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Abstract

The exit time and the exit location of a non-Markovian diffusion is ana-
lyzed. More particularly, we focus on the so-called self-stabilizing process.
The question has been studied by Herrmann, Imkeller and Peithmann in
[HIPOS]. They proved some results similar to the ones of Freidlin and
Wentzell. We aim to provide the same results by an approach more in-
tuitive and without reconstructing the proofs of Freidlin and Wentzell.
Our arguments are as follows. In one hand, we establish a strong version
of the propagation of chaos which permits to link the exit time of the
McKean-Vlasov diffusion and the one of a particle in a mean-field system.
In the other hand, we apply the Freidlin-Wentzell theory to the associated
mean-field system ; which is a Markovian diffusion.

Key words and phrases: Self-stabilizing diffusion ; Exit time ; Exit lo-
cation ; Large deviations ; Interacting particle systems ; Propagation of chaos ;
Granular media equation
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Introduction

The questions that we address in this paper concern the pathwise asymptotic
behavior of a particular class of inhomogeneous diffusions:

t
0
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We study here the so-called self-stabilizing process. The term “self-stabilizing”
comes from the fact that each trajectory is attracted by the whole set of trajec-
tories in the following sense:

b(t,x) :=VV(z) + E{VF (x — X{)} .

The model is detailed subsequently. Let us present what we denote by exit
problem. We consider a domain P € R? and we introduce

S(e):=inf{t >0 | X; €D}
the first hitting time of X ¢ in the domain D. Then, we define
T(e) :==1inf {t > S(e) | X; ¢ D}

the first exit time of X€¢ from the domain D. The exit problem denotes two
questions. What is the exit time? What is the exit location?
In the small-noise limit, the questions become:

1. What is the exit time 7(¢) for € going to 07
2. What is the exit location Xj(ﬁ) for e going to 07

The subject of this article is to study these questions. They have been solved
by Freidlin and Wentzell for homogeneous difffusions. See [FW98, DZ10] for
complete review. Let us briefly present their results. We look at the diffusion

t
:c,?:xo—i—\/gﬁt—/ VU (x5)ds .
0

U is a C*-continuous function from R* (k > 1) to R and 3 is a Brownian motion
in R¥. qg is a minimizer of U and G is a domain which contains ag. Under
easy verifiable assumptions (which are detailed in Annex A), for all 6 > 0, the
following Kramers’ type law holds:

2 2
lim]P’{exp [— (H — 5)} < 7(€) < exp [— (H+5)} } =1.
e—0 € €
Here, the exit cost is H := irgfg U(z)—U(ap). We can immediately remark that
z€E
1
H = 5 1in%e log {7(¢)}. Moreover, the exit location is near the points in the
e—

boundary which minimize U. Indeed,
e—0

if N C 9D is such that inj{/ U(z) > H.
z€E

Let us note that we also have results if we replace Brownian motion by Lévy
process, see [[PW09, TPS10].



Let us present more precisely the model studied in the article. Let Xy be an
element of Rd, d > 1. We consider the McKean-Vlasov diffusion

X§ = Xo+eBy — [y VW< (XE) ds 0
We=V+Fxui :=V+FxL(Xf)

The star in the previous line corresponds to a convolution and wuy is the own
law of the diffusion X¢ at time ¢. Let us point out that E{VWS (Xf)} is not
equal to E{VV (X{)}. It is equal to E{VV (X;) + VF (X§ — Y)} where Y is
an independent version of X€.

Since the own law of the process intervenes in the drift, this equation is non-
linear ; in the sense of McKean. Three terms generate the dynamic. The first
one is a Brownian motion B in R? with intensity §d. It permits to X to
visit the whole space. The second force describes the attraction between one
trajectory t — Xf(wp) and the whole set of trajectories. Indeed, we remark:
VFE s ug (Xf(wo)) = [,cq VF (Xf(wo) — Xf(w)) dP (w) where (Q,F,P) is the
underlying measurable space. Consequently, we say that F' is the interaction
potential. The last term is V, the so-called confining potential. It forces the
diffusion to move to the minimizers of V. These three forces are concurrent.
As a first observation, we note that the future of the couple (X€; u€) is in-
dependent of its past if its present is known. However, the diffusion X°€ is
not Markovian since the past intervenes in the drift VWV through the law wus.
This kind of processes were introduced by McKean. The reader is referred to
[McK67]. X€ corresponds to the hydrodynamic limit of the interacting particles
system:

. . t i
20 = Xo+ Ve~ [ 9V (25%) s (m
0

1t . ,
N Z/ VE (250N — Z99N) ds
j=1"0

for all 1 < ¢ < N. The N Brownian motions are supposed independent and
B' = B. Each particle is attracted by the whole set of particles. We talk about
mean-field system. The drift which intervenes in each diffusion Z¢%" has a
writing similar to the one of the self-stabilizing diffusion (I):

N
1
eN
WeN =V 4+ Fx (N 2525”'”) . (I11)
i=1
N
Heuristically, the empirical law N Z 0, of the system converges to uj as
i=1

N tends to 0. This phenomenon is called propagation of chaos.

Under some hypotheses on V' and F, the self-stabilizing diffusion X ¢ corresponds
to the limit for large N of the first particle Z%" in the following sense:

2
lim IE{ sup HX;—ZE’LNH }:0

N —o0 tE[O;T]



for all T € Ry. See [Szn91, BRTV98, Mal01, Mal03, CGMO08]. Proofs of
the classical results on propagation of chaos are in Annex B. The mean-field
system is Markovian. Indeed, by denoting 2V := (Z¢+N ... ZeNN) BN .—
(B',---,B"Y) and 2§’ := (X, -, Xo), equation (II) can be rewritten

t
zoN =z 4 /BN - N / VYN (207 ds (IV)
0

where the potential Y is defined by

1 N 1 N N
TN(Z) ::NZV(Zj)JFWZZF(Zi*ZJ’) (V)

i=1 j=1

N
for all Z2 := (Z1,---,ZN) € (Rd) . Then we can apply Freidlin-Wentzell

results to the homogeneous diffusion Z¢%. We note that the exit problem of
Z¢UN from D is equivalent to the one of Z9V from D x RIN=D A strong
version of the propagation of chaos permits then to link the exit time of X€
from D and the one of Z&1V from D.

Let us briefly recall some previous results on McKean-Vlasov diffusions. The
existence and the uniqueness of a strong solution X on R for equation (I) has
been proved in [HIP08] (Theorem 2.13). The asymptotic behavior of the law has
been studied in [CGMO08, BRV9S] (for the convex case) and in [Tugl0, Tugllb]
in the non-convex case by using the results in [HT10a, HT10b, HT09] about the
non-uniqueness of the stationary measures and their small-noise behavior.

The exit problem of self-stabilizing processes has already been solved if both
V and F are uniformly strictly convex, see [HIP08]. The authors follow and
extend the method of Freidlin and Wentzell. The difficulty is the lack of Markov
property. Indeed, in inhomogeneous diffusions, the first exit time and the second
exit time can not be identified up to a shift. However, if V' and F' are uniformly

strictly convex that is to say if inf HessV(z) > 9 > 0 and inf Hess F'(z) >
zeR? zER?

a > 0, they proved a Kramers’ type law. The exit time 7(e) of X from a
domain D satisfies the limit:

2 2
1 — — < < — =
gl_r%P{expL(H 5)} < 7(e) < exp L (H+5)]} 0
for all 6 > 0. Here, H := iarg (V4 Fx6q,) — V(ag) where ag is the unique

minimizer of V. They also provide a result on the exit location which is similar
to the one of Freidlin-Wentzell. They also give an example of the influence of
self-stabilizing term on the exit location.

This paper proposes a new simpler and more intuitive approach of the problem.

The article is organized as follows. First, we present the assumptions on the po-
tentials and the definitions. Then, the uniform boundedness of the moments is



established. This justifies the assumptions on the domain D. The main results
are written in the end of Section 1. In the second section, the exit problem of
the particle Z&1"N is addressed by applying classical Freidlin-Wentzell theory.
The third section deals with a new version of the propagation of chaos. Finally,
the main results are proved.

The article contains also two annexes. One deals with the results and the hy-
potheses of the Freidlin-Wentzell theory and the other one presents the classical
results on the propagation of chaos, including the proofs.

1 Preliminaries and main results

First, let us denote by || .|| the euclidian norm on R%: ||z||* := Zf , x2 for all

x=(x1, - ,xq) € RY. The associated distance is d.
We assume the following properties on the confining potential V:

(V-1) V is a smooth function from R to R.
(V-2) V is uniformly strictly convex: Hess V > ¢ > 0.
(V-3) The unique minimizer of V is 0 and V(0) = 0.

We would like to point out that the aim of the hypothesis (V-3) is just to simplify
the writing. Indeed, if the point of the global minimum is ag # 0, it is sufficient
to consider the diffusion X := X —ag and the potential V := V(. +ag) — V (ao).
An immediate consequence of (V-1)—(V-3) is the following inequality:

(z; VV(x)) >3 |z])® forall z € R?. (1.1)
Let us present now the assumptions on the interaction potential F"
(F-1) There exists a function G from Ry to itself such that F(z) = G (||x]]).
(F-2) G is an even polynomial function such that deg(G) =: 2n > 2.
(F-3) G is convex.
(F-4) G(0) =
Let us note that (F-1)—(F-4) imply

/ n (2k
VF(x)::EG ] :EZ(G || [
k=1

Since the initial law is a Dirac measure, we know that there exists a unique
strong solution X ¢ to the equation (I), see Theorem 2.13 in [HIPO0§] for a proof.
Moreover:
sup E{||X;||2p} < 0 (1.2)
teR,
for all p € N*. We immediately deduce the tightness of the family (ug) teR, -

N
We present now some notations concerning the space (Rd) —: R,



Definition 1.1. 1. For all Z = (Zy,--- ,ZN) € RdN, we define the following

norm:

1 & &
Zl| =4 = Zi||*" .
21 {N;H | }
2. For all k > 0, we introduce the ball:

K

BY .= {z e R ’ Nz < m} .

3. Finally, for all x € Rd, the vector (x,--- ,x) € R is denoted by .

We remark that |||[Z||| = ||z|| for all z € R In order to simplify the writing,
we use the following terminology in the whole article:

Definition 1.2. Let G be a subset of R* and let U be a C>-continuous function
from R to R. For all x € R*, we consider the dynamaical system

t
wilo) =a~ [ VU (u(a)) ds.
0
We say that the domain G is stable by —VU if the orbit {¢(x);t € Ry} is
included in G for all x € G.

We establish now an important result about the moments of X¢. Indeed,
since these moments intervene in the drift, the asymptotic behavior (determin-
istic) of the law uj is related to the asymptotic behavior (probabilistic) of the
trajectories. Moreover, it permits to understand what are the relevant sets from
which we shoud study the exit problem.

Proposition 1.3. 1. The 2n-moment is uniformly bounded:

n n oan —1\" "
sp {131} < max {0l (P57 ) e} )
teR

2. For all Kk > 0 and € > 0, we introduce the deterministic time

T.(¢) := min {t >0 ’ E{||X;||2”} < ,3"} .

For e < %, we have the inequality:

T.(e) <

— nYkn

2n
[ Xol ™ - (1.4)

3. Moreover, for all t > T, (e), E {||X§||2"} < g,



Proof. 1. After applying the Itd formula and integrating, we obtain
2 2 ! 2 2
I =Xl + 2ne [ IXE (X 5 )
0
t
~2n / IXENP" { (X7 3 VV (X)) + (X553 VF xus (X9)) bds
0
t
+n(2n - 1)6/ X222 ds
0
We put &(t) := IE{||X§||2”} The previous equality implies:

€)= — 2nE {|IXF| "2 (X7 5 vV (X)) )
— 2 {|IX17" 7 (X5 5 VF g (X7) )+ n(2n - 1R {J1X7] 772 |
=t ac(t) + be(t) + ce(t).
By definition, the second term b.(¢) can be written as
bo(t) = E [|IXF]"" 7% (XF 3 VF (XF - V7))

where Y is a solution of (I) independent from X°. We can exchange X¢ and
Y¢. Thereby, by using (F-1)—(F-4), we get:

G (1XF = YElD 2n—2
b-(t) =E <X8 " XE;XE—Y5>
5() { ||)(tgijft5|| || t|| t t t

1[G UXE - YE(D 2n—2 2n—2
=-E <)(8 X7 - Y7 |IY$ ;X57Y8> .
2 { ||th_}/;5|| t|| t|| t || t|| t t

This last term is nonnegative. Indeed, the Cauchy-Schwarz inequality implies
2n—2 2n—2 2n—1 2n—1
(allalP 7 =yl 25w = ) = (el = [ylP™) (el = [yl = 0

for all 2,y € R%. Therefore, we obtain be(t) =E {||X§||2n_1 VF xu§ (Xf)} > 0.

Moreover, inequality (1.1) implies
ac(t) = E{|IXFIP" 2 (X5 WV (X)) = oE {IIX717" ) = vec(0).

Hence, by using Jensen inequality, we deduce c.(t) < n(2n — 1)eé.(t)'~2z7. By
combining results on a.(t), b-(t) and c.(t), we obtain

€1() < —2n06.(t) + n(2n — 1)e€ (1)

< —znoe. o) {et - Z2L (15)



Inequality (1.3) is an obvious consequence of (1.5).
(2n—1)e
20

2 2
2. From now on, we take € < %. This implies % > . Consequently,

2
for all t < T, (g), we have

2n —1)e
> 2>(7,
== 9

3=

€e(t)
We obtain from (1.5):
—£L(t) > nK".

By definition, if £(0) = E {||X0||2"} > k2

T,;(E) T,{(E) 9
/ ndk*dt < / —&L(t)dt = £.(0) — k2™ < || Xol ™" .
0 0

(1.4) immediately holds.
. S (2n —1)e\"
3. Finally, for all T > 0, (1.5) implies sup & (t) < max< (T ; oy .
t>T
Then, for all t > T,,(¢),

B {1} < max e (1o s (22 2) <,

O

This means that the self-stabilizing process tends to be trapped in a ball with
center 0. This result concerns the law u§ and not the trajectories ¢t — X7 (w).
But, it points out the importance of dg in the study. Indeed, Proposition 1.3
implies

lim limsup E {||Xf||2"} =0.
=0 {500

Consequently, the relevant sets for the exit problem of the McKean-Vlasov dif-
fusions are the ones which contain the attractive point 0.

Remark 1.4. In Proposition 1.3, we established the uniform boundedness of
the moment of degree 2n. We would like to point out that we can prove

2p—1\?
sup E{||X§||2p}gmax{||X0||2p; (—p219 ) ep}
teR,

for all p € N.

We give now the assumptions on the domain D.



Assumption 1.5. We consider the dynamical system

t
wr = Xo */ VV (ps)ds
0

where Xo is introduced in (I). There exists To > 0 such that {@r,4+¢ ; t > 0} is
included in D and the orbit {p, ; 0 <t < Ty} is included in D°.

We point out that the domain D is not necessary stable by —VV.
In order to understand heuristically this assumption, let us look at the dynamical
system

t
zN :YO—N/ VYN (2))ds (1.6)
0

where TV is defined in (V). We remark that Z}¥ is equal to %; for all t > 0.
Then, by Assumption 1.5, the orbit {Z%’H_t ite IR+} is included in DV C D x
Rd(N_ 1) )

Let us note that this assumption is weaker than Assumption 4.1.i) in [HIPOS].
We present now the other hypothesis:

Assumption 1.6. The open domain D is stable by —VV — VF =: —VW.

This hypothesis is natural according to Proposition 1.3. Indeed, the law ug
is as close as we want to dp. Consequently, the drift VV + VF x ug is close to
VV +VF %6 =VV +VFE.

Next, we define the exit cost.

Definition 1.7. The exit cost of a bounded domain D which contains 0 is

H:= inf W(z)
z€0D

with W(z) :=V(z) + F(z).

We give now an example of a domain satisfying both Assumptions 1.5-1.6.
Lemma 1.8. For all H > 0, the domain Kp := {x eRY | V(z)+ F(z) < H}
satisfies Assumptions 1.5-1.6. Moreover, its exit cost is H.

Proof. Assumption 1.6 is obviously verified since K is a level set of the potential
V + F and its exit cost is H by definition.

Let us prove the first hypothesis. We take any x € R? and we look at the
dynamical system

<Pt(iE):SC*/O VV (ps(x)) ds.

Since V' is convex, ¢(z) converges to 0 so there exists Ty > 0 such that the
orbit {¢. () ; t < Tp} is included in K;. Let us show {¢(x) ; t > Tp} C Kg.



For this, it is now sufficient to establish that g is stable by —VV:

iW(‘Pt(-T)) = —(VV(p(2)); VV(pe(2))) — (VV(pi(2)); VF(pr()))

dt
=~ IVV(ge@)* - <vv<%(z>> ; %(@W>
<~ I9V(@ @) - 96" (lee@)) llee(@)]] < 0.

This finishes the proof. O
Before giving the main results of the paper, we recall a simple fact.

Lemma 1.9. YV admits exactly one critical point: 0. Moreover, it is the point
of the global minimum.

The proof is similar - up to some details due to the dimension d - to the one
of Proposition 2.1 in [Tugllc|. Thereby, it is left to the reader.
Let us provide now the two main results.

Theorem: We consider a function V' which satisfies (V-1)-(V-3), a function
F which satisfies (F-1)—(F-4). Under Assumptions 1.5-1.6, for all & > 0, we
have the limit:

: 2 2

E%P{exp [; (H —«E)] < 7(€e) < exp [Z (H—l—f)} } =1

with H := inafD W (z) where the potential W is defined as W (z) := V(z)+ F(z).
zZ€

Let N be a subset of D such that inf W(z) > inf W(z). Then:
zeN 2€0D
lim P { X, € N} = 0.
€e—0

Let us note that this result is stronger than the one in [HIP0§| since we do not
assume that the domain D is stable by —VV.

Theorem: We consider a function V' which satisfies (V-1)-(V-3), a function
F which satisfies (F-1)-(F-4). Let H and p be two positive real numbers. For
all 6 > 0, there exist Ny € N* and es > 0 such that:

sup sup P sup HXf—Zf’l’NHZp <4.
N>Ngs e<es Ogtgexp[%]

This result establishes that - in the small-noise limit - the particle Z9%Y is a
good approximation of the McKean-Vlasov diffusion, even in the long-time.

10



2 Exit problem of Z&1N

In this section, we study the exit problem of the diffusion Z%"" from the domain
D with large N and small e. We recall the equation satisfied by each particle

t
7z =X + /eBi — / YV (oMY ds
0
1L [t
- = Z/ VF (Z&0N — 789N) ds.
N = o
And, the whole system Z&V := (Z"LN AR Z‘*N*N) verifies
o t
zoN = Xo+VeBY —N/ VYN (29N) ds
0

where the potential T is defined in (V). We observe that the exit problem of
Z5UN from D is equivalent to the one of Z&Y from D x RUN-D), Furthermore,
the diffusion Z%% is homogeneous.

The domain D satisfies Assumptions 1.5-1.6. However, nothing ensures us that
the domain D x RYN-1) satisfies Assumption A.1, described in the annex. As-
sumption A.2 is obvious since the potential YV is convex due to the convexity
of both V' and F'. It is then necessary and sufficient to prove the stability of
D x R 1y _NVYY for applying the Freidlin-Wentzell theory. We recall
that the notion of “stable by” has been introduced in Definition 1.2.

As remarked previously, the drift term —VV —V Fxu$ is close to —VV =V F'xdq
for s sufficiently large. The propagation of chaos implies that —VV — VF x
(% Z;il 6Z;,j,N) tends also to —VV — VF % §y. Heuristically, since D is stable
by —VV — VF, we can imagine that it is stable by —VV — VF % v for all the
measures v sufficiently close to dg. This would imply that (D X Rd(Nfl)) NBY

is stable by —NVY?¥ for  sufficiently small.

Of course, this does not have any reason to be true. Consequently, we consider
two sequences of sets which frame the domain and which satisfy Assumption
1.6. Let us consider k > 0. We recall that 2n = deg(G), see (F-1)-(F-2).

Definition 2.1. 1. B° denotes the set of all the probability measures (1 on RY
satisfying [pa ||| p(dz) < w2

2. For all the measures 1, W, is equal to V + F * pu.

3. For all v € (B®)™ = M>® and for all z € R?, we also introduce the
dynamical system:

v (z) =2 — /O VW, (4% (x))ds.

11



4. For all k > 0, we introduce the following two domains:

Dy i= {:L' €D | ugl\l/fgo tle%i d () (x) ;D) > n} (2.1)
and Do, = {w(x) | t>0,veM®, d(z, D) < n} . (2.2)

Obviously, for all & > 0, and for all p € B, the two sets D; ., and D, , are
stable by —VW, = —=VV — VF x . Moreover, we have the inclusions

D sy CDiy CD CDeyy CDepss
for all 0 < k1 < Ko. More precisely:
d(Dix; D) >k and d(D;D;,) >k.
Now we justify why the two sets frame the open D.
Proposition 2.2. The following limits hold:

lim sup d(z;D° =1lim sup d(z;D)=0.
#=02€0D; . "0 z€0De,

Proof. Step 1. Let 1 be a measure in BY°. We note that, by applying Lemma
1.1 in [Tugllal, the drift VF « u is the product of x with a polynomial function
of degree 2n — 2 of ||z|| and with a finite number of parameters of the form:

d
Clla,ta,++ ) i= [ T[(es e 1l n(d)
R =1
where [y + Zle l; < 2n. The definition of B implies C(lg,l1, -+ ,lq) < k*"
for all lg,--- ,l; > 0 such that [y + --- 4+ Ig < 2n. Thereby, for any compact set

K which contains D, there exists f(x) which tends to 0 when x goes to 0 such
that

sup sup ||VF x u(x) — VF(2)|| < f(k).
peEBX re K

Moreover, (V-2) and (F-3) imply inﬁ( i%f Hess W, (z) > ¥ for any compact set
re K pelye

K as above.

Step 2. Let xp be an element of D. Let us prove that o € D;, when & is
small enough. We introduce the dynamical system (zo):

Q/Jt(xo):aco—/o vvws(xo))ds—/o Y F (s (20))ds

We remark that ¢;(x¢) € K for all ¢ > 0. We recall
t t
w(eo) =m0~ [ VV@(ao)ds — [ VF @ (eo))ds.
0 0

12



Assumption 1.6 implies that d(xg) = ggd(d)t(xo); D) > 0. From now on,
we take £ < @. We introduce & (zo) = ||¢f (x0) — ¥i(z0)||. Then, for all
v e MY, if ¥f (zo) € K, we get

@ (20)? = — 2 (YW, (98 (z0)) — YW (e (x0)) ; 0¥ (20) — tr(0))

dt
=—2(VW,, (¥¢ (z0)) — VW, (¥ (20)) 5 ¥¢ (0) — ¢e(20))
= 2(VW,, (¥+(x0)) — VW (Pr(20)) ; ¥ (w0) — ¥1(0))
< — 219§t(z0)2 + 2&(x0) sup sup ||VF x u(x) — VF(x)|]

pneEBX® re K
<26 (wo) {f(r) — V&e(wo)} - (2.3)
By taking « sufficiently small, d (1} (x0); ¥i(z0)) < @ for all 0 < ¢t < 71
with 75 == inf {t >0 | ¥} (zo) ¢ K}. We deduce: ir;gd(zbi’(zo); D) > 5(20)

for all t < 7. This implies Tx = oo and gggd(wf(xo) ; D) > 2k forallt >0
and for all v € M?°. This means that z¢ € i)m for x small enough.

Step 3. We prove now lim sup d(z; D) = 0. Let xy be a point in R
}"i—>0ze’DeYN

satisfying d (zg; D) < k. There exists yo € D such that d(zo,yo) < 2k. We
look at the two dynamical systems:

t

Ye(x0) = 20 7/0 VW (s(x0))ds and  ¥¢(yo) = yo 7/0 VW (s (yo))ds .

Since Hess W > ¢, the function ¢ — d(¢:(z0),¥+(yo)) is nonincreasing. This
means d(¢;(xo), ¥ (yo)) < 2k for all ¢ > 0. By proceeding like in Step 2, the
distance d(¢¢ (o), ¥ (z9)) is less than %. Hence:

00 o) 1 ) < (8 () ) + (o) o)) < L0 4 2
We deduce that  sup  sup d (¢)f (x0); D) — 0 as x goes to 0. It implies the
d(z; D)<k teR4
convergence of sup d(z; D) to 0 when & tends to 0. O
2€De,k

We define the two domains to which we will apply Freidlin-Wentzell theory:
DY) i= (Die x RUD) (BY
and DY) = (De . X Rd(N’l)) NBY.
First, let us prove that the ball BY is stable by —NVY¥. It is not an obvious

consequence of the convexity of TV because the norm [||.||| does not derive
from a scalar product.
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Lemma 2.3. The open domain BY is stable by —NVYY. Moreover, its exit
cost goes to infinity when N goes to infinity:

lim inf NYTN(Z) = +o0.
N—+00 Z€OBN

Proof. Step 1. We take 20’ := (Z¢,---,2}) € R™ and we look at the
deterministic dynamical system already introduced in (1.6)

t
thzéVN/O vYN (2N)yds =: (z}.---,Z)) .

We recall that TV (7, - - - ,ZN = sz V(Z)+ 53 ZZ 12] VF(Z - Z;).
By definition, ‘HZtN’H% = Ei:l HZZH% Then.

d N1112n M in2n=2 i i
g BN == 22 (2 vv (20)
i=1
N

2 N a2 -
-T2z (z vE (2 - 7))
i=1 j=1
M in2n—2 ;
=27z vV (2)
=1
n NN L 2n—92 . 12n—2 . . .
NZZ<|}ZZH zi-||2|| Zi;VF(Z;zg)>
i=1 j=1

Like in Step 1 in the proof of Proposition 1.3, we can prove:

N N ) 2
S Nz zi- ||z
i=1 j=1

Hypothesis (V-2) implies 2 i |||ZNH|2n —2n4 |HZtN|H2n Consequently, the
ball BY is stable by —NVTY

Step 2. We compute now the exit cost. Hypotheses (V-2) and (F-1) imply

—2 . R .
Z§;VF(Z;Z§)> >0.

9 e )
NYN (Zy,--+ , Zn ZIIZII 25N ( ZI|Z||2> :
1=1

N | %

Consequently, inf N NYN(2)> =N # k2 which converges to infinity when N
ZecoBA
goes to infinity. 0

Before looking at the sets Dgfz) and Dg\[{), we compute the exit cost of a set
of the form O x R¥NV-1,

14



Lemma 2.4. Let O be a bounded domain which contains 0. We have:

li inf NYN(Z) = inf F .
NgnooZeaoian(Nfl) ( ) ZIG%O(V(Z)JF (Z))

Proof. We look at the function &, from RNV 0 R:
6,2(5525' o a:L'N) = TN (Z,.’L'Q,' o a:L'N) .

¢ is convex on R =Y and the unique minimizer is (2 (2),-- 20 (2)) €
RIN=Y where z) (2) satisfies

VV (2 (2)) + %VF (20 () —2) = 0.

This implies the existence of a continuous function f{¥ satisfying A}im MN(z) =
—00

0 for all z € R such that

1 1 S (2)
z (2) = N (HessV(0))” VF(z) + T

Simple computations imply

N z
T (22 (), (2) = %{V(z) +F(2) + ng()

where f&V is a continuous function satisfying ]\}im fN(2) = 0 for all 2z € RY.
— 00
Then:

NTN(Zax(])V(Z)’ "Tév(z)) = W(Z) +f2N(Z)

Let us note that lim sup fi'(z) = 0 since O is bounded. This ends the
N—00 .90
proof. O

Now, we look at the two sets Dgfz) and Dgp.

Lemma 2.5. The two domains Dgfz) and Dﬁfﬁ’ are stable by —NV YTV,

Proof. Let (Z&, e ,Zév) be an element of Dgfz). By definition, it is in BY. The

stability of the ball BY proved in Lemma 2.3 implies (Ztl, e ,ZtN) € BY for

all t > 0. Then, p}¥ := + Zjvzl 04 € BY for all t > 0 which means plN e Mee.
N

However, by definition, Z} =} (Z}). Since D; . is stable by —VV — VFx ¥

for all £ > 0, we deduce that Zt1 € D; . for all t > 0. This finishes to prove the

stability of D) by —NVYY. We proceed in the same way with Dg}?. |

1K
We define now the exit times that we use. We recall that Assumption 1.5

is assumed. Consequently, nothing forbides X to be an element of D¢. In this
case, we introduce the first hitting time.

15



Definition 2.6. By Szlév(s) (resp. by SLN(€)), we denote the first hittmg time
of the diffusion Z5V defined in (IV)f(V) on the domain D; . x RN (regp,
Do x RIN-D),

We already know that these times are less than a deterministic time with
high probability for € going to 0:

Lemma 2.7. For all k > 0, we have the limit

< — 1 N < —
E%P{S (e) To+1} lim P { 5] Ty+1} =1
where Ty has been defined in Assumption 1.5.

Since 0 € D, this result is an obvious consequence of Assumption 1.5, Propo-
sition A.4 and Proposition 2.2. The proof is left to the reader.
We can define now the exit times.

Definition 2.8. We denote by

) = inf {t = SN (e) | 20N ¢ Dy x RINDY

the first exit time of the diffusion Z5Y defined in (IV)~(V) from D; , x RUN-1)
and 70N (e) := inf {t >SEN(@e) | Z0N ¢ De x Rd(N’l)}

the first exit time of the diffusion ZY from D, . x RUN-1)

We remark that Ti{kN(E) (resp. TLN(g)) is the exit time of the diffusion

e,K

71N defined in (I) from the domain D; ,, (resp. from the domain D, ).

We recall that we can not apply Freidlin-Wentzell theory directly to the two
domains D; ,, X RNV and De . X RANV-1), Consequently, we introduce two
other exit times.

Definition 2.9. We denote by
TN () = inf {t = S1N(e) |z ¢ DY
the first exit time of the diffusion Z9N from D(N) =D, X RUN-D NBY
and TN () = inf{t >ShN@e) | ZeN ¢ pgp}

the first exit time of the diffusion Z9N from Dg{v) =D, % RUN-1) NBY.

We have all the ingredients in order to obtain the exit times.

16



Proposition 2.10. For all 6 > 0, there exists kg such that for all 0 < k < kg
and for all N large enough, the following limit holds:

lim P {exp E (H — 5)} <7 (e) <exp E (H + 5)} } =1 (2.4)

with H := inafDW(z) and W(z)=V(z)+ F(z).
z€E

Furthermore, we have informations on the exit location. Indeed, for all N C
0D, . such that injf\[W(z) > iang W (z), we have:
z€ €

z e,k

lim P {fo;évg) e N} =0 (2.5)

e—0 e,k (
for k small enough and N large enough.

Proof. Plan First, we prove that the whole system ZV enters with high prob-
ability before a time T}, (finite, independent of N, independent of € and deter-
ministic) in the domain BY. Next, we prove that the system does not exit from
D, % RYN=1 hefore this time T,. with probability close to 1.

The set Dg\,i) is stable by —NVY¥. We apply Freidlin-Wentzell theory. Finally,
we prove that the diffusion Z¢V exits from the domain D,y X RYN=1 hefore
exiting from B .

Step 1. We recall the dynamical system introduced in (1.6):
o t
zN :XO—N/ VYN (2N)ds.
0

As ZIV = Xo, we deduce that for all t > 0, Z = 9;(X,) with

Gu(Xo) = Xo — /O UV (16 (Xo) ds.

Hypotheses (V-2) and (V-3) imply the convergence of ZV to 0 and there exists
T,., deterministic and independent from N such that

ZY eBY.
We assume without any loss of generality that T,, > Ty + 1 where T is defined

in Lemma 2.7. Proposition A.4 and Lemma 2.7 permit to obtain the following
limits:

e—0

limP{TN.() T} =0 and limP {z;N € Bﬁ} =1. (26
; b i
Step 2. From now on, we consider the new exit time:

Y, (¢) = inf {t >T, | 20N ¢ Dg{p} .

17



The domain Défﬁ) is stable by —NVY¥ according to Proposition 2.5. We apply
Proposition A.3 to Dg}? and we obtain

gii%ﬂb{exp E <H;V - g)} <. (e) <exp E <H,§V + g)} } =1 (27

with HY :=N inf TV (2).
zeoD)

The limits in (2.6) and in (2.7) imply

: 2 (. n O N 2 (n . O\]
iy {ow |2 (1 -3)] < 7@ <o |2 (5 +5) 1.

Step 3. We compute now the exit cost H. By definition,

HY =N inf TN (2)
zeaplY)

:inf{N inf YN (Z); N inf TV (Z)}.
Z€DDe, e xRUN 1) ZcoBN

Lemmas 2.3 and 2.4 imply that HY converges to g%;f W (z) when N goes to
FAS e,k

infinity. Finally, the continuity of the function W and Proposition 2.2 imply the

convergence of g%)f W (z) to H when k tends to 0. By taking x sufficiently
ze e,k

small, then N sufficiently large, we obtain |[HY — H ’ < % which ends the proof
of (2.4).

Step 4. We prove now that the two exit times 7., (¢) and 7N () are equal
with probability close to 1 for IV large enough and e small enough. We just
remark that

inf NYN(Z)< inf NYN(Z)
zeopN) ZeoBY

for N large enough, and we apply (A.3) of Proposition A.3.
Step 5. By applying Lemma 2.4, we have

inf NYN(Z)> inf NYN(Z)
ZEN xRIN-1) zeoD)

if N C 0D, such that inj{/ Wi(z) > gg W (z) for N large enough. Applying
zE z€ e,k

Proposition A.3 for N large enough leads to (2.5). O

An analogous result holds with D; .. We do not give the proof since it is
similar to the previous one.
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Proposition 2.11. For all 6 > 0, there exists kg such that for all 0 < k < kg
and for all N large enough, the following limit holds:

lim P {exp E (H — 5)} <7N(e) < exp E (H + 5)} } —1

with H = inafD W(z) and W(z):=V(z)+ F(z).
z€

Furthermore, for all N C 9D, ,, such that inj{/ W(z) > gg’ W (z), we have:
ze ze ik

imPLzo95Y end =0
e—0 Tie (8)
if k is small enough and if N is sufficiently large.

Proposition 2.10 and Proposition 2.11 permit to obtain the results on D.

Corollary 2.12. By 7%V (e), we denote the exit time of the diffusion Z<%N
from the domain D. For all p > 0, there exists Ng > 2 such that for all
N > Ny, we have the following limit:

lim P {exp E (H — p)] <780V (e) < exp E (H + p)} } =1 (2.8)

e—0
where H s like in in Definition 1.7: H := inafD (V(2) + F(2)).
z€

Furthermore, for all N C 0D such that inj{/W(z) > inafD W(z), there exists
z€E z&
Ny > 2 such that for all N > Ny, we have:

: €,1,N
E%P{ZTLN(C) e/\/} ~0. (2.9)

Proof. Step 1. For all k > 0, Z¢"" needs to exit from D; ,, before exiting from
D. Consequently, for all p > 0, we have:

p{rvg cen [2ur-o|f <pfeido <ew [Par-p)} -

€

We apply Proposition 2.11 by taking x sufficiently small and N large enough.
This implies the convergence of P {Ti’KN(e) <exp[2(H —p)] } to 0 when € goes
to 0 ; if IV is large enough.

Step 2. If Z¢1Y does not exit from D, it does not exit from D, .. We apply
Proposition 2.10 by taking x sufficiently small and N large enough. It implies

lim P {TLN(G) > exp E (H + p)] } =0

e—0

for N large enough.
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Step 3. By definition of A/, there exists & > 0 such that injf\[ W(z) = H + 3¢
FAS

In order to prove (2.9), we introduce the set
KHyoe = {z eRY | W(x) < H+2§} .

By Lemma 1.8, the domain Kz o satisfies Assumptions 1.5-1.6. Then, we can
apply (2.8) to Kpyioe. We denote TEI’N(G) the first exit time of Z&% from
Kr4+2¢. We immediately have:

lim P {exp E (H +2¢ — p)] < 7N (e) < exp E (H +2¢+ p)} } =1 (2.10)

for all p > 0 and for N large enough. By construction of Kpyo¢, we have
N C K14 9¢- This implies:
P2, e N <P{Z850,) ¢ Kirvac )
<P {Tg’N(G) < Tl’N(G)}
o {0 <o [24])

€

+P{exp {#] < TLN(G)} :

The limit (2.10) with p = £ implies the convergence to 0 of the first term as e
going to 0. By applying (2.8), the second term goes to 0 when € tends to 0. O

3 Strong propagation of chaos

It is well known that the two diffusions X ¢ and Z&%" defined by (I) and (II),
are close. Indeed, propagation of chaos holds: there exist K > 0 and M > 0
such that

2 K
ap 2z} <

teR 4

2] MT
and E{ sup HXffo’l’NH <22 forallT>0.
te[0;T) N

See Appendix B for the proofs of these statements.

These two inequalities have strong restrictions. In the first one, the supremum
is not under the expectation. Consequently, if 7 is a (not necessary bounded)

stopping time, nothing tells us that the quantity [E { ‘ |X§ — ZobN | ‘2} tends to

0 when N goes to infinity. Note that this cannot be deduced from the second
inequality since the supremum is restricted to a fixed and finite interval.
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However, by Proposition A.4, we know that the exit time of X¢ from a domain
D which satisfies both Assumptions 1.5-1.6 goes to infinity when ¢ tends to 0.

From now on, we consider a compact convex set K € R? which contains 0 and
Xo. We introduce the following exit times.

Definition 3.1. By 7(¢) (resp. by 7N (€)), we denote the first exit time of the
diffusion X¢ (resp. Z<VN) from the compact set K. The first exit time of the
whole system ZN from the ball BY is denoted by N (€), where r > 0.

We introduce now
7;N(e) = inf {T(e) ; Tl’N(E) ; Tév(e)} . (3.1)

The following result tells us that the propagation of chaos is uniform on

05 TN (e)].

Theorem 3.2. Let § be a positive real number. There exists ko such that for
all k < Ko, there exists No(k) € N* and eo(k) > 0 such that

2
E{ suwp ’Xf - valﬁNH <,
0<t<TN (e)

for all N > No(k) and for all € < ey(k).

Proof. Step 1. By Proposition 1.3, there exist €; > 0 and a time T, which is
deterministic and independent from N and € such that

E {5, |} < 52 (3.2)

for all £ > 0 and € < €;. Furthermore, by Proposition B.3, there exists e > 0
such that

5
5 (3.3)

2
sup E{ sup HXE—Zf’l’NH }g

0<e<es 0<t<T,

for N large enough. Note that (3.2) holds in the small-noise case, uniformly with
respect to N. Also, (3.3) is true for N large enough, uniformly with respect to
€.

Step 2. We denote ,uf’N = % Zivzl 0,ein. Recall that W, .=V + F % p for
all the measures p and that B2° denotes the set of all the measures w such that
S Nl p(dar) < w2,

The assumptions on V' and F' imply Hess W, > ¢ > 0. From now on, we put

V() = HXf—Zf’l’NH. If X5, 255N € K and 25N € BY then, for all

K
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T, <t < TN (e), we have:

(€0 =2 (Ve (X1~ W (507) s - 200
— 9 <ku§ (X)) — VW, (Zf’l’N) X Zf’l’N>
-2 <VF * U (Zf’l’N) _VF % H?N (Zf’l’N) L X5~ Zf’l’N>
<~ 20 (1) + 267 () fie(w). (3.4)
where we have set

fe(k) == sup  sup||VF*pui(z) — VE * pua(x)|| .
p1,p2€BX ze

By Lemma 1.1 in [Tuglla], VFxu is the product of  with a polynomial function
of degree 2n — 2 of ||z|| and with a finite number of parameters of the form:

d
Cliostr+++ 1o} = [ TLtws e llell® utao),
=1

where I + Y0 1; < 2n. If pis in B, [C(lo, by, ,14)| < Cr2" for some
constant C' > 0. Consequently, the quantity fic(k) goes to 0 when x tends to 0.
Therefore, we can take x small enough so that

0
sup sup ||VFxpu(x) = VE x pp(z)|] < 5
e p1, 2 €EBP

Inequality (3.4) implies directly:

sup
T, <t<TN(e)

2 2§
7 = 20 < {5, - 205 ).

which together with (3.3) yields

2 5
E{ sup ’Xf - vaLNH <2, (3.5)

Tu<t<TN(e) 2
Now the claim follows from (3.3), (3.5) and the inequality max{a, b} < a +b for
all a,b € R, O

This theorem links the exit time of X¢ with the one of Z&1V. It also shows
that the McKean-Vlasov diffusion is a good approximation (even in the long
time) of the first particle in a mean-field system in the small-noise limit. Let us

point out that the only use of the convexity was in the inequality E {||Xt6 | |2"} <
k2" for all t > T...
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4 Exit problem of X*¢

In this section, we provide our main results: the exit time and the exit location
of the McKean-Vlasov diffusion.

Let us consider a domain D C R? satisfying Assumptions 1.5-1.6. By 7(¢), we
denote the first exit time of the diffusion (I) from the domain D. Let K be a
compact set which contains D and such that d (D; £¢) > 1.

Theorem 4.1. For all £ > 0
. 2 2
E%P{exp [; (H —«E)] < 7(€) < exp [E (H—l—f)} } =1
where H := i%fD W(z) with W(z) :==V(z) + F(z).
z€E

Proof. Step 1. Let x > 0. According to Definition 2.1 and Proposition 2.2,
there exist two families of domains (D; ) and (De,,;) such that
L Z)Ln CZZ) C:Z)&K'

e D, and D, , are stable by —VV —V Fxp for all 4 € BZ°. The terminology
“stable by” has been introduced in Definition 1.2.

~k>0 ~k>0

e sup d(z;D°+ sup d(z; D) tends to 0 when x goes to 0.
2€0D; 2€0De

Let us recall that Ti{;iN(G) (resp. 71N (e€)) is the first exit time of Z%" from

D; . (resp. De.). Set 7Y () to be the exit time of the diffusion Z%" from the
domain BY. Finally, we denote 7N () := min {7(¢); 72N (¢); 7V (€)}.

Step 2. We prove here the upper bound:

P{T(e) > exp {ng]} -

P {T(G) > exp {H_ﬁ : T;’,év(e) > exp {H +& }
S

2 {0 2 o [ TEE| b0 <o [TEE] 720 < 20 )
2 {r 2 ew |19 <o |[TEE] 70 > o))
N

(@)}

=:an(e) +bn(e) +en(e).

Step 2.1. By Proposition 2.10, there exists x; > 0 such that for all 0 < x < K
and N large enough

lim P {T;;;V(e) < exp E (H + g)] } =0

e—0
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Therefore, the first term an(€) tends to 0 as e goes to 0.
Step 2.2. Let us look at the third term ¢y (¢). For x sufficiently small, we have
De,. C K. On the event

{r0 20|15 b0 s | TH] s> 0

€

we have 72N (e) < 7(e) and 71, (€) < 7 (e). This implies 72N (€) < TN (e).
We deduce that

P {7‘(6) > exp {HTH] : Te{*,ﬁv(e) < exp [ng} ; Tév(e) > Té’év(e)}

<P{||X0x ) - 2000 || 2 60 N 0 < TV 9}

1,N
en (€) 7o ()

<P{ sup |[x - 2| 2000 ¢
0<t<TN(e)

where §(x) denotes the distance between D and D¢ . According to Theorem
3.2, for all n > 0, there exists Ny > 2 and ¢y > 0 such that

P sup
0<t<TN(e)

for all N > Ny and € < €.
Step 2.3. Let us look at the second term by (e). By Lemma 2.3,

x¢ - 20| > m} -

lim inf NYTY(Z) = +o0.
N—+oo ZeoBY

Consequently, for N large enough, we obtain

1imP{TéV(e) < exp [H:ﬂ}o

e—0

Step 2.4. Let £ > 0. By taking first x small enough and then N large enough,
we obtain the upper bound

lim]P’{T(f) > exp [H:ﬂ}()

e—0

Step 3. Analogous arguments with Proposition 2.11 instead of Proposition 2.10

show that
limP{T(e) < exp {H{]} =0.

e—0 €

O

As an immediate application of Theorem 3.2 and Theorem 4.1, we obtain
a good approximation of the self-stabilizing process on unbounded family of
intervals:
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Corollary 4.2. Let H and p be two positive real numbers. For all 6 > 0, there
exist Ns € N* and es > 0 such that

sup sup P su HX8 Zg’l’NH >ps <6.
N2Ns e<es 0<t<exp

Proof. We introduce the set Ku , := {z eRY | V(z)+ F(z) < gy 1}. It
satisfies Assumptions 1.5-1.6 by Lemma 1.8. For x > 0 suffficiently small,
Theorem 3.2 gives the existence of Ny € N* and ¢y > 0 such that for all N > N,
and € < €,

2 1)
E sup ‘Xf — Xf’l’NH < -,
0<t<TN (e) 2

where 7,V (e) = inf {r(e); 7"N(e); 7N (e)}. Here 7(e) (resp. Tl’N( )) is the
first exit time of the diffusion X¢ (resp Z5LNY from Ku,y and 75 N (e) is the

first exit time of the whole system Z from the ball BYY. For N large enough,
Lemma 2.3 implies

e—0

e {20 <o 2]} <0, w

The domain ICH 41 satisfies Assumptions 1.5-1.6 so we can apply Theorem 4.1
and Corollary 212 to deduce that for all £ > 0,

g%P{T(e) < exp E (nglfﬂ}O (4.2)

and  lim P {Tl’N(e) < exp E (g +1-— g)} } =0. (4.3)

In particular, for £ = 1, (4.1), (4.2) and (4.3) imply

{0 <on[£])

for € small enough. Finally,

P{ su HX _ 7ot NH > 5
0<t<exp
H
<P sup ‘X‘E ZE’I’NH >p —HP’{TN( ) < exp [—]}§5-
0<t<TN (e €

This ends the proof. |

We provide now the result on the exit location.
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Theorem 4.3. Let N be a subset of OD satisfying

inf W(z) > inf W(z).
zeN 2€0D

Then
lim P { X, e N} =0.
e—0

Proof. The proof is similar to the Step 3 of the proof of Corollary 2.12.
By definition of N, there exists & > 0 such that inj{/ W(z) = H+ 3,. We
zE

introduce
Kiipoe = {x eR? | W(z) < H+ 25} .

By Lemma 1.8, the domain Kgyo¢ satisfies Assumptions 1.5-1.6. Then, we
can apply (2.8) to Kp4o¢. If we denote by 7¢(€) the first exit time of X from
K r42¢, then we obtain

lim P {exp E (H + 26 — p)] < re(e) < exp E (H+2¢+ p)] } 1 (44)

e—0

for all p > 0. By construction of Ki2¢, N'C Ky 5¢, which implies

P {Xj(e) € N} <P {X§(5> ¢ /CH+2£}
<P{re(e) < 7(€)}

<P {Tg(f) < exp [ng} } +P{exp [HTH] < T(E)} .

Applying (4.4) with p := £ to the first term and Theorem 4.1 to the second one,
we obtain the result. O

Remark 4.4. Note that we have not used convexity of V in the whole space
RY. We have used the convezity in a compact set which contains the point of the
global minimum 0 and the captivity of the law ui in a small ball which contains
do. This means that it is possible to characterize the exit time and the exit
location even if V' is not convexr by using the new approach of this paper.

A  Freidlin-Wentzell Theory

We present here the main results of the Freidlin-Wentzell theory. We restrict
ourself to a simple case in Rk, k > 1. We consider a homogeneous diffusion z*:

t
xf = x0 + VeB — / VU (z5)ds, (A1)
0
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where 2y € R, B is a Brownian motion and potential U € C* (Rk). For a
more general setting and the proofs, the reader is referred to [DZ10].

Let ap be a minimizer of the potential U. Let G be an open domain which
contains xo and ag. 7(€) denotes the first exit time of the diffusion z§ from the
domain G. Let us introduce the exit cost H:

H:= inf U(2) - Ulao).
Jnf U(z) - Ulao)

Define the deterministic dynamical system

ot () Zx—/o VU (g5 (x))ds.

We need two assumptions.

Assumption A.1. The unique critical point of U in the domain G is ay. More-
over, for all x € G, ¢y (x) € G for allt >0 and 1tlim ot (z) = ap.
—00

Note that this asssumption is about the domain G and it is always true if G
is the basin of attraction of ag.

Assumption A.2. All the trajectories of the deterministic system ¢ (x) with
x € 0G converges to ag as t — oo.

If U is convex on G then Asssumption A.2 is satisfied.
Assume that Assumptions A.1 and A.2 hold.

Proposition A.3. For all 6 > 0, the following limit holds:

. 2 2
lgr(l)IP’ {exp [E (H - 6)} < 7(€) < exp [; (H + 5)] } =1. (A.2)
Moreover, for each subset N' C 0G satisfying 12{/ U(z) > irgfg U(z), we have:
z ze
tim P {as ) € N} =0. (A.3)

At the end, we recall a classical result of the theory of large deviations.

Proposition A.4. If
Fs = {z e R | zrzlf(;d(Z; ¢i(20)) < 5}

ford > 0 and 75(¢) denotes the first exit time of the diffusion x€ from the domain
Fs, then

limP{7s5(e) <T} =0,

e—0

forall 6 >0 and T > 0.
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By using Proposition A.4, we can improve the results in Proposition A.3
with domains which do not satisfy Hypotheses A.1 and A.2.

Proposition A.5. Let us consider a domain G which satisfies Assumptions A.1
and A.2 and let 2o be a point in R* such that xo ¢ G. Assume also that o (o)
converges to ag as t goes to infinity. Let Ty be the hitting time of G for the
dynamical system o (xq). If we denote by

S(e):=inf{t>0 | a5 €G}
the first hitting time in G of the diffusion z¢ and by
re)i=inf {t > S(e) | a5 ¢ G)
the first exit time, then (A.2) holds for 7(€).
The proof is left to the reader.

B Propagation of chaos

The aim of this annex is to present the classical results of the propagation of
chaos and the proofs. We recall the mean-field system (II):

. . ¢ 3
zﬁN:&+ﬁw7/VVwﬂﬂw (B.1)
0

1Lt . 4
- Z/ VF (280N — 229N ds.
j=1"0

Also, we look at a system of N independent self-stabilizing diffusions:

t t

X" = Xo+ VeB! —/ VV (X5) ds—/ VE «uf (X2') ds. (B.2)
0 0

The two diffusions X% and Z5%" are close when N is large enough.

Proposition B.1. There exists K > 0 and eg > 0 such that, for all N > 1:

2 K
sup sup IE{HXfl - Zf’l’NH } < —.
0<e<eo tER, N

Proof. We apply the Ito formula to X' — Z&“™ and the function = — 22. By

. 2
denoting &£ (¢) := HXE’Z - Zf’Z’N‘ , we obtain

N N N N
. 2 e .
dYy &) =—2) A(i,t)dt — N DO (A5G 5,1) + A5, 4, 1)) dt
i1 i—1 i=1 j=1

with  AS(i,t) := <Xf’i — 70N YV (XS - WV (Zf’i’N)> ,
AS(i g, t) = (X' — 25N V(XS — X50) - VF (Zf’i’N - vaj’N)> and

<Xf’i 7N R (vai’N . Zf’j’N) CVE s (Zf’i’N )> .

Ag(la.jv t) :
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The convexity of F' implies A5(i,j,t) + AE(],Z t) > 0. Indeed, by writing
0y i X“ XE’J and ¢;’ Z’J’N Z“N ZE’J’ , we have:

A5(i,5,1) + A50)1,1)
= (VE(i™) = VE(GN)s (X7 = 200Y) = (X707 - 287))

<VF( €; W) VF(CE 16,9, N ); 77?1,3 _ §E71137N> > a‘ n:,w _ §E7Z’]7N“ >0,

where a > 0 depends on F'. Consequently

N N N
EQS A5G40 ¢ =By > (A56.5,0) + A5(Gi0) p 2 0. (B3)
i=1 j=1 1<i<j<N

Inequality (1.1) implies

—2) CAT(it) < 20 ) &5 (1) (B.4)

To deal with the last term, we apply the Cauchy-Schwarz inequality:

[N

N

N N
EQ 1> A5G40 p <&@ x DD E{(p50); pi(0)}

j=1 j=1k=1

with p5(i) i= VF (Xf”' - xg0) -V e (2.

Taking the conditional expectation with respect to Z; =N "and then to Zy I N
we obtain E {p5(i)pg (i)} = 0 for j # k. Therefore

N
DR < | NEEWIE IVFOG —Y) - V7 s (5P

where X and Y are two independent random variables with law u;. We know
by Lemma 1.1 in [Tuglla] that VF is the product of & with a polynomial
function of degree 2n — 2 of ||z||. By Proposition 1.3 and Remark 1.4, there
exist €¢g and C > 0 such that

N

E Z (i.5.t) p <CVNEE®D], (B.5)

for every € < e¢g. By combining (B.3), (B.4) and (B.5), we obtain

%iE{SE(t)} < 222{ OB (€0} + B LGN ]
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The particles are exchangeable and so

GELE0) < B0} + Ty B (g 0).

Since £5(0) =0,

£ 02
E{&@)} < 2N

This inequality holds uniformly with respect to 0 < € < €. O

Let us note that this uniform propagation of chaos would not hold if V' was
not convex. But, it is true even if V' is not uniformly strictly convex which
means if the Hessian of V' is not necessary definite positive.

Remark B.2. Instead of (V-2), let us assume that there exist ( > 2 and X\ > 0
such that

(VV(z) = VV(y); z—y) > M|z —y|[° .

Then, there exists K > 0 such that

2
sup supE{HXf’l — Zf’l’NH } < KN @71,
0<e<1 >0

We can also remark that the supremum is not under the expectation. How-
ever, such a result is available on a finite interval (even if V' is not convex):

Proposition B.3. There exists ¢g > 0 and M > 0 such that for all T > 0 and
for all N > 1,

MT

2
sup E{ sup HXf’lef’l’NH }§ N

0<e<eo 0<t<T

Proof. The idea is similar to the one of Proposition B.1. Indeed, by using the
same notation as in its proof, we deduce

N ' i 9 N T| N
E! su HX“—ZE’“ H }g— E / AS(i, . 8)| dt
S e{ s[5 7 VIE [ (i

0<t<T —
S j=1

Then, by using (B.5) and Proposition B.1, we find
N . ) 2 9 N T K
E{ su HX‘E’Z —ZE’“NH } < — / CV Ny =dt
N e o e
< MT.

The exchangeability finishes the proof. O
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By putting the supremum under the expectation, we lose the uniformity with
respect to the time. However, in the previous proof, we did not use the position
of the two particles X;* and Zf’Z’N. If we it, we obtain a stronger result, see

Section 3.
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