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Abstract

This paper studies the properties of £!-analysis regularization for the
resolution of linear inverse problems. Most previous works consider sparse
synthesis priors where the sparsity is measured as the ¢! norm of the co-
efficients that synthesize the signal in a given dictionary. In contrast, the
more general analysis regularization minimizes the ¢! norm of the corre-
lations between the signal and the atoms in the dictionary. The corre-
sponding variational problem includes several well-known regularizations
such as the discrete total variation and the fused lasso.

We first prove that a solution of analysis regularization is a piece-
wise affine function of the observations and the regularization parameter.
This allows us to compute the degrees of freedom associated to sparse
analysis estimators. Another contribution gives a sufficient condition to
ensure that a signal is the unique solution of the analysis regularization
when there is no noise in the observations. The same criterion ensures the
robustness of the sparse analysis solution to a small noise in the obser-
vations. Our last contribution defines a stronger sufficient condition that
ensures robustness to an arbitrary bounded noise. In the special case of
synthesis regularization, our contributions recover already known results,
that are hence generalized to the analysis setting. We illustrate these the-
oritical results on practical examples to study the robustness of the total
variation and the fused lasso regularizations.
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1 Introduction

1.1 Inverse Problems and Signal Priors

This paper considers the stability of inverse problems regularization using
sparse priors. Many data acquisition systems are modeled using a linear map-
ping of some unknown source perturbed by an additive noise. This reads

y = Pz +w, (1)

where y € R? are the observations, o € R the unknown signal to recover,
w the noise and ® a linear operator which maps the signal domain R” into
the observation domain R? where @ < N. The mapping ® is in general ill-
conditioned, which makes the recovery of an approximation of zy difficult, see
for instance [24] for an introduction to inverse problems.

Regularization through variational analysis is a popular way to compute an
approximation of zy from the measurements y as defined in (1). The general
framework reads

o1 9
iy Sy — Dol + AR(). (2)

This requires to define a prior R to enforce some regularity on the recovered
signal. We restrict our attention in this paper to a ¢? fidelity measure |y — ®x|3
that reflects some Gaussian prior on the noise w. The regularization parameter
A > 0 should be adapted to match the noise level and the expected regularity
of the data x.
For noiseless observations, w = 0, one has to take the limit A — 0 and solve
the constrained problem
min R(x) subject to Pz =y. (3)
T€RN
A popular class of priors are quadratic Hilbert norms of the form R(z) =
(x, Kz) where K is some positive definite kernel. The minimizations (2) and
(3) correspond to a Tikhonov regularization which typically enforces some kind
of uniform smoothness in the recovered data. More advanced priors rely on non-
quadratic functionals which enforce sparsity of the signal over some transformed
domain (e.g. its wavelet transform or its gradient). These sparse priors are the
subject of this article, and are described in the following section.

1.2 Notations

Our paper focus on real vector spaces. In all the following, the variable x
will denote a vector in RY, y will be a vector in R® and « a vector in R”.
The sign vector sign(a) of a is

+1 if o >0,
Vk e {l,---, P}, sign(a)y =<0 if a;=0,
—1 if o <O0.



The support of o € RP is

supp(a) = {i € {1, , P} \ a; # 0}.

For a set I, |I| will denote the cardinal of I.
In the following we make use of the matrix norms. The p, g-operator norm
of a matrix M is

M
|1y, = max 12
w0 |z]p
The matrix M for J a subset of {1,..., P} is the submatrix whose columns

are indexed by J. Similarly, the vector s; is the reduced dimensional vector
built upon the components of s indexed by J.

The matrix Id is the identity matrix, where the underlying space is im-
plicited. For any matrix M, M is the Moore—Penrose pseudoinverse of M and
M* is the adjoint matrix of M.

1.3 Synthesis and Analysis Sparsity

Synthesis sparsity. Sparse regularization is a popular class of priors to model
natural signals and images, see for instance [26]. In its simplest form, the
sparsity of coefficients o € R is measured using the ¢° pseudo-norm

Ro(a) = |alo = |supp(a)].

Minimizing (2) or (3) with R = Ry is however known to be in some sense
NP-hard, see for instance [29]. Several workarounds have been proposed to
alleviate this difficulty. A first class of methods uses greedy algorithms [30]. The
most popular algortihms are Matching Pursuit [27] and Orthogonal Matching
Pursuit [33, 13]. A second class of methods, which is the focus of this paper,
replaces the /° pseudo-norm by its ¢! convex relaxation [15].

A dictionary D = (d;)£_, is a (possibly redundant) collection of P atoms
d; € RN, It can also be viewed as a linear mapping from R” to RY which is
used to synthesize a signal € Span(D) C RY as

P
z=Da = Zaidi.
i=1

In the redundant case (P > N) this decomposition is non-unique. The sparsest
set of coefficients, according to the ¢! norm, defines a prior

Rs(x) = anellierlj s subject to x = Da.

Any solution z of (2) using R = Rg can be written as & = Da where « is a
solution of

1 2
i, oy — Pals + Alals, (4)



where U = ®D, and © = Da. It was first introduced in [39] in the statistical
community and coined Lasso. It is also known in the signal processing commu-
nity as Basis Pursuit Denoising [11]. Such problem corresponds to a so-called
synthesis regularization because one assumes the sparsity of the coefficients «
that synthesize the signal z = Da. In the noiseless case, w = 0, one uses the
constraint optimization (3), which reads

min |af; subject to y = P, (5)
a€RP

and is referred to as Basis Pursuit [11]. Taking D = Id to be the identity
imposes sparsity of the signal itself, and is used for instance for sparse spikes
deconvolution in seismic imaging [35]. Sparsity in orthogonal as well as redun-
dant wavelet dictionaries are popular to model natural signals and images that
exhibit sharp transitions [26]. Beside the regularization of inverse problems, a
popular application of sparsity is blind source separation [44].

Analysis sparsity. Analysis reqularization corresponds to using R = R4 in
(2) where

P
Ra(z) = |D*zli =) [(di, )]
i=1
which leads to the following minimization problem

1
min —|y — ®z|2 + \|D*z|;. P
min 2y~ @l + AlD*zl; (PAw))
As the objective in (Py(y)) is proper, continuous and convex, it is a classical
existence result that the set of (global) minimizers is nonempty and compact if
and only if
Ker ® N Ker D* = {0}. (Hp)

All throughout this paper, we suppose that this condition holds. Note that the
analysis problem (Py(y)) is in some sense more general than the synthesis one
(4) because the last one is recovered by setting D = Id and ¥ = ®.
In the noiseless case, w = 0, one uses the constrained optimization (3), which
reads
min |[D*z|; subject to Pz =y. (Po(y))
zERN

The most popular analysis sparse regularization is the total variation, which
was first introduced for denoising in [34]. It corresponds to using a derivative
operator D*. In the case of 1-D discrete signals, one can use forward finite
differences D = Dpr where

+1 -1

-1



The corresponding prior R4 favors piecewise constant signals and images. A
review of total variation regularization can be found in [10].

The theoretical properties of total variation for denoising has been exten-
sively studied. A distinctive feature of this regularization is that it tends to
produces a staircasing effect, where discontinuities not present in the original
data might be created by the regularization. This effect has been studied by
Nikolova in [31] in 2-D. The stability of discontinuities for 2-D total variation
denoising is the core of the work of [7]. Section 4.3 shows how our results also
shed some light on this staircasing effect for 1-D signals.

It is also possible to use a dictionary D of translation invariant wavelets, so
that the corresponding prior R4 can be interpreted as a sort of multi-scale total
variation. Such a prior tends to favors piecewise regular signals and images. An
extensive study of these redundant dictionaries highlighting differences between
synthesis and analysis is done in [36].

As a last example of sparse analysis regularization, let us mention the Fused
lasso [40], where D is the concatenation of a discrete derivative and a weighted
identity. The corresponding prior R 4 encourages both sparsity of the signal and
its derivative, hence grouping block of non-zero coefficients together.

Synthesis versus analysis. In a synthesis prior, the generative vector « is
sparse in the dictionary D whereas in analysis prior, the correlation between
the signal z and the dictionary D is sparse. When D is orthogonal, Py(y)
and Lasso define the same regularization. As highlighted in [19] synthesis and
analysis regularizations however differ significantly when D is redundant. Some
connections between total variation regularization and wavelet sparsity have
been drawn in [37].

1.4 Union of Subspaces Model
Analysis regularization favors the sparsity of D*x. It is thus natural to keep
track of the support of this correlation vector, as done in the following definition.

Definition 1. The D-support I of a vector x € RY is defined as I =
supp(D*z). Its D-cosupport J is defined as J = I°.

A signal x such that D*x is sparse lives in a cospace G; of small dimension
where G is defined as follow.

Definition 2. Given a dictionary D, and J a subset of {1--- P}, the cospace
G is defined as
Gy = Ker D7,

where Dy is the subdictionary whose columns are indexed by J.
The signal space can thus be decomposed as a union of subspaces of increas-
ing dimensions
RY = () O where ©p={G,\JC{l,...,P}and dimG, = k}.
ke{0,...,N}
(7)



The union of subspaces associated to synthesis regularization (D = Id) de-
fines © as the set of axis-aligned subspaces of dimension k. For the 1-D total
variation prior, where D = Dpr as defined in (6), ©y is the set of piecewise
constant signals with k — 1 steps. A detailed analysis of several sparse analysis
subspaces, including translation invariant wavelets, can be found in [28].

More general unions of subspaces (not necessarily corresponding to analy-
sis regularizations) have been introduced in sampling theory to model various
kind of non-linear signal ensembles, see for instance [25]. Union of subspaces
models have been extensively studied for the recovery from pointwise sampling
measurements [25] and random measurements [20, 1, 2, 3].

1.5 Organization of this Paper

Section 2 details our five contributions. Section 3 draws some connexions
with relevant previous works. Section 4 illustrates our results using concrete
examples. Section 5 gives the proofs of the five contributions.

2 Contributions

This paper proves the following five results:

1. Local affine parameterization: a solution of P, (y) is a piecewise affine
function of (y, A).

2. Degrees of freedom: the degrees of freedom (as defined in [18]) of the
sparse analysis estimator is the dimension of G;.

3. Robustness to small noise: we give a sufficient condition on z( ensuring
that the solution of Py (y) is close to xp when w is small enough.

4. Noiseless identifiability: the same condition ensures that zy is the
unique solution of Py(y) when w = 0.

5. Robustness to bounded noise: we give a sufficient condition on the
D-cosupport of g ensuring that the solution of Py (y) is close to zp when
w is an arbitrary bounded noise and A is large enough.

Each contribution is rigorously described in the following sub-sections.

Note that these contributions extend previously known results in the syn-
thesis case, see for instance [17, 22, 43, 42, 6]. With the notable exception of the
work of [28, 5] that studies analysis identifiability, to the best of our knowledge,
it is the first time these questions are addressed in the analysis case.

2.1 Local Affine Parameterization

Our first contribution gives a local affine parameterization of solutions of
Pa(y)-



For some cosuport J, it is important to ensure the invertibility of ® on G;.
This is achieved by imposing

Ker®N Gy = {0}. (Hy)

Note that there is always a solution of Py(y) such that (H ;) holds as shown in
Lemma 7.

Definition 3. Let J be a D-cosupport. Suppose that (Hjy) holds. We define
the operator Al as
AVl = U (U*e*oU) " U (8)

where U is a matriz which columns form a basis of G;.

The transition space H defined below corresponds to observations y and
scaling parameter A where the cospace G; of the solution of Py(y) is not stable
with respect to small perturbations of (y, A).

Definition 4. The transition space H is defined as

H= U U U U HJ,K,SJc,sKa

Jc{t,-,P} _ KCJ sje€{-1,1}7°l sge{-1,1}IXI
(Hy) holds ImTIY1ZIm Dyenq s

where

Hossgesie = { (9:2) € R X R Py Ty = A(@)s e + Dicsic) }

where TV = &*(@AV1d* —1d), QY = (@*® AV — 1d)Dye and P,..., is the
orthogonal projection on Gieny.

We prove the following theorem

Theorem 1. Let (y,\) € H and let x* a solution of Px(y). Let I be the D-
support and J the D-cosupport of x* and s = sign(D*x*). We suppose that
(Hjy) holds. We define

vy e RO VAR, i5(y) = Aoy — XAV Dys;.

There exists an open neighborhood B C R? x R of (y,\) such that for every

(g, ) € B, 25(7) is a solution of P5(Y).

If Px(y) admits a unique solution z(y) for each A, this theorem shows
that A +— 2 (y) is a polygonal path in RY. This results is already known in the
synthesis case, see for instance [16, 32]. It also generalizes the work of [41] which
studies the case of ® overdetermined and develops an homotopy algorithm.



2.2 Degrees of Freedom

Degrees of freedom df is a familiar phrase in statistics. More generally, de-
grees of freedom is often used to quantify the complexity of a statistical modeling
procedure. However, there is no exact correspondence between the degrees of
freedom df and the number of parameters in the model. The concept of degrees
of freedom plays an important role in model validation and selection, and its
unbiased estimates provide unbiased estimates of the true risk, see e.g. [38].

Definition 5. Let A € RY.. We define the A-restricted transition space as
Hor={yeR?\ (y,)) e H}.

We first notice that even if Py (y) admits several solutions, all of them share
the same image under ®, see Section 5.2 for proof of this point. Hence, we
denote without ambiguity u(y) = ®2* where x* is a solution of Py (y). We have
the following result for the analysis regularization.

Theorem 2. Let A € RY.. The mapping y — u(y) is of class C* on RO\ H. ».
For y & H. x, there exists * a solution of Px(y) such that (Hj) holds with J
the D-cosupport of x*, and

div(u(y)) = dim(G). (9)

For y & H. x, we define d(y) = dim(Gy) where J is the D-cosupport of any
solution z* such that (H ;) holds. Let the noise w ~ N(0,0%Id), and therefore
y ~ N(uo = @9, 0%1d).

From the seminal definition of Efron [18], and by the Stein Lemma [38], if u
is weakly differentiable, the degrees of freedom is given by

Q
, p(y)
1) = B (@iv(u) = 3B (252
i=1 *
Corollary 1. Let A € R. The A-restricted transition space has a Lebesgue
measure zero. Moreover, the mapping y — u(y) is differentiable almost every-
where and

df (1) = Ew (d(y)) -

This result is known to hold in the special case of synthesis regularization
(D = 1d). It is proved in the overdetermined case in [45] and is extended to
the general case in [23]. In the overdetermined case with an analysis regulariza-
tion, [41] also proved a similar expression but with a completely different #. .
Our expression handles both over- and underdetermined measurements with a
sharper characterization of the set H. .

2.3 Robustness to Small Noise

Our next contribution shows that analysis regularization is robust to a small
noise under a condition on sign(D*xz).



Definition 6. Let s € {—1,0,+1}F, I its D-support and J its D-cosupport.
We suppose (H j) holds. The analysis Identifiabiltiy Criterion IC of s is defined
as

IC(s)= min [|QYs; —ule where QY = D}(@*@Am —1d)D;.

ueKer Dy
We have the following theorem.

Theorem 3. Let 2o € RN be a fized vector of D-cosupport J, and of D-support
I =Je. Suppose (Hjy) holds and IC(sign(D*x¢)) < 1. There exist two constants
cy >0 and ¢y > 0, such that if y = ®xg + w, where

|lwl2 ¢y .
W2 & g 1= Dol
T e ey 1PTools

and if X satisfies
CJ”’LU"Q <AL TéJ,

the vector defined by
i* =20 + AVl w — NAVID; sy, (10)
is the unique solution of Px(y). Moreover,
e Gy and sign(D*zg) = sign(D*3").

Note that it is possible to choose A proportional to the noise level |w]s.
Hence, for |w|2 small enough, equation (10) gives

|2 = zo| = O(Jw]2)-

2.4 Noiseless Identifiability

In the noiseless case, w = 0, the criterion IC can be used to test identifia-
bility.

Definition 7. A wvector xq is said to be identifiable if x¢ is the unique solution
of Po(Pxo).

We prove the following theorem

Theorem 4. Let o € RN be a fized vector of D-cosupport J. Suppose that
(Hy) holds and IC(sign(D*xz¢)) < 1. Then ¢ 1is identifiable.

2.5 Robustness to Bounded Noise

Our last contribution defines a stronger criterion that ensures robustness to
an arbitrary bounded noise.



Definition 8. The analysis Recovery Criterion (RC) of I C {1... P} is defined
as

RC(J) = max min_ |QYpr — v
Iprlloo <1 u€Ker Dy

Note that if I is the D-support of 29, RC(I) < 1 implies IC(sign(D*zg)) <
1.

The following theorem shows that if the parameter A is big enough, then
Px(y) recovers a unique vector which is close enough in the £2 sense and lives
in the same G; as the unknown signal xg.

Theorem 5. Let I be a fired D-support and J its associated D-cosupport J =
Ic. Suppose that (Hy) holds. If RC(I) < 1 and

A = plw|z2 with p>1,

¢y
1 —-RC(I)
where ¢y is defined as

c; = |DFe*(@AV®* —1d)|2 00,

then for every xo of D-support I, there exists a unique solution z* of D-support
included in I, such that |xo — x*|2 = O(|w|2) . More precisely,

— 2], < |AV ® __ P p <.
lzo — ™2 < A 22wz | | "2’2+1—RC(1)” 12,

3 Related Works

3.1 Previous Works on Synthesis Identifiability and Ro-
bustness

Several previous works have studied identifiability and noise robustness of

sparse synthesis regularization. We recall that synthesis regularization (4) reads

1
in ~|y— W N
min 5y~ Palz + Maly

where ¥ = ®D, and x = Da. Fuchs defines [22] a criterion ICg which is a
specialization of our criterion IC introduced in Definition 6 to the case where
D =1d.

Definition 9. Let s € {—1,0,+1}F, I its support and J its cosupport. We
suppose Wi has full rank. The Sign Criterion ICg of a sign vector s associated
to a support I is defined as

ICs(s) = [s1]0c  where Q5 = WHTT*

Fuchs shows the following result.

10



Theorem ([22]). Let ag € RY be a fized vector of support I. If Wy has full
rank and ICg(sign(ag)) < 1, then ay is identifiable, i.e it is the unique solution

of (4) fory = TVay.

The work of Tropp [43, 42] developed in the synthesis case a condition named
Exact Recovery Condition (ERC) on the support.

Definition 10. The Exact Recovery Condition (ERC) of I C {1...P} is de-
fined as
ERC(I) = Q%] o000,

Tropp proves that ERC(I) < 1 is a sufficient condition of identifiability and
stability of the synthesis Lasso.

Theorem ([43]). Let I be a fixed support. Suppose that Uy has full rank. If
ERC(I) <1 and X large enough, then for every g of support I, there exists a
unique solution o* of (4) for y = Vag + w of support included in I, verifying
lao — |2 = O(wl2).

Note that ICg(s) depends both on the sign and the support, while ERC
depends only on the support, and we have the general inequality ICg(s) <
ERC(I).

In the analysis case where D = Id, the criterion of Tropp and our are equiv-
alent. This is also true for the criterion of Fuchs and our.

Proposition 1. If D = Id, then ERC(I) = RC(I) and IC(sign(D*xz¢)) =
IC(sign(D*xg)).

Let us mention that there exist several other criteria ensuring both identifia-
bility and noise robustness in the synthesis cases. This includes criteria based on
coherence (see [4] for a review) and RIP-based compressed sensing theory that
requires that ® is a realization of certain random matrices ensembles [6, 14].

3.2 Previous Works on Analysis Identifiability and Ro-
bustness

To the best of our knowledge, the only previous works that study the per-
formance of sparse analysis regularization are the papers [5] and [28].

The work [5] proves a strong robustness to noise with overwhelming prob-
ability on the matrix ® when D is tight frame and ® a realization of certain
random matrices ensembles satisfying a condition named D-RIP. This setting is
thus quite far from our.

The work of Nam and al. is much closer to our results. It studies noiseless
identifiability using £° and ¢! sparse analysis regularization. Their main result
on ¢! analysis identifiability is the following theorem.

Theorem ([28]). Let M* be a basis matriz of Ker® and I a fixzed D-support
such that the matrizx Dy M™ has full rank. Let xy € G; be a fived vector. If
IC(sign(D*xp)) < 1 and

ICo(s) = |3r81lee  where 2y = (MDyj)*MDy,

11



then xq is identifiable.

Note that ICy(s) < 1 does not imply IC(s) < 1 neither the opposite. Nu-
merical results suggest that their criterion is most of the time sharper than IC.
However, the condition ICy(s) < 1 does not imply in general a robustness to
noise, even for a small one. Moreover, let xg be a fixed vector, and denote
s = sign(D*xzg) where [ is its D-support and y = ®xg + w. If ICy(s) < 1 but
IC(s) > 1, then any solution a* of Py(y), for A close to zero, is such that the
D-support of zx(y) is not included in I. One can thus find vectors xy with
ICy(s) < 1 but where lzo=2"lz 5 arbitrary large, whatever the amplitude |w|2

] [wl2
of the noise.

4 Examples

This section details algorithms to compute identifiability criteria IC and
RC, together with a study of total variation, shift invariant Haar transform
and Fused Lasso regularizations.

4.1 Computing Sparse Analysis Regularization

It is not the focus of this paper to give a full study of optimization schemes
that can be used to solve the analysis regularization.

In the case where ® = Id (denoising), Px(y) is strictly convex, and one can
compute its unique solution z* by solving an equivalent dual problem [8]

z* =y+ Da* where o* € argmin |y + Dal3.
levfloo <A

In the general case, it is possible to use a primal-dual method such as the
algorithm of Chambolle and Pock [9]. One way is to rewrite the optimization
problem as follow

; F(g,u) = 3ly — gl3 + Aulx
Jnin F(K(x)) where { K(z) = (®z, D*z).

4.2 Computing the Criteria

In the case where Ker(Dj) # {0}, computing IC(sign(D*z)) necessitates
the resolution of a convex problem. This optimization is re-written as

IC(sign(D" ) = min [0sign(Dw0); — oo + ticen(py (1),
where tker(p,) is characteristic function of Ker(D )

0 if u € Ker(Dy)

+o0 else.

LKer(DJ)(u) = {

12



This requires the optimization of a sum of two simple functions, i.e. function
whose proximal operators is easy to compute. The proximal operator Prox; of
a convex lower semicontinuous function f is defined as

1
vz € RY, Proxs(z) = argmin = |z — z|3 + f(2).
eRN 2
Such a minimization can hence be achieved using the Douglas-Rachford splitting

algorithm [12]. Indeed, the proximity operator of iker(p,) is the orthogonal
projector on Ker(D ), and the proximal operator of | - | can be computed as

Prox, . (z) =z — Py, (f) :
Y
where Py, is the projection of the ¢! ball {z € RN \ [#[; < 1}. This projection
is computed as explained for instance in [21].
Unfortunately, computing RC necessitates to solve a combinatorial opti-
mization problem which is not convex. Recall that

c(I) = Ul
(= e | min (92— ul

A stronger criterion, which is easy to compute, is obtained by selecting v = 0
in Ker Dy
wRC(I) = Q2] oo 00

Note that for every vector zp with D-support I = supp(D*z), we have the
following inequalities

IC(sign(D*zp)) < RC(I) < wRC(I).

4.3 Total Variation Denoising

Discrete total variation uses D = Dpjr defined in (6). We recall that the
total variation union of subspace model is formed by | J, ©, where © is the
set of piecewise constant signals with £ — 1 steps. We now define a subclass of
piecewise constant signals.

Definition 11. A signal is said to contain a staircase sub-signal if there exists
i€ {1l...]I| — 1} such that

sign(Djx); = sign(Djx);41 = £1.

Figure 1 shows examples of signals with and without staircase sub-signals.
The following proposition studies the robustness of total variation denoising.

Proposition 2. We consider the denoising case, ® = 1d. If x does not contain
a staircase sub-signal, then IC(sign(D*xz)) < 1. Otherwise, IC(sign(D*x)) = 1.

13



M M
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—1

Figure 1: Top line: Signals z with 2 discontinuities. Bottom line: As-
sociated dual vector m.

Proof. Let z* be a solution of Py(y) with D-cosupport J and I = J¢. Using
Lemma 1, there exists o € 5, \(z*) such that |o|. < 1. Since DT AV =0, we
have QU = —D}FDI. We denote the vector m defined as

| mp=s; =sign(D*z)r
e my =o=Qs;.

The vector o satisfies (D% D)o = (D% Dr)s;. One can show that this implies
that m is the solution of a discrete Poisson equation

Viel, m; =s;,

Vjed, (Am); =0 and {moszZO-

where A = DD* is a discrete Laplacian operator. This implies that for i; <
k < io where i1,io are consecutive indexes of I, m is obtained by linearly
interpolating (see Figure 1) the values m;, and m,,, i.e

k—iy

12 — 11

my = pmy, + (1 — p)m;, where p=

Hence, if 2 does not contain a staircase sub-signal, one has [Qls;|. < 1. On
the contrary, if there is 4; such that s;; = s;,, where i1, i3 are consecutive indexes
of I, then for every i; < j < iz,m; = s;; = £1 which implies IC(sign(D*z)) =
1. O

This proposition together with Theorem 3 shows that if a signal does not
have a staircase sub-signal, TV denoising is robust to a small noise. This means
that if w is small enough, for A small, the TV denoising of xy + w has the same
discontinuities as xy. However, the presence of a staircase in a signal implies
that no robustness, even for a small one, can be ensured.

Corollary 2. If |I| > 2 such that i € I implies i+ 1 & I, and D = Dpip, then
RC(I) =1.
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Proof. If |I| > 2, there exists a signal & which contain a staircase sub-signal,
hence 1 = IC(sign(D*#)) < RC(I). Since there is no signal x € RY such that
IC(sign(D*z)) > 1, we conclude. O

This corollary shows that in the case of total variation regularization, one
cannot expect cospace robustness, i.e discontinuities conservation, even for a
small noise.

4.4 Invariant Haar Transform

Sparse analysis regularization using a shift invariant Haar dictionary is ef-
ficient to recover piecewise constant signals. This dictionary is defined using a
set of dilated Haar filters

. Ho<i<
zp?’:ﬁ 1 if —29<i<0

0 else.

We define the translation invariant Haar dictionary as

* g (W)

Dy = (w *x)0<j<log2(N) '

The analysis regularization | D321 is a sum of the TV norm of filtered versions
of the signal, it can thus be understood as some kind of multi-scale total vari-
ation. We consider the case where ® is a realization from the uniform random
distribution on the set of orthogonal projectors, that satisfy ®*® = Id. The
inverse problem thus corresponds to a compressed sensing acquisition. Figure 2
shows the evolution of IC as a function of the redundancy Q/N of the operator
® for different box signals. More precisely, we consider the collection of box
signals

i 1 if|i—%|<77N
z,li] =
K 0 elsewhere.

Figure 2 displays the average and standard deviation of IC for three different
values of n as a function of Q/N € [0.4,1]. They are estimated numerically
using Monte-Carlo simulation, using 1000 samples for each redundancy. Remark
that IC increases when the signal converges to a single spike signal and the
redundancy /N diminishes.

4.5 Fused Lasso

Fused Lasso is introduced in [40]. Tt is equivalent to Py (y) when using

D = [DDIF Eld} s
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Figure 2: Evolution of IC for a compressed sensing matrix with a in-
variant Haar dictionary. On the left side, a box signal. On the right, the
dotted line represents the average IC as a function of @/N. The vertical
lines represents the interval [mean(IC) — std(IC), mean(IC) + std(IC)].
The horizontal line indicates the saturation level IC = 1.
where ¢ is a positive real number. The associated union of subspaces (7) is
U, O where ©, is the set of sum of k interval indicators, i.e a signal z € Oy,

can be written as .
T = Z’Yi]-[ai,bi]a
i=1

where 7; € R and a; < b; < @41

We consider the case where ® is a realization of the Gaussian matrix ensem-
ble, which has i.i.d. entries distributed according to the normal law AN(0,1).
We consider the collection of sum of two indicators

Tnp = (3-n-p)N,G-pN] T LGN (B +ntpN] (11)

We fixed p = iN, e = 50/N. Figure 3 shows the evolution of the mean and
standard deviation of IC as a function of the redundancy Q/N € [0.5,1] of ®
for different box signals. They are estimated numerically using Monte-Carlo
simulation, using 1000 samples for each redundancy. Remark that IC dimin-
ished when the signal converges to two spikes and when the redundancy Q/N
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increases. An other choice of ¢ may lead to different results depending if D
favors the ¢!-sparsity or the total variation sparsity.
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Figure 3: Evolution of IC for a compressed sensing matrix with a Fused
Lasso dictionary. On the left side, a signal with a fixed interval size
n = 0.025N,0.1250N, 0.2N. On the right, the average and the standard
deviation of IC as a function of the redundancy Q/N of the random
matrix.

5 Proofs

This section details the proofs of Theorems 1 — 5. The objective function
L, » minimized in Py (y) is

1 *
Lya(@) = 5y = Pzl + [ D",

We recall that we suppose that condition (Hp) holds in every statements. The
following lemma, which is at the heart of the proofs of our contributions, details
the first order optimality conditions for the analysis variational problem Py (y).

Lemma 1. A wvector z* is a solution of Px(y) if, and only if, there exists
o € RVl where J is the D-cosupport of x*, such that

o € Ty a(x¥) (12)
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where I = J¢ the D-support,

() = {0 e RVIN\ @*(®2* —y) + ADys; + ADjo =0 and |o]o < 1}.

(13)
and s = sign(D*z*).

Proof. The subdifferential OF of a real valued convex lower semicontinuous
function F : RY — R is the multifunction defined by

OF (r9) = {g e RN \ Vo € RY, f(z) > f(x0) + (g, x — x0) } -

Note that o is a minimum of F if, and only if, 0 € 0F(z¢). Indeed, if 0 €
OF (x), then for every x € RN F(x) > F(z0), meaning that zo is a minimum
of F over RY. The subdifferential of £, »(z) is

Ly (z) = {®* (P2 —y) + ADu \ u € RN : u; = sign(D*z); and |use < 1}.

Hence 0 € 9L, \(z) is equivalent to the existence of u € RY such that u; =
sign(D*x); and |uy|eo < 1 satisfiyng

O (Px —y) + ADu = 0.

Defining ¢ = uy, it is equivalent to the existence of o € ¥, () with o] <
1. O

The following lemma characterizes the normal cone at zero of the subdiffer-
ential of £,  at a minimizer.

Lemma 2. Let 2* a solution of Px(y) of D-support I*. Suppose there exist
J C(I*)° and 0 € Ty x(x*) with |0y < 1. Then,

Noc, r@(0) € (Im D)= =G,.

where Naﬁy’x(l*)(()) is the normal cone at zero of the subdifferential of Ly x in
x* defined by

Noc, r@)(0) = {z € RN\ (z, d) <0 for every d € OLy (")}
Moreover, if J is the D-cosupport of x*, then
Naﬁy,x(m*)(o) =Gy.

Proof. Let I = J¢. We decompose I such that I = I* U J*. Since |oj]oo < 1,
one remarks that @ defined by

ar»  =sign(D}.x)r+
u : ’l_l,J* = 0 j*
Uy =0y
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is such that |ts]ec < 1 and
O*(dz* — y) + AD@ = 0.
We introduce € > 0 such that |oj|cc =1 —e. Consider the set
U= {u e R” \us —8j|oo <€ and wu; = ﬂ[} .
For every u € U, we define
d, = ®*(dx — y) + ADu,

and we denote
D= {du}ueu-
Remark that
dy, = )\D(u - ’U) = )\D[(U} - ’17,]) + )\DJ(UJ - 17,]).

Since uy = 4y, one has
dy :)\DJ(UJ—’CLJ).

Let z € Nyz, , (2+)(0) and let u € U. Note that
lusloe < s = tislo + U] <1,

and
ur» = sign(Di.x)»  and  ugsfoo < 1.

Hence, d, € 0Ly x(z*). By definition,
Vd € 0Ly A(z*), (z,d) <0.

Particulary,
Yuel, (z, d,)<0.

Remark that for every u € U, 2t — u € U and dog—,, = —d,,. Indeed,

dog—n = D" (Pz — y) + AD(20 — u)
= ®*(Px — y) + ADu—AD(u — u)

Moreover,
124 —u)s — Ui = |2 —uso <,

and (2’& — ’U,)] = 2u; —uy = uy. Hence
YueU, (z,d,) <0 and (z, —dy) = (z, dog—u) <0.

Therefore,
Yuel, (z, d,)=0.
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Let v € Im Dy \ {0}. Remark there exists p, € R* such that
v = Djyo, and  |oy]ee < &,

We define then the vector u as

ur = Uy
U : _
Uy = Uj-+ oyp.

Note that u is an element of U since |uy — Uyloo = |ov]oo < €. Therefore,

A
d, = AD.](UJ — ’(TL.]) =ADjo, = —vw

v

is such that (z, d,,) =0 and d,, € D, i.e Im D; = Span(D). Finally,

@UFJ%@JQ:Q

We conclude that Nacywx(w)(O) is included in (Im D)+ = G;.
Suppose now that J is the D-cosupport of *. We prove that

Noc, @)(0) =G,

Remark that 0L, x(z*) € ImD;. Indeed, let d € 9L, \(z*). We write d =
O*(Da* —y)+AD ju with uy = sign(Djz)r and |u ] < 1. Since 0 € 0L, A (x*),
one has

d = \D(u — @),

and since u; = 4y, one has
di)\DJ(’U,J*’l_LJ).
Hence, (Im D;)* is included in the normal cone Ny, | (2+)(0). O

The following lemma gives a sufficient condition to guarantee the uniqueness
of the solution of Py(y).

Lemma 3. Let 2* be a vector of D-support I*. Suppose there exist o € RIUI7)"
and J C (I*)¢ such that (Hjy) holds,

ogeXya(z) and Josle < 1.
Then, x* is the unique solution of Px(y).

Proof. We decompose L, » in two functions:
* 1 2
Lya(z) = q(z) + A|D*z]; where q(z) = Sy — Pzls.

Let h € RV \ {0}. Two different cases occur:
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L. If h ¢ G, then using Lemma 2, h & Ny, (2+)(0) and there exists d €
0Ly (x*) such that (d, h) > 0 and

Ey,,\(l'* +h) > £y7)\($*) + <d, h> > Ey,,\(l'*).
2. If h € G, observe that ¢ is strongly convex on G since (H ;) holds. Hence,
Lyx(x*+h) > q@*) + (Va(z*), h) + A|D*z*|1 + (v, h).
where v € O p+., (z*) such that v + Vq(2*) = 0. Then,

Ly (@ +h) > Lya(z).

In summary, for every h € RY \ {0}, £, x(z* + h) > L, x(z*), and 2* is the
unique minimizer of Py (y). O

5.1 Proof of Theorem 1

The proof of Theorem 1 is done in three steps. First, we prove Lemma 4
which gives an implicit equation satisfied by a solution of Py (y). Then, we prove
Lemma 5. Finally, we proves Theorem 1.

The following lemma gives an implicit equation satisfied by a solution x* of
the problem Py (y). Note that Py (y) may have other solutions.

Lemma 4. Let z* a solution of Px(y). Let I be the D-support and J the D-
cosupport of x* and s = sign(D*x*). We suppose that (Hjy) holds. Then, x*
satisfies

a2t = Ao y — xAVID s (14)

Proof. Using the first order condition (Lemma 1) there exists o € 3, \(z*)
satisfying
(I)*((I).Z‘* — y) + ADrs; +ADjo = 0. (15)

By definition, one has z* € G; so x* € (Im D). Hence, we can write z* = Uq.
Since U*D; = 0, multiplying equation (15) on the left by U*, we get

U*(I)*(‘I)UO( — y) + )\U*D]S] =0.
Since U*®*®U is invertible, we conclude. O

Lemma 5. Let y € RY and let J a D-cosupport such that (Hj) holds, and
I = J¢. Suppose T* satisfies

= A[]](I)*y — /\A[]] Dysy.

where s = sign(D*&*). Then, &* is a solution of Px(y) if, and only if, there
exists o satisfying one of the following conditions

1
o— Qs + XH[le eKerD; and |o]eo <1, (16)
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or equivalently,
ly = A0Yls; +ADjo =0 and ol <1, (17)

where QU1 = (®*® AV —1d) Dy, IV = @*(@AVI®* — 1d), Q) = DT and
1Yl = DIV, Moreover, if [o|oo < 1 then i* is the unique solution of Px(y).

Proof. Remark that 2* is an element of G;. According to Lemma 1, * is a
solution of Py (y) if, and only if, there exists o € X, A (&*) such that

O*(Pi* —y)+ ADrsy+ADjo =0 and |o|e < 1.
Since (H ) holds, one can define AlY. We use the implicit equation (14),
o (®AVI®*y — ADAVIDs; — y) + ADrsy 4+ ADjo = 0.
Factorizing the term in front of y and sy, one has
o*(@AVd* — Id)y — A(@*®AY) —1d)Dys; + ADjo = 0.
which proves that
Iy —XOYs; +ADjo =0 and o] < 1,

One has U*Q = 0 and thus one remarks that QY] = DTQVY]. Similarly, we
define /) such that TIIV] = D¥TIY]. Hence, the existence of o € ¥, x(&*) such
that |o]s < 1 is equivalent to

1
Djo = DJQ[J]S[ — XDJH[J]y where |o]s <1,
which in turn is equivalent to
1
o— s 4 XH[J]y € KerD; where |o]o < 1.

Replacing the inequality by a strict inequality condition gives the uniqueness of
2* using Lemma 3. O

We now prove Theorem 1.

Proof of Theorem 1. Let (y,\) ¢ H. By construction of the vector #5(7) one
has D%&5(y) = 0. So for (g, A) close enough from (y, A), one has

sign(D* %5 (7)) = sign(D*z*).
Since z* is a solution of P (y), using Lemmas 4 and 5, there exists o such that

Iy — AQVs; + ADjo =0 and [0 < 1. (18)
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We split J = KUL, KNL =0 such that |ox|eo = 1 and |or|e < 1. We
first suppose that ImIIlY] € Im Dy. To prove that 25 (%) is solution to Ps (%)
we show that there exists & such that |7|e < 1 and
0y — XQVls; + ADgox + ADpar, = 0.
We impose that 6 = ox and we introduce &, as
oL =01 — %Dzﬁ[‘]] ()\;)\)\y + %(Q — y)) .
Hence,
vy — Xols; + AD 5
= ﬁ['”g — S\Qmsl +MDgog +ADror

A=~ A=A A
_DLDZXH[']] (T?J + i(‘y - y))

= Yy —20Yls; + ADgox + A\Drop
=0
Ay )+ - Vs (3~ NDkox — (O~ )Dsor

A= A=A A
*DLDZXH[J] <Ty + j(y - y))

Since Im 1] C Im Dy, there exists u such that

- A=A A
/] <Ty + j(y - y)> =Dru.

By property of Moore-Penrose pseudo-inverse,

~ A=A A
DLD{DLU = Dpu =1 (Ty + i(ﬂ - y)> .

Hence,
Vg — XQVls; + D5
DD -
= T [H[I]y — )\Q[']]S[ +ADgog + )\DLO’L:|
= 0.

If (g, A) is close enough from (y, A), one has
1
A

~ A=A A
Joule = lou — 5 D1 (25204 3000 ) 1 < 1.

i.e Z5(7) is solution of P5 (7). Suppose now that ImII ¢ Im Dy. Then remark
that projecting (18) on Gy, shows that

Pg, TTy = X(QY)s e + Dgsi),
which is a contradiction of (y, \) & H. O
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5.2 Proof of Theorem 2

The proof is done in four steps. First, we prove that u(y) is well-defined.
Then, we prove that there exists a solution of Py(y) such that (H;) holds.
Finally, we prove that div(p)(y) = dimG,.

We first proves that even if Py (y) admits several solutions, all of them share
the same image under ®.

Lemma 6. If 1 and xo are two solutions of Px(y), then Pz = dux,.

Proof. Let z1,22 be two solutions of Py(y) and ®x; # Pxy. We define x3 =
3(z1 + @2). Since the function u — |y — ul? is strictly convex, one has the
following inequality

1 1/1 1

—y — ®as|® < = [ =y — Px1|* + =y — Px2|? ) .

31— aal? < 3 (5l = P + Sy — 0]
Applying triangle inequality for the ¢! norm gives

|D*z3]1 < |D*w1|1 + [ D22l

Hence, £, (z3) < £y A(z1) which is a contradiction with 1 being a solution of
the problem Pj(y). O

Lemma 7. There exists * a solution of Px(y) such that (Hjy) holds, where J
is the D-cosupport of x*.

Proof. Let x* be a solution of Py (y). Suppose (H ;) does not hold. Our strategy
is to prove that there exists a solution of D-support strictly included in I = J°.
Since (Hy) does not hold, there exists z € Ker ® with z # 0 and D%z = 0.
We define for every t € R, the vector v; = x* + tz. Denote B the subset of R
defined by
B={teR\ sign(D*v;) = sign(D*z*)},

The set B is a non empty set, 0 € B and convex from its definition. Moreover
for all t € B, 0Ly A (v) = 0Ly A(z*), it follows that for all ¢ € B, v; is a solution
of Pxr(y). As a consequence,

Vte B, ®uv,=®z* and |D v =|D*x*|1.
Since lim |D*w|; = +o00, the set B is bounded. Hence, B is an open interval

[t] =00

of R which contain 0, i.e there exist t1,%y € R such that
B =lti;,to| where —oo<t; <0 and 0<ty < +oo.

Since to ¢ B, the D-support of v, is strictly included in I. Moreover by
continuity,
Duy, = @z and | D¥uvy |1 = |D¥x¥s.

Hence, vy, is a solution of Py (y) of D-support strictly included in I.
Iterating this argument for #* = v;, shows that there exists a solution such
that (H ) holds. O
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Next, we prove the theorem 2.

Proof of Theorem 2. Using Lemma 7, there exists a solution z* of Py (y) such
that (H ) holds. We consider this solution. Using Theorem 1 for g close enough
from y one has

u(y) = di5(y) = @AYoy — A0 AVIDys).

where J is the D-cosupport of z*. Remark that u(g) can we written as u(y) =
Vi +r where V = ®AV1®* and r € RF is a constant vector. Hence,

div(u(y)) = tr(V).

Remark V is the orthogonal projector on Im(V') = ker(V)1, so that div(u(y)) =
dim(Im(V)). Since ® is injective on Gz, one has dim(Im(V)) = dim(Gy). O

We now prove the Corollary 1 starting with a lemma on the measure of H. .

Lemma 8. Let J C {1,---, P} such that (Hy) holds, K a subset of J such
that ImTIV] ¢ Tm Do, sye € {1,111 and sx € {1, 1}/E. I[f ImTIY] is not
included in Im Dce then Hy ks ,e.0 8 an affine space of R? x R and different
from RQ x R. Moreover, H has a Lebesque measure zero and for every \ € R%
H.x has a Lebesgue measure zero.

Proof. Consider J C {1,---, P} such that (H;) holds, K a subset of J such
that ImTIV] ¢ Tm Dyee, sye € {—1,1}1'1 and sk € {—1,1} Kl The following
set

Ho oo = { ) €R? X R\ Py 11Vly = MQWls e + Diesic) b

is a vector subspace of R? x R. Indeed, let (y1,\1), (y2, \2) € Hk.s,e.sx and
1 € R. Hence,

Pge. T (y1 + pya) = (M + pr2)(QY)s e + Dicsc).

Moreover (0g,0) € Hjk.syesic- Each Hyx s, s, is different from R? x R.
Indeed, (y,\) € Hi Kk, s, sx 1S equivalent to

Pg. 1710 i y _ 0
0 —Id Q[J]SJC + Dgsk

Particularly, we fixed \. If every y € R¥ is solution of this system, the matrix
FPs,. 17! is invertible, which is impossible since Fg, . is an orthogonal projection
on a strict subspace of R?. Since # is a finite unition of H J.K,s,c,sx all different
from R? x R, H has a Lebesgue measure zero. Remark that H.  is included in

7:[/\ = U U U U ﬂ.],K,s‘]c,sxv

Jc{1,---,P} _ KcJ sjee{—1,1}17°l s e{—1,1}IKI
(Hj) holds Im TV ZIm De
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where

ﬁﬁ,K,s‘]c,sK = {y € RQ \ ngcﬁ[.]]y = )‘(Q[.]]SJC + DKSK)} ’

Similarly to Hj x,s,c,sx, We prove that each ﬂﬁ,K,s‘,C,sK is a strict affine sub-
space of R?. Hence, H* has a Lebesgue measure zero, and so does H. . O
Proof of Corollary 1. Let A € R%. Using Lemma 8, H. » has a Lebesgue mea-

sure zero. Hence, y — u(y) is differentiable almost everywhere and we can apply
Stein’s Lemma which gives

df (o) = By (div(u(y))) = Eu (dim(Gy)) -

5.3 Proof of Theorem 3

We recall that, according to Definition 6, given some D-support I and D-
cosupport J = I°¢ we suppose that condition (H;) holds. Given some sign
vector s € {—1,+1}F, the analysis Identifiabiltiy Criterion IC of a sign vector
s associated to a D-support [ is defined as

IC(s)= min_[QYls; —u|s where Q) =D (d*0AV] —1d)D;.
ueKer Dy

Proof of Theorem 3. The proof is done in three steps.
1. We give a condition on A to have sign(D*3*) = sign(D*zg).

2. We give an other condition on ”“3”2 to ensure first-order condition on &*

assuming IC < 1.

3. We prove that the two conditions are compatible.

We consider the vector defined by
i =z + AVlo*w — )\A[']]Djs[,
1. We first give a condition on A to ensure signs equality
sign(D*2*) = sign(D*z) = s.
Since AV1®*y = xq 4+ AlY1®*w, signs equality is achieved if
Viel, |Djxol; > |Dj(@* —xo)|; = |DjAVI®*w — AD; AV Drsr|;. (19)
We bound |D3(2* — 20)|eo

ID; (@ = z0)loe < IDFAY oo 00 (19" w]oe + AlD1srloo)
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Using operator norm inequalities, one has

ID; (@ = z0)loe < IDFAY oo,00 (127 2,00 [w]2 + Al D1llsc,00)

Introducing
T= i Dixoli > 0,
ey 1P
the following condition
T > | D7 A g o0 (127 |2,00 ]2 + Al Drloc,00) (20)

ensures (19).

2. We now give a condition on ”“;\”2 to ensure first-order condition (17)
assuming IC(sign(D*zo)) < 1. Remark that Iy = ITw since o € G;. The
minimum over Ker D of |Q)s; — u| is reached for a given @ € Ker D;. We

consider the following ¢ defined by

1
o=—u+0Ys — XHw.
Using operator norm inequality, one has
1 -~
loloo < 1927 = uloo + 2,00 ]2

By definition of ,
1 =~
lofoo <TIC(s) + XIIH“] 2,00 [w]2-

Hence, under condition IC(sign(D*xp)) < 1 and

[w]2
)

T 3,012 < 1 = IC(sign(D"x)). 21)

one has |0 < 1 and using Lemma 5, the vector «* is the unique solution of
Pa(y).

3. Let show that (20) and (21) are compatible. We introduce constants c;
and ¢y :

IV
ST C IC(sign(D*xg))’
and

) . ®* 3,00 o
cy = |:||DIA[J]"OO,00 (%J’_”DI"OO,OO)] .

Suppose that

lwlz _ ¢
—_ < J——
T Cj ’
and
CJ”'LU"Q <A< Tecy,
Then (20) and (21) are satisfied. O
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5.4 Proof of Theorem 4

The proof of Theorem 4 is done in three steps. First, we specialize Theorem
3 when w = 0. Then, we show that under the condition IC(sign(D*x)), the
vector zg is a solution of Py(y). Finally, we prove Theorem 4 by considering an
other potential solution of Py(y).

Corollary 3. Let zg € RY be a fized vector, I be its D-support, and y = ®xq.
Suppose (Hy) holds and IC(sign(D*x)) < 1. Then for A < ¢y,

¥ = A[J]q)*y ~MYID;s;  where s = sign(D*xo) ;.
is the unique solution of Px(y).
Proof. Take w = 0 in theorem 3. O

Lemma 9. Let 2o € RN be a fized vector, I be its D-support, and y = ®xg.
Suppose (Hy) holds and IC(sign(D*xzg)) < 1. Then xo is a solution of Po(y).

Proof. According to Corollary 3, Py (y) has a unique solution for A < é;,
r* =3 =29 — MY Dys;

Let z(1) # wo such that ®z(;) = y. For every A strictly positive, one has
Ly x(x*) < Ly A(2(1)) by definition of x5. Then,

D% Al < [P )]s
Using continuity of norms, taking the limit A — 0 in this equation gives
|D* 2oy < [Pz,
which proves that zg is a solution of Py(y). O

Proof of Theorem 4. Using Lemma 9, xg is a solution of Py(y). We shall prove
that g is the unique solution. Let denote

(1) = Zo + /\A[']]D[S].

Note that for A small enough, one has sign(D*z(;)) = sign(D*zg). Hence, if
IC(sign(D*zp)) < 1, then Corrolary 3 holds and z( is the unique solution of
Px(y1) where y; = ®x(y).

Let z(9) € RY such that ®x(3) = y with x5y # x9. Then ®zg = Px (o) and
since zg is the unique solution of Py(y1), one has

1 . 1 «
§||y — P53 + A|D*xof1 < 5"3/ — D (2)]3 + A|D*z(2) |-

Then,
|D*xol1 < [D*z(2) 1,

which gives uniqueness of the solution. o
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5.5 Proof of Theorem 5
We recall that the Recovery Criterion RC of I C {1...P} is defined as

CI = . Q[J] - .
(D)= max | o, 07 pr =l

Proof of Theorem 5. Consider the following restricted problem

1 x
argmin §||y — &2 4+ N D*z|;. (P{(v))

z€Gy

Our strategy is to consider a solution of P'A] (y), and showing that it is the unique
solution of Py (y). To achieve this goal, we use four steps:

1. We exhibit p; € Rl such that

U* [®*(Px* —y) + A\Dp3] = 0.
2. We prove that z* satisfies an equation of the form
a2 = Aoy — XAV D pr.
3. We prove that z* satisfies the first-order condition of Lemma 1 using the
construction of pj.

4. Finally, using operator norm inequalities we provide the bound announced
in the statement.

We rewrite Py (y) without constraints

1
argmin §||y - <I)Uoz||§ + A|D7Ua|;.

aERdi‘“ Sy

1. Using Lemma 1 with ®U and DU in place of ® and D*, if o* is a solution
of Py (y), then there exists o* with [0*|s < 1 such that

U*(I)*((I)UOZ* — y) + )\(U*D])[*S[* + )\(U*D[).]*O'* =0.

where I* C T is the D-support of Ua* and J* = (I*)° N I. We introduce
pr € RII defined as

s, ifieI*
Vi eI, =<7
(P7); {o; ifieJ*,

which satisfies
D]p; = D[*S[* + D‘]*O'*.

First order conditions become

U* [®*(dUa* — y) + ADrpj] = 0. (22)
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2. Moreover, the condition (H ;) holds, so the matrix U*®*®U is invertible,
so one has

o = (U**U) U d*y — AN(U*D*dU) " U* Dyp3.
Denoting x* = Ua* and multiplying both side by U gives
= AVlo*y — XAV D pt. (23)
3. We now prove that z* is a solution of Py(y), i.e there exists o such that
O*(Pz* —y) + ADp+s +ADyju»0 =0 and |o| < 1.
Consider @ such that

i€ argmin |QVpt — ),
uweKer D j

and )
g=0Ypr —a— XH[J]w.

‘We recall that

Ul = pral, ! = protl,

)

Remark that using equation (23), one has

@*(@x* — y) + A\Dip; + ADjo
= o (@(Aoy — X\AYID p;) — y) + AD1p} + AD ;DT O Ip;
— \Dya—D;DFVly
——
=0

= (ld-D,;D7) Iy — xaVipy)

= (Id—D;D7})[®*(®z* —y) + ADspj].
Let denote v = ®*(®z* — y) + AD;pj. On one hand, multiplying the last
expression by the pseudo-inverse D}' and using the fact that D}FD gD = D}r,

one has
(Id— D;D¥)v € Ker DT =G.

On another hand, using equation (22), we remark that v € KerU*. Since
KerU* = (ImU)*+ = g}, one has

vegGy and (Id— D;DF)veg,.
However, DJD}_U € G7. Hence,

(Id — D;DF) [ (®2* — y) + AD;p}] € Gy NGF = {0}.
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Hence,
O (Pz* —y)+ ADyp} + AD 5 = 0.

Using operator norm inequality, one has

_ _ 1

[7]o0 < 19V} — o + XIIH['” 2,00 [w]2-
By definition of ,

. 1
Ioloe <, min 19V} = uloo + 5 1TV,

Hence,
_ 1
710 < RC(I) + LI o oo [0

Hence, for RC(I) < 1, o defined by

. or ifjeJ*
Vie{l,...,PY\I, o;=24"7
A Lo {aj itjeJ,
and .
V> el ey whee @ =1,

one has |0]e < 1 and |o|ee = max(|7]oo, [0* o) < 1. Using Lemma 1, the
vector z* is a solution of Py (y). Moreover, since || < 1 and (H;) holds, z*
is the unique solution of Py (y) according to Lemma 3.

4. We now bound the distance between xy and z*.

lo* — o] = |AVI®"y — \AVID;pj — o).
We remark that AlV1®*y = zq + AlY1®*w. Hence,
Jo* — o] = [AY1(@*w — AD1p})].

Using operator norm inequality, one has

* ol < |AV) o N
|27 = ol <JATk2lwlz {19722 + =R gy 1P1 12,

Conclusion

This paper has provided a theoretical analysis of the robustness of sparse
analysis regularizations. We have studied both the local affine behavior of the
solution, and the robustness to small and large noise. These contributions enable
a better understanding of the behavior of this class of regularizations.
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Concrete examples illustrate our results. For discrete total variation, we
show that staircasing induces an instability of the support, i.e discontinuties are
not preserved. For Fused Lasso, our analysis shows that the support is stable
and robust to an arbitrary bounded noise.

A distinctive feature of our approach is that we look for the robustness of the
cospace associated to the original data. This approach often has a meaningful
interpretation (such as the conservation of discontinuities for TV-like models),
however it also leads to quite restrictive conditions. A fascinating area for
future work is to understand how to lift these restrictions to obtain sharper
noise robustness of analysis regularization.
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