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Fermi-Dirac-Fokker-Planck Equation: Well-posedness
& Long-time Asymptotics

José A. Carrillo* Philippe Laurencot ' & Jestis Rosado?
March 7, 2018

Abstract

A Fokker-Planck type equation for interacting particles with exclusion principle
is analysed. The nonlinear drift gives rise to mathematical difficulties in controlling
moments of the distribution function. Assuming enough initial moments are finite,
we can show the global existence of weak solutions for this problem. The natural
associated entropy of the equation is the main tool to derive uniform in time a
priori estimates for the kinetic energy and entropy. As a consequence, long-time
asymptotics in L' are characterized by the Fermi-Dirac equilibrium with the same
initial mass. This result is achieved without rate for any constructed global solution
and with exponential rate due to entropy/entropy-dissipation arguments for initial
data controlled by Fermi-Dirac distributions. Finally, initial data below radial solu-
tions with suitable decay at infinity lead to solutions for which the relative entropy
towards the Fermi-Dirac equilibrium is shown to converge to zero without decay
rate.

1 Introduction

Kinetic equations for interacting particles with exclusion principle, such as fermions, have
been introduced in the physics literature in [6, 7, 8, 12, 15, 16, 17, 18, 26] and the review
[13]. Spatially inhomogeneous equations appear from formal derivations of generalized
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Boltzmann equations and Uehling-Uhlenbeck kinetic equations both for fermionic and
bosonic particles. The most relevant questions related to these problems concern their
long-time asymptotics and the rate of convergence towards global equilibrium if any.

The spatially inhomogeneous case has recently been studied in [25]. There, the long
time asymptotics of these models in the torus is shown to be given by spatially homo-
geneous Fermi-Dirac distributions when the initial data is not far from equilibrium in a
suitable Sobolev space. This nice result is based on techniques developed in previous works
(23, 24]. Other related mathematical results for Boltzmann-type models have appeared
in [10, 22].

In this work, we focus on the global existence of solutions and the convergence of solu-
tions towards global equilibrium in the spatially homogeneous case without any smallness
assumption on the initial data. Preliminary results in the one-dimensional setting were
reported in [5]. More precisely, we analyse in detail the following Fokker-Planck equation
for fermions, see for instance [13],

af . N
E:Avijdlvv[vf(l—f)], veRY >0, (1.1)
with initial condition f(0,v) = fo(v) € LY(RY), 0 < fo < 1, satisfying suitable moment
conditions to be specified below. Here, f = f(t,v) is the density of particles with velocity
v at time t > 0.

This equation has been proposed in order to describe the dynamics of classical inter-
acting particles, obeying the exclusion-inclusion principle in [15]. In fact, equation (1.1)
is formally equivalent to

U~ aw, {f(l - V. (log (%) " g)]

from which it is easily seen that Fermi-Dirac distributions defined by

) Pp———

1+ fe
with 8 > 0 are stationary solutions. Moreover, for each value of M > 0, there exists a
unique 3 = (M) > 0 such that FFM) has mass M, that is, ||[F?)||; = M. Throughout
the paper we shall denote FAM) by Fy,.

Another striking property of this equation is the existence of a formal Liapunov func-
tional, related to the standard entropy functional for linear and nonlinear Fokker-Planck
models [2, 4], given by

()= [ WPr@dot [ (= log( = 1)+ flog(r)] v

2

We will show that this functional plays the same role as the H-functional for the spatially
homogeneous Boltzmann equation, see for instance [27]. In particular it will be crucial to
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characterize long-time asymptotics of (1.1). In fact, the entropy method will be the basis
of the main results in this work; more precisely by taking the formal time derivative of

H(f), we conclude that
e (55)

Therefore, to show the global equilibration of solutions to (1.1) we need to find the right
functional setting to show the entropy dissipation. Furthermore, if we succeed in relating
functionally the entropy and the entropy dissipation, we will be able to give decay rates
towards equilibrium. These are the main objectives of this work. Let us finally mention
that these equations are of interest as typical examples of gradient flows with respect to
euclidean Wasserstein distance of entropy functionals with nonlinear mobility, see [1, 3]
for other examples and related problems.

In section 2, we will show the global existence of solutions for equation (1.1) based
on fixed point arguments, estimates involving moment bounds and the conservation of
certain properties of the solutions. The suitable functional setting is reminiscent of the
one used in equations sharing a similar structure and technical difficulties as those treated
in [11, 14]. The main technical obstacle for the Fermi-Dirac-Fokker-Planck equation (1.1)
lies in the control of moments. Next, in section 3, we show that the entropy is decreasing
for the constructed solutions, and from that, we prove the convergence towards global
equilibrium without rate. Again, here the uniform-in-time control of the second moment
is crucial. Finally, we obtain an exponential rate of convergence towards equilibrium if
the initial data is controlled by Fermi-Dirac distributions and the convergence to zero of
the relative entropy when controlled by radial solutions.

2

d
dv <0.

A== [ -5

2 Global Existence of Solutions

In this section, we will show the global existence of solutions to the Cauchy problem to
(1.1). We start by proving local existence of solutions together with a characterization
of the life-span of these solutions. Later, we show further regularity properties of these
solutions with the help of estimates on derivatives. Based on these estimates we can
derive further properties of the solutions: conservation of mass, positivity, L> bounds,
comparison principle, moment estimates and entropy estimates. All of these uniform
estimates allow us to show that solutions can be extended and thus exist for all times.

2.1 Local Existence

We will prove the local existence and uniqueness of solutions using contraction-principle
arguments as in [1, 11, 14] for instance. As a first step, let us note that we can write (1.1)



as

aﬁ_{ = div,(vf + V,f) — div,(vf?) (2.1)
and, due to Duhamel’s formula, we are led to consider the corresponding integral equation
t
f(t,v) = F(t,v,w) fo(w)dw — / F(t —s,v,w)(div,(wf(s,w)?))dwds (2.2)
RN 0 JRN

where F (¢, v, w) is the fundamental solution for the homogeneous Fokker-Planck equation:

of ..
pri div,(vf + V,f)
given by
F(t,v,w) := eNtM,,(t) (e'v — w)
with

l¢|?

v(t):=e* —1 and M,(¢) = (271’)\)_%6_T
for any A > 0. Let us define the operator F[g|(¢,v) acting on functions g : RY — R as:

Flg(w)](t,v) == F(t,v,w)g(w) dw. (2.3)

RN

Note that by integration by parts, the expression F[div,(wf?(w))](t,v) is equivalent
to:

eNt _\etv—w\2
— 2(e2t—1) din 2 d
I, <<27r @ -1t ) e

eNt _\etv—w\Q
o [\ )

=— /]RN e (V,F(t,v,w) - w) f(w)? dw
= —e 'V, Flwf(w)?(t,v), (2.4)

so that (2.2) becomes

f(t,v) = Flfo(w)](t,v) + /t eIV Flwf (s, w)?](t — s,v) ds. (2.5)
0
We will now define a space in which the functional induced by (2.5)
Tt 0) == Flfo(w)](, v) +/ e IV Flwf(s,w))(t - 5,0) ds (2.6)

0
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has a fixed point. To this end, we define the spaces T := L>*(R") N L}RY) N 1P (RY)
and Y7 := C([0,7T]; T) with norms

17 (@)l = max{[[f () lloc, [/ (Ol [F@Olleg, } - and |[f vy == max [1f ()]

0<t<T

for any 7" > 0, where we omit the N-dimensional euclidean space RY for notational
convenience and

b= N+ )5l and 1= ([ o)’

Lemma 2.1 Letp > N, p>2, and m > 1, and fix ¢ and r satisfying

N
PP TP

N+p 27 —“m+1

g <qg<np. (2.7)

<p and

Then
ITLAO N < CoN, O follx + Co(N,p, g, m, DI FI1F,
forany 0 <t <T and T > 0, with

01<N, t) = C’eNt

1

Cy(N,p,q,r,t) = C’max{Il(t),Iz(t),/ Xg(l—x)édx},

—2t

the functions I, and Iy being defined below.

Proof.- Observe first that the properties of p and m ensure that we can indeed choose
g and r satisfying (2.7). Consider next 0 < ¢ < T. Due to Proposition A.1 from the
appendix, and since ¢ < p < 2¢, we can compute

Nt t eN(t s)
TGl < C™lalle + | cﬁ Il (5} s

S)2a

Nt Nt s) 9_D P

I ollo + / O~ I 179 s
_ S 2q
Nt s)
< el + [ Cﬁdsllﬂm

— 5)2g

< M| folloo + CTL() I £ 1%,

2t

where the change of variables y = e™" allows us to write

N

1
1= [ ey < o



by the choice (2.7) of ¢. In the same way, since r satisfies (m + 1)r < mp and 2r > p, we
get

N(t—s)

ﬁ(l,;)Jr% |Hw|f2<S)HLgnd8

2\r p

3

e

7O < ool + €

~—

S

[z

(t—s)
S)%(%—%
Xs)

ds 2
(t_s)%(%fi)Jr% Hf”TT

~|

@
|

N t 2_p P
< Ce¥follz, + / c e HOI B FOIRE
o wu(t— 2

e

Ny t
< Ce Il + [ €
o v

N
< Cep'tHfoHLfn + 012(t) ||f||2TT>

2t
)

by the choice (2.7) of r. Here p’ denotes the conjugate of p.
Finally we can estimate

where, using once more the change of variables y = e~

w2

¢ C
[T < Cllfollwy +/0 WIIIUJIF(S)IIL} ds

where by interpolation, we get as p > 2 and m > 1

llol 1y = [ @+ wbloldu < [ (1 s du

< ([ asubra)” ([ aspolrra)
< IFIE AT 23)

Consequently, we get
1
_3 1
1T < Clllly + € [ xH =0 b IR,
Collecting all the above estimates completes the proof of Lemma 2.1. 0

We next check the existence of a fixed point of (2.6) in Yr. To this end, we define a
sequence (fn)n>1 by fui1 = T[fn] for n > 0. By Lemma 2.1, we can write

1frrr(®llr < Co(N, D)l follx + Co(N, pa; 7, )1 full
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forany 0 < ¢t < T and T" > 0. Clearly, C; and C5 are increasing functions of the time ¢
and Cy(t) tends to 0 as t does. Thus, for any 7> 0

| fusrllre < CUT) [ follr + Co(T) | full5,

with C(T) = C1(N,T) and Cy(T') = Co(N,p,q,r,T), both being increasing functions of
T. We may also assume that C(7") > 1 without loss of generality.

From now on, we will follow the arguments in [21]. We will first show that if 7" is small
enough, the functional 7 is bounded in Y7, which will in turn imply the convergence. Let
us take 7" > 0 which verifies

1

0<lfolx < fmmemy

We then prove by induction that || f,|r, < 2C1(T)|follx for all n. It is clear that we
have [| follx < CL(T)[[ follx < 2C(T)[[ follx- If we suppose that [| fo[lx, < 2C1(T)]| follx for
some n > 1, we have

I farillry < CUT)Ifollx +ACTHT)CoT) | follx < 20Tl follx,

hence the claim. Now, computing the difference between two consecutive iterations of the
functional and proceeding with the same estimates as above, we can see for any 0 <t < T
that

| fsr = Fallrr = /0 o IV [w 7 — froa]] (t = s,0)ds

Tr
< Cy(T) [SOU}E; an + fnleoon" o fnleTT

< o) (| Fully, + il ) 5= Famall,
< AN CDolle [ fo = failly, < GCDCDfolle)" |12 = foll, -

Since 4C1(T)Co(T)|| follr < 1 we can conclude that there exists a function f, in Y7 which
is a fixed point for 7, and hence a solution to the integral equation (2.2). It is not difficult
to check that the solution f € Tp to the integral equation is a solution of (1.1) in the
sense of distributions defining our concept of solution. We summarize the results of this
subsection in the following result.

Theorem 2.2 (Local Existence) Let m > 1, p > N, p > 2, and fy € Y. Then there
exists T > 0 depending only on the norm of the initial condition fy in T, such that (1.1)
has a unique solution f in C([0,T];Y) with f(0) = fo.



Remark 2.3 The previous theorem is also valid for fo € (L N L2 NLYRY), with a
solution defined in C([0,T]; (L NLE, NLY)(RY)) but we will need to have the first moment
of the solution bounded in order to be able to extend it to a global in time solution. We
thus include here this additional condition.

Remark 2.4 With the same arguments used to prove Theorem 2.2 we can prove an equi-
valent result for the Bose-FEinstein-Fokker-Planck equation

g_{ = div,[Vof +of(L+f)],  veRYt>0.

2.2 Estimates on Derivatives

Let us now work on estimates on the derivatives. By taking the gradient in the integral
equation, we obtain

t

Vo f(t,v) = V,Flf(w)](t,v) — /0 Vo Fdivy, (wf?(s, w))](t — s,v) ds. (2.9)

where V,Fl[g](t,v) is defined as in (2.4) for the real-valued function g. Here, we will
consider a space with suitable weighted norms for the derivatives

Xy = {f€Tr | Vof €L NL} and ||f||x, < oo},
for

111 s =max{ufrm, sup v()2 Vo f (1)1, sup V(t);Hva(t)HL},}
o<t<T o<t<T

where we refer to |||V, f|||rz as |V, f|lre to simplify notation. Let us estimate the L2 -
and L'-norms of V, f using again the results in Proposition A.1 as follows: for r € [1,p)
satisfying (2.7)

g“ﬁ t
Vo f(@)|ie, < CeileOHL’,’n‘i‘/ IV FL2f (w- Vo f)] + Nf|r ds
I/(t)2 0
(§+1>t t <p—1\f+1>(t—s)
© e
< C y(t)% ||f0||L%+C/(; W”f(S)HL%Hf(S)HoodS
. t e(gﬂ)(m) - )
i vt —5) 2 (s)ts 1f (w - Vo )1y, ds
%—H)t ) s 1
< O Mol + I, / U b
+C swp {v() 21w Tu (Dl } 1O



1 1
t N+42r/
V(t)2I(t) < u(2)2e t/% o C57) (1 ) B GDh (y — =2 -Hdy
1 14e—2t _ 7ﬂ(lfl),l
v(t)z , Nt 2 1 — e 2t 2 (=) 3 o
>~ <) et( 7 )[/_Qt ( 5 ) (X_th) QdX
1

Note that the right-hand-side of the previous inequality is an increasing function of time
taking zero value at t = 0 since p > r > Np/(N + p). It remains to estimate ||f(w -
wa) ||Lfn:

T

| fw- V)l <C (/ PV f|"dw + / |w‘(m+1)rfr|vwf|rdw)
RN RN
Now, we can bound these integrals by using Holder’s inequality to obtain

P

[ormaraes ([ o)™ ([ )
and

/ | DT £ £ dw < (/ \w|fzf:frdw) ’ (/ \w|mp\vwf\pdw)p
RN RN RN
any 0 <t <T

Since p < pr/(p—r) < mp or equivalently (m + 1)r/m < p < 2r by (2.7), we have for

r r r— —r r ||f||2TT
[ FIVutraw < LA Il <
and

v(t)2
/RN |V IV I dw < PR IV s, <

1%,
v(t)2

Putting together the above estimates we have shown that,

v(t) 26w Vo f ), < CllflI,



and
v(t)2 || Vo f ()], < CHT, N, p)|| folliz, + Co (TN, p.r)|I fI%, (2.10)

with C and Cj increasing functions of 7" and for any 0 < ¢ < T. Analogously, we reckon

V. L! <C
Vo f(@) 0

(ts
o[- I Venly as

2

Sl + € [ el ol

where by taking p > 2 and by interpolation as in (2.8), we have

1f(w-Vuf)lly < [lw]? fH llw|2 [V £l
< ||f||2“’ 5 ||f||2“’ YV f||2“’ 5 IIwa||2“’ B

1£11%,
V<t)1/2'

Putting together the last estimates, we deduce
v(t)2 Vo f (W)l < CHT, N, p) folluy + C5(T. Nop, )l f 1%, (2.11)

with C% and C% increasing functions of T', for any 0 < ¢ < 7. From (2.10) and (2.11) and
all the estimates of the previous section, we finally get

£l < CUT, N, p) | follx + Co(T, N, p, )| fIIx,

for any 7" > 0. From these estimates and proceeding as at the end of the previous section,
it is easy to show that we have uniform estimates in X7 of the iteration sequence and the
convergence of the iteration sequence in the space Xr. From the uniqueness obtained in
the previous section, we conclude that the solution obtained in this new procedure is the
same as before and lies in X7. Summarizing, we have shown:

Theorem 2.5 Letm >1,p> N, p>2, and fo € Y. Then there exists T > 0 depending
only on the norm of the initial condition fo in Y such that (1.1) has a unique solution
in C([0,T); ) with f(0) = fo and its velocity gradients satisfy that t — v(t)2|V,f(t)] €
Co((0,7), (Ly, N LY (RY)).

2.3 Properties of the solutions

As (1.1) belongs to the general class of convection-diffusion equation, it enjoys several
classical properties which we gather in this section. The proofs of these results use classical
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approximation arguments, see [11, 28] for instance. Since these arguments are somehow
standard we will only give the detailed proof of the L!-contraction property below. Before
going into the proofs let us introduce some notation:

For € > 0, we can define a regularized version of the sign function as

-1 ifr<—¢
sign () = ¢ n(x) if —e<z<e |
1 ifx>c¢

with an increasing and odd function n € C*(|—¢, €|, R) such that sign. is C* at © = +e.
Next let ¢ be a non-increasing function in C§°((0, 00)) such that ((r) =1for 0 <r <1
and ((r) = 0 for r > 2. We define

2]

Co(x) =C ( ) for zeRY and n>1. (2.12)

n

Note that ¢, € C°(RY) is a cut-off function satisfying 0 < ¢, < 1, (,(v) = 1 if |v| < n,
and (,(v) = 0if |[v| > 2n. Furthermore, we clearly have |V,(,| < C/n and |A,(,| < C/n?.

Lemma 2.6 (Positivity and Boundedness) Let f € Xp be the solution of the Cauchy
problem (1.1) with initial condition fo € Y. If 0 < fo <1 in RN, then 0 < f(t) < 1 for
any 0 <t <T.

Lemma 2.7 (L'-Contraction and Comparison Principle) Let f € X7 and g € Xp
be the solutions of the Cauchy problem (1.1) with respective initial data fy € T and gy € Y.
Then

1F(#) = 9Bl < lfo = g0l (2.13)

for all 0 < t < T. Furthermore, if fo < go then f(t,v) < g(t,v) for all0 <t < T and
v e RN,

Proof.- Since f and g solve (1.1),

(= 9) = A~ 9) + Valelf — ) ~ Vulo(7? — %) (214)

holds. We will obtain this result from the time evolution of |f — g|. where | - |. denotes
the primitive vanishing at zero of sign.. Multiplying both sides of equation (2.14) by

11



Ca(v)sign.(f — g) and integrating over RY we obtain
G L el =gl < = [ Gsint(s = o) Tuf - ) - 9)do
n /RN Ca(v)sign’(f — g)(v- Vo(f —9)(f* — ¢°) dv
-—ANV&ﬁgmU¥ﬂXVJf—@+UU—Q—(ﬁ—g%»@
=/, Gu()(v - Vo((f = g)signe(f —g) = |f = gle)) dv
+ | GO+ )@ Vol(f = g)signe(f = g) = |f = gl-)) dv
— | ViGasign(f —g)(Vu(f —g) +o(f—g—(f*—¢%))) dv.

RN

Integrating by parts, we finally get

i AN<n<v>|f—g\sdvé /RNdin(an(v))((f g)sign(f —g) ~|f = glo) dv
= [ G + (S~ 9)sign( — )~ 1F ~gl) v
e [ M=) (=g - (2= gl

For every n, the first two integrals become zero as ¢ — 0, since f and g are in X7 whence
f(t),g(t) € Li N L®°(RY) and V, f(t), Vog(t) € LI(RY) for any 0 < ¢t < T, allowing for
a Lebesgue dominated convergence argument We have that V,f +vf(1— f) € L'(RY)
and Vg +vg(1 —g) € LY(RY) for any 0 < ¢t < T, and thus the third integral vanishes as
n — 0o, getting finally

d
dv < 2.15
S 1 —glav<o (215)
which concludes the proof of the first assertion of the lemma. 0

Similar arguments show the conservation of mass.

Lemma 2.8 (Mass Conservation) Let f € Xp be the solution of the Cauchy problem
(1.1) with non-negative initial condition fo € Y, then the L*-norm of f is conserved, i.e.

LF @)l = [l folly for all't € [0,T].

Finally, we establish time dependent bounds on moments of the solution to (1.1). More
precisely, we will show that moments increase at most as a polynomial of ¢. First, let us
note that given a,b > 1 and f € L, (RY) N L>(RY) then

1 1—1
1£ls < CUFIE £, (2.16)

12



Indeed,

y — a\b bd b C ab bd )b
I = ([ @+ lapra) < ([ aspita
< (CHfoiol [.a+ |v\“b>fdv)" = CIAIIF, 171157,
RN @

Lemma 2.9 (Moments Bound) Let f € Xp be the solution of the Cauchy problem
(1.1) with inatial condition fo satisfying 0 < fo < 1. Assume further that fy € L, (RY).
Then, for0 <t <T and 1 <~ < mp/2 the 2~y-moment of f(t) is bounded by a polynomial
Pr(t) of degree [], which depends only on the moments of fy. Here and below, [7]
denotes the smallest integer larger or equal than .

As (L}, N L*®)(RY) C T by (2.16), the assumption fy € L} (RY) is indeed an addi-
tional assumption.
Proof.- We will prove Lemma 2.9 by induction on . First, we will see that the second
moment is bounded (and therefore all v*-moments with 0 < ~, < 2). Afterwards, we will
assume that we can bound the 2(y — 1)-moment and from this induction hipotesis obtain
that the 2y-moment of the solution is bounded.
Let (¢n)n>1 be a sequence of smooth cut-off functions as defined in (2.12). We multiply
(1.1) by |v]*¢.(v) and integrate over RY to get

d
i [ GOl = [ @pPaugaos [ Gl s - i
S/ [Aan|U|2+4VUCnU+2N§n] fdv+/ |van||U|3f(1—f)dv
RN .
2 Gl [ GluPr
RN RN
5 dv + 2N fd 2.
: /n<v<2nf RN L U+/n<u<2n|v‘ fdv

Now, letting n — oo and noticing that f1g,<jyj<any and |[v]? f1{,<ju)<2n} cOnverge pointwise
to zero and are bounded by f and |v|?f respectively with f € Xp, we infer from the
Lebesgue dominated convergence theorem that the first and the last integrals converge to
zero. Finally, integrating in time, we get

/|v\2f(t,v)dv§/ [v fo(v)dv + 2N Mt (2.17)

for all 0 <t < T'. By the conservation of mass and this bound, all moments 0 < v < 2
are bounded.

13



This gives the first step in the induction argument. Now, let us assume that the 2y —2
moment of the solution is bounded by a polynomial of degree v—1. Then, for the moment
2y we can see analogously

g 2 _ 2 Oy e _
L el sa = [ G@iPaufaor [ G ef- )
< / [AuGalv* + AV W Calv PO V0 4+ 29(2(y — 1) + N)|v|2(7_1)§n} fdv
RN
[ VGl = =2y [ GlePTo s [ Gl

< 0/ 020D fdu + 29(2(y — 1) + N)/ Calo207D fdu
n<|v[<2n RN

+/ |v]*Y fdv
n<|v|<2n

and we again let n go to infinity. If 2v < mp, the previous argument ensures that only
the second integral remains, and integrating in time, we conclude

/RN [0V f(t,v)dv < /RN \v|27f0(v)dv—|—2fy(2(fy—1)+N)/O/RN [P0V f(s,v)dvds (2.18)

for all 0 <t <T. Whence, by induction,

¢
/ |v|2vf(v,t)dv < / |v|27f0(v)dv +2y2(y—-1)+N) / Pry—11(s)ds (2.19)

RN RN 0
for all 0 <t < T', defining by induction the polynomial F.;. O

Remark 2.10 This lemma could have been stated for fo € LL(RY), with o > 2, but we
have decided to use this notation to point out that o shall be obtained as a combination of
m and p satisfying the conditions of the existence theorem.

2.4 Global existence

Given an initial condition fy € L}np(RN), p>N,p>2 m>1such that 0 < fy < 1,
we have fy € T and we have shown in the previous subsections that there exists a unique
local solution of (1.1) on an interval [0,7"). In fact, we can extend this solution to be
global in time. If there exists T,,,. < 0o such that the solution does not exist out of
(0, Trnaz ), then the T-norm of it shall go to infinity as ¢ goes to T},..; as we will see, that
situation cannot happen.

Due to Lemma 2.6, we have that 0 < f(t,v) <1 for any 0 <t < T and any v € RY,
and thus a bound for the L>-norm of f(t). Also, the conservation of the mass in Lemma
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2.8 together with the positivity in Lemma 2.6 provide us with a bound for the L'-norm.
Finally, due to (2.16) and Lemma 2.9 the L? -norm is also bounded on any finite time
interval.

Theorem 2.11 (Global Existence) Let fo € L) ,(RY), p > N, p > 2, m > 1 be such
that 0 < fo < 1. Then the Cauchy problem (1.1) with initial condition fy has a unique
solution defined in [0, 00) belonging to X for all T > 0. Also, we have 0 < f(t,v) <1,
forallt >0 and v € RY and ||f(t)|1 = || folli = M for all t > 0.

Remark 2.12 Note that for any K > 0 we can consider (1.1) restricted to the cylinder
Ck = [0,00) x {|v] < K}. Then, since the solutions to (1.1) we have constructed are
bounded, we can show that the solution is in fact C*°(Ck) by applying regularity results
from [19] for the Cauchy problem for quasilinear parabolic equations.

Corollary 2.13 If fo € L}, (RY) NL>*(RY) is a radially symmetric and non-increasing
function (that is, fo(v) = wo(|v|) for some non-increasing function ¢y), then so is f(t)
for allt >0, that is, f(t,v) = p(t,|v|) and r — @(t,r) is non-increasing for allt > 0. In
addition, ¢ solves

(% 1 0 ([ Nyq10p N _ Oy
% _ “z “r 1— 2 (t0) = 2.2
5 — N1y (r o T o(l — o) with B (t,0)=0 (2.20)

and ©(0,7) = po(r).

Proof.- The uniqueness part of Theorem 2.11 and the rotational invariance of (1.1) imply
that f(t) is radially symmetric for all ¢ > 0. The other properties are proved by classical
arguments, the monotonicity of r — ¢(¢,r) being a consequence of the comparison prin-
ciple applied to the equation solved by d¢/0r. The latter is obtained from (2.20) after
differentiating once with respect to r and the zero function is a solution to it. O

3 Asymptotic Behaviour

Now that we have shown that under the appropriate assumptions equation (1.1) has a
unique solution which is global in time, we are interested in how this solution behaves
when the time is large. For that we will define an appropriate entropy functional for the
solution and study its properties.

3.1 Associated Entropy Functional

In this section, we will show that the solutions constructed above satisfy an additional
dissipation property, the entropy decay. For g € T such that 0 < g < 1, we define the
functional

H(g) = S(g9) + E(g) (3.1)
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with the entropy given by
S@i= [ stato) o 32)
RN
where
s(r):=(1—r)log(l —r)+rlog(r) <0, rel0,1], (3.3)
and the kinetic energy given by

1

Blo) = [ lPo(w)dv. (3.4)

We first check that H(g) is indeed well defined and establish a control of the entropy in
terms of the kinetic energy.

Lemma 3.1 (Entropy Control) Fore € (0,1), there exists a positive constant C. such
that
0< —S(g) <cE(g) +C. (3.5)

or every g € LY(RN) such that 0 < g < 1.
f yg €L g

Proof.- For ¢ € (0,1) and v € RV, we put z(v) := 1/(1 + e"*/2). The convexity of s
ensures that

$(9()) — s(z(0)) 2 &/ (2:(0))(9(0) — 2(v))
~s(z(0)) + s(g(v)) > log (#) (9(0) — 2(v))

1—2.(v)

for v € RN, Since z.(v)/(1 — z:(v)) = e <""/2 we end up with

elvf? elvf?

—s(g(v)) < 5 g(v) — s(z:(v)) — 5 2 (v)
- E|g|2g(v) + (1 = 2(v)) log (1 + e_‘g‘”WZ) + z:(v) log (1 + e—e\v\Q/z)
< %“Pg(v) 4 ecl?/2 .

for v € RN, where we used log(1 +a) < a for a > 0 and 0 < z. < 1. Integrating the
previous inequality yields (3.5). 0

We next recall that Fj; is the unique Fermi-Dirac equilibrium state satisfying ||Fa/||1 =
M := || foll1; then we can introduce the next property for H.
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Lemma 3.2 (Entropy Monotonicity) Assume that f is the solution to the Cauchy
problem (1.1) with initial condition fo in L}, (RY) for some p > max(N,2) and m > 1
satisfying 0 < fo < 1. Then, the function H is a non-increasing function of time satisfying
for allt > 0 that

H(fo) = H(f(1)) = H(Fy)  with M = |[fol1- (3.7)

Proof.- We first give a formal proof of the time monotonicity of H(f) and supply additional
details at the end of the proof. First of all, we observe that we can formulate (1.1) as

2_{ — div, {f(l - NV (S/(f) - g)] '

We multiply the previous equation by s'(f) + |v|?/2 and integrate over RY to obtain that

i = - / = Pl Vs ()P dv <0 (3.8)

dt
Consequently, the function ¢t — H(f(t)) is a non-increasing function of time, whence
the first inequality in (3.7). To prove the second inequality, we observe that the convexity
of s entails that

s(f(t,v)) = s(Fau(v)) = 8" (Far(0))(f (£, 0) = Far(v))
vl2

s(Fir(w) = s(7(6.0) < (10w 501) + ) (700 = Fu)
for (t,v) € [0,00) x RY. The second inequality in (3.7) now follows from the integration
of the previous inequality over RY since ||Fy||y = ||f(¢)]]; by Lemma 2.8.

We shall point out that, in order to justify the previous computations leading to

the time monotonicity of the entropy, one should first start with an initial condition f,
e € (0,1), given by

f3(0) = max {ain { o). 1 s b € | S Y

"1 4 celtlP2 |7 e 4 elvl?/2 g+ elvl?/27 1 4 gelvl?/2

Owing to the comparison principle (Lemma 2.7), the corresponding solution f¢ to (1.1)
satisfies

€ € 1 N
0<m§f(t,v)§m<l, (t,U)G(0,00)XR . (39)
The previous computations can then be performed on f¢ since it is immediately smooth
(see remark 2.12) and fast decaying at infinity for all ¢ > 0 by (3.9), and thus H(f¢(¢)) <

H(f5) for all t > 0.
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Since f§ — fo in T and in L] (RY) as ¢ — 0, it is not difficult to see that redoing
all estimates in subsections 2.1 and 2.2, we have continuous dependence of solutions with
respect to the initial data, and thus, f° converges towards f in Xp for any 7" > 0.
Moreover, we have uniform bounds with respect to € of the moments in finite time intervals
using Lemma 2.9. Direct estimates easily show that H(f§) — H(fo) as e — 0.

Let us now prove that H(f*(t)) — H(f(t)) ase — 0 for ¢t > 0. Let us fix R > 0. Since
fe(t) — f(t) in LY(RY) and we have uniform estimates in € of moments of order mp > 2
then

‘ [ B = sy

< / AR O

/ WP (E) — £(8)) du
[v|<R

1 S :
< s | U@+ 10)d

+ R = F@)

C(t) 2 3
< oz TR = O, -

Since the above inequality is valid for all R > 0, we conclude that E(f*(t)) — E(f(t))
as ¢ — 0. Now, taking into account that (1 + |v|?)fe(t) — (1 + |v]?)f(t) in LY(RY), we
deduce that there exists h € L*(RY) such that |[v[2f¢(t)| < h and fe(t) — f(t) a.e. in
RY, for a subsequence that we denote with the same index. Using inequality (3.6), we
deduce that

0< —s(f(t,v)) < —h(v) + e /4 e LY(RY)

o ] =

and that —s(fe(t,v)) — —s(f(t,v)) a.e. in RY. Thus, by the Lebesgue dominated
convergence theorem, we finally deduce that S(f°(t)) — S(f(t)) as ¢ — 0. The con-
vergence as € — 0 of S(f(t)) to S(f(¢)) is actually true for the whole family (and not
only for a subsequence) thanks to the uniqueness of the limit. As a consequence, we
showed H(f¢(t)) — H(f(t)) as ¢ — 0 and passing to the limit ¢ — 0 in the inequality
H(fe(t)) < H(f§), we get the desired result. O

Now, it is easy to see the existence of a uniform in time bound for the kinetic energy
E(f(t)), or equivalently, of the solutions in L(RY). If we take equations (3.1), (3.5) (with
e =1/2) and (3.7) we get that

E(f(t)) + Ci2 + H(fo)

for t > 0 whence
E(f(t)) <2(Cij2 + H(fo)). (3.10)
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3.2 Convergence to the Steady State

Theorem 3.3 (Convergence) Let f be the solution to the Cauchy problem (1.1) with
initial condition f, € L}W(RN), p > max(N,2), m > 1 satisfying 0 < fo < 1. Then
{f(t)}is0 converges strongly in L*(RY) towards Fy; as t — oo with M := || fol].

For the proof, we first need a technical lemma.

Lemma 3.4 Let f be the solution to the Cauchy problem (1.1) with initial condition
foe L, (RY), p > max(N,2), m > 1 satisfying 0 < fo < 1. If A is a measurable subset
of RN, we have

/OOO </A\vf(1—f)+vvf|dv)2dt<HFM stgg{/ftv } (3.11)

Proof.- Owing to the second inequality in (3.7) and the finiteness of H(fy), we also infer
from (3.8) that (t,v) — f(1 — f) v+ V,s'(f)|* belongs to L'((0,00) x RY). Working
again with the regularized solutions f¢, it then follows from Lemma 2.8 and the Cauchy-
Schwarz inequality that, if A is a measurable subset of RY, we can compute

[ (Jro-ros.n)
lvfe( 1—f€ )+ VoSl e 2 y i
- ( / F ua=r) d) d

Ivfe(l—f€)+Vf€ ( ‘(1 f) )
< (S ) ([
and thus,

[ (fro-rvm s
< stlig) {/ Ie(t, v)dv} / / FE(L = f5) o+ Vs’ (f9)]) dvdt
<HFMsStl>110i){/fEt’U }

Here, M*® := ||f§|l1 so that Fj- is the Fermi-Dirac distribution with the mass of the
regularized initial condition f§. It is easy to check that H(Fy<) — H(Fy) as € — 0 since
M*® — M as ¢ — 0. Passing to the limit as ¢ — 0, f* — f in X7 for any 7" > 0, and thus
we get the conclusion. 0
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Proof of Theorem 3.3.- We first establish that
{f(t)}>0 is bounded in Li(RY) NL*(R"Y). (3.12)

From (3.10) and Theorem 2.11, it is straightforward that E(f(¢)) is bounded in [0, c0).
Recalling the mass conservation, the boundedness of { f(£) }+>0 in L3 (RY)NL>*(RY) follows.

We next turn to the strong compactness of {f(¢)}io in L!(RY). For that purpose, we
put R(t,v) :=vf(t,v)(1— f(t,v)) for (t,v) € (0,00) x RY and deduce from Theorem 2.11
and (3.12) that

sup (IR -+ 1RO <2 swp [ (14 pP)fo)do <oo. (3.3

RN

Denoting the linear heat semigroup on RY by (e?),5, it follows from (1.1) that f is given
by the Duhamel formula

t
f(t) =€ fo +/ V,e "2 R(s)ds, ¢>0. (3.14)
0

It is straightforward to check by direct Fourier transform techniques that
gl o < C(a) min {t2|g|la, ¢~ C*H |||, }
for t € (0,00), g € LY(RY) N L*(RY) and « € [0, 2] with

1/2
ol = ( [ 167 iR ac)

and g being the Fourier transform of g. Thus, we deduce from (3.14) that, if ¢ > 1 and
a€ ((1—=(N/2))", 1), we have

t—1
IF @l < Cla)t™ A folly + Cla+ 1) /0 (t — )" @2 R(s) |1 ds

t
L Cla+ 1) / (t — 5)"+2| R(s) |ods
t—1

t 1
C (1 +/ s~ (22 tN)/4 g +/ 3_(1+a)/2ds>
1 0

< C,

IN

thanks to the choice of a. Consequently, {f(t)};>1 is also bounded in H® for a €
(1= (N/2))™,1). Owing to the compactness of the embedding of (H* N L1)(RY) in
LY(RY), we finally conclude that

{f(t)}i>0 is relatively compact in L'(R"). (3.15)
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Consider now a sequence {t, },en of positive real numbers such that ¢,, — oo asn — oc.
Owing to (3.15), there are a subsequence of {t,} (not relabelled) and g,, € L*(R") such
that {f(t,)}nen converges towards go, in L'(RY) as n — oco. Putting f,,(t) = f(t, + 1),
t € [0,1] and denoting by ¢ the unique solution to (1.1) with initial datum g¢.., we infer
from the contraction property (2.13) that

lim sup [[fu(t) — g(t)]1 = 0. (3.16)

=0 1e0,1]

Next, on one hand, we deduce from the proof of Lemma 3.4 with A = RY that (,v) —
vf(t,v)(1 = f(t,v)) + V,f(t,v) belongs to L?((0,00); LY(RY)). Since

1 2 tnt1 2
/ (/ |vfn(1—fn)+vufn|dv) dt:/ (/ |vf(1—f)+VUf|dv) dt,
0 \JRr¥N t RN

we end up with
1

lim (/ (1= f) +vvfn|dv) dt =0. (3.17)

n—oo 0

On the other hand, it follows from the mass conservation and (3.11) that, if A is a
measurable subset of RY with finite measure |A|, we have

/ 1 ( /A ofu(1— £) +vvfn\dv) dt < H(Fy)|Al.
0

which implies that {vf,(1— f,)+ V. fn bnen is weakly relatively compact in L1((0,1) x RY)
by the Dunford-Pettis theorem. Since {vf,,(1— f,) }nen converges strongly towards vg(1—
g) in LY((0,1) x RY) by (3.12) and (3.16), we conclude that {V, f,, } >0 is weakly relatively
compact in L'((0,1) x RY). Upon extracting a further subsequence, we may thus assume
that {V, fn}n>0 converges weakly towards V,g in L'((0,1) x RY). Consequently,

1 1
/ / \vg(l—g)+va\dvdt§1iminf/ / [vfu(l — fu) + Vi fu|dodt =0
0 JRN nee Jo JRN

by (3.17), from which we readily deduce that vg(1 — g) + V,g = 0 a.e. in (0,1) x RY.
Since ||g(t)||1 = M for each t € [0, 1] by Lemma 2.8 and (3.16), standard arguments allow
us to conclude that g(t) = Fy, for each t € [0,1]. We have thus proved that Fy; is the
only possible cluster point in L*(RY) of {f(¢)}+>0 as t — oo, which, together with the
relative compactness of {f(¢)}i>o in L'(RY), implies the assertion of Theorem 3.3. 0
By now, we have seen that the solution of (1.1) with initial condition f, converges to
the Fermi-Dirac distribution Fj; with the same mass as fy as t — oo, but we are also
interested in how fast this happens. We will answer that question with the next result,
which was already proved in [5] in the one dimensional case, and easily extends to any
dimension based on the existence and entropy decay results established above.
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Theorem 3.5 (Entropy Decay Rate) Let f be the solution to the Cauchy problem
(1.1) with initial condition fo € L1 (RY), p > max(N,2), m > 1 satisfying 0 < fo <
Fy <1 for some M*. Then

mp

H(f(t)) = H(Fy) < (H(fo) = H(Fyp))e ™" (3.18)

and
1 (t) = Farlly < Co(H(fo) — H(Far)) /2™ (3.19)

for allt > 0, where C' depends on M* and M := || fo||:-

Proof.- Since 0 < fy < Fj+, then the initial condition satisfies all the hypotheses of
Theorems 2.11 and 3.3. In order to show the exponential convergence, we use the same
arguments as in [5]. We first remark that the entropy functional H coincides with the one
introduced in [2] for the nonlinear diffusion equation

) .

o = div. [gV. (z + h(g))] (3.20)
for the function 0 < g(t,z) < 1, x € R, t > 0, where h(g) := s'(g) = log g — log(1 — g).
Let us point out that the relation between the entropy dissipation for the solutions of the
nonlinear diffusion equation (3.20), given by

2

T+ gh(g) dz,

Ox

~Dila)i= 3H@ =~ [ g

and the entropy dissipation for the solutions of (1.1), given by (3.8), is the basic idea of
the proof. Indeed, one can check that, once restricted to the range f € (0, 1), h(f) verifies
the hypotheses of the Generalized Logarithmic Sobolev Inequality [2, Theorem 17]. The
Generalized Logarithmic Sobolev Inequality then asserts that

H(g) — H(Fu) < %Do(g) (3.21)

for all integrable positive g with mass M for which the right-hand side is well-defined and
finite. We can now, by the same regularization argument as before, compare the entropy
dissipations D(f) := —S$H(f) of equation (1.1) and Dy(f) of equation (3.20). Thanks to
Lemma 2.7 we have f(t,v) < Fy«(v) < (B(M*) +1)"! a.e. in RY, and thus

D(fy= [ fA=Hl+Vh(H)Pdo>C [ flo+ Voh(f)]*dv (3.22)
RN RN

where C'=1— (8(M*)+1)~'. Applying the Generalized Logarithmic Sobolev Inequality
(3.21) to the solution f and taking into account the previous estimates, we conclude

H(f(t)) = H(Fu) < (2C)7'D(f(1)). (3.23)
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Finally, coming back to the entropy evolution:

d

3 [HUf(t) = H(Esm)] = =D(f()) < —2C[H(f(t)) = H(Fu)],

and the result follows from Gronwall’s lemma. The convergence in L! is obtained by a
Csiszar-Kullback type inequality proven in [5, Corollary 4.3], its proof being valid for any
space dimension. It is actually a consequence of a direct application of the Taylor theorem
to the relative entropy H(f) — H(Fy) giving:

If — Fullf <2M(H(f) — H(Fu)).

3.3 Propagation of Moments and Consequences

There is a large gap between Theorem 3.3 which only provides the L'-convergence to the
equilibrium and Theorem 3.5 which warrants an exponential decay to zero of the relative
entropy for a restrictive class of initial data. This last section is devoted to an intermediate
result where we prove the convergence to zero of the relative entropy but without a rate
for a larger class of initial data than in Theorem 3.5.

Lemma 3.6 (Time independent bound for Moments) Let g, € L, ,(RY) with m >
1, p > max (N, 2) such that 0 < go < 1, and assume further that go is a radially symmetric
and non-increasing function, i.e., there is a non-increasing function pg such that go(v) =
wo(|v]) for v € RN, Then, for the unique solution g of the Cauchy problem (1.1) with
wnitial condition gg, the control of moments propagates in time, i.e.,

lim sup/ [v|"Pg(t,v)dv = 0. (3.24)
{lv[>R}

R—o0 >0

Proof.- We have already seen in Corollary 2.13 the existence and uniqueness of g and that
g(t,v) = @(t,|v]) for t > 0 and v € RY for some function ¢ such that r — (¢, 7) is
non-increasing. Furthermore, we have that its moments are given by

M = g(t,v)dv = NwN/ rN ot r) dr (3.25)
0

RN

and

/ [v|"Pg(t,v) dv:NwN/ pNEmP=Lo(t ) dr (3.26)
RN 0

for t > 0, where wy denotes the volume of the unit ball of RY.
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Next, since |v|™gy € LYRY), the map v — |v|[™ belongs to L!(R"; go(v) dv) and
a refined version of de la Vallée-Poussin theorem [9, 20] ensures that there is a non-
decreasing, non-negative and convex function ¢ € C*([0,00)) such that ¥ (0) = 0, ¢ is

concave,
)

m ——- =o00 and /RN Y(|v|™P)go(v) dv < 0. (3.27)

r—oo T

Observe that, since ¢(0) = 0 and ¢'(0) > 0, the convexity of ¢» and the concavity of ¢’
ensure that for r >0

r" (r) < () and P(r) < rd'(r). (3.28)
Then, after integration by parts, it follows from (2.20) that

1 d

oo . o) B . a(p
i mp\,.N—1 — _ mp—1,//(,.mp N-1-7 N 1 —
p dt/o (™) rY " pdr / r ' (r™P) (r o + 7 go)) dr

0
- [1 —|—[2, (329)

where
I, = / @ [(mp + N — 2)r"™PEN=3y! (1P 4 ppr?™P N30 () | dre
0
ho= = [Ty - g)dr
0

We now fix R > 0 such that wyRY > 4M and R* > 4(2mp + N — 2), and note that
due to the monotonicity of ¢ with respect to r and (3.25)-(3.26) the inequality

R
M > NwN/ V" rodr > wy RN p(R) (3.30)
0

holds. Therefore, we first use the monotonicity of 1" and ¢ together with (3.30) to obtain

L, < —/ PP (7)1 — ) dr < (@(R) — 1)/ PP (7)o dre
R R
< M _q /OO TN+mp_1w,(Tmp)g0dT < _§ /OO TN+mp_1w,(Tmp)90dT
- wNRN R - 4 R

3 R 3 [e)
_ _/ T_Nerple/}/(Tmp)(pdT _° / TNerpflw/(,rmp)(pd,r
4 0 4 0

SMR™y/(R™) 3 [ .
< = +mp—1,//(,.mp dr.
= ANwy 1 /0 : v dr
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On the other hand, from (3.25),(3.26), (3.28), (3.30) and the monotonicity of 1’
I < (N+2mp-— 2)/ pNTmP =30 (PP o dr
0

R
< (N +2mp — 20/ (R™)R™~2 / rN o dr
0

N +2 —2 [
_'_%/ TNerpflw/(,rmp)(pdT,

R
N+ 2 — DY (R™)R™—2)M 1 [
< ( mp ]3;{//:]5[ ) + Z/I; T‘N+mp_1’(/),(’f‘mp)g0d7“.

Inserting these bounds for I; and I5 in (3.29) and using (3.28) we end up with

1 d [~
- mp\,.N—1 d
L[y
/ mp\ \J mp—2 2 1 0o
S ’QZ) (R ) R 3R + N + 2mp _9) — _/ TNerpflw/(,rmp)(pd,r
NCUN 4 2 0
/ mp\ N[ mp—2 2 1 0o
< YR MR 31 +N+2mp—2) — —/ VL (P dr
NCUN 4 2 0

We then use the Gronwall lemma to conclude that there exists C' > 0 depending on
N, M, m, p, go and 1 such that

sup / B(lo]™) gt v)dw < C

t>0

from which (3.24) readily follows by (3.27). 0

Theorem 3.7 (Entropy Convergence) Let f be the solution of the Cauchy problem
(1.1) with initial condition fy € L}np(]RN ) such that there exists a radially symmetric and
non-increasing function gy € Ly (RY) with 0 < fo < go < 1. Then H(f) — H(Fy) as
t — oo where M = || fol|1-

Proof.- Due to [22, Theorem 3| we know that
HFW) = HE) £ C [ JoPlf(t.0) - Py
]RN
< RAA®) - Flli+swp [ oP1fe) - Fldo
20 Jo|>R

Now, Theorem 3.5 and Lemma 3.6 imply that H(f(t)) — H(Fy) as t — co. O
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A [P -bounds for the Fokker-Planck Operator

Here we follow similar arguments as in [14] to show some bounds for ||0aF f(t)||1r, which
were useful in the fixed point argument in Section 2.1. We recall the well-known Young
inequality: Let g; € L"(RY), go € LY(RY) with 1 < p,7,q < oo and % +1= % - %, then

g1xg2 € LP(RY) and  ||g1 * g2ll, < lloalls l|92lle-

Proposition A.1 Let 1 <q¢<p<oo, m>0 and o € NV. Then fort > 0,

Cro( el )t

,,(t)g(é 5+

[0aF (8)[f1llLz, <

\a\ HfHL (Al)

Proof.- For all & € NV, we have

\etv—w\Q

(2 % € 2(th_1)> f(w) dw
™ e

( et —w)?

e 1) ) f(e'w) dw

OuF(t,v)

MIZ

MIZ

21 (e?t — 1))
v

) % oo () s -

where
Pa(x) = 05 (¢0) (X) = Plaj(x)P0(x);

Piaj(x) being a polynomial of degree || which we can recursively define by

2

Po() = 1, Plag(x) = Pl (1) = XPiai-1(x) amd Go(x) = (2m) " Fe™ %,

Since 1+ |v|™ < C(1 + |v —w|™)(1 + |w|™), we deduce

oo ()

s

dw = C(I + 1)

(L+|o[™)(0aF * [)(H)] <

oH2N+al) i
SCW/ (1+ o —w[™)
v(t) "2 JrN

Then, we can write

[ aslo=ulmy

(1+ \w|m)‘f(etw)‘dw. (A.3)

oo ()
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with

_ r N/2 N/2
/Pal ( 1/2) o <%) /P|a Joo(x)" = Ch <ef>Vt

and
11 = / o — w™ P, <%) o (%)rdw
= N]i—:nm - /|X|W7’|a )Po(X)" = 02%
whence r
o [yl (S ) | awsc (A)
On the other hand, we get
s ||| = ( [+ iy s fan)’
= ([eras ey f(x)’pdw);
<e ¥ ( / (1+ [xI™y f(x)’pdw)% . (A5)

Putting (A.4) together with (A.5), we can use Young’s inequality in (A.3) as before,
since 1 < ¢ < p with r given by % +1= % + % to get the desired bound. O
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