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Abstract

The exit time and the exit location of a non-markovian diffusion is ana-
lyzed. More particularly, we focus on the so-called self-stabilizing process.
The question has been studied by Herrmann, Imkeller and Peithmann in
[HIPOS]. Some results similar to the ones of Freidlin and Wentzell for clas-
sical diffusions have been proved. We aim to provide the same results by
a method more intuitive. Our arguments are the uniform propagation of
chaos and the application of the Freidlin-Wentzell theory to a mean-field
system. Moreover, we provide a new kind of uniform propagation of chaos
in the small noise.

Key words and phrases: Self-stabilizing diffusion ; Exit time ; Exit lo-
cation ; Large deviations ; Interacting particle systems ; Propagation of chaos ;
Granular media equation
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Introduction

We investigate the exit problem (exit time and exit location) of the following
so-called self-stabilizing process on R? from a domain D:

Xi = Xo+ eBy — [y VIV, (X,) ds 0
Ws:=V+Fxus:=V+FxL(X;) ~

*Supported by the DFG-funded CRC 701, Spectral Structures and Topological Methods
in Mathematics, at the University of Bielefeld.



Here, * denotes the convolution and X, € D is deterministic. Since the own law
of the process intervenes in the drift, this equation is nonlinear - in the sense of
McKean. € is omitted for the comfort of the reading.

The motion of the process is generated by three essential elements. The first
one is the gradient of a potential V' - the confining potential. The second force
is a Brownian motion (By),cr, in R? with intensity §. It allows the particle to
move upwards the potential V. The third term describes the attraction between
one trajectory ¢t — X;(wp) and the whole ensemble of trajectories. Indeed, we
remark: VF xus (Xs(wo)) = [, oo VF (Xs(wo) — Xs(w)) dP (w) where (2, F,P)
is the underlying measurable space.

This kind of processes were introduced by McKean, see [McK67] or [McK66].
The key of the article is the following: the diffusion X; which verifies (I) can
be seen as a particle in a continuous mean-field system of an infinite number of
particles. The mean-field system that we will consider is a random dynamical
system like

X} = Xo+ eBl — [Ivw™N (x1) ds

Xi = Xo+ VeBj — [, v (1) ds (n

XN = Xo+ eBY — [Lywi™) (X)) ds

where the N brownian motions (Btl) are independent and the potential

teR
W) is defined as W) .= V + F x (% Zivzl 6X;). For simpliying the reading,
we write X/ instead of X",

As written previously, the diffusion X; which satisfies (I) can be seen as a
particle X} among the whole ensemble of particles in (II) when N goes to
oo. This particular phenomenon - which is called the propagation of chaos -
has been investigated in [Szn91] (under Lipschitz properties) and on [BRTV98|
(when V is equal to 0). Ben Arous and Zeitouni went further by proving that
for any f(IV) such that f(N) — oo and w — 0, f(N) particles among N
become independent. Malrieu established a uniform propagation of chaos if
both V' and F are convex, see [Mal01, Mal03]. Concentration inequalities and
large deviations have also been studied in [BGV07, DPdH96, DG87]|. Finally,
Cattiaux, Guillin and Malrieu established a propagation of chaos uniform with
respect to the time in the non-uniformly strictly convex case, see [CGMOS]:

sup E{|| X, - X}[|*} < K(W) - 0.
teR,

However, the supremum is not under the expectation. One of the two keystones
of this paper is the uniform propagation of chaos.
Equation (IT) can be rewritten:

dX; = /eB; — NVYN (&;) dt (IT)



N
where X, := (X}, XN), B, := (B, -, BN) and for all X € (Rd) :

T (X) ;:%ZV(XjH#ZZF(Xi_Xj). (I11)

j=1 i=1 j=1

In [HIPO8|, Herrmann, Imkeller and Peithmann studied the exit problem of
self-stabilizing processes in convex landscape and provided some Kramers type
law closed to the one of standard diffusions like in [DZ10] or [FW98|. They
follow and extend the same method. The aim of this paper is to provide a much
simpler and intuitive proof of the result.

Let us recall briefly some of the previous results on diffusions like (I). The
existence problem has been stated by two different methods. The first one
consists in the application of a fixed point theorem, see [McK67, BRTV9S,
HIPO08|. The other consists in a propagation of chaos, see for example [Mél96].
In [McK67], the author proved - by using Weyl lemma - that the law £ (X;) of
the unique strong solution X; admits a C*°-continuous density u; with respect
to the Lebesgue measure for all ¢ > 0. Furthermore, this density satisfies a
nonlinear partial differential equation of the following type:

gut = div {EVut + ut(VV + VF % ut)} .
ot 2

This equation is a useful tool for characterizing the stationary measure(s) and
the long-time behavior, see [BRV98, Tam84, Tam87, Ver06|. It has been proved
in [HT10a, HT10b, HT09, Tuglla] that diffusion (I) admits several stationary
measures if V' is not convex in dimension one. Convergence towards these equi-
libria have been investigated in [Tugl0]. The general dimension case has been
made in [Tugllb, Tugllc].

Large deviations is the natural framework but a potential theory approach is
possible, see for example [Bov06].

The most common one is the one of the large deviations. In the case of a classical
diffusion

dl’t = \/gdBt - VU(Z't)dt,

the exit time 7. from a domain D satisfies the following estimate under conditions

easy to verify:
H-6 H+6
1imP{exp{ ]gTESeXp[ + }}0
e—0 €

where H := 2inf.cpp U(z) — 2inf,ep U(2) ; for all § > 0. If we consider Lévy
noise (but not brownian motion), similar result can be obtain with a different
rate of €, see [[PW09, IPS10].

By using exactly the same method than in [DZ10], Herrmann, Imkeller and
Peithmann proved the same result with V' + F' x §,, instead of V ; if ag is the




unique wells of V. Let us note that d,, corresponds here to the small-noise limit
of the unique stationary measure. This means that exit time and convergence
towards steady state are closed. Consequently, we will look at the methods for
getting the convergence in order to deduce the exit time. One of this method
consists in using the propagation of chaos in order to derive the convergence
of the self-stabilizing process from the one of the mean-field system. However,
we shall use it independently of the time and the classical result which is on a
finite interval of time is not sufficiently strong. Cattiaux, Guillin and Malrieu
proceeded a uniform propagation of chaos in [CGMO08| and obtained the con-
vergence in the convex case, including the non-uniformly convex case. See also

[Mal03].

Since (II) is a classical diffusion in R, the exit problem can be obtained by
the classical Freidlin-Wentzell theory. Then, the uniform propagation of chaos
permits to tract the exit time of (I) from the one of the first particle X} of (II).

The paper is organized as follows. After presenting the assumptions, we state
the first results, in particular the precise majoration of the moments and the
boundedness with respect to the time and to the noise of all the moments. Then,
the exit time and the exit location of the particle X} from a domain D is pro-
vided by using the classical Freidlin-Wentzell theory ; when N is fixed. Also,
we show that the associated cost Hy converges towards H > 0. Subsequently,
a result of propagation of chaos uniform with respect to time and with respect
to noise is proved. Finally, the two previous results are combined and the main
results are stated:

Theorem: Let an open D which contains the unique wells ag of the uni-
formly strictly convex potential V. We assume that for all x € D, we have
{ze;t€Ry} C D and xp — ap with 4= — (VV + VF x68,,) (x¢). Also, let
us assume that {y;; t € Ry} C D with yy= —VV (y¢) and yo = Xo € D. We
introduce

H:=2 ( inf W(z)— W(ao)>

2€0D

with W(z) :=V(z2)+ F(z—ag). Let us note 7. the first exit time of the diffusion
Xi. Then, for all § > 0, we have the following result:

H— H
1imIED{exp [—6} < Te < €Xp [—+6]} =1.
e—0 € €
Furthermore, if N C 8D wverifies inj{/ V(z) + F(z —ao) — V(ao) > H, then:
z€E
limP{X, e N} =0.
e—0

Theorem: Let 6,k > 0. We assume that V is uniformly strictly convez on RY,
Then, for all K > 0, there exists Ny € N* and €y > 0 such that

sup sup P sup HththHZR <94.
N>Nj e<eo OStSGXP[g]



Finally, we postpone classical Freidlin-Wentzell theory in annex.

Assumptions

Firstly, we note ||. || the norm that we consider on R?. We assume the following
properties of the confining potential V:

(V-1) V is a polynomial function on R? with deg(V) =: 2m.

(V-2) HessV > 9 > 0.

(V-3) V admits exactly one critical point: ag, which is a wells.
(V-4) For all z € RY: (z; VV (z)) > Cy ||z]]* — Co with Cy, Cy > 0.

We would like to stress that weaker assumptions could be considered but all
the mathematical difficulties are present in the polynomial case and it permits
to avoid some technical and tedious computations. Let us present now the
assumptions on the interaction potential F':

(F-1) There exists an even polynomial function G on R with deg(G) =: 2n > 2
such that F(z) = G(||=]]).

(F-2) G is convex.
(F-3) Initialization: G(0) = 0.

By using method similar to the ones of [CGMO08, Tugl1b], we know that there
is a unique stationary measure which converges towards d,, in the small-noise
limit.
Let us note that with assumptions (F-1)—(F-3), we have:

x

x

VE(z) :G’(Ilwll)m

Since all the moments of the initial law ug = J, are finite, we know by Theorem
2.12 in [HIPO8] that (I) admits a unique strong solution. Moreover:

max su E[X j]<M
g, sup E (|17 < (@)

for all @ € N*. We deduce immediately the tightness of the family (u:),cp, -

1 Preliminaries

N
We begin by presenting some notations concerning the space (Rd) .



N
Definition 1.1. 1. For all € R?, we write T := (x,---,x) € (Rd) .

N
2. Foral X = (X1,---,XN) € (Rd) and for all k > 1, we consider the

following norm.:

| & *
k
11, :{NZHXZ-H} :
i=1

If we do not specify k, that means that k = 2.

N N N
3. Let a set D C (Rd) and a potential V' from (Rd) to (Rd) . We say

that D is stable by —VV if for all x € D, the orbit {z¢; t € Ry} is included in
D with xo = x and 2y= —VV ().

N
4. Finally, for all p > 0, for all X € (Rd) and for all p € N*, we introduce
the ball:

B (i) = {ve ()| 1x -l <0}

When there is no confusion possible, we write B,.

We state now two important results about the moments. Indeed, the uniform
propagation of chaos with respect to the time needs a uniform majoration of the
moments. Such a result has been proved in [HIP08]. However, it has been used
for obtaining the existence of the solution for fixed e. Since, the work of this
paper is in the small-noise limit, we also aim to obtain a uniform boundedness
with respect to the noise.

Proposition 1.2. Let (X¢),cp, the unique strong solution of (I). For all p €

N*, there exists Cp, < oo which satisfies:

sup supE {||Xt||2p} <C,. (1.1)
0<e<1 >0
Proof. Since the initial value X is deterministic, the quantity E [||X0||2p } is

finite. We apply Ito formula to the function z — ||z||*:
d || X[ =2p /e | Xl P72 (X5 dBy) = 2p [| Xl |77 (X3 VV (X)) dt

—2p || X PP (X VF xug (X)) dt
+p(2p — D)e|| X[ 2 dt.



After integration, it yields
2 2 ! 2 2
X7 =Xl + 207 [ 160772 (05 B
0
t
72p/ X7 { (X0 WV (X0) 4 (X: VP vy (X)) s
0
¢ 2 2
+p(20- Ve [ || ds.
0

We introduce the function & (t) :== E {||Xt||2p} (we recall that e intervenes on

the diffusion X; and on the probability measure u;). The previous equality leads
to:

€L(t) = — 2B IX17 7 (X0 YV (X0)]
— 2 [|| X177 (X5 VF 5w (X0))] +p(2p — 1)eE [|IX][7 7] .
By definition, the second term can be written as in the following:
E (1] (Xo5 VF uy (X)) = B[] (X5 VF (X, - V)]

where Y; is a solution of (I) independent from X;. We can exchange X; and Y;.
Thereby, by using hypotheses (F-1) and (F-2), it yields:

E (|17 (X0: VP (X, - ¥2)|

_E [I|Xt||2”‘1 ¢ 0l < Xox Yt>]
[1X: — Y| | Xl

1 _ _
= SE{& (1% = Vi) { Xe 1% 7 = Ve G175 X = Yi) } -

This last term is nonnegative. Indeed, Cauchy-Schwarz inequality implies

(x

2p—2 2p—2
> (1P = %I (1l = %3]]) > 0.

Xl = Yl X - Y

Therefore, we obtain the inequality E {||X,5||2p_1 F' sxouy (Xt)} > 0. Moreover,
hypothesis (V-4) implies

E (10177 (X05 VV (X0)] = CGE 1117 ] - GoF (1% 7] .
Hence, by using Jensen inequality, we deduce:
£0(1) < —2pCate(t) +2pCote(1)' 7 +p(2p — Dete(t)' 7

e {ewt - (2 22w

IN

IN



As &.(t) > 0, the inequality

0= (G )

would imply £/(¢) < 0. It yields:

C 2 — 1)e\?

if € > 0. This achieves the proof. O

Inequality (1.1) means that the self-stabilizing process tends to be captiv in
a ball. Indeed, we can go further than Proposition 1.2:

Proposition 1.3. Let (Xt)te]R+ the unique strong solution of (I). Let p € N*
and p > 0. We introduce the following deterministic time:

T.(p) :== min{t >0 ‘ E {HXt fa0||2p} < pp} .

Then, for € small enough, we have the inequality:
1
pip?

Te(p) < [1X0 = aol | . (1.3)

Moreover, for allt > T.(p), E{||Xt - a0||2p} < pP.
Proof. We introduce ¢(t) := E [||Xt - a0||2p}. Under the assumption (V-2),
we have the following inequality:
(@ —ag; VV(2)) > 9lx — aol* .
Then, by proceeding like in the proof of Proposition 1.2, we recover an inequality

similar to (1.2):

o) < 2oy {utp - ZEUL (1.4

From now, we take e sufficiently small such that g > %. Consequently, for
all t < T.(p), it yields:

(2p—1)e

’ 1-3 »
=i (t) > 2p0c(t) " » (wﬁ(t)p 2

) > pip”.
By definition, if || Xy — a0||2p > pP:

Te(p)
A Y (t)dt = e(0) — 7.

(1.3) holds immediatly. Finally, (1.4) implies that for all ¢ > T¢.(p), we have
E{||Xt—a0||2p}§pp. =



This result concerns the law u; and not the trajectories ¢t — X;(w). But, it
points out the importance of §,, in the study. Indeed, Propositions 1.2 and 1.3

imply:
lim limsup E {”Xt - a0||2} =0
e—=0 500

in the uniformly strictly convex case. Consequently, the relevant sets for the
exit problem of the McKean-Vlasov diffusions are the ones which contains the
attractive point that is to say ag. Moreover, this will permit to prove the main
results.

We give now a classical result on the geometry of the potential Y™ defined in
(IIT):
Lemma 1.4. Under the hypotheses (V-1)-(V-4) and (F-1)-(F-3), TN admits

exactly one critical point: ag. Moreover, it is a wells of TN.

The proof is similar - up to some details due to the dimension d and the
number 1 of critical point - to the one of Proposition 2.1 in [Tuglld]. Thereby,
it is left to the attention of the reader.

2 Exit problem for X}

Propagation of chaos means that a self-stabilizing process has a behavior closed
to the one of a particle of a mean-field system whose size N goes to infinity.
Consequently, we provide results on the exit problem for the particle X}. Then,
the same will hold for X;. Main Freidlin-Wentzell theory results are described
in the annex.

Let us recall the mean-field system (II):

X! = Xo+eBl — [ VV (XY)ds — [[ £ S0 VF (X! — XJ) ds

X = Xo+ VeBi — [y VV (X])ds — [y & 3250, VF (X - X{) ds

XN = Xo+eBN — [[VV (XN)ds — [{ £ 7, VF (XN — X{) ds

Let an open domain D C R? which contains the wells ay and the initial value

Xo. For all N > 2, we introduce the open Gy := D X (Rd) . Let us call 7}
the first exit time of the diffusion X} from the domain D C R
Remark 2.1. This exit problem is equivalent to the one of the whole system

N
Xy = (X}, X)) from the domain Gy C (Rd)

We will study the exit problem from Gy starting by X,. However, the
domain Gy does not satisfy a priori Assumption A.2. Indeed, the domain is



not necessary stable under the action of —VY¥. Consequently, we will restrict
the domain that we will consider. Let us present the assumptions on D:

Assumption 2.2. We consider the equation: z;= —VV (x) with o = Xp.
Then, for allt >0, x; € D and xy — ag € D.

This hypothesis will be used in the following since it permits the stability by
—VY¥Y when the initial point is Xy € Gy. Let us note that this assumption is
weaker than Assumption 4.1.1) in [HIP08|. We present now the other hypothesis:

Assumption 2.3. For all x € D, we consider the ordinary differential equa-
tion: ypy= —VV (y1) — VF (yr — ao) and yo = z. Then, for all t > 0, y, € D.
Moreover, lim;_, oo y+ = ag € D for all xz € D.

This hypothesis is natural according to Propositions 1.2 and 1.3. Indeed,
after a deterministic time, the whole system (II) will be captiv in a small ball
around @gy. Consequently, the particles system evolution will be closed to the
following:

t t
XZ=X0+\@B§—/ VV(Xi)dS—/ VE #84 (X;) ds.
0 0

Thereby, Assumption 2.3 means intuitively that Gy (\B%" (0; p) is stable by
the dynamic of (IT).

However, this statement is not necessary true. Consequently, we will consider
two sequences of sets which frame the domain and which satisfy Assumption
2.3. Then we will be able to provide the result for Gy

Definition 2.4. Let p > 0, arbitrarily small. We recall 2n = deg(G). We
consider M, the set of all the probability measures p on R? which satisfy

Jga ||| |*" pu(dx) < p™. For all v e ME = N, we also consider the dynamical
system:

= —VW,, = —VV (zV) = VF % v (V)

with vy € M, for all t > 0. We do not assume any other hypotheses on the
function t — v4. We introduce the two following domains:

Z,:= {x €D | ulel}\f}ptlelﬂ@id(xt ;D) > O} (2.1)
and &, := {xf | tZO,l/ENp,d(xo,D)gp}. (2.2)

Obviously, for all p > 0, the two sets 7, and &, satisfy Assumption 2.3.
Moreover, we have the inclusions

0 ) 0 0
Z,, CI,, CD'CDCE, CEy s

for all 0 < ps < p1. Now we will justify why the two sequences of sets represent
a good description of the domain D.

10



Proposition 2.5. The following limit holds: lim, o [, dx — [, dz=0.

Proof. Step 1. First, we note that the drift VF * p is a polynomial function
with a finite number of parameters of the form:

/Rdf[me»“

where [ + Zle l; < 2n. Consequently, the set of functions
{x = —-VV(z) = VF xpu(z) | peMp,}

2| dp(x)

is compact. Thereby, for all compact K which contains D, there exists f(p)
which tends towards 0 when p goes to 0 such that

sup sup ||VF * u(x) — VF(z — ao)|| < f(p).
HEM, €K

Moreover, (V-2) and (F-2) imply
inf inf HessW,(z) >

rEK peM,

for any compact K which contains D.

Step 2. Let o € D. We will prove that zo € Z, when p is small enough. We
introduce the dynamical system:

2= —VV(x) — VF(xr — ag) = =VW(zy).

Assumption 2.3 implies that x := inf;>¢ d (z4; D¢) > 0. Then, for all v € N,,, if
xy € K, it yields

d
T oy = ze||* = — 2(VW,, (2}) — VW (x¢) 5 2} — x2)

< — 29|z} — |
+2[a —a¢l] sup sup [VF # () — VF(x — ag)|
HEM, zeK

2|zt — [ {f(p) = Ol — e[} -

By taking p sufficiently small, we have @ < k. Since inf>od (24 ; D) = K, we

deduce that xy € D for all £ > 0 and for all v € Np. This means that xo € Z,
for p small enough.

Step 3. We will prove now that any point x € D’ is in &, for p small enough.
We assume d (z,D) =: k > 0. Let a point 9 € D + B(0; p). There exists
yo € D such that d(xo,y0) < 2p. We consider the two dynamical systems:
tp= —VW(x¢) and yp= —VW(y;). Since W is uniformly strictly convex on
the compact K (defined in Step 1), the distance d(z,y:) is nonincreasing if
D+B(0; p) C K. This means d(z,y;) < 2p for all ¢ > 0. By proceeding like
in Step 2, the distance d(y;,y; ) is less than f(p). By taking p small enough, we
have d(z;,2}) < %. Hence: d(z},y;) < 2. This result is uniform with respect
tox € D+B(0; p). Consequently, x ¢ &,. This achieves the proof. O

11



From now, we introduce the two exit times which will run the main proof of
the article:

Definition 2.6. We call 7, (respectively 7',9) the first exit time of Xy from the
N—1

domain &, x (Rd) o (respectively I, x (Rd) ).

N—1 N—1
It is important to stress that the domains Z, x (Rd) and &, x (Rd)

do not satisfy a priori Assumption A.2 for the potential Y™V. Consequently, we
will apply Freidlin-Wentzell theory to other domains. And, we will prove that
the exit times and the exit locations of the new domains are exactly the same

N-1
that the ones which are interesting. We begin with &£, x (Rd) .

Proposition 2.7. Let p > 0. Let N > 2 and § > 0 arbitrarily small. We have
the following limit for p small enough:

S OO LS. RN [/ RS [

with  Hy(p) = H(p) + on(1)

where H(p) := 2inf.coe, W(z) and W(z) := V(2) + F(z — ao) — V(ao).
Furthermore, we have informations on the exit location. Indeed, for all N° C OE,
such that inf ey W (z) > inf.coe, W(2), we have:

hmP{Xi e/\/} =0 (2.3)
e—0 4
for N large enough.

Proof. Plan The global idea is the following. First, we prove that the whole
system X, enters before a time T, (finite, independent of N, independent of e
and deterministic) in the ball B3 (@g; p) =: B,. We go further by proving that
it will enter into

Hy(p) == Bpﬂ (TN)ﬂ ({0; infzeop, TN(QZ) — TN(a_o)])

which is stable by —VY¥. Moreover, we prove that the system does not leave
N—1
Ep x (Rd) before this time 7).

N—1

The construction of £, guarentees that the set £, x (Rd) N Hn(p) is stable

by the gradient of YV. We apply Freidlin-Wentzell theory. Finally, we prove
N-1

that &} exits from &£, x (Rd) before exiting from Hy (p).

Step 1 We note ); the following dynamical system:

V= -vr¥V (V) .

12



As Yy = X, we deduce that for all ¢ > 0 and for all N > 2, ), = Y, with
yr=—VV (y). Assumption 2.2 means that {), | ¢t >0} c DV C £X.
The potential V' is uniformly strictly convex according to (V-2). Consequently,

Y; converges towards ag and there exists T}, deterministic and independent from
N such that

e (2

with M (p) =B, [ (TV) " ({0;

infzeom, TN(QZ) - TN(G_O)}) '

Classical large deviations technics (see [DZ10]) permit to obtain the following
limits:

limP{7, <T,} =0 and EE)P{XTP eHnip)}=1.
Step 2 From now, we consider the new exit time:
Ny =inf{t>T, | Xy ¢ &, n}
N-1
with &, =&, x (Rd) N Hx(p).

Subsequently, it will be proved that - for IV large enough and e small enough -
the two exit times 7, and 7, are equal with probability closed to 1.
Step 2.1 By construction of &,, the domain &, n is stable by N vA AN

Step 2.2 We apply Proposition A.1 to the domain &£, xy and we obtain

hmp{explm <np<exle }1
e—0 € €

ith Hy(p):=2N{ inf YN (Z)—YN(ag)y .

with  Hy(p) {Zelangw (Z) (ao)}

It remains now to prove that Hy(p) = H(p) 4 on(1).

Step 2.3 Since V is uniformly strictly convex and since Hess F' > «, the po-
tential TV is convex on B,. Therefore, we have TN(Z) — TN (ag) > 9|/ Z|[>.

1 1 N
Elementary computation leads to ||Z|| > N2~z ||Z]|,,, for all Z € (Rd) :
Consequently:

IN inf  YN(Z)=YN@g) > 9N 2.
{ZEalﬁN(p) (Z) (ao)}_ p

Step 2.4 Let us compute now

2N inf TN (Z) - 1N (ap)
ze (aspx (Rd)“fl) NHw (o)
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We look at the function &, defined as

1 N | NN
E(a2, - aN) = NV(Z)"‘NZV(%‘)'FWZZF(%—%)
j=2

i=1 j=1

with 21 := 2z € 9€,. Each partial derivative provides:

0

1
a—xk —VWM

Eula, s an) = YV + 5 O V(e — 1) =

N

where € M, because M € B,. W, is convex. We deduce that - for all
N
(21, ,xN) € (Rd) - the function u — & V'V (u)+ 5= Ejvzl VF(u—x;)is an

injection. Consequently, the critical points of £, have all the forms (zo,- -, z2).
Moreover, the point x5 - which depends on N and on z - is the solution of

1
VV(x2) 4+ NVF(ZCQ —z)=0.

This implies the uniqueness of xo which satisfies

T2 =ap+ % (Hess V(ag)) " VF(2) + 02(%) .
It yields:
TN (2,29, ,x2)
= V](VZ) + (1 - %) V(za) + %F(z — Z2)
1 1
=~ {V(2) + (N —1)V(ao) + F(z —ag)} + O <ﬁ) .
Then:

NTN(Zv'rQa e 7$2) o NTN(G’_O) = W(Z) - W(ao) + 0(1) :
This last term does not depend on z since we take the maximum over the
) : N AN L
compact K. So: 2N{1nf<6ng(Rd)N1)nHN(p)T (X)—-7" (ao)} = H(p) +
o(%). For proving 7, = 7, with probability closed to 1, we just remark that

inf TN(Z) - TN(@g) < inf  YN(Z)—T1N(ap)
ze (6spx(1Rd)N*1) O Hw (o) ZE0H N (p)

for N large enough, and we apply (A.1) of Proposition A.1.

Step 3 We can also prove (2.3) by noting the following inequality for N large
enough:

w {ZGN;?H;)NI - TN(G_O)} = {ZE%T‘:fp,N TN(Z) - TN(G_O)}

if N C 0, such that inf.cnr W(z) > inf.coe, W(2). O
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The same holds with Z,:

Proposition 2.8. Let p > 0. Let N > 2 and § > 0 arbitrarily small. We have
the following limit for p small enough:

0 o 0
lim P {exp [M] <79 < exp {M]} _q
e—0 € €

where HY (p) verifies:
HY(p) = H(p) +on(1)
where H(p) := 2inf.coz, W(z) with W(z) := V(z) + F(z — ag) — V(ao).
Furthermore, for all N' C 0Z, such that inf.exr W (z) > inf.coz, W(2), we have:
lim P{ X}y € '} =0
e—0 13
if N is sufficiently large.
The proof is similar except the argument which explains the inclusion
V| t>0}CZ,
for p small enough. It is a consequence of Proposition 2.5.
Proposition 2.7 and Proposition 2.8 permit to obtain the result on D:

Corollary 2.9. Let k > 0 arbitrarily small. We recall that 7} is the first exit

N—1
time of X} from D x (Rd . Then, there exists Nog > 2 such that for all
N > Ny, we have the following limit:

. H—-k& 1 H+ k&
lim P { exp <7, <exp
e—0 €

with H := 2inf,cop W(z).
Furthermore, for all N C 0D such that inf,en W (2) > inf.cop W(z), there
exists N1 > 2 such that for all N > Ny, we have:

|
—

(2.4)

lim P{ X} e N’} =0. (2.5)
e—0 e
Proof. Step 1. X/ needs to exit from 1, before exiting from D. Consequently:

e o[} <r i <o 2]

By taking p sufficiently small, we have H(p) > H — %. Then, by taking N
sufficiently large, we have Hy(p) > H(p) — %. We apply Proposition 2.8 with
0 := k and we obtain:

H—
lim]P’{TelgeXp{ H]}O
e—0 €

15




for N large enough.

Step 2. If X/ does not exit from D, it means that it does not exit from &,.
By using the same method than in Step 1, the application of Proposition 2.7

implies
H
limP{Tel > exp{ +R]} =0
e—0 €

Step 3. In order to prove (2.5), we introduce the following set:

for N large enough.

G, = {z eD | W(z)< Zle%fDW(z) + n}

with & > 0 such that inf,cog, W(z) < inf,en W(z). G, satisfies Assumption
2.2 since V is convex on this domain. Assumption 2.3 holds immediatly by
construction. Thereby, we can construct & , as an enlargement of G,,. Without
loss of generality, we can assume that « € G,;.. If not, by the same argument than
the one of Step 1 in the proof of Proposition 2.7, there exists a deterministic
time independent from N and from e such that - with probability arbitrarily
closed to 1 - A} enters in G,, without leaving D. By definition of the set &,
associated to Gy, there exists v > 0 such that

inf W H+2 inf W .
b W) <Ht2y< inf W()

Moreover, for k and p small enough, we have the following inclusion: A" C Exp
We note 7, , the first exit time of X} from &, ,. We remark:

]P{ng € N} < lP’{Xig ¢ En,p} <P{m, <7}

H H
SP{TmPSexp[ +7:|}—|—]P{6Xp|: +7]§Tj}.
€ €

For N large enough, the second term tends towards 0 after applying (2.4). The
first one is a consequence of Proposition 2.7. O

3 Propagation of chaos

As well knwon, we know that propagation of chaos uniform with respect to the
time holds. We provide the two main results about this propagation of chaos.
On this purpose, we introduce a system of independent self-stabilizing processes:

Yg‘:XOJr\/EBg'—/Otvv(fg)ds—/otvm“s(Yg)ds. (3.1)

and we still consider the mean-field system (II). We omit the proof since the
methods are classical. See [BRTV98, CGMO08, Tugl1d].
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Proposition 3.1. There exists K > 0 such that:

— 2 K

sup supE{Hth —thH } < —.
0<e<1 >0 N

Remark 3.2. We can do the same if V is non-uniformly strictly conver. We

only need the existence of k > 2 and ¢ > 0 such that:

(VV(z) = VV(y);z—y) = la—yl|" .

In this case, we would have:

— 2
sup supE{Hth thlH } < KN %7,
0<e<1 t>0
We provide now a result where the supremum (on a finite interval) is under
the expectation:

Proposition 3.3. Let T > 0. There exists K > 0 such that:

— 2 KT
B{ s [|x X7 < 57
0<t<T

We would like to stress that this inequality is uniform with respect to e.
We provide now a more precise result. We write X, instead of X}. From now,
we consider a domain D C R? which satisfies Assumptions 2.2 and 2.3. We
call 7, the first exit time of X; from D and 7! the one of X}. By Step 1 in
the proof of Proposition 2.7, we know that for all p > 0, there exists a time
T, deterministic, independent from ¢ and independent from N which verifies
lime_,o P {Xr, € By (ag; p)} = 1. It permits to introduce the following exit
time:

N i=if{t>7T, | X, ¢BY (@;p)} .

Definition 3.4. Also, we call T(€) := min {7; 72; 72 }.

We will now state that the propagation of chaos is uniform on the interval

05 T(e)].

Theorem 3.5. Let § > 0. There exists Ng € N* and ¢y > 0 such that for all
N > Ny and for all € < €g, we have:

E[ sup Hzxﬂﬂga.
0<t<T (¢)

Proof. Step 1. By applying Proposition 3.3, we can prove the existence of a
time deterministic, independent from e and IV - and we continue to write it T},
- such that:

E||[X7, - aol[""] <p** and E

— )
an %=X <3
0<t<T,
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for N large enough and e sufficiently small. The first inequality holds in the
small-noise case, independently of N. And, the second one is true for N large
enough, uniformly with respect to e.

Step 2. We apply Proposition 1.3 and we deduce E [| |Yt - a0| |2n] < p?" for
allt > T,

Step 3. We note pf¥ := % Zivzl dxi. We recall the notation W, :=V 4 F x pu.
W, is convex and Hess W, > ¢ > 0. By definition of X and X}, if X7, X%p eD
and if X7, € B3} (ag; p), we have:

ST = X P =2 (v, (K) - VW, (X2) s X0 - X}
=—2(VW,, (X;) = VW,, (X}); Xi — X})
—2(VF xu (X¢) = VF = (X}) s X — X}
<20 ||X% - x{|*

+2|[Xe = X{|| sup sup [[VW, () = VW, (y)]
z,y€D p1,u2€EM,

for all T, < ¢t < 7.. Thereby, by taking p small enough, we deduce:

2.4
75}

sup HE—XI}HQ < max{HX—Tp—X%p
T,<t<T.

Hence, it yields

— )
E{ sup HXtXSHQ}%-
T,<t<T.

Since max{a,b} < a+ b for all a,b € Ry, it achieves the proof. O

4 Exit problem for the non-markovian process

We have now all the keys for proving the main result of the paper. Let us
consider a domain D C R? which satisfies Assumptions 2.2 and 2.3. We recall
that 7. is the first exit time of the diffusion (I) from the domain D, 7} is the
one of the diffusion X} and 72V is the first exit time of (II) from B3" (ag; p).
Let us also recall that 7; := min {7‘6 Tl TeN} The time 7. depends on p and

on N but we do not write it for the comfort of the reading.

Theorem 4.1. For all £ > 0, we have the limit:
H - H
1imP{exp{ 5]<Te<exp[ Jrg}}l
e—0 €

with H := inf ,cop W (z) with W (z) :=V(2) + F(z — ag) — V(ap).

18



Proof. The method is closed to the one used in Corollary 2.9. Let p > 0. We
consider the two domains Z, and £, previously introduced in (2.1) and (2.2).
We take p sufficiently small such that H(p) < H + % Let k:=d (55 ; D) > 0.
Step 1. In this step, 7} (p) denotes the first exit time of X} from &,. Then, it
yields:

P (2 e [T2E]) <p (7200 2 e [EE] ) 4B (2 < 20)
+P (|| X7 - X7[| > #)

The application of Proposition 2.7 implies that the first term tends towards 0
for N large enough since H(p) < H + % The convergence of the second one
to 0 has been made in Step 2 of the proof of Proposition 2.7. The third term
is as small as we want for N large enough and ¢ sufficiently small according to
Theorem 3.5.

Step 2. Similar arguments with Proposition 2.8 instead of Proposition 2.7

provide the limit
H—
hm]P)<7'5§eXp|: 5])0
e—0 €

This permits to obtain a good approximation of the self-stabilizing process
on infinite interval:

O

Corollary 4.2. Let §,&,k > 0. There exists Ng € N* and €y > 0 such that:

sup sup P sup HE—X,}HZF; <94.
N>Ng e<eg Qgtgexp[¥]

This is an immediate application of both Theorems 3.5 and 4.1, after recall-
ing that the probability of the event {TeN > 7} (p)} converges towards 1 for NV
large enough in the small-noise limit.

We provide now the result on the exit location.

Theorem 4.3. Let N' C 0D which verifies the inequality
Zléljf\[V(Z) + F(z —ap) > Zie%fp V(z)+ F(z —ao) .
Then:
limP{X; €N} =0.
The proof is similar to the one of the second part of Corollary 2.9 about the

exit location of X}. The only difference is the application of Theorem 3.5. The
proof is left to the attention of the reader.

Before recalling the classical results on the Freidlin-Wentzell theory, we would
like to stress the following point:
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Remark 4.4. We did not use the convexity of V in the whole space RY but
only its convexity on a compact which contains a wells ag and the captivity of
the law uy in a small ball which contains 64,. Consequently, by using the result
of convergence in [Tugllc], it is possible by using the ideas of this paper to
characterize the exit time even if V is not convex.

A Freidlin-Wentzell theory

We recall the main results of the Freidlin-Wentzell theory, see [DZ10] for proofs.
We consider a classical diffusion on R?, d > 1:

t
zt:zoJr\/EBt—/ VU (x5)ds.
0

Let an open domain G which contains xg and ag, a wells of the potential U. We
introduce 7. the first exit time of the diffusion z; from the domain G. Then,
under Assumptions A.2, A.3, A4 and A.6 (described subsequently), we have:

Proposition A.1. Let us introduce H := 2inf,cog U(z) — 2U(ag). Then, for
all § > 0, the following limit holds:

1imIED{exp [H—_(S} < Te < €Xp [H——HS]} =1.
e—0 € €

Moreover, for each subset N C 0G satisfying inj{/ U(z) > i%fl) U(z), we have:
z€e ze

lim P{X,, € N} = 0. (A1)

We describe now the four assumptions:

Assumption A.2. The unique stable equilibrium point in the domain G of the

d-dimensional ordinary differential equation gf)t: —VU (¢) is at ag. Moreover,

for all g9 € G, ¢r € G for all t > 0 and limy_, o @ = ag.
This assumption is automatic if G is the basin of attraction of a wells of U.

Assumption A.3. All the trajectories of the deterministic system starting at
¢o € 0G converges to 0 as t — oo.

The convexity of U on G is sufficient.
Assumption A.4. The following quantity is finite:
_ 1 /7
V := inf inf inf —/ ||e| | dt
2€G T>0 {ue L3 ([05T)) : ®1=— [} VU ($s)ds+v/e [f usds} 2 Jo

where L5([0;T]) := {u € L2([0; T)) : w(T) = z}.
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This hypothesis is satisfied. Indeed, as well known, we have the following
proposition:

Proposition A.5. For all z € G, it yields:

1 T
inf inf _/ g [2dt = 20(2).
T>0 {ueLz([0:T)) : ®o=— [ VU($s)ds+v/e [{ usds} 2 Jo

See the proof of Theorem 3.1 in [FW98]. The last assumption is more tech-
nical:

Assumption A.6. There exist an M < oo and pg > 0 such that for all p > 0,
p < po, and for all x,y with inf.cguqoy ||z —2[|+ ||y —z|| < p, there is a function
u satisfying ||u|| < M and ¢p(,) =y where

t t
¢t=$+/0 —VTN(¢s)dS+\/E/O ugds

and T(p) — 0 as p — 0.

Since the diffusion coefficient is constant and strictly positive, this assump-
tion is verified according to [DZ10].
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Finalement, un trés grand merci & Manue et a Sandra pour tout.

References

[BGVO07] Frangois Bolley, Arnaud Guillin, and Cédric Villani. Quantitative concen-
tration inequalities for empirical measures on non-compact spaces. Probab.
Theory Related Fields, 137(3-4):541-593, 2007.

[Bov06] Anton Bovier. Metastability: a potential theoretic approach. In Interna-
tional Congress of Mathematicians. Vol. III, pages 499-518. Eur. Math.
Soc., Ziirich, 2006.

[BRTV9S] S. Benachour, B. Roynette, D. Talay, and P. Vallois. Nonlinear self-
stabilizing processes. 1. Existence, invariant probability, propagation of
chaos. Stochastic Process. Appl., 75(2):173-201, 1998.

[BRV98] S. Benachour, B. Roynette, and P. Vallois. Nonlinear self-stabilizing pro-
cesses. II. Convergence to invariant probability. Stochastic Process. Appl.,
75(2):203-224, 1998.

[CGMO0S8] P. Cattiaux, A. Guillin, and F. Malrieu. Probabilistic approach for granular
media equations in the non-uniformly convex case. Probab. Theory Related
Fields, 140(1-2):19-40, 2008.

21



[DG8T]

[DPAHY6)

[DZ10]

[FWOs]

[HIPOS]

[HT09)

[HT10a]

[HT10D)]

[IPS10]

[IPW09)

[Mal01]
[Mal03]
[McK66]

[McK67]

[Meél96)]

D. A. Dawson and Jiirgen Gértner. Large deviations from the McKean-
Vlasov limit for weakly interacting diffusions. Stochastics, 20(4):247-308,
1987.

Paolo Dai Pra and Frank den Hollander. McKean-Vlasov limit for interact-
ing random processes in random media. J. Statist. Phys., 84(3-4):735-772,
1996.

Amir Dembo and Ofer Zeitouni. Large deviations techniques and applica-
tions, volume 38 of Stochastic Modelling and Applied Probability. Springer-
Verlag, Berlin, 2010. Corrected reprint of the second (1998) edition.

M. I. Freidlin and A. D. Wentzell. Random perturbations of dynamical
systems, volume 260 of Grundlehren der Mathematischen Wissenschaften
[Fundamental Principles of Mathematical Sciences|. Springer-Verlag, New
York, second edition, 1998. Translated from the 1979 Russian original by
Joseph Sziics.

Samuel Herrmann, Peter Imkeller, and Dierk Peithmann. Large deviations
and a Kramers’ type law for self-stabilizing diffusions. Ann. Appl. Probab.,
18(4):1379-1423, 2008.

S. Herrmann and J. Tugaut. Self-stabilizing processes: uniqueness problem
for stationary measures and convergence rate in the small noise limit. 7o
appear in ESAIM: P&S, 2009.

S. Herrmann and J. Tugaut. Non-uniqueness of stationary measures for self-
stabilizing processes. Stochastic Process. Appl., 120(7):1215-1246, 2010.

S. Herrmann and J. Tugaut. Stationary measures for self-stabilizing pro-
cesses: asymptotic analysis in the small noise limit. FElectron. J. Probab.,
15:2087-2116, 2010.

Peter Imkeller, Ilya Pavlyukevich, and Michael Stauch. First exit times of
non-linear dynamical systems in R? perturbed by multifractal Lévy noise.
J. Stat. Phys., 141(1):94-119, 2010.

Peter Imkeller, Ilya Pavlyukevich, and Torsten Wetzel. First exit times
for Lévy-driven diffusions with exponentially light jumps. Ann. Probab.,
37(2):530-564, 2009.

F. Malrieu. Logarithmic Sobolev inequalities for some nonlinear PDE’s.
Stochastic Process. Appl., 95(1):109-132, 2001.

Florent Malrieu. Convergence to equilibrium for granular media equations
and their Euler schemes. Ann. Appl. Probab., 13(2):540-560, 2003.

H. P. McKean, Jr. A class of Markov processes associated with nonlinear
parabolic equations. Proc. Nat. Acad. Sci. U.S.A., 56:1907-1911, 1966.

H. P. McKean, Jr. Propagation of chaos for a class of non-linear parabolic
equations. In Stochastic Differential Equations (Lecture Series in Differ-
ential Equations, Session 7, Catholic Univ., 1967), pages 41-57. Air Force
Office Sci. Res., Arlington, Va., 1967.

Sylvie Méléard. Asymptotic behaviour of some interacting particle sys-
tems; McKean-Vlasov and Boltzmann models. In Probabilistic models for
nonlinear partial differential equations (Montecatini Terme, 1995), volume
1627 of Lecture Notes in Math., pages 42-95. Springer, Berlin, 1996.

22



[Szn91]

[Tam84]

[Tam87]

[Tug10]

[Tugllal

[Tuglib]

[Tuglic|

[Tuglid]

[Ver06]

Alain-Sol Sznitman. Topics in propagation of chaos. In Ecole d’Eté de
Probabilités de Saint-Flour XIX—1989, volume 1464 of Lecture Notes in
Math., pages 165—251. Springer, Berlin, 1991.

Yozo Tamura. On asymptotic behaviors of the solution of a nonlinear
diffusion equation. J. Fac. Sci. Univ. Tokyo Sect. IA Math., 31(1):195—
221, 1984.

Yozo Tamura. Free energy and the convergence of distributions of diffu-
sion processes of McKean type. J. Fac. Sci. Univ. Tokyo Sect. IA Math.,
34(2):443-484, 1987.

J. Tugaut. Convergence to the equilibria for self-stabilizing processes in
double well landscape. available on hitp://hal.archives-ouvertes.fr/hal-
00573045/fr/ accepted in Annals of Probability, 2010.

J. Tugaut. Phase transitions of McKean-Vlasov processes in symmetrical
and asymmetrical multiwells landscape. available on hitp://www.math.uni-
bielefeld.de/sfb701/preprints/view/520  Preprint, Bielefeld Universitdt,
2011.

J. Tugaut. Self-stabilizing processes in multi-wells landscape in R¢ -
Invariant probabilities. available on hitp://hal.archives-ouvertes.fr/hal-
00627901 /fr/, 2011.

J. Tugaut. Self-stabilizing processes in multi-wells landscape in R% - Con-
vergence. available on hitp://hal.archives-ouvertes. fr/hal-00628086/fr/,
2011.

J. Tugaut. Captivity of mean-field systems
available on hitp://hal.archives-ouvertes.fr/hal-00573047/fr/, 2011.

A. Yu. Veretennikov. On ergodic measures for McKean-Vlasov stochastic
equations. In Monte Carlo and quasi-Monte Carlo methods 2004, pages
471-486. Springer, Berlin, 2006.

23



