*l) 1s a rank j mormal

. . _i—~(j—1
submodule of A.o contained in b* 3.:5\] )

Proor. We shall let as an exercie for the reader the following easy fact :
Fix A €]0,1]NQ,k € N* and p € Q™. Then we have:

(a — u.b).E&kil) NC.s".(Log s)** = {0}.

By definition of a [A]—primitive theme there exist an integer N large enough
and ¢ € E(AN) such that A.o is isomorphic to E. So the first two points in the
proposition reduce to show that the rank of A.¢ is (for ¢ # 0) the maximal power
of Logs which appears in ¢ plus 1. We shall show this fact by induction on the
maximal power d of Logs appearing in .

The result is clear for d = 0. So assume the result proved for d —1 > 0 and

consider a ¢ for which the maximal power is d. Then we may write

0 =T.5"".(Logs)® + 1

8with the convention Eg\_l) = {0}.
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where T' € C[[b]] is invertible, p € A+ N and ¢ isin Eg\d_l). To replace ¢ by
T~1.p does not change A.¢ so we may assume that 7 = 1. Then we have

—(d—1
0:=(a—pb)pc :E\ )
and is not in Eg\d_Z) because of the exercice above. So the induction hypothesis

gives that A.0 has rank d. . 3
We have a surjective A—linear map, where E := A.p and F := A.0

E/F = E, =0

obtained by sending ¢ onto the standard generator of FE,, because, by definition,
(a — p.b).o € F. We want to prove now that 4.0 is exactely the kernel of this
map. Let z € A.

The euclidian division gives ¢ € A and r € C[[b]] such that

x =q.(a — p.b) + r(b)

and this leads to x.¢ = q.0 + r(b).. So x.¢ is in the kernel if and only if 7(b).¢
is in the kernel. But its image is r(b).e, which is zero only when r = 0.

This implies that the rank of E is d+ 1.

But this proof also gives that A.pN Eg\d_l) is a normal submodule of A.¢ of rank
d. An easy iteration implies then the first part of assertion 3.

We have also the second part of 3 for j=k—1=d because 0 = (a — p.b).¢ is

in b.EE\d) N Eg\dil) as E&N) has a simple pole for any N.

Now we conclude that 6 € b.EE\d_l) because EE\N_U is normal in EE\N) for any N.
By an iteration of this result we obtain 3. |

REMARK. With the notations of the previous proposition, if s#=1 isin fl.cp we
have p >k — 1, where k is the rank of A.p.

Theorem 3.1.7 Let E be a monogenic geometric (a,b)-module having an unique
normal rank 1 submodule. Then E is a [N—primitive for some X €]0,1] N Q.

ProOOF. We make an induction on the rank of E. The rank 1 case is obvious.
Assume that F has rank k41 > 2 and that the result is proved for rank < k.
Let F be a normal rank &k submodule of E. Then we have an exact sequence of
monogenic geometric (a,b)-modules

0—-F—>E—Ey—0 (@)

where )\ > 0 is a rational number. The induction hypothesis shows that F is
a [\—primitive theme. If X ¢ [A\] then E has a rank 1 normal submodule’

9see proposition 2.1.2.
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isomorphic to Ey» with A" € [N] and as F has a rank 1 normal submodule
isomorphic to FE), with A\; € [A], we contradict our assumption.
Fix an A-—linear injection j: F — E&N) and consider the exact sequence of finite

dimensional vector spaces deduced from (@), thanks to [B.05] thm 2.2.1 p.24:
0—= Hom ;(Eyx,Z) = Hom 4(E,=Z) — Hom 4(F,Z) — 0.

Let j' € Hom ;(E,Z) extending the image of j in Hom ;(F,Z). It is now enough
to prove that j' is injective. Let G := Kerj’, and assume that G is not {0}.
As GNF ={0} therank of G is 1 and it is normal in E. But,as k>1 F has
a normal rank 1 submodule, which cannot be G. So we contradict our assumption.
So G ={0} and j" is injective. [

Corollary 3.1.8 Let E be a [N—primitive theme of rank k. Then E has exactly
one normal submodule of rank j for each j € [0,k]. This implies the following
properties:

i) The Jordan-Hélder sequence of E is unique.

i) If we choose for each j € [1,k] an injection A—linear 0; : E/Fe;—Zy of
the ((N|—primitive) theme E/Fy_;, then 61,...,0y is a basis of the complex
vector space Hom ;(E,Z).

PROOF. We shall prove by induction on j € [0, %] the uniqueness of the normal
rank j submodule of a [A\]—primitve theme of rank k.

The case j =1 is proved in the previous theorem. Assume j > 2 and the assertion
proved for rank < j — 1. Consider two normal submodules F and G of rank j
in K. As j > 2 they both contain the unique rank 1 normal submodule H of
E. But then E/H isarank k—1 [A—primitive theme and as F/H and G/H
are two rank 7 — 1 normal sumodules of F / H, the inductive assumption implies
there equality. So F'= G and the first assertion of the corollary is proved.

Then the properties i) and ii) are immediate. [

REMARKS.

1. The uniqueness of the J-H. sequence implies that there is a canonical order
fixed on the roots of the Bernstein polynomial of a [A]—primitive theme.

2. We proved in [B.09] proposition 3.5.2 that any monogenic geometric (a,b)-
module has an J-H. sequence such that the corresponding numbers Ay, ..., \g
satisfy the following property

e The sequence \; + j is increasing (large).

So, when FE is a [\ —primitive theme, the numbers Aq,..., A, associated
to the unique J-H. sequence of E satisfy this property and we may write

>\j+1:)\j+pj—1 \V/je[l,k’—]_]

16



where p; isin N.

3. As we have seen (see the remark following proposition 3.1.6) that for a rank
k [A]—primitive theme we have Ay > k —1 the inequatity A\ +1 < \; +7
implies

N >k—j Vielk]

4. The property ii) of the previous corollary shows that the stratification by the
rank defines a full flag in Hom 4(E, =).

Definition 3.1.9 Let E be a [A—primitive theme. We shall call fundamental
invariants of FE the (ordered) sequence Ai,...,\x associated to its unique J-H.
sequence. We shall often fix the fundamental invariants by giving A1, p1, ..., Pr_1-

Theorem 3.1.10 (Twisted duality) Let E be a [A—primitive theme with fun-
damental invariants Ay, ..., \p. For any rational number ¢ satisfying 6 > \p.+k—1
the (a,b)-module E*®qp Es is a [0 — A—primitive theme with fundamental invari-
ants & — Mg, ...,0 — A\, where E* denotes the dual®® of E.

PrROOF. First the dual of a regular (a,b)-module is regular thanks to the fact that
by duality a J-H. sequence gives a J-H. sequence and the equality (F))* ~ E_, for
any A € C. The fact that E* is again monogenic when FE is monogenic regular
is obtained as follows :

It is proved in [B.08] section 3.3 (and also in [K.09] ) that there is, for an (a,b)-
module E a canonical isomorphism

E* ~ Ext'(E, A)

where the C —vector space E:L’tvli(E , A) is endowed with a left .A—module structure

deduced from the right module structure on A using the anti-automorphism
7: A— A defined by 7(1) =1,7(a) = —a,7(b) =b and 7(z.y) = 7(y).7(x).

Now the fact that E is an monogenic (a,b)-module correspond to a resolution!!

0 AL ASE=0O
which gives the resolution of E* as a right A—module,
0-A A E =0
using the fact that Ext?i(E, A) = 0. This implies that E* is a monogenic (a,b)-

module.
Then E* and also E* ®,p E5 for any 6 has only one normal submodule for each

10gee section 2.1.

U The structure theorem 3.2.1 precises are the P € A which may appears here.
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rank j € [0,k] where k:=rk(FE). Dualizing and twisting the J-H. sequence of FE
gives the unique J-H. sequence of E*®,; Fs. Now to have a [§ — A\]—primitive, it is
enough to have a geometric (a,b)-module. This is acheive if and only if the rational
number 0 satisfies 0 > A\, +k — 1. [ |

REMARK. For a general theme, it is easy to deduce from the previous theorem that,
for ¢ large enoughin Q, E*®,; Fs is again a theme because the [A]—coprimitive
part of E* ®,p Es is (E[—A])" ®up Es for any [A] € C/Z. We conclude using
corollary 3.1.5.

Then the twisted duality theorem combined with corollary 3.1.5 gives the following
characterization of a theme.

Corollary 3.1.11 Let E be a monogenic geometric (a,b)-module. It is a theme if
and only if for each [N € Exp(E) its [N—primitive part E[\ is a theme.

3.2 Standard and canonical forms for a [\|—primitive theme.

The structure theorem of [B.09] (thm 3.4.1) for monogenic regular (a,b)-modules
gives the following structure theorem for [A]—primitive themes.

Theorem 3.2.1 Let E be a [N—primitive theme with fundamental invariants
AL D1, -5 Pe—1- Then there exists Sy,...,S,—1 in C[b] such that S;(0) =1 and
deg(S;) <pj+---+pp1 forall je[l,k—1] and with E ~ A/.A.P where

P = (a—A.b).S7 . (a— Aa.b).Sy . S (@ — Ag.b).

Moreover, for each j the coefficient of b7 in S; is not zero.

Conversely, for any A\ > k—1 rational and any natural integers pi,...,px_1, any
Siy...,Sk—1 invertible elements in C[[b]] such that the coefficient of b* in S;
is not zero, the quotient fl/.[lP is a rank k  [N|—primitive theme.

ProOF. The direct part is an immediate consequence of the theorem 3.4.1 and of
the lemma 3.5.1 of [B.09], using the uniqueness of the J-H. sequence of a [A\]—primitive
theme.

Let us show the converse. The quotient A/ A.P s clearly a rank k& mono-

genic geometric (a,b)-module. We shall show that it is a theme by induction on

k. As the case k = 1 1is obvious, assume the result proved for &£ — 1 > 1.

Put Q= (a— A\.b).S; " ... S .(a — A\y_1.b). The induction hypothesis gives that

F = .»Zl/le is a [A]—primitive theme. Let ¢ € EE\N) such that F' is isomorphic

to A.p. To construct ¢ € E&NH) such that (a — Ag.b).®b = Sk_1.p it is enough
to solve an elementary differential equation. Explicitely s.f’(s) — A\g.f(s) = Sk_1-¢,
where we put b.¢) := f. Le main point is that, as F' has rank k — 1, we may, up
to change ¢ by an invertible element in C[[b]], assume that ¢ is a polynomial
in Logs of degree k — 2 with leading coefficient s*-1=1. Then we see that the

18



degree in Logs of 1 is exactely k& — 1 because the coefficient of bP%-1 in Sy,
does not vanish and we have Ay = A\p_1 +pr_1 — 1.
Then the A—linear map A/ AP — H(NH) defined by sending 1 to v will have

an image A.1p which is a [\|—primitive theme of rank k. As it is surjective between
free C[[b]]—modules of the same rank, it is an isomorphism. So E = A/AP is a
theme. H

NOTATION. When we consider a [A|—primitive theme with fundamental invari-
ants A1, p1,.-.,Pk_1, we shall say that an isomorphism of FE ~ A/AP gives a
standard form for E when P is as in the statement above, but omitting the
condition on the degree of the S;.

Proposition 3.2.2 Let E ~ fl/.[lP a standard form for a |[\|—primitive theme.
Then for each j € [0,k] define

Pj = (a,—)\j_H.b)S]_Jrl S,:l(a—)\kb)

and put e; = P;.[1] where'> [1] is the image of the class of 1 € A via the
isomorphism E ~ A/A.P. Then ey,... e, is a C[b]]—base of E and a is
defined on E by the relations

The rank j normal submodule F; of E admits eq,...,e; as a C[[b]]—basis.
Any x € Fy_; which is annihilated by Py satisfies Pj.x =0 in E. Moreover
there exists p € C such that x — p.b» M—ie,_; belongs to Fj_;_;.

Remark that if Ay — Ay—; < 0 this means that p=0 and z € Fj_;_;.

PROOF. Note first that the class of e; in E/b.E is equal to [a*77.1],50 ey,...,ex
induces a basis of E/b.E. Then ey,... e, is a C[[b]]—basis of E. Define Fj
as the C[[b]]-submodule of E generated by eq,...,e;. The relations (1) shows
that F} is stable by a soitis a A—submodule. As E/Fj has no b—torsion,
F; is the unique normal rank j submodule of E.

Let = € Fy_; such that FPyp.z =0 in FE. Then sending e; to z defines a
surjective A—linear map from E = A/.A Py to Fj_;. The kernel is normal and
has rank 7, soitis Fj;. But as Pj.e, = Sj.e; lies in Fj, we must have Pj.x =0
in Ek—j-

Then the image of z in Fk_j/Fk_j_l ~ Ey,_, Isin the kernel of P, acting
on By .. This kernel is equal to HomA(.Zl/A.Pj,E)\k_j) which is at most 1-
dimensional because A / .[l.Pj ~F / F; is a [A]—primitive theme (so has an unique
corank 1 submodule which is Fk_l/F]) This kernel is zero if A\, — Ay—; <0 and
is given by C .b)‘k_Ak—J.e,\kfj in the other case. So we conclude that there always
exists p € C such that = — p.b)"f_A’f—J’.ek,j lies in Fj_;_;. [ ]

12As Py=P wehave eg =0 and P, =1 shows that e = [1].
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Definition 3.2.3 In the situation of the previous proposition 3.2.2 we shall call the
Cl[b]] = base e1,...,er, of E astandard base associated to the standard form
E~ A/A.P. The element e, will be call a standard generator for E.

REMARKS.

1. In this situation e, generates E as a left A—module and A.P is its
annihilator ideal. The standard generator e;, is uniquely defined modulo Fj_,
up to a non zero multiplicative constant, because its image in the quotient
E/Fk_l ~ F,, hasto be a generator e, of F,, suchthat a.e), = A\;z.b.ey,.
More generally, e; generates Fj as a left A—module and fl.Pk,j is its
annihilator ideal.

2. Let fix ¢ € Ef\k_l) Eg\k_Q) and put E := A.¢. Then the unique normal rank

j submodule of the [A|—primitive theme FE is given by the intersection
EN Ef\jfl) for any j € [0, k]; see proposition 3.1.6.

Note that any [A]—primitive rank & theme FE is isomorphic to such an
"example”, and in such a realization, a standard generator e, will be of the
form

ep = c.s™ 1 (Log s)*~'  modulo Eg\k_Q)

where ¢ € C*.

The standard form for a given isomorphism class of a [A\|—primitive theme is not
enough precise to have a chance to be unique : as it is shown in the following example
the condition on the degrees of the polynomials Sy,..., S, 1 are compatible with
many different choices in order to give isomorphic themes.

ExAaMPLE. Let A; > 1 be a rational number and p; > 2 and integer. Put
Sy = 1+Zf;1 x;.b' 4+ a.bP' where a € C* and where x1,...,2,,_1 are complex
numbers. We shall show that F := A/ A.P where

P:=(a—M\.b).S7 .(a — (A +py —1).b)
is isomorphic to ./I//l(a —Ab).(1+abP) (e — (N +p1 — 1).b).
This clearly shows that the coefficients Tiy...,Tp 1 are irrelevant in the determi-
nation of the isomorphism class of E := A/ A.P.

Remark first that FE ~ C][b]].e; @ C[[b]].e; as a C[[b]]—module, with a define by
the relations

a.eo = (A +p1 —1).b.eg + Si.eq and a.e; = \j.b.eg.
We look for a V' € C[[b]] in order that é; := ey + V(b).e; satisfies the relation

CL.éQ = ()\1 —|—p1 — 1)béQ —+ (1 -+ a.bpl).el.
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It is clear that such an e, will give an isomorphism from F to
./I/fl.(a —ALb).(1+abP) t(a— A +p—1).
Let us compute a.és :

a.g = (A +p1 —1).b.ea + S1.e1 + Via.eg + 2.V e
= ()\1 +p1 - ].)b(ég - V@l) + 51.61 -+ )\1.b.V€1 -+ bQ.V’.el

so we want to solve the differential equation
bQ.V, - (pl - l)bV =1 + a.bPt — Sl = b(l‘l + ZL‘Q.b + 4 IL'pl_l.bpl_Q)

with V' € C[[b]]. This is easy because after simplification by b we see that there is
no term in b*~! in the right handside. |

In what follows we shall fix £ € N and A, pi,...,pr_1 assuming that A\; >k —1
is rational and that p;,...,pr_1 are natural integers. Then we define for each
j €1,k —1] the complex vector space V; C C[[b]] in the following way :

LIf pj+---4+pr—1 <k—3 put Vj::@f;g*l(f.bi.

2. If pj+---+pr1 > k—j put g :=p;+---+pjrr, where h € N is minimal
with the property that ¢; > k —j and put V; := @f;gfl C.bt'@C.b%.

REMARKS.
1. The definition of the vector spaces V; does not depend on ;.
2. The definition of the vector spaces V; depend only on pj,...,pr_1.

3. The vector space V; contains always C.b%.

Proposition 3.2.4 Let E ~ fl/.[lP a standard form for a [\|—primitive theme.
Then we have for each j € [1,k — 1] the equality

E)\j = Pj-EAj D V}.GAJ. (@@@)

where ey, s a generator of Ey; such that a.ey, = \j.b.ey;.

PROOF. First notice that E/F; ~ A/A.P; is a [\—primitive theme of rank
k — j. So, thanks to the lemma 6.1.1 in the Appendix, we have

dime (Bxty(E/Fy, Ey,)) — dime (Eat%(E/Fy, Ey,)) = k — j.

But Extgi(E/Fj,E)\j) has dimension <1 andis 0 if A; > Ay because such
a map must factorize through an injection of the unique rank 1 quotient FE), of
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the theme E/F;. So we have dimg (E:ct}i(E/Fj, Ey))=k—j+1 or =k—j
depending on the fact that \; < A\; or A; > A;. Note that this corresponds to the
inequalities p; +---+py—1 >k —j and pj+- -+ pp1 <k —J.

The exact sequence of left A—modules

0> A% A E/F;—0

shows that the vector space E:Et}i(E / Fj, Ey;) 1is isomorphic to the cokernel of
P; acting on FE);. So the codimension of P;.Ey, in E) is k—j+ 1 when
pj+--+pe—1 >k—j and k—j when p;+---+pr_1 <k —j. But remark that
in any case Pj.E), C b _1.E)\j. This implies the result in the case 1. To prove
the result in the case 2 it is enough to show that any linear combination

k—j—1

Z ci.bi.e,\j + fy.bqf.e,\j

1=0

which is in  P;.E); is zero. The inclusion P;.FE); C bk*jfl.E)\j implies that it is
enough to prove that 0%.ey, is not in P;.E),.
For this purpose remark first that if = € E);, has a b—adic valuation equal to ¢
the b—adic valuation of P;.z will be exactely ¢+ k—j when ¢ is not one of the
numbers pj+---+p;p—(k—j) for aninteger h € [0, k—j—1]. This comes from the
fact that we may ignore the invertible elements S;i;...S5,—1 in the computation
of the b—adic valuation. Moreover after the action of (a — Ajipy1.0)...(a — Ag)
either we have the valuation equal to ¢+ k — (j + h) or the final valuation cannot
be ¢+ k — j. Now the action of (@ — Aj4.b) on bITF=UTh) e, = gives

(g4 X+ — (5 +h) = Ajpp) bR R o)

j
and we have

(G+N+k—=G+h) =XNow)=q—[pj ++pjsn1—hl+k—(G+h)
=q—[pj+-+pna—h+k—]

which is not zero as long as ¢ is different from p; + -+ pjin_1 — (K — j).
Assume now that Pj.z = b0%.ey;, for some = € E),. Let ¢ the b—adic valuation
of x. If ¢ is not one of the numbers p; + -+ 4 pjyp — (kK — j) for any integer
h € [0,k —j—1], then we must have ¢; = ¢+ k — j, which contradicts the definition
of gj.

If we have an integer h € [0,k —j — 1] such that ¢ = p; + -+ pjin — (K — j)
then ¢ > ¢; — (k—j). If we have ¢ = ¢; — (k —j) what we say above implies that
the valuation of Pj.x isnot ¢; andif ¢ > ¢; — (k—j) the valuation of Pj.z is
strictely bigger than ¢;. So such an x cannot exists. [}

REMARK. Note that P; depends only on Aj,p;,...,pe—1 and Sjiq,..., k1.
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Definition 3.2.5 Let E ~ A/AP a standard form for a [A—primitive theme.
We shall say that it is a canonical form for E when we have S; € V; for each
jelk—1].

Theorem 3.2.6 Any [A—primitive theme admits a canonical form.

PROOF. We shall prove by descending induction on j € [0, k] that E/F; admits
a canonical form. The case j =k and j = k — 1 are obvious, so assume that
E/Fj+1 has a canonical form given by the isomorphism .[l/.ZlP]H ~ E/Fj+1. Let
e € ' be an element inducing the image of 1 in the quotient F / Fji1. Then
Pji1.e liesin Fjiq. Denote by m: . — FjH/Fj ~ F,,, the quotient map
and put 7(Pji1.e) = T.ey,, where T € C[[b]]. As Pj i.e generates Fj i, T is
invertible in FE), , and, up to change the choice of ey, , by a non zero constant
factor, we may assume that 7°(0) = 1.

Write Tl.ey,,, = Sjy1-ex,,, + Pjy1.2 where S;;; liesin Vji;. This possible thanks
to the proposition 3.2.4. Note that we have S;41(0) = 7(0) = 1. Choose now
£ € Fj1 satisfying w(e) = 2. Now ¢€:=e —¢ is a generator of E' and we have
S]:Lll.PjH.é which is send to ey,,, via 7. So (a— )\j+1.b).S];11.Pj+1.é = Pj.é lies
in Fj. So E/Fj admits a canonical form. |

4 The uniqueness of a canonical form

To understand the classification of [A]—primitive themes up to isomorphism, a key
point is the uniqueness of the canonical form. This study will lead us to the notion
of 7invariant” theme, which is an interesting subclass for which this uniqueness
property is true.

4.1 Endomorphisms of a theme.

We shall begin by the study of A—linear injections between two [A] —primitive
themes.

Lemma 4.1.1 Let E' C E be two [\—primitive themes of the same rank k.
Let py,...,ux and Ai,...,A\x be their respective fundamental invariants. Then
we have

1. Forall je[l,k],pu; > A

2. The dimension of the complex vector space E/E/ 18 Z?Zl i — Aj.

13it induces the same class than e in E/(a.E + b.E).
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Proor. We shall make an induction on the rank k. The rank 1 case is clear,
so assume that the lemma is proved in rank < k—1. As F] , C F,_; we have
immediately the inequalities p; > A; for j € [1,k — 1]. Moreover, the restriction
to E’' of the quotient map m, : £ — E/Fk_l ~ F, is not zero, because E' is
not contained in Fj_y. So mg(E’) is a rank 1 quotient of E’ contained in FE),.
This gives gy > A, as the unique rank 1 quotient of E' is E,, .

Remark that the kernel of the restriction to E’ of m; is then F]_;, so we have
Fr_1NE"= F/_; and this gives the exact sequence of vector spaces

0— Fy1/F,_ - E/E' = E/(Fyo1 + E') = 0.

Now the induction hypothesis gives dime(Fj—1/F,_;) = 25;11 fj — Aj. Moreover
the equatity m(E') = E,, implies dimc(E/(Fy_1+ E')) = py — Ax. We conclude
using the exact sequence above. ]

Theorem 4.1.2 Let E and E' be two [N—primitive themes of the same rank
k. The vector subspace of Hom ;(E',E) of A—linear maps with rank < k — 1
has codimension < 1.
Assume now that the respective fundamental invariants iy, ..., and Ay, ..., A
satisfy the inequalities

pj— A >k —1 Vje[lk]L

Then there exists an A—linear injection i: E' — E.

PROOF. Let us prove the first assertion by induction on the rank k. The case
k =1 is clear, so let assume the assertion proved for rank & —1 > 1 and consider
¢1 and 9 two injections of E’ in E. Their restrictions to F]_; are injective
with value in Fj,_; so the induction hypothesis gives « € C* such that ¢; —a.ps
is not injective on Fj_,, so a fortiori on FE'.

We shall show by induction on k& > 1 the following assertion which is a precise
version of the second statement of the theorem :

o Let F~ A/AP and B’ ~ A/A.P’ two rank k& [A|—primitive themes in
standard forms, where
Pi=(a—A.b).S7t. .S (a— \b)
P = (a—pu.b). Ty T (a — pug.b)
satisfying the condition p; —A; > k—1 Vj € [1,k]. Then exists an element

k—1
=0l M e Z Wi.e; where W; €V L.C[b]] Vje[l,k—1] (Q)

j=1

in E such that P'.x = 0, where e1,...,e 1s the standard basis of FE
associated to the standard form F ~ A/A.P and where o € C*.
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Of course, sending the standard generator e, of E’ to z defines an A—linear
injection of £’ in F.

As the case k =1 isimmediate, we may assume our assertion proved in rank k—1.
Using for F}_, and b.Fj_; the standard forms deduced from these of E and E’
above, the induction hypothesis'4 gives an element

k—2
y=pbr e ey + ) Vidbey Vi€ 8L C[b]]

h=1

in b.F,_; such that Q.y =0 where we put P’ = (a — pu1.b).7,".Q".
So we look for x € E of the form (@) and satisfying

i) o#0.
i) W; e L.C[p]] Vjellk-1].
i) (@ — pg.b).x =Tr_1.y.
Remark that because the sequence \; + j is increasing, we have
e > M +k—=1>XN+7—1 VjeLKk| (Q@@)
The relation iii) gives the equations

b.Wéfl - ([Lk - )\k—l)-Wk—l = p.Tk_l.ka_l_)\k_l_l - O'.Sk_l.bm“_Ak_l
b2W]; — (,LLk — )\h)bWh = kal.b.vh - Sh.Wh+1 (@@@h)

The first equation will have a solution in C[[b]] unique modulo C.bp#~A-1  as
soon as the coefficient of b ~*-1 is zero in the right handside. If o/ # 0 is the
coefficient of -1 in Ti—1 and a # 0 the one of P*-1 in Sy_i, it is enough to
choose o = p.a/a’ to have the existence of Wj_; € b1 C[[b]] C b*2. C][b]],
unique modulo C .b** -1 using the relations:

P — A1 = k1 F Ppg — L — Mot = pe — A+ pr—1 — 1

Assume that we have proved the existence of W, € b". Cl[[b]], unique modulo
C .= nt1 for some h > 1. To solve the equation (@Q@y) it is enough to insure
that the coefficient of b*~*»*! in Tj_,.b.V} — S, Wy41 is zero. But again we may
choose arbitrarily the coefficient of »*~*+1 in W), thanks to our assumption,
and because the coefficient of ”» in S, is not zero. We conclude easily because
M1 = M+pn—1 gives pp— A +1 = g — A\uy1+n, and because V), € b1 C[[b]]
and Wy, € b". C[[b]] implies W), € v"~1.CJ[[b]]. |

Note that p; —A; > k—1 implies p; —(A\j+1) > k—2 so the induction hypothesis applies
to Fy_, and b.Fj_;. Note also that if P; is obtained from P; by Ap— A +1 for each h,
then Pj.b.ey =b.Pj.er as (a— (A+1).b).b="b.(a — \.b).
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REMARKS.

1. A immediate consequence of the previous proof is that, when there exists
an injection from FE’ to F, it sends a standard generator e of E’ to
7.0 e modulo Fj,_; where e is a standard generator of £ and 7 € C*.

2. In the final remark before the Appendix we give two [A|—primitive themes of
rank 3 F' = E/F1 and F3 such that pu; —A; > k—2=1 and such that
there is no A—linear injection of E' in E.

Corollary 4.1.3 Let E be a rank k [N|—primitive theme and let R; C Hom ;(E, E)
the vector subspace of endomorphisms of E of rank < j. For any j € [0,k — 1],
the vector space RJ-H/R]» has dimension < 1.

So we always have dimc(Hom ;(E, E)) <k with equality if and only if (R;)jco.x
is a full flag® of Hom i(E,E).

PrROOF. Let ¢ be an endomorphism of rank j of FE. Then its kernel is Fj_;
as it is a normal rank k£ — j submodule. Moreover the normalization of the image
of ¢ is Fj;. So we have the following factorisation of ¢ :

E—E/F ;5 F<E

The correspondance ¢ + f induces a linear bijection between R; / R;_; and
HomA(E/Fk_j,Fj)/G where (G is the subspace of morphism of rank at most
j—1 in Hom(E/Fk_j, F;). The first assertion of the previous theorem gives that
dimc(Hom 4(E/Fy—j, F;) /G) < 1. u

Corollary 4.1.4 Let E be a rank k [N—primitive theme. A sufficient condition
for the existence of an A—linear injection of E/F] in  Fy_; is that for each
he[l,k—j] we have

pht o+ pprj > k—1

For instance, if we have p, > k—1 for each h € [1,k—1], then Hom ;(E,E) is
k—dimensional.

PrROOF. As E/F; isarank k—j [A—primitive theme with fundamental in-
variants Ajiq,..., A and Fy_; is also a rank &k — j [A]—primitive theme with
fundamental invariants Aq,..., A\;—;, we may conclude using the previous theorem
as soon as we have

)\j—l—h_)\hzk:_j_l Vhe[l,k’—]]

But Ajip — A = pr + -+ pjyn—1 —J so the corollary is a consequence of the-
orem 4.1.2. The last assertion is now a consequence of the previous corollary 4.1.3. B

5this means that each R;i1/R; has dimension 1 for j € [0,k — 1].
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It is easy to see that the necessary condition to have an A—linear injection of F / F}
into Fj_; given by the lemma 4.1.1 corresponds to the inequalities

Pt A+ D1 > Yhelk—j].

So it is trivially satisfied as soon as pp, > 1 for any h € [1, k|, that is to say when
the sequence Ap,..., A\ is increasing (large).

4.2 Invariant [A]—primitive themes.

Let us begin by two simples remarks.

REMARKS.

1. When E is a [A—primitive theme the vector space Hom ;(F, E,) has
dimension at most 1 for any pu. As E has an unique rank 1 quotient
(a,b)-module which is E/F,_, ~ E,,, a non zero A-linear map to E,

factorizes via an A—linear injection of E), to E,. So Hom;(E,E,) is
zero if u & A\, —N and 1-dimensional if A\, = pu+¢,q € N.

2. Let E; and E5 be [)\]—primitive themes with respective rank k; and ko,
and let i : Fy < F, be an A-—linear injection. Then ko > k; and the
normalization'® of (F;) is the normal submodule G}, of rank k; in Fs.

We may then apply the lemma 4.1.1 to compute the codimension of the vector
space Gy, [i(E).

Proposition 4.2.1 Let E be a rank k > 1 [X—primitive theme'™ and assume
that @o is an A—linear endomorphism of E of rank k — 1. Then we have the
following properties:

i) For each j €[0,k] the rank of ¢} is k—j.

ii) A C—basis of Endi(E) is given by id,go,...,08 ' So Endi(F) is
k— dimensional. Moreover this algebra is commutative and isomorphic to Clz]/(z*).

iii) Foreach j € [1,k—1] the restriction of ¢y to F; induces an endomorphism of
rank j—1 of F;. So we have a surjective restriction End;(E) — End ;(Fj).

i) For each j € [1,k — 1] o induces an endomorphism of E/Fj of rank
k—j—1. So we have also a surjective map End;(E) — End z(E/F;).

16the smallest normal submodule containing i(E1).
17The proposition 4.3.7 will show that the existence of a rank k—1 endomorphism for any rank
k theme E implies that E is [A]—primitive, for some .
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PrROOF. We shall show i) by induction on j. As the cases j =0 and j =1
are clear, assume the assertion proved for some j € [1,k — 1] and let us show that
@)™ has rank k—j — 1.

The kernel of ¢/ is normal with rank 7, so it is Fj. So ¢} induces an A—linear
injection of E/Fj in Fj_; whose image ®; has finite C —codimension in Fj_;
(see remark 2 above). Applying again ¢, whose kernel F; meets ®; in arank 1
submodule, because F; C Fj_;. We see that the kernel of the restriction of ¢y to
®;, has rank 1 and so its image, which is ®,;; has rank k£ —j —1. So i) is proved.
Assume that we have in End ;(F) a linear relation Ef;ol ;. = 0 where
Qp,...,05_1 are complex numbers. Let j, the first integer such that o, # 0.
Then we would have ®; C ZZ;;OH ®;,. But for each j we know that ®; C Fj,_;.
So we conclude that ®;, C Fj_j, 1, and this contradicts the fact that ¢{° has rank
k—jo. Soall «; are zero and id, gy, .., gp’é’l are k linearly independant vectors
in End;(E). But we have seen that the dimension of this vector space in < k. So
it is k—dimensional and id, ¢y, ..., cplg_l is a basis. The algebra structure is then
obvious because ¢F = 0.

Let us proved iii). As the kernel of ¢, is F; C Fj, the rank of the restriction of
wo to Fj is j—1. So ¢o(F;) C Fj_1 C F; and ¢y induces an endomorphism of
F;. The surjectivity of the restriction map FEnd ;(E) — End ;(F;) is consequence
of ii) applied to F}.

We have seen that ¢o(F;) C F; so ¢y induced an endomorphism @, of E / F;.
The image ®; of ¢y has finite codimension in Fj_1, so the quotient @ / F;nd,
which is the image of g, has rank k£ — j — 1 as a quotient of a rank k£ — 1
C[[b]]—module by a submodule of rank j.

The surjectivity of the map End ;(E) — End ;(E / F;) is consequence of ii) applied
to E/F;. [

MAIN EXAMPLE. Let us define the monodromy operator 7T : Eg\"“_l) N Eg\k—l) by

the following rules :
1. It is A—linear.
2. T[s*1.(Log s)] = e*™* s (Log s + 2im).

Then it corresponds to the usual action of the monodromy of multivalued holomor-
phic functions on the punctured disc.

Let p € E(Akfl) Eg\kfz) and assume that the theme E := A.¢ is invariant by the

monodromy 7T of E(Ak_l). Then T — e*™*.id induces an A—endomorphism of
rank £k —1 of E:

To prove this we may assume!® that ¢ = s* 1. (Logs)* !+ where ¢ is in
Ef\k_Z). Then we have to show that the degree in Logs of (T — e*™*.id)[p] is

2w\ =(N-1)
A

precisely k — 2. This is consequence of the fact that 7 — e“™*.id sends =

8see proposition 3.1.6.
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. = (N-2 e
in :E\ ) for any positive integer N because we have

(T—e*™* 1d)[p] = e*™*. s (Log s+2im)" 1 —e*™* sM7! (Log s)*'  modulo Ef\k%).

Definition 4.2.2 We shall say that a rank k [\|—primitive theme E is invariant
when it has a endomorphism of rank k — 1.

With this definition we may reformulate the results of the proposition 4.2.1 as fol-
lows.

Corollary 4.2.3 Let E be an invariant rank k [N—primitive theme. Then any
normal F of E s invariant. The quotient E/F 1s also invariant.

Proposition 4.2.4 Let E be a rank k [N—primitive theme. The following
properties are equivalent :

i) E s invariant.
i) dimc(End;(E)) = k.

iii) The image of any A—linear injection of E in Z, is independant of the
choosen injection.

w) There exists an A—linear injection j : E — =y such that j(E) is (globally)
wwvariant by the monodromy T of =,.

PROOF. The implication i) = 4i) is proved in the proposition 4.2.1. The implica-
tion i) = d1i) is consequence of the fact that if i: E — =, is injective, then the
composition with i gives an injective C —linear map 7 : End z(E) — Hom 3(F, E)).
As these two vector spaces have the same dimension k, the first by the assumtion
ii), the second thanks to the theorem 2.2.1 of [B.05], we obtain iii) because any
A—linear map from E to = has its image in Ef\k_l) (see the proposition 3.1.6).
The implication #4i) = v) is easy because T oi is an A—linear injection of F
in Ef\k_l) when ¢ is.

The implication iv) = 7) is consequence of the "main example” above. ]

Corollary 4.2.5 Let E be a rank k [N—primitive theme. A sufficient condition
in order that E is invariant is that we have p; > k—1 VYj € [1,k—1].

ProoOF. This is a trivial consequence of the corollary 4.1.4 and of ii) in the previ-
ous proposition. |

Corollary 4.2.6 Let E be an invariant [N—primitive theme with fundamental
invariants Ai,...,A\p. Then for 0 > A\, +k — 1 a rational number, the theme
E* ®qp s s invariant.
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PROOF. It is enough to prove that the vector space End ;(E*®q,Es) is k—dimensional.
But this vector space is isomorphic to End ;(E*) because the tensor product by
Ejs is just the change of a in a+ 0.b, which does not change the A—linear endo-
morphisms. But the transposition is an isomorphism C —linear between End ;(E)

and End ;(E*). [

ExXAMPLE. The [A]—primitive themes with rank 2 are all invariant except those
with fundamental invariants A;,p; = 0. To prove this it is enough to produce a
rank 1 endomorphism when we assume p; > 1 and to show that in the case p; =0
there is no such endomorphism. But an endomorphism of rank 1 is just an injection
of E/F1 in Fy, that is to say an A—linear injection of E), in F),. This
exists and is unique up to a multiplicative non zero constant if and only if we have
Ao > Aq. But, by definition Ay = Ay +p; — 1. [ |

Lemma 4.2.7 Let E be a rank k > 2 [N—primitive theme, and assume that
either pr_1 =0 or k>3 and pr_1=1,px_o > 2. Then E 1s not invariant.

PrOOF. Let F =~ .Zl/flP a standard form for FE and let eq,...,ex the
corresponding standard basis of E. It is enough to show that there is no
x € Fy_1 \ Fy_o such that P.x = 0. Thanks to proposition 3.2.2 we may write

k—2
€T = p.bAk_Ak_l.ek_l + Z Uj~6j (*)

J=1

where p € C* and U; € C[[b]] for j e [1,k—2]. If pp_1 =0,80 A\g— A1 = —1,
such an x can not exist. So assume k>3 and pr_1 =1,s0 A\, = Ap_1. Then

(@ —Ap.b).x = Sp_1y (**)

with y € Fj_o and if we write P := Q.S,;_ll.(a — A\g.b) we shall have Q.y =0 so,
using again proposition 3.2.2 we have, for some o € C*

Yy — U.bAk*liAk*Q.ek,Q € kag.
Now substituing (*) in (**) gives that Uy_o must satisfy
Sp—o + 02Uy — (M — Mp—2).b.Up_o = p.Sp_y b Me=172=2,

As we assume that Ap_; > A\p_o this equation has no solution in C[[b]] because

Sk_g(()) =1. [ ]
This lemma has the interesting following corollary.

Corollary 4.2.8 Let E be an invariant [N —primitive theme. Then either the
sequence Ai, ..., A\, s strictly increasing, or constant.
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PROOF. The case k= 2 isclear thanks to lemma 3.1.2. So let assume that k& > 3.
We want first to show that there exists jo € [1,k] such that we have

Alz"':)\j0<)\j0+1<"'<)\k-

Let E be arank k invariant [A|—primitive theme with fundamental invariants
A, P1,---,Pe—1. Then each p; is positive because p; = 0 would imply that
Fin / F; 1 is isomorphic to FE); ), and so is not invariant. This would contradict
the corollary 4.2.3.

If all p; are at least 2 then j, = 1 satisfies our requirement. If this is not the case,
let jo be the maximal integer such we have p, =1 for each h € [1,jo — 1]. Then
we have A; = -+ = \j; < Ajo41. So the invariant theme E/Fj,_; as fundamental
invariants equal to p; = Ajy < po = Njoy1 < -+ < fgp—jo—1 = Ap. Assume that we
have pp—1 = pp for some h > 3. Then the lemma 4.2.7 applied to the rank 3
invariant theme Fj 4541 / Fj,1n—2 gives a contradiction.

We conclude using the remark which follows the proof of the theorem 3.1.10, be-
cause for 0 € Q large enough, E* ®,; Es is a theme and it is invariant thanks to
corollary 4.2.6. Then we have either jo =1 or j,=k. |

We shall say that an invariant [A\]—primitive theme is special when its fundamental
invariants is of the form Ay, Aq,..., A1 which means that p; =ps=---=pp_1 = 1.
In rank 2 all such fundamental invariants corresponds to an invariant theme. This
no longer true in higher ranks. Will shall see in section 5.2.3 that in rank 3 the
[A]—primitive themes

AJA (@ —Mb)(1+ B.b)Ha— Ab) (1 + ab) H(a — M\.b)

are invariant for o = 3 € C* but not invariant for (a, 3) € (C*)% a # .
The following easy lemma is the first step of the determination of all special invariant
[A]—primitive themes.

Lemma 4.2.9 Let E be an [A—primitive theme E with fundamental invariants
A,p1 = -+ = pp1 = 1. Then E s (special) invariant if and only if E/F1
is isomorphic to Fy_1. In this case, for any standard form FE ~ A/AP the
coefficients of b in S; s independent of j € [1,k —1] (and of the choice of the
standard form).

Proor. By definition F is invariant if there exists a rank k£ —1 endomorphism
wo of FE. Its kernel is F; and its image is contains in Fj_;. In fact, the codi-
mension of ¢o(FE) in Fj_; is given by the lemma 4.1.1. But it gives zero and ¢y
induces an isomorphism between FE / F; and Fj_;. The converse is obvious.

Now remark that, as p; = --- = pr_1 = 1, the coefficient of b in S, is the
parameter of the rank 2  [A]—primitive theme Fj / F;_i. So it only depends
on the isomorphism class of F. So the point is to prove that these numbers are
independant of j.
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We shall prove this by induction on the rank of FE.
As Fj_; is again an invariant special [A\]—primitive theme, so it is enough to prove
that the coefficient of b in S,_o and in S,_; are the same.

The isomorphism between FE / F} and Fj_; induces an isomorphism between
E/Fk_g and Fk_l/Fk_g. An the coefficient of b in Sy_; and Sy_o are respec-
tively the parameters of these rank 2 [A]—primitive themes which are isomorphic. B

Note that conversely, it is obvious that the rank & [A]— primitive theme given by
A/ AP with
P:=(a—A.b).S;  (a— A.b).S7 ... Sy (a — ALh)

where S; isin C[b] and satisfies 51(0) =1 and S’(0) # 0, is an invariant special
theme because we have an obvious isomorphism between FE / Fy and Fj_; which
gives a rank k —1 endomorphism for F.

This implies the existence of special invariant [A\|— primitive themes with any rank.
But remark that in general E is not given in a canonical form'?, and given such
an FE in a canonical form, it may be not so easy to recognize that it is invariant.

4.3 Uniqueness of the canonical form.

The main result of this paragraph is the following uniqueness theorem.

Theorem 4.3.1 Let E be a rank k > 2 invariant [N-—primitive theme. Then
the canonical form E ~ A/A.P is unique.

The proof will be an easy consequence of the next proposition.

Proposition 4.3.2 Let E be a rank k > 2 [N—primitive theme. Assume that
the restriction map Endz(E) — End 3(E/F) is surjective. Then let

Ppi=(a—X.0).5," ... S 1 (a— Ap.b)

and P :=(a— )\l.b).Sfl.Pl where E ~ fl/AP is a standard form. Let e = e
be the standard generator of E, and let ¢ € E such that

i) Py.e/ =Ti.e; where ey is the standard generator of Fj.
ZZ) e—e € Fj_y.

Then (Tl - Sl).el 1S 1N Pl.Fl.

Ywhen deg(S1) > 2.
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PROOF. The images [e] and [¢/] of e and ¢ in E/F, are generators with
the same annihilator ideal A.P;. As e — €] liesin Fy_, / Fi the endomorphism
¢ of E/F; defined by v([e]) = [e] — [¢/] hasrank < k—2. Our assumption gives
then an endomorphism ¢ of FE which induces . So it is not an isomorphism.
Put ¢ := p(e). We have P.e = 0, and because ¢ lies in Fjy_; (the rank of ¢
is <k—1), we have P.e =0 thanks to proposition 3.2.2. But the fact that
induces ¢ implies the relation

e=e—¢ +Ue with UeC[[].

Then P1.€:0251.€1—T1.€1+P1.U.€1. [ |

PROOF OF THE THEOREM 4.3.1. By induction on the rank k£ of E we may
assume that the canonical form for F / Fy is unique. So we have uniqueness for P;.
As we assume that F is invariant, the assumption of surjectivity for the restriction
map End;i(E) — Endz(E/F) is satisfied thanks to proposition 4.2.1. Then the
previous proposition gives the uniqueness of Sj.ey, modulo P;.F; which implies
the uniqueness of the canonical form for FE. [ |

Definition 4.3.3 We shall say that a [N—primitive theme has the property U
when its canonical form is unique.

The reader will find in the Appendix some examples of non invariant [A\]—primitive
themes which have the property U and also example where the property U is not
satisfied.

The problem of the characterization of [A]—primitive themes having the property
U is rather tricky.

Let us begin by a result of non uniqueness.

Lemma 4.3.4 Let E be a rank k > 3 [\|—primitive theme which is not invariant,
but such that E/F1 15 wnvariant. Let E ~ fl/flP a standard form for E with
standard generator e = ey,. Then there exists a generator € of FE such that its
annihilator is equal to (a — A\.b).T; . P with (S; —T}).e; € P,.Fy.

REMARK. So in the situation of the previous lemma FE has not the property U.

PROOF. Let 1 an endomorphism of E/F; of rank k—2, and put ([e]) = [n].
Then n € Fj,_1\ Fy_o and the relation Pj.[e] =0 in E/F1 implies P;.n € Fy. Put
Pi.n= Z.e; where Z € C[[b]]. If there exists V € C[[b]] such that Z.e; = P;.V.ey,
this would implies that P;(n — V.e;) = 0, and a fortiori, P.(n — V.e;) = 0. But
as k>3, n—V.e, isin Fy_1\ Fr_o and sending e to n — V.e; is then an
endomorphism of E of rank k£ — 1, contradicting our assumption that FE is not
invariant.

So Ze & P.Fy. But Pi.p isin b.E because n € F,_; C a.F + b.FEF and
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a.Pl.E C a*.E+b.E C b.E. So we have Z(0) =0 as F; is normal. Define now
¢/ := e —n. This is generator of F and it satisfies

Pl.e/ = T1.€1 with T1 = (Sl - Z)

We have T7(0) =1 and (S; —T}).e; isnot in P;.Fj. |

The next proposition shows that there are not so many [A]—primitive themes which
satisfy the property U and which are not invariant.

Proposition 4.3.5 Let E be a a rank k >3 non invariant |[A—primitive theme
with the property U. Then for each j € [1,k—2] the theme E/FJ s not invariant
with the property U. This implies that pi_1 = 0.

Conversely, if E/F1 satisfies the property U and EndA(E/Fl) = C.id, then E
satisfies the property U.

Proor. The fact that F / F}; satisfies the property U when E does is obvious.
It F / F) were invariant, the lemma 4.3.4 would show that (we assume k >3) FE
is invariant. By induction on j € [1,k — 2|, we deduce that the quotients FE / F;
are not invariant and satisfies the property U. For j =k —2 we obtain pg_; = 0.
To show the converse consider two generators e,e’ of E such their images [e], [¢/]
in F / F; have the same annihilator ideal fl.Pl, the difference e — ¢’ isin Fj_q,
and put Pj.e = Si.e;, P.e/ = Ti.e; where e; 1is a generator of F; such that
a.e; = Ai.b.e;. The endomorphism of F / F; which is defined by sending [e] to
[e] — [¢] is not surjective, because [e] — [¢/] lies in Fy_1/Fy. So it is zero and we
conclude that e — ¢’ € Fj. This implies that (S} —71).e; € P1.Fy [ |

An easy corollary describes completely the situation in rank 3.

Corollary 4.3.6 The rank 3 [\ —primitive themes which satisfy the property U
are the invariant themes and the themes such that py = 0.

PROOF. As any rank 2 [A—primitive theme has the property U, a non invariant
rank 3 theme with the property U must satisfy p, = 0 from the previous propo-
sition.

Conversely, if p; = 0, then FE / Fy is isomorphic to E),, and it satisfies the
condition End ;(E / Fy) = C.id, so the previous proposition implies it satisfies the
property U. |

We end this section by showing that if a rank k& theme FE has an endomorphism
of rank k — 1 this forces E to be [A—primitive, for some .

Proposition 4.3.7 Let E be a rank k theme which admits an endomorphism of
rank k—1. Then E is [N—primitive for some X € Q.
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Proor. We shall prove the proposition by induction on the rank k. The case
k =1 is clear, so let us assume k > 2 and the result prove for rank k — 1.

Let ¢ an endomorphism of F of rang £ —1 and denote F' its image. Its kernel
has rank 1 so is isomorphic to E) for some \ € Q*t. As F ~ E/E)\ it is a rank
k —1 theme.

Assume first that E\NF = {0} then the restriction 1 of ¢ to F' is an injective
endomorphism of F'. It is an isomorphism, because of the proposition below which is
proved in [K.09] ; denote x its inverse in End ;(F). Put 6 :=idg —xo¢: E — E.
We have po0(z) = p(z) — p(x(p(z)) =0 for any x € E. So 6 takes values in
E,. This implies that we have an (a,b)-linear isomorphism

E~F,®F corresponding to idg =6+ xo¢.

So E cannot be monogenic.

Then we have G := E\NF # {0}, and G has rank 1. But G is the kernel of
the restriction ¢ : FF — F of ¢. So ¢ hasrank k—2 on F which is a theme
of rank %k — 1. The induction hypothesis gives then that F is [u]—primitive, for
some p. But G = E);, for some integer ¢ and G C F' shows that A € [u] and
F is [A|—primitive. The exact sequence 0 — E\, — E — F — 0 implies now that
E is [A\]—primitive. |

Proposition 4.3.8 (/K.09] proposition 2.26 .) Let E be a regular (a,b)-module
and ¢ an (a,b)-endomorphism of E. If ¢ is injective, it is an isomorphism.

5 Holomorphic families of [A]—primitive themes.

5.1 Definitions and first examples.
5.1.1 Definitions.

Let X be a complex space. We shall denote Ox[[b]] the sheaf of C —algebras on
X associated to the presheaf

U = Ox(U)[[b]].

It is a sheaf of Ox—algebras. For Z C (Ox)P a subsheaf of Ox—modules (resp.
Ox —coherent), we shall denote Z[[b]] the subsheaf of Ox/[[b]]—modules (resp.
Ox|[b]]—coherent) of (Ox[[b]])? which is generated by Z.

Definition 5.1.1 Let X be a complex space. A sheaf of Ox — (a,b)—modules E
on X is a locally free sheaf of finite type of Ox|[[b]]—modules endowed of a sheaf
map

a:E—E
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which is Ox—linear and continuous for the b—adic topology of E and satisfies
the commutation relation a.b— b.a = b?.

A morphism between two sheaves of Ox — (a,b)—modules is a morphism of sheaves
of Ox|[[b]]—modules which commutes with the respective actions of a.

EXAMPLE. Let A €]0,1] be a rational number and let N be a natural integer.
Define

—(N

=hea = @1 Ox[Bler
and define a by induction from the relations®

a.eng = Ab.eyg and a.ey; =ANbey;+bey;j1 forj>1

NOTATION. We shall denote, for A a finite subset of ]0,1]NQ,

=) ._ g =(V)
;_4X7A .— AEA ;_4X7>\.

An holomorphic map of a complex space X in =V A ) will be, by definition, a global

section on X of the sheaf _g?[/)\

Remark that we have a. _; A Cb. _)?f[)x so they are ”simple poles” Ox —(a, b)—modules.
Let x € X. We have an evaluation map Ox — OX/M;,; ~ C, where M, C Ox

is the subsheaf of holomorphic germs which vanish at x. When E is a sheaf of
Ox — (a,b)—modules on X, we shall have, in an analoguous way, an evaluation
map at x

E — E(z) :==E/M,[b

Then FE(z) is the fiber at x of the sheaf E. We shall consider a sheaf of
Ox — (a,b)—modules on X as a family of (a,b)-modules parametrized by X.
Definition 5.1.2 An holomorphic map ¢ : X — EE\N) 1s k—thematic when the
following condition is satisfied :

o The Ox|[[b]]—submodule E, of Eg?[[)x generated by the a”.p,v € N s free

of rank k with basis ¢, a.p,...,a" ..

For each x € X we shall denote FE(¢(x)) the rank k theme given as
B,/ M, [b)) By = Ap(z) c (V.

Note that in this definition we may always assume that N =k — 1.

Lemma 5.1.3 Let X be a reduced complex space and p : X — Eg\N) a k—thematic

holomorphic map ; then the Bernstein polynomial B,y of E(p(x)) is locally con-
stant on X . Moreover, if A ={\} the fundamental invariants of the [A—primitive
themes E(p(x)) are also locally constant.

*Othe reader may think that ey ; = s*~*.(Logs)? /j!.
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Proor. We may write, by assumption,

k—1
at.p = Z Sj.al .
=0

where S,...,S,-1 are global sections on X of the sheaf Ox[[b]]. As for each
x € X the theme A.p(z) has rank k, its Bernstein element is given by

where o;(z) is the coefficient of b*~7 in Sj(z). Remark that, when it is not zero,
o;(x).b" 7 is the initial form of S;(z). But the holomorphic function = — o;(x)
takes only rational values, so it is locally constant.

In the [A]—primitive case, the sequence \; 4+ j is increasing, so Aq,...,\; are
determined by the Berstein element of A.p(z). |

REMARK. Given an holomorphic map ¢ : X — ES\N) it is not enough to check

that for each x € X the (a,b)-module E(p(z)) is arank k theme to have, even
locally, a k—thematic map, as it is shown by the following example :
Let A >1 a rational number and put for z € C

1
©(2) =51 Logs+ (2 +b).s"2 =51 Logs + 2.5+ 3 1.5)"1.

Then the Bernstein element of ./pr(z) is (a— Ab)(a—A\b) for z # 0, but for
z =0 the Bernstein element of A.p(0) is (a — (A4 1).b)(a — A.b). We conclude
using the previous lemma.

ExAMPLE. Let X be any reduced and irreducible complex space and let

p: X — Eg\k_l) be an holomorphic map such that the coefficient of ey;_1 is
equal to 0".S where S is an invertible element of the algebra O(X)[[b]]*!, and
such that the b—valuation of ¢ — b™.S is strictely bigger than n. Then the sheaf
E, := Z?;S Ox|[b]].a*.¢o is free of rank k on Ox]|[b]] and stable by a :

It does not reduce the generality to assume that S = 1, and in this case

Y = (a — (AN +n).b).¢ satisfies the same hypothesis that ¢ with k replace by
k—1 and n replace by n + 1. An easy induction allows to conclude.

Note that in this kind of example we have p; = -+ = pr_1 = 0. So this method
constructs only very specific [A]—primitive themes.

The reader will find a general and systematic method to produce holomorphic
k—thematic maps in the Appendix (see corollary 6.2.4).

21This is equivalent to say that the constant term (constant in b) of S is invertible in O(X).

37



Definition 5.1.4 Let X be a reduced complex space and let E be a sheaf of
Ox — (a,b)—modules on X. We shall say that & is an holomorphic family of rank
k themes parametrized by X when the following condition is satisfied :

e There exists an open covering (Us)aca of X and for each o € A a finite
set Ay C]0,1]NQ a k—thematic holomorphic map

—(k—1
Yo Uy — :E\a )

with an isomorphism of sheaves of Ox — (a,b)—modules Ey, ~E,, on Uy.

PurLL BACK. Of course when we have an holomorphic map f:Y — X between
two reduced complex space and E an holomorphic family of A—primitive themes
parametrized by X we may take the pull back of this family by setting for y € Y
E(y) == E(f(y)). It is easy to see that the pull back of an holomorphic family
is again an holomorphic family, the corresponding sheaf of Oy — (a,b)—modules
on Y being the ”analytic” pull back f*(E) := Oy ® f~}(E), simply because
when ¢ : X — ES\N) is an holomorphic and k—thematic map, the composition

pof:Y — ES\N) is again holomorphic and k—thematic.

5.1.2 Examples

EXAMPLE : THE RANK 1 CASE.. Let X be a connected reduced complex space,
and let ¢ : X — Eg\o) be an holomorphic 1—thematic map. Then there exists
S € I'(X,0x[[b]]) which is invertible?® and an integer n such that ¢ = S.s*"1
So the sheaf |, is isomorphic to the sheaf E, where ¢ : X — EE\O) is the constant

map with value s*™m~1,

We study the rank 2 case in the next two results.

Proposition 5.1.5 Fiz A\ > 1 a rational number in [)\] € C/Z and a positive

integer p. Let X be a complex space, and let ¢ : X — Eg\l) be an holomorphic

2—thematic map, such that the fundamental invariants of the themes E(p(x),z € X
are given by Ai,p1 = p > 1. Then there exists an holomorphic map « : X — C*
such that we have

1. The map @Z) X = Eg\l) defined by
O(x) == a(x).sMP 2 Log s + c(A, p).sM ! (@)
where c(A\,p) = %.(Al — DA ... (M +p—2).

2. 1; 15 2—thematic

%Note that if for some z € X, S(z) is not invertible, the Bernstein element jumps, so the map
is not 1—thematic.
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5. The sheaves of Ox — (a,b)—modules E; and E, coincide.

The proof will use the following lemma.

Lemma 5.1.6 Fiz A\ > 1 a rational number in [\ € C /Z and a positive integer
p. If ©€C* and Z € CI[[b]] are such that

Y = 2.5 2 Logs + Z.sM 72

satisfies (a — (A +p—1).b).x = (1 +a.b?).s"1 for some given o € C* then we
have ]
r=af/y and Z=-—+42z
p

for some z € C, where v:= (A —1).A\.( A +1)... (A +p—2).

The proof is an exercice left to the reader.

REMARK. As Ay contains C[[b]].s» ! it contains Y, := x — z.b?.s2 and
both x and Yy, have the same annihilator which is the ideal

Ala = A.b).(1+abP) (e — (A +p—1).b),
we have for each z € C an automorphism of A.y which sends x to x..
PROOF OF THE PROPOSITION. Without lost of generality we may assume that
o(r) = M2 Log s + ¥(x).sM 2 (1)

where ¥ € T'(X, Ox[[b]]) isinvertible in C][[b]] for each x € X. This is consequence
of the fact that we must have for each z € X arank 2 theme with fundamental
invariants A;,p; = p > 1. Then we have

A1+p—1
— (A —1).b). = 4+ (x).sM!
(@ O +p = D8)p(0) = o 4 S
+ 025 (2).sM 2 = (A +p—1).0.5(x).sM 2
S)\l—l

= (b.3(z) — p.X(z) + fy.bp).)\1 —

where v := (A — 1)A;... (A1 +p—2) and where Y(x) denote the derivative in
b of ¥(z) € C|[[b]]. Note that ~ gives the identity
ghitp—1 -1

e .
Mip—1 U

So we have (a — (A1 +p — 1).b).p(x) = S(x).sM~! with
(A1 —1).5(z) == b.3(x) — p.X(x) + .07
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Remark that the constant term in b in S(x) is equal to (—p/(A\ — 1))—times
the constant term of X(x) which not zero. Put S(z) := So(z) 4+ Sp(z).bP 4 b.5(z)
where S(x) has no term in b”~!. From our previous remark we see that Sy is an
invertible holomorphic function on X.

Now let T € T'(X, Ox]|[b]]) be a solution of the equation

b1 (z) —(p—1).T(z) = S(z) VzeX.

Such a T exists because S has no term in 51, Define now ¢ : X — E(Al) as

Y(z) = p(x) — T(x).sM

As E, contains Ox|[[b]].s* 7!, thanks to the invertibility of S in Ox|[[b]], the
equality E, =E, is clear. So ¢ is 2—thematic.
Now compute (a — (A +p—1).b).¢:

(a— N +p—1)b).Y(x)=(a— (N +p—1)0).(p(x) — T(l‘).sh_l)
= S(z).sM ! = [T(2).a+ 6T (x)].sM"
= (Sp(x) + Sp(z).b7).sM

This shows that ¢ := Sy b satisfies the relation
(a— (M +p—1)0)0(x) = (1 + afx).bP).s

for each x € X where a(x) := S5 (x).S,(x). And, of course, E; =Ey, =E, so
conditions 2. and 3. are satisfied. The lemma shows that there exists an holomorphic
function z: X — C such that ¢ (z) — z(x).b?"1.s"~! has the desired form. But
sending ¢ to ¢ —z.bP~1.sM is an automorphism of the Ox —(a,b)—module E,. B

The case p; = p =0 is given by the following lemma ; as it is a simple variant of
the previous proposition, we let the proof to the reader.

Lemma 5.1.7 Fiz A\; > 1 a rational number in [\ € C /Z. Let X be a complex
space, and let ¢ : X — E(Al) be an holomorphic 2—thematic map, such that the
fundamental invariants of the themes E(p(z),x € X are given by Ai,p1 = 0.
Then if ¢ = (A —1).sM"2. Logs there is an isomorphism of Ox — (a,b)—modules
between the sheaf E, and the sheaf E, corresponding to the constant map with
value .

Note that the sheaf E, is given as Ox|[[b]].e; ® Ox|[[b]].e2 with a defined by

a.e; = A1.b.e; and a.eg = (A — 1).b.es +e3.

Definition 5.1.8 When E is a rank 2 [N—primitive theme with fundamental
invariants Ay, p1 > 1 we shall call the parameter of E the number a € C* such
that E is isomorphic to AJA.(a — A.b)(1 + a.b?) ™ (a — (A1 + p1 — 1).D).
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The following lemma shows that this number is quite easy to detect.

Lemma 5.1.9 Let E' be a rank 2 [N—primitive theme with fundamental invariants
A,p1 > 1. Let S € C[[b]] such that S(0) =1 and such that

E ~ A/A(a —A1.b).S (@ — (A +p1—1).D).

Then the coefficient of bP* in S 1is the parameter o of FE.

PROOF. Let e be a generator of E with annihilator the ideal
A(a—M.b).57 (a— (M +p1 —1).b),

and put ey :=e and e; := S~ .(a— (A +p;—1).b).e. Then ey, ey isa C[[b]]—base
of E and so we look for a generator ¢ of F, write

g = U.62 + V@l

with U,V € C[[b]], which is annihilated by (a—A;.b)(1+a.bP)~ .(a— (A +p1—1).D).
Remark that we know ” a priori” that such an ¢ exists thanks to the proposition
5.1.5 with X = {pt}. Then compute

(a — ()\1 +p1 — ].)b)E = bQ.U/.GQ + U.S.61 + bQ.V/ — (pl — l)bV61

As we are in a theme the kernel of a — A\1.b is Fy = C|[[b]].e;. So this implies that
U =0 and U = U(0). We obtain also the equation

U0).S + V' = (pr —1).b.V = p.(1+ a.b™)

for some p € C. As we assume S(0) =1 this implies U(0) = p. The fact that e
is a generator of F insure that U(0) # 0, and then

V' —(pr— 1.0V =p(1—5)+ p.o.b?

and this equation implies that the coefficient of ' in S is equal to «. |

EXERCICE. Let E bearank 2 [A\|—primitive theme with fundamental invariants
A, p1 = p > 1. Show that, for § € Q such that A\; +6 > 1 the parameter of
E ®qp Es is the same than the parameter of F.

Deduce then that for —A\; —p+0+1>1 the parameter of the theme E* ®,; Es
is also the same than the parameter of E.

5.1.3 Holomorphy criterion.

Let us go back to holomorphic families of [A]—primitive themes of any rank.
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Proposition 5.1.10 Let X be a connected reduced complex space and let E be an
holomorphic family of rank k [N—primitive themes parametrized by X. Denote
A1, P15 Pe1 the corresponding fundamental invariants. For each j € |0, k]
there exists an unique holomorphic family F; of rank j  [N\—primitive themes
parametrized by X with the following properties :

Z) F]’ - F]’Jrl, Fk =E 5

i) for each v € X the theme Fj(x) is the normal submodule of rank j of
E(zx);

i11) the family E/Fj is holomorphic for each j € [0, k].

PrROOF. The statement is local on X and we may assume that E = E,

where ¢ : X — Eg\kfl) is a k—thematic holomorphic map. Up to change ¢ by
the action of an invertible section of the sheaf Ox/[[b]] we may assume that

o =M1 (Logs)* 1+ 6 where 6 is a section of the sheaf Eg?f).

Put ¢ := (a — A\p.b).. Then 1 is (k — 1)—thematic, because v, a.¢),...,a* 2.4
is O(X)][[b]]—free and generates E, :

If we have Ef;g Uj.a?4p =0 with U; € O(X)[[b]] this implies

k—2 k=2
Z Uj.a™ . — M. Z Uj.a’ .b.p = 0.
5=0 j=0

As, by hypothesis ¢, a.p,...,a" 1o is O(X)[[b]]—free, this gives successively

Ui 2=0,U;3=0,...,U; =0.

Then it is easy to see that F,_; := E, induces Fj_i(z) for each z € X. This
proves i) and ii).

To prove iii) it is enough, by an easy induction, to prove it for j = 1. In this
case, it is sufficient to prove that the composition 6 := flop: X — E(;%Q), where
e Ef\k_l) — Eg\k_Q) is the quotient by Eg\o), is (k —1)—thematic, as we know from
the proof of the proposition 3.1.4 that for x € X we have

Fi(z) = Ker fyN Ap(x).
So we want to prove that if we have Zf;g S;i(z).al.p(x) € EE\O), then S;(z) =

0 Vje[0,k—2]. Ifall Sj(xz) are not zero, there exists ¢ € N and T € C[[b]]
invertible, such that

N

—2
Si(z).a’ .p(x) = T.sM0,

Il
o

J
But then, (a — (A + q).b).T‘l.(Z?;g Sj(z).a’) is a polynomial in a with coeffi-
cients in  C[[b]], of degree < &k — 1, which annihilated (), contradicting the fact
that E(x) = A.p(x) has rank k. Now 6 is (k — 1)—thematic and induces the

family E(z)/Fi(z),z € X. [
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Theorem 5.1.11 Let E(x).ex be a family of rank k> 2 [N—primitive themes
with fized fundamental invariants Ay, p1,...,pk—1 defined by a Ox — (a,b)—module
E. Let o: X — C* the function which associates to x € X the parameter of the
rank 2 [N—primitive theme E(x)/Fy_s(x). Then the family is holomorphic if and
only if the following two conditions are satisfied:

i) The family Fy_1(x) is holomorphic, that is say there exists a Ox—(a,b)—submodule
Fr_1 of E which is an holomorphic family and take the value Fy_1(x) for
each = € X.

ii) The function « is holomorphic on X.

REMARK. Thanks to proposition 5.1.5 the condition ii) of the previous theorem is
equivalent to the fact that the family E(x)/Fj_s(x),# € X is holomorphic. So this
result allows, using induction, to reduce the problem of the holomorphy of a family
to the rank 2 case.

The proof will use the following lemma.

Lemma 5.1.12 Let j,q be natural integers and X be a rational number in |0, 1].

Denote H(j,q) the hyperplan of Eg\j) corresponding to the annulation of the
coefficient ®of bl.ey ;. Then the C—linear map

(CL — ()\ + Q)b) : H(j, q) e C .bq.eA,jH — bEg\J)

is an tsomorphism of Frechet spaces. So its inverse is linear and continuous.

PRrROOF. The following equality is easy, for any (h,m) € N with the convention
ex—1=70

(a — ()\ -+ q).b).bm.e)\ﬁ = (m — q).bm+1.€)\7h + bm+1.€)\7h,1.
So the image of E(Aj) by (a— (A+¢q).b) is the hyperplane of b.E(Aj) given by the
annulation of the coefficient of b9*!.e ; and its kernel is C.b%.ey . The conclusion
is then easy. [

REMARK. If we begin with an element in b.EE\j) for which the coefficient of 09.e) ;
is p, then the coefficient of b%.ey ;41 in its image by the inverse map will be also
p. In particular, it will be non zero for p # 0.

Zwe use here the notations of the example given at the begining of section 5.1.
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PROOF OF THE THEOREM 5.1.11. The statement is local on X so we may assume
that we have a (k — 1)—thematic holomorphic map v : X — E(Akﬁ) such that E,

defines the family Fj_i(z),z € X. We may also assume that the map
e O

takes its values in =57, up to multiply + by an invertible element of O(X)[[b]].
Put q:= Xy — X\, Sp_1:= 1+ a.b’*-1 and define

p: X — Ef\kfl)
as the composition of Sy_1.10 with the inverse map constructed in the previous
lemma, with j := k—2. and the obvious inclusion of H(k—2, s —A) ®C.b%e) 1
in Ef\k_l). Note that we have (z) € b.Eg\k_Q) for each = € X because the inclusion
Fp_1(z) C a.E(x) + b.E(z), Z, has a simple pole and any A—linear map from
Fy_1(z) to =, may be extended* to FE(z).
Remark that the coefficient of 09.e) ;2 in Sig_1.¢0 coincides with the coefficient of
bPk=1 in Sp_1, so it is given by «. As it is non zero, the coefficient of b?.ey;_1 in
¢ does not vanish, thanks to the relation Ay —A+1= A1 — A+ pr_1. This is of
course necessary in order that A.o(z) will be a rank k theme. Now it is easy to
see that the holomorphic k—thematic map ¢ is such that E, induces the family
E(x),z € X. |

5.1.4 Holomorphy and duality.

The last theorem of this paragraph shows that the twisted duality preserves the
holomorphy of a family of [A]—primitive themes.

Theorem 5.1.13 Let E(x),x € X be an holomorphic family of [N—primitive
themes parametrized by a reduced complex space. Let 6 € Q such that for each
r € X the (a,b)-module E(x)* @up Es is a theme. Then the family

E(z)* ®qp Fs,x € X is holomorphic.
The proof will use the next lemma, which is an easy exercice left to the reader

Lemma 5.1.14 Let FE(z),z € X be an holomorphic family of [\—primitive
themes parametrized by a reduced complex space. Let 6 € Q such that for each

r € X the (a,b)-module E(x)®qp Es is a theme.

Then the family E(x) ®qp Es,x € X is holomorphic.

Zgee [B.05).
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PROOF OF THE THEOREM 5.1.13. We make an induction on the rank k. As
the case k =1 is trivial and the case k = 2 is already known (see the exercice
following the definition 5.1.8), assume that the result is proved for k — 1 > 2
and consider the situation in rank k. Let Fj(z),x € X be the family of normal
subthemes of rank 1 of the themes F(z),x € X. The proposition 5.1.10 implies the
holomorphy of the family F(z) / Fi(z). This proposition gives also the holomorphy
of the family Fy(z),x € X. The induction hypothesis implies the holomorphy of
the family (E(z)/Fi(z))* ®ap Fs and also of the family (Fy(z))* ®qp Es. But
now we may apply the theorem 5.1.11 to the family (E(z))* ®qp Es because
the corresponding family of subthemes of rang k£ — 1 is the holomorphic family
(E(z)/Fi(z))* ®qp Es and the corresponding family of rank 2 quotients is the
holomorphic family (F5(2))* ®qp Es. [ |

5.2 The canonical family.
5.2.1 Definition and holomorphy.

We shall fix in this paragraph an integer k£ > 1 a rational number A\ > k — 1
and natural integers pi,...,pr_1. For j € [1,k — 1] we define the affine open
set W, C V; of an affine hyperplane of the complex vector space V; (see the its
definition before the proposition 3.2.4)

W;:={S; €V; /S;(0) =1 and the coefficient of b7 is # 0}.
Then put
S()\l,pl, NP ,pk,l) = {(51, oy Skfl) S C[[b]]kil / Sj S Wj VJ S [1, k — 1]} (*)

Note that S(A1,p1,...,pr—1) is always a connected complex manifold.

Definition 5.2.1 For o € S(A\1,p1,...,pr-1) we define E(o) asthe [A—primitive
theme (with fundamental invariants Ay, p1,...,Pk—1) A/A.P(a) where

P(o):=(a—M\.b)Syt ... S (@ — Ap.b) (**)
with Njy1 =X +pj—1 for je[l,k—1].

ExamMpPLES. For k=1 and \; given, the canonical family reduces to the theme
E,,. For k=2 and \{,p; given, we have

1. For p; =0 S(A\,0) = {1} and the corresponding value of P is
P:=(a—A.b).(a— (A —1).b).

2. For p; > 1 we have S(A;,p1) = {1+ abP,a € C'} ~ C* and the P

corresponding to « € C* is given by
P(a) = (a — A.b)(1 4+ a.bP) " (a — (A + p1 — 1).b).

Theorem 5.2.2 For any given k > 1,A\; > k — 1 rational and py,...,pr_1
natural integers, the canonical family is holomorphic.
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Proor. We shall deduce this result using theorem 5.1.11 and an induction on
k. First remark that the family FE(0)/Fi(0) is the pull back of the canonical
family parametrized by S(\a,pa,...,pr—1) via the obvious projection (recall that
)\QI:)\1+p1—1>k3—2 as )\1>k’—1)

8()\17]71, s 7pk71) — 8()\2,]72, B 7pk71)

and the induction hypothesis; so it is an holomorphic family. Moreover the family
F5(o) is also the pull back via the obvious projection

S()‘lapla ce 7pk;—1) — S()\lapl)

and the example above gives the holomorphy. So the theorem 5.1.13 allows now to
use the theorem 5.1.11 and this gives the conclusion . [
5.2.2 Versality and universality.

Again we shall fix k> 1, Ay > k — 1 a rational and natural integers pi,...,pr_1
in this paragraph.

Definition 5.2.3 Let X be a reduced complexr space, xzy a point in X, and
let E an holomorphic family of rank k [N —primitive themes with fundamtenal

invariants Ay, pi,...,pe—1- We shall say that this family is versal near xy when
for any reduced complex space 'Y with a base point yo and any holomorphic family
H of rank k [M—primitive themes with fundamental invariants Ay, p1, ..., Pk_1,

parametrized by Y, such that H(yy) is isomorphic to FE(xg), there ezists an
holomorphic map f:U — X of an open neighbourhood U of yo in Y and an
isomorphism of Oy — (a,b)—modules 0 : f*(E) ~ Hjy.

We shall say that E is universal near 1z, when the germ at 1y, of such an
holomorphic map f is always unique. The family will be called locally versal
(resp. universal) when it is versal (resp. universal) in a neighbourhood of each
point.

Of course a versal family contains all isomorphy class of rank k& [A]—primitive
themes with fundamental invariants Ay, pi,...,pr_1. Any isomorphy class appears
exactely one time in an universal family. The existence of an universal family is the
same problem that the representability of the functor which associates to a reduced
complex space Y the set of holomorphic families of rank %k [A]—primitive themes
with fundamental invariants Ay, pi, ..., pr_1, parametrized by Y.

The existence of a versal family implies the finiteness of the number of complex
parameters in order to determine an isomorphy class of such a theme.

Theorem 5.2.4 For any choice of k > 1, \y > k — 1 a rational and natural
integers pi,...,pp—1 the canonical family parametrized by S(A\1,p1,...,Dp—1) 1S
locally versal.

If any theme corresponding to a choice of k> 1, \y > k—1 a rational and natural
integers pi,...,pPr—1 has an unique canonical form, then this canonical family is
(globally) universal. This is the case, for instance, when p; > k—1 ¥j € [1,k—1].
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Proor. First we shall show the versality by induction on the rank £ > 1. The
cases k=1 and k = 2 are already known (see above section 5.1.), so we shall
assume that £ > 3 and the case k& —1 known.

Let E be an holomorphic family of rank & [A\|—primitive themes with fundamental
invariants Ay, p1,...,pr—1 parametrized by the reduced complex space X. Fix =z
in X and denote F; C E the subsheaf of Ox — (a,b)—modules defining the
family of normal subthemes of rank 1 in E. Then E / F, is an holomorphic family
of rank k—1 [A—primitive themes with fundamental invariants Aa, pa, ..., Dr_1,
with Ay := A\; +p; — 1. So thanks to the induction hypothesis, there exists an open
neighbourhood U of zy in X and an holomorphic map ¢ : U — S(Ae, pa, ..., Pk—1)
such that ¢*(S) is isomorphic to (E/Fi)y, where S is the canonical family
parametrized by S(Aa,p2,. .., Pr_1)-

As the result is local near z(, we may assume, up to thrink U around =z, that E
is given by an holomorphic k—thematic map ¢ : U — E(k_l), which satisfies

p(x) = s (Log )" + ¥(x)

where ¢ : U — E(Ak_z) is holomorphic and (k — 1)—thematic. The holomorphic
map ¢ gives in fact holomorphic maps Ss,...,Sx_1: U — 1+ b.C[[b]] such that
if we define

P = (a— X.b).Sy (@ — A3.0).551 ... St (a — Ap.b)

A.P, will be the annihilator of the canonical generator e of the canonical family
parametrized by S(A2,p2,...,pk). So the generator g*(e) of E/Fl will satisfy
also Py.g*(e) = 0. If we identify Ejy to E, C Eg\kfl), we identify E/Fl to a
sub-sheaf of the quotient sheaf

=(k—1) /:w) o =2

SXA [ EXA T =X
So we may find Tp,...,Tx—; local sections of Ox][[b]] such that the image of the
section

in E/F; coincides with g*(e). As g*(e) generates E/F; the section T of
Ox[[b]] must be invertible near xy. So v generates E near =z, and satifies
Py €Ty As Fy = O,[[b]].sM "1 we may write

Pl.’)/ = C"‘).SAlil

where © is a section of O.[[b]] in on an open neighbourhood of xy. The
decomposition Ey, = P;.E), & V; allows to write

0.sM 1 = (P.B + 8)).sM
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where  and S; arelocal sections respectiveley of Ox[[b]] and Ox®V;. Moreover,
as O is invertible, which means invertibility in Ox of its constant term (in b),
so is S7. So, up to multiplication by an holomorphic invertible function I on an
open neighbourhood of =z, we may assume that the constant term of S; is 1.
Then 7 :=1.(y— 3.7 1) is still a generator of E and satisfies

P17' == Sl.SAl_l with Sl € OX X ‘/1,51(0) =1.

this gives (a — A1.b)S;*.P.7 = 0. So we see that E is isomorphic to the pull back
of the canonical family by the holomorphic map f : U(xg) — S(A\,p1,---,Pr-1)
given in the open neighbourhood U(zy) of zy by Si,...,Sk, by sending the local
generator 7 on f*(e) where e is the standard generator of the canonical family
parametrized by S(A1,p1, ..., Dr—1)- |

5.2.3 Examples.

We shall give an example of rank 3 [A\|—primitive themes for which there does not
exists, even locally, an univeral family.

Let the fundamental invariants be A, p; = po = 1; so we have ¢; = p1 + ps = 2
and ¢y = po = 1. Remark that the corresponding themes are special.

Proposition 5.2.5 There does not exist an universal family near each invariant
special rank 3 [N]—primitive theme.

The proof will use the following three lemmas.

Lemma 5.2.6 Let «,(,7 € C,a.8 # 0 and consider the rank 3 themes defined
as follows :

(a—Ab).es = (1 + a.b).es
(a—Ab)eg = (14 B.b+7.b%).e
(a — A.b).ey = 0.

For B# a, E.p~ isisomorphic to E,po for each 7.
For B =, the themes Egyq~ and Eg,.. are isomorphic if and only if ~+ =7

ProOOF. We look for a C[[b]]—basis e3,e2,61 of E, s, satisfying the following
conditions :

eg=e3+ Uey+ Ve, with UV € C[[] (0)
(@ — Ab).e3 = (1+ a.b).eq (1)
(a—Ab).ea = (1+B.b+7.b%).e (2)
(a—A\.b).eg =0. (3)
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We know that o and [ are determined by the isomorphism class of the theme
E(a, ,7): as we have p; = p; =1 they are the parameters of the rank 2 themes
E / I} and F, respectively .

Remark also that (3) implies that ¢; = p.e; with p e C".

Let us compute the conditions for U and V :

(@ —Ab)es = (1 4+ a.b)ey + 02U g + U.(1+ B.b+~.b%).ey + V2.V e
= (]_ —+ O[.b).{fg

and so, we have ey = Z.ey + T.e; with Z = (1+ a.b)™'.(1+ a.b+b2.U’) , and
(1+a.b).T=U(1+8.b+~.b* +b>.V". (4)
Then we get

(a—Ab)eg=Z.(1+Bb+.b%).e; + 2.7 ey + b2 T .
= (14 B.b++"b).pe

and this implies Z’ =0 and as Z =1+ (1+ 8.b)"1.0>.U’ we must have U € C,
and Z = 1. The relation (2) implies now, as ey = ey + T.e;

(14 B.b+v.b%).e; + b*.T e; = (1 4+ B.b++'.b%).p.er.

Then we have p=1 and T' =+ —~.
Looking at the constant terms in (4) we obtain T =U + (7 — v).b.
But (4) implies also

al+y —y=Up and Uy + V' =a.(y =7 (5)

So, for a # [ we will have
/ /

U:Zz_—vﬁ and V:%—i—;__;.(a.(ﬁ—a)—y).b.

If B = a, the relation (5) imposes v =7 |

For (a, ) € (C*)?,a # B denote E(a, ) the rank 3 theme defined by
E(a,B) = A/ A(a— Ab)(1+ B.b) " (a— \b)(1+ a.b) ' (a — Ab).

Lemma 5.2.7 There is no rank 2 endomorphism of E(«, ) for o #[.

PrRoOOF. It is enough to prove that there exists no element x := ey + U.e; in
E(a, ) such that (a — A.b)(1 + a.b)Y(a — A\.b).z = 0, where U € C|[[b]]. As each
element in E(a, f) which is annihilated by (a — A.b) isin C.ej, such an z must
satisfies

(a—Ab)x = p.(1+ a.b).eg
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which implies that U is a solution of the equation

(1+8.b) + .U = p.(1 + a.b).
So we conclude that we must have p=1 and so a = (. |
But if o = # 0 we shall have an invariant theme for any +.

Lemma 5.2.8 For o # 0 the (a,b)-module E, .~ is an invariant rank 3 theme.

Proor. It is enough to find x := ey + U.e; such that
(@ — Ab)(1+a.b) Y a—Ab).ox =0,

where U € C|[b]].
As F, is a theme, the kernel of (a — A.b) in Fy is C.e;. So x must satisfies

(a — Ab)x = p.(1 + a.b).eq
and this implies that U is solution of the equation
(14 ab+7.b%) + 02U = p.(1+ a.b).

So we conclude that we must have p =1 and U = —v.b + cste. So we obtain a
solution x := ey — ~.b.eq. [ |

PROOF OF THE PROPOSITION 5.2.5. The fact that the invariant themes in this
canonical family are exactely the F,, . is proved in lemmas 5.2.7 and 5.2.8.

The canonical family (Eu g.)(a,8+)eS(0,pr1=ps=1) is holomorphic and versal near any
point thanks to the theorem 5.2.4. Let assume that we have find an holomorphic
family (E,)yey which is locally universal around a theme FE(a,a0,%) =~ Ey,
where Y is a reduced complex space that we may assume to be embedded in CV
near 7o. Let ¢ : Q — Y <« CV the classifying map for the canonical family on
an open set Q0 de (g, ag,7) € (C*)? x C. As for a # [ the isomorphy class of
the theme E, 3., does not depend on +, thanks to the lemma 5.2.6, we shall have
g—f =0 on the open set {a # S} of Q. This implies that ¢ does not depends
on ~ for all a near enough to «q, and for all ~,+" near enough from ~,. This
contradicts the lemma 5.2.6. |

Corollary 5.2.9 The family E(o, 8)@,pex 15 universal near any point in
X = (C)\{a=p}.
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ProOOF. Let E be the sheaf on X of Ox — (a,b)—modules associated to the
holomorphic family FE(«, ). It is enough to prove that the holomorphic map

T: XxC—=X

defined by m(«, 5,7) = («, 5) is such that the sheaf 7*(E) is isomorphic as a sheaf
of Ox — (a,b)—modules to the sheaf associated to the canonical family restricted
to X x C. But the inverse of the isomorphism we are looking for is given by the
computation in the lemma 5.2.6 which gives, in the case ' =0, where (a,f,7) is
taken as an holomorphic parameter in X x C, holomorphic sections U,V of the
sheaf Oxycl[b]]. The inverse isomorphism is obtained by sending the generator e
of the canonical family to e3(7' = 0) := e3 + U.es + V.eq, which is the generator of
the family 7*(E). [

ANOTHER EXAMPLE WITHOUT UNIVERSAL FAMILY. We give here an example
of non special rank 4 [A—primitive themes without universal family. Fix the
fundamental invariants to be A\; > 3 and p; = 3,ps = p3 = 2. So the canonical
family is defined by the following relations :

(a— (M +4).b).es = S3.e5 S3:=1+ a.b? (g3 =p3 =2)

(@— (A +3)b)es=5res Sp=1+Fb+7b (g=p=2)

(a— (A +2).b).eg =S1.e; Sy :=1+46b+cb>+0b (g1 =p1=3)
(@ — Ai.b).eg = 0.

with the condition «.y.60 # 0.

We look for invariant themes in this family. So we look for an element z € F3\ I}
such that Fy.z = 0. The existence of such an x is equivalent to the existence of a
rank 3 endomorphism.
Using proposition 3.2.2 the condition Fy.z = 0 is in fact equivalent to the con-
dition P;.x = 0 because we ask = to be in Fj. This gives the equality
(@ — Xp.b).S5 .Pyx = 0. The kernel in E of (a — M\.b) is C.ej, so we ob-
tain the equation

Py.x = p.So.b% e (1)

It gives (a — A3.0).S3 . P3.x = p.S5.b%.e; which implies that the class of S;'.Ps.x
in E/F, is in the kernel of (a — A3.b) which is C.b% *.e5 modulo Fi. So we
may put :

Pg.l‘ = O'.Sg.b.eg + Sg.T.@l (2)

and the equation (1) implies

Py.x = (a — \3.b)(0.b.eg + T.e;) = p.So.b% e
= 0.6.51.61 + (bQ.T, - 3bT) = p.Sg.bQ.el.
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So we get V21" —3.b.T = p.S2.b?> — 0.5,.b and after simplification by b this gives

Then we conclude that we must have p.y = 0.6. But as 7.6 # 0, the condition
p # 0 is equivalent to o # 0.

We shall have a solution 7' by putting o := p.y/6, and it satisfies —37(0) = —o,
that is to say T'(0) = o/3 = p.v/36.
Define now =z := X.eg + U.ey + V.e;. The relation (2) gives

(a — Mg.b).x = (b*. X' —b.X).es modulo F,
and so X =7.b with 7€ C* as we assume z ¢ F». Then we get

(@ —Ag.b).x = (1.0.85 + V2. U — 2b.U).e5 + (V2. V' —4b.V + U.S)).e;
= O'.Sg.b.ez + Sg.T.el

and so the equations

b.U —2U = 0.535 — 7.5, (5)
V2V —4bV = S3.T — U.S, (6)

The first one implies that 7.7 = 0.a and forces U(0) = (t1—0)/2 = o.(a/y—1)/2,
the second one imposes

Then we obtain

T(0)=0/3=0(a/y—1)/2.
So, if a/y #1+4+2/3 =5/3 we must have o = 0 and this imposes 7 =0 and
this is incompatible with our assumtion z € F3\ F5.
Then for 3a # 57y the theme is not invariant, and as E/F; is invariant thanks
to the theorem 4.3.1 (here the rank is 3 and each p; is at least 2), the canonical
form will not be unique thanks to lemma 4.3.4.
Now for 3a =5y we find a solution U of the equation (5) and then a solution
V for (6) when we choose a solution 7' of (3). So along the hyperplane 3a = 5y
the themes are invariant. The situation is similar to the previous example.

Let us show, to conclude the proof, that when 3a = 57 the coefficient ¢ is not
relevant to determine the isomorphism class of E. As we know that 6 is determined
by the isomorphy class of FE, it is enough to prove that ¢ is also determined by
the isomorphy class of F.

Because, up to an homothetie, any automorphism of E is obtained by sending e4 to
es+y where y € F3 and satisfies P;.y € Fi, to prove that § is determined by the
isomorphy class of E, it is enough to prove that any such y satisfies P,.y € b.F}.
But P,.y € F; shows that if we define ¢(e) =y this produces an A—linear map
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E/F1 — F3/F1. As the rank is < 2, go(FQ/Fl) =0 and so P.e € Fy implies
Py € Fi. So we have
(a — Agb)S{ngy e .

The kernel of (a — A3.b) acting on Fg/Fl is C.b.ea +F, as A3 — Xy = 1. Then
we may write
P3.y = pb.Sg.eg + Sg.T.el

which gives
Py = [pb.Sy + b*.T" — 3b.T].e; € b.Fy.

So P,y € b*.F, is proved.
It is not necessary to prove that ¢ can move by some isomorphism because this is
consequence of the lemma 4.3.4. B

CONCLUSION. So in this example we have the following properties, analoguous of
the properties in the previous rank 3 example:

1. For 3a # 5v the themes are not invariant.

2. For 3a = 5y each theme is invariant but there is no local universal family
around sucn an isomorphy class.

3. For each theme FE such that 3a # 5y there exists a local universal family
obtained by the restriction of the canonical family to an open neighbourghood
of F in the hyperplane {e = ¢}.

REMARK. Let E be a theme of the previous family with 3« # 5. Then there
is no injective map from F / Fi to F3 because FE is not invariant. But the
fundamental invariants of these [A\]—primitive rank 3 themes are respectively

Mlz)\1+2, ,ugz)\1+3, [L3:>\1+4 for E/F1
and )\1, )\1—|—2, )\1—|—3 for Fg.

So we have 1 — Ay = 2, u9 — Ay = 1, u3 — A3 = 1; this shows that the condition
pi—N; >k—1 Vjell k] of the theorem 4.1.2 is sharp.

6 Appendix.

6.1 A lemma.

The following result from [B.95] plays a key role in the construction of the canonical
form and so in the construction of the canonical families. We give here the main
lines of the proof for the convenience of the reader.

Lemma 6.1.1 Let E and F be two regular (a,b)-modules. Then we have :
dimC(Ext}i(E, F)) — dimC(Ext?i(E, F))=rg(E)rg(F).
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PRrOOF. First we show the case where rg(FE) = 1.

Then we have E ~ A/A.(a — A\.b) so Ext%(E,F) and Ext(E,F) are respec-
tiveley the kernel and cokernel of a — A\.b: F' — F. We shall prove the formula by
induction on the rank of F'. For the rank 1 we have F'~ .[l/fl(a — u.b), and the

computation is easy :
1. For A p+N we have Ext%(E,F)={0} and Eut'(E,F)~C.e,.
2. Then Ext%(E,F) = C.b"e, and Eat'(E,F) ~ C., ®Clb"e, for
A= p+n.

and the formula follows.
Assume that rk(F) > 2 and the formula proved for lower ranks. There exists an
exact sequence

0—-G—=F—E,—~0

and 7k(G) = rk(F) — 1. Now we have a long exact sequence of finite dimensional
complex vector spaces (see [B.95] theorem 1)

0 — Ext%(E,G) — Ext%(E, F) — Eat’%(E, E,) —
— Ext'y(E,G) = Exty(E, F) — Ext'}(E,E,) — 0
The alternating sum of the dimension is zero and we obtain
dim(Ext'y(E, G)) — dim(Ext%(E, G)) + dim(Ext'y(E, E,)) — dim(Ext%(E, E,)) =
dim(Ext(E, F)) — dim(Exty(E, F)) = (rg(F) — 1) + 1 = rg(F)
and we conclude thanks to the induction hypothesis.
The general case for F with rk(F) =1 is obtained in the same manner.

An induction on rk(E) 4 rk(F') gives the general case by an analoguous
computation. [ ]

6.2 Existence of holomorphic k-thematic maps.

Our purpose here is to show that if we have a proper holomorphic map
F: X — DxT between two complex manifolds which is a submersion over D* x T,
then to the following data

i) A smooth T —relative (p+ 1)—differential form w on X such that d,rw =
0=df Nw where f:X — D is the composition of F with the projection
on D.

ii) A vanishing cycle 7 in the generic fiber of F which is in the generalized
eigenspace of the monodromy of the restriction of F over D X {ty}.

we may associated locally around the generic point of 7' an k—thematic holomor-
phic map which defines the family of themes associated to the family parametrized
by T of vanishing periods.

We shall begin by an easy lemma of algebraic geometry over the algebra Z := C[[b]].
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Lemma 6.2.1 Let E be a regular rank k (a,b)-module. Fiz a C|[[b]]—basis
e, ....er of E and consider E as the affine space Z¥ over Z. Then for each
natural integer p the subset X, C E = Z*% defined by

X, ={zekl/ rg(fl.x) <p}

1s an algebaric subset of E, that is to say that there exists finitely many polynomials
Pi,....,Py in Zxy,...,xx] such that we have

={zecZF ) P(z)=0 Vjell,N]}.

PROOF. As F is regular with rank k, for each 2 € E the sub-(a,b)-module A.z
is monogenic and regular with rank < k. So it is generated as C[[b]]—module by
z,a.z,...a" 1 .z. To write that the rank of Az is < p it enough to write that all
(¢,q) minors of the matrix of these k vectors in the basis ej,...,e; are zero for
all ¢ € [p+ 1,k]. This gives the polynomiales Py,..., Py. [ |

Here is an immediate consequence.

Corollary 6.2.2 Let X be a reduced complex space and E be a rank k regular
(a,b)-module. Let f: X — E be an holomorphic map*. Then we have a finite
stratification

XoCXiC---CXp=X

by closed analytic subsets, such that, for any q € [1,k] the subset X,\ X,-1 1is
exactely the set of x € X where the rank of A.x 1is equal to q.

REMARK. The quotient of two holomorphic functions f: D — C[[b]] and
g: D — CJ[b]] with ¢(0) # 0 may be well defined for each value of z € D, and
the function f / g may not be holomorphic on D. For instance this is the case for

y —y 2t

——» because a relation like

2
Z2+b"=(z+b).( Zaj
7=0

implies that ap =1 and a; = =+ ! O

Lemma 6.2.3 Let f,g: X — C[[b]] be two holomorphic functions on a irreducible
reduced complex space X. Assume that g does not vanish and that, for each v € X
the quotient f(x)/g(z) isin C[[b]]. Then there exists a Zariski open dense set X'
in X such that the map defined by f/g is holomorphic on X'.

%y fixing a basis eq,...,e, of E on CJ[[b]] this is a global section of the sheaf Ox[[b]]*.
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PrROOF. We may assume that f # 0 on X. So there exists two Zariski open
dense sets X; and X, such the valuationin b of f(x) (resp. of g(x)) is constant

=k on X (resp. is constant = on Xs,). Then our assumption implies k > [
and it is clear that on the Zariski open dense set X' = X; N X5 the map f / g is
holomorphic. [

Remark that the set where ¢ vanishes is a closed analytic set. So when ¢ is not
identically zero we may again find an open dense set to apply the lemma.

Corollary 6.2.4 Let f: X — E be a non identically zero holomorphic map of
an irreducible reduced complex space X with value in a regular (a,b)-module E.
Then there exists a dense open set in X on which the restriction of f induces a
k—thematic holomorphic map via x+— Az where k < rank(E).

PROOF. The point is that we may find an open dense set X’ on which the rank of
A.z is maximal, thanks to the first lemma above. Then we solve a Cramer system
with parameter on X’ to find the functions x +— S;(z) € C[[b]] which give the
relation

a®.f(x) = Si(x).d . f(z).

But these functions are "meromorphic”. The second lemma above gives then a open
dense set in X’ on which f holomorphic and k—thematic. ]
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