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WEAK SOLUTIONS TO A THIN FILM MODEL WITH
CAPILLARY EFFECTS AND INSOLUBLE SURFACTANT

JOACHIM ESCHER, MATTHIEU HILLAIRET, PHILIPPE LAURENCOT, AND CHRISTOPH WALKER

ABSTRACT. The paper focuses on a model describing the spreading of an insoluble surfactant on a thin viscous film
with capillary effects taken into account. The governing equation for the film height is degenerate parabolic of fourth
order and coupled to a second order parabolic equation for the surfactant concentration. It is shown that nonnegative
weak solutions exist under natural assumptions on the surface tension coefficient.

1. INTRODUCTION

The modeling of the spreading of an insoluble surfactant on a thin viscous film leads to a coupled system of
degenerate parabolic equations describing the space and time evolution of the height . > 0 of the film and the
surface concentration I' > 0 of surfactant. Assuming the film thickness to be small enough so that lubrication theory
is applicable, taking into account capillary effects but neglecting gravitational and intermolecular (van der Waals)
forces, the following system is obtained [4, 7, §]

1 1
Oth + 0, (5 h* 92h + 3 h? ama(r)) = 0, (tz)€(0,00)x(0,1), (1)
1
oL + 0, (5 R2T O2h+hT 610(1")) = DT, (t,z)€ (0,00) x(0,1), (2)
with homogeneous Neumann boundary conditions
Ouh(t,x) = 2h(t,x) = 0,T(t,x) =0, (t,x) € (0,00) x {0,1}, (3)
and initial conditions
(hvr)(o) - (hOa FO) y TE (07 1) : (4)

Here, o(T") denotes the surface tension which depends on the local concentration of surfactant, and D > 0 stands for
the surface diffusivity of the surfactant. Since o is defined up to a constant, we may assume without loss of generality
that o(1) = 0 as a normalization condition. As the presence of surfactant reduces surface tension, o is a non-increasing
function of I'; for instance,

-3
L\ Y3
o5(s) == (5 +1) 1s+(57) sl -8, s>0, (5)
with 5 € (0,00) and its limit as 8 — oo (which is often assumed in applications)
0o(s):=1—-s, s>0. (6)

The system (1)-(4) is a fully coupled nonlinear system of parabolic equations featuring a degeneracy where h vanishes,
a fact which cannot be excluded a priori. Thus, classical solutions are unlikely to exist for all times in general and only
local existence of smooth solutions to (1)—(2) in the absence of capillarity have been shown in [10, 11]. The alternative
is to study the Cauchy problem in a framework of weak solutions (see Section 2 for a precise definition) and this
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approach has been successfully employed to establish the existence of weak solutions to systems similar to (1)—(2), for
instance when the capillarity effect are neglected but the gravitational ones are accounted for [6] or when T is replaced
by AM(T') = max {0,1 —T'}+11in (2) [1, 2], a finite element numerical scheme being also developed in these two papers.

To our knowledge, existence of weak solutions has only been tackled in [7] where this is proved under further
>1(R), defining the free energy

technical assumptions on the surface tension o. Namely, given a surface tension o € C;_,

9o by ,
9o(1) = g,(1) =0, gr(s) = _Z (5) for s € R, (7)
s

the authors assume the following:
(A4) The function g, lies in C2'(R).

loc

(A5) There exists ¢, > 0 such that g7/(s) > ¢, for all s € R.
(A6) There exist Cy and some r € (0,2) for which g7/(s) < C,(|s|” + 1) for all s € R.

The need in [7] to define o and g, in R instead of the physically relevant range [0, 00) for surfactant concentration
stems from the fact that the weak solution (h,T") to (1)-(2) constructed in [7] might not satisfy I' > 0. The extension
of o and g, to negative values then induces several limiting conditions. Namely, the convexity (A5) of g, in R requires
not only that o’(s) < 0 for s > 0 as expected but also ¢’(s) > 0 for s < 0, which implies ¢/(0) = 0 and thus excludes
surface tensions o like g in (5) and oo in (6). In addition, assumption (A5) yields o/(s) < —¢,4 s for s € R so that ¢
necessarily has a quadratic decay at infinity. This again excludes the previous examples og in (5) and o in (6).

The aim of the present paper is to construct a weak solution to (1)—(2) under weaker assumptions on the surface
tension o (satisfied in particular by 0o ) and such that both h and T" are nonnegative throughout time evolution. More
precisely, we assume that the surface tension o satisfies:

(H1) o € C((0,00)) NC([0,0)) with o(1) = 0.

(H2) There exist 0y, 01 € (0,00) and 0 € [0,1) for which:

o
—op < 0'(s) < —Tlse

The assumptions (H1)—(H2) include physically relevant surface tensions o, which may slowly decrease at infinity. In
particular, o is included (but not og for 8 € (0, 0)).

for s > 1, —0p < o'(s) <0 for s (0,1). (8)

In the next section, we introduce the definition of weak solutions and give precise statements for our existence result.
To prove this result, we first construct nonnegative solutions in the framework of [7] under assumptions (A4)—(A6).
This improves the results of [7] in that the surfactant concentration I' stays nonnegative through time evolution. This
is the content of Section 3. Then we extend the construction to a surface tension o merely satisfying (H1)—(H2) by
approximating o with surface tensions oy, satisfying (A4)—(A6) and studying compactness properties of their associated
weak solutions. The construction of o, and the compactness argument are presented in Section 4.

2. WEAK SOLUTIONS AND MAIN RESULTS

To introduce the definition of weak solutions, we first derive energy estimates satisfied by smooth nonnegative
solutions to (1)—(2). So, let us consider a non-increasing and smooth surface tension o and a smooth solution (h,T") to
(1)—=(3) in (0,T) x (0,1) for some T > 0, both functions being uniformly bounded from below by a positive constant.
First, we note that by (1)-(3) there holds

%[/Olhdz}o, %[/Oll“dz}(). 9)

9o(1) =go(1) =0,  gg(s) =— for s € (0, 00), (10)

Setting
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it follows from (1)—(3) that

% [/01 (|8Z2h|2 —i—ga(F)) dx] - /01 [agh s (%3 9ph + h;ama(r)ﬂ dz

1 2
+/ {gg(r) 9,1 (% ro2h+hT 0,o()—D axrﬂ dx
0

1 3 /
h T
— _/ [? 1030 + h? 0,0(T) O2h + h|0,0o(T)|? — Daé )|azr|2] dz.
0
We abbreviate product terms by introducing J2? and JJ%, where
B3/2 R1/2
Jp = J¢lh, T = = I2h + —— 0e0(ID), (11)
h3/2
Js = Js[hT] o= == O2h + h? 9,0(T). (12)
This yields
d [ ! []0.h]
— -([) ) d
il (55 rem) o]
'3 1 1 1
= —/ ~|Js [, T)? + S| TR, T)? + == h%|03R|* + <h|0.0 ()| dz (13)
o L2 2 24 8

1
T
+D/ D)o 2 da.
O F
Consequently, we infer that, regardless the qualitative properties of o, (h,T') should satisfy
h € Ly(0,T; HY(0,1)), I'€ Lo (0,T5L1(0,1)) (14)

together with

h3292h € Ly((0,T) x (0,1)),  hY?8,0(T) € La((0,T) x (0,1)). (15)
Since D > 0, the energy estimate (13) provides an additional estimate which depends strongly on the properties of o,
namely y/—o’(T)/T'9,T € L2((0,T) x (0,1)). We will actually prove that, under assumption (8) on o, this additional
estimate guarantees that the solutions we construct satisfy the further regularity

'€ Ly((0,T) x (0,1)) and  o(T) € Lyy3(0,T5Wy,5(0,1)), (16)

see Lemma 9. Let us point out here that (8) implies that ¢’ does not decay too fast towards —oo at infinity.
Hence, assuming (14) and (15) to hold true, we realize that J;[h, '], Js[h,T'] € L2((0,T) x (0,1)). Since an alternative
formulation of (1)—(2) reads,

Oh + 0, (W? J;lh, r]) — 0 in (0,00) x (0,1), (17)

oT + 0, (h1/2 r Js[h,F]) — DOT in (0,00) % (0,1), (18)

we infer from (14)-(16) and the embedding of H'(0,1) in Loy (0, 1) that 22 J;[h,T] and h'/2 T J[h,T] both belong
to L1((0,T) x (0,1)) and we can give a meaning to (1)—(2) at least in the following weak sense:

Definition 1. Let T > 0 and o be a surface tension such that either
e 0 €CH0,00)NC([0,0)), (1) =0, and (8) holds true,
or
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e 0 € CHY(R) is such that o(1) = 0 and g,, defined in (7), satisfies (A4)—(A6).

Then, given an initial condition (hg,To) € H'(0,1) x L2(0,1) with hg > 0 and Tg > 0 we say that (h,T) is a weak
solution in (0,T) to (1)—(4) with surface tension o and initial condition (ho,To), if

e h>0 and T > 0 satisfy
h € Loo(0,T; HY(0,1)) NC([0,T] x [0,1]), T € Loo(0,T;L1(0,1)) N La((0,T) x (0,1)),
O3h € Lo(Py(6))  forall § >0, o(T') € Ly(0,T; W(0,1)), (19)
h3/203h € La(Ph), h'/20,0(T) € Ly((0,T) x (0,1)),

where Py () := {(t,z) € (0,T)x(0,1) : h(t,z) >} ford >0 and Py, := {(t,x) € (0,T)x (0, ) : h(t,z) > 0}.
e for any ¢ € C*([0,T] x [0,1]) such that ((T,x) = 0 for all x € [0,1] and 0.((t,x) = 0 for all (t,x) €
[0,T] x {0,1}, there holds:

! 1h8 1h31 h) &2h 1h28 D 8,¢ ) deds = lh 0,z)dr 20
[ [ (nocs |5 rommasns g 12 0.00)] o.c) dots = [0z, o

and

T 1 1 1
/ / (F ¢ + [— h? 1(g,00)(R)T O2h+h T aza(r)} ¢ + DF&ig) drds = f/ Do(2)¢(0,2)dx . (21)
0 0 2 0

With these conventions, our main result reads:

Theorem 2. Let the surface tension o € C1(0,00) N C([0,00)) satisfy (1) = 0 and (8). Then, given an initial
condition (ho,To) € H'(0,1) x L3(0,1) with hg > 0, Tg > 0 and any T > 0, there exists at least one weak solution
(h,T) in (0,T) to (1)~(4) with surface tension o and initial condition (ho,To) in the sense of Definition 1.

As mentioned in the Introduction, we split the proof of Theorem 2 into two parts. First, we focus on the
nonnegativity issue of solutions to (1)—(2). In this respect, we go back to the framework considered in [7] and we
prove:

Theorem 3. Let the surface tension o € C*(R) be such that o(1) = 0 and the free energy g, defined by (7) satisfies
(A4)—(A6). Then, given an initial condition (hg,To) 6 Hl((O 1)) x L2((0,1)) with hg >0, Tg >0, and any T > 0,
there exists at least one weak solution (h,T') in (0,T) to (1)—(2) with surface tension o and initial condition (hO,FO)
in the sense of Definition 1.

Moreover, the solution satisfies the further reqularity

I'e Ly (0, T, LQ(O, 1)) n LQ(O, T, Hl(O, 1)) (22)
and the energy estimate
" 110:h(t, )2 Y (10zho ()]
t$%{4[——7——+%@wmﬂm}+mmms1;0—3——+%wwm)m, (23)
where
T 1 3 T T
DILT] = /0 /O <(h 1<°’°°>(h( ’ )))1|8§’h(7,z)|2 + wwza(r(mm?) dvdr

-D / / |a I(r,z)|? dvdr.
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With the regularity (22), any weak solution constructed in [7] is a weak solution in our sense (see the proof of
Theorem 3 for further details). The major novelty in this result is that we obtain nonnegativity of the surfactant
concentration I'. For the proof of Theorem 2, we consider a surface tension o € C([0,00)) N C*(0,00) and introduce
a family of approximate surface tensions (oy)ren satisfying the assumptions of Theorem 3. We achieve our result
by studying the compactness properties of the family of associated weak solutions. A fundamental argument will be
that, owing to assumption (8) and equation (13), the dissipation of energy is measured by

[ 2 2

When 6 € [0,1), this quantity enables us to control v/T' in some Hélder space (see Lemma 9). This, in turn, yields
compactness on the concentration for any bounded family of solutions in L2((0,7") x (0,1)).

3. EXISTENCE OF NONNEGATIVE SOLUTIONS FOR DECAYING SURFACE TENSIONS

In this section, we assume o € C?(R) is such that o(1) = 0 and the free energy g,, as defined in (7), satisfies
(A4)—(A6) and we construct nonnegative weak solutions to (1)—(2). In [7, Sect.3.4], the authors remark that, for
proving nonnegativity of the surfactant concentration of weak solutions to (1)—(4), a difficulty arises when multiplying
equation (2) by ' = —min{0,T'}. Indeed, under assumptions (A4)—(AG6), the very low regularity of I" implies only
that 9, € L3,2(0,T; (W4 (0,1))*) and I'_ € Ly(0,75 H'(0,1)). This regularity does not allow to define the duality
bracket (0;I',T'_). To construct weak solutions with nonnegative surfactant concentrations, we go back to the strategy
applied in [7]: construction of solutions to a regularized problem via a Galerkin method, followed by a compactness
argument when the regularization parameter goes to 0. We introduce a supplementary truncation operator in the
regularized problem in order to guarantee that the solutions to the regularized problems have nonnegative surfactant
concentrations.

Throughout this section, we fix a nonnegative initial condition (ho, o) € H'(0,1) x L2(0,1). We also introduce a
Lipschitz continuous truncation function 7 such that

s if s € (0,1),
T(s)=< 2—s ifse|l,2], T(—s)=-T(s)if s <0, (25)
0 if s > 2,

and put Ty := kT (-/k) for k > 1. Then, we set
= / Tr(a'(r))dr for s € R. (26)
1

We emphasize that this construction ensures that of, € C1'1(R) has bounded first and second derivatives. Associated
to this truncation of o, we introduce a truncation of the identity

Tr(8) :=s Z%((SS; for s € R. (27)

We note that the construction above is well-defined because
0>o0y(s) >0'(s) forall seR. (28)
With these conventions, our regularized problem reads
O¢th + 0y ([as(h) + 1/k] 92h + az(h) 8y01(L)) = 0, (t,x) € (0,00) x (0,1), (29)
T + 0z (az(h) 7(T) 92h + a1(h) T 805 (T)) D 9T, (t,z) € (0,00) x (0,1), (30)

subject to (3)—(4), where k is a positive integer. The notation a;(h) stands for (max{0,h})"/i for i = 1,2,3. This is
the same convention as in [7] so that conditions (A1)—(A8) therein are satisfied.
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3.1. Existence for (29)-(30). To begin with, we fix £ > 1 and prove:

Lemma 4. Consider an initial condition (ho,To) € H'((0,1)) x L2((0,1)) with hg > 0 and T'g > 0. For any k > 1
and T > 0, there exists at least a couple of functions (h,T") having the regularity

h € Le(0,T; H'(0,1)) N Lo(0,T; H*(0,1)) , T' € Loo(0,T7 L2(0,1)) N Lo(0,T; H'(0,1)), (31)
6th € LQ(OaT; (Hl(oal))*) 5 atl—‘ S L3/2(0aT; (WP}(Oal))*L (32)
and satisfying,
T T /1
[ @ncyas— [ [ (ax(monon(r) + laan) + 1/k) 021) 0.6 dods =0, (33)
0 o Jo
for all ¢ € L2(0,T; H*(0,1)), together with
T T /1
/ (0,1, C) ds — / / (a1(h) T 9you(T) + a(h) (L) &%h — D &,T) ,C deds = 0, (34)
0 o Jo
for all ¢ € L3(0,T; W4(0,1)) and
(h(07 )7F(0 )) = (h07F0)7 (35)
the latter being meaningful as h € C([0,T]; (H'(0,1))*) and T € C([0,T]; (W4(0,1))*) by (31) and (32).
Moreover, there holds the energy inequality
1 2 B 1 2
sup { [P0 s gorean)| arf o+ mufiry < [P0 g o) (36)
tefo, 7] LJo 2 0 2
where

NIBAE / / H 4 el ]|th|2 pZ{L )|ar|2 ()|am (D)2 }dzds.

Remark 5. Note that, in (36), oy only appears in the last term of Dy[h,T).

Proof. We follow here the Galerkin method from [7, Section 3]. The system (29)—(30) is actually almost identical
to the regularized system used in [7, Section 3] except that the truncation function 74 is replaced by the identity
there. Since 73 is a bounded and Lipschitz continuous function, the analysis performed in [7, Section 3] carries over to
(29)—(30) with only slight changes, the main one arising in the derivation of the energy inequality. We will thus only
give a sketch of the proof and refer to [7, Section 3] for details.

The first step is an alternative formulation of (29)—(30) in therms of i and the new unknown function v := g/ (I'), the
latter being well-defined thanks to the convexity (A5) of ¢g,. Denoting the inverse function of ¢/ by W, we have

Oh + 0, (laz(h) +1/k] 92h — as(h)m,(W (v))0pv) = 0, (37)

OW (v) + 9, (az(h) Te(W (v)) O2h — ai(h) W(v)m(W(v))dpv) = D 02W (v), (38)

n (0,00) x (0,1). As already mentioned, (37)—(38) is the same as the system studied in [7, Section 3] except for the
terms involving the bounded and Lipschitz continuous function 7. Not surprisingly, considering the same Galerkin
approximation to (37)—(38) as in [7, Section 3], one can prove the local existence of solutions to the Galerkin approx-
imations exactly in the same way as in [7, Section 3.1]. To obtain the global existence, we argue as in [7, Section 3.2]
by deriving an energy estimate for the Galerkin approximations. Since there is a slight modification necessary, let us
sketch the proof for (37)—(38), the argument being the same at the level of the Galerkin approximations. We multiply
(37) by —92h, (38) by v = ¢/ (I'), integrate over (0,1), and add the resulting identities to obtain

“ / [IthI2 + ga(r)} dz + /01 { [% + ag(h)] |82h|*> — D @wzn? + al(h)(a/(r)a;(r))|azr|2} dz =1,
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where (see (7) and (27))

1 r 1
I:= —/ as(h) 0,1 O2h <a;(r) + a’(r)T’“é )> dr = —/ 2a3(h) 0,0, (T) O2h da.
0 0
Since o}, < 0, it follows from (28) that (0},)* < ¢’o}, while Young’s inequality ensures that

7a1( )

125(h) B,04(T) 92| < e () + 22 g

so that we finally obtain

d ! |0zh|? ik 372 o'(I') 2 2

T +9,(1)| da + % +as(h)| |0,h| —DT|8IF| + a1(h)|0,ok (D)7 ¢ da
0 0

2
< [ [0 a5 ) a

This yields
1 2 1 1
4O dx+/ Ly o] aop -~ p ( 0.1 + ( |0z0%(D)* 0 do <0,
dt J, 2 0 k 7

whence (36) after time integration.
The convergence of the Galerkin approximations to a solution to (29)—(30) satisfying the properties listed in Lemma 4
is then carried out as in [7, Section 3.3] to which we refer. O

At this point, we show that the idea to introduce truncation functions 7 and oy, yields the nonnegativity of I'. This
relies on a gain of regularity for oI

Lemma 6. Consider an initial condition (hg,To) € H*((0,1)) x La((0,1)) with hg > 0 and T'o > 0. Given k > 1 and
T > 0, any solution (h,T) to (31)-(36) and (3)—(4) in the sense of Lemma 4 satisfies O,I' € L2(0,T; (H(0,1))*) and
I'>0 a.e in (0,7) x (0,1).

Proof. Owing to (31), the embedding of H'(0,1) in L(0, 1), and the compactness of the supports of o, and 7 (which
follows from (A5) and the properties of T), there holds

a1(h) T 0pop(T) + aa(h) 7(T) 93h = a1 (h)To},(T)0.T + as(h) (L) 02h € Ly((0,T) x (0,1)),

)
and DO,I" € Ly((0,T) x (0,1)). As a consequence (34) also holds true for all {( € Lo(0,T; H1(0,1)) and 0;I" €
Lo(0,T; (HY(0,1))*). Then, if 3 € C3(R) is such that 3’ is Lipschitz continuous, we have §'(I') € L2(0,7; H'(0,1))
and

d 1
G | s = g ).
0
Assuming furthermore that f is convex, i.e. 8” > 0, there holds, for any ¢ € (0,7),
/ B(T dx</ B(Io) dx—i—/ / |(a1(h) T 8,0%(L) + az(h) 7(T) 93h) B”(0)8,T| dads.

To finish off the proof, we apply this inequality to a family of functions approximating the negative part of I'. Namely,
we fix a nonnegative x € C5°(R) such that x # 0 has support in (—1,0) and define 5 by

51(0) =0, ﬂ{(s):% for seR.
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We then set S:(s) := ef1(s/e) for s € R and € > 0. Taking § = 5 for € > 0 in the above inequality, there holds, for
each t € (0,7,

1 T 1
/ B-(T(t)) da g/ / |(a1(h) T 8,0%(T) + az(h) 7 (L) 02h) BY(0)d,I| dads,
0 o Jo
since (o) = 0 due to I'g > 0. Observing that |74 (s)8Z(s)] < |s8Y(s)| < C(x) for s € R, we have
T f1
/ / |(a1(h) T 8,0%(T) + az(h) 7 (I) 93h) B2(1)0,I| dads
o Jo

< C(y) / (a1 (k) 0u0k(T)0LT| + |az(h) 9 0,T|] dads
{ITI<e}

< C00 sl 00 O 1) + s W01 OV |

As 9,1 and 92h both belong to La((0,T) x (0,1)) and 9,I' = 0 a.e. in {I' = 0} by [9, Lemma A.4], we obtain in the
limit ¢ = 0

(10,1 + [03h 81| deds.

1
/ max {—I'(t,z),0}dz <0, for te(0,7).
0
This completes the proof. 0

3.2. Proof of Theorem 3. Let o be as in the statement of Theorem 3 and consider an initial condition (hg, ) €
H((0,1)) x L2((0,1)) with hg > 0, Tp > 0 and 7' > 0. First, applying Lemma 4 and Lemma 6, we obtain a
sequence (hg,g)g>1 of solutions to (29)-(30), (3)—(4) for which &,y € L2(0,T;(H'(0,1))*) and T'y, > 0 a.e. in
(0,7) x (0,1). In particular, for each k > 1, the time regularity of hy and T'j, together with the initial conditions (35)
(hi(0,-),T(0,-)) = (ho,Tp), yield the integration by parts formula:

/OT<8thk,C>dt /01 ho(z)g((),z)dx/OT/Olhk(s,x)atg(s,x)dzdt,

/OT<atFk,<> dt/ol Fo(x)C(O,x)dz/OT /01 T (s, 2)0,C (s, 2)dadt

for any test function ¢ € C*°([0,T] x [0, 1]) such that {(T,x) = 0 for all z € [0,1] and 0,((t,z) = 0 for all (¢t,z) €
[0,7] x {0,1}. Hence, taking such a test function ¢ in (33)-(34) we obtain :

/OT /01 (hk 9 ¢ + Kag(hk) + %) O2h, + az(hi) &Cok(l“k)] GZC) dzdt = — /01 ho(2)C(0, )dx (39)

T 1 1
/ / (Tk 0C + [az(hy) 7(Tx) O2hi + a1 (hi) T 920k (Tk)] 8¢ + DI'v02¢) dadt = —/ To(x)¢(0,2)dx.  (40)
0 0 0

So, the proof reduces to find a weak cluster point (h,I") of the sequence ((hx,I'x))r>1 that has the regularity (19) and
for which we can pass to the limit in the two previous equations.

First, we note that the conservation laws (9) are also satisfied by (hx,T's). Consequently, due to (36) and the
Poincaré inequality, we have uniform bounds for

i (hk)kzl in LOO(O’T;HI(Oa 1)) and (ga(rk))kzl in LOO(OaT;Ll(Oa 1))a
[ ] (\/ag(hk)aghk)k21, (\/al(hk)azak(l“k))kzl, and ( 70”(Fk)/rkamrk)k21 in LQ((O,T) X (0, 1))
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Owing to the bound (A5) from below on o', this yields a uniform bound on (I'y)r>1 in Loo(0,7;L2(0,1)) and
Lo(0,T; H(0,1)), and the sequence of fluxes, given by

az(hi) Te(Tk)

Jeo= a1 (h)'72 T4 O3 b + a1 (hi)'? 8y (Tn),
1
an(h 1\ /2 3\ ~1/2
J;f = (%-Fﬁ) 6§’hk+a2(hk) (3“3(%)4‘%) 0.0%(Tk),

are also bounded in L2((0,7") x (0,1)) by (36).
Repeating the arguments in [3, Section 2] and [7, Section 3.4], we may extract a subsequence (not relabeled) and
find functions i and I" such that the following convergences hold:

e hy — hin C([0,T] x [0,1]) and 'y, — I"in L9(0,T; L,(0,1)) for all p € [1, 00),
3ag(h) + 3/k03hy — H in Ly((0,T) x (0,1)) with H = \/3az(h) 93h a.e. in {h # 0},
e 0,y — 9,1 in Lo((0,7) x (0,1)).
Arguing as in the proof of [7, Equation (3.28)], the previous convergences imply that

(3as(hi) + 3/k) O2hy — h3/*1(g o) (h) O2h in L((0,T) x (0,1)) .

Next, interpolating the bounds on (T'y)r>1 with the help of [5, Proposition 1.3.2], we deduce that (I'y)x>1 is bounded
in Ls((0,7) % (0,1)) and that the convergence of (I'y)x>1 to I" takes actually place in L,((0,7") x (0,1)) for all p € [2,6).
Now, since

1/r
0<7k(s)<s forall s>0 and 7k(s)=s for 0<s<s;:= [(k/C’g)T/(T'H) -1

(see assumption (AG) and (27) for the definitions of r and 7, respectively), we have, for p > 1,

T 1 P p
r I
/ / ) " gpar = / AL d:cdt§2”/ dwdt
o Jo {Tp>si) Ty {Tk>sk}
9p T
= F6d dt < C(p, )
S 50
k {Fk>5k} k

Since s — 00 as k — oo, we conclude that 74,(I'y)/T'x — 1 in L,((0,T) x (0,1)) for any p > 1. Similarly, since
o (s) = o’'(s) for s € [0, 5] and o’ € C*(R), it follows from (A6) and (28) that, given py € [1,6/(r + 1)), R > 1, and
k > 1 such that s > R, we have

T 1
/ / lo(Tx) — o' (D))" dadt
o Jo

lo'(Ty) — o (T)["° dadt + /{F o) lor(Tx) — o' (D)7 dadt
k> U{lr'>

0”1 o (0,R) / Ty, — T° dadt
{max {I'y '} <sp}

+ C(po,Cy,1) / (F;(fﬂ)p‘) +F(T+1)p°) dadt
{T'v>R}U{T'>R}

507
1010, / / -1 dodr+ SCen)
{T'x>R}U{T'>R}

C(pOaC aTaT)
HUIIHLoc(OaR) /0 /O |Fk — F|p0 dadt + Wﬂl)po .

IN

/{max {I'x,I'}<R}

IN

IN

(TR +T°) dadt

IN
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Letting first & — co and then R — oo yield that o, (I'y) — o’(T) in Ly, ((0,7") x (0,1)) for any po € [1,6/(r + 1)). As
r < 2 we note that we may choose py > 2 in the previous convergence which, combined with the weak convergence of
(02Tk)k>1 1n L2((0,T) x (0, 1)) implies that 0,0, (T'x) — 00(T) in Ly, ((0,T") x (0, 1)) for some go > 1. Consequently,

Vai(hy) 0x0k(Tr) = /a1 (h)0,0o(T) and

—1/2
az (h) (3a3(hk) + E) Opoi(l'y) =

“21(’” 9,0(I) in  Lo((0,T) x (0,1)).
Thus, we conclude that J¥ — H/2++/a1(h)d,0(T) and Jj — H+(\/a1(h)/2)0,0(T) in La((0,T) x (0,1)). Combining
these convergences with the convergence of (hy)r>1 to hin C([0, 7] x [0, 1]) and that of (I'y)g>1 to ' in Lo((0,77) % (0,1))
allows us to pass to the limit in (39)—(40).

That h is nonnegative can be obtained as in [7, Section 3.4] while the nonnegativity of I" is preserved by the weak
limit. Concerning the energy estimate (23), we recall (A5) and prove as above that

\/ =0, (Tx) /T = /=o' (I')/T in Lo((0,T) x (0,1)).
Consequently, (v/—0},(I'x)/Tk0:T'k)rk>1 converges weakly in L;((0,7") x (0,1)) to \/—o’(I")/T'0,I', and we can pass to

the weak limit in the energy estimate. This completes the proof of Theorem 3.

4. EXISTENCE OF NONNEGATIVE SOLUTIONS FOR SLOWLY DECAYING SURFACE TENSION

From Theorem 3 we obtain existence of weak solutions for a class of surface tension o decreasing at least quadrat-
ically to —oo. We now extend with Theorem 2 the existence result to a class containing surface tensions which
decrease slowly to —co at infinity (but not too slowly, see (H2)) and are thus closer to applications. To this end, we
fix a surface tension o satisfying (H1)-(H2) and an initial condition (ho,T) € H'(0,1) x L2(0, 1) satisfying hg > 0
and I’y > 0. We split the proof of Theorem 2 into three steps: we first construct a sequence (o )x>1 of surface tensions
approximating o and enjoying the properties (A4)-(A6) for k > 4 (with constants depending of course on k). Owing
to this construction, we may apply Theorem 3 to obtain, for each k > 4, a nonnegative weak solution (hy,I) to
(1)—(4) satistying (23). We then show that (hj,T'x)r>4 is compact in suitable function spaces. In the last step, we
identify the equations satisfied by the cluster points (h,I') of (hg,T'x)r>a.

4.1. Construction of approximate surface tensions. For k > 1, we set 55 (1) := 0 and

1 1
[kza' (E) — k} s for s< o
- 1
G1.(s) := o'(s) for z <s<k, (41)
s
O'I(k/’) — W fOY s > k/’

Recall that 6 is defined in (8). Denoting a family of even mollifiers by (x:)s>0, we introduce then the approximate
surface tension o by

Ol 1= X1/k2 * O or(1) = 0. (42)
The following proposition verifies that we can apply Theorem 3 to any approximate surface tension.

Proposition 7. Given k > 4, the free energy g := g, associated to oy via formula (7) satisfies (A4)-(A6).

Proof. By construction, oj, € C*°(R) and, owing to the properties of x; /2, straightforward computations yield that

o.(s) = [kza’ <%> k] s forall s < kk;l, (43)

1
o.(s) = U’(kz)—# forallsquLﬁ. (44)
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In particular, it follows from (43) that [s — o7.(s)/s] € C*(R) and gy, satisfies (A4). Next, if s € ((k—1)/k? k+(1/k?))
we have s — (1/k?) > (k —2)/k? > 1/(2k) and it follows from (41), (H1), and (H2) that

1
on(s) < / []W/ (E) 7 10,18 (1) + 0" (1) L(1jp) (1) + o' (K) 1(k,oo)(7")] X1/k2 (s —7)dr
R
1, /1 1, 1,
< 39\ % 10,178 (1) + T (1) L kpy () + 57 (k) L(k,00) (") | X1ya2(s —7)dr
R
1 1
< - sup {U}/Xl/kz s—r)ydr== sup {0’} <0. (45)
2 1k 2 1k
We then infer from (43)—(45) that
k—1
k if s< TR
!
" __Uk(s) _i if —k_l <s<k i
9i(s) = ———== P {o} if 5 <s<k+i3,
1 . 1
W lf k/’ + ﬁ < S,

and we obtain the existence of a constant ¢; > 0 for which (A5) holds. Finally, it follows from (8) that, for s €

((k = 1)/k* &k + (1/k%)),
o,(s) > —/]R [(1 +00) Lo,1/k) (1) + 00 Li1/pk) (1) + (O’O + k1+9) l(kpo)(r)} X1/k2 (s —r)dr
> —(2+409) /Rxl/;@(s—r)d?":—(QJrJO).

Noting that (8) and (43)—(44) guarantee this lower bound also for s € [0, (k—1)/k?) and s > k + (1/k?), we conclude
that

0.(s) > —(2+09) for s>0. (46)
In addition, it follows from (8) and (43) that o} (s)/s > —(1 + a¢) k for s € (—oo, (k — 1)/k?]. These two facts give
} o' (s) E(1409) for s< %,
HIZTTTE) Bete) k1 (47)
k—1 - k2
and we obtain (A6) with » =0 (so that it also holds true for arbitrary r € (0, 2)). O

The previous proposition and Theorem 3 ensure that, for any 7" > 0 and k > 4, there exists at least a nonnegative
weak solution (hg,T'x) to (1)—(4) with surface tension o and initial condition (hg,Tp). We prepare the study of
compactness properties of the sequence (hy, I'y) k>4 by deriving technical properties of the approximate surface tensions
(0% ) k>4

Proposition 8. If 0 is the exponent given by (8), then there exist constants Cp,Cy € (0,00) such that, for k > 4,
0<gr(s) <Ch (1 + 32) forall s>0, (48)
ks
(1+5)7 (1 + ks)

Moreover, (oy)k>a converges uniformly to o on compact subsets of [0,0).

—(2409) < 07,(s) < —C4 forall s>0. (49)
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Proof. The first inequality in (49) having already been proved in (46), we concentrate on the second inequality and
first establish a similar estimate for ;.. As the surface tension o satisfies (8), there holds

- o1 20_10’1 1
< - < — fi — k
e [k !
- s 1
< - < — >
op(s) < RS T gy for s>k,
whence
Cks 1
5! < - -7 f > Z
) S~ Timatsy O 42k
since ks/(1+ ks) <1 for s > 0. Also,
ks 1
5 < —ks< ———-— fi - .
0r(s) < —ks < A5+ 5)7 or se& [O’k:]

Consequently, if s > (k —1)/k?, we have s — (1/k?) > (k — 2)/k?* and, as k > 4,

1 1 1 s
28> s+ —-2854+-—52>28—-—= > —

k k% — k2 = 27

we have

O (k(s — 4)) Co ks k-1

'(s) < — k < - f >
S O S Yy S A I 95 1 RS Ay 2
Since o},(s) = d},(s) for s < (k — 1)/k* by (43), we end up with
Cok
or.(s) < 2 o s3>0,

(1+5)0(1 + ks)
and thus obtain (49). We next note that, given R > 0 and s € [0, R], it follows from (8) that, for £ > R, we have

Jaa |07 (2 =) =]
(¢ () 1) 2o (8) -~ (1)
1409

< 2400 -0 (%)

|01 (s) — a(s)|

IN

and

1 1
a1 (s)| < —::UO for se [—E,O].

Consequently, owing to the continuity of ¢ in [0,00) and the properties of the convolution, the sequences (), and
(0%)r converge uniformly to o on compact subsets of [0, c0).

Finally, integrating the bound (46) gives gi(s) < (2+ 0¢) (slns — s+ 1) < (2 + 00)(1 + s?) for s > 0, whence
(48). O

4.2. Compactness. Let T' > 0. The main difference here with the strategy employed in Section 3.2 is that we no
longer have an estimate on (I'y); in Loo(0,7; L2(0,1)) but only in Lo (0,75 L1(0,1)), and this requires a different
approach to the compactness issue for (I'y)r. Let us collect the estimates available for (hg,T'x)r which result from
(1)—(4), (23), and the nonnegativity of gs:
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(1) Conservation of matter: for ¢ € [0,T], there holds

/O et o) = /O o) /O (b ) = /O o) (50)

(2) Energy estimate: for ¢ € [0,T1], there holds
h3(s,2) L(g.00)(h h
3 [ omteapars [0 [ [0 O D g e ) g, 045, s

21
1 2
—D/ / 7 (Ti(s, 7)) |6 Ty (s, z)[*dxds </ [W +gk(1—‘o(x))} dz.

Ti(s,x) 0

(51)

Moreover, both hj and T'j, are nonnegative a.e. in (0,7") x (0,1), and ||gx(To)||1 < C1 (1+]|To/3) by (48). Consequently,
(50) and (51), together with the lower bound (49) on —oy, and the Poincaré inequality yield:
(B.1) (hg)y is bounded in Lo (0,75 H*(0,1)) and (T'y)x is bounded in Lo (0,77 L1(0,1)).
(B.2) (hY* 110,00y (ht) B3hi) iy (0:T1/(1+ L) H0/2),and (v/Rydp0k(T))i are bounded in Lo((0,T) x (0,1)).
We then infer from (20) (with surface tension oy), (B.1), and the embedding of H'(0,1) in L. (0,1) that

(hg)r is bounded in Loo((0,7) x (0,1)) and (dhy)r is bounded in Ly (0, T; (H'(0,1))*). (52)
Next, we prove the following embedding;:

Lemma 9. Let T' be a nonnegative function in L1(0,1) such that (1+T)1=9/2 ¢ H1(0,1). Then there exists Cy < 0o
depending only on 0 such that, after possibly redefining T' on a set of measure zero, I' € C%(1=9/2(]0,1]) together with

1 1 2
0.1 ()|
[Tl co.-er/2(10,1)) < Co [1 +/0 F(x)dx] [1 +/O 1+ () 70 dx| .

Proof. Set
4 0. ()]

1
— = (1-0)/2y2 _ et )
G = qogplo+1) 12 /0 Tt <o

We assume I" to be smooth for simplicity and focus on the distance \/1 +I(z)— \/1 +(y) for 0 < 2z <y < 1. Then,
by Hoélder’s inequality

y 0/2
< VG | [laerena] - a0 < VE @ m? - o002,

Since
! 1/2
| VIETEE < .
0
integrating the above inequality with respect to y over (0, 1) ensures that ||[v/1 4+ T'||cc < (1 + HF|\1)1/2+VG 14T
so that there exists Cy depending on 6 only such that
1 1 2
|0.1"(2)|
1+7T 1-60)/2 <Cy |1 I'(x)d 1 ——d
W Tles-onguay < 0o [1+ [ v |1+ [ G s

We conclude using the classical trick I' = (/1 +T)? — 1. O

0/2
)

1/2 1/2
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Now, (B.1), (B.2), and Lemma 9 yield that
(Tx)r is bounded in Lo (0,T; L1(0,1)) N Ly (0, T;C%=972([0,1])) . (53)
In particular, since |Tx||3 < ITklloo || Tk[|1, We have that
(Tk)k is bounded in Ly ((0,7) x (0,1)). (54)

Owing to (49), a first consequence of (54) is that (0% (T'k))x is also bounded in Lo((0,7) x (0,1)). Furthermore, it
follows from (51), (49), and (54) that

T 41 (Tx) 2/3
[ o amas / / ( %i ’“) Tl (T ob(T0))™? dads
0 0

ot (Th) 2/3 —_— 1/3
< / / “Tk k) 9, T dads / / (T |op(TR))? dads
F 0 0
/3
< O(T) (2+ 09)? </ /Fdeds> <C(T).
Consequently,
(0x(T'%))r is bounded in L,/3(0, T} W/g( 1)). (55)

Finally, (21) (with surface tension oy), (B.1), (B.2), (52), and (53) guarantee that
(0:T1)x is bounded in Ly(0,7T; (H%(0,1))%), (56)

where H%(0,1) := {w € H*(0,1) : 9,w(0) = d,w(1) = 0}. Hence, owing to the compactness of the embeddings
of H*(0,1) and CO (1=9)/2([0,1]) in C([ 1]) and the continuity of the embedding of C([0,1]) in either (H'(0,1))* or
(HZ%(0,1))*, we infer from (B.1), (52 (53) (56), and [12, Corollary 4] that there are a subsequence of (hy, ') (not
relabeled) and functions h and I' such that

hie — hin C([0,T] x [0,1]),  Tx — T in Ly (0, 7;C([0,1])). (57)

In addition, (0;hx)r being bounded in Lo (0,75 L2(0,1)) by (B.1) and (9,0%(I'x))x being bounded in Ly,3((0,7) x
(0,1)) by (55), we have, up to an extraction of a subsequence and for some function 3,

Ozhg — Oxh weakly-x in Lo (0,75 L2(0,1)) and 0,0%(I'x) — X in Ly/53((0,77) x (0,1)). (58)
As a consequence of (B.1), (54), (57), and (58), we get that the limits satisfy
h€ Lo(0,T;HY(0,1)), h>0, T € Lo(0,T;L1(0,1))N La((0,T) x (0,1)), T >0. (59)
Finally, thanks to (B.1), (58), and (59), we have
T T
| st - v dede < sup (04PN} [ 10O - @) d 3 0,
o Jo s€[0,T) 0 k—o0

so that we also have
'y = T in L2((0,7) x (0,1)). (60)
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4.3. Identifying the limit system. According to the uniform bounds (B.1), (B.2), and (52), we first obtain that,
up to an extraction of a subsequence and for some function 7; and 75,

BY? 1000y (i) 3hi =T, By 0pon(Tk) = T5,  in La((0,T) x (0,1)). (61)

Arguing as in [3, Section 3] and [7, Section 3.4], we first deduce from (B.2) and (57) that 9h belongs to La(P(§)) for
all 6 > 0 where P(8) := {(t,z) € (0,T)x(0,1) : h(t,z) > 6} andJ, = h3/203hin {(t,2) € (0,T)x(0,1) : h(t,z) > 0}.
Combining this result with (57) yields

T r1 T r1
lim / / hi l(O,oo)(hk) 8§hk 8I§ dads = / / h3 l(O,m)(h) 82h 8I§ dzds 5
0 0 0 0

k—o00

T 1 T 1
lim / / hi, 1(0,00) (he) Tie 020y 05¢ dwds = / / h? 1(0,00)(h) T 92k 0,¢ dads,
k—=oo Jo Jo ’ o Jo ’

for any ¢ € C*°(]0,T] x [0, 1]) such that (T, x) = 0 for all z € [0, 1] and 9.((¢t,z) = 0 for all (¢, z) € [0,T] x {0,1}. We

next claim the strong convergence
0,(Tr) — o(T) in Lo((0,T) x (0,1)). (62)
Indeed, on the one hand, we readily infer from (49) and (60) that

T 1 T 1
/ / |O’k(rk)70'k(r)|2 d:L'dtS (2+O’0>2 / / |Fk7F|2d:L'dt — 0.
o Jo 0o Jo k—roo

On the other hand, it follows from Proposition 8 and (49) that o4(I') — o(T") a.e. in (0,7) x (0,1) with |o%(T")] <
(24 00) (1+T) € La((0,T) x (0,1)), whence

T 1
lim / / lop(T) — o(I)|* dedt =0
k—oo Jo 0

by the Lebesgue dominated convergence theorem. Thus, (62) holds true.

Together with (55), the convergence (62) ensures that o(T") € L4/3(0,T;Wj/3(0,1)) and ¥ = 0,0(T) in (58).
Next, collecting (57), (58), and (62) yields 7, = h'/?0,0(T), so that h'/20,0(I") € Ly((0,T) x (0,1)). Tt is then
straightforward to pass to the limit as k — oo in the remaining terms in the weak formulation (20)-(21) for (hy,T')
and conclude that (h,T') is a weak solution to (1)—(4) with surface tension o and initial data (hg,Tg). This completes
the proof of Theorem 2.

Remark 10. We shall point out that our strategy to prove Theorem 2 by approximating the surface tension o €
C([0,00)) NC(0,00) by surface tensions (o )ken satisfying the assumptions of Theorem 3 does not yield existence
of monnegative weak solutions for the limiting case 6 = 1. More precisely, if 0 = 1, then the analogue of Lemma 9
for the energy dissipation merely yields a control on T in the space of continuous functions (instead of a Holder
space as in the case 0 € [0,1)), and we thus lose compactness of the concentration of any bounded family of solutions
in La((0,T) x (0,1)). It seems that this threshold is of high importance. Indeed, provided —o'(T) is dominated by
1/(1 +T) at infinity, a good choice of multiplier for (1)—(2) yields that the integral (24) (with § = 1) measures the
dissipation of energy for any small solution.
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