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NEW GLOBAL STABILITY ESTIMATES FOR THE
CALDERON PROBLEM IN TWO DIMENSIONS

MATTEO SANTACESARIA

ABsTRACT. We prove a new global stability estimate for the Gel’fand-
Calderén inverse problem on a two-dimensional bounded domain. Specif-
ically, the inverse boundary value problem for the equation —Ay+v Y =
0 on D is analysed, where v is a smooth real-valued potential of conduc-
tivity type defined on a bounded planar domain D. The main feature of
this estimate is that it shows that the more a potential is smooth, the
more its reconstruction is stable. Furthermore, the stability is proven to
depend exponentially on the smoothness, in a sense to be made precise.
The same techniques yield a similar estimate for the Calderén problem

for the electrical impedance tomography.

1. INTRODUCTION

Let D C R? be a bounded domain equipped with a potential given by a
function v € L*(D). The corresponding Dirichlet-to-Neumann map is the
operator ® : HY/2(0D) — H~Y/%(9D), defined by

_on
_01/8[)’

(1.1) o(f)

where f € HY?(OD), v is the outer normal of dD, and u is the H'(D)-
solution of the Dirichlet problem

(1.2) (—A4+v)u=0o0nD, ulpp=f.
Here we have assumed that
(1.3) 0 is not a Dirichlet eigenvalue for the operator — A + v in D.

The following inverse boundary value problem arises from this construc-

tion:
Problem 1. Given ®, find v on D.

This problem can be considered as the Gel’fand inverse boundary value

problem for the Schrédinger equation at zero energy (see [10], [17]) as well
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2 MATTEO SANTACESARIA

as a generalization of the Calderén problem for the electrical impedance
tomography (see [7], [17]), in two dimensions.

It is convenient to recall how the above problem generalises the inverse
conductivity problem proposed by Calderén. In the latter, D is a body
equipped with an isotropic conductivity o(z) € L (D) (with o > opin > 0),

Ac'/?(z)
(1.4) v(x) = OJT(J')7 x €D,
1/2
(1.5) d =g /2 <A0_1/2 + —agy ) ,

where 01/2 90/ /0y in (1.5) denote the multiplication operators by the
functions o~ 2|5p, &'/ /Ov|5p, respectively and A is the voltage-to-current
map on 0D, defined as

ou

)
oD

where f € HY?(OD), v is the outer normal of D, and u is the H'(D)-
solution of the Dirichlet problem

(1.7) div(eVu) =0on D, wulsp = f.

Indeed, the substitution u = @i~ /? in (1.7) yields (—A+v)& = 0 in D with
v given by (1.4). The following problem is called the Calderén problem:

Problem 2. Given A, find o on D.

We remark that Problems 1 and 2 are not overdetermined, in the sense that
we consider the reconstruction of a real-valued function of two variables from
real-valued inverse problem data dependent on two variables. In addition,
the history of inverse problems for the two-dimensional Schrédinger equation

at fixed energy goes back to [8].

There are several questions to be answered in these inverse problems: to
prove the uniqueness of their solutions (e.g. the injectivity of the map v — ®
for Problem 1), the reconstruction and the stability of the inverse map.

In this paper we study interior stability estimates for the two problems.
Let us consider, for instance, Problem 1 with a potential of conductivity
type. We want to prove that given two Dirichlet-to-Neumann operators,
respectively ®; and ®9, corresponding to potentials, respectively v; and v

on D, we have that

[v1 — vollLoe(py S w ([[P1 — P2l /2y g-1/2)
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where the function w(t) — 0 as fast as possible as ¢ — 0. For Problem 2
similar estimates are considered.

There is a wide literature on the Gel’fand-Calder6n inverse problem. In the
case of complex-valued potentials the global injectivity of the map v — @
was firstly proved in [17] for D C R? with d > 3 and in [6] for d = 2
with v € LP: in particular, these results were obtained by the use of global
reconstructions developed in the same papers. A global stability estimate
for Problem 1 and 2 for d > 3 was first found by Alessandrini in [1]; this
result was recently improved in [21]. In the two-dimensional case the first
global stability estimate for Problem 1 was given in [23].

Global results for Problem 2 in the two dimensional case have been found
much earlier than for Problem 1. In particular, global uniqueness was first
proved in [16] for conductivities in the W?2P(D) class (p > 1) and after
in 2] for L conductivities. The first global stability result was given in
[14], where a logarithmic estimate is obtained for conductivities with two
continuous derivatives. This result was improved in [4], where the same kind
of estimate is obtained for Holder continuous conductivities.

The research line delineated above is devoted to prove stability estimates
for the least regular potentials/conductivities possible. Here, instead, we
focus on the opposite situation, i.e. smooth potentials/conductivities, and
try to answer another question: how the stability estimates vary with respect
to the smoothness of the potentials/conductivities.

The results, detailed below, also constitute a progress for the case of non-
smooth potentials: they indicate stability dependence of the smooth part of

a singular potential with respect to boundary value data.

We will assume for simplicity that

(18) D is an open bounded domain in R?, oD € C?,
1.8
v E Wm’l(RQ) for some m > 2, suppv C D,

where

(1.9) W™(R?) ={v: d/veL'R?, |[J|<m}, meNU{0},

oM ly(z)
J e (NU{0})?, J| = Ji + Jo, ' v(r) = ——2.
(Nu{o}) || = J1+ J (z) DT O

Let

lvllm,1 = ma}éHaJUHLl(]R?)-

J|<
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The last (strong) hypothesis is that we will consider only potentials of con-
ductivity type, i.e.

Agt/?

(1.10) V= for some o € L*(D), with 0 > opin > 0.
o

The main results are the following.

Theorem 1.1. Let the conditions (1.3), (1.8), (1.10) hold for the potentials
v1, V2, where D is fized, and let &1 , ®o be the corresponding Dirichlet-to-
Neumann operators. Let ||vjllma1 < N, j = 1,2, for some N > 0. Then
there exists a constant C = C(D, N,m) such that

(1.11) [v2 = vi| oo (D) < C(log(3 + [[@2 — 1] 7H)) 7,
where oo =m — 2 and |Py — O1|| = || P2 — P1||gr/2_, y-1/2-

Theorem 1.2. Let o1, 09 be two isotropic conductivities such that A(le./2)/0j1»/2
satisfies conditions (1.8), where D is fized and 0 < omin < 05 < Omax < 00
for 5 = 1,2 and some constants omin and omax. Let A1 , Mg be the cor-
responding Dirichlet-to-Neumann operators and HA(O';/Q)/O';/ZHmJ < N,
Jj = 1,2, for some N > 0. We suppose, for simplicity, that supp (o; —
1) € D for j = 1,2. Then, for any o < m there exists a constant C =

C(D, N, 0min, Omax, M, ) such that
(1.12) loz — o1l poe(py < Cllog(3 + [|A2 — A4 7)) 77,
where HAQ — Al” = HA2 — A1HH1/2—>H_1/2'

The main feature of these estimates is that, as m — +oo, we have
a — +00. In addition we would like to mention that, under the assumptions
of Theorems 1.1 and 1.2, according to instability estimates of Mandache [15]
and Isaev [13], our results are almost optimal. Note that, in the linear ap-
proximation near the zero potential, Theorem 1.1 (without condition (1.10))
was proved in [22]. In dimension d > 3 a global stability estimate similar to

our result (with respect to dependence on smoothness) was proved in [21].

The proof of Theorem 1.1 relies on the d-techniques introduced by Beals—
Coifman [5], Henkin—-R. Novikov [12], Grinevich—-S. Novikov [11] and devel-
oped by R. Novikov [17] and Nachman [16] for solving the Calderén problem
in two dimensions.

The Novikov—Nachman method starts with the construction of a special
family of solutions v (z, A) of equation (1.2), which was originally introduced
by Faddeev in [9]. These solutions have an exponential behaviour depending
on the complex parameter A and they are constructed via some function

wu(x, \) (see (2.5)). One of the most important property of u(x,A) is that it
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satisfies a d-equation with respect to the variable A (see equation (2.8)), in
which appears the so-called Faddeev generalized scattering amplitude h(\)
(defined in (2.6)). On the contrary, if one knows h(A) for every A € C,
it is possible to recover p(x,\) via this d-equation. Starting from these
arguments we will prove that the map h(\) — pu(z,\) satisfies an Holder
condition, uniformly in the space variable z. This is done in Section 4.

Another part of the method relates the scattering amplitude h(\) to the
Dirichlet-to-Neumann operator ®. In the present paper this is done using
the Alessandrini identity (see [1]) and an estimate of h(\) for high values of
|A| given in [19]. We find that the map ® — h has logarithmic stability in
some natural norm (Proposition 3.3). This is explained in Section 3.

The final part of the method for the two problems is quite different. For
Problem 2, in order to recover o(x) from p(z, A), we use a limit found for the
first time in [16]. Instead, for Problem 1, we use an explicit formula for v(x)
which involves the scattering amplitude h(X), p(z, A) and its first (complex)
derivative with respect to z = x1 + izg (see formula (5.3)). The two results
are presented in section 5 and yield the proofs of Theorems 1.1 and 1.2.

This work was fulfilled in the framework of researches under the direction
of R. G. Novikov.

2. PRELIMINARIES

In this section we recall some definitions and properties of the Faddeev
functions, the above-mentioned family of solutions of equation (1.2), which
will be used throughout all the paper.

Following [16], we fix some 1 < p < 2 and define ¥)(z, k) to be the solution

(when it exists unique) of
(2.1) (=A +v)(z, k) = 0 in R?,

with e=@*(z, k) —1 € WYP(R?) = {u : 07u € LP(R?), |J| < 1}, where
x = (r1,22) € R* k= (k1,k2) € V C C?,

(2.2) V={kecC®: K=k +k =0}
and
1 1 1
2.3 o=
(2.3) 5y 2

The variety V can be written as {(X,iA) : A € C}U{(\,—iA) : A € C}. We
henceforth denote 9 (x, (\,iX)) by ¥(z, A) and observe that, since v is real-
valued, uniqueness for (2.1) yields ¥(z, (=X,i\)) = ¥(z, (A,i\)) = ¥(z, A)
so that, for reconstruction and stability purpose, it is sufficient to work on
the sheet k = (A, i\).
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We now identify R? with C and use the coordinates z = z1 + izs, z =

o_1(o 0N o0 _1(0 .0
9z 2\ 0ry Ors )’ 0z 2\ 0xy 0z )’
where (71, z2) € R2.
Then we define

Xr1 — i.%'z,

(2'4) ¢(Z’ >‘) = 7/)(%)\),

(2'5) M(Z’ )‘) = eiiZAw(Z’ )‘)a

(2.6) h(A\) = /Dei”‘v(z)¢(z, A)dRez dlmz,
for z, A € C.

Throughout all the paper ¢(a, ,...) is a positive constant depending on
parameters «, 3, ...

We now restate some fundamental results about Faddeev functions. In

the following statement 1y denotes /2.

Proposition 2.1 (see [16]). Let D C R? be an open bounded domain with C*
boundary, v € LP(R?), 1 < p < 2, suppv C D, vl p 2y < N, be such that
there exists a real-valued g € L>®(R?) with v = (Avg) /10, Yo(z) > co > 0
and Yy = 1 outside D. Then, for any A\ € C there is a unique solution
P(z,\) of (2.1) with e”#2p(-,\) — 1 in LP N L™ (p is defined in (2.3)).
Furthermore, e~ p(-,\) — 1 € WIP(R?) and

(2.7) le™* 29 (, A) = Llwes < elp, s)NIAPT,

for 0 < s <1 and X sufficiently large.
The function u(z, A) defined in (2.5) satisfies the equation

(2.8) 8”5%’ N _ 4;5\h()\)e_)\(z),u(z,)\), 2\ €C,

in the WP topology, where h()\) is defined in (2.6) and the function e_x(z)
is defined as follows:

(2.9) ex(z) = elAaN),

In addition, the functions h(X) and pu(z,\) satisfy

1

P

(2.11) sup [|pe(z,) = Ulprcy < e(r,D,N),  for allr € (p, 0]
zeC

(2.10) H%) 1

1
SC(T’N)’ for (J,ll’l“E (ﬁ/?ﬁ)? _~+
L7 (R2) p
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and
(2.12) [R(N)| < e(p, D, N)|AF,
(213) Hlu’(?)\) - ¢0||W147 < C(p’D’N)|)‘|€,

for X < Xo(p, D, N) and0<€<z%, where%—i—% =1.

Remark. Equation (2.8) means that u is a generalised analytic function in
A € C (see |24]). In two-dimensional inverse scattering for the Schrodinger
equation, the theory of generalised analytic functions was used for the first

time in [11].

We recall that if v € W™ (R?) with suppv C D, then ||0]|,, < +00, where

(2.14) o(p) = (2#)_2/ Py (x)d, peC?
R2
(2.15) lllm = sup |(1+ [p*)™u(p)],
pER?

for a test function w.
In addition, if v € W™!(R?) with suppv C D and m > 2, we have, by
Sobolev embedding, that

(2.16) [0l oo () < e(D)|v]lm,1,

so, in particular, the hypothesis v € LP(R?), suppv C D, in the statement
of Proposition 2.1 is satisfied for every 1 < p < 2 (since D is bounded).

The following lemma is a variation of a result in [19]:

Lemma 2.2. Under the assumption (1.8), there exists R = R(m, ||0||m) > 0
such that
(2.17) [BA)] < 872 8]l (1 +4A*)""2, for [A] > R.

Proof. We consider the function H (k,p) defined as

1

(2.18) H(k,p) = 22 /]R2 PRy (1)), k) der,

for k € V (where V is defined in (2.2)), p € R? and v(z, k) as defined at the
beginning of this section.

We deduce that h()\) = (21)2H (k(\), k(\) + k())), for k(X) = (X,3\). By
[19, Corollary 1.1] we have

(219)  |Hkp)| <20l +2) 2 for |\ > R,
for R = R(m, ||9]|s,) > 0 and then the proof follows. O

We restate |3, Lemma 2.6], which will be useful in section 4.
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Lemma 2.3 ([3]). Let a € L1 (R?) N L%2(R?), 1 < 51 < 2 < 53 < 00 and
be L5(R?), 1 < s < 2. Assume u is a function in L°(R?), with § defined as
in (2.3), which satisfies

(2.20) ag—()\)\) = a(A)a(N) +b(N), AeC.

Then there exists ¢ > 0 such that
(2.21) ullgs < cllbllLs exp(e(llallps + llal[zs2))-

We will make also use of the well-known Holder’s inequality, which we
recall in a special case: for f € LP(C), g € L4(C) such that 1 < p,q < oo,
1<r<oo,1/p+1/q=1/r, we have

1f9llrc) < I fllr(c)llgllLacc)-

3. FrRoM ® TO h(\)

Lemma 3.1. Let the condition (1.8) holds. Then we have, forp >1,

h(\) . 1
3.1 — < c(p, m)||0]lm o557,
(3.) [5R2 p cmlele frriar
A 1
(3.2) 1l zra>r) < c:m)1Ollm =75

where R s as in Lemma 2.2.

Proof. 1t’s a corollary of Lemma 2.2. Indeed we have

p ~11P
sy |5 <ol [ rimo-rar - mlilh,
A llzeasr) >R R(m+1)p—2
which gives (3.1). The proof of (3.2) is analogous. O

Lemma 3.2. Let D C {zx € R? : |z| <1}, v1,vs be two potentials satisfy-
ing (1.3), (1.8), (1.10), let @1, P2 the corresponding Dirichlet-to-Neumann
operator and hi,hs the corresponding generalised scattering amplitude. Let
|vjllm1 < N, j=1,2. Then we have

(34)  |ha(A) = ha(N)| < (D, N)e2 M || By — B 12 j-1/2, A€ C.

Proof. We have the following identity:

(3.5) ha(A) = hi(X) = - P12, A) (P2 — P1)ia(z, A)[dz],

where 1;(z, A) are the Faddeev functions associated to the potential vj, j =
1,2. This identity is a particular case of the one in |20, Theorem 1|: we refer
to that paper for a proof.
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From this identity we have:

(3.6)
|ha(A) = ha (M| < [[©1C, Ml 200y 1@2 = Rl e 1721820 M iz oy

Now take p > 2 and use the trace theorem to get

15 (- M a2y < Cllbi (M lws oy < CeP e 245 Al ()

< O (5. 0) = Uy + Mo 5= 1.2
which from (2.7) and (2.11) is bounded by C(D, N)e!l. These estimates
together with (3.6) give (3.4). O

The main results of this section are the following propositions:

Proposition 3.3. Let v, v2 be two potentials satisfying (1.3), (1.8), (1.10),
let ®1, Py the corresponding Dirichlet-to-Neumann operator and hq, ho the
corresponding generalised scattering amplitude. Let 0 < e <1, 1 <p < 1—36
and ||vjllma < N, j = 1,2. Then there exists a constant ¢ = c¢(D, N, m,p)
such that

(3.7) 'M < clog(3 + [ @2 — @4 )-lm),

Lr(C)

—1
)\ H/2_3[H—-1/2

Proposition 3.4. Let vy, vy, @1, Po, h1, ho be as in Proposition 5.5. Let p >
1 and ||vj|lma < N, j =1,2. Then there exists a constant ¢ = c(D, N, m,p)
such that

(3.8) lha = hallpe(cy < clog(3+ || @2 — @1l )}y an) 2P

Proof of Proposition 3.3. Let choose a,b > 0, a close to 0 and b big to be

determined and let

(3.9) 6 = ||P2 — @il g2 g1/

We split down the left term of (3.7) as follows:

' ha (M) - hi(\) ha(X) - hi(\) '
A A (A <a)

ho(X) — hi(X)
A

ha(X) — hi(X)
A

<]
Lr(C)

LP(a<|\|<b)

+l

(A1)

From (2.12) we obtain

[un

ha(X) - hi(X)

(3.10) ' <

P
< ¢(D,N,p) / IA|E=DPAReN dImA
Lr(|Al<a) A<a

= C(D,N,p)ae_HQ/p.



10 MATTEO SANTACESARIA

From Lemma 3.2 and (3.9) we get
ha(A) — (V)

1)
(3.11) ' < ¢(D,N) (_— + 5e2”’> :
A LP(a<|\|<b) al=2/p

From Lemma 3.1
(3.12) ‘ ha(A) — ha(A) < C(fV)Q .

A Lo(asp) | bmHITHP
We now define

_m+172/p

(3.13) a=log(3+6 ) = r,  b=LFlog(3+6),

for 0 < B < 1/(2l), in order to have (3.10) and (3.12) of the order log(3 +
5_1)_(m+1_2/p). We also choose 0 < 1 such that for every 6 < 6, a is
sufficiently small in order to have (2.12) (which yields (3.10)), b > R (with

R as in Lemma 2.2) and also
m+1-2/p

0 ~ = dlog(3 + 5*1)( SR )02 log(3 4 6~ 1)~ (m+1-2/n),

Thus we obtain
ha(A) — hi(A) c(D,N,p)
A Lr(c)  log(3+a-1)mHi=2/p

+¢(D,N)§(3+61)%8,

(3.15) ‘

for 6§ <48,0< B <1/(20). As §(3+671)%8 — 0 for § — 0 more rapidly than

the other term, we obtain that

ha(X) — hi(N)
A

C(D7N7m7p7ﬂ)
Lr(C) — log(?) +5—1)m+1—2/p7

(3.16) '

for § < 6,0 < B<1/(20).

Estimate (3.16) for general 0 (with modified constant) follows from (3.16)
for § < & and the property (2.10) of the scattering amplitude. This completes
the proof of Proposition 3.3. U

Proof of Proposition 3.4. We follow almost the same scheme as in the proof
of Proposition 3.3. Let choose b > 0 big to be determined and let

(3.17) 0= HCI)Q — (I)1HH1/2—>H—1/2-
We split down the left term of (3.8) as follows:

[he = hallLec) < llhe = PallLoaj<p) + th2 = hall Loy >0)-
From Lemma 3.2 we obtain

(3.18) lho — hallo(aj<p) < (D, N,p)db'/Pe??,
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and from (3.2)

1

(3.19) [he = Pl Leaizp) < (N, p, m)m

Define b = flog(3 +671) for 0 < 8 < 1/(2l). Let § < 1 such that for 6 < §
we have that b > R, where R is defined in Lemma 2.2.
Then we have, for § < 4,

|ho — hillzoiey < (D, N,ym,p)d(1+61)2P(Blog(3 +671)) 7
+ ¢(N,m, p)(log(3 + 1)) ~(m=2/p),

Since 215 < 1, we have that

S(1+6 12 (Blog(3+ 6 NYP -0 ford—0
more rapidly than the other term. Thus
(3:20) lhe — Pl o (cy < (D, N,m,p, B)(log(3 + 1))~ (m=2/p),

for § < 6,0 < B <1/(20).

Estimate (3.20) for general § (with modified constant) follows from (3.20)
for § < 0 and the LP-boundedness of the scattering amplitude (this because
it is continuous and decays at infinity like in Lemma 3.1). This completes
the proof of Proposition 3.4. U

4. ESTIMATES ON THE FADDEEV FUNCTIONS

Lemma 4.1. Let vy, ve be two potentials satisfying (1.3), (1.8), (1.10), with
lVjllm,1 < N, hi, ho the corresponding scattering amplitude and pi(z, X), p2(2, X)
the corresponding Faddeev functions. Let 1 < s < 2, and § be as in (2.3).
Then

ha(A) — ha(N)
A

)

L3(C)

(1) supas(z,) = m(z ) < DN )

8/1'2(27 ) _ aul('zv )
0z 0z

ha(X) - hi(X)

4.9
(4.2) sup -

zeC

sdﬂN@‘
L3(C)

Ls(C)
+ |lhe — thLS(C)]
Proof. We begin with the proof of (4.1). Let

(4.3) v(z,A) = pa(z,A) — pi(z, A).
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From the d-equation (2.8) we deduce that v satisfies the following non-

homogeneous 0-equation:

41 e = S (MG 4 RO,

for A € C, where e_y(z) is defined in (2.9). Note that since, by Sobolev
embedding, v € L>®°(D) C L*(D), we have that v(z,-) € L%(C) for every
§ > 2 (see (2.11)). In addition, from Proposition 2.1 (see (2.10)) we have
that h(\)/X € LP(C), for 1 < p < co. Then it is possible to use Lemma 2.3
in order to obtain

ha(A) — (M)

lv(z,)llLs < e(D,N,s)||p2(z,A) 5

L(C)
ha(\) — hy(N)

< C(D7 N7 8) sup H:u'2(27 ')HLOO
zeC A

()
ha(A) — hi(A)

<¢(D,N,s) 3

)

L=(C)

where we used again the property (2.11) of ua(z, \).

Now we pass to (4.2). To simplify notations we write, for z, A € C,

] a 'Z’A a 'Z,A .
Mi(z,k)z%, pl(z,\) = %, j=1,2.

From the d-equation (2.8) we have that ,uj; and /ﬂzi satisfy the following

system of non-homogeneous O-equations, for j = 1,2:

9 (e = DOBN IR i),
(e = SENY (I i)

Define now ,u{_L(z, A) = pd (2, \) £l (2, \), for j = 1,2. Then they satisfy the

following two non-homogeneous d-equations:

9 _ea®)h
(95\'ui(z’)\)_i 47

RO GG+ i0+ Wi )
\

Finally define 74(z,\) = p4(z,\) — pl(z,A). They satisfy the two non-

homogeneous O-equations below:

)

ha(X) — hi(N)—

grre(nn) = £ 2 (AT BB MR
22 () — b ) 7o) + () |

where v(z, ) was defined in (4.3).
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Now remark that by [19, Lemma 2.1] and regularity assumptions on the
potentials we have that pl(z,-),ul(z,-) € L3(C) N L°(C) for any 5 > 2,
j = 1,2. This, in particular, yields 74 (2, -) € L?(C). These arguments, along
with the above remarks on the LP boundedness of h;(\)/A, make possible to
use Lemma 2.3, which gives

ha(A) — hi(N)—

Iz, ) lscey < (D, N, ) “ )

L3(C)
+[(h2() = ha(Dp2(z,)lzs ) + (v (2, ')HLS(C)]

ha(A) — hi(A)
- 7 ho — hill7s
5 + |h2 — Pl s (c)

< (D, N, ) [ | .
LS

+ 1Pl 2oy llv (2, ')HL5(C)]

ho(X) — hi(X)
A

gc(D,N,s)“ +Hh2_h1HLS(C)]a

L=(C)

where we used Holder’s inequality (since 1/s = 1/2 + 1/3) and estimate
(4.1). The proof of (4.2) now follows from this last inequality and the fact
that p2 — pl = 1(rp — 7). O

Remark. We also have proved that

8M2(Z’ ) _ alu’l(z’ )
0z 0z

ha(A) — ha(N)
A

L3(C)

<c¢(D,N,s) “ o
Ls

+ [|h2 — hl”LS(C)]-

We will need the following consequence of Lemma 4.1.

Lemma 4.2. Let vi,ve be two potentials satisfying (1.3), (1.8), (1.10), with
|lvjllm1 < N. Let hi,hy be the corresponding scattering amplitude and
w1(z,N), po(z,A) the corresponding Faddeev functions. Let p,p’ such that
l<p<2<p <oo,1/p+1/p=1. Then

ha(A) — ki (A)

A Lr(©)NnL (©)

Proof. We recall again that if v € W™ (R?), m > 2, with suppv C D then
v € LP(D) for p € [1,00]; in particular, from Proposition 2.1, this yields
h(A)/X € LP(C), for 1 < p < oo.

We write, as in the preceding proof,

(45) 2 0) — 1 (- 0) 1y < (D, N.p) ‘

(4'6) V(Z’ )‘) = :u2(za )‘) - Ml(za )‘)’
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which satisfy the non-homogeneous O-equations (4.4). From this equation

we obtain

1 / e-a(2) (M) v(z, \)dRe) dIm\
C

(@n w0l =< | [ P

+/C 6;;(;) ha(M) ; hl(A)dee)\ dIm)\'

hi(A)
A\

1
< gz S Il ,

I
ha(A) — (V)

472 AN

1
# sl )l
zeC Lt
where 1/r+1/r" =1,1 <1’ <2 <r < oco. The number s = 2r/(r + 2) can
be chosen s < 2 and as close to 2 as wanted, by taking r big enough.
Then

1

A

hi(\)
A

hi(\)
A

< c¢(N,r),
La(|A<R)

(4.8) ‘

|

L™ (]A|<R) Lp

where we have chosen p > 2 such that ||h1(A)/A|,, < ¢(N,p) from (2.10)
and also, since 1/g=1/r" —1/p=1—1/r —1/p, q can be chosen less than
2 by taking r big enough depending on p. With the same choice of p,q we

also obtain

hi(\)
A

1

A

< ¢(N,r).
Lr(|AI>R)

w9 |

|

A

L™ (]A|>R) La

From Lemma 4.1 with r = 5 we get

410)  sup|p(z )l < o(D, N, ry || 12 =Y
zeC

)

Ls(C)

and from (2.11)

(4.11) sup |p2(z,A)| < (D, N).
z,\eC
Finally
(4.12) ' w < H% M
Lt LP(|A|>R) v
H 1 ha(A) — ()
_|_ \ - 5 )
Ml (n<r) A L

by taking p’ = s and p such that 1/p + 1/p" = 1. Now (4.5) follow from
(4.6)—(4.12); this finishes the proof of Lemma 4.2. O
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5. PROOF OF THEOREMS 1.1 AND 1.2

Proof of Theorem 1.1. We begin with a remark, which take inspiration from
Problem 1 at non-zero energy (see, for instance, [18]).

Let v(z) be a potential which satisfies the hypothesis of Theorem 1.1 and
w(z,A\) the corresponding Faddeev functions. Since p(z, \) satisfies (2.11),
the O-equation (2.8) and h()\) decreases at infinity like in Lemma 2.2, it is
possible to write the following development:

(5.1) p(z,A) =1+ M;(Z) +0 <#> , A — 00,

for some function p—1(z). If we insert (5.1) into equation (2.1), for ¢ (z,\) =
e (2, ), we obtain, letting A — oo,

Op—1(2)

(5.2) v(z) =4i 5

z e C.

We can write this in a more explicit form, using the following integral equa-

tion (a consequence of (2.8)):

1 h(A/) I N/
A)—1= =—e_y A)dN dN.
M(Za ) 82 /(C ()\/ - )\))\/e A (Z),U,(Z, )

By Lebesgue’s dominated convergence (using (2.12)) we obtain

1 [ AN —

p-1(z) = %2 . TefA(Z)N(ZH)‘)d)‘ dA,

and the explicit formula

(5.3)  w(z) = #/CB_A(Z) (z’h(A)M(z,A) - h(T)\ (6;1;2, A)>> dXd.

Formula (5.3) for v; and vg yields

1

v2(2) —ui(2) = 55

L [z’(hm) NNEERY

+ Zhl ()‘)(/1'2(2'7 )‘) - M1(27 )‘))
~ he(A) — (M) (3,&2(2’)\))

A 0z
_ M) <au2<z,A> _ amz,A))]dAdx

A 0z 0z
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Then, using several times Holder’s inequality, we find

1

[v2(2) —01(2)] < 55 (Iqu(z, Wz llhg = bl

+ e 2z, ) = pa (2, )l s

ha(A) — hi(A) Opa(z, )
+ _
)\ p 32 Lp’
hi(A) Opa(z,-)  Opa(z,)
+ N - 9
A 0z 0z P

for 1 < p <2, pdefined as in (2.3) and 1/p+1/p' =1/p+1/p' = 1. From
(2.11), (2.10), the continuity of h; and Lemma 2.2, [19, Lemma 2.1| (see the
end of the proof of Lemma 4.1 for more details), Lemma 4.1, Propositions
3.4 and 3.3 we finally obtain

[ve — v1][ oo (py < C(D7N7m7p)<10g(3 @2 = 1l e pyorge)
+ log(3 + H<1)2 - q)l‘|;{11/2HH71/2)7(m+172/p)

T log(3 + | @y — <1>1\|H11/2HH_1/2>—<’”—2/I’>>

< (D, N, m,p)1og (3 + 92 = D1ll o, gyoe)” 2.

This finishes the proof of Theorem 1.1. O

Proof of Theorem 1.2. We first extend o on the whole plane by putting
o(x) = 1 for x € R?\ D (this extension is smooth by our hypothesis on
o). Now since oj|sgp = 1 and %\ap =0 for j = 1,2, from (1.5) we deduce
that

(5.4) ®;=4A;, j=12
In addition, from (2.13) we get
. 1/2 .
(5.5) lim (2 0) = 03%(2), G =12

thus we obtain, using the fact that o; is bounded from above and below, for
J=12

1/2 1/2
(5.6) oo — o1l ooy < e(N)loy’> = 1 || s ()

= c(N)[p2(+,0) = pa (-, 0) || Loe (D)
Now fix @ < m and take p such that

2
l, —— ) <p<2
max( m—a+1> p
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From Lemma 4.2 we have

ha(A) — ha(N)
A

)

LP(C)NLP' (C)

(5.7) [2(+0) — 1+ O]l ey < (D N, p) '

where 1/p + 1/p’ = 1. From Proposition 3.3

|

ho(\) — hi1(\ _ Cml—
ha(A) = m(A) < o(D, N, p)log(3 + [®5 — By 7, )~ (mH1-2/0)

A LP(C)NLY (C)
< ¢(D,N,p)log(3 + |2 — 1l 1a, yyo172)°
= c(D, N.p)log(3 + [ Az = Mall oy 12) ™
from (5.4) and since « <m +1 — %. Theorem 1.2 is thus proved. U
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