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Abstract: The notion of homogeneity is extended to the time-delay nonlinear systems. It is shown that under some
conditions the stability of homogeneous functional systems on a sphere implies the global stability of the system. The
notion of local homogeneity is introduced, the relations between stability of the locally approximating dynamics and
the original time-delay system are established. An example of the proposed theory application is given.

1. INTRODUCTION

For nonlinear systems, behavior of a homogeneous system
trajectories can be extended to the whole state space based on
their behavior on a suitably defined sphere around the origin
(Rothschild and Stein, 1976). Thus the state vector rescaling
does not change the system behavior. As it has been shown
during the last two decades this property can be used for sta-
bility analysis (Andrieu, et al., 2008; Bacciotti and Rosier,
2001; Hermes, 1991b; Hong, 2002; Rosier, 1992), systems
approximation (Hermes, 1991a), stabilization (Bhat and
Bernstein, 2001; Griine, 2000; Kawski, 1991; Moulay and
Perruquetti, 2006; Sepulchre and Aeyels, 1996) and observa-
tion (Andrieu, et al., 2008). Analysis and synthesis of homo-
geneous systems is a little bit simpler, for example, the
Lyapunov function has to be constructed on the unit sphere
only (on the whole state space it can extended using re-
scaling). Moreover, it has been shown that for stabil-
ity/instability analysis the Lyapunov function of a homoge-
neous system is also homogeneous (Rosier, 1992; Efimov
and Perruquetti, 2010).

In the work (Andrieu, et al., 2008) the homogeneity in the bi-
limit has been introduced, that is homogeneity with different
weights and approximating functions at a vicinity of the ori-
gin and far outside. Recently the bi-limit homogeneity has
been extended to the /ocal homogeneity (Efimov and Perru-
quetti, 2010), when the system is similar to a homogeneous
one on a sphere only. In this case the homogeneous systems
theory allows us to analyze locally the original nonlinear sys-
tem behavior.

All this theory has been developed for continuous time-
invariant nonlinear dynamical systems. Another important
class of systems includes ones described by differential equa-
tions with time-delayed states. The presence of delays is
usual in many applications (Chiasson and Loiseau, 2007;
Richard, 2003). Analysis of the delay influence on the system

stability is critical for many natural and human-developed
systems (Gu, et al., 2003; Kolmanovsky and Nosov, 1986).
The goal of this work is to extend homogeneity approach to
the nonlinear time-delay systems. The problem is that the
former ones operate in the infinite dimensional state space.
Extension of the standard results (Rosier, 1992) to this class
of systems needs complete revision of the homogeneous sys-
tems apparatus. In (Asl and Ulsoy, 2000; Dublik, 1997) the
homogeneous (linear) delay differential equation have been
studied, in (Bokharaie, et al., 2010) the cooperative and ho-
mogeneous systems have been analyzed. In all these works
the homogeneity theory has not been extended to the func-
tional spaces, the papers are based on homogeneity of non-
delayed parts of differential equations.

The outline of this work is as follows. The preliminary defi-
nitions and the system equations are given in Section 2. The
homogeneous norm, an extended definition of homogeneity
for time-delay systems and sufficient stability conditions are
presented in Section 3. The local homogeneity theory is stud-
ied in Section 4. An example is presented in Section 5.

2. PRELIMINARIES
Consider the autonomous functional differential equation:
dx(t)/dt =f[x, ()], t 20, @)

where xe R" is the state vector, x.(¢)=x(¢+s),
—1<s<0€ C"[-1,0] is the extended (lifted) state vector
(we denote by C"[a,b], 0<a <b<+oo the Banach space of
¢©:[a,b] > R" with the

| @ll=sup,<<, | 9(S) [, where || is the standard Euclidean

continuous functions norm

norm); f:C"[-1,0]— R" is a locally Lipschitz continuous

function, f(0)=0. We assume that all solutions of the sys-



tem (1) satisfy the initial condition x,(0)=x, € C"[-1,0]. It
is known from the theory of functional differential equations
(Gu, et al., 2003), that under above assumptions the system
(1) has a unique solution x(#,X,) satisfying initial condition
X, , which is defined on some finite interval [0,7"). The up-
per right hand Dini derivative of the Lipschitz continuous
functional ¥ :C"[-1,0] — R along the system (1) solutions

is defined as follows for any ¢ C"[-1,0]:

DV () =lim sup—

h—0"

[V((Ph) Vo),
where ¢, € C"[ -

_ { ©(0+h), O0e[-1,—-h)
h

0] for 0<h <1 is given by

| 9(0)+£(9)(O0+h), 8 [-h,0].
The notation DV[x (0)]f(x,) stands for directional deriva-

tive of the continuously differentiable function 7 :R" — R
with respect to the vector field f .

Qualify a continuous function 6: R, — R, belongs to class
K if it is strictly increasing and G( O) =0; it belongs to class
K., if it is also radially unbounded.

3. HOMOGENEITY

Forany 1, >0, i=1,n and A >0 define the dilation matrix

A, = dzag{kr' }_, and the vector of weights r=[7...r, 1.

Forany 7, >0, i =1,n and xe R" the homogeneous norm

can be defined as follows

1/p
n / n
xe=( X5 ) =TT

For all xe R", its Euclidean norm |x| is related with the

homogeneous one via some constants G,.,6, € R, :

O [ x| = [x| <G, [ x|,
where ©,,6, define the Euclidean norm deviations with re-
spect to the homogeneous norm. The homogeneous norm has
an important property that |A,.x|.=A
Define S, ={xe R" :|x |, =1}.

|x|. for all xe R".

Since the dilation matrix A, transformation is linear, it can

be applied to functional arguments. Indeed, for any 7, >0,

i=1,_n and @€ C"[a,b], 0<a<b<+eo the homogeneous
norm can be defined as follows

lol=( X000 P7) " p=TTL,x-

Lemma 1. Forall oe C"[
Pr-Pr € K. such that

a,b], there exist two functions

prllell)<llell <p (el ).
Proof. By definition

10 11=SuPscss |9(S) = SUPasca A Dy | 0 (D -
Thus H ¢ ||S Z?:IH Q; ||2 and ﬁ(s) = Ep s0.5pmaxls,gu % for
some ¢, >0 dependent on p, \[>'" | ¢; I? <n| @] and

pls)=gn ~1g0Spminigs, 1 G >0. [

Therefore, the proposed homogeneous norm is equivalent to
the supremum norm in C"[a,b]. The homogeneous norm in
the Banach space has the same important property that
IA@ll=All@l, for all ge C"[a,b].

sponding unit sphere S, ={oe C"[-1,0]:|| @], =1}.

Definition 1. The function g:C"[-1,0]— R is called
i=Ln), if for any e C"[~1,0]

Define the corre-

r -homogeneous (1, >0,
the relation

g(A9)=1"g(9)
holds for some d >0 and all =0 .

The function £:C"[-1,0]— R" is called r-homogeneous

(r,>0, i=1n),ifforany 9e C"[—1,0] the relation

f(A,9) =1"A.f(9)

holds for some d > —min.;, 1; and all A=0.

The constant d is called the degree of homogeneity. The

introduced notion of homogeneity in C"[-7,0] is reduced to

the standard one in R" (Rosier, 1992) under vector argument
substitution. The advantage of homogeneous systems de-
scribed by non linear ordinary differential equations is that
analysis of their stability can be performed on the unit sphere
S, only (Rosier, 1992) (the homogeneous system trajectories

have similar behavior on any sphere defined by the norm
|-|.).- It has been also shown that asymptotically sta-
ble/unstable homogeneous systems always have homogene-
ous Lyapunov functions (Efimov and Perruquetti, 2010; Ros-
ier, 1992). In this work we would like to prove a similar (suf-

ficient only) result for time-delay homogeneous systems.

For time-delay systems there exist two main techniques for
stability analysis based on the Lyapunov approach. The first
one is based on the Lyapunov-Krasovskii functional, another
one is the Razumikhin stability theorem (Gu, et al., 2003;
Kolmanovsky and Nosov, 1986). Unfortunately, due to pecu-
liarities of the directional derivatives for functionals (see the
definition above) the Lyapunov-Krasovskii approach is hard
to develop using homogeneity. To explain the problem con-
sider the following example. Let the functions f; : R" — R",
f,:R" >R", g,:R"—>R,, g:R'">R be r-

homogeneous (with the same 7, >0, i= I,_n and similar de-



gree d 2-min;, 1; for f;, f; and v=>0 for g,, g;). For
f[x, ()] =1£,[x(®)]+1£,[x( —7T)] in (1) consider the Lyapunov-
Krasovskii functional

VIx (0] = golxO)]+ g [x(s)]ds.,

that satisfies the required homogeneity conditions. Assume
that the structural condition

9 g (/x| _ ) HIX( =D gi[x( = D]+ g2 [%, (1]

holds for some function g, :R" — R, then verification of

the derivative ¥ negative definiteness can be performed for
x(f)e S, (that is relatively simple):

P =020(0/0x|__, (lIXO]+K[x(t -]} +
g[x()]-g[x(t-1)]<
<920 (/x| _ ., flxO]+ g [x(O)]+ g, [x(1)].
Let for x(f)e S, the above expression verifies ¥ <0 . Con-

sider the dilation transformation z = A, x influence on V :

V(z)=V(Ax) =2 d g (/x| Ho[x)]+
filx( =D} + A" {& [x()] - & [x(t - DI}

Thus this basic for homogencous systems transformation
scales differently the parts proportional to g, and g, there-

fore in general case for some A >0 it could be V' >0.

Since the Razumikhin approach, based on Lyapunov-

Razumikhin functions (Gu, et al., 2003) defined on R",
gives a point-wise sufficient criteria for stability (not a func-
tional one), it allows us to develop this approach using ho-

mogeneous arguments. Note, that if a function V' : R" — R,

is positive definite and radially unbounded, then there are
functions o,,0, € K, such that o, (|x]))<V(x)<a,(x])

forall xe R".

Theorem 1. Let the function f in (1) be r -homogeneous
with degree d and there exist r -homogeneous continuously

differentiable Lyapunov-Razumikhin function V:R" — R,
with degree v, v+d >0 such that

(i) there exist functions o,Yye K (Yy(s)>s for all se R,)
such that for all € S,

maxge;_. o) VIO(O)] < YV [O(O)]} = DV[0(0)If (9) < —ou(| ¢(0) [) 5
(ii) there exists function ¥ € K such that Ay(s) <y'(hs) for
all s,Le R, .

Then the system (1) is globally asymptotically stable.
Proof. The dilation transformation ¢ = A, ¢ connects any
@€ C"[-1,0] with some ¢ S, for properly chosen A >0 .
Let us multiply the left hand part of the condition (i) by A"
and the right hand part by AY™ :

maXge(_r,0) A VIO(O)] <AV [0(0)]} =
A DVIOO)I () < A" o] §(0) ) »

the inequalities and relations should not be changed for
A>0. Owing the function 7y properties, the inequality

AV IO} < YAV I0(0)]} holds.
infy g {ou] 9(0) )} =0, however having in mind that ¢ is a

Formally

continuous function and a solution of (1), there exists

a==infocs max, ., io@<yioon (04 (0) D}

and a > 0. Therefore, due to homogeneity of the functions f
and V' we have:

maxge(_ o) VIAD(O)] <V VIAO(0)]} =
DVIA,0(0)If(A,$) < -1""a,
or equivalently (A =|| @ ||, ¢(0) |,>5;" [ ¢(0) ]),

maXge[_r,0 V[9(O)] < Y {V[0(0)]} =

DV[o(0)If(¢) < —o(| 9(0) ]),

where the function o(s) = (G, 's)"*

a is from class K due
to v+d >0. Therefore, if Razumikhin arguments are true
for o€ S, , then they hold for any ¢e C"[-1,0], that implies
the global asymptotic stability of (1). ]
The condition (i) imposed in Theorem 1 on the system (1)
behavior is the conventional Razumikhin condition (except in
the homogeneous case it can be verified on the sphere S,

only). The constraint (ii) on existence of the function Y is

new. Roughly speaking this requirement says that the func-
tion Y has to be “homogeneous” with degree 1. Another ex-

planation is that the function 7y is globally Lipschitz. For
instance, this is the case if there exists 1<k <k, <+eo such
that ks <y(s) < k,s.

Remark 1. Note that the full derivative DV[d(0)If(d) is a
function of ¢e€S,, however under the
maxge(_. o) VIAGO)] < VIVA00)]}  the

DV[$(0)]f (¢) < m(0(0)) holds for some m:R" — R . If the

function m is r -homogeneous (the functions V' and f pos-
sess this property), then the property m(¢(0)) <—ou]$(0)|) in

(ii) has to be verified for ¢(0)< S, only. o

condition

inequality

The result of Theorem 1 means that the system stability can
be checked on the sphere S, only for homogeneous systems

with homogeneous Lyapunov-Razumikhin function. These
facts may simplify the function 7 search and the system
analysis applying numerical routines. The drawback is that in

the space C"[-1,0] this sphere S, is a rather complex ob-
ject, especially the subset of ¢ e S, where

maXge(_r,0 V[Q(O)] < ¥V {V[9(0)]} -



4. LOCAL HOMOGENEITY

A disadvantage of the global homogeneity introduced so far
is that such systems possess the same behavior globally for

all ¢e C"[-7,0]. Thus the homogeneous systems are not

really “nonlinear”, they have similar diversity of operating
modes as linear systems. In fact, the homogeneous systems
are a generalization of linear ones from analysis and design
points of view. Comparing with other nonlinear systems it is
easier to find Lyapunov function for homogeneous ones. Ad-
ditionally, since the homogeneous systems have global stabil-
ity property, the local stability analysis at the origin using
linearization verifies the global stability in this case. This is
why finding a possibility to apply this approach for a broader
class of nonlinear systems is very important. An approach to
resolve this issue consists in local version of homogeneity
introduction as in (Efimov and Perruquetti, 2010).

Definition 2. The function g:C"[-T,0]—> R, g(0)=0
(;>0, i=Ln
g0 :C"[-T, 01> R, g,(0)=0) if for any @€ S, the relation

is called (r,\y,g,)-homogeneous i=ln;

. -d, _ _
Jim AT g (Are) = go(e) =0
holds for some d, >0.

The system (1) is called (r,\,,f,)-homogeneous (r, >0,
i=Ln; f,:C"[-1,0] > R", £,(0)=0) if for any @€ S,
the relation

Jim A0 ACE(AL0)~f (¢) =0

holds for some dy >—min ., ¥; . O

This property is called local homogeneity (Efimov and Per-
ruquetti, 2010), it allows us to analyze local stability of the
system (1) on the basis of the simplified system

dy(t)/dt =fy[y.(0)], t=0, 2)
called the local approximating dynamics for (1). For any
0 <Ay <+oo the following formulas give a variant of homo-

geneous approximations gq and f; choice:
—d -1
2@ = 0llF 25" &(Ar,0Ajg).
d ~—d -1 -1
fo(@ =1l 2o AjgAr,of (Ar 0Ajg)®) -

where Ay o = diag{\{ }=y, Ay =diagil|¢; || = and
d=0.

Theorem 2. Let the system (1) be (r,Ay,f;)-
homogeneous for some r, >0, i =1,_n, the function f, be
continuous and r-homogeneous with the degree d, and
there exist a ¥ -homogeneous Lyapunov-Razumikhin function

Vy:R" — R, with the degree v, vy +d, >0 such that:

(i) there exist functions o,ye K (y(s)>s for all se R,)

such that for all o€ S,

maxge_. o1 Vo[0(0)] < Y{Vp[0(0)]} =
DVy[9(0)]f, (9) < —ou] (0) ]) 5
(ii) there exists function ¥ € K such that My(s) <Y (\s) for
all s,Le R, .

Then

1) if Ay =0, then there exists 0 < XE such that the system (1)

is locally asymptotically stable with the domain of asymptotic
stability containing the set

Xo={9e C"[-1,0]:[[o]| S0y oo, op.(Re)};

2) if Ay =+oo, then there exists 0 <A, <+oo such that the

system (1) is globally asymptotically stable with respect to
forward invariant set

X, ={9e C"[-1,0]: ][9] S 05" o0, 0P, (Ae )} ;

3) if 0<Ay <+oo, then there exist 0 <), <hy <A, <-+oo
such that the system (1) is asymptotically stable with respect
to the forward invariant set X with region of attraction

X ={9e C"[-10]: 01" 00ty 0P, (Ao ) < @
<oyl oo, op.(Ay)}
provided that the set X is connected and X +O .

Proof. For the system (1) the coordinates transformation
©=A,0 connects any @e C"[-7,0] with some ¢e S, for
suitably chosen A >0. According to definition of the func-
tion ¥, we have:

DV, [@(O)If (@) = DVo[A,0(0)f (A,0) =

= DVo[A0(0)]{fo (A0) +[F(A0) —f, (A, O)]} =

= 1™ DV [0(0)]f (9) + A% DV, [0(0)]A; (A, 0)

M0 A L (0)} = R4 DV [0(0)] i, (0) +

(A AL(AL0) ~ £ (@)1}
Due to continuity of the functions f, f, and the local homo-
geneity property definition for any €>0 there exist

Ae <Ay <A, such that
supges, | DVo[0(0)TA™ " AL (A0) — T ()} < e

for all Ae (A, ,Xa ). From (i) we know that under the condi-
maxg._q 0 Vo[0(0)] < vV, [0(0)]}

DV [¢(0)]f, (9) < —ou| $(0) ) is
inf¢e s, {o(] §(0) )} = 0 it seems that the additive disturbance

tion inequality

satisfied. Since

caused by the dilation transformation can not be attenuated
by o.. However, the condition

Vol0(0)] < maxr_r 7 Vo[9(O)] < viVo[0(0)]}

excludes from consideration some functions, in particular
those with ¢(0) =0. Moreover, taking in mind that ¢ is a



continuous function and a solution of (1), there is
@ ==ifoc 5 max,, ., V0@ 100 14 GO) D3

and a > 0. Let the constants A, A, be chosen to ensure that
a >¢ . Multiplying the inequality V,[d(0)] < v{V,[¢(0)]} on
L' we get that it is equivalent to V,[@(0)] < Y'{V,[©(0)]} for
all 6€[-1,0]. Then from (i), (ii) the following property

holds for o(s) = (G;'s)" " (a—¢) :

maXge(_g o1 Vo[@()] < Yle(0)]} =
DV,[9(0))fo(9) < —a’(| 9(0) ),
where @=A,0, 0€S, and re (A L), ie for all
x.€ X, ={xe C"[-1,0]: A, <| X, |,<A.} in the system
(1). If Ay =0, then clearly A, =0 and the system is locally

asymptotically stable with the domain of asymptotic stability
containing the set X, (Gu, et al., 2003; Kolmanovsky and

Nosov, 1986). If A, =+oo, then 7_“5 =+oo and the function
V, has strictly negative time derivative for the system (1)

into the set R" \ X_ . Thus the set X_ is forward invariant

for (1) and borrowing arguments from (Gu, et al., 2003; Lin,
et al., 1996), these facts imply the global asymptotic stability
of the system (1) with respect to the set X_ . Finally, let
0 <Ay <+eoo and the set X be not empty, then the function
V, is strictly decreasing into the set X and all trajectories
x(#,X, ) with initial conditions x, € X reach for the set
X.. , that implies the desired conclusion. ]
This result establishes the links between different variants of
local homogeneity with stable approximating dynamics and
the stability properties of the original system similarly (Efi-
mov and Perruquetti, 2010). In (Efimov and Perruquetti,
2010) the case of unstable approximating dynamics has been

also studied. Note that Remark 1 is valid for the condition (ii)
verification.

Corollary 1. Let the system (1) be (r,Ay,f;)-

homogeneous for some 1, >0, i=ln, the function
f,:R" — R" be continuous and r-homogeneous with the
degree d, and there exist a r-homogeneous Lyapunov-
Razumikhin function Vy:R" — R, with the degree Vv,
Vo +dy >0 such that DVy(x)f,(x) < —a(| x|) forall xe S, .

Then all conclusions of Theorem 2 hold.

Proof. If f,:R" — R", then the conditions (i) and (ii) of
Theorem 2 can be reduced to DV(x)f,(x) < - x|) for all

xe S, (the functions f, and V|, are homogeneous). |

5. EXAMPLE

Consider the system:

G0 =—x ) +x,0)-x (1);
X (1) = —hy (6) — X, (1) + axy (1 = 1) — X3 (1)

where k, a are some positive parameters, T>0 is a fixed
time delay. This system is locally homogeneous in the bi-
limit:

A =0, 1 =[0505],
f,(x) =[-0 O +x, (1) —hey () —x, () +ax, (-],
dy =0, N(X)=x (O+x3(0), v =1;
Ay =0, 1y =[11], H(x) =[5 () —3()]
dy =2, V,(X)=x{ () +x5(t), v, =1.

Straightforward calculations show that

T
B

Vi = 20=x7 () =k x5 (0) + axy (0)x, (1 = D] <
<2[-xE (1) = (k= 0.5a) x3 (t)] + ax3 (t — 1) <
<-2min{l,k-0.5a}V;(t) + aVi(t - 7).

2 T T T

X2 oF ]

Fig. 1. The results of simulation.

Then

max g Vi (X( +6)) <@~ min{l,k - 0.5a}V (1) =
V, < -2min{l,k —0.5a}V;,

and if @' min{l,k—0.5a} >1 the system (2) at A, =0 is
asymptotically stable, that according to Theorem 2 implies
local asymptotic stability of the system around the origin.
Obviously for A, =+eo the system (2) is also asymptotically
stable that ensures global convergence of the trajectories to a
vicinity of the origin. Note that approximate behavior of the
system in this case is defined by the time-delay free dynamics
(Corollary 1). The results of simulation for k=1, a=0.5,
1=0.1 presented in Fig. 1 demonstrate that actually the sys-
tem is globally asymptotically stable.

6. CONCLUSION

The homogeneity notion is extended to time-delay systems
(nonlinear differential equations with functional arguments).
The sufficient conditions for stability of homogenous systems
is presented. These conditions are based on the Razumikhin



stability arguments. It is shown on a counterexample that
development of the Lyapunov-Krasovskii approach is tricky
for the homogeneous case. The definition of local homogene-
ity is proposed, relations between stability of the locally ap-
proximating dynamics and the original system are estab-
lished. Efficiency of the proposed approach is demonstrated
on academic example.
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