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Existence of Self-similar Energies
on Finitely Ramified Fractals

Roberto Peirone

Universita di Roma ”Tor Vergata”, Dipartimento di Matematica
via della Ricerca Scientifica, 00133, Roma, Italy

e.mail: peirone@mat.uniroma?2.it

Abstract. In this paper, I prove two existence results for reqular eigenforms on finitely
ramified fractals. The first result shows the existence of a reqular eigenform for suitable
weights, on fractals with the only assumptions that the boundary cells are separated and
the union of the interior cells is connected. This result improves previous results, and
works for many of the usually considered finitely ramified fractals. The second result shows
the existence of a reqular eigenform in the general case of finitely ramified fractals, in
the setting considered, for example, in the book of Strichartz. In this more general case,
howewver, the eigenform is not necessarily on the given structure, but on a suitable power
of it. In any case, as the fractal generated is the same as the original fractal, the result
provides a reqular self-similar energy on the given fractal.

MSC: 31C25, 28A80, 47H10

1. Introduction

The subject of this paper is that of analysis on finitely ramified fractals. The Sierpinski
Gasket, the Vicsek Set and the Lindstrgm Snowflake are finitely ramified fractals, while the
Sierpinski Carpet is not. The essential reason is that, in the Sierpinski Carpet, some two
cells intesect at a segment line and not only at finitely many points. J. Kigami introduced
in [3] a general class of finitely ramified fractals, called P.C.F. self-similar sets. The general
theory of P.C.F. self-similar sets and many examples can be found in [4]. In this paper,
I essentially consider P.C.F. self-similar sets with a mild additional hypothesis — as e.g.
considered in [10] — that is, I require that every point in the initial set is a fixed point of
one of the contractions defining the fractal. I will only consider connected fractals.

One of the main problems in analysis on finitely ramified fractals is the construction
of self-similar Dirichlet forms, i.e. energies, on them, and the basic tool to do this is
the construction of a self-similar discrete Dirichlet form defined on a finite subset V(9
of the fractal, which is a sort of boundary of the fractal, but not in a topological sense.
Such Dirichlet forms on V(%) are self-similar in the sense that they are eigenforms, that is,
eigenfunctions of a special nonlinear operator A,., depending on a set of positive numbers
r; (called weights) put on the cells, often called renormalization operator. More precisely,
I will call r-eigenform an eigenfunction of A, and G-eigenform (short for generalized eigen-
form) an r-eigenform fo some r. In [5], [9] and [6] criteria for the existence of an eigenforms
with prescribed weights are discussed. In particular, in [5], T. Lindstrgm proved that there
exists an eigenforms on the nested fractals with all weights equal to 1, C. Sabot in [9] proved
a rather general criterion, and V. Metz in [6] improved the results in [9)].
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In this paper I consider, instead, the problem whether on a given fractal there exists a
set of weights r such that the operator A, has an eigenform, in other words whether there
exist a G-eigenform. In fact, an open problem is

Does a G-eigenform exist on every P.C.F.self-similar set? (C)

Results about this problem, so far, have been given in [1], in [7] and in [8]. In [1], a
method is described that permits to prove the existence of a G-eigenform on fractals with
three vertices with some additional, relatively mild, conditions, and on fractals with more
than three vertices, but with stronger symmetry assumptions. In [7], the existence of
a G-eigenform is proved in the general case of fractals with three vertices. In [8] the
existence of a G-eigenform is proved on a relatively general class of fractals, called nicely
separated fractals, with an arbitrary number of vertices, and with no symmetries. However,
the eigenform turns out to be regular only on a subclass of those fractals, which in any
case contains new and nontrivial examples of fractals having a G-eigenform. In [1], the
method consists of approximating a collapsed simpler structure in which there is existence
and uniqueness of the eigenform, by putting weights tending to infinity on the interior
(i.e., containing no vertices) cells. In [7] the existence result follows from a connectedness
argument. In [8], the existence of a G-eigenform is proved using an approximation method
combined with a fixed point argument. Namely, if we say that a map is stably fixed if it
is continuous and maps a suitable nonempty compact and convex set into its interior, we
note that a sufficiently close approximation of a stably fixed map has a fixed point. Now,
in [8], roughly speaking, A,, or more precisely, a sort of normalization of it, on the given
fractal, tends, when some weights tend to infinity (and possibly other weights to 0), to a
stably fixed map.

In the present paper, I prove two existence results. In the first, proved in Section 4,
I merely require that the boundary (i.e., containing a vertex) cells are mutually disjoint
and that the set of interior cells is connected, and prove that on such fractals there exists
a regular G-eigenform. Such a result improves both the result of [1], in that it does not
require any sort of symmetry, and that of [8], in that it does not require any technical
condition on the intersection of the boundary cells with the interior cells. The method
of proof is similar to that in [8], in the sense that here I use the idea (introduced in
[1]) of putting weights tending to infinity on the interior cells, and the corresponding A,
approximate a stably fixed map on a collapsed structure.

The difference is that in [8] the map is a rather technical form of normalization of A,
and this as a natural normalization of A, (e.g., A, divided by its norm) fails to be a stably
fixed map. In the present paper, instead of using the map E — A,.(F) with fixed r, I use
a map of the form E +— A, g)(F), where r is a suitable continuous function. A natural
normalization of the map obtained by this simple device is in fact a stably fixed map. The
proof in the present paper definitely simplifies that in [8].

The second result, proved in Section 8, provides a solution of conjecture (C) in a weak
form, that is, I prove that, in the setting considered in the present paper, we have in any
case an eigenform, but not necessarily on the given fractal structure, but on a suitable
n-power of it, for sufficiently large n. Roughly speaking, this means that a fractal K
can be defined by a set {11, ..., } of one-to-one maps from K to K, and we especially
investigate the behaviour of 1; on a special finite subset V(©) of K, which I previously
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mentioned in this Introduction. On the other hand, K can also be defined by the set of
maps {¥i,.. i, :i1,....,in, = 1,...,k}, for some positive integer n. Thus, we can say that
such a set is the n-power of the original set of maps. The details about such considerations
can be found in beginning of Section 3 and in section 5. Note that, in any case, the result
proved in Section 8, provides a self-similar energy on the fractal, the self-similarity being
intended with respect to the n-power of the set of maps.

The method of proof is a variant of that of the result in Section 4. Any n-power with
n > 1 satisfies the condition that the boundary cells are mutually disjoint, but in general
there is no reason that it is with connected interior for some n. Thus, we have to split the
set of interior cells into components. Then, roughly speaking, the idea is that of working
separately on every component to get relations on the weights of the components, and
gluing suitably such relations. Sections 6-8 are devoted to such a construction.

2. Notation

First of all, T recall some notion on graphs. A graph is a pair (A, G) where A is a set
and G is a set of subsets of A having precisely two elements. I will also say that G is a
graph on A. If {d,d'} € G, we say that d and d’ are G-close or simply close, and write
dgd’ or simply d ~ d’. T will say that a sequence (do,d,...,d,), n > 0, of elements of A

connects d and d’ (or d to d') if dy = d and d,, = d’; that it is a path if d;_1 ~ d; for every
i = 1,...,n; that it is a weak path if either d;_1 = d; or d;_1 ~ d;, for every i = 1,...,n;
that it is a simple path if it is a path and moreover, the elements d;, except possibly for
dy and d,,, are all different. In such a case, we say that a weak path connects d and d’ in
a subset A" of A if d; € A’ for every i = 1,...,n — 1, and that d and d’ are connected in
A’ if there exists a path connecting d and d’ in A’. Note that by weak path in a set A,
we will mean that all its elements, but the first and the last, are in A, while by weak path
contained in A we will mean that all its elements are in A. We say that a subset A’ of
A is connected if any two elements of it are connected in A’. It is easy to verify that the
following a), b), c¢) are equivalent

a) There exists a path connecting d and d' in A,
b) There exists a weak path connecting d and d’ in A’,
c¢) There exists a simple path connecting d and d’ in A’.

Thus, in the previous definitions it is equivalent to consider a path or a weak path or a
simple path. If necessary, in the previous definitions, we will stress the relation with G
and write for example G-connected, G-path and so on.

In the sequel, I will use the obvious notation R4 to denote the linear space of the
functions from a set A to R and for every t € R, t4 will denote the function in R4 taking
the value t at every point of A. In case A = {1, ...,n}, I will write R” for R4 as usual, and
t(n) for t4. I will use the restriction of an element of R4 to a subset B of A in its obvious
sense, which can also be interpreted as the projection on RZ. I will say that a subset C of
RA is bounded on B C A if there exists a constant K such that |z| < K for all z € C and
b € B and that C is bounded if it is bounded on A. Note that if A is finite, then bounded
amounts to bounded in the norm. I will denote by p4 p such a projection. I will denote
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fla) ifaeB
0 otherwise
following we denote a finite set V having at least two elements, by V' = {P; : j € N'} where
N is a finite subset of N\ {0}. Let J(= J(WN)) = {{j1,42} : j1.J2 € N,j1 # j2}. With
a light abuse of notation, we will also write J = J((V)). Tipically, N' = {1,2,...N}, thus
V ={P,..,Pn}, N > 2. Note that in such a case #J = M where M = @ I will
denote by D(V') or simply D the set of the Dirichlet forms on V, invariant with respect to
an additive constant, i.e., the set of the functionals E from R" into R of the form

by i4.p the inclusion from RZ to R4 defined by ia 5(f)(a) = { . In the

BEu)= > g (B)(u(Py) —u(Py,))?

{j1.j2}eJ

with cg;, j,1(£) > 0. I will denote by D(V) or simply D the set of the irreducible Dirichlet

forms, i.e., F € D if E € D and moreover E(u) = 0 if and only if u is constant. Note that
every E' € D is uniquely determined by its coefficients, namely

1
Clin e} (B) = 1 (E(X{le} —X(pr,y) — E(xqp,y + x{pj2})> (2.1)

x 4 denoting the characteristic function of a set A for every E' € D. Thus, we could identify
E € D with the set of its coefficients in Q := [0, +00[’. However, as I will also define the
set of effective resistances, in order to avoid possible confusion in the interpretation of an
element of Q, I will explicitly define this identification as a map. Let Q be the set of ¢ € Q
such that the graph Gr(= Gr(q)) on N defined by {{j1,J2} : q¢;, ;3 > 0} is connected.

Note that é 2Jo, -|-OO[J. Now, we define the bijection T from Q to D in the following
way:

Given ¢ € Q we put I(q) to be the element of D such that ¢4 (I(q)) = qq for every d € J.
In other words,

I =Y agp @) —u(Py)’

{j1.g2}red

Note that I maps bijectively Q onto D. We also have A1 jo} = %(T(q)(x{pjl} — X{pj2}) —

I(q)(X{le} + X{PjQ})> V{j1,52} € J,. We define

|Q|::ZQd VqeQ, Ba:{qeé:|q|<a}.

deJ

so that

I(q)(u) < lqH(15)(u). (2.2)

The problems in this papers, in fact, only concern the sets D and Q. The sets D and
Q play a merely auxiliary role. I now recall standard results, and, since their proofs are
well-known, I will omit them, except for Lemma 2.4 which is less standard.
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Lemma 2.1. For every q,,q € Q, the following are equivalent

ii) I(g,) — I(q) pointwise

n——4oo
iii) I(qy) e 1(q) uniformly on the compact subsets of RV. =

I now recall the notion of the restriction of an element of D. Given v € RV, put

Lyy(u)={v:V—->R:ov=uonV'},

v (u) ={v € Ly,ys(u) : minu < v < maxu}.

Given E € D, a nonempty subset V' of V and u € RY", I denote by

Ey:(u) =inf {E(v):v € Lyv(u)}.

It is well-known that inf { E(v) : v € Ly,y(u)} = inf {E(v) : v € L}y, (u)} and the infima

are in fact minima It follows that for every £ € D, . mir% )E is attained at some function
V,V/ u

Hy,y+ g(u), and we can choose such a function belonging to Ly . (u). If E € D, such a
function is unique.

Lemma 2.2. If FE € 25, then there exist positive cq,co such that

c1(0sc(u))? < E(u) < co(Osc(u))> YueRY. =

Lemma 2.3. If E€ Qand V" C V' CV, then (Ey/)y» = Eyr. =

Lemma 2.4.

i) The map (q,u) = I(q)(u) from Q(V) x RV to R is continuous

ii) The maps (g, u) Hy v 3o (u) from Q(V) x RY' to RV and (q,u) — 1(q)y(u) from
Q(V) x RV to R are continuous.

Proof. i) and the first statement of ii) are well-known. For the second, let (g, u,) € Q(V)x
RY" such that (g, un) = (q,u) € Q(V) x RY". Then, I(¢,)v:(un) = I(gn)(v,) and

Up € Ly v (un), 1(gn)(vn) < I(gn)(v) Vv € Lyy:(uy). As minu, < v, < maxu,, and

A < u, < B for some A, B € R, taking a subsequence, we can assume that v, —+> w e
n——+0oo

RY. We have w € Ly v (u). Moreover, given v € Ezvz(u), taking v, € Ly,v (uy,) such
that v, = w on V' \ V', then v,, — ©. Therefore, I(gy)(vn) < I(¢n)(Vn), and, passing

n—-+oo

to the limit, in view of Lemma 2.4, we get lirf I(qn)v (un) = I(q)(w) < I(q)(v), hence
n—-—+0o0
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1(qn,) v (tn,) LI 1(q)v+(u). Thus, every subsequence of (g, )y (u,) has a subsequence

convergent to I(q)y-(u), thus I(g,)v(uy) e I(Qy/(u). =

Lemma 2.5. We have Ey: € D(V') for every E € D(V) and Ey, € D(V') for every
FE e D(V) ]

Lemma 2.6. If F € 15, the function v := Hy,y+ g(u) is the unique function from V to R
having the following properties:
)v=wuonV’
i) Y ey (v(P;) —v(Py)) =0 for every P; € V\ V',
J'#7

Also, Hy,y' g is linear on RY', and Hy vy g(c) = c for every constant c. =

I will now introduce the notion of effective resistances, which will play a key role in the
following. Its reciprocal can be also called effective conductivity. The importance of such
notions is related to the fact that they are simpler to evaluate in combinations of sets than

the actual conductivities cj, j,, e.g. there are the rules of resistances in series or simlar.
Given two nonempty disjoint subsets (shortly nptdss) of V' A and B, we put

Lvap={veRY :v(P)=0VPeAv(P)=1VP e B},
Q/;A,B = {U S EV;A,B 0<v < 1}.
and if g € Q, we recall that the effective resistance }A%(q){A’B} is defined by

. 1 !
Blaas =305 00 {I()w)| ve Lyap}

Put also

_ ~ 1
R v =R , . = =
<q>{J1732} (Q){{le}v{Pjg}} inf {I(q)(v)| Ve ‘CV;{le},{Ph} }

when {j1,72} € J. This is the most usual case (effective resistance between two points).
In the sequel, we will put (1/R)(q) = (R(q))~!, and (1/R)(q) = (R(q))~!. In the previous
definition we use the convention % = +00. Note that, as, given v € RV, we have

vE€Lyap &= 1l-veLlypa FEl)=E1l-v) VEED

thus the definition of ﬁ(q){ 4,B} is in fact independent of the order of A and B. In fact,

Also, }A%(q){ a8} €]0,+ool if ¢ € 0. I will know discuss simple properties of effective
resistances.

Lemma 2.7. If ¢ € Q and {3,3/} € J, then
i) }_%(q)g 7y < +oo if and only ifj and j are connected in Gr.
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i) If j and j are connected in Gr, and C is their component, then

E(Q)gg’} = E(Qb(c)){;,;/} <+00. =

Lemma 2.8.

i) The map (1/R) : Q — [0, +oo[”’ is one-to-one and continuous.

ii) The set R(]0,+oo[’) is an open set in ]0,4+oo[’, and R is a homeomorphism from
10, +00[’ onto its image.

iii) The map R is a homeomorphism from any bounded subset of O onto its image.

iv) For every R € R(Q), there exists U neighbourhood of R such that }_%_1(U) is a bounded
subset of é

Proof. i) The map (1/R) is continuous by Lemma 2.4. Moreover, it is one-to-one on Q by
[4], Theorem 2.1.12. We are going to prove it is one-to-one on Q, by reducing this case to
that on Q, using Lemma 2.7. Namely, Let ¢1,¢2 € Q, and suppose R(q1) = R(g2). We have
two possibilities: either j and 3/ are not connected in Gr(q;) (or equivalently in Gr(gz))
and thus (Q1){3,3'} = (QQ){;J/} = 0orjandj are connected in Gr(qy) . In the latter case, if

C denotes their component both in Gr(q;) and in Gr(gz), then (q1)] s, (¢2)5(c) € (V")
where V' := {P; : j € C}, and by Lemma 2.7 again, R((q1)|sc)) = R((q2)]7(¢)) (1,42}

on J(C). Thus, (q1)|sc) = (92)|s(c), in particular, (Q1){33/} = (QQ>{35/}. In conclusion,

(CJ1){35/} = (qg)g;/} for each {j,j/} € J and i) is proved.

ii) follows from the well known statement that a one-to-one continuous map from an open
set in R™ into R™ is open, i.e., sends open sets into open sets.

iii) Let F' be a bounded subset of Q. Then (1/R) is continuous and one-to-one, thus a
homeomorphism, from the compact set F onto its image. By restricting it, (1/R) is a
homeomorphism from F' onto its image.

iv) We have Ry > A > 0 for every d € J. Take U neighbourhood of R such that for every

R’ € U we have R/, > é for every d € J. For every q € }_2_1(U) we have gq < % for every
d € J. In fact, if there exists {j1,j2} € J such that q;, ;,3 > %, then

T(‘D(”) 2 4{j1,52} Vo e £V§Pj1’Pj2 :

Thus (1/R)(q) 1.5} > %, and R(q)(j, j»3 < 4, but R(q) € U, a contradiction. Moreover,
given R’ € U, we also have R’ € R’ hence R/, < +oc for every d € J. Therefore, for every

q€ E_l(U) and {j1,j2} € J, we have R(q)(j, j,3 < +00, thus ji and js are connected in
Gr(¢) by Lemma 2.7 i), and g€ Q. =

Remark 2.9. If A B are nptdss of V and q € Q, then
min {7(q)(v) :v €RY :v(P)=t; VP € A, v(P) =ty YP € B} = (t1—t2)*(1/R)(q) a5 -



3. The fractal general setting.

I will now define the fractal setting, which is based on that in [7]. This kind of approach was
firstly given in [2]. We define a fractal by giving a fractal triple, i.e., a triple (V(©), V(1) W)
where V(@ and V() are finite sets with #V (9 > 2 and ¥ is a finite set of one-to-one
maps from V(9 into V) satisfying

v — U Y(V Oy,
Pew

We put V(O = {Pl, ...,PN}, and of course N > 2. A set of the form (V) with ¢ € ¥
will be called a cell or a 1-cell. We require that
a) For each j = 1,...,N there exists a (unique) map ¢; € ¥ such that v;(P;) = P;, and
U= {¢n,..., ¢}, withk > N.
b) P; ¢ 1;(V(©) wheni # j (in other words, if1;(Py) = P; withi=1,...,k, j,h =1,.., N,
theni=j=h).
c) Any two points in V) can be connected by a path whose any edge belongs to a 1-cell,
depending of the edge.
Of course, it immediately follows V(© C V). Let W =]0, +o00[F. We put D = D(V (),
and in general we will consider the previous setting with V = V(©) . Put V; = wi(V(O)) for
each i =1,...,k and put

vg) = Jv (cv)
i€B
for B C {1,...,k}. T will consider the graph G on {1, ..., k}, whose edges are the sets of the
form {i1,i2} such that V;; NV, # @. In view of ¢), it easily follows that G is a connected
graph.
Next, I recall the definition of the renormalization operator A,. For every u € ]RV(O),
every . € D and every r € W, let

A(E) = (SU(E))ve, SUE):R"Y SR, SUE)v) =Y rEwod;).
=1

Note that A, maps D into itself and D into itself. The problem discussed in the present
paper is that of the existence of a G-eigenform in D, in other words, the existence of £ € D
such that A, (E) = pFE for some p > 0 and r € W. Let

Ar(@)=R(rq):=T oA, 0I(g) YgeQ.
Note that /A\r maps Q into itself and é into itself.

Lemma 3.1. The map A from W x Q to Q is continuous.

Proof. The map ¢ ~ I(q)(u) from Q to R is continuous for every u € RV, As a
consequence, the map (r,q) — S/(I(q))(v) from W x Q to R is continuous for every
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v e RV Thus, the map (r,q) — T S”(T(Q))) from W x Q to Q(V) is continuous.

By Lemma 2.4, the map (r,q)

A-(I(q))(u) is continuous for every u € RV"”. Hence,
the map (r,q) — I (Ar (7((]))) = A(r,q) is

ontinuous. ]

(@)

Given A C {1,....k}, s €]0, +oo[* and t €]0, +00], we define 1;(s) € W by

T i A,

More generally, we define

rzB ZTZ ’UO’lm

i€B

when E; € D for every i € B, when @ # B C {1,....k}, 7 €]0, +00[B, v € RV(B) Also, put

S;,i,s(%) = 5411,5(7(%))7

when ¢; € O for every i € B, in other words, ¢ : B — Q. We put shortly S; 5(q;) for
vi5(ai), and S7 s(E;) = S, 5(E;). The following lemma is substantially well- known.

Iiemma 3.2. We have S| 3(¢;) € D(V(B)), and, if B is connected in G, then S| z(q;) €
D(V(B)). =

Put S,5(¢) =T (S)5(0))s Sris(@)(= Sr5(@)) =1 ' (S.;5(q:)). We will shortly write
S, for S] 5, S; for S”B and S, for S,z when B = {1,...,k}. Moreover, when ¢; = ¢ for
every i € B, we can put S, 5(qi) = S,. B( ) and similarly in the other cases. The following
lemmas will be useful in the sequel.

Lemma 3.3. For every q € Q and {j1,72} € J we have

E(Kr(q)){Pj1}7{Pj2} - ﬁ(sr(q)){le}’{PjQ} .

Proof. This is a particular case of Lemma 2.3. =

Lemma 3.4. The map (q,r) — R\(SKB(Q)){A B) is continuous from Qx]0,4oo[5—
10, +00], for every @ # B C {1,...,k} and A, B nptdss of V(B). =

Lemma 3.5. if s : B —|0,+oo[, withi € B C {1,...,k}, q; € Q, then, if A, B are nptdss
of V(. then R(S, 13y(40)) twu(a).(my = o R(a)(a,y -

Proof. For every v € V;*, we have I(S (11(q:))(v) = I(s:g;)(vo ;) and we conclude by the
definition of ﬁ, identifying V() with V; via ;. =

9



Remark 3.6. Suppose @ # By C By C {1,...,k}, r €]0,+0c0[®?, v € RVB2), Then
"5, (0)(v) < S ,(q)(v). Therefore, if A, B are nptdss of V(B1), then R(S,. 5, (2))

R(S:5.(0) oy

We say that two subsets B and B’ of {1,...,k} are separated if V(B) NV (B') = @, in
other words, if V;NVy = ¢ when d € B, d € B'. Of course two separated subsets are
disjoint, but the converse does not hold.

We will now prove two important lemmas (Lemma 3.7 and Lemma 3.9) concerning the
relation between the effective conductivity with respect to a set A and with respect to
a subset of A. In particular, in part ii) of Lemma 3.7, roughly speaking, we prove that
putting conductivity equal to infinity on a subset amounts to collapsing such a set. A
similar consideration is given in [1]. Note that, for the uniform convergence, in place of
the more natural condition of (s, ¢) staying on compact sets, I here require a weaker and a
bit technical condition, that however, apparently is necessary for the sequel (Lemma 8.4).

(A} =

Lemma 3.7. Let By,Bs,Bs, By be subsets of {1,2,...,k}. Suppose By,By, B3, By are
mutually disjoint and By, By, By are mutually separated. Put A := U B;. Suppose My =
V(B)NV(Bs) # @, My =V (B2) NV (B3) # @. Let Ay CV(By), Ay C V(Bg) and suppose
AiNM, =@, Ao N My =@, Ay and Ay nonempty. Then,

) R(Se.a(@)qan,a) = R(Su(0)1ar,0n) + R(S65, (@) (asany if 8 €]0, +o004, s
SI‘B]_UBQUB4
ii) If moreover, Bs is connected (in G), then

~

R(S,,(5).4(@){a,.40) . — R(Ss.5,(0))a,. 00 + R(Ss.5,(9)) {40,000}

t—+4o00

for (s, q) €]0, +oo[B1YB2UBs % O and the convergence is uniform for (s,q) in any subset Z
of 10, +oo[BrVB2YB1 % O where q € K, s; < A for every i € Bs and the right-hand side of
formula in ii) is < B, with K compact subset of é and Bs is the set of i € By U By U By
such that V; NV (B3) # @ and A and B are positive constants.

Proof. Let s and ¢ be as above, and let E = I(q). Then,

(L/R)(Sor,a(@) 4,y = . 0F (St 5,008, (@00) + S p,(@ @) (3.1)

VELY (A);A41, A9

Let

S = inf S, Alg)(v), L:={v € Lyaya, 4, :v constant on V(Bs)}.)
veEL

We clearly have S = S where

$ = inf (72(1/R) (8o, (@) (4, aryy + (0= D2/ R)(S0.8:(@) {4y 0 )

TER

In fact, if v € L, then v = 7 on V(B3) for some 7 € R. Hence,
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Se.8,0B,08, (@) (V) + Sy 5, (0)(v) = S 5, (4) (v) + S s, (a) (v)
> 72(1/}/%) (58731 (q)){Al,Ml} + (1 - T>2(1/§) (SS,BQ( )){A2 Ms} > S

by Lemma 2.9, hence S > S. On the other hand, let 7 attain the inf in the definition of
S. For such a 7, by Lemma 2.9 again, there exist v; € RV®B1) and v, € RV52) such that

vp=0o0n Ay, wvi=7onM S,z (q)(v1)= 72(1/R) (S5, (q)){Al,Ml}
vo=Tlon Ay, va=Ton My S.p,(¢)(v2) = (1=7)(1/R)(Ss5:(a)) {4, 01,

’Ul(Q) if Q € V(Bl),

Now, defining v € RV(A) by v(Q) = { v(Q) if Q € V(By), we easily see that v € L.
T otherwise

Moreover, S 4(q)(v) = S and formula S = S is proved. By a standard argument, we

thus obtain % = R(S:,8,(q)) {4, 01 + R(Ss,8,(q)) {45,051 and, by the definition of S, i)

is proved. In order to prove the convergence in ii), we will show that for every ¢ > 0, for

every (s,q) € Z, for sufficiently large ¢, we have

(1/R)(S.,(s),4(@)) 1A;, 401 > S—«
Take n €]0, 1] so that if v,v" : V(Bs) — [—1,2] and max [v —v'| <1, then

S48, () (0) = S. g, (@ ()] < AY - [I(@)(wory) —I(g) (v 0 vhi)| <& (3.2)

1€B5

As ¢ € K with K compact, there exists ¢; > 0 such that I(q)(u) > ¢11(g)(u) for every

u € RV(O), where 7 is a fixed element of K. By Lemmas 2.2 and 3.2, for every v € RV (Bs)
we thus have

S1,8,(@)(v) > 151 5, (@) (v) > C1ﬁ(VC()2§) U)2

for some positive constant H. Hence, if v; € E'V( A);A, 4, Tealizes the infimum in (3.1), as

we have proved S > S , we obtain

S 2 8Ly umus, (0) (1) + 851 g, (0) (1) 2 ter BT Ose )’

thus, for every € > 0, for sufficiently large ¢, we have ‘ggc) vy < n. Therefore, there exists
3

v (Q) i Q¢ V(Bs)
C if Qe V(Bs)’
7, € RV, Thus, max |7, — v;| <, and by (3.2), putting B= (B UByUBy) \ Bs, we

have }Sg,BlUBzUB4 (q)(vt) - S;,81U82UB4 /Ut ‘ - |Ss B5 ( t) - 52785 (q)(ﬁt)‘ <€ as ,Ut76t
take value in [—1,2]. Thus, we have

a constant C such that |v; — C| < non V(Bs). Let now 7,(Q) = {

11



(L/R)(Siu6),4(@)) (41,42} = Ses,umeus, (@)(v) + 157 5, (a) (vr)

> S 510B,uB, (O (1) —€ =5, 5) 4(@Q)(T1) — € > S—e¢

and we easily conclude. =

Remark 3.8. Note that in Lemma 3.7 By, By and Bs are necessarily nonempty, while By
could be empty. =

Lemma 3.9. Suppose A C As; is the union of the mutually disjoint subsets By, Bs.
Suppose M = V(By) NV (B2). Let @ # A; C V(By) with A;,NM = ¢ fori = 1,2,
AiNAy =¢@. Putr; =1 fori € By. Then

0< (1/R>( 7/"7A(qi)){A1,A2} - (1/F)( ;,81 (qi>){A1,A2} <k maX{|Qi| R AS BQ}

Proof. Note that A; and A; are nonempty disjoint subsets both of V(A) and of V(Bi).
By Remark 3.6, (1/R)( vl",A(q’i)){Al Ay > (1/R)( "B (qi)){A1 AT On the other hand, for

every v € EIV(Bl)Al 4, We extend v to w € E%/(A)-Al 4, butting w =0 on V(A)\ V(By).
Then

(Sr.4(a:)) (w) = (7.5, (@) (v) = Y T(qi)(w o 1) < k max{lgi| : i € Ba}

1EBy
as

_ 2
I(g)(woty) = Y (qi){jl,j2}<w(¢i(Pj1)) - w(@/h'(sz))) < gl
{j1.g2}€J
for every i € Bs, and (w(;(P),)) — w(wi(PjQ)))z <las0<w<1,and #(B2) < k. We
conclude the proof, using the definition of (1/R). =

4. Fractals with connected interior.

In this Section, I will prove the existence of a G-eigenform for fractals with connected
interior. We will say that the fractal triple is a connected interior fractal triple or shortly
C.LF.Tif
1) ‘/jl N ‘/Jé =0 ifjlan = 17"'5N7 J1 7éj27
ii) the set {N +1,...,k} is connected in G.

We will assume that i) and ii) hold in all of this section.
As a consequence, defining

Vi=V({N+1,..k})
and, fori =1,.., N,

12



(i) = {P; 1 j =1,.., N,us(P;) € V',

we have that V # @, and P; ¢ ¢(i) # @, for every i = 1, ..., N. Moreover,
Un(dp(h) =VoNV Yh=1,..,N.

Note that this class of fractals generalizes both that considered in [1], and that considered
in [8] when the eigenform is regular. I will prove that on these fractals there exists a

G-eigenform. The idea of the proof is that the map q — K(Lt (J(g)),g) sends a suitable

compact and convex neighborhood of 1; into itself, for a suitable continuous map o :
10, +00[/—]0, +00[¥, that is we put weights on the vertex cells suitably, and in fact the
weights are chosen so that the effective resistance between P; and ¢(j) equals % (multiplied
by a constant a), so that, in view of Lemma 3.7, all the effective resistances between two
different P; approximates 1 (times a), and a is chosen so that the resistances a; come from

the element 1; of @

Lemma 4.1. Let (s,q) €]0, +0o["¥ x]0, +00[/. Then, for every {j1,j2} € J we have

~

. R(@)gpyy060) | B@) ) .062)
R(A(Lt(s)a Q)){jh]é} t_joo 54, + Sjy .
uniformly on the compact subsets of |0, +oco[N x]0, +-o0[”.
Proof. By Lemma 3.3
E(KLS, > :}A%(/A\Ls, ) :}A%SLts .
(-9 P S C L ERR NS

1,...k}, Ba={1,..,N}\

Y

We now use Lemma 3.7 with By = {j1}, B2 = {j2}, B3 = {N +
= V. We have

{j1,72}. In this way, A = {1,...,k} and V(A) = VD, V(B3)

M=V, NV =1;,(¢(1) #0, Ma=V;, NV =1,((j2)) # 0.

Moreover, put A; = {P;,} € V(B1), A2 = {P;,} C V(B2). Also, if [ = 1,2, then
M; M A; = @ since, if Q € M; N A, thus Q = P, = 1, (le) S ¢jl(¢(]l)) and Pj, € o(71),
a contradiction. Next, Bs is connected by hypothesis ii), and, finally, By, By and By are
mutually separated by i). Thus, in view of Lemma 3.7 and Lemma 3.5, we obtain

~

R(S., ) (@) (py, 1 4P 1, — BSs (51 (@) (15, 1 w5, (0G0 FR(Ss, 123 (@) 1{ Py, by (652))}

t——+o0

R(@)({P;,1,00i2)}

Sj

Sj1

2

uniformly on the compact subsets of ]0, +o0o[V x 0. =
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Theorem 4.2 There exist q €]0, +oc[”, s €]0, +oo["¥ and t > 0 such that K(Lt(s),q) =q.

Proof. By a symmetry argument, R(1;) = a for some a > 0. By Lemma 2.8 ii), there
exists 01 €0, a] such that

[a —61,a+ 6] € R(J0, +o0[”).

On the other hand, it is well known that A(r, q) €]0, +oco[” for every r € W, q € |0, +00]”.
Therefore, by Lemma 2.8 ii) again, given n €]0,1[ there exists § €]0,01[ such that, if
q €]0,4+o00[’ and R(q) € [a — 6,a + )7, then ¢ € [1 —n,1+n]’. For ¢ € [l —n,1+ n]’,
2R(q)q1py)

define o(q); := P} for every j = 1,..., N. Then, by Lemma 4.1, for sufficiently

a
large ¢, independent of g,

R(A(ulo@)a))  cla-da+a) Vi) e

{j17j2}
hence, /A\(Lt(a(q)),q> € [1 —n1+n’. Moreover, o : [1 —n,1+n]7 —=]0,+oc[V is

continuous by Lemma 2.4. Thus, for such ¢, the map ¢ — A (1t(c(g)),q) sends continuously
[1 —n,1+ 7]’ into itself, hence it has a fixed point. =

Corollary 4.3 There exist E € D and r € W such that A, (E) = E.
Proof. It suffices to take E = I(q), where ¢ is as in Theorem 4.2 and 7 = 14(s). =

Remark 4.4 Tt follows that the eigenform obtained as above is regular (this means that
r; > p for every i = 1,...,k) as, by a known and standard argument, this is always true
when r; < r; when i < N, i’ > N. See for example [4] for the notion of regular eigenform.

5. The structure of V(") on General Fractals

A self-similar fractal set in R” is defined by a set of contracting similarities ¥ :=
{1, ..., ¥}, k > 2 from R” into itself, that is there exists «; €]0, 1] such that ||1);(z1) —
VYi(z2)|| = au||z1—x2|| for every x1,zo € RY. The fractal is defined as the unique nonempty

k
compact set K such that K = J ¥;(K). For example, the Sierpinski Gasket is defined
i=1
by the set of similarities {¢; : i = 1,2,3} where ¢;(z) = 3(z + P;) and P; are the ver-
tices of an equilateral triangle. Under some condition, we can associate a fractal triple
by taking V() to be a subset with N > 2 elements of the set of the fixed points of ;.
Note that we can also define the same fractal K replacing the set {¢; : i = 1,...k} by
the set " .= {qp,-l O - 0y i,y = 1, ,k} For the more general setting of the
P.C.F. self-similar sets see [4]. Conversely, there exists a standard way to associate to a
given fractal triple a self-similar fractal K, and also an n-fractal triple corresponding to
the previously defined set U™ of one-to-one maps and generating the same fractal K.
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Namely, given a fractal triple F := (VO V) W), & = {4y, ...,11}, we can define a
related fractal, F in the following way: Let

R= {1 k)N

We denote an element of K by (i1,42,...) with 4y = 1,...,k for [ = 1,2,.... The fractal set K
will be defined as K quotiented by the equivalence relation R that identifies two different
elements (i1,1is2,...) and (i},15,...) if there exists ( = 1,2, ... such that

is =1, Vs <,

lC 7é Zl<7 Z.C+17 Z./C_|_1 <N, ¢’ig (Pingl) = %’C (Pz

is = ici1,il =il Vs> (.

);

’
¢+1

Such a number ( is clearly unique. It is simple to verify that R is in fact an equivalence
relation and, in view of b) of the definition of a fractal triple, that the equivalence class
of (4,4,7,---), 7 < N, is a singleton. I will denote the equivalence class of (iy,1i2,...) by
[i1,42,...]. We define 9¥; on K as

¢1([21,’LQ]) - [i,il,ig, ] VZ - 1, ,k}

In this way, every v; is a one-to-one map from K into itself, and we put ¥ := {¢); :
i=1,..,k}. When j,j" < N, then v,([4,4,7,.....]) = [J,4,...], and also, ¥;([4, 7,7, .....]) =
Yir([5,7",7',....]) amounts to ¢;(P;) = i (Pj), thus we put P; = [j,4,7,.....] if j =
L,..N, and V = VO = {P;;j = 1,..,N}. In this way, K is an extension of the
previously defined V()| and 1; extends on K the previously defined v; on V(9. We put

Yig,iy =100, Ay i =Y 0 (A) VACK.

We also put

.....

) .— U Vi, V) = D V)
n=1

1,4, in=1

The sets V3, i

yn

are called n-cells. The following Lemma can be easily verified.

Lemma 5.1.

1) Ifwu,,zn(Q) = Pj, with Q € K, h,] =1,....,N, then Q = Pj andi] =iy = ... = iy, =7.
i) If (i1, ..., in) % (¢, ...,i"), then
Koy, in MKy i =Vig i, OVar (nesting axiom)

111) If (ily---;in) 7£ (le,,"L;L) and w(“”zn)(Q) = w(z'l,,z’n)(Ql) with Q,Ql S K, then
Q.QevV®.

Corollary 5.2. Ifiy,...,ipn, 00, ...,il, =1, ...k, 5,7 =1,..., N, and
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wih...,in (P]) = sz’l,,z/n (Pj’)a (ila mvin) 7A (lea 71;1)

then there exists s = 1,...,n such that iy = i, for 1 < s < 3, iy = j and i, = j' for
s<s<n.

Proof. Let s be the smallest s such that is # i/,. Then

thus, by Lemma 5.1 iii), ¥;_, |
by a similar argument i, = j’. =

We equip K with a topology taking as a basis of neighbourhoods of Q) € K the set

UTL - U Kll ~~~~~ in? n = 1, 2, cees

Given the fractal triple F, we also define a related n-fractal triple 7" by

Fro= (VO Vm g W= Ly vy e = 1

Here, the map ¢ € VU, satisfying ¢(P;) = P; is 1 ;.. ;) for every j < N. It can be
easily proved that in fact F" is a fractal triple. Indeed, b) in the definition of a fractal
triple follows from Lemma 5.1 i), and ¢) can be proved by induction on n. It can be easily
verified that the fractal generated by F,, is the same as that generated by F and with the
same topology. The rest of the present paper is devoted to prove

(Main Theorem) For every fractal triple, there exist n > 1 and a G-eigenform on JF,.

This provides a self-similar energy on the fractal generated by the fractal structure. Given
a fractal triple F := (VO V1) &), we put

A1(f):{1,...,N}, AQ(.F):{N+17...,I€}, Ag(.F):A1(.F)UA2(.F):{17...,/€}.

The rest of this section is devoted to the main properties of the n-fractal triples F,,. Of
course, As(F) could be empty. In some sense A3 is the set of the indices of the maps in
U, and A; the set of the indices of the maps that fix an element of V(9. We say that a
subset A (F) of A3 (F) is connected if it is connected in G. We put A; ,,(F) = A;(F,). We
write shortly A; for A;(F) and A, , for A; ,(F) when F is clear from the context. We
identify Ajs ,, with the set {(i1,...,%,) : ?1,...,0, = 1, ..., k}. Of course, by this identification
we have Ay, = {jn) 17 =1,..., N}. We put W, =]0, H-o0[Asn,

Note that, if n > 1, then As ,, is nonempty in any case as it contains every object of the
for‘m (jl,jg, ) with jl 7£ jg.

In the following, we will denote by w or ,,w or similar the elements (i1, ...,4,) of As .

In such a case we put Vg :=V;, ., ,and, if A is a subset of Az ,,
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v = U Ve, K= | Ke.

weA weA

We call such sets respectively V-copy of A, and K-copy of A. Note that

k
Vidsn)= | Viiw =V,

By the previous identification, G(F,,) = G, is the graph on As, where the edges are
the pairs {w, @’} such that w # w’ and V; NV, # @. In the following, the notions
concerning graphs on Ajs, will be always referred to G,,, for example path will mean
path in G,,, connected will mean connected in G,, and so on. Let IL,, 7 : A3, — A3z be
defined by IL, 7((i1, ..., %)) = (i1, ..., 4%), when @ < n, and we define naturally II,, z(C) =
{IL, 7(w) : w € C} for every C C Ajs,,. Of course, for every C' C As 75 we have

I, L(C):=CxAznm (#6 ifC#0). (5.1)
Note that
I, L (A2 m) C Az (5.2)

In the following Lemmas 5.3, 5.4, 5.5, we will discuss the relationships between V-copy or
K-copy of a set and of its image or preimage with respect to the projection II, 7. The
proof essentially depends on Lemma 5.1.

Lemma 5.3. Suppose n > 7, w € As . Then,
i) Vo C Knnﬁ(w) Vn>n, Vwe .A37n
ii) If moreover, @’ € Az, and Il,, z(@) # I, z(@’), then Vo NV C Vi _ oy N Vi1, () -

Proof. In fact, if Q € Vo, w = (41, ...,y ), then, for some P; € V() we have

Q= Viy i (Vin i (Py) = Y, - (w) (¢i;+1,...,in(Pj))7 Vi yrin (Py) € K.

and i) is proved. To prove ii), note in view of i) and Lemma 5.1 ii),

Vw m Vw/ g Knn,ﬁ(w) m KHn,ﬁ(w/) = VHn,ﬁ(w) ﬂ VHn,H(w/) : .

Lemma 5.4. Givenn and B, B’ C A3 5, BN B’ = @, then for every n > i we have

i) K(B) 2 V(II,L(B)) 2 V(B)

ii) V(I 2(B)) NV (I, +(B") = V(B) NV (B'),

iii) If w, @' € A3, @ # @', then V(II, :({w})) NV (I, z({='})) = Vo N Ve

Proof. i) The first inclusion in i) follows from Lemma 5.3 i). To prove the second, note

that, if P € V(B), then P = ¢ (P;) for some j =1, ..., N and for some w € B. Therefore,
P = Y, -)(F) € V(II;5(B)). ii) Let P € V(I 7(B)) N V(I (B’)). Then
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P e K,NKg, with @ € B, @ € B’. Consequently, by the nesting axiom, P €
Vo NV CV(B)NV(B'). In conclusion, we have proved the inclusion C in ii), and the
opposite inclusion is trivial. Finally, iii) is a particular case of ii). =

Lemma 5.5.

DIfn>1,n>nn >n—-1 w € Agn, w' € A3, and w € HZ%(J(%)% o ¢
H;/];ﬁ_l(j(ﬁ_l)), then Vw N Vw/ = @

i) If n > 1, we have V; . NV, in = @A (i1, oy in-1) # J(n—1)- In particular, V; ., N
ng , @ forevery j,j' = 1,...,N, j # j', thus F, satisfies i) in the definition of a connected

ilvi27~-

interior fractal triple.

Proof. Suppose Q € Vi NV and @’ = (i1, ..., i) With (i1,...,95-1) # jm-1). Then, by
Lemma 5.4 i), there exist P, P’ € K such that @ = ¢; _ (P) =9, s, (P'), hence

¢j(ﬁ—1) (qu(P)) = wilf“"iﬁ—1<Pl) .

By Lemma 5.1 iii), we deduce 1;(P) € V(%) and by Lemma 5.11), P = P;, thus v, (P) = P;,
thus 9, i (P') = ¥, (Pj) = P;, and as (i1,...,95-1) # j@m-1), this contradicts
Lemma 5.1 i), thus i) is proved, and ii) is a particular case of i). =

In the following Lemmas 5.6, 5.7, 5.8, I will discuss relationships between separation of
two sets, or connectedness of a set, and the corresponding properties of the images or
preimages of the sets via the map II,, . In particular, in Lemma 5.8 gives a simple and
useful criterion for connecting two points in a set.

Lemma 5.6. Given two subsets By and By of A3 5, then

i) By and By are disjoint if and only if so are I L(B;), I (B,)

ii) By and Bs are separated if and only if so are H;’%ﬁ(Bl) and H;’lﬁ<82).

Proof. Point i) immediately follows from (5.1), and ii) holds by Lemma 5.4 ii) provided B;

and By are disjoint. But if they are not disjoint, B; and By are not separated, as well as
I (By) and I (By). =

Lemma 5.7.

i) A subset A of As 5 is connected if and only if so is H;%(A) for every n > m
ii) if A C As,, is connected, then so is II,, z(A).

Proof. To prove i) first of all, note that H;lﬁ(w) is connected for every w € Az 5, as it
is isomorphic to Aj3 ;—n,. Now, if A C A7 is connected, let @, ' € II7L(A), so that
I, 7(w) =7w € A1, z(w') = ,&’ € A. Let (mwy, ..., w0,,) be a path in A connecting
7w to zw'. By Lemma 5.4 iii), as V.  NV_o # @, there exist w; € H;ylﬁ(ﬁwi),
wi € H;’lﬁ(ﬁwi_l) so that V_+ NV_- # @. It follows that @l | ~@; or @ |, =@

7
hence w is connected to @’ in ILL(A).
)

To prove the converse, it suffices to note that, if (wo, ..., ) is a path in B C As,
connecting w to w’, then, by Lemma 5.3 ii), the image (Hn,ﬁ(wo), ...,Hn’ﬁ(wm)) is a
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weak path in II, 7(B) connecting II,, 7 (w) to II,, z(w’) and i) is proved. In a similar way
we can prove ii). =

Lemma 5.8. If n > 7, gw,sw’ € Aszm, Bi1,B2 C Asm and mw is connected to 7w’
in By U By, zwo € By \ By, zw’ € Ba, then every w € H;lﬁ(ﬁw) is connected to some
-1 . 1

w' €11, 5(B2) in I 7(B1).

Proof. Let A be a path connecting 7w to zw’ in By U By, thus A C By U By. Then
B :=1IL(A) is connected, and if " is any element in I L(7w’) then w,@” € B, and

. . . 1 . -1

w is connected to w” by a path contained in B C II (81 UBz). Since w ¢ I - (Bs) and
w' e H;%(Bg), then w is connected in H;%(Bl) to the first point in the path belonging
to H;}%(Bg) ]

As previously stated, every n-fractal triple with n > 1 satisfies i) in the definition of
C.LLF.T . Thus, if for some @ > 1 ii) in the definition of C.I.LF.T is satisfied, then we
obtain, by Theorem 4.2 (or Corollary 4.3) a G-eigenform on the corresponding 7-fractal
triple. Note that if

Az 1\ {j} is connected Vj =1, ..., N, (5.3)

then F5 satisfies ii) in Definition of C.I.LF.T. To see this, we proceed like in the proof of
Lemma 5.7. Given (i1,i2), (i},1,) € Az, that is (i1,i2) and (#},45) not of the form (7, j)
with j = 1, ..., N, there exists a path (wy,...,w,,) in Az 2 connecting them, and if such
a path passes through a point (j,7) € Aj 2, and @y, = (J,is,) and ws, = (j,is,) are
respectively the first and the last point in the path in Il 1(4), by Lemma 5.5 we have
is, # J # is,, s0 that by the hypothesis (5.3), we can replace (ws,,...,@s,) by a path in
1T, 1(j) not passing through (j,7). By iterating this process, we find a path connecting
(i1,42) and (i},45) all contained in Az 5. However, if we do not assume (5.3), then in
general, ii) in definition of C.ILF.T need not necessarily hold for some n, for example in
the tree-like Gasket, that is the modified Gasket, with two of the three 1-cells separated,
for every n > 1 the set As ,, is disconnected, namely has two components. Thus, in order
to obtain the main Theorem, we cannot apply Theorem 4.2 (at least directly). We instead
will split Ay ,, into components and work separately on every component.

For n > 1, we consider A; ,,(F) as the union of its components C , ..., Ch,, n, hn > 1.
For every subset C of Aj ,,(F) put

(Ex)n(C) = U {Cin:CinNC #0}.

In particular, if C' is a nonempty subset of a component C ,, and this occurs if C is a
nonempty connected subset of As ,,, then (Ex),(C) = Cj,. Also, for every C' C Ay, put

0,(C) = {j(n) e Ay V((Ex)n(C)) N Vj(n) - Qj} J

Remark 5.9. We easily see that 6,,(C) is the set of elements of A, ,,(F) connected to
some point of C' in Ay ,(F). =
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Lemma 5.10. Ifn > 1
i) The set 6,,(C) is nonempty for every nonempty subset C of As ,,

if) We have Ay (F) = U{00(Crn) : #(60(Cr) > 2}

iii) Given  C A C Ay ,,, there exist w € A, w’ € Ay ,\ A belonging to the same 60,,(C}_,,).
Proof. Given w € C, take a path connecting w to an element of A; ,,. Then, the first
element of A, ,, in such a path is in 6,,(C) and i) is proved. For every w € A, there
exists a simple path in G, connecting w to another element of A; ,. Let @’ be the first
element of A; ,, in such a path different from w. The second element w” in such a path
satisfies w” ~ w, therefore belongs to As , by Lemma 5.5, thus to Cj, for some . Thus,
w,w’ € 0,(C ), and this proves ii). We can prove similarly iii). Consider a path in G,
connecting an element of A and an element of A4, , \ A, we take w and @’ to be two
consecutive elements of A; ,, in the path, one in A and the other in A; ,, \ A, and proceed
as in ii). m

We previously introduced the components Cj ,, of A3 ,, Now, we introduced two types of
sets related to them, that is we start from the basic level 2 (we avoid 1 since some results,

as Lemma 5.10, require n > 1). Then, for n > 2, we define the sets a,n and 6;7,1, that,
roughly speaking, represent respectively, the elements of Aj, and of A2 connected to
Cin via Ag . So, for n > 1, let

Cln = (Bx)a (Il 5(Ci2)) (S Azn)

él,n = Hn,2 (él,n) N A2,2, Bl,n = 92(5l,n) C A1,27 l= L., ha .

In general, for fixed n, the sets B;,, are not necessarily mutually disjoint, and even some
of them could coincide.

Remark 5.11. Note that since H;’12(Cl,2) is connected by Remark 5.7, then él,n is a
component of As ,,, and él,n ) H;}Z(Cl,g). "

Remark 5.12. Given w € Ay, then w € élm if and only if there exist ,w € H;E(w),
n € H;}Q(Cl’g) such that ,w and , @’ are connected in Ay ,,. In such a case, taking

n+1@W € HT_Hl—l,n(nw) C Hﬁil,z(w, np1@ € H;il,n(nw/) - H;}rl,z(clz)

then ,, 41w and , 41w’ are connected in Ay ,41. As a consequence, C;, C Cj,q1. In
particular, C;, D Cjo=Cia #@. =

Lemma 5.13. Suppose n >n > 2. Then
i) We have H;lﬁ (él’ﬁ) C Cln,
ii) We have V(@lﬁ) NV{im}) € V(@l,n N H;lﬁ(j(ﬁ))) for every j =1,...,N.
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Proof. The set H;lﬁ(am) is connected and contains H;}Q (6’172), hence is contained in UW
and i) is proved. We now prove ii). Let Q@ € V(C5) NV ({jm)}), so that Q = ¢ (Py) =
Vj e (Pnr) for some w € Cimy by =1,..,N. As Q ¢ V) we have b’ # j. Moreover,

Q = V(o h i) (Pn) = Py hy, o) (Prr)s (5.4)

and (@, h(n—m)) € H;%(Um) C O, by i). Since (w, hn—m)) ~ (G@); h'(n_ﬁ)) and C,,, is
a component in Az ,,, and (j), h’(n_ﬁ)) € Az, asn—7n > 0, we have (jm), h’(n_m) € Cin,
so that (jm), h,_m)) € Ci,n NI, L (jm), and by (5.4) we conclude.

Lemma 5.14. Whenn > 1

i) The sets B; ,, are nonempty,

i) Ay 2(F) = U {Bl,n L #(B,)) > 2} .

iii) Given @ C A C A o, there exist w € A, w’ € A; 2\ A belonging to the same By ,.

Proof. As B; ,, D 05(C)2), 1), ii) and iii) follow from the corresponding statement in Lemma
5.10. =

6. Special subsets of Asj ,,.

We now want to mimic the argument in Section 4, working separately on the components.
To this aim, we will find a partition of As ,, of a special type which we will call decomposition
of Az, into n-blocks. By this we will mean a family of subsets C; ,,, | = 1,...,h" of A3,
with the following properties

#(Crn N Ain) 22 (P1)
”
U Ul,n 2 -Al,n (PQ)

1
Croin N (UTin) = {Gn} € AL (P3)

1=1
Ulm N As ,, is connected. (Py)

In this context, I will call n-blocks the sets 61771. Note that I have not required that
the union of all Ul,n amounts to all of As,,, as it will turn out to be impossible to have
such a property, keeping at the same time nice properties on the decomposition. Thus,
we have to add a possibly nonempty (residual) set in order to obtain a partition of As .
The present Section will be devoted to the construction and the main properties of such
a decomposition. Once we have a decomposition into n-blocks as above, the idea consists
in mimicking on every n-block the construction of Section 4. In such a case, of course,
we have to adapt the weights in the joint points (j;), to two (or more) different n-blocks.

21



However, this leads to a difficulty. In fact, the effective resistance between P and the
interior cells of the n-block in general depends on the n-block, thus unlike the case of
Section 4, we cannot put a weight on V(}z)n in such a way that such a resistance is, say, %

where a; is a suitable positive constant depending on the n-block 61771. We will modify thus
the construction, selecting on every n-block some ”central” cells, that I will call strictly
interior cells among the interior cells and constructing on the n-block separate ”bridges”
between every vertex cell and the strictly interior cells. Next, we will split the bridges
into two parts, one exterior, that is closer to the vertex cell, and the interior part, that is
closer to the strictly interior cells. Such a construction requires a sufficiently large level
n. Finally, we will put relatively large weights on the vertex cells in such a way that
the effective resistance R; between P; and the bridge is less than % (for every n-block
the vertex cell belongs to), then weights on the interior part of the bridge such that the
effective resistance Ry between the exterior part of the bridge and the strictly interior cells
satisfies
aj

R1+R2:57

thus, putting large weights on the exterior part of the bridge, using Lemma 3.7, the effective
resistance between P; and the strictly interior cells of the n-block approximates %. Thus,
putting large weights on the strictly interior cells of the n-block, we can proceed like in
Section 4. However, there is a further difficulty, that is, we want that the eigenform is
regular, and this occurs if the weights on all the interior cells of F,,, including that in the
bridges, are not less than the weights on the vertex cells (cf. Remark 4.4). On the other
hand, if R; is small, then formula R, + Ry = % cannot hold when the weights on the
interior part of the bridge is not sufficiently small. To overcame such a difficulty, we will
fill the cells, choosing a sufficiently large level n, as the effective resistance goes to infinity
when the level n goes to infinity (cf. Lemma 7.8 and Corollary 7.9). For a similar reason,
when the level is sufficiently large the residual set, in the initial construction, is negligible.
Although the construction in the sequel could differ in some details from the ideas above
discussed, this motivates the next definitions. First of all, we will suitably split the set
Aj . Note that formulas (3.1), (3.2), (3.3) below are related respectively to (Py), (P),
(Ps).
By Remark 5.12 there exists n; > 2 such that

5’l,n1 = 51,71 hence B;,, = B;,, Vn>mng.
We put 6’1 = 6’l,n1, B; = By p,. In view of Lemma 5.14 iii) with A = |J Bs, we can also

s<l
enumerate the sets By, | < h/ < ho, in such a way that

#(B1) > 2,

/7

l l h
B¢ JB, wme(UB)NBur, UBi=Aip V=11 -1,
s=1 =1

s=1

Xy = (5l75l)a 3l - ]-a 7N
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Remark 6.1. Note that, using the previous enumeration of B;, for every n > n; the sets
Cin, | = 1,..,h/, are distinct, hence mutually disjoint, and, as they are components in
As p,, they are in fact mutually separated. =

We define B, él’ by:

l

B, =B, B, = <Bl+1\<UBS>)U{xl}, 1<I<h —1.

s=1
El/ = H271(Bll) = {] =1,..,N: (]a]) S Bl/}7

in other words, j € El' <= (j,j) € B]. We have B; C By, and also,

#(B]) = #(B]) > 2, (6.1)
l l
UB.=JB. vi=1,..1, (6.2)
s=1 s=1
l
( U Bg> OB, ={z} Yi=2 ..}, (6.3)
s=1
! ~ ~ ~
(UB;) NB, =i} Yi=2..1, (6.3')
s=1

so that #(Bl’ N Bl’z) < 1 when I; # l5. As a particular case of (6.2), U B! = Aj 2, and

h/
consequently, U B, ={1,..,N}. Let

s=1

We will now construct the n-blocks for n = ng (the sets 61(4)) and also for n > ny (the sets

G( )), where ny is a suitable integer with ny > n; + 1. The sets 6(-1) (or more precisely

V(C; ))) represent the vertex cells, the sets 61( ) the strictly interior cells and the sets C ct?

the bridges. So, fix no > ny + 1 and for every j € Bl, l=1,...,h, and n > ng, define the
following subsets of As ,,,

' = i} G =153,
ngl) - 6l ,M2 N Hngl ni (](n1))7 G§2l)n n ng (C(z))
0(3) n2 ni (Cl nl) G(S) n n2 (C(S)) n n1 (Cl nl)
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In the sequel, I will define other sets of the form Ul()a) where a and b are symbols or strings

of symbols. I will use the general convention that in such a case G( - = 11, %, (C’(a)).

In order to apply Lemma 3.7 as hinted above, the exterior part of the brldge should be
connected (note that we also need the connectedness of Ul(g but this immediately follows

from Lemma 5.7 and Remark 5.11). Thus, I will first modify every bridge C’ J, l , extracting
a connected subset of it, and then I will split such a connected set into two parts, the
exterior part C’ﬁl)

following Lemma.

and the interior part C’J(-?lg) according to the hinted idea. We need the

Lemma 6.2. There exists a simple path (%o, ..., @) connecting j(,,) to some element of
(3 ) ~(2)

¢, inCj.

Proof. For every | = 1, ..., h/ lfj € Bl, then j) is connected to an element of C, in {3(2)}U

C. By Lemma 5.8, j(,,) € II n1, Z(Cl)

Moreover, by the definition of C’l, there exists ,, @’ € Clm such that II,,, o(p,@') =

I, 2(n, @) = w € C’l C Aj ., hence, as Hle(w) is connected and contained in Aj ,,,

- 2( (2)) is connected in Hn1 5(J (2)) to some ,,,ww € 11~

J(ny) is connected to ,, @’ by a simple path in Hn1 2(J(2)) U Az n,. Also, as every element
of H;ll’Q(j(g)) different from j,,) lies in As ,,, the elements of the path but the first are
thus in As,,, hence, by the definition of Cjy,, they are in fact in Cy,,, so that ju,)
is connected t0 5, @’ in {jn,)} U Crp,. By Lemma 5.8 again, j,,) € 11, ({jnn)}) is
connected to some point of I} (Cip,) = 61(3) by a simple path in 1T, ), ({j(n,)}), and as
the elements of the path but the first are in Aj ,,,, and the last is in II;; 1 (Cl,nl) - Ul,nza

na2,Mnq
(2)

then the path is in Ul,m N H;;’nl({j(m)}) = 6]-71 . m

Now, we consider @ as in the Lemma and we can and do assume that this path is of
minimum length, so that

if s >s+1 then Vs, NVz, =0. (6.4)

We have o = j(n,) and @y ¢ I}, (j(n,)) thus, by Corollary 5.5, we have Il ,,_1(%1)
= J(ns—1), and recalling that no —1 > ny + 1, I, 0, 11(T1) = Jn,+1), thus

_ -1 . _ -1 .
w1 € an,n1+1(](n1+1))7 Wm—-1 ¢ Hng,n1+1(](n1+1))
Now, let 5 be the maximum index s so that @, € H;217n1+1(j(n1+1)), and put

0(21) {ws 1<s< }CC§1)7 0(22) {ws s<s<m}CC()

and define Gﬁl,)w GEQZ,)I according to the previous convention. Moreover, note that 1 <
s<m-—1,and @; € C'( ), syl € 0(22) We have

V(C(21)> N V(C 22)) Ve, N V.., . (6.5)
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In fact, the inclusion D is trivial. To prove C, note that if Q) € V(C’( )> ﬂV(C’( )> then
there exist s < 3, s’ > 5 such that Q € Vi, N V& _,. On the other hand, by (6.4), we have
s=Fands' =3+1. Forje B/, l=1,...h, put

0(4) ( U Ugl)) U ( U (0(21) 0(22))) U 0(3)

jEB! jEB]

6(6) _ -A3,n2 \6(5)

For every j € E’ let 6(7) be the set of w € O \6( connected t0 Jf(n,) in c® \0(4).

We of course define Gl s e G(G) nd G\ C ) as usual. The sets C’l are

n o gln — nng(

the no-blocks, and c® ) | is the residual set, and G( ) and G;) are the analogs at level n.
Using also Lemma 6.3 ii) below, we easily see that properties (P1), (P2), (Ps), (Py) hold.

We remark that the sets of the forms C’( 2 0(22)

bt gl
G§2123L, Gl,n are contained in As . On the contrary, 6;1) s contained

Cl(g) are contained in Asp, and

consequently G
in Ain,.

In the following lemmas, we will now see the intersection properties of the sets defined
above. In particular, the sets with one of apex (1), (21), (22) and (3) are mutually disjoint.

Jln?

Lemma 6.3.

i) The sets 6(1) Uﬁl), c

gt
so are the sets G; ,)L, Gﬁlzl, G

ii) Suppose | #1'. Then, if Q € C|

o 0(3) are mutually disjoint. Consequently, for fixed n > nao,

(22) (3)
7,ln G
(4) N C’l, , we have Q = j(,,) for some j € El’ N E{,

Proof. In the present proof, we will say that the sets of the form 6;1) are of type 1, the

sets of the form 6;? are of type 2, the sets of the form 65(3) are of type 3. Using such
a convention, the sets of type 1 are contained in A; ,,,, the sets of type 2 are contained
both in Ay, and in I} (A1 p,), the sets of type 3 are contained both in A, and in

n2 n (Ag ). Hence, as A; ,, and Ajs ,, are disjoint for every fixed n, sets of different types

are disjoint. Sets of the same type are disjoint as for every n the sets {j,)} are obviously

mutually disjoint and by Remark 6.1. Finally, the sets 653 ) and C( 2 are disjoint as, by

hypothesis the path (%o, ..., @m7) is simple. This proves i), and ii) is a simple consequence
of i). | ]

Lemma 6.4. Suppose w, @’ € 6(5), Voo NV # @. Then
i) There exists | such that w,w’ € 55(4)
ii) If w € C( ), "¢ 6;4), then @ = j(,) for some j € El’
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Proof. We have w € C'( ), € C'l(,) for some I,I' = 1,...,h’. By Remark 6.1, if V, NV #

@, then, either w, @’ € Cl,m for some I, or one of w, @', for example w’, amounts to j,,)
for some j = 1,...,N. In the latter case, by Lemma 5.5 i) IL,,, n, (@) = jn,), thus the

unique possibility is that @ € 6;3) for some [ with j € El' by the definition of the 6(5).

It follows that w,w’ € C’( ) As, by Lemma 6.2, w ¢ Ul(fl) if I # I’, then i) and ii) easily
follow. =

peroma 6.5, A0 (@ L EE L E® =
i) The set C;; :=C; U ((C;; " UC;;"))UC," is connected when j € B.

ii) The set Cl( ) is connected for every l = 1,...,h'.
iii) The set ™ is connected.

Proof. Recall that 0(21) 0(22) {ﬁs 1<s< m}. Thus,

Uf) = {0, ..., wm}UC(3), Tm € {0, -.s wm}mC(?’)

and, as 51(3) is connected by Lemma 5.7, then i) is proved, and, as 6;3) # @, ii) is an

immediate consequence of i). As, by definition, j,,) € 6;4) for every j € El’ , and by (6.3),

- L

(1) (na) € < U Cf:l)) N Cl+1 # ¢ for every [ = 1,...,h/ — 1, iii) easily follows from ii). =
s=1

. . —(7 .
I previously introduced the sets C;-J). In some sense, such sets can be seen as "tails”
attached to every ”boundary” point j,,) of 6;4. We now discuss the structure of such

sets. In particular, Lemma 6.6 i) states that 6(5) can be represented as 61(4) with the

addition of the separate tails C'; v )

Lemma 6._6.5 B
i) The set c® \ C'( is the union of the mutually disjoint sets C

ii) For fixed [ = 1,..., I/, the sets T\, Ty, Oy o)

VI N A WA

jl7j€Bl/'

0(3), € B' are mutually disjoint

and there union amounts to C'( ). Consequently, the sets G§ i,GE?mGﬁlq)z, Ggglzszl(srz’
J € El’ are mutually disjoint and there union amounts to Gn
Proof. We first prove that
(1) =) S D ./
C;iNCuy=0 Vjj eBj#j. (6.6)

If this is false, then there exists a simple path y1 = j(,,), Y2, -, Ys = jém), with s > 2,
Yi € " \61(4) when 1 <@ <s. (6.7)

7 . —(4 ) .
Let [ be the maximum m such that C’,(n) contains at least two different y;, namely y;, and
Yi,. SUPpPOSE 71, 12 are respectively the minimum and the maximum of the set of the indices
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1 such that y; € 6;4). As y1,ys € 6;4), then { > 1. If I = [, then 41 = 1 and i, = s. Thus,
by (6.7) and Lemma 6.4 we have

v € (U T, (6.8)
m<l

—=(4)

If, on the contrary, [ > [, then either i; = 1 and y;, € C7 Y

OC() orip >landy;, 1 ¢ C;

by the definition of i1, thus, by Lemma 6.4 again we have y;, 1,9, € C’fn) for some m # ,
and by the definition of | we have m < [, thus

o e 00 ()
m<l
and a similar argument works for y;, so that (6.8) holds as well. By Lemma 6.3 ii), as
Yi, € U;él) ﬂ@iﬁi, Yi, € 0(4) 0652 with my,ma < I, thus ¥;, = (j1)nes Yo = (52)na,
J1,J2 € Eli N ( U_B,’n>, and j; # jo, but this contradicts (6.3). To prove that every point
m<l

zin O \U( belongs to some ct”

gl
5, — . .
) \ C’l( connecting x to some element of C( ) Let ws_1,ws be the last two points in

such a path. As w1 ¢ C , while wg € C’l ,and V., NV, # @, by Lemma 6.3,
Ws = J(n,) for some j € El thus = € C’( ) This proves i). In order to prove ii), note
that the first statement follows from Lemma 6.3 i) and i), and the fact that the C 'Y is the

union of the sets C’( ) C§2l1),C§2l2), C’(S) with j € B]. =

()

7,lmo

note that, by Lemma 6.4, there exists a path in

and (wq, ...00m), @ e

n

Remark 6.7. If j € E we G
~(4)

lin>

is a path connecting

—(4
w to some element w’ of G;,,, then the first element ws of the path in Gl(ﬂz in fact

belongs to G(» ). To see this, let := 1L, n, (w;). Then, (,,@), ..., n,@5) is a weak path

connecting ,,w, € C§ l) to p, w5 € C( Vin o® \Cl( ) Ass >1and w5 € c® \0(4),

Vo1 NV, o # @, by Lemma 6.4, we have ,,w; = j(n2) for some j' € B thus

na @y = n,@ € C’() By Lemma 6.6, we have j/ = j, thus ws € G( ) as claimed.

o
gl)n andw'Ea() Vo N Vo # @, then w’ EG()UGE?R

=(5)

n

Consequently, if w € G

is a path connecting w ¢ Gl(4rz to some
(1)
X
I _ —(5) (4)

n fact, if ,, @, = I, n,(ws), then ,,wy = I, 4, (w) € C \ C)

connected t0 y, @5z = J(n,) in 6(5) \65 Hence ,, @, € 0(7) n

Conversely, if j € B’ and (wo, ...w0m), @ws € G
—(4)

element w’ of Gl s

then w € G

and the first element ws of the path in Gl(,z in fact belongs to G

jln

In Lemma 6.3 we saw that the sets G with apex (1), (21), (22) and (3) are mutually
disjoint. We will now see when two of these are separated. Namely, roughly speaking,
they are always separated, unless thery are trivially nonseparated.
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Lemma 6.8. Let G be the family of the sets Gy, Gy Gorny Gy, with 1 =1,..., b/,
J € Bl T hen

a) The set GJ n, is separated from all sets of G but itself and Gj l ” ) and the sets with j € EZ’
b) The set G ., is separated from all sets of G but itself, G( ) and G(22)

c¢) The set [eby J, l . 1s separated from all sets of G but itself, Gl n and G;len

d) The set Gl(,z is separated from all sets of G but itself and G

e) The set G( =(21) G(22) G(3)

7,ln Jlns Mg ln

(2)
7ln

is separated from the sets G

Proof. We will prove the following facts

(S1) The sets U( ) 0(21) C( ), are separated from C’( ) C’@? 6(?212 when j # j/

(S2) The sets C’ﬁl), C’§2[2), C’( ) are separated from C’(?ll? C(?QJ C’l(,?’), when [ # I’

), EBl’,C’() (j not necessarily in El’)

(S3) C’(~ ) s separated from C’§ l
(S4) C’( Vi separated from c? )
and, in view of Remark 5.6, this suffices to conclude. To prove (S7) it suffices to note

that the sets C'( ) 0(21) C'* are contained in II! (J(ny)), and the sets {j,,)} and

gl gl n2,n1

{J{ny) )} are separated by Lemma 5.5 i), so that we use Remark 5.6 again. Statement (S2)

is an immediate consequence of Lemma 6.4 ii). 6(~1) is separated from C; c\? by (6.4), and

j

moreover it is separated from C’l( ) In fact, as C( ) CIIL,) ., (A2n,), then the elements of

C'( ) have the form (i1, ...,4,,), and (i1,...,%n,—1) # J(n,—1), and we use Lemma 5.5 i). To
. -3 ~

prove (Sy), note that in the opposite case, we have ﬁs ~w € C’l) for some s < 3, thus the

path (%o, ..., s, @') connects j,,) to @’ € Ul( in C'J ., and its length is s+1 < 541 < m,
and this contradicts the assumption that the original path (%o, ..., 7m) was of minimum
length with such properties. =

In order to evaluate the effective resistances between two points, we have to investigate
the intersections of the V-copies of the previously defined sets. When j € Bj, let us define

M, = v (@) nv (@3,
M, =V (@3 nv (@),
"= v<c<”>> nv (e,

Lemma 6.9. For every n > ny we have

My =V(E@ N nv@2)y, (6.9)
= V(Gﬁli) N V(Gﬁﬁ) : (6.10)
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(22) (3)
Jl _V(Gjln)ﬂV(G ) (6.11)
Moreover, the sets M; i, M Mj’l, M n), n > na, are nonempty.

Proof. The first statement 1mmed1ately follows from Lemma 5.4 ii and Lemma 6.2 i). To
prove that the sets M;;, M M; i are nonempty, it suffices to observe that (%o, ..., @m)

J,b

is a path, and @y € Ug-l , W1, w5 € C’ﬁl), Wss1, Wm—1 € 05252), Tm € Cl(g). Finally,
to prove that M;,) # @, note that, by the connectedness of F,, there exists w € A3z,
@ # j(n) such that V; =~ N Vg # @. By Corollary 5.5, we have w € 1 1z (J(ng)), s0 that

by definition, M(;,,) # @. =

Lemma 6.10. For every n > ng, the sets {P;}, M, Mjl ,

je El’, and M; »y with j =1,..., N, are mutually disjoint.

Proof. The sets M;,;, M}, , M}, are mutually disjoint by Lemma 6.8 and formulas (6.9),
(6.10), (6.11). Also, they are disjoint from the sets { P;}, M(; ,,) by Lemma 5.5. By Lemmas
5.1 and 5.5 again, the sets {P;}, M(; ) are mutually disjoint. =

M”l with all j,l such that

We will now define new sets, useful in the sequel, defined as the union of previously defined
sets. Let

6(17) =) =(7)

gl

6;1l217) _ 6;1) 0(21) C(?)

=C; Ul

o=yt lueégzﬁmﬁzchml
l:jEBl’

~(17)
7l

—(1217)
j7l7n )

—(121)

—(121)
jin > Gjn  asusual

and G C G

—(17) 0(1217) 0(121) 0(121) 0(121) 0(121)

(1 1 g,V
] l’

Lemma 6.11. The setsC’
G(17) G(1217) G(121) G(121) al

j7l7n’ j7l’n 7 jln ’

, and consequently,
(121)
7,ln

UG

are connected.

Proof. It suffices to observe that C’;l) U C’ jJ is a path, and that, by definition, every point
of 6(7[) is connected to j,) € 6;1) by a path in 65',71) Thus, in any of the sets le )
0(1217) 0(121) 6;-121), every point is connected to j(,,) by a path contained in the set.

Remark 6.12. Note that, by Remark 6.7, when j € E then G§ l)
G(5) \G(1217

, 1S separated from
iln Therefore in view also of Lemma 6.8, if w € G(
w ~ w', then, w € GY

1217) — (5) \G(1217) nd
G —(1217) (1217)

l n ) 7,l,n
jln7 thus V(Gjln ) ( \Gjln )CM/ USlIlg
Lemma 6.8 again, we can prove snmlarly that, if w € G

jln’
)jEB'weG \d”” nd

Jln
w ~ @', then we have w € G2y G( thus V(G(lzl)) N V(G(5) \G(121 ) C M.

jln? jln’ 7,ln
u
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7. Several Lemmas.

The present Section is devoted to prove several preparatory results for the proof of the
main Theorem. First of all I will introduce an element § of Q, that in the proof of main
Theorem plays the role that 1; played in Section 4. In this more general case, we need a
form that is less symmetric than I(15), in the sense that is symmetric only restricted to a
single block. Recall that the graph J on {1,..., N} is defined by

T={{1, 52} jisje =1,y Nyjt # jo, 3l =1,.,h 1 ji,jo € B]} C J.
In view of (6.3'), it is simple to see that J on {1,..., N} is connected. Thus g € Q defined
by G = x7, in fact belongs to Q, since Gr(q) = J. In order to investigate the properties of

q, I will now define a set that is a sort of analog of C( 4 in {1 N}. Namely, if j € él’,
we denote by 5’3(? the set of j/ € {1,..., N} \ él’ 7—Connected tojin {1,....N}\ El’

Lemma 7.1.

i) For every j € §1I7 j =1,...,N, we have j' € 5;7[) = (n ) € 0(7)

R
ii) The set {1,...,N}\ El’ is the union of the mutually disjoint sets C](',l)’ J € El’
iii) if j1 € C\7), jo € C\T), with j,j € Bj, j # j', then {j1,j2} ¢ J.

Proof. We first prove the =" part in i). Suppose j’ € 5’(7) Then, there exists a J path
(Joy -oos Jm) In {1, ..., N} \ B’ connecting j' to j, thus two consecutive vertices of the path
js_1,7js belong to a common B’ w(s) for every s = 1,..,m and of course u(s) # l as js_1 ¢ B’

Pick a point @ € 65)(1). By Lemma 6.5 there exist a G-path in C’( ) s) connecting

—1,u(
(Js—1)(n,) to @ and a G-path in C’gs?u(s) connecting (js)(n,) to @. Therefore, there exists
a path connecting (js—1)(n,) 0 (Js)(ng) N A2, N (C’(S) \0(4)) As a consequence, jgm)
is connected to jy,) in c? \0(4) thus ji,,,\ € ijl and the ”=" part in i) is proved. By

Lemma 6.6 the sets C’j(.,l ,J € Bl’ are mutually disjoint. Next, we prove that

> ~(7
{1,..N}\ B/ = |J C\Y (7.1)
jEB]
It clearly suffices to prove the inclusion C. If j" € {1,..., N} \ El’ , there exists a J-path
connecting j’ to some point in B}, and suppose j is the first vertex in the path belonging
to B’ Then j’ € 0(7) and (7.1) follows, thus ii) is proved. Next, we prove the ”<" part

in i). Suppose j € Bl, j =1,...,N and jznz) € 6;77[). Then j' € {1,..., N} \ E{, so that
j e 6](? for some j” € El’ Thus, jEnz) € 65'7,)7” so that, by Lemma 6.5 again, 7 = j and

< in i) is proved. Finally, iii) immediately follows from ii). =

We now are going to evaluate R(g). To this aim, we need some preliminary considerations.
First, we will evaluate the resistance between two different P; lying in the same block.
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The evaluation of R(g) restricted to a single n-block is simple and is essentially the same
problem as the evaluation of R( ;) in the case of C.I.LF.T.. However, we have to prove that
such effective resistance (along C’l( )) is the same as that along C c® ). Lemmas 7.2 and 7.4
are the tools to obtain this, while Lemma 7.3 will lead us to evaluate R(q) between points

in different blocks. We say that a subset W' of a graph (W, G) is normally disconnecting
(in W) if every Q € W \ W’ is G connected to at most one point of W' in W\ W’.

Lemma 7.2. If V' CV, V' ={P;: j € C}, #(V') > 2, ¢ € Q, and C is Gr(q)-normally
disconnecting. Putting q' := q|jc) then for every P; , P;, € V', j1 # j»

i) I(g)lv: = 1(q'),

11) R(q){jlij} = R(q/){j1,j2}'

Proof. The statement is well-known so that I omit the proof. The idea is that every function
on V' can be extended to a function on V', constant on every component of V'\ V. =

Lemma 7.3. Suppose g € Q, V =V'UV", and V' NV" = {5}, Vi ={P; :jeC'},
"= {P; :j e C"} with C" and C" subsets of {1, ..., N}. Suppose {ji1,j2} ¢ Gr(q) for

every j1 € C'\ {j}, j2 € C"\ {j}. Then for every P;, € V' \ {P:}, P;, € V' \ {P;}

1) E_(Q){jlj} = (Q‘J(C’ ){31 Jp E(Q){jQJ} = E(Q|J(C“)){j23}

i) R(q) (.52} = R(q ){313} + R(q ){jz,}}'

Proof. i) follows from Lemma 7.1, and ii) is a case of the well-known resistances in series

principle. =

~ I _
Lemma 7.4. For every | =1,..,h/, the sets B] and |J Bj, are J-normally disconnecting.
h=1

Proof. The set El’ is normally disconnecting by Lemma 7.1. We prove that B : U B’

is normally disconnecting too. Suppose there is a point in {1,..., N} \ B connected in
{1,..., N} \ B to two different points j and j" of B. Then, j and j' are connected by a
simple path (jo, ..., jm) With j, € {1,..., N}\ B for s = 1,...,m — 1, m > 1. Let [ be the
maximum h such that E’ contains at least two different j,, namely js, and js,. Suppose
s1, 82 are respectively the minimum and the maximum of the set of the indices s such that
Js € B- As j1 ¢ B, and by hypothesis jo,]l belong to a common B’ we have s > [, thus

[ > 1. In any case, we have j,, ,js, € Bliﬂ < U B,’n> and this contradicts (6.3"). =
m=1

In order to completely evaluate R(g), we have still to discuss what happens between points
in different blocks. To this aim, I will now introduce to following notlon

We say that (j1, j2) is a l-pair if ji € ( U Bl) \B L2 € Blel \ ( U Bl).
=1

Lemma 7.5.
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I+1 _
i) If j1,j2 € U By, j1 # jo, then precisely one of the following occurs
1=1

a) there exists | = 1,...,1 4+ 1 such that ji,js € El’
b) there exists I" = 1, ...,1 such that either (j1, j2) or (j2,71) Is an l’-pair.
i) If (j1, j2) is a [-pair, then ji, jo and j; are mutually different.

Proof. If there exists no ! = 1,...,1 + 1 such that jq,jo € §1/7 then, let [; be the minimum

[ such that j; € El’ and let [ be the minimum [ such that j, € El’ We have [ # [l and,
if for example I; < Iy, then (j1,j2) is a (I3 — 1)-pair. Moreover, if both a) and b) hold, by

-1 _ _
definition, we have I’+1 < [, but in such a case, ji, jo € ( U B;) U By, and this contradicts
s=1

(6.3'), and i) is proved, and ii) is an immediate consequence of the definition of an [-pair
and (63’) |

Now, putting R := R(q), we are ready to find R recursively:

Lemma 7.6. If {j1,72} € J, then

2
= n/
R{jl;jZ} = #(Bl)

jfjlan S Ellu
F{jz,jl} + R{iz,h} if (ju,J2) is l-pair.
Proof. Suppose j1,j2 € El’ By Lemma 7.2, we have

Rijr oy = R(@ ) 1321

but g 1B = 1, thus the minimum in the definition of (1/R)(q] is attained at the

5(Bp) i
function ¥ that attains the value 1 at all points different from j; and jo, and I(g| J( E,))(E) =
~ l
#(B5)) . o , S
5 80 that the lemma is proved in this case. Putting B = |J B, we have
1

s=

R = B@os) Gy B = B@sm)Gosy Ry = B@am))s
by Lemmas 7.2 and 7.4. Thus, the formula when (ji, j2) is [-pair follows from Lemma 7.3

1 ~
where we put V = {P; :j € B}, C' = L—J1 B,,C"=Bj,,. =

Let

K:{qeRJ;qde[1—g,1+g]vale7,qde[o,g]VdeJ\j}g@
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for positive ¢ < 1, which we will fix in the sequel. Note that K is a nonempty compact
convex subset of RAJ . I'will prove that, for a suitable n, a suitable continuous map o : K —
W, the map q — Ay (4)(q) sends K into itself, thus it has a fixed point.

Lemma 7.7. There exists a neighbourhood U ofﬁ such that, if ¢ € Q and R(q) € U,
then q € K .

Proof. By Lemma 2.8 iv), there exists U open neighbourhood of R such that Ti_l(U )isa

bounded subset of Q. Thus, by Lemmas 2.8 iii), R is a homemomorphism from }_%_1(U )
onto

— =1

R(R (U)) =V CU.

Hence, as Rfl(ﬁ) = q and K isa neighbourhood of g in @, there exists U open neigh-

bourhood of R in V such that if y € U, then ﬁil(y)g K. We have U = U NV for some
U open set in R7 contained in U. We easily see that U satisfies the Corollary. =

In the sequel, we will denote by ]\\T;n the operator K,n on F, for n > 1 when there is

possibility of confusion, for example /A\l;n. Usually, we can see that ZA\T is defined on F,, on
the basis that r €]0, +oo[4%». A well-known result is that

Ain = A7 =AY, (7.2)

We will now investigate some properties of KT useful for the sequel. First, we prove that
A1 goes to 0 when n goes to infinity, and this fact will play an essential role in the sequel
as, for example, will lead us to prove that the contribution of the cells on the residual set

6(6) negligible for n large enough.

Lemma 7.8. /A\Tf(q){jhh} — 0 for every q € Q and {ji1,j2} € J.

n—+oo

Proof. For every g € Q, n € Nand j=1,...,N, let

N
Gn(@) =Y ANy enld) = Enla).
i j=1
Of course ¢; p, (K{”(q)) = Cjn+m(q). Clearly,
¢n(@) = T(AT (@) (xqpy)) -
We now prove
¢1(q) < ¢j0(q) (7.3)
¢1(q) <¢jolg) if &o(g) > 0. (7.3)

In order to prove (7.3) and (7.3'), for every t € R, define v; € RV by
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U = X{p;} T IXvanvo ,

thus we have

&ialg) = M(I(0) (xepy) < ST (1) (0r) =T(g)(veopy) + > 'T(Q)(Ut °1hjr)

= (1= T(Q)(xgr, )+ Y. T@lxypy) = 1=Eo@+t> > &rolg)
j'=1,...,N,j'#j J'=1,...,N,j'#j
for every ¢t € R. Letting v to be the function defined in the last row, we have v(0) = ¢;0(q)

and (7.3) follows at once. If moreover ¢;o(q) > 0, then 4/(0) < 0, and (7.3’) follows. Note
that the function ¢;, ¢;,1 and ¢, are continuous. Thus the set

Ay k= {q € Q:¢olq) > a, éo(q) < K}

is compact for every positive o, K. Thus, if ¢ € A, k, then

¢j1(q) < ¢jola) — B, (7.4)

where /3 is a positive constant (depending on a and K). Therefore, given K > &(q), we
have K > ¢,(q) for every n, by (7.3). Suppose now given a > 0. Then, if &,(q) > «
for every n we would have ¢;,(q) < ¢j0(¢) — nB by (7.4), a contradiction. Thus, as by
(7.3) the sequence ¢; ,,(q) is decreasing, then ¢;,,(q) < o for sufficiently large n. Therefore,
¢in(q) ) 0 and the statement of the Lemma easily follows. =

o~

Corollary 7.9. |1A\1m(q)| = A

=3

(q)] n_>—+>oo 0, uniformly on B, for every a > 0.

Proof. If ¢ € B,, then I(q) < |q|I(1;) < al(1;), therefore T(K?(q)) < aT(K{L(lJ)). Thus,

~

1_ - .
A () g goy < ZI(A?(Q))(XPJ-1 —xp;,) < zal(AT(15))(xp;, — XxP;,)

and we conclude by Lemma 7.8, and (7.2). =

The final results of this Section are generalizations of Lemma 3.3. In fact, Lemma 3.3 can
be seen as a particular case of Lemma 7.10 when n = 0.

Lemma 7.10. Let B be a nonempty subset of Az ,, and let v’ €]0, +o0c[Z, r2 €]0, +oo[A3:m

for every @ € B. Let qu € Q for every w € B, let r € RB*Asn be defined by r(w,w”) =
r'(w)rll (w'). Let My, My be nonempty disjoint subsets of V(B). Then
R<Sr’,w,3 (Arﬁé (qw))> = R(Sr,(w,wll),BXAs,m <qw)){M1,M2} . (75)
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Proof. Note that by Lemma 5.4, V(B) C V(I },, .(B)) = V(B x As ), so that M; are

also nonempty disjoint subsets of V(B x As ,,,). As for every v € RV e have

S (4=)(0) = Apy (T(a)) (vlyo) = T(Rrs () ) (W)
then for every w € RY(BxAsm) we have,

(@), Bx Ay (de) (W) = Z r' (@)1 (@)1 (ge) (W © e © Yo

(w, " )EBX A3 m

= Z r Z r(@") I(ge) (w0 g 0 hmr) = Z TS (G ) (W 0 Prs) (7.6)

weB ”E.As m weB
> Z 1l T(Ary (¢)) (v (s) 0 1) = St w8 (M (02)) (wv ()
weB

Now, if w € Ly (Bxa,.,.), 01,05, then wly sy € Ly sy a, m,- Therefore, by the definition
of (1/R), we have

(1/B)(8ym(Rrs () ) < (/B (S (o bxdsn @) ypyagy - (17)

{My, M2}

Let now v € Ly (5),m, 0, For every w € Blet O € Ly (4, ), v© (Vo) be so that

I(R, (4)) (v 0 ¥) = St (40) (T) (7.8)

and let 7 € RV (Bx43m) he defined by

5(1/%3 © 1/}@”<P)) = Vg (¢W”(P))

for every @ € B, @w” € Az, P € V. The definition is correct. In fact, if 1) 0t (P) =
Ve, 0Py (P1), then either w = wy, thus Yo (P) = Yoy (1), or @w # w1, thus by Lemma

5-17 ww”(P)ﬂvbwi’(Pl) € V(O) and Vg (ww”(P)) = ’U(ww oww”(P)) = U(¢wl Owwi’(Pl)) =
Vo, (zbw;/ (P1)). It follows

Vot = i . (7.9)

Moreover, we have v € Ly (5xA,,.),Mm,Mm, a0d U = v on V(B). In fact, if @ € V(B),
then Q = v (P) for some w € B and P € V(. There exists w” € A3, such that
P = i (P). Thus,

E(Q) = E(ww(P» - 6(#’@! © ww”(P» = Uy (¢w”(P)) =vo ¢W(P) - U(Q)
Thus, by (7.6), (7.8) and (7.9) we have
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S;“,(w,w“),Bx.A&m(QW)(@) = Z T;S;,;(qw)(io V)
weB

= Z T;T(Krg (Qw))(v © ’tﬂw) = S;’,w,B (Kr; (%ﬂ))(v)

weB

and, in view also of the definition (1/R) and (7.7), the Lemma is proved. =

Corollary 7.11. Let B be a subset of As ,,. Let q € Q. Let 1’ €]0, +oo[B, 1" €]0, +oo[As.m.
Let r €]0, +00[B*As.m be defined by r(w’, @) = r'(x’') r" (w"). Let My, My be nonempty
disjoint subsets of V(B). Then

~

R <57~',B (JA\r" (Q))>

{M17M2} — R(ST‘,BXAg,m (Q)){MLMQ} . | |

8. Eigenforms on General Fractals

In this Section, we will prove the main Theorem. Following the ideas described at beginning
of Section 6, we will evaluate the resistances along bigger and bigger sets. We will use the
n-blocks Gl(f,z with n large enough for the reason explained there. We start by evaluating
the resistance between P; and the relative bridge. We have to require that it is less then

a 2
El where the correct value of a; amounts to = (cf. Lemma 7.6). To this aim, we need

B l
to introduce a special constant ¢ as follows

= 3max{ﬁ(q){{Pj}7B},q € I?,j < ./41,¢ 7é B C V(O),Pj gé B}

Moreover, we will define a class of sets of weights in W,, that, restricted to Ay, only
depend on the II,, ,,,-image of the point. Namely, given

1 1
n>na, g:Asn, —0,+00], O<n§min{ - }§§,

we define 74, ny € Wy, by

lfw:(j(n)) VWEAgn.

| I

"(gmm) (@) =
g(ILy 0, (@)  otherwise

In the sequel, untill Lemma 8.11, we will consider n as a fized value (satisfying the
required inequalities), and in the constants introduced (75~1,j,1,n, t2.q.5.1,n and so on) we will
not stress the dependance on n. Only in Lemma 8.12 we will choose a suitable, sufficiently
small, value of 1.
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Lemma 8.1. Given n > no and j € §1/7 there exists t~17j7l7n > i such that, if g = t >
(1) then }A%(S

1?1 i on 6
Jbm J T(g,m,m)>

IN

<37 for every g € K.

6;!17)1((]>){{Pj},Mj,l} 2#(§/)

Proof. Let @ € G( ) be such that there exists QeVanNM; #@. As G(T)L is connected,
there exists a simple path (wy, ..., @, ) in G( ) ,, connecting @ to j(,). Since Q € V(ngll,)l)

=(1)
then Q ¢ V{;,) by Lemma 5.5, thus @ # j,,), and m > 1. For every v € RV (i) we have

S/ ’52,111 (Q) (U) = Z 7’(9,77771) (W)T ’U e} ww Z T(g ) ws )(’U o wws)

prov1ded g(j(m)) > 11510 Now, if ¢ € K, we have ¢w > G for every w € J, where
qE€ K - Q is defined by

fw=1-0ifweJ jo=0ifwecJ\J.

Hence, qyj, i, = 41j,.5,) for every {j1,j2} € J, thus I(q)(w) > I(¢)(u), hence,

= 115008 5D (V) + =51 1,1 (@D O), G={wo,...,@m—1}
Let M ==V, _

M = MU{P}}C V., .

Suppose now v € L’ By the uniform continuity of > S/ U )}((j)| M We

V(@M

have S} ;3 (@ arr(vlar) > 287 @lar (clar) = 20/B)(S1 50,1 (@) 1 s provided
[v(Q) — 1| < n on M where 7 is a suitable positive number. Thus,

A A 2 D A~
S1tiH D) 2 81 g1 (@lar (Wlar) > 5 (/R (S1,45003(@D) g0 -

As M C 1, (VD) we have M = ; (B) with ¢ # B C V(. Also, P; ¢ B, so that
{P;} and B are nptdss of V() Therefore, by Corollary 3.5, we have
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C»JI&H

R(S1,5001 (@) (py.0r = B(@((py.8) <
Summarizing, if |v(Q) — 1| < n for every @ € M, then

t R t2, = X 2
S o (@) =z =81 g, (@) > 55(1/1%) (S1,00} (D) py 0 2 e (8.1)

If, on the contrary, there exists Q) € M such that |v(Q) — 1| > n, then, v € T}, where

Ty = {weR©@ : w(@) =1YQ € M;nV(@), 3QeM:|w(@)—1]>n0<w<1}.

By a compactness argument, there exists min S’ —(§)(w) := ¢; > 0. Hence, S’ —(4)(v) >
weTl 17G 1,G

c1. As a consequence,

~ . _ 2
S:’( )s G(l) (Q)('U) = t]_’j,l,nSLG(Q)(’U) > tl,j,l,ncl > E
g,mn,n

for sufficiently large ¢1 ;. Taking also into account (8.1), in any case, for such #; j; , we
R n
have R(ST(Q,W,TL)’a;,lBL (Q)){{Pj}ijyl} S 2° .

Next, following the scheme in Section 6, we will prove in Lemma 8.3 the equivalent of
formula Ry + Ry = % there. We need the following preliminary Lemma.

Lemma 8.2. For j € El',

E(S G(22)( >){M’ — 400.

"
j,l,n M l]’n—)—l—oo

uniformly for q € K.

Proof. We use Corollary 7.11 with ns in place of n, 65-?[2) in place of B, n — ny in place of

2) We have

m, v’ =r" =1 so that r(w )—1f0reveryw€G]ln

(1/R)<5175§7212‘7>TL(Q)){M/ My (1/R)< 1,037 (Ah”_”?(Q))){M;J,M;jI}

S ‘Al;n—nQ(Q)‘ (1/R) <51,6;?12)(1J)>{M;,laMg{:l} n—>—+>ooO

uniformly on K , by (2.2) and Corollary 7.9, and the Lemma follows. =

Lemma 8.3. For every 1 as above, there exists ni, > ng such that, if n > ny, and

j € Bl, for every q € K there exists a unique t(= t2,q.5,1n) > %, continuously depending
(22)

i1 » we have

onq,suchthat1fg—t>t17]lnonC’()andg—tonC’
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(@) _
T(g,m,m)» G§212?’l {MJ{vZ7MJ{:l} N #(El/) .

~

R(S,, @00 @) py ., + B

T(g,mn) &5 0,n

Proof. By Lemma 8.1, we have

~

R(s

T(Qv”]»n) J,lin

_ |
e @) pyar g SRS, 50@) (. < #(B))

for every q € K. On the other hand,

_ A .
R(S,, 03, @) o ary = BS e @) ary = 785,560 (@) g aryy
% 1

and, by Lemma 8.2, for sufficiently large n, }AE(Sl F22) (2)) for every
iln

{Mjf’l,M;fl} n #(
g€ K. As by (6.1) we have #(B;) > 2, and ITZ(S1 F22) ()
Glm

3.2, we conclude with

(M7, M) is ﬁnlte by Lemma
3,077,

E(Sl G(22) ( )){M/ M//l}

— R(Sr( sy G (q )){{pj},Mj,z}

t= N

#(B])

We will now prove that the resistance between two points of V(%) approximates R. In the

following Lemma we will see this when the points are in the same block. We will get this

using two times Lemma 3.7 in the situation of Lemma 8.3.

Lemma 8.4. For every n € }O, min {ﬁ}} and n > ny ,, there exist 7'52’71, 537,1 > % such
o= ey @) ()

that if ¢ € K, g = t1,, := max{t1 j;n : j,[} on C;,,g=tanonCj, ", g=tz, onC ",

g=124jin 00 6;3” foreveryl =1,....h', j € él’, then for every | = 1,...,h, j1,7j2 € El’,

J1# J2

i)

~ 2
_3n<R(ST(gnn)G ( )){ Pjy»Piy} < m—’—?)n

—n, where

#(B))
ii) E(Sr(g,n,n),fl{jl,jz} (4 )){

> —
MM ()
—(5) (1217)  —(1217)
A{j17j2} = Gn \ (GJ1 In UG ) :

Ja2,ln

Proof. For j € él’, we use Lemma 3.7 with

—(17)
7,lmo

—(22)
7,l,mn>

21)

B, =G By =G\ Byi=Gon), Byi=0,
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A1 = {Pj},AQ =

1)
g,
and obtain that

(17)

(21) (21)

_ — —(1) —
My =v@nv@E) =v@)ynv@a)) = my,, (8.2)
—(21 22
My, = V@) V@GS = MY,

Note that the second equality in (8.2) is a simple consequence of Lemma 6.8, case e). Next,
by Lemma 6.8 again, By and By are separated so that we can in fact apply Lemma 3.7,
and moreover, Bs C @;71) Gﬁi We note that, if @w € By, then, by definition, we have
T(gmn) (@) = t or T(gmmn) = f] OT 7(g.n.n) (@) = t2,q,5,1,n- Once we fix n and 7, such numbers
are bounded independently of ¢ € K. In fact, t2 4 j1,» dependes continuously on ¢, thus it
has a maximum on K. Now, for every j € Bl, put

—(17)
7,ln

—(21)
7ln

—(22)
7,ln

=(21)
7,ln

—(22)
7,ln

G =G UG ua ) =Gl ual) uaEd) ual

7 l n
We now use Lemma 3.7 ii) and, for sufficiently large #5 ,,, and for every q € K , we get

~

53 - 77 < R(Sr g,n,n »Gj (q)) . " < —= + 77
#(B)) (g,1,m) Hpir My} #(B))

(8.3)

Note that the sets GG; are mutually disjoint by Lemma 6.6 ii). Thus, we use Lemma 3.7
again with

1(372, 64 = U Gj.

Jje€B\{Jj1,j2}

Bl = Gju BQ = sz, 63 =G

Ay ={Pj,}, Ay = {P},}. We easily see that By, Bz, B3, B4 are mutually disjoint subsets of
As .. Moreover, By, By and By are mutually separated by Lemma 6.8. Finally, by Lemma
6.8 again, My := V(B1) N V(B3) = M} ;, and similarly, M> = M}/ ;. In conclusion, all

g,
hypotheses of Lemma 3.7 ii) are satisfied. Note also, that Bs C U G§2l 7)1

JGB’

by Lemma 6.8,

and A = ES). We have 74, ) (@) = t2,4,51,n < A for every @ € Bs, where A is a suitable
constant. By Lemma 3.7, also using (8.3) both with 7 = j; and with j = js, we have

— —3In <

#(Bj)
R(S"“<g,n,n>»Gj1 <q)){{Pj1},MJ’.’1’l} + R(S"xg,n,n):%( )){{P yMY Y —ns
R(S, 5o @)p,qp, S

R(Sr(, .06, (Q)){{le},Mjf./lJ} + R(Sr, .Gy (4 )){{P MY 3T
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2
< — +3
4By

for every q € K , for sufficiently large 3, for every [ and ji,j2 € El’ , and i) is proved.
We are now going to prove ii). In this case, we use Lemma 3.7 i) with

— (22 — (22 — (3
Bi=Gyhn Ba=Gria Bs=Gro Bi= |J G
JEB\ {12}
Al = M]/.17l’ A2 = MJ/.QJ

We easily see that the hypothesis of Lemma 3.7 is in fact satisfied. Moreover, M; = M j”l Nt
My =M ,, and A = A We conclude

jlan'
B(Srtymr s D) ars air 3 2
R(S el (s ¢
( r(g,n,n),Gﬁ?z),n(Q)){Mﬂ{lv“Mﬁ’l}+ ( r<g,n,n),G§§2,l),n<q>){M§2,l»M§;,z}

~

9 N
- #(El/) B (R(Sﬂg,n,n):@;m,n(q)){{le}’Mjl,z} * R(Sﬂg,n,n)va;-jz),n<q>){{Pj2}’Mj2,l}>

by Lemma 8.3, and by Lemma 8.1 and Remark 3.6, we have

R(S —am)

n
< < =
T(Qﬂl»n)vG;‘,l,n(Q)){{Pj}’Mj,l} — =5

R(S,, e @) 080

T(g,nn) Y

for j = j1,j2, and ii) follows. =

We have now to prove that the effective resistance (denoted in this discussion by Rj, j,)

iy Pj, of V() not in the same block approximates }_%{jhjZ}' In order
to do this, we need some preliminary considerations. If ji, jo are not in a common block,
which means that they do not belong to a common Bj, by Lemma 7.5 we can assume
(41, 42) is an I-pair for some [, so that we can suppose by a recursive argument we have

information about le p and le Fos and we have to combine such information to investigate
S *J

R;, j,.- We will easily deduce, in view of Lemma 8.4 and of the triangular inequality of the

between two points P;

effective resistance, that Ry;, ;,1 does not exceed le, j»+ asmall quantity, and we have to
find a bound from below. The way to obtain the bound from below turns out to be rather
long and technical. However, I do not see a simpler proof. A possible alternative approach
would be to replace the set K by a set where the conductivities gy;, j,; approximate those
of g, that is 1, for vertices in the same block, and amount to 0 for vertices in different
blocks, but it does not appear to be simple to prove that such a set is mapped into itself
in the general case.

To find the bound from below, we first need to prove a separation property of P};' To
121)

describe it more precisely, observe that the set 5; N
l )

can be seen as the union of the vertex

—(1 . . —(21 .
part G;_)n and some branches, that is the exterior parts G’g_ l)n of the bridges. In Lemma
1’ FRARI
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8.5 we will prove that every point not in 6&2”1)

El

can be connected to precisely one branch,

and in Lemma 8.7, in view of the final paragraph in Remark 8.6, we in particular prove
that P; and Pj, are connected to different branches, so that they lie in different parts
with respect to P .

l

62}2711) there exists precisely one | with ji € El’ such
—=(121)

Jptn”

Lemma 8.5. For every w € 6(5) \

(12 )

that w is connected in G(S) \G to points in G-

Proof. There exists a simple path connecting w to (jl)(n) € G i in G( ), and the first

n

vertex in the path lying in Gé_n), in fact belongs to Gg i for some [ and the existence
’ 7
is proved. We now prove the uniqueness: Suppose by contradlctlon that there exist two

different [;, 1 = 1,2 with 3[ € E such that w is connected in G(5) \G;1 % to some point
l’

@Elzl)n, and by Lemma 6.8 such a point belongs to Gg_l, - Then there exists a path
(21

G(5) \G(12 ) connecting some point w_ € G( Grdam?

Jpn Jplim
through w, and by Remark 6.7, w_ ¢ G‘7 l,.n- On the other hand, by Lemma 6.5 i), there

to some point wy € G- passing

TL

exists a path connecting w_ to some point of G( ) i G(s) \@gl) G(S) \G(4) nd

lellv .777 lz’”’

by Remark 6.7 w_ € G( )

irdam @ contradiction, and the uniqueness is proved. =

We say that two pairs (j1,01) and (j2,l2) are (Zl,zz)—related if j1 € El’l, jo2 € El’2, I <o,
~(22) ~(22)
€ G;

Jid,no Ja.lpn Uhere exists a path

J1 # ja, li,l2 € [l1,12], and for every w € G

Iz
in (U G(4)) \ (G(lzl) TEh )) connecting w and w’. Note that in such a case, since
=1,

Ji,mn Jz2,n

@, € ( U e N (chmmibie)

1=l
We will write shortly lo-related for (1,1s)-related.

(121)

32 n ]1 n J2,n

s
) the path is contained in( UaG (4))\( (121)U@(121))’
=11

Remark 8.6. Since C’( Y u C’( s a path, thus is connected, the set Gg llzb U G;?ZQ,)L i
also connected. Therefore, there exist w € G; l, 3” Gg I, 7)7, such that w ~ w’. Thus, if
(1,11) and (ja,12) are (I1,l2)-related, then for every w € G(1 l)1 ., there exists @’ € G(zll)%

and a path connecting @ to @’ in ( U G(4)) \ (G(121) G(121))_

Ji,m J2,n
= l1

By a similar argument, we see that, if (ji,1;) and (j;.l2) are (I1,l2)-related, then, in
Lemma 8.5 for w = (j1), we have l =13. =

Lemma 8.7 _
i) Ifl=1,..,h and j1, jo € B}, j1 # j2, then (j1,1) and (j2,1) are (I,1)-related.
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it) If (j1,j2) is a l-pair, and (j1,11) and (j;,12) are l-related, and (53,1 + 1) and (j2,1 + 1)
are (I + 1,1 + 1)-related, then (ji,1,) and (ja,1+ 1) are (I 4 1)-related.

1 -
iii) For every j1,j2 € \J Bj, j1 # je, then there exist l1,lo = 1,...,1 such that (j1,l1) and
=1
(jo,l2) are Z—relate_d. ) )
iv) If (j1, j2) is a [-pair, then there exist Iy, ly such that (ji,l1) and (j;,l2) are l-related.
Moreover, (j;,l+1) and (j2,1 + ) are (I + 1,1 + 1)-related.

(22) UC Vs connected, as C( 1 and C l are paths not separated
=(22)
J2,ln

Proof. The set C( LUl

2
from the connected set C ) ) . As a consequence G;l l)n G

i l) nand @' € G; l+1 , by hypothesis,

UG 1s connected, thus we

have proved i). We now prove ii). Given w € Gt

G(121)

: : —(22 o 4
there exists a path connecting @ to any @’ € G;;,ll,n contained in ( U G( )) \ (G,

_ 1+1 _ —
G£121)), thus contained in ( U G(4)) \ (G('ml) u Gty

Jpn J1,m J2,m

), as, by the definition of [-pair,

[ _ I _
j2 ¢ | Bj, thus the points of G- n) do not belong to |J Gl(473. Moreover, l1,l; < .

=1 =1
Similarly, there exists a path connectmg @’ to any @’ € G( l)+1 contained in Gl( +)1 \
(@glzi) U G(121)) thus contained in ( U G(4)) \ (G 512,1) U Ggizi)) as, by the definition of
[-pair, j; ¢ B- , thus the points of G( ) do not belong to Gl( +)1 . Moreover, we can
—(21) —(121) —(21) —(121)
choose w” ~ w” € Gjl,lz,n C GJ Lo and '’ ~ @ € Gj;, Tyim © G]l, Tiln By Lemma

I+1
6.11, there exists a path contained in G(121) G(ml) , thus contained in ( U G(4)) \

Jpla,m Jpl+ln
(121) ~(121) . ~ 1 ~m : :
(G]1 n UG, ), connecting @w” to w"”’. We thus obtain a path connecting w to w’ in
I+1 -
( U G(4)) \ (Gﬁz;) G;izi)) and ii) is proved. We prove iii) by recursion on [. If [ =1,

_ I+1
then iii) follows from i). Suppose iii) holds for I’ = 1,...,1, and let j1,j2 € U By, j1 # Jjo-
=1

Then by Lemma 7.5, either jq,j2 € El’ for some | = 1, ...,_Z + 1, and iii) follows from i)

again, or (ji,j2) or (jo,j1) is an I’-pair for some I’ = 1,...,1. If for example, (ji,j2) is an
- o

U'-pair j1,75r € J Bj, and by the hypothesis there exist i1,lo = 1,...,I’ such that (ji,l1)

and (jy,ly) are l'-related. Also, as jy,jo € El’,ﬂ, i) (i, ' +1) and (jo,1' + 1) are
I+

"+ 1,0+ 1) related. By ii) (j1,01) and (j2,!’ + 1) are (I + 1)-related, and iii) is proved.

As j1,j; € U Bl, and ja, j; € B- ,» 1v) is an immediate consequence of iii) and i) (it can

be also deduced by the argument of the proof of iii)). =
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Now, in order to obtain a good bound from below for Ry; ;,3, we in fact will prove a
sort of reverse-triangular inequality, but where the effective effective resistance between

P;, and Pj, is replaced by the effective resistance between M J,'l,l and M T that only

slightly differs from it, and similarly for the other resistances in the formula (see (8.22) in
Lemma 8.10 for the precise statement). We obtain such an inequality using Lemma 3.7 i).
Lemmas 8.8 and 8.9 will assure that the hypothesis of Lemma 3.7 i) are satisfied in the
present case.

Lemma 8.8. Suppose (j1,52) in an I-pair, and let 1 be as in Lemma 8.7 iv). Then the

(1217 1217) — (121
sets Gj1 I 2” G; T41,p and Gé?v“) are mutually separated.
1217 —(1217 121
Proof. We have to prove that, if @ € G(1 L. T)L, "e G;@,Z—Fi,n’ e Gil,n)7

Vwmvw/ :Vwﬂun:Vw,ﬂVw,, :¢

Recalling the definitions of Ggiglllz, G;ifi o G;}Qn),

nontrivial cases are the following:

in view of Lemma 6.8 the only

—(1217) —(1217)
Vo NVe =0, €G; @ G32,1+1 n (84)
Voo N Vi = 6, Ggl)ll @ Gé”” (8.5)
l?
—=(7) —~(121)
Vgt NV = @, = G] T @ = Gal, . (8.6)
First of all, note that
—(121) —(7) —(121) —(7)
Gjl_’ GJl li,n Gil‘v sz,l+1 n 0. (8'7)

21)

—
In fact, by Lemma 8.7, if w € G;_n , there exists a path connecting w to points in
l7

Y \G‘71 ol G(S) \G(l) and, using simply Lemma 6.11 we see that there exists a path

ll n Ji, n’
1
contained in G( ) \ Géz)n’
—(1217)
Ji,li,mo

connecting w to w” € G\ and (8.7) now follows from by

I+1,n

Remark 6.7. Now, every w € G
(1217)
Jili,mo

~ 2
by Lemma 6.11 is connected to any w € G;l,lh

by a path contained in G’; thus, in view of Lemma 6.3 i) and (8.7), contained in

G(5) \G (121)
n g% \ !
connected in G( ) \ G5

connected in GS) \G%}in) to some point of G(21)+1 Now, (8.4) holds, as in the opposite
l?
case, w violates Lemma 8.5. In order to prove (8.5) and (8.6), it suffices to note that, by

Remark 6.7, if w € G\ ) and (8.5) (resp. 8.6) does not hold, then

Jidi,m

. By Remark 8.6 and Lemma 8.7 we can choose @ such that it is connected

121 L. —=(21 . . . .
Gy to some point in Gé_ l) > where l2 is as in Lemma 8.7 iv. Thus, @ is
l7

2
121 . —(21 217
oy to some point of Gg l;n. Similarly, every @’ € Ggl l+i ., 18

=(7)
(resp. w’ GGJ Tilm
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w’ € Gg?ll, U Gﬁl)n (resp. @’ € G( )l+1 U G§2)n) but this is impossible in view of (8.7)

and Lemma 6.3. =

Lemma 8. 9 Let (41, 42) be a l-pair and let l; and I be as in Lemma 8.7 iv). Then

i) The set GJ . l n Is connected and contained in 5;5) \ (Ggizllj,,)l 5;}2711)), thus is contained
l7
in a component G of@f) \ (G;ﬁlﬂ)@ U @;}in))
l7
i') The set @;227)4_1 is connected and contained in @,(15) \ (G;lzll:i 5221)), thus is
2, TV 2, n pn
contained in a component Gy ofas)) \ (G(iii . 5;}21))
) l’
i) GJ z . Is a connected set contained in G( ) \ (Ggflll?) U G(121))
i) Gf,lﬂ is a connected set contained in G(5) \G(lzll:i . GQQJ))
ii) We have
—(1217)
V(G NV(Gy 5, 0) = M o, (8.8)
V(G NG = VG nV(G)) = ML (8:9)
ii') We have
—(1217)
V(G2) N VG, 0. = M]’.%ZH (8.10)
—(121) —(121)
VI(G2) N V(G L1, L) =V(G2)N V(ij,n ) = M3/'1—J+1 (8.11)
iii) The sets G U Gﬁﬁ?1 and Gy U G(12l+i are separated.
iv) We have Gy € G\ (G717 U Gifi?b)

5 1217 1217)
iv') We have G5 C G( ) \ (Gg l+i " G;_Hl )

Proof. Points i) and i’) follow from the definition of the sets involved here and Lemma
6.3. Prove i"). The only nontrivial fact to prove is that if w € 692) , then w ¢ Gt"

Julime
Now, there exists a path connecting @ to some point of Ggl l)l n contamed in G( ) \G’;i)
by Lemma 8.7 iv), and by Remark 6.7, w ¢ Gm

Julime
proved similarly.
We now prove ii). In order to prove (8.8), it suffices to note that the inclusion C follows

I

Thus, i”) is proved, and i’ can be

from the first part of Remark 6.12 and D holds as G; 2 g% i l ,.n and GﬁQlll?n G;?ll)l n-
order to prove (8.9), we prove
V(G) NV ) c v nv@) (8.12)

‘]l7 ,T Jl’

V(G N V(@) € M

lan 2

(8.13)
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ML, CVG)NVET) (8.14)

]T7l27n

As (8.12) is trivial, we pass to prove (8.13). If Q € V(G) ﬂV(agil)), there exist w € G,
l7

w € 6%” such that
l7
Q E Ve NVy # 0, (8.15)

and w € 67(15) \622”1) is connected to @’ € 622517)17 in 6;5) \522”1) for some s such that
l’ 10° T
—(121)
G;fan

37 € g;, but by the definition of G, w is connected by a path contained in 67(15) \

to a point of 5(-22)

Ji,li,m

21)n in 657,5) \ (5532”1) Uaﬁi)), thus w is connected in GS) \@921) to a
1’ )

7l27 .777”

which in turns, by Lemma 8.7 iv) and Remark 8.6, is connected to
some point of 5;}
121

T’l2an,

Remark 6.12, Q) € MEI'— L and (8.13) is proved. In order to prove of (8.14), we first prove
l?

point of 5; and by Lemma 8.5, s = l2, and moreover, by (8.15) and the last part of

—(121
V(G1)n V(Ggl_,lg,)n) # ¢ (8.16)
~(22) . R —(121)
If w € G ,.n then @ € Gi, and as seen above, @ is connected to @ € G;_ Ly DY 2
’ ’ l’ bl
path (@, ... @) in Gy \ (G UTHS). As @0 = @, e, @t € Gy \ G2y, and
R ? ’
wo ¢ ég?lhn, then wy = w,...,Wm—1 ¢ Eg?lhn by Remark 6.7, hence the path is in
o\ (@12 7l d G thus th .
n \( jidin Y Goum ), and w;,—1 € G1, thus there exists
~ —(121)
Q € Vwmil N V{ﬂ C V(Gl) N V(ij,lg,n) (817)

and (8.16) is proved. Note that, by (8.12) and (8.13), we have Q € MEI'- .- Suppose
l7
Qe ME/'- ,,- Then, by (8.17) and the definition of M. | | there exist
l7

Jpl’
—(121
w(1) € G, wW(2) € §T7l2?” (8.18)
—(22) —(21) —(121)
w(3) € G37712’n, w(y) € Gﬁl—,lg,n - Gil—,lg,n (8.19)
such that
Q € VW(l) m VW(Q) (820)
As Egjiin is a connected set, and by i”), contained in 5515) \ (_512;1731 U 6272”1)), and by

(8.18), (8.20) and Remark 6.12, we have @) € G | then G C G. Thus, in view

Jpola,m? Jpila,m
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]ln

of (8.19) and (8.21), Q € V(G1) N V(@%ii?n), hence M? € V(G1) N V@™ ) and
(8.14), thus ii) is proved. The proof of ii’) is completely analogous to that of ii).

We now prove iii). Note that, by (8.8) and (8.10), the sets G, UG 2 and GoUG',

Jidi,m
—=(1217)
Ji,li,mo

—(1217)
Jj2 l—|—1 n

are connected. Thus, if w € G1 UG in view of Lemma 8.7 iv) and Remark 8.6, there

Y and if @’ € Gy UG(1217)

o it , there exists

exists a path connecting @ to some point of G(

21)

a path connecting @’ to some point of G , and, in view also of Lemma 8.8, both the

Jrlt+1n
paths are in G( ) \G(121) thus, if G; U G;ﬁll?l and Ga U G;ulﬁ are not separated, this

contradicts Lemma 8. 5 and iii) is proved.

To prove iv), we have only to show that, if w € G, then w ¢ G; )lz . But, as seen
l7 7
1)

25

in the proof of iii), there exists a path connecting w to some point @w of Gg , and the

path (wy, ..., @) is in GS) \quznl) In this way all w, € G’( ) for all s, and all ws ¢ Gj_ "o
l?
=(4)

lg n’

and, as w € G by Remark 6.7 w ¢ 55(:2 , thus iv) is proved, and iv’) can be proved
R 2,1

in the same way. =

We are now ready to prove the reverse-triangular inequality (Lemma 8.10), and then, in
Lemma 8.11, we will prove that the effective resistances between P;, and P;, approximates

E{jl:j?}'

Lemma 8.10. Let (j1,j2) be a l-pair and let I, and lo be as in Lemma 8.7 iv). Then

R(Sr(g‘"’m’A{jl,h;jzi-&-l}(q))Mjll 1’ M]f2 T11 Z
~ ~ 7 (8.22)
R(ST(Q’"’M’A{“’11;37’12} (Q))Mjll I Mél-,lz * R(Sr(g mm Ay iplt (q))Mg/— I+1 M;2,7+1
~ B o7
R(Sr(g,n,n)vGS) (Q)){le bAP} — R(Sr(g’n’n)7A{j1’ll?j2’i+l} (Q))Mjll Iy’ MJ/'2,7+1 (823)
—(5) (1217)  —(1217) - A =
A{j,l;j’,l’} = Gn \ (G] In G i’ ) ] € Bl/,j/ S Bl/’ .
Proof. We use Lemma 3.7 i) with
(121) —(5) (121) —(1217)  —(1217)
Bi=Gy, By=Gy Bs=Gp, ', Bi=G, \ (G}, UG, ,UG 7 UGUG))

In this way, Bi, Bz, Bs, Bs are mutually disjoint subsets of A3 ,, by their definition and
Lemma 8.9 iii) Moreover, their union A = By U By U B3 U By is given by
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—(5) (1217) =~ —=(1217)
A=G,"\ (G UG, ) = A a4y (8.24)

Jllln jo,l+1,n

In fact, we use Lemma 8.8 and Lemma 8.9 iii) to prove the inclusion C in (8.24) and the
inclusion D is trivial. Moreover, By, By are separated by Lemma 8.9 ii), and they are

separated from B4 by their definition. Thus, we can use Lemma 3.7 i) with 4; = M 3/1 I

Ay = M’ Ti1 and we have M; = M3’ , My = M! Ti1 and the hypothesis of Lemma 3.7
J2, l_ ?

i) is satisfied also in view of (8.8), (8.9), (8.10), (8.11). We thus obtain

~

R(Sr(g’"’") "A{.h A1z, 041} (Q)) M, 1y ’Myl‘z,7+1 =

R<S7“<g,n,n):Gl(Q))M' M +§(Sr(g,n,n)vG2(q))M’_ MY P

CASLE I N ir 14177 g, i41
R(Sr(gv’?’") ’A{jlvl1:37v12} <q)>M/ 4 T R(Sr(g’"’") ’Aj2,7+1;37,7+1 (q))Mf - M

,M!
Jjisty’ j?,lg jl—,l+17 J2, 141

where the second inequality holds by Lemma 8.9, iv) and iv’), and Remark 3.6. We have
thus proved (8.22) and we are going to prove (8.23). Givenv € Ly (4

M’ o
J1.l1392, l+1) Il Gy T

which extends v on V(@n )) putting ¥ = 0 on V(6(1217)

we define v € L jl,ll,n)

V@)P 1 APy,
and o = 1 on V(G(1217) ). Note that 0 is well-defined as, by Lemma 8.8, the sets

I+1,n
V(éﬁﬁg) nd V(G(lzllj1 ) are disjoint, and as, by Remark 6.12,

—(1217) / —=(1217) /
(Gh I, n) V(A{jl,ll§.j2j+1}) < Jilo (GJ A+, n) V(A{jl7ll§j27z+1}) < sz,f—i—l )

We have S’ e (@)(0) =

T(g,m,m)“n

from the definition of R. =

/ . .
ST(M’n)7A{j1,l1;j2j+1}(q)(v), and (8.23) immediately follows

We say that g as above is (n,n,q)-normal, q E IZ' if it satisfies the hypothesis of Lemma

8.4, that is, 1fg—t1nonC() g—tgnonC’
2)

]z , 9 = t3n on a(s) for every 1 = 1,...,h/,

g =1t24j1n 0N Cj’l . In this way we can formulate Lemma 8.4 in the following way:

For every n € ]O,min{#(lgl)}}, n>mni, and q € I?, if g is (n,n,q)-normal, then for
l

every l =1,..., 1, j1,j2 € B] with j1 # jo

2 5 2
1) = —3n < R(S o (q )) < ——=—+3n.
#(Bl/) T(g,m,n)Gn {Pj1 Pis } #<BZ/)

ii) R(Sng,n,n)w‘\{jl,z;jz,l}( )){M M/} =

g2,

#(B)

Lemma 8.11. There exists H; > 0, independent of n,n, such that, for every n €

}O,min{ﬁ}], n > ni, and ¢ € K, if g is (n,n, q)-normal, then for every ji,js =
l

1,...,N, j1 # jo we have
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Ejl:jz — H177 < R(Sr(g,n,nyaf) <q)){Pj1}a{Pj2} < Ejhjz + Hﬂ]. (825)

[
Proof. We prove by recursion that, if j1,j52 € |J Bj, [ =1,...,h/, then
=1

~

R(Sr(gym),af) (Q)>{Pj1},{Pj2} < Rjyjp + Hy5n (8.26)
3,0y =1,...,1: (j1,11), (jo,l2) are [ — related,
le:jZ - HB,ZIU < R(Sr(g,n,n)"A{jl,l1;j2,12} (q>)MJ/‘1,ll’MJ/‘2,l2 (827)

=

Ji.g2 — H4,Z?7 < R(‘S

T(g,m,n)»

G (a)) (P} APy}

The case [ = h’ gives (8.25). Note that, if ji, jo lie in a common El’, then (8.26) and (8.27)
hold with H,; =3, Hy; =2, H;; = 3 and [y = [; = [ by Lemmas 8.4, 8.7 i) and 7.6 i).

Hence, (8.26) and (8.27) hold if [ = 1. Suppose (8.26) and (8.27) hold for [ < h’ and prove

_ I+1 ~
it holds for [ + 1. Given j1,j2 € |J Bj, by Lemma 7.5, either ji,j2 € BZ/+1 and (8.26),
1=1

L
(8.27) hold as seen above, or ji,j2 € |J Bj, and (8.26) and (8.27) hold with H,; , = H, 7,
l:l b b
for i = 1,2,3, or one of (j1,J2), (ja2,J1) is an [-pair. In the last case, suppose for example
(j1,j2) is an [-pair. Then, by the recursive hypothesis, we have

~ ~

<R, ; +Hym, R(S

RS, @ D) 1,07,y < P o @0 D)y 3,8,y < T +30

and, as E(S ) (¢)) is a metric on V(@S)), and by Lemma 7.6 ii), (8.26) holds with
T(g,n,m)Yn _
Hy5,, = Hy;+3. In conclusion, (8.26) holds for [ 4+ 1 in any case. Moreover, by the

recursive hypothesis (8.27) holds with 37 in place of jo, and Lemma 8.7 i) with 3[ in place

of 71 and [+1 in place of [, in view of Lemma 8.7 ii), (j1,11) and (jo,1+1) are (I41)-related,
and, by (8.22) and (8.23) we have

R(Sr(g,n,n%af) (q)) {Pj } APy } = R(Sr(g’"’")’A{jlvll;j277+1} (Q)) MJ/‘1,I1 ’MJ/‘2J+1 =
R(S”’(gyn,n)VA{jl,ll;El—,ZQ}(q))M’. M’ + R(S”’(gymn)"Aj2j+1;37,f+1(q))Mf M’

i1l Gy TR PAAR

> Ejlj; o HS,Zn + Fjl-,jz — 2= le J2 T (H3j + 2)77

and (8.27) holds for [ + 1, with [ + 1 in place of Iy, H, 7., = Hy7,, = Hy;+2. =
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We will now prove that the map ¢ — /A\(r(g,n’n), q), using the following Lemma.

Lemma 8.12. There exist n > 0 and ng, > n1,, such that, if n > na, and q € I?, and g
is (n,n, q)-normal, and g(w) = % for every w € 6(6), then R(K(r(g’n,n), q)) cU.
Proof. By Lemma 3.3 we have

J— ~

R(X(T(g,nm)vq» = R<S7"<g,n,n)w43,n(Q)>{Pj1},{Pj2} (8.28)

On the other hand, putting g = %g, we can write 1y, n) as

{71,392}

r(gmm) (@, @") = §(@)re (@),

)
t
—  if (w, @) = jn

T;(w//> = ,72,5 ( ) ]( ) , W € AB,ng;w// € -/43,n—n2
% otherwise

By Lemma 7.10 we have
B(Sr s (D), 1,0,y = R(‘g@f‘s’nz (Ar;(@))%},{]gm}a (8.29)
B(S,, 0@ @)ir, 100, = R<S§E“’> (Are <Q))){le},{pj2}' (8:30)

Moreover, by Lemma 3.9, as Az, = 6(5) U 6(6), we have

0< (1/R) (Sg, g, (A (CI))> —(1/R) (Sg,E(S) (KT%(‘-’)))

{ }7{Pj2} {Pj1}7{Pj2}

< k™ max{’//ir;(qﬂ cw € 5(6)} = kmzlf\?_m(@‘ — 0

77 n——+oo

uniformly for ¢ € K by Corollary 7.9. In fact, when w € 6(6) we have r/ = % and, by

2), Ayn_n = A2 Since th tit A( o (A ) by L 8.11
(7.2), Aip—n, 1 Since the quantity R Sg,C(s)( v (q)) (P AP y Lemma
and (8.29), is uniformly bounded, we have

‘ﬁ(s@“w(K’”%(Q)»{Ph},{z»m}_}A%(SQC“’(A ())>{ AP}

for sufficiently large n, say n > ng,. Thus, by Lemma 8.11, (8.28), (8.29) and (8.30),
putting 7 = r(y , ), for such n, we have

‘R(K(F7 q)){jlyjz} o E{jl J2}
m(f\(?, q)){jlan} - ﬁ(S (s)( )){pjl} (P, }\ + \E(SRG@))( )){le} P} _R{jlyjz}}

< |§(K(F, q))

<n

{j1.d2}



_ ‘ﬁ(Sg,Ag,nz (A (Q))>

(H1 + 1)7].

{le }’{PjQ}

- R (Sgﬁ(sj) (AT% (q))) {P;, }.{P;,}

So far, we have kept n fixed. Now, for sufficiently small n we have R(/A\(r(gm’n), q)) eU.

Corollary 8.13. Put W" := {r €]0, +oo[As.n: iy <Tw Vj=1,...,N;w € A3,}. Then

for sufficiently large n there exists a continuous function T : K — W™ such that, for every
q € K, we have A(7(q),q) € K .

Proof. Let 1 be as in Lemma 8.12 and n > ny ,,. For every q € K define Gq A3, —]0, +00]
by

( t1n if we U(.l)

e  ifwel))

90(@) =14 tygjim fweliy
Eg,n if w e C( )
\ % if w e C( )

Let 7(q) = 7y, for every q € K. We easily see that 7 is continuous and takes values in

W™. Moreover, g, is (n,n,g)-normal for every ¢ € K , so that, by Lemma 8.12, we have
R(A(T(q),q)) € U, and therefore, by Lemma 7.7, A(7(q),q) € K for every g € K. =

Theorem 8.14. For sufficiently large n, there exists a regular G-eigenform on F,.

Proof. The map ¢q — K(?(q), q) is continuous from the nonempty convex compact K into
itself, thus it has a fixed point ¢;. In other words there exists ¢ € K C O such that

@ =AF(q1), q1) ZIA\F(ql)(Ch)

Taking E = T(ql) we have Az(q,)(E) = E, so that E is a G-eigenform. On the other hand,
as r:=7(q1) € W", the G-eigenform F is regular by Remark 4.4. =
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