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Representation, relaxation and convexity for variational problems in
Wiener spaces

A. Chambolle ¥ M. Goldman T M. Novaga ¥

Abstract

We show convexity of solutions to a class of convex variational problems in the Gauss
and in the Wiener space. An important tool in the proof is a representation formula
for integral functionals in this infinite dimensional setting, that extends analogous
results valid in the classical Euclidean framework.

1 Introduction

The aim of this paper is to study the convexity of the minimizers of some variational
problems in Wiener spaces. In the Euclidean setting convexity is a widely discussed issue
[25]. Recently, following previous work by Korevaar [26] and Alvarez, Lasry and Lions
[2], Alter, Caselles and Chambolle [1, 12] showed the convexity of solutions to variational
problems involving functionals with linear growth and in particular to the prescribed
curvature problem. Using quite different techniques, Figalli and Maggi [19] proved the
convexity of small mass minimizers of this problem.

The main goal of this paper, is to extend these results to the (finite dimensional) Gauss
space and to the (infinite dimensional) Wiener space. In this setting, very few results are
currently available. To the best of our knowledge, the only result in this direction is con-
tained in [13], where the authors proved the convexity of the solutions of the isoperimetric
problem in convex domains. More explicitly they prove the following:

Theorem 1.1. [13] Let C be a convex set of positive (Gaussian) measure and of finite
(Gaussian) perimeter, then there exists o« > 0 such that for every v € [a,v(C)], the
solution of the constrained isoperimetric problem

min{P,(F) : £ CC and v(E) = v}
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has a unique solution which is convez.

We are interested in the convexity of solutions of the problem

min, P(B) = [ gla)dr(o) (1

where ¢ is a convex function.
The idea is to follow the approach of Caselles and Chambolle [12] in the Euclidean case.
We will thus be naturally led to consider the variational problem

1 2
min Doulg + = u—g)°d 2
it [P+ 5 [ =g )
for which we will show convexity of the minimizers. More generally, we will prove that
minimizers of

1
min FDudw—{——/ u—g)%dy 3
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are convex if F' and g are convex (see Theorems 4.1 and 5.1).

Extending the variational methods from Euclidean to Wiener spaces is now a quite active
field. In particular extending the theory of functions of bounded variation to this setting
started with the work of Fukushima [20] and Fukushima and Hino [21]. Since then the
properties of BV functions and sets of finite perimeter have been investigated by Am-
brosio and his collaborators, see [5] in particular but also [6] and [4]. We also refer to
the paper [23] where relaxation of the perimeter, isoperimetry and symmetrization are
investigated with application to a kind of Modica-Mortola result. We must point out that
this theory of BV functions is strongly linked with older works of Ledoux and Malliavin
[27], [28].

The plan of the paper is the following. In Section 2 we recall some notation about the
Wiener space and functions of bounded variation. In Section 3 we prove a useful repre-
sentation formula for integral functionals on Wiener spaces. In Section 4 we show the
convexity of the minima of (2) in finite dimension, and in Section 5 we investigate the
convexity of the minimizers in the infinite dimensional Wiener space.

2 Notation and preliminary results

A clear and comprehensive reference on the Wiener space is the book by Bogachev [7]
(see also [28]). We follow here closely the notation of [5]. Let X be a separable Banach
space and let X* be its dual. We say that X is a Wiener space if it is endowed with a



non-degenerate centered Gaussian probability measure . That amounts to say that ~y
is a probability measure for which xgv is a centered Gaussian measure on R for every
x* € X*. The non-degeneracy hypothesis means that « is not concentrated on any proper
subspace of X.

As a consequence of Fernique’s Theorem [7, Theorem 2.8.5], for every z* € X*, the
function R*z*(x) = (¢*,z) is in L2(X) = L?*(X,7). Let # be the closure of R*X* in
L%(X ); the space H is usually called the reproducing kernel Hilbert space of . Let R,
the operator from H to X, be the adjoint of R* that is, for he H,

Rﬁ:/ xh(zx) dy
X

where the integral is to be intended in the Bochner sense. It can be shown that R is a
compact and injective operator [7]. We will let @ = RR* so that for every z*, y* € X*,

(Qz™,y") Z/X<fﬂ*,fv><y*,x> dry.

We denote by H the space RH C X. This space is called the Cameron-Martin space. It
is a separable Hilbert space with the scalar product given by

(b1, holr = (ha, ho) s x)

if h; = RiLi. We will denote by | - |z the norm in H. The space H is a dense subspace of
X, with compact embedding, and v(H) = 0 if X is of infinite dimension.
For z7,..,z;, € X* we denote by Il;: .« the projection from X to R™ given by

H:v’{,..,:v;‘n(x) = (<.%'T,.%’>, e <.%';';L,1'>)

We will also denote it by II,,, when specifying the points x] is unnecessary. Two elements
x] and x5 of X™ will be called orthonormal if the corresponding h; = Qz; are orthonormal
in H (or equivalently if 27 and 2% are orthonormal in L,QY(X )). We will fix in the following
an orthonormal basis of H given by h; = Qx;.

—X
We also denote by H,, = span(hy,..,h,) and X5 = Ker(Il,,) = HL ", so that X =
R™ @ X;-. The map II,,, induces the decomposition v = 7, ® v;-, with v,,,, v Gaussian
measures on R™, X#L respectively.

Proposition 2.1. [7] Let le, . o be in H then the image measure of v under the map

is a Gaussian in R™. If the h; are orthonormal, then such measure is the standard
Gaussian measure on R™.



Given u € L%(X ), we will consider the canonical cylindrical approximation E,, given by

Epu(z) = /X | ulln(2),y) Ay (y)-

Notice that E,,u depends only on the first m variables (we call such function a cylindrical
function) and E,,u converges to u in L?Y(X )

We will denote by ]:C; (X) the space of all cylindrical C! bounded functions that is the
functions of the form v(Il,,(x)) with v a C! bounded function from R™ to R. We denote
by FCL(X,H) the space generated by all functions of the form ®h, with ® € FC}(X)
and h € H.

We now give the definitions of gradients, Sobolev spaces and functions of bounded vari-
ation. Given u: X — R and h = Rh € H, we define

ou, . u(x+th) —u(x)
o) = /
whenever the limit exists, and
oru = ou _ hu
LT ‘

We define Vyu : X — H, the gradient of u by

% ou

—— hy
oh;

VHU =
i=1
and the divergence of ® : X — H by
+o0o
divy ® = 0} [®, hilu.
i=1

The operator div, is the adjoint of the gradient so that for every u € fC,} (X) and every
® € FCL(X, H), the following integration by parts holds:

/ udiv, ®dy = —/ [Vau, ®|gdy. (4)
X X
The Vg operator is closable in L2 (X) and we will denote by HI(X) its closure in L2 (X).
Formula (4) still holds for u € H}{(X) and ® € FCL(X, H). Analogously, we define the
Sobolev spaves Wa}’p(X) for p > 1 (these spaces are denoted by D*(X,~) in [5]).
Following [20, 5], given u € L}Y(X) we say that u € BV, (X) if

/ |Dyulg = sup{/ udiv, ®dy; ® € FCL(X,H), |®|y < 1Vr € X} < H00.

X X
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We will also denote by |D,u|(X) the total variation of u. If u = xg is the characteristic
function of a set E we will denote P,(F) its total variation and say that E is of finite
perimeter if P, (FE) is finite.

Let M(X, H) be the set of countably additive measure on X with values in H with finite
total variation. As shown in [5] we have the following properties of BV, (X) functions.

Theorem 2.2. Let u € BV, (X) then the following properties hold:

e there exists a measure Dyu € M(X, H) such that for every ® € FCLH(X) we have:

/u@ﬁ@d’y:—/fbduj VjeN
X ! X
where pj = [hj, Dyulg.
o |Dyu|(X) = inflim{ [ |Vyui|udy : u; € Wy (X), uj — w in LL(X)}.

We next introduce the the Ornstein-Uhlenbeck semigroup. Let u € L}/(X ) then

Tyu(z) := / u <eftx +V1-— e‘Zty> dv(y).
X
Proposition 2.3. The Ornstein- Uhlenbeck semigroup satisfies:
o ifue LE(X) with p > 1 then Tyu € Wi (X),
o ifue LY(X) with p > 1 then Tyu converges in L5(X) to u when t goes to zero,

e for every ® € FCL(X,H), and u € L?Y(X),
/ Tyudivy @ dy = et/ udivy T;® d, (5)
X X

o if & € FCM(X, H) then T,® € FC}(X, H),

e for every conver function F': H — RU {400}, and every @,
| royn < [ r@a (6)
X X

The proof of this proposition can be found in [5]. The only additional property here is
(6) which follows from Jensen’s inequality and the rotation invariance of the measure ~.

Remark 2.4. Notice that (5) holds more generally for « in the Orlicz space L log% L but
not for a general u in L1(X) (see [5]).



Proposition 2.5. Let u = v(Il,,) be a cylindrical function then u € BV, (X) if and only
if ve BV, (R™). We then have

/|D‘/U|H:/ | Dyol.
X R™

Proposition 2.6 (Coarea formula [3]). If u € BV, (X) then for every Borel set B C X,

IDyl(B) = [ P> 1}, B . (7)

The following result can be found in [7, Corollary 4.4.2].

Proposition 2.7. Let u be a convez function from X to RU{+oo}, let F(t) = v({u < t})
and to = inf{t : F(t) > 0}, then F is continuous on R\{to}. As a consequence v({u =

t}) =0 for every t # tg.

In the finite dimensional setting, we will keep the same notations as in the infinite di-
mensional one. Notice that in R™, the following equality holds:

divy @ = div® — (z, D).

We see that functions in BV, (R™) are in BVjo.(R™) and that D, u = v, Du so that
most of the properties of classical BV functions extend to BV,, (R™) (see [3]).

For FF: H — R a convex function we denote by F* its convex conjugate defined for
® € H by

F*(®) := 22}8 [®,h]g — F(h)

and by F'*° its recession function defined for h € H as:

F°(h) := lim —F(th).

t—+o00 t

For the main properties of these functions we refer to [30]. The main assumptions we will
make are:

(H1) F: H— RU{+o0} is a proper (i.e. F' is not identically plus infinity) convex lower
semi-continuous (l.s.c.), bounded from below and attains its minimum.

(H2) F has p > 1 growth i.e. there exists oy, 51, ag and (35 real positive such that

a1|h|%—|—ﬁ12F(h)2a2|h|%—ﬁ2 Vh € H.



Notice that a convex function satisfying (H2) also satisfies (H1). We observe that hy-
pothesis (H2) includes the limiting case p = 1 which is of particular interest for us. Under
hypothesis (H1), it is not restrictive to assume that F'(0) = 0 and F' > 0.

By Hahn-Banach Theorem, for every proper convex ls.c. function F' : H — R U {+o0},
there exists ¢ € H such that F'(h) := F(h) — [q, h] g satisfies (H1).

3 Representation formula and relaxation of integral func-
tionals

We extend in this section a representation formula for integral functionals. We start by
proving it for functionals with linear growth.

Proposition 3.1. Let F': H — R be a convex function satisfying
alhl|+ 8> F(h) >0 Vh e H

For pe M(X, H), with u = u®y + p* its Radon-Nikodym decomposition, let

/XF(M) r=/XF(u“)d7+/XF°° (;fﬁ;)cl!/f!,

/X F(p) Z%fscg?xﬂ) /X (@, dpn — /X F*(®@)d, (8)

where [®, du]g = [®, %]Hdw.

then there holds

Proof. For p € M(X,H), with p = p%y + p® its Radon-Nikodym decomposition let
Dp :={® =", xahi : n €N, A; disjoint Borel sets, h; € H, F*(h;) < +oo}. Then
we start by proving

/ F) = swp J @~ [ Fr@)a. 9)

The proof is adapted from [15] and is divided into three steps.
Step 1. Let

M(p) == Sup /X[‘P,du]H—/XF*(‘P)dV-



We will show that for every h € LL(X, H),

M(hy) = /X F(h)dn. (10)

By definition of convex conjugate, it is readily checked that M (hy) < [y F(h)dy. We
thus turn to the other inequality. By definition of the integral, for every § > 0, there
exists h; € H and A; C X with A; disjoints Borel sets and i € [1,n] such that if we set

0=> Xahi
i=1

then |6 — h|L}/(X,H) < 4. As Fis of linear growth it is Lipschitz continuous and thus we
can assume that also
IF(h) = F(0)]11 x) < 0.

For every i, by definition of convex conjugate, there exists & € H such that
F(hi) < [&,hilug — F*(&) + 6.
Notice that since F is of linear growth, the {!s are uniformly bounded. From this, setting

® =" xa,& we have

/XF(h)dfyg/ F(0)dy + 6

X

= Z:/A F(h;)dy + 6
33 /A (€ hili — F*(€)dy + 25

:/ (@, 0] — F*(@)dy + 26
X

< [ @bl — P (@) + C6
X
< M(h) + Co.
Since ¢ is arbitrary we have M (hy) = [, F(h)dy.

Step 2. By reproducing the proof with F'*° instead of F, d—d|’:—z| instead of h and |p*| instead

of v we find, using that Dpe = Dp (since dom F* = dom (F*°)* by [30, Thm. 13.3])
and (F°°)* = 0 in its domain,

d S
Moo (p®) := sup /[@,dus]H:/ F°°< ,us >d]/f\.
®eDp JX X d|p*|

8




Step 3. It remains to show that
M(py + p°) = M(pu"y) + Moo (1°).

One inequality is easily obtained, since

M(uy + p®) = sup /[(I),Na]Hd7+/ (@, dp®] /F
PeDr J X

< <<1>S£F /X (@, 1 —F*(<I>)d7> + (@SeugF /X [fb,dus]H)
= M(pu*y) + Mo (p®).

For the opposite inequality, let § > 0 be fixed then there exists ®; and ®5 such that
M) < [ @140l — F(@1)dy +9
X
M) < [ (o, + 6
X

Taking ® equal to @9 on a sufficiently small neighborhood of the support of p* and equal
to @1 outside this neighborhood, by the regularity of the measures %y and p® we get

M) + Moo () < / [, 1 — F*(@)dy + / [, il + O
X X
< M(p*y+p°) +C6

which gives the opposite inequality and shows (9).

For ® € Dp, the image of ®, being a finite number of vectors of H, is included in a
finite dimensional vector space V of H. If we now consider K the convex hull of these
vectors then K is a convex polytope of V. We can then write & = ZZ]\; 0;h; with h; the
extremal points of K and 6; € L(X) N L},(X) with 6; > 0 and SN 6; < 1. Arguing
as in [5, Section 2.1], v + |u| being tight we can approximate 6; in L} (X) N LL(X) with

0F ¢ FCL(X) in such a way that #F > 0 and . 6% < 1. As F* is bounded and

i=1"1

Hkh we have ®* € Dp and

i=1"1

: k *( Fk _ - *
Jin [ (@8~ [ P@0ar = [ @ - [ P

continuous on K, letting ®F := Z



We then deduce the following corollary:

Theorem 3.2. For F: H — RU{+00} a proper L.s.c. convex function and up € M(X, H),
with = p*y + p®, then again

[rw= s [ (@din- [ P
X PeFCHX,H) /X X

Proof. Case 1. First assume that (H1) holds. For n € N let

Fo(p) :== sup [®,plg — F*(®).
|®[a<n
Then F,, is of linear growth and F;, is a nondecreasing sequence converging pointwise to
F' and thus by the monotone convergence theorem,

J PGty =l [ Faat)an

n—oo X

Analogously, (F,,)* converges monotonically to F*°. Indeed, since F,, is nondecreasing,

(F},) is clearly nondecreasing and

(F))®(p) = lim Fa(tp) E(tp)

= "*°(p).
t—+o0 t t—>+ t (p)

On the other hand, for every ® € dom F* = dom (F'*°)*, if n > |®|y, for every p € H
and t > 0,
Fu(tp) F(®)
t t
and thus letting ¢ goes to infinity and then n goes to infinity as well, we find

lim (£,)*(p) > sup [@,plu = F(p).

n—00 dcdom F*

Jor () o=t [ () ot

By Proposition 3.1, for every n € N,

d S
/F d,y_|_/ FE, <Ls> d|/ﬁ| = sup /[Q),d,u]—/ F*(@)dw. (11)
d’ﬂ ‘ veFcl(x, )/ X X

|Ploo<n

> [@,plu —

We thus have

Passing to the limit when n tends to infinity we get

/F(u): sup /[@,du]—/ FX(®) dy.
X PeFCH(X,H) /X X

10



Case 2. Let now F be a generic proper l.s.c. convex function and ¢ € H be such that
F'(h) := F(h) — [q, h] satisfies (H1). Tt is readily seen that (F')*°(h) = F*°(h) — [q, h|y
and (F')*(®) = F*(® + ¢). Since (9) holds for F,

[ F = [ fadiln = [ 7
X X X
= sup / (D, du] /F* ®+q)d
PeFCHX,H) /X
— swp [ (@-qddu- [ F@n
PeFCH(X,H) /X X

Remark 3.3. An important example of functionals covered by the Theorem is given by
the functionals with p > 1 growth.

A~ —

O

For F' a proper l.s.c. convex function, we can define the functional on L% (X)

/ F(Dyu) :=  sup / —udivy ® — F*(®) d. (12)
X PeFCHX,H) /X

The functional defined in this way is thus lLs.c. in L%(X). By (8), we have

F(Dou) = | F(Vu)dy+ | F* ddgfz d| Dzl (13)
X X X | D5l

for u € BV, (X) with Dyu = Vuy + D3u its Radon-Nikodym decomposition.

For Y a metric space and F : Y — R, we define the relaxed functional F of F by

F(z) = inf lim F(z,).

Tn—T n—oo

We then have the following relaxation result:

Proposition 3.4. Let I be a proper l.s.c. convex function then the functional fX F(Dyu)

18 the relaxation of the functional defined as fX (Vygu)dy foru € Wa} 1( X). If F satisfies
also (H2) then is is also the relaxation of the functional fX (Vgu)dy defined on the
smaller class FCL(X).

11



Proof. Case 1. Assume first that F satisfies (H1). We start by proving that

/XF(DW) :infli_m{/X F(Viun) dy : uy € WH(X), uy - uin Li(X)}. (14)

Thanks to Proposition 3.1, the inequality ‘<’ is obvious. To prove the opposite inequality,
we proceed as in [5, Th. 4.1] by using the Ornstein-Uhlenbeck semigroup. For u € L%(X)
and ¢t > 0, thanks to Proposition 2.3,

/ F(DyTiu) =  sup / —Tiudivy & — F*(®) dy
X PeFCHX,H)J X

= sup / —e tudiv, T,® — F*(®) dy
PeFCHX,H) /X

< sup / —e tudiv, T,® — F*(T;®) dvy
PeFCHX,H) /X

<et sup / —e tu divy T;® — F*(T;®) dy
PeFCH(X,H) /X

< e_t/ F(Dyu)
X
where, as F'(0) = 0 we have F* > 0 and thus e 'F* < F* . This inequality shows that
/ F(Dyu) > infli_m{/ F(Vgup)dy : u, € W,%’l(X), Up, — u in L,QY(X)} .
X X

Case 2. Let F be a proper lLs.c. convex function and ¢ € H be such that F'(h) =
F(h) — [q, h] satisfies (H1) then for u € L2(X),

/X F(Du) = /X F'(Dyu) — /X udivy p dy.

Therefore, by Case 1 applied to F’ we get that
/ F(Dyu) = infli_m{/ F(Vhuy)dy : up € Wvlvl(X)7 Up, — u in L%(X)} .
X X
Case 3. If now F satisfies (H2), by the density of FC}(X) in Wﬂ}’p(X) for p > 1, for every

u € WP (X) there exists u, € FCL(X) tending to u in W1P(X) and almost everywhere.
Then as F(Vgu,) < aa|Vguslt; + B2, by the dominated convergence theorem,

/X F(V ) dy — /X F(V ) dv.

Thus starting from W,}’p(X) or FC;(X) gives the same relaxation for [, F(Vyu)dy. O

12



4 The finite dimensional case

In this section we focus on the finite dimensional problem. Let F': R"™ — R be a convex
function satisfying for p > 1,

(HY) as|hfP + By > F(h) > alhP =3  Vh e R™.

As before we set

/ F(D,,,u)dym := sup / (—udivy @ — F*(®)) dym.
m dect(rm) JR™

By Theorem 3.2 and Proposition 3.4,

F(D F(Vu)d oo (D™ g
/X(vmu)—/m(u)%nJr/m a0, ] DS, ul

and this functional also coincides with the relaxation for the L%m (R™) topology of the
functional classically defined on Lipschitz functions u by [g,, F(Vu)dvyy,. In this finite
dimensional setting this representation formula is not new (see [8] and [11]).

We show in this section the convexity of the solutions of

: (u—g)°
F(D . 15
el ) o (Do) + == dy (15)

Formally the Euler-Lagrange equation of this problem reads
—divVF(Vu) + z-VF(Vu) + u = g. (16)

Theorem 4.1. Let F: R™ — R be a convex function satisfying (H2’) and g € L?Ym (R™)
be a convex function. The minimizer of (15) is then convex.

Proof. Before entering into the details, let us give a sketch of the proof. We first approx-
imate the functions F’ and g by smooth quadratic functions F),, and g. for which we can
use the results of [2]. We then construct for this approximating functions, a convex sub-
solution u. of the problem and consider u the least convex supersolution of the problem
which is greater than u.. We then show that u” is in fact a solution of the approximated
problem and then let ¢ — 0 and n — +oo.

Let F,, — F be a sequence of smooth, uniformly convex functions, with quadratic growth
which converge locally uniformly to F. The functional me F,(Vu)dyy, is then finite
if and only if u € H%m (R™). Without loss of generality we can assume that inf F,, =
F,(0) =inf F}} = F;¥(0) = 0 and thus VF,(0) = VF(0) = 0.

13



We consider for € > 0 the approximation
1 9 1,
gE(x) = max{g(x),—g}+ex +2Fn(6x)

so that g. — ¢ locally uniformly as ¢ — 0. Indeed, it follows from the uniform convexity
of F,, that F is differentiable, hence

1
lim —F;(esx) = VE;(0)-z = 0.

e—0¢€

Since F,,(p) > C(|p|* = 1), Fi(q) < C(lg|* +1) and g. € L2 (R™).
In particular, letting

Frex 1
us(x) = M%—me—g € Lg/m(Rm),
we have
Fr 1
—divVF,(Vu.) + 2-VF,(Vu.) + uc = —me + e + @ +me — - < ge(x)

hence u. is a classical subsolution of the approximate problem. We observe that both g.
and u. have superlinear growth at infinity.
We now consider the solution u of

2
min [ Ey(vu) + 29 g (17)
u>ue Jpm
which by definition is above ..
We first show that it is a viscosity supersolution of
—divVFE,(Vu) + - VF,(Vu) + u = g.. (18)

Let us first notice that by [29], the function @ is Holder continuous. Assume that u is
not a supersolution of (17) then there exists zyp € R™ and a smooth function ¢ such that

¢ <uin R™\{zo}, ¢(z9) = u(xo) and
—divVFE, (Vo) + - VF,(Ve) + ¢ — g- < 0 at xo. (19)

Replacing ¢ by ¢ —n|z — 0| and noticing that {¢—n|z—x0|>+8 > a} C B(zg, /§/1) we
can further assume by the smoothness of ¢, F), that (19) holds on the open set {¢p+6 > u}
for § > 0 small enough. As v = max(¢ + 6, 1) > u., we have

_ 2 = 2
[+ > [ mwn O,
m Rm
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and thus

S5 — 2 - 2
/ F, (V) + ud% > / F,(Va) + Md%ﬂ_
{¢+5>a} 2 {¢+5>a} 2

Using that F,,(Vu) — F,,(V¢) > VF,(V¢) - (Vu — V¢) by convexity of F,, and

(@—ge) (@+0-9)° @+0-0° (15 Na—g-0)

2 2 9
we get
_ )2
OZ/ VF"(W)'(W_W)+W+(¢+5—ga)(ﬁ—¢—5)dvm
{p+6>u}
_ )2
= / [~divVF, (Vo) + 2 - VE(Ve) + ¢+ 6 — gc] (T — ¢ — 6) + wd%
{p+6>u}

>0

and thus a contradiction. The integration by part used above is justified by the fact that
{¢+ 9 > u} is an open set on the boundary of which ¢ + ¢ and u agree.

Notice that using the same arguments it can be shown that there is no contact between
u. and u so that u is in fact an unconstrained minimizer of the energy.

Now, thanks to [2, Proposition 3|, given any supersolution u of (18), with superlinear
growth, the convex envelope u** is still a supersolution. Moreover, if u > u,, then clearly
u** > u. (which is convex).

Hence, if we define @ < u as the infimum of all supersolutions of (18) which are larger
than wu., it is also the infimum of their convex envelopes (hence it is a locally uniform
limit of convex supersolutions) and therefore is convex. It is also a supersolution.

Let us now show that @ is a viscosity solution. If it were not, there would exist a smooth
¢ and z € R™ with a(z) = ¢(z), and @ < ¢ in R™ \ {z}, with

—divVE,(Vé(2)) + z-VE(Vé(2) + d(a) > g.(x).

In particular, @(x) > u.(x), otherwise x would also be a local maximum of u. — ¢ and the
reverse inequality should hold. Now, by standard arguments, we check that min{a, ¢ —d}
is still a supersolution, larger than wu., if § > 0 is small enough, a contradiction.

Hence @ is a solution of (18). By [24, Theorem 4], @ is a C™! function and thus by
[2, Lemma 2], @ satisfies (18) almost everywhere (and also weakly). The function 4 is
therefore a critical point of the (strictly convex) energy, hence the unique solution to (15)
(with F replaced with F,, and ¢ with g.). Denote now this solution by ul.

Let us now show that we can send ¢ — 0 and then n — oco.

15



Comparing the energy of u? with the energy of 0, we find that

1 *
Hu?HLgm(Rm) < zng”Lgm(Rm) < QHQHLgm(Rm)‘i‘Q €$2+5Fn(5$) (20)

12, (&™)

so that Hu?HL%m (rmy is uniformly bounded. Hence, we can send € — 0 and will find that
u? — u". By a Theorem of Dudley [16], ul converges locally uniformly to " which is
thus convex. By the lower-semicontinuity of the energy, u™ is the solution of problem (15)
with F' replaced with F,.

Analogously, u” — w locally uniformly since by (20), Hu"HL% ®my < 2H9||L3 (rm) and
thus u is convex. Let us show that u is the minimizer of (15). We start by proving that

lim Fo(Vu")dyp, > F(Vu)dryp,. (21)
n—oo JRmM Rm™
Since u™ is a sequence of convex functions converging to u € L%m (R™) then, up to
subsequence, Vu" converges to Vu almost everywhere. Moreover, for all R > 0 there
exists ' = C(R,v) such that |[Vu"| e (p,) < C for all n € N. This is a general property
of convex functions and we refer to [12, Theorem 3] for further details. By Fatou’s Lemma,
we then get

lim E,(Vu™)dyy, > lim E,(Vu"™)dyy, = F(Vu)dyp,.

n—oo JRM n—o00 BR BR

Letting R — 400 we obtain (21).
Now if v is a Lipschitz function in L%m (R™), as F,, converges locally uniformly to F,

lim F,(Vv)dyn, :/ F(Vv)dym,

n—oo Jpm

and thus, by the minimality of v and (21),

2 2
/ Fvo) + 9D g = tim [ Eawe) + O,
m 2 n—00 Jpm 2

n __ 2
> tm [ Fyver) + =9

n—oo JRmMm 2

2
> F(Vu) + (v —9) Ay
- 2

Since Lipschitz functions are dense in energy in L2 (R™), we obtain that u is a minimizer
of (15). O
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Remark 4.2. The proof directly extends to variational problems of the form

—g)°
2

min / F(Vu)+ (u dp

u€L?(p)
for measures du = p(x) dz, with p(z) = e~ A% and A > 0.

Remark 4.3. An other possible approach for proving convexity of the minimizers of (15)
is to adapt the ideas of Korevaar [26], see [22] for details.

Remark 4.4. Arguing as in the Theorem 5.1 of the next section, we see that this result
extends to generic proper l.s.c. convex functions F'.

5 The infinite dimensional case

In this final section we return to the infinite dimensional problem.

Theorem 5.1. Let F : H — RU{+o00} be a proper Ls.c. convex function and g € L2(X)
be a convex function. Then the minimizer of

1
Jwi= [ PO+ 5 [ (- gPdy
X X
18 convex.

Proof. Case 1. We start by assuming that F' satisfies also (H2) .

Let g, = E.,(g) then gy, is a convex function. Let also 4, be the minimizer of

1
i w(u) = [ F(D - — gm)2d~.
UEL%()%{I;:EMJ (u) /X ( WU)+2/X(U gm) dy

Thanks to (13), if u depends only on the first m variables then

/X F(Dyu) = /X Fo (Do) = /R _ F(Dy,u)

where F,,(h) = F(II,,h). By Theorem 4.1, @, is thus a convex function. As J, () <
Jm(0) and since g, — g in L% (X), Uy, is bounded in L%(X) and is thus weakly converging
to @ which is therefore convex by [18, Theorem 4.4].

We now show that @ is the minimizer of J.
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If u,, is a weakly converging sequence to u € L%(X ), then by strong convergence of g,
to g we have

.1 1
tim 5 [ Jun =gy = 5 [ (= g)an.
X X

m—0o0 2

By the lower semicontinuity of [ F(Dyu) (which comes from (12)) we then have

lim Jp, (um) > J(u).

m—0oQ
Thus if u € FC}(X), by minimality of iy,

Ju) = lm Jp(u)> Hm Jo(am) > J(@). (22)

m—+00 m——+o00

Since we assumed that F' satisfies (H2), by Proposition 3.4, the space FCL(X) is dense
in energy in L?Y(X ) and thus inequality (22) proves that @ is the minimizer of J in Lg{(X )

Case 2. If F'is a proper L.s.c. convex function, we can approximate it by a convex function
Fs with linear growth

, 1
Fs(p) :=d|plu + ;215 (5\19 —qlu + F(q)> :

By Case 1, the minimizer us of the functional with Fy instead of F' is convex. As before,
we have that us weakly converges to a convex function u in L2(X). As Wil(X) is
dense in energy in L%(X ), in order to conclude, it is sufficient to prove that for every

v e Wy (X) N L2(X),

[ F@nar =T [ F(Ta0) (23)
X 6—0 X
and
lim F(;(Dvu(;)Z/ F(Dyu). (24)
0—0JX X

For inequality (23) we can assume that [, F(Vgv)dy < 400 then as for the Moreau reg-
ularization, lims_,g F5(p) = F(p) for every p € H so that for every v € Wvl’l(X), Fs(Vgv)
converges almost everywhere to F(Vgyv) and since F5(Vgv) < §|Vgvlg + F(Vgv), by
the dominated convergence Theorem, inequality (23) follows.

For inequality (24), we start by noticing that by calculus on inf-convolutions and convex
conjugates, we have,
Fi(q)= inf F*(p),

1
lPlg <3

lp—qlu<o

18



where we take as a convention that Fy(q) = +oo if B 10 Bs(q) = 0. Therefore, for every
q € H, as soon as |q|g < 3, we have F(q) < F*(¢) and thus

lim Fy(q) < F*(q) Vg€ H.
6—0

If now ® € FC} (X, H) with F*(®) integrable, we have Fy(®) < F*(®) for § small enough
and thus by the reverse Fatou lemma,

lim F;(@)dyg/ EF;(@)dyg/ F*(®) dy. (25)
=0 Jx X 6—0 X

We can now conclude since for every ® € FCL(X, H) with [, F*(®)dy < +oo we have
using (25),

lim [ F5(Dyus) > lim | —usdiv, ® — F§(®)dy
5—0JX 0—0JX

> / —udiv, ® — F*(®) dy
X
Taking then the supremum on all ® € FC} (X, H) and using (8), we get (24).
]
Remark 5.2. Notice that, by taking F'(h) = |h|P with p > 1, Theorem 5.1 applies in
particular to the p-Dirichlet problems

1
min Vulh dw—l——/ u— g)%dy.
v [ w5 [ )

Remark 5.3. When X is a Hilbert space, there is another definition of the gradient
due to Da Prato which gives an alternative definition of Sobolev and BV spaces (see [5,

Section 5]). Roughly speaking it corresponds to Du := Qfévhm. Theorem 5.1 then
applies to the associated total variation since it is given by the choice

400 1 %
F(h) = (Z ;\W)

i=1""
where the \;’s are the eigenvalues of Q).

Remark 5.4. The proofs of Theorem 4.1 and 5.1 follow standard I'-convergence argu-
ments (see [9]).

Using the theory of maximal monotone operators [10], we easily get the following corollary.

19



Corollary 5.5. Let F : H — R U {400} be a proper lLs.c. convex function and let
ug € L%(X) be a convex function. Then the solution u(t) of the L,QY(X) gradient flow of
[x F(Dyu) with initial condition u(0) = ug is convez for every ¢t > 0.

We can now use these convexity results to show the convexity of solutions of (1).

Theorem 5.6. Let g be a convex function in L2(X) and let u be the minimizer of (2).
Let X = inf{\ : y(u < \) > 0}. If v = v({u < \}) then for every v > U there exists a
unique solution to (1) and this solution is convez.

Proof. The proof follows quite standard arguments so that we only sketch it (see [13] and
[1] for details). Let us first consider the problem

win P, () + [ (g =N ()

Then as in Proposition 34 of [13], by the direct method of the calculus of variations
(in BV,(X;[0,1])) and by the coarea formula it is not difficult to show that (P) has a
minimum FE). By [13, Lemma 8] we have E), C E), if \} < Ao.

Setting w(x) = inf {\ : x € E\}, it is not hard to see that w € BV, HL%(X) and that w
solves (2) (see [13] again or Lemma 3.5 in [14]). By the uniqueness of minimizers of (2),
w=wu and E) = {u < A} for almost every A (and then for every A\ by an approximation
procedure).

By Proposition 2.7, the function A — (E)) is continuous on |\, +oo[ and nondecreas-
ing. Together with the inclusion property of the F) this implies the uniqueness of the
minimizers of (Py). Moreover, the sets E) solve the problem:

min P.(FE —|—/ dr.
Y(Ex)=(E) 2(E) 57

Vice-versa, if E, solves (1) and v > ¥ then there exists A > \ such that v(E)) = v and
as F, solves (Py) we get E, = Ej. O

Remark 5.7. If F': H — R is homogeneous of degree one and such that
chly < F(h) < Clhly  Vhe H,
then F' satisfies (H2) and we can define the anisotropic perimeter Pp by

Pp(E) ::/XF(DVXE)'

Repeating verbatim the proof of [17, Section 5.5], (and using that smooth cylindrical
functions are dense in BV, (X) by Proposition 3.4), we still have a coarea formula,

/ F(Du) = / Pr(fu<t}) di  Yue BV,(X).
X R
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Using Theorem 5.1, it is then not difficult to extend Theorem 1.1 and Theorem 5.6 to
these anisotropic perimeters Pp.

Notice that in the Wiener space, the solution of the Wulff problem

min Pp(E 26
e, o) (26)

is quite simple. If F' attains its minimum on the sphere at some direction vy, then by
the isoperimetric inequality, if £, . is the half-space of volume v and normal vyi, and
E is any other set with volume v,

Pr(Eyp,) = F(Vmin) Py (Ey,y,) < F(Vinin) Py (E) < Pp(E)

and thus E,, . is the minimizer of (26). If instead F' does not attain its minimum on the
sphere, there is no solution to (26).

We can finally state a simple corollary.

Corollary 5.8. Let g be a convex function in L2(X) and let

F(E) = Py(E) + /E gdy.

Then two situations can occur:

e [fmin F' < 0 then there exists a unique non-empty minimizer of F. Moreover this
minimaizer 1S COnver.

e [fmin F' = 0 then there exists at most one non-empty minimizer of F which is then
convex.

Proof. The two possibilities corresponds respectively to A < 0 and A > 0. U
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