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MACROSCOPIC ENERGY DIFFUSION FOR A CHAIN OF
ANHARMONIC OSCILLATORS

STEFANO OLLA AND MAKIKO SASADA

ABSTRACT. We study the energy diffusion in a chain of anharmonic os-
cillators where the Hamiltonian dynamics is perturbed by a local energy
conserving noise. We prove that under diffusive rescaling of space-time,
energy fluctuations diffuse and evolve following an infinite dimensional
linear stochastic differential equation driven by the linearized heat equa-
tion. We also give variational expressions for the thermal diffusivity and
some upper and lower bounds.

1. INTRODUCTION

The deduction of the heat equation or the Fourier law for the macroscopic
evolution of the energy through a diffusive space-time scaling limit from a
microscopic dynamics given by Hamilton or Schrodinger equations, is one of
the most important problem in non-equilibrium statistical mechanics ([5]).
One dimensional chains of oscillators have been used as simple models for
this study. In the context of the classical (Hamiltonian) dynamics, it is
clear that non-linear interactions are crucial for the diffusive behavior of the
energy. In fact, in a chain of harmonic oscillators the energy evolution is
ballistic ([I7]). In this linear system, the energy of each mode of vibration is
conserved. Non-linearities introduce interactions between different modes
and destroy these conservation laws and give a certain ergodicity to the
microscopic dynamics.

In order to describe the mathematical problem, let us introduce some
notation we will use in the rest of the paper. We study a system of anhar-
monic oscillators, each is denoted by an integer i. We denote by (g;, p;) the
corresponding position and momentum (we set the mass equal to 1). Each
pair of consecutive particles (i,7+1) are connected by a spring which can be
anharmonic. The interaction is described by a potential energy V (gi1 —q;).
We assume that V' is a nonnegative smooth function satisfying

Zg = f e PV dr < 0o
R
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for all 3 > 0. Let a be the equilibrium inter-particle distance, where V
attains its minimum that we assume to be 0 : V(a) = 0. It is convenient
to work with inter-particle distances as coordinates, rather than absolute
particle positions, so we define 7; = ¢; — ¢j-1 — a. We denote the trans-
lated function V(- +a) by V(-) hereafter. Namely, we assume V(0) = 0.
The configuration of the system is given by {p;,r;};, and energy function
(Hamiltonian) defined for each configuration is formally given by

1
H=Y&,  &=5m+V(n)
J

The choice of £; as the energy of each oscillator is a bit arbitrary, because we
associate the potential energy of the bond V' (r;) to the particle j. Different
choices can be made, but this one is notationally convenient.

The corresponding Hamiltonian dynamics is given by the equations of
motion:

ri(t) = pi(t) = pia (1),
pi(t) =V (rja () = V'(r; (1))
We are interested in the macroscopic evolution of the empirical energy pro-

file under a diffusive macroscopic space-time scaling. More precisely the
limit, as N — oo, of the energy distribution on R defined by

- SENH) (). (12)

(1.1)

Energy is not the only conserved quantity under the dynamics (I.]). For-
mally length and momentum are also integral of the motion. In one di-
mensional system, even for anharmonic interaction, generically we expect a
superdiffusion of the energy, essentially because of the momentum conser-
vation ([16], [I]). Adding a pinning potential U(g;) on each particle, it will
break the translation invariance of the system and the momentum conserva-
tion, and we expect a diffusive behavior for the energy, i.e. the energy profile
defined by (L2)) would converge to the solution £(¢,y) of a heat equation

0, = 0, (D(£)9,E) (1.3)

under specific conditions on the initial configuration. The diffusivity D =
D(&) is defined by the Green-Kubo formula associated to the corresponding
infinite dynamics in equilibrium at average energy £ (see below for the
definition).

As the deterministic problem is out of reach mathematically, it has been
proposed an approach that models the chaotic effects of the non-linearities
by stochastic perturbations of the dynamics that conserves energy. In the
harmonic case, random exchanges of momentum of nearest neighbor par-
ticles that conserve total energy but not momentum have been studied
([4, 8L 3]). Stochastic exchanges that also conserve total momentum have
been considered in [I}, 2], where a divergence of the diffusivity is proven
for unpinned harmonic chains. The stochastic perturbations considered in
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these papers are very degenerate (of hypoelliptic type), since they act only
on the momenta of the particles, and not on the positions. In particular
these stochastic dynamics conserve also the total length }; r;.

In this article we want to deal with anharmonic chains with noise that con-
serves only energy. For reasons we will explain in a moment, we need more
elliptic stochastic perturbations that act also on the positions. In the case
of one-dimensional unpinned chains, there is a way to define these pertur-
bations locally (see the next section for details) just using squares of vector
fields that appear in the Liouville vector field that generates the Hamilton-
ian dynamics. With these perturbations, we have a dynamics that conserves
only the total energy. As a result, the dynamics has a one-parameter fam-
ily of invariant measures given by the grand canonical measures {vg, 5 > 0}

defined by
Do = H e_ﬁgi
g i\ 27Tﬁ7125

Notice that {r;,p;}; are independently distributed under these probability
measures.

So we can consider the system starting with the equilibrium distribution
vg at temperature 7' = 1. We can prove the diffusive scaling limit by the
results in this article in the following linearized sense: define the space time
energy covariance in equilibrium at temperature S~

C(i,j,t) =E(&()€;(0)) - &3

dpde‘j.

where [E denotes the expectation for the stochastic dynamics starting with
the grand-canonical measure at temperature ! and & is the expectation
value of & under vz. In the following we will denote simply by e the
corresponding value. Clearly C(¢,4,0) = d; x5, where xg is the variance of
& under vz. Then it follows by our results that

. X3 ()2
lim NC([Ny],[Nz],N*t) = —=Z_e (=v)7/2Dt
lim NC(Vy). [Na], 1) = X
weakly, in the sense of the convergence of N-' ¥, . G(i/N)F (j/N)C(i, 5, N?t)
for good test functions G' and F of R. Here D = D(&3) which is formally
given by
1 9 vy
D = tll’r‘g_ze% i* C(1,0,1). (1.4)
We actually prove a stronger result at the level of fluctuation fields. If the
system is in equilibrium at temperature -1, then standard central limit the-

orem for independent variables tells us that as N — oo energy has Gaussian
fluctuations, i.e. the energy fluctuation field

YN = \/LN ;5@'/1\7 {£(0) - &}
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converges in law to a delta correlated centered Gaussian field YV

E[Y(F)Y (@] =xs [ F@)G(y)dy.

In this article we prove that these macroscopic energy fluctuations evolve
diffusively in time (after a diffusive space-time scaling) , i.e. that the time
dependent distribution

VN = % EZ: Sin {E:(N?t) = &5}

converges in law to the solution of the linear SPDE

&Y =D 0%Y dt +\/2Dxs 9,B(y,1)
where B is the standard normalized space-time white noise. In this sense,
in equilibrium, energy fluctuation evolves macroscopically following the lin-
earized heat equation.

The main point in the proof of this result is the following. Since total
energy is conserved, locally the energy of each particle is changed by the
energy currents with its neighbors, i.e. applying the generator L of the
process to the energy & we obtain

LE =W;1,-Wiin (1.5)

where W, 1 = —pi V' (ris1) + W'Zf?;H. Here —p;V'(r;11) is the instantaneous

energy current associated to the Hamiltonian mechanism, while W'{?;H is
the instantaneous energy current due to the stochastic part of the dynam-
ics. While (LLH) provides automatically one space derivative already at the
microscopic level, W; ;.1 is not a space-gradient. In this sense this model
falls in the class of the non-gradient models. Some of these non-gradient
models have been studied with a method introduced by Varadhan [19]. The
main point of this method is to prove that W;,,; can be approximated by

a fluctuation-dissipation decomposition
Wi ~ DVE + LF

for a properly chosen sequence of local functions F. In the harmonic case
of our model, this decomposition is exact for every configuration, i.e. there
exists a local second order polynomial F' such that W, ;.1 = DVE; + LF for
a constant D (cf. Remark [T.T]that contains an equivalent decomposition).
In the anharmonic case, such decomposition can be only approximated by
a sequence of local functions Fk in the sense that the difference has a small
space-time variance with respect to the dynamics in equilibrium at given
temperature (consequently D is a function of this temperature).

In order to do such decomposition, we have to use Varadhan’s approach to
non-gradient systems [19] and the generalization to non-reversible dynamics
[20, 13]. The main ingredients of the methods are a spectral gap for the
stochastic part of the dynamics, and a sector condition for the generator L
of the dynamics. It is in order to prove these properties that we need such
elliptic noise acting also on the positions.
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We have to limit ourselves to these results on the equilibrium fluctuation
and we are not able to prove the full non-linear equation (L3) starting from
a global non-stationary profile. Unfortunately most of known techniques to
prove such hydrodynamic limits in diffusive scaling are based on relative
entropy techniques (cf. [10], [2I], [12]) that do not work for the energy
diffusion in this model.

The article is organized as follows: In Section [2] we introduce our model
and state main results. In Section Bl we give the strategy for proving the
convergence of the finite dimensional distributions. The complete proof is
divided into several sections [, B 6 @ and [13], with sector condition proved
in Section [§, and the spectral gap in Section [2. The tightness shown
in Section [7 concludes the proof. Variational expressions for the thermal
diffusivity are obtained in Section [I(] and some bounds on it are proven in

Section [Tl

2. MODEL AND RESULTS

We will now give a precise description of the dynamics. We consider a
system of N anharmonic oscillators in one-dimensional space, whose hamil-
tonian dynamics is perturbed by a random dynamics that conserves total
energy. We consider a periodic boundary condition, but the results can be
generalized to different boundary conditions or also to the infinite system.

Let T := (0,1] be the 1-dimensional torus, and for a positive integer
N denote by Ty the lattice torus of length N : Ty = {1,...N}. The
configuration space is denoted by QV = (R?)T~ and a typical configuration
is denoted by w = (p;,7i)iery Where r; = ¢; — ;-1 represents the inter-particle
distance between the particles i—1 and i (here we assume a = 0 without loss
of generality), and p; represents the velocity of the particle i. All particles
have mass equal to 1. The configuration evolves in time as a Markov process
on R2Y with infinitesimal generator given by

L}Yv = AN + "}/SN
where

Av= Y (G-Yi), Sw=g YA+ (i),

€T n €Ty
}/;;,j = piarj - V,(Tj)apm XZ = }/i,ia

and N+1 =1. Notice that Ay is the generator of the Hamiltonian dynamics
(the Liouville operator) while Sy is the generator of the stochastic pertur-
bation. Here v > 0 is the strength of the stochastic perturbation. We do
not need any condition on 7, as long as it is strictly positive.

We assume that the function V : R - R, satisfies the following three
properties:

(i) V(r) is a smooth symmetric function.

(i) 0<6- <V"(r) <, < +oo.

(iii) §_/6, > (3/4)1/16.
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Remark 2.1. The assumption (ud) is quite technical and required only in
the proof of the spectral gap estimate in Section [12.

We denote the energy associated to the particle ¢ by
£ = 7922 “V(ry)

and the total energy defined by H = } ;.1 & which denotes the Hamiltonian
of the original deterministic dynamics.

Remark 2.2. The total energy satisfies L), (H) =0, i.e. total energy is a
conserved quantity.

Remark 2.3. The other important conservation laws of the Hamiltonian
dynamics, for the total length Y,.p, ri and the total momentum ¥, pi,
are destroyed by the stochastic noise Sy. In fact Ly(X;7:) = vSn(X;7:) =
=y X V'(ri), and Ly (X pi) = vSn(Xipi) = =5 Xi(pic1 +0i) V" (7).

We define a probability measure uév on QN by

N ¥ exp(—ﬁ(§+V(ri)))
vy (dpdr) = E —27T6*1Z5

Zg = f e BV dr < oo,
R

Denote by LQ(I/éV) the Hilbert space of functions f on QY such that
vy (f?) < oo. Sy is formally symmetric on L?(vy') and Ay is formally

dpz d?"i

where

antisymmetric on L2(v}'). In fact, it is easy to see that for smooth functions
f and g in a core of the operators Sy and Ay, we have for all 5 >0

A@N Sn(f)g v§ (dpdr) = [Rw fSn(g) vi (dpdr),
and
f An(f)g v5 (dpdr) = f fAn(g) v (dpdr).

In particular, the diffusion is invariant with respect to all the measures
Vév . The distribution uév is called canonical Gibbs measure at temperature
T = B~1. Notice that r1,...,r7x,p1, ..., py are independently distributed under
this probability measure.

On the other hand, for every 8 > 0 the Dirichlet form of the diffusion with
respect to 1/ is given by

D)= Lo T AP+ i (1) (dpir)

We will use the notation v for the product measures on the configuration
space  := (R?)Z, namely on the infinite lattice with marginal given by
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1/5|{1,27W,N} = l/év. The expectation with respect to vz will be sometimes
denoted by

| vatapdr) = (1)

Denote by {w(t) = (p(t),r(t));t > 0} the Markov process generated
by N2L), (the factor N? corresponds to an acceleration of time). Let
C(R,,QN) be the space of continuous trajectories on the configuration
space. For any fixed time 7' > 0 and for a given measure p¥ on QV, the
probability measure on C'([0,7'],2V) induced by this Markov process start-
ing from gV will be denoted by P~ . As usual, expectation with respect to
P~ will be denoted by E,~. The diffusion generated by N2L}; can also be
described by the following system of stochastic differential equations

dpi(t) = N[V'(rier) = V' () = V() + V" (1)}t
~ VANV (risa)d B} + V' (r;)dB}},
dTZ(t) = N2 [pz —Pi-1 — ’}/V,(TZ)]dt-f-\/’?N{pz_ldel_l + pdeZQ}
where {B!, B?};c1, are 2N-independent standard Brownian motions.

Since total energy is conserved, the movement is constrained on the mi-
crocanonical surface of constant energy

N
EN,E:{WEQN;ZEZ'ZNE}. (21)
i=1

Our conditions on V assure that these surfaces are always connected. The
vector fields {X;,Y; 41,0 =1,..., N} are tangent to this surface, and as we
show in Section I3 Lie{X;,Y;i11,7 = 1,..., N} generates the all tangent
space. Consequently the microcanonical measures

vn,e(-) =) (1XNEe)

are ergodic for our dynamics. We could have chosen vy g as initial distri-
bution, but since by the equivalence of ensembles it converges to vggy as
N — o0, it would have been irrelevant. Here 5(F) is defined as the inverse
function of

2= B(8) = [ Eudvy= 35+ (Vs (22
By Ito’s formula, we have
d&;(t) = N} [(Wi_1; = Wi ]dt + N{o;_1:dB}, - 0;;:1dB}} (2.3)
where

VVZ'Hl:I/VzH— VV21+17
VVz A+l T piv (ri+1)v
Wi = {pz V" (risn) = V' (ri41)?},

O+l = \/—in,(THl)-
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We can think of W;;,; as being the instantaneous microscopic current of
energy between the oscillator ¢ and the oscillator 7 + 1. Observe that the
current W; ;.1 cannot be written as the gradient of a local function, neither
by an exact fluctuation-dissipation equation, i.e. as the sum of a gradient
and a dissipative term of the form L} (7;h). That means, we are in the
nongradient case.

Define the empirical energy distribution associated to the process by

(wdu)——zg(té (du), 0<t<T, weT,

ZGTN

and (¥, f) stands for the integration of f with respect to 7.

Notice that we are using here as space variable the material coordinate
i/ N, and not the physical positions ¢;. These two descriptions are equivalent
but in our model the material (Lagrangian) coordinates simplify notations.

It is easy to prove that, starting with the equilibrium measure Vév (or

with the microcanonical VNEB), we have ¥ — Egdu as weak convergence

in probability.

We want to investigate the fluctuation of the empirical measure 7V with
respect to this limit. Denote by Y} the empirical energy fluctuation field
acting on a smooth function H : T - R as

f > () - &)

The limit process will be described by {Y;}0, the stationary generalized
Ornstein-Uhlenbeck process with zero mean and covariances given by

YN(H) = —=

uv)

E[Yi(H)Yo(Ha)] = —2o= [ dudvHi(w)e ™ fa(v)

\ /47TtD5

for every t > 0. Here x3 stands for the variance of the energy (the thermal
capacity in this context) given by

1 d
=(&3)s — (& - —<V
B < 0) ( 0) 262 d6< (TO) >ﬁ
and H;(u) (resp. Ha(u)) is the periodic extension of the smooth function
H, (resp. Hs) to the real line, and Dy is the diffusion coefficient determined
later (see Corollary (.2l and formula (I0.3)).
Consider for k£ > 2 the Sobolev space $)_j, of the distributions Y on T such
that they have ﬁmte norm
[Y12), = X2 (7)) H Y (en)?
n>1
with e, (2) = v/2sin(7nz). Here Y (e,) denotes the distribution ¥ applied
to the function e, (z).
Denote by Qp the probability measure on C([0,T'],$_x) induced by the
energy fluctuation field ¥}V and the Markov process {w® (), > 0} defined at
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the beginning of this section, starting from the equilibrium probability mea-
sure l/év . Let Q be the probability measure on the space C'([0,T],$_x) cor-
responding to the generalized Ornstein-Uhlenbeck process Y; defined above.
We are now ready to state the main result of this work.

Theorem 1. The sequence of the probability measures {Qn}n»1 converges
weakly to the probability measure Q.

Remark 2.4. For each H e C>~(T),
M = Y(H) - Yo(H) - /(;tDBYS(H”)ds, (2.5)
and
NH = (MFY? - 2ty5Dy fT H'(u)?du (2.6)

are LY(Q)-martingales.

3. STRATEGY OF THE PROOF OF THE MAIN THEOREM

We follow the argument in Section 11 in [12]. Theorem [ follows from
the following three statements:

(1) {Qn}n2 is tight,

(ii) the one-time marginal of any limit point Q* of a convergent subse-
quence of {Qu}ns1 is the law of a centered Gaussian field Y with
covariance given by

E[Y (H))Y (Hs)] = xs A H (u) Hy (u)du,

(iii) all limit points Q* of convergent subsequences of {Qy }ns1 solve the
martingale problems (2.5]) and (2.6]).

The proof of ({l]) is obtained by a direct consequence of the central limit
theorem for independent variables. We will prove (f) in section [ We prove
here the main point, i.e. ().

For a given smooth function H : T — R, we begin by rewriting Y, (H) as

t i
YN(H) = YN (H) +f0 VN ¥ UV H()Wigads + MBN(E) - (3.1)

Z'GTN
where VN H represents the discrete derivative of H:
' + 1 1
Ny = NTEE Y gk
(VVH)() = NTH () - H(+)]
and the martingale M7V (¢) is
t 1

)
MH’N(t) = fo \/N Z VNH(N)O-Z‘,HldBil-

iGTN
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Denote by C the set of all smooth local functions F' on Q = (R?)Z with
compact support and zero average with respect to v, and define the formal

sum
PF = Z TjF (32)
J€Z
where 7; is the shift on Z. Observe that, since F' is local, X;I'r and Y; ;,1'r
are always well-defined functions.
We want to introduce here a fluctuation-dissipation approximation of the
current Wiy in kg(p7 ., —p7) + L7 F, for a proper constant g := Dgx /32,
and for that purpose we can decompose ([B.1]) with any fixed F' € C as follows:

t
YN(H) =Y () + [ YNDaAN H)ds+ MY g () (33)
0 1t
+ []l\f,F,t + [12\7,F,t + MJ2V,F,t + “B[J?if,t
where
BoeaH) = [V S W HCO Wi + mpha - 72) - Ly (F)ds,
ZETN
Boeat) = [ VR 3 V¥ H() L (F)ds,
ZETN

],

B = [ = ¥ AVH0E ) - -

ZGTN

MY ()= [ fzva (G301 - fm(rF))dBl VIXdTp)dB?,

ZGTN

t
M () = [V S 9N Y (Te)dB + X(De)dB?].
0 \/_ ZGTN
The proof of (i) is reduced to the following lemmas:

Lemma 3.1. For every smooth function H : T — R and every function
FecC,

lim E,~ | sup (I3 p,(H) + M3 5, (H))*| = 0.
Nooco B 0<t<T

Lemma 3.2. For every smooth function H : T - R,

hm E, ~ [sup (I}, (H))? ] 0.
"5 | o<t<r

Lemma 3.3. There exists a sequence of functions {Fi}ken € C such that,

for every smooth function H: T - R,

lim lim E ~ lsup (INp, 1 (H))? ]

K—-o00 N—>oo 0<t<T

Moreover, for this sequence {Fi }ken,

2/‘65

lim By, [(001 = v7Y01(Tr))* + (VIXo(Tr))?] = 2Dgxs = K3
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Note that
Borei) = [ VR 2 OV HCOWiio + 50 =) - L (7 F)ds
ZGTN

As a consequence of Lemma 3.3, the martingale My . ,(H) will con-

verge, as N — oo and K — oo to a martingale M/! of quadratic variation
2tDgxp [p H'(u)?du, and the limit Y;(H) of YN (H) will satisfy the equation

Vi(H) = Yo(H) + [ Yi(DH") ds + M (3.4)

This martingale problem is solved uniquely by the generalize Ornstein-
Uhlenbeck process Y; defined above.

Now we proceed to give a proof of Lemma 3.1l Lemma [3.21 will be proven
in Section [6] while Lemma [3.3] will be the content of the rest of the article.

Proof of Lemmal31l Let us define

Cnr(t) =

Z VNH( Vi F (W),

2 ZGTN

From Ito’s formula, we obtain

Cn,p(t) = Cnyp(0) + 13 (H)

+f0t¢£% > | H+1(Z vVH( ) )d31

jeT N €T n

(ZVNH( )i F )dBJZ].

ZGTN

Therefore,

([]2V Ft(H) + M?v ke (H))? < 2(Cv,p(t) = Cnv,p(0))?

+ X (Z vNH(N)nF - VNH(%)FF) dB]?]}z.

Since F' is local and of null average and H is smooth, it is easy to see that
the expectation of first term is of order 5. The expectation of the second
term is equal to

2t
N

2 [(ijl(z VNH(%)%F—VNH(%)TF) >
Z 8

+(Xj(z VNH(%)TZ-F—VNH(%)FF) ) ]
i 8

Since F'is local, it is easy to see that this is also of order ﬁ O
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The proof of Lemma [B.3 is the hard part of the paper. We will need
some tools to estimate space-time variances through variational formulas,
as explained in the next section. In order to establish these variational
formula we need some finite dimensional approximations of the solutions,
see section [R] where a bound on the spectral gap of S is needed. This is
proven in section

4. SPACE-TIME VARIANCE BOUNDS

In the following we will simply denote by (-) the expectation with respect
to the grand-canonical measure vg.

In order to prove lemmas and [3.3, we will make use of the following
general bound for time variances:

Proposition 4.1. Let F' be a smooth function in LQ(VéV) satisfying B, [ F]

0 for all E>0. Then

UN,E

E [/tF( ¥yd ]2 < 1 p o)t Ry (4.1)
su wy )ds < - : )
Vév Ogtslzf 0 B 'YNQ N

A proof of (£I]) can be found in [7] or in [14].

Observe that, by the spectral gap for Sy proven in Section [12] the right
hand side is always well defined. We want to use the bound (£1]) for func-
tions of the type F' = Y., G(j/N)7;¢, for a certain class of local functions

0.
First, we introduce some notations. We denote C the set of smooth local
functions f on Q = (R?)% satisfying that

feL*(vg), Xif (p.r) € L*(v3), Yiinf € L*(vp)

for all i € Z. Note that C c C. Here and after, we consider operators L7, S7
and A acting on functions f in C as

~

Lf=Sf+Af, S =2 YA + (Vi) ) Af=EXif = Yiiaf.
i€Z i€Z

For a fixed positive integer [, we define A;:= {-I,~[ +1,...,1- 1,1} and L} ,

S;(l the restriction of the generator L7, S7 to A; respectively. For W in

C, denote by sy the smallest positive integer s such that Ay contains the

support of W. Let Cy be a subspace of local functions defined as follows:

Co={/f;f= Z[Xz(E)JrYz,m(Gi)] for some A cc Z and{F; }icn, {G; }ien € é}
e\

First, we note some useful properties of the space Cy.

Lemma 4.1. (i) For any f€Cy, [25;+1 and E>0, £, ,[f]=0.
(it) W5y, Weh and p? - p§ are elements of Cy.
(i1i) For any F €C, L'F, SYF and AF are elements of Cy.
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Proof. (i) and (iii) are straightforward.
(ii): We have

Wi = 2PV (r1) = V/(r1)*) = 2 You (V' (1))
Weh = =poV'(r1) = Yo.1(-V (r1))
pi =5 = Xi{(po +p1)r1} — Yo {(po + p1)r1}-

Next, we study the variance

D)H(=S3)7" Y Y, Y )
|5<ly |i]<ly

for ¢ € Cy where [, = [ -5, —1. We start with introducing a semi-norm on C,
which is closely related to the central limit theorem variance. For cylinder
functions g, h in C, let

< g,h>.=>(g,7h) and << g>.=> i(g,&). (4.2)

i€Z 1€
< g,h >, and < g >,, are well defined because g and h are local and null
average, therefore all but a finite number of terms vanish.
Notice that if h € Cy with h =} ;.5 X;F} + Y} ;1G5 then we can compute

l
< h > = lim - Z Z i(Gj,}/j7j+1gi>

l—)OO

jeNi=—1
== 2{:\ (G}, Y j1&5) + (G +1)(G;, Y j+1E41))
je
==Y Ap; V' (rj+1)G;) = =(poV' (1) D 7;G;).
JeA jeA

and for any g € C

< g, h>,=- z;\[< Fj, X;Ty>+<G;,Y 00, >]
J€

= - l(z Tij,X0Fg> + (Z TjG’j,YO,ngH .
jeA JeA
For h in Cy, define the semi-norm ||A|-; by

Ih)?, = sup {2<«< g,h >, +2a < h >,

geC,acR
- @V (m) + You L)) - H(GT)D). (43)

Observe that denoting F = 2 jeA T_ij,é = Y jea T-jGj, we can express this
norm as

112, = sup {-2< F,Xoly > -2< G, Yo Ty +apoV'(r1) >

geC,acR

= 2{(apV'(r) + YoaTy)) = 2((G0)H}. (44)
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and clearly |h|?, < %(< F2>4+<G?>).
We investigate several properties of the semi-norm [ - [|_; in the next sec-
tion, while in this section we prove the following key proposition:

Proposition 4.2. Consider a local function i in Cy. Then,

lim (21)~*((- Sv - Z T, Z ) = [YI%).

e ity lil<ly
The proof is divided into two lemmas.

Lemma 4.2. Fory in Cy
liminf(20) " ((-5) ™" 3 7, 3 o) 2 ol

lil<ly lil<ly

Lemma 4.3. For v in Cy

li?_)solip(%)*l((—sxl)*l Z T, Z P) < [Pl

[il<ty lil<ty
Proof of Lemma[{.3 Define
-1
Al = Z TZWO 1

i=—

and for F' e C, let
HF = Y 59F

|Z'|SlfSFf1
It is easy to see that
B (20530 s A = - < (4.5)
i<ty
m(20) (-0 T s HE) = - << F (4.6)
Steyp

lim (20)7 (=53, ) (aAs + H ), a A, + HT)
= §<(apoV'(7“1) +Y01Tr)?) + %((XOPF)Q)- (4.7)

We just prove here (4IH), the other relations are proven in similar way.
Assume for the simplicity that ¢ = XoF +Y{ 1 G, the general case follows by

linearity. Since A4; =S} Z]}z J&;

l
@OHSE)T D0 mw, Al = —(20)° Z Z (¥, &)

|Z'|Slw

= (ZZ)_l Z Z j<G>Y0,15j—i>

|’i|$lw j=—

=(2l)_1 Z (i(G,}/ngQ)-f-(Z'+1)<G,}/07151>)

|Z'|Slw

= (207 2y + DG poV' (1)) = = < P>
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Then, obviously,
lim inf(20) (=53 )" 3 7, 3 7))
‘Z‘Slw |’L|Slw
> liminf[2(20) (=53 )" 2 meh, ~(adi + H))
o0 |Z'|Slw

- (2)7H(=83,) 7 (adi + H), (ady + HI))]
=2, F >, +2a << >,, —%((apOV’(rl) +Yo.lp)?) - %((XOFF)Q).

Then, taking the supremum of a € R and F' € C we obtain the desired
inequality:. O

Proof of Lemmal[{.3 Let us assume for simplicity of notation that ¢ =
XoF +Y51G. The general case will follow straightforwardly. We use the
variational formula

COHESI)T D Y, )

|5<ly |i]<ly

—sup{ %z > 7h) - 4Dl(h)}

|5<ly

= Sl}l}){Q(FXO(g Y. 7h) + GYOJ(% > 7h)) - —Dl(h)}

|3<ly |5<ly

where
I-

Di(h) = > ((X;h)?) Z((mm))

i|<l =

The supremum can be restrained in the class of functions h that are localized

in A; and such that D;(h) < Cyl.
Notice that

1 1 C
(FXo(= Y mh)+GYou(= Y mh))| < =2Dy(h)"?
21 Ly <li<l 2l Ly<lil<i
so, calling
fo(h ZTz fi(h Y01( ZTz
\ <l |z|<l

and observing that, by Schwarz inequality

((&(h)* + (&1(h))?) < —Dz(h)
we obtain the upper bound

(25)71«—5&)71 >, T, Y, T)

|i]<ly [i<ly

<sup{2(F, (1) + 2,6 () - 5 (€M) + (E1(M))) J+ Cul M2
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Since for any choice of a sequence {h;}; satisfying D;(h;) < Cyl, we have
that the sequence (&)(h;),& (hy)) is uniformly bounded in L?(v5), we can
extract convergent subsequences in L?(vg). All limit vectors (&, &) that
we obtain as limit points of (&(h;), & (hy)) are closed in the sense specified
in Section @ We call this set of closed functions ., and we have obtained
that
limsup(Zl)_1<(—SXl)_1 Y, b, Y )
I>o00

|3<ly |i]<ly
Y 2 2
g(gos;lf))e[)c {2(F,§0>+2<G,§1>—§(<(§0) +(&) >)}

and the desired upper bound follows from the characterization of b, proved
by Theorem [3] in Section [l More specifically we prove there that a closed
function (&y,&;) can be approximated in L?*(vz) by functions of the type
(Xol'y, Yo1L'y +apoV'(r1)), with g € C and a e R. O

We are now in the position to state the main result of this section:

Theorem 2. Let ¢ € Cy, and G a smooth function on T. Then

limsupEyév(sup lNl/Q ft > G(i/N)Tﬂ/}(ws)ds] )

N—oo 0<t<T ieTy (4.8)

cT
< Il [ G?du.

0 T

Proof of Theorem[4. We follow the argument in [7], Theorem 4.2.

First we prove the simpler bound
: \ ¢, 1
E,~ | sup lNl/Q[ > G(i/N)Ti@Z)(ws)ds] < — > G(i/N)? (4.9)
B \ost<T 0 eTy Y N i€Tn

for some finite constant C.

By (41)), the left side of (£.9)) is bounded by
L6T(N'2 5 G(i/N)r, (~N?ySn)'NY2 57 G(i/N)r))
’iGTN iETN
that can be written with the variational formula
1650 [N 3 GGV 0) - N1 5001) .

€T N
Since 1) € Cy, there exists ¥; and ®; belonging to C, for j € A cc Z, such that
V=Y e [X5(V;) + Y ;.1(P;)], and we can bound by integration by parts

(friy) < Cw<2[(X—z‘—jf)2 + (Yfifj,fz‘fjﬂf)Q])l/z
JeA

and again by Schwarz inequality

1/2
N2 3 GGIN{miv) < (% 2 a@/N)?) (VCo(f.(=5w) )"

i€Tn €Ty
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and maximizing on f we obtain (4.9]).

Now we have to refine the bound by showing that the constant on the
right hand side is proportional to |¢[?,. In order to do this, we have to
perform a further microscopic average: given K << N, in (4.8)) we want to
substitute

\/N Z G(i/N)TiQ/}

iGTN

with

VN Y G(j/N)

JeTnN

Z TZ"(/}.

Then the difference is estimated by

2K T(GG/N) - G(J/N))nw(ws)ds]

EVN sup [NI/Q/ Z

1,7€T N, Ji—j|<K

that by (49) is bounded by CoK /N and tends to 0 as N — co.
So we are left with

JeTn

where 9y = Y 7¥0. By (@) this is bounded by

ZT: SUP{\/_G(]/N)(TJ@/)Kf) NQ%'_;K((Xz‘f)2+(3/i,i+1f)2>}

QK 1
CT . .
G —Sa. ) MK).
N];N (.7/ ) 2K+1<wK’( AK) wK)
Taking the limit as N - oo and K — co we obtain (£.8)). O

Applying Theorem Rl to I3 ;,,(H) we have

limsup E, ~ ( sup (Izlvpt(H))Q)
N-oo B \ost<s T

o7 (4.10)
< WWou s ) ~ L P2 | H(u)d

To conclude the proof of Lemma [B.3] we need to show that there exists a
sequence of local functions F in C such that

IWou +ks(p? - p5) = L F|-1 — 0

as K — oo. This will be proven in the next section.
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5. HILBERT SPACE

In this section, to prove the first statement of Lemma B.3] we investigate
the properties of the semi norm [-|_; introduced in the previous section and
the structure of the Hilbert space that it generates.

We first define from ||-||_; a semi-inner product on Cy through polarization:

1
< g h>a= 2{lg+ b2~ llg = P (5.1)

It is easy to check that (5.]]) defines a semi-inner product on Cy. Denote
by N the kernel of the semi-norm |-|_; on Cy. Since < -,- >>_; is a semi-inner
product on Cy, the completion of Co|y, denoted by H_1, is a Hilbert space.

In the following, in order to simplify notations, we will set L = L7 and
S =57

By Lemma [T} the linear space generated by W, and SC := {Sg; g €C}
are subsets of Cy. The first main result of this section consists in showing
that #_; is the completion of SC|y+{W, }, in other words, that all elements
of H_; can be approximated by aWy’, + Sg for some a in R and g in C. To
prove this result we derive two eleméntary identities:

Kh,Sg»_i=— << h,g>». <Kh Wi > =-<h>, (5.2)

for all A in Cy and g in C.

By Proposition and (B5.J]), the semi-inner product < h,g >_; is the
limit of the covariance (2N) ™ ((=Say) ™! Zjien, Tis Ljijen, Tilt) as N 1 oo, In
particular, if g = Sgg, for some gy in C, the inverse of the operator S cancels
with the operator S. Therefore

= — ] 71 . . g—
< h,Sgy>_1= }1_1)20(2]\7) ( Z 7i90, Z 7;h) = — < go,h >, .
li|<Ng, 4| <N},
The second identity is proved by similar way with the elementary relation
Saw 2 i&i= Y Wi
€A N i,i+1eA N

The identities of (5.2]) permit to compute the following elementary rela-
tions
< W(fla Sh > == Z 'l<gZSh> = ’)/<p0V’(T‘1)}/071Ph>,
i€Z
<pi-pd,Sh>_1=0
for all h € C, and

I Wy 1= 5oV () = 55V (1)),
1
< W(fhp% —py > = —@-

Furthermore,

laW5y + Sgl?, =

DO (2

((apoV" () + YouTy)?) + Z{(XoT,)?)
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for a in R and ¢ in C. In particular, the variational formula (£3)) for |h[?,
is reduced to the expression

Inl2, = Supc{—Q < h,aWgy +Sg >4 —JaWg, + Sgl%y ). (5.3)

aeR,ge

Proposition 5.1. Recall that we denote by SC the space {Sg; geC}. Then
we have

KH71 = @b\/—k {W(fl}

Proof. The inclusion H_; o> SC|u + {W§,} is obvious. Then we have only
to show that if h € H_; such that «< h, W(fl >=0 and <« h,Sg >= 0 for

all g € C, then |h|-; = 0. This follows directly from the variational formula
U

Corollary 5.1. We have
Ho1=SClyw @ {(Wy'} = SClxv @ {p} - 5}

Proof. Since < pi-pj, Sh>_1=0 for all h e C and < W, pi —p§ >_1= —%,
the result follows from Proposition [5.1] straightforwardly. O

Remark 5.1. While the statement of Proposition [5.1] claims that H_1 is
generated by the spaces SC and {Wg }(= {aWg;a € RY}), the statement
of Corollary [51 claims also that the intersection of them is the trivial set.
Note that SC and {W§,} are not orthogonal.

Next, to replace the space SC by LC, we show some useful lemmas.

Lemma 5.1. For all g,h e C, < Sg,Ah >_1= — < Ag,Sh >_1. Especially,
< Sg,Ag>_1=0.
Proof. By the first identity of (5.2)),

< Sg,Ah>_1 = - < g, Ah >>,= =) (19, Ah)

i€Z

= Z(Ang, h) = Z<TiAg>h>

1€Z, €7
=Y (Ag,7_;h) = Y (Ag,1ih) = - < Ag, Sh>_; .
1€Z, €7

Lemma 5.2. For all g €C, < Sg,Wgh > _1= - < Ag, W, >4,

Proof. By the first identity of (5.2)),
< Sy, W(fl > = - K g,WOf‘1 >, = — Z(Tig, W(fl)

i€Z

== Z<97 Wz‘fﬁnl) == Zi(g, Wiél,i - Wil,é‘i+1>

1€, i€
= -2 i(g, A&) = Y i{Ag, &) = - < Ag, W5, >4 .
1€ i€
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Lemma 5.3. For allaeR and geC,
< aW§ + Sg,aWgh + Ag >_1=0.

Proof. By the second identity of (5.2, it is easy to see that <« Wiy, Wik > 4=
0. Then, Lemma [5.1] and Lemma conclude the proof straightforwardly.
O

Proposition 5.2. There exists a positive constant C' such that for all g € C,
14912, < CISgl2:.

Proof. By Proposition B, we have the following variational formula for

14912,
< Ag,aW§, + Sh>2,

Ak = S g, + 500,
< Ag,Sh >?%, « Ag, aW(f1 +Sh >»?%
o {Sh‘i? ISHE, uobe laWVg, + S, }
< Ag,Sh>?%, « Ag, W(fl +Sh>»?,
S {Sh‘i? ISR, e W, + ShI }

By Lemma in Section [§], there exists a positive constant C' such that
«< Ag,Sh >2 < C|Sh|? | Sgl?, for all g,h € C. Therefore, we have

< Ag, Sh>»?,
sup ——————=
[ U
On the other hand, by Lemma [5.2], we have

< Ag, Wiy »% =« Sg, Wiy »2, < [Sgl! IWh 12y

< CISgll-

Therefore,
< Ag, Wgiy + Sh>»?% o 2AWEhIE, +2C)Shl
(O [T A S S T A
Now, we only have to show that
sup;<oo, supw<oo.
nee [Wg + Shj- nee [Wgy + Shj-

The first inequality follows from Corollary 5.1l To prove the second identity,
since we have the first inequality, it is enough to show that

(19
|||W(fl +Sh|-

sup
t>2,heC

ISAIZ =t1Wg 124

The triangle inequality shows that

IWE) + Shl-y 2 ISkl = IW§h o = (V= DIWg) -1
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for any h satisfying |Sh|?, = tjWg|?,. Then, we obtain that

t

1Sl
su <sup{———} <
t22,fEC {|||W691 + Sh|||1} tZE{ (Vi- 1)2}
ISR =tWg 1 124

U

Now, we have all elements to show the desired decomposition of the
Hilbert spaces H_;.

Proposition 5.3. Denote by LC the space {Lg; g€ C}. Then, we have
Hor = LClw + {p7 - pj}-

Proof. Since {p?-p3} and LC are contained in Cy by definition, #_; contains
the right hand space. To prove the converse inclusion, let h € H_; so that
< h,p? —=p2 >»_1=0 and <« h,Lg »>_;=0 for all g € C. By Corollary (1]
h =limg_. S7g; in H_y for some sequence gi € C. Namely,

|hI2) = lim << Sg, Sg 1= lim << Sgp, Lgi >

since < Sgg, Agr >_1= 0 by Lemma[5.Il On the other hand, by the assump-
tion << h, Lg, >_1=0 for all k. Also, by Proposition [5.2],

Sl;p ILgk]-1 < (C+1) s%p 1Sgrll-1 = Cy

is finite. Therefore,
)%, = %1_)1210 < Sgp, Lgi >_1= ]ll_)rg < Sgy—h,Lg, >_,
< lim Gy Sgc ~ A1 = 0.
This concludes the proof. 0
Lemma 5.4. We have
Ho1 = LC|w & {pi - 15}

Proof. Let a sequence gy, € C satisfy limg_o Lgx = a(p? —p?) in H_; for some
a € R. By a similar argument of the proof of Proposition (5.3
limsup < Sgg, Sgr >_1=limsup < Lgi, Sgr >_1
k—oo k—oo
= limsup < Lgx — a(p? - p5), Sgr > 1= 0

k— oo

since < p? - p2,Sgr >_1= 0 for all k. On the other hand, by Proposition
B2 [Lgil?, < (C+ D]Sgel?;, then a =0. 0
Corollary 5.2. For each g € Cy, there exists a unique constant a € R such
that

g+a(p}-pi)elC.
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By this corollary, it is obvious that there exists a sequence of local func-
tions Fx in C such that

[Wo+rs(pt - p§) - L' Fi]-1 >0

as K — oo which conclude the first statement of Lemma [3.31 We prove the
rest of the claim of Lemma in Proposition [I0.2] in Section [I0.

6. BOLTZMANN-GIBBS PRINCIPLE

In this section, we prove Lemma 3.2l First, recall that for each E > 0,
B(E) is the inverse of the function F(8) = £ = 55 + V(3), where

V(B) =<V (ro) >3. Then, by simple calculations, we have

d, o d; 1\ -1(dE(B)

E(pl)ﬁw)—@(m)—@(—dﬁ )
-1 {_ 1
~B(E)? | 2B(E)?

Now, we can rewrite the term I3, ,(H) as

-1

1
X(B(E))B(E)*

+‘7’(6(E))}_ _

T T GGt - () - W (E)E - D) ds

ZETN

where h(E) = B(E) = (p1)sr), and HY, = ANH . Lemma B2 follows from

standard arguments (cf. [12]). We sketch it here for completeness.
Here one can introduce a further average in a microscopic block of length
K << N and substitute the following expression

/: \/1_ > HJ’Q( YTk (ws) ds

ZETN

with ¢x = 57— Yk [P5 = h(E) = ' (E)(& - E)]. Using Schwarz inequality,
the difference can be estimated to be of order K/N.
Define $x = 0x = (0r)ax &> With Ex = QK + 1)1 ¥ 0, &5 By (@J)

(Oigg l f \/_Zequ )Tzsox(ws) r)

T T ) - N <15
€T N

By the spectral gap on =Sy . (see section[I2)), we can define Ux = (=Sy,. ) ' ¢k
Then

S HG )

VN i,
s(;] >

ZETN

(6.1)
< 16T sup{
!

1/2
(L ><¢KUK>) (N < f.(-Sx)f 5)2
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Consequently the right hand side of (6.I]) is bounded by

1
16T51}p{ (N Z

Z'GTN

. 1/2
H&(%)Z@KUM) (N < (=800 )"

Ck

Ny < f.(=Sn)f > <57

and it follows that

]\lfl_r’r;E (0<t<T[[ \/_ Z H],\If( Tl(ﬁK(Ws) ds] ) =0.

ZGTN

We are left to estimate the corresponding term with (px)s, g, Denote
@k = (PK)ax.g, and observe that it has support on A and its variance with
respect to vz is of order K=2. Then by Schwarz inequality and stationarity
of vg

= s[5 5 omoncen ]

ZETN

SCTz [\/_ZGET:NH],\,[( TZ@K] >

ZH HJ,\II( i JSOKSDK>

CT?
<
2N

YCCOR H]’G(%)Q)ﬁi—jww)
- SH G S nnn)

T i .
N ICORNES

that goes to 0 as K — oo, uniformly in N.

7. TIGHTNESS

The argument exposed above proves the convergence of the finite dimen-
sional distribution of Qu. In order to conclude the proof of Theorem [, we
need to prove the tightness of the sequence in C([0,7],9_x). The argument
we use is standard. We report it here for completeness.

Compactness follows from the following two statements:

lim limsup P, ~ ( sup ||k > A) =0, (7.1)
2% Nooo P \o<t<T
hmhmsupIP’ w (w R(YN6) > e) =0 Ve> 0. (7.2)

6—0 N-—-oo
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where ||-| - is the norm in $_; and w_, (Y, ) is the corresponding modulus
of continuity in C([0,7],$_x). We recall that || - |_x can be written as

[Y]2 = 35 (rn) Y (en)?

n>1

with e, (z) = /2sin(mnz).
Recall the decomposition of Y}V given by (B3.3):

t
YN (e0) = Y (en) + (an)D [ YN (en)ds + My g (en) + Zaviea(en)
0 ’ ’

where E,,év (suPg<rer(Zn .y 1(€r))?) can be estimated by the proof of Lem-
mas 3.1} B2l On the other hand, E,y ((M]{,7FK7t(en))2) can be computed
explicitly. Then, for k£ > 5/2, (1)) and (Z2) follows by standard arguments

(cf. [12]).
8. SECTOR PROPERTY OF A IN H_;

In this section, we show that the operator A satisfy a sector condition in
‘H_;. First, we prepare a useful lemma.

Lemma 8.1. For all f,geC,
« Sf, Ag>>_1= ~(Tp(Xo - Yo )T,) = (Ty(Xo - Yo )T's).
Proof. By the first identity of (5.2)),
~ < Sf,Ag > =< f,Ag>»>.= ) (if Ag) = D (Tif o (X = YVjjn)g)

i€Z i,j€Z
= Z <Tif7 (le - Yk+i,k+i+1)g> = Z <Tif7 Ti((Xk - Yk,k+1)71ig)>
i,keZ i,keZ
= 3 (X = Yire)Tg) = Yo7 f, (Xo = Yo,1)Tg) = (L (Xo = Yo,1)Ty).
keZ keZ

t

Define ff as ff = Yji<s;+17if . Observe that in the above expression,
one can restrict the definition of I'y and I, as finite sums, namely, we can
replace them by T ¢ and F Decompose now [’ §= Fe + FO where Fe is even

in py and FO is odd. Observe that the vector fields XO and Yo change the
parity of po, so we have

(T4 (Xo - Yo1)T'y) = (15(Xo - Yo,1)T9) = (T9(Xo - Yp,1)T5).
Applying Schwarz inequality, we can bound the above expression by
((C)2([(Xo = Yo ) g )2 + (D)) /{[(Xo = Yo )T'51%) 2

and applying the spectral gap for XZ plus Schwarz inequality again, the last
term is bounded by

CLU(XoID)?) (KoL) +(YoaTg)?) 2 +{(XoLg)*) P{(XoD§)*+ (YouT'§)?) 2}

with some positive constant C.
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Recall that
712, = JA(YouT )+ (X0 )?) = (Vo) (Yol )2+ (XoT§)2+ (XalH)?).

Then we obtain the sector Condltlon.

Lemma 8.2 (sector condition). There ezists a positive constant C' such that
for all f,ge€C,
| < 5f, Ag > [ < OIS FllSg]-

9. CLOSED FORMS

In this section, to complete the proof of Lemma (4.3 we introduce the
notion of closed form and give a characterization for it. We generalize
some ideas developed in the PhD thesis of Hernandez [I1], where micro-
canonical surfaces were given by spheres, following the general setup of the
seminal work of Varadhan [19] (see also [12], appendix 3, section 4). The
nonlinearity of our interaction reflected in the non-constant curvature of
our microcanonical manifolds, requires some substantial modification of the
original approach. We will make use of the spectral gap estimate proved in
section [I2

Let us decompose C = U:1Cr, where Cy is the space of functions F €
C depending only on the variables (p;,7;)_r<i<k- Given F' € Cj recall the
definition of the formal sum

[ee]

PF(paT) = Z TjF(par)

j==oo

and that for every i € Z the expressions

8F 0
2 ): Z a TJF(pa )
i—k<j<it+k
and 8F 5
“(pr)= X yTjF(P,T)

i—k<j<i+k
are well defined. The formal invariance I'p(7;(p,7)) = ['r(p,r) leads us to

the relation
6F r

r) = (Tz(p, )- (9.1)

Remember that Y; ; = p, =V (rj)a and X; :=Y;;. Given F' € C and
ieZ, X;(I'r) and Y; ;11 (I'r) are well defined and satisfy

XZ(FF)(pv T) = TZXO(PF)(pa T‘), Y;,i+1(FF)(p7 T) = Tin,l(PF)(pa T)-
Now we consider the following linear space

B={(Xo(Tr),Y1(Tr)) € L*(vs) x L*(v5) : F €C}.

We denote by §) the linear space generated by the closure of B in L?(v3) x
L2(vg) and (0,poV'(r1))

$H = B+{(0,poV'(r1))}. (9.2)
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First, we observe that defining a vector-valued function & = (£9,&1) as
(Xo(Tr),Yo1(T'r)) for F e C or (0,poV’(r1)), the following properties are
satisfied:

i) Xi(1;€%) = X;(1;£%)  forall 4,je€Z,

ZZ) }/i,iJrl(ijl) = }/}',j+1(Ti€1) for all ’l,j € Z,
i) Xi(1;€") =Y (mg®) i {i}n{jj+1} =g,
’i’U) pZ[XZ(Tzél) - }/;7“1(7'@'&0)] = V’(T’Hl)’?’lfo - V’(TZ')TZfl for all 7 ¢ Z,
U) V’(Tnl)[XHl(Tz'fl) - Y;,Hl(ﬂ‘ﬂfo)] = V"('f’z’+1)pz’+17'z'§1 - V"('f’z’+1)pz’7'z'+1§0
for all 7 € Z.

We call a weakly closed form (or germ of a weakly closed form, cf. [12]),
a couple of functions & = (£9,&) € L?(vg) x L%(vg), that satisty ) to v)
in a weak sense. A smooth approximation of weakly closed form is not
necessarily closed, and some type of Hodge decomposition is needed. This
will be done only after localization in the proof of the following theorem
that is the main result of this section.

Theorem 3. If§ = (£°,&Y) € L2(vg) x L?(vg) satisfies conditions[d) to v) in
a weak sense, then £ € 5.

Proof. The goal is to find a sequence (Fp)r»; in C such that
(€7 = Xo(Tr,), 6" =You(Tr,)) —> (0,epoV'(r1))

in L2(vg) x L?(vg) for some constant c.
First, observe that for a function F € C, we can rewrite, by using (@),

k
Xo(T'r) = 'Z:sz'(F)(T—z‘(PW)) (9-3)
and
k-1 , 8_F _
YouT6) = 3 Vi (F)reprr) (v ; F) 5 ) o
(preig ) (G (0ir).

We define for m = 0,1

my(L) 1 &
=B 1A (g7 U V)

where £™(p, 1) = :.§™(p, r), Fi, is the sub o-field of 2 generated by (pi,ri)~-
and ¢ is a smooth positive function with compact support such that o(E(3)) =
1 and bounded by 1 (we need this cutoff in order to do uniform bounds later).
Because v is a product measure and ¢ satisfies that

L 2

Xi¢(2L1+ - Z:z: {% + V(rl)}) =0

-L
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for -L <7< L and
1
}/;’H180(2L+1 Z{ +V(Tz‘)}) =0

for —L <i < L-1, the set of functions { (")} _reicr, and {(£")} _r<icr1 even
satisfies the conditions[1) to v) on the finite set {-L,-L+1,..., L} if we re-

place 7;£° by 5?’(” and ;&1 by fil’(L). Therefore, they define a closed form in
a weak sense on a finite dimensional space. To obtain a closed form on each
microcanonical manifold {w e (R2)2L+1; 3k & = (2L + 1)E}, we first take a

smooth F-measurable approximation of {(£>")}_r<icr, and {(£")} _reici1
in L?(vg), and denote it by {(CZQ’(L))},LSZ-SL and {(Cil’(L))},LsisL,l. For arbi-
trary chosen €7, > 0, we choose {(C?’L)},LSZ-SL and {(Cil’L)},LsisL,l satisfying

L L-1
0,(L)  ~0,(L 1,(L 1,(L €L
> 1 =P+ 216 =GP, < T
1=—0L 1=—L

Unfortunately, this smooth approximation may not be closed. Therefore, to
obtain a smooth closed form, we consider a one-form ¢ = Y% LCO (L)dX +

ZL 1L ! (L)dYZ 4i+1 on each microcanonical mamfold As shown in Section [13]
Lle{{Xl,z = - LMY 1,1 = -1, —1}} generates the all tangent

space of each microcanonical manifold, SO C is well-defined on any chart. By
the Hodge decomposition (cf. [I8]) with respect to a Riemannian structure
associated to our microcanonical measure, there exists a smooth function g
and a smooth two-form H satisfying

C=dg+0H

since 0 is the only harmonic function on each of these manifolds by the as-

sumptions on V. Let H? and H} given by 6 H = ¥ _; HdX; +Z L HMY 0.

Since dg and §H are orthogonal and the set of functlons{(gl. )}_ Leicr, and
{(f‘l,L)}ngigLfl 18 ClOSGd,

VB[Z(HO Z(H1 ]_ 5[i H?Qf’(LHLZIH}gj’“’]
4 Z

_Eyﬁlz OO ) 4 Z (0 g (L))]

=1L

- 1/2
<E, [ZL(HZQ)Q + ,ZL(Hil)Ql E, l Z (CO (L) 0 (L) Z (Cl @ 1,(L))2]

Therefore, we know that

L-1

L
0,(L 1,(L
E,[Y (H)?+ Y (H})?] ZMmc”MW+ZMmg<me

i=—L i=—L i=—L

L

0,(L 0, L 1,(L 1 L €L

<3 g ¢ ”MW+ZM#> VMg < T
i=—L i=—L

1/2
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Therefore,
L D% 0,(L) 12 = V. L(L) 2
> 1Xig =& 2y + 20 Yiing =& 1220,
=L =L
S 0.(L) 2 S L) 2
<2{ 2 1Xig =P+ 2 Waing =GP, )
=L =L

L L-1
0,(L 0,(L 1,(L 1,(L
+2f S IGP -, + Y IEP -g PR} < e
i=—L i=—L

From now on, we show that we can choose a Fj-measurable function g(~)
which is smooth on each microcanonical manifold (with respect to the vector
fields of the tangent space) and satisfies

X;(gP) = f?’(L) + e?’(L) for —-L<i<L,

(9.5)

where Y2 Eyﬂ[(eg’(L))z] +Y Eyﬂ[(ei’(L))Q] < ¢y, for arbitrary given e, >
0. Then, by the spectral gap proved in Section [[2, ¢(*) is in L?(v3), so we
have a sequence of functions {g, }ney in Cp, such that

Jn = g(L) n LQ(I/B), Xi(gn) - Xi(g(L)) m Lz(l/ﬁ) for —-L<i<lL
and
Yiie1(gn) = @Hl(g(L)) n Lz(u5) for —-L<i<L-1.

It means that we can choose a function g() in Cy satisfying (Q.5) at the
beginning for arbitrary given €. From now on, we fix a sequence {¢y } that
e, » 0 as L - oo. Observe that g(t) - E, [¢D|E_p + - + &L ] still satisfies
([@H). So we can suppose that E,, [¢W|E_p + -+ & = (2L +1)E] = 0 for

every I > 0.
Define
Lk 15} 2 2 (2L
90 = e B P V' Py ]

and

4 3L/

’g\L - Z Z g(ka)
k=L/2

where @3 := B, [V'(r0)?].
Using (@.3)) and ([@.4) for g(“-¥) and then averaging over k we obtain that

XO(AZ Tj’gL) :§0+q%[[i+[%+lf+lf+lf]
J

and

Via( 35 n0) =€ Lo gt st R )
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where

3L/4  L+k-1

In=3% > T*iEV,B[V,(TLHHI)QP%L—k—I(§?7<2L)_§?7<L+k))()0(5*2L,2L)|fL+k]7

k=L/2 i=—L-k

3L/4  L+k-1

=5 > T*i{(fzq,(LHg)_g?)EVB[V,(TLJrlHl)2p%L—k—1()0(£*2L,2L)|fL+k‘]}7

k=L/2 i=—L-k

3L/4  L+k-1

]1% = Z Z go(paT)T—iEVB[V,(TL+I§+1)2ng_k_1(S0(g—2L,2L) - D|Frel,
k=L/2 i=—L-k
3L/4 1 .20

[f = kZL:/2 mT—L—kEuﬁ[V,(TL+k+1)2p%L_k_1§L7+k ©(E-2r20)|FrLk],

3L/4 L+k 1

I = —_—7 E, [V’ 2p? 0.(2L) & F
L k:ZL/z i:ZL:ik 2(L+K)T ﬁ[ (TL+k+1) Pk 90( 2L,2L)| L+k]a

3L/4  L+k-1

Ji= 2 > T—iEVﬂ[V,(TL+k+1)2p%L—k—1(giL@L)_§;7(L+k))(p(g—?L,ZL)|fL+k]7

k=L/2 i=—L-k

3L/4  L+k-1

Ji=> > T—z‘{(&l’(L+k)—fil)EuB[V'(TL+k+1)QP%L-k-ﬁP(g—M,zL)|7:L+k]}a

k=L/2 i=—L-k

3L/4  L+k-1

J% = Z Z fl(paT)T—iEvB[V’(TL+k+1)QPgL—k—l(SO(EﬂLQL) = DIFrer];

k=L/2 i=—L-k

3L/4 L+k-1

Jr= 2 T*iEV,B[V,(TLHHI)2p%L—k—1€iL(2L)90(572L,2L)|fL+k],

k=L/2 i=—L-k

3L/4 B

Rp= ) T—L—k{V'(TL+k+1)8 g=Ry
k=L/2 'PL+k
3L/4 a

Ri= > TL+k+1{p—L—k—18 gEMY.
k=L/2 T-L-k

Here the hat over the sum symbol means that it is in fact an average, and
Eooror is equal to 7 PR

The proof of the theorem will be concluded in the following way. First we
show that the middle terms I}, 12 I3, I} 17 and J},J2,. J3, J} tend to zero
in L?(vg). Then, the proof will be concluded by showing the existence of
a subsequence of {-R] + R? } 1 weakly convergent to c¢poV”(r1) with some
constant c.
For the sake of clarity, the proof is divided in three steps. Before that, let
us state two remarks.
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Remark 9.1. We know that form =0,1, E, [§™]FL] L, &M, i.e given € >0
there exist Lo € N such that

E,[lgm-¢m PP <e if L> Lo
Moreover, by the translation invariance we have
B, [lg" - ¢ PP <€ if [~Lo+i,Lo+i]<[-L, L]
In fact, given 7_;A € Fp

L& O wptdpdry= [ €Oy (dpdr)

:[¢(A) f;n(p,T)l/g(dpdT)=AST(T_i(p,r))Vﬁ(dpdr):[Agm(p,r)yﬁ(dpdr).

In addition, since flm’(L)(T,i) e FLU we have
& (7) = By [emIFL L]
and therefore
B, [l -] = B [lem - ¢ ()P < By [1€m - &6,

Remark 9.2. Besides a Strong law of large numbers for (p?V'(r;)?)iz we
have

<G8

E,, <

1& ., 65\
(E;pgv (H)Q—E)

for some finite constant Cg.

Step 1. The convergence of the middle terms to 0. The conver-
gence to zero as L tends to infinity of I}, I? and I? in L?(vg) follows from
Schwarz inequality, Remark [0.1], the condition of {e;,} and the fact that ¢
is a bounded function.

Using the symmetry of the measure about exchanges of variables, I3 can be
rewritten as

3L/4 Lik-1 Ik
W) Y. Y By [ DV (o)’ 1 (0(E2r20) = D Far] (=i (p, 7))
k=Lj2 i=-L-k  j=1

and then we decompose it as 19 + %B[Z, where 19 and I7 are respectively

3L/4 T+k-1

&) Y, D,
k=L/2 i=——L-k

—_—

B, LAV itk P9 - %}w(aum D))

and

3L/4 L+k-1

1) Y, D Eyle(€aron) - UFral(mi(p,r)).

k=L/2 i=—L—k
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For the first term, observe that

3L/4 L+k-1 L—k $ 2
' 5
P <€ 2 X By (Z (V' (rrane) P21y - E}) ;
k=12 i=—— Lk ot

and the expectation inside the last expression is bounded by Lc_i’ SO

B
||I[6/||%2(l/ﬁ) < THSOH%Q(VB)

For the second term, written explicitly the conditional expectation we see
that |I7]? is bounded by

3L/4 Tok—1

1
CEnr Y Y [l LS g -1,
k= L/2 z——L k 4L +1; \>L+k b 4L +1 ng:m o
We rewrite the integral part as
1 1
[l & (€t X (Eei Bo)+ Bp) - 1Pdus,

l7l>L+k l7l<L+k

Using the fact that ¢ is a Lipschitz positive function bounded by 1 such
that ¢(FEj) = 1, we obtain that |I7[? is bounded from above by

3L/4 L+k 1

CEnE Y Y I ¥ EE)

k= L/2 1= |7|>L+k

1 2
s PRSI
where a Ab denote the minimum of {a,b}. So, taking expectation and using
the Strong law of large numbers together with the dominated convergence
theorem, the convergence to zero as L tends to infinity of I$ in L%(vg) is
proved.

Same arguments can be applied for J}, J%, J? and J}. For I}, we can

bound the L2-norm of the term from above by & -0 for some constant

Cp.

Step 2. The uniform bound of the L?(v3) norms of the boundary
terms.

Remember that R} is defined as

22

S VB d )
77 o NT-L-k V, TL+k+1 Eu _L—k— +
k:L/22(L+k) ’
3L/4 1
2L
T—L—k{vl(rL+k+1)Eu3 [ng,k,1 V,(TL+IC+1)YL+k,L+k+1g(2L)|fL+k]}
3L/4 1

-y 2L +k)

k=L]2
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T-L-k {pL+k V’(TL+I<H-1 )Eu5 [p%L_k_l V’(TL+I<H-1 ) g(QL) |fL+k] } .

TL+k+1

By Schwarz inequality and (9.5]), we can see that the L?(v5) norm of the first
term in the right hand side of the last equality is bounded by %Hf Y L2y
for some constant Cz. After an integration by parts, the second term can
be written as

3L/4 1
23T

T-L-k {pL+kV,(TL+k+1)Eu5 [p%L,kfl(BV,(TLHﬁl)Q - V”(TL+IC+1))g(2L)|fL+k]}-
(9.6)

Using the symmetry of the measure again, the conditional expectation ap-
pearing in the last expression can be rewritten as

2L
E”ﬁ [p%L—k—l Z (BV,(TJ)Q - V”(rj))(g(QL) ° ﬂi’“’“”)lfm] )

j=L+k+1

where WZ’L”Hl stands for the exchange operator of r; and r7,4.1. After that,

we decompose the last expression as the sum of the following two terms,

2L
EVB [p%L—kfl Z (BV,(Tj)2 - V”(Tj))g(2L)|‘7:L+k]a

j=L+k+1

and

2L
By [02 i ), (BV/(1)? =V () (g o ml Bt — gC) | Fp ).

j=L+k+1

The square of the last expressions are respectively bounded from above by

2L
CoL By, [0 e, CsBu[ )0 (92 ompFhet - g0 F ]
j=L+k+1

for some constant Cjs. Using Schwarz inequality we can see that the square
of each term of the sum is respectively bounded from above by

CB 3L/4
Z5 B0, [( 2 PR )(927)?], (9.7)
k=L/2
and
C'" 3L/4 oL
_B SB[ > (9@9 omilikl _ g(2L)y2]
L2 k=L/2 j=L+k+1

C" 3L/4 2L

Jj-1
< LS ELR D 20i-(Lrk+1)) Y (9@ oxiitt - (D)2

k=L/2 j=L+k+1 i=L+k+1
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! 3L/4 2L
< Tﬁ S Bl Y (9P omiitt - g2
k=L/2 i=3L/2+1

for some constants Cs and C';. One can now estimate 2214/2

because of the cutoff. Using the spectral gap estimate (I2ZI]) proved in
Section [[2 we can bound (@.7)) by a constant.

Finally, we state that we can bound the term E, [ (g o mp™" — g(20))2]
by the Dirichlet form of ¢(2£) which concludes the proof.

p? ., uniformly

Proposition 9.1. There exists some constant C' such that for every smooth

function f:Q - R,
E,[(fomi™' = [)?] < C{E,,[(Xif)’] + B, [(Yiinn )]}

Proof. The change of variables and simple computations conclude the proof.
O

Step 3. The existence of a weakly convergent subsequence of
{R] } 1. Firstly, observe that the expression (9.6) is equal to

Povl(rl)hlL(Poa 70y D-7L/25 T—?L/Q)

where
3L/4 1

hi = Z mTﬁL*kEuﬁ [p%Lfkfl(ﬁvl('f’Lmu)z - V"(TL+k+1))g(2L)|fL+k]-
k=L/2

On the other hand, we had proved in Step 2 that {poV’(r1)h}}rs1 is
bounded in L?(vg), therefore it contains a weakly convergent subsequence
{poV'(r1)hr } 1. We can conclude in a similar way that {h}} 7.1 is bounded
in L?(vg), therefore {h},};, contains a weakly convergent subsequence,
whose limit will be denoted by h. It is easy to see that

C .
1XihL 2y € T 2wy for i€ {0,-1,-2,}

and
Y, i 1ht < —C 1 .1+ 1} c{0,-1,-2
|| 4,9+1 L”LQ(UB) =T ||£ ||L2(1/3) fOT {Z7Z + } = { y by T 7}

which implies that X;h =0 for i € {0,-1,-2,---} and Y; ;,1h =0 for {4,i+1} C
{0,-1,-2,---}. Since the function h depends only on {pg, 70, p_1,7_1,D-2,7 2}
one can show that h is a constant function, let’s say c. Taking suitable test
functions, we can conclude that in fact {poV'(r1)h}, }1 converges weakly
to cpoV'(r1). This proves that for every weakly convergent subsequence of
{R] } 151 there exist a constant ¢ such that the limit is ¢poV’(r1). Exactly
the same can be said about {R?} ;. O

Remark 9.3. Observe that the roles of the vector fields Xy and Yy, are
symmetric, in the sense that changing the definition of the energy of the
particle i to & = p?[2 + V (ri:1) their actions in the boundary terms in the
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above approrimation are exchanged. The space of closed forms does not
depend on this choice of the definition of the energy &;, so we also have the
equivalent characterization of the closed forms:

9. = B+{(poV'(10),0)}. (9.8)
This imply that, defining by &p = (Xol'r, Yo1I'r), a closed form & can be
approximated by &g + co(poV'(r0),0) and by g + c1(0,poV'(r1)), then ¢y =
2

—-c1=¢ cmdF—Gz—c%.

10. DIFFUSION COEFFICIENT

In this section, we describe the diffusion coefficient in several variational
formulas and prove the second statement of Lemma [3.3] From Corollary
[£.2] there exists a unique number kg such that

Woi+rs(pi-pi)elC in H_.

Our purpose now is to obtain a more explicit formula for xz. To do this,
we follow the argument in [15].

Lemma 10.1. We have
H_1=LC|y & {Wo1} = L*Clnw @ {W5,}
where Wy = Wg =W and L* = S - A.

Proof. We shall prove the first decomposition since the same arguments
apply to the second one. Because we have already proved in Lemma[b.4]that
L_C| n has a one-dimensional complementary subspace in H_q, it is sufficient
to show that H_; is generated by LC and the current. Let h € H_; so that
< h,Wy1 >»_4=0 and «< h,Lg >_4= 0 for all g € C. By Proposition [5.1]
h = lim/LHm(aI/V(f1 + Shy) in H_y for some a € R and hy € C. In particular,

[n)?, = Jim « aW§y + Shi, aWgy + Shy, >

= lim « aWg', + Shy,aWy1 + Lhy >4

k—oo0

since << CLI/I/'(f1 +Shy, CLI/I/'Of‘1 +Ahy, >_1=0 by Lemma[5.3l On the other hand,
by assumption <« h,aWy 1 + Lhy >_1=0 for all k. Also, by Proposition [5.2]

sup laWo. + Lhg |2y < 2a*[Woull?y +2(C + 1) Sup IShil2y = C

is finite. Therefore,
[R)?, = Jim « aWgy + Shi,aWo 1 + Lhy >
= l}im < aWgy + Shy, = h,aWo 1 + Lhy, >

<limsup CyJaWg; + Shy = hl|-1 = 0.
k:—»oo

This concludes the proof. O
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Now, we can define bounded linear operators T : H_; - H_;
and T*:H_1 > H_q as
T(aWou + Lf):=aWg, + S,
T*(aWg, + L7 f) = aWg + Sf .
Since
laWo,u + L2, = laWsy + L* £ = laWgy + SFI2, + aW5h + AfI-

we can easily show that 7 is the adjoint operator of T" and also we have
the relations
1

< T(pi - pp); Woa »1=< T (pi - p5), Woa > 1= _Ea
and
<T(p?-p2), L f > 1=<< T*(p? - p2), Lf >_1=0
for all f € C. In particular,
M.y = L*Cly @ {T(p] - 1)}
and there exists a unique number ()3 such that
Wo*,1 + QBT(p% —pg) e*C in H..
It will turn out later that Qg = K.

Lemma 10.2.
1

Qp =
BT (vt - P12
Proof. First identity follows from the fact that
1
<T(pt - p3), Wea + QsT (91 - ) »>-1= Y QslT(pt - pR)IZ: = 0.

Second identity is obtained by the expression

inf W51+ QsT (0t —p3) = L* fll-1 =0

- Binf I, - L. (10.1)

since
inf] W5, + Qs T(pi - ) - L fIs
208

= }Ielg W, = L* fI?, - et Q3T (v - p)IZ
. 2Qs  Q

_ * _ T* 2 _ﬁ _B

= }Ielg |||W0,1 L flZ 32 + B2

g

By a simple computation, we can show that << T'g,g >_1=<Tg,Tg>_4
for all g € H_y, and therefore (p?—p2)-T (p3-p3) € L*Cy since (pi-p2)-T (p3-
p3) is orthogonal to T'(p? — pZ). Then we obtain the variational formula for
17 (0% - )1
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Lemma 10.3.

1701 - p0)I%s = inf It —p5 — L* f%.- (10.2)
Proof. By the similar argument with the proof of Proposition [[0.2, we have

inf Ip? -5 - T -p3) - L* fI?, = 0

and
inf |7 - p - T(pi =) - LI
=inf It - 06~ LI - 1703 - w0y
which concludes the proof. O

Proposition 10.1.

1
kg = B2t [Wiy - L* f*) = == : (10.3)
P 0! b Binfse [ - pf - L 2,
Proof. By the definition, Wy, + r5(p? — p2) € LC and therefore
N 1
< W+ #ig (= 25) T (pi = ) 1= =5 + sl T (0 = p) 2 = 0.

Then, kg = Qg follows and we obtain two variational formulas from (I0.1))

and (I0.2). O

Proposition 10.2. For any sequence Fx in C such that
i [Wor + a9 - £3) - LEicl1 =0,
we have
Jim [ (o) = Yol ) + (6T 0)%)] = 55
Proof. By the assumption,
dim [ T{Wo,1 + rp(pT - pp) - LFk 1 =0

and therefore
Jim W5, = SFl, = 170 - )

Then, since
1

BTt - po)I

kp=Qp =

and

W5 = SFlP, =

Do |2

{((poV'(r1) = Yol )*) + %((XOFFK)Q%

we complete the proof. O



ENERGY DIFFUSION 37

11. DETAILED ESTIMATES OF THE DIFFUSION COEFFICIENT

In this section, we give some detailed estimates of the diffusion coefficient
as a function of v. Note that they are not necessary to prove our main
theorem.

First, we rewrite the variational formula for the diffusion coefficient given
by the terms of the norm of H_; in a tractable way.

Observe that C is divided into two orthogonal spaces L. and L, where
L. is the set of even functions in p and L, is the set of odd functions in p.
More precisely, for feC, f €L, if and only if f(p,7) = f(-p,7) and f €L,
if and only if f(p,r) = -f(-p,r) where (-p); = —p; for all i.

Consider two subspaces of H_; defined as H¢, = SL|y ® {Wg,} and
%21 = SH“O|N'

Lemma 11.1. We have
H_l = Hil @ Hgl
and they are orthogonal to each other. Moreover, Wé‘}l e H°,, Af e H®, of
fele and Af e HE, if fel,.
Proof. Straightforward. O

Proposition 11.1.

5= 8% nf sup (220 () = YouT %) + 24T )] .
gelo 11.1

F2A(WEh ~ ANT,) - {(YoT,)%) + 5 ((XT,)%)] )
Proof. We can rewrite the first variational formula for g in (I0.3) as
B2 inf{IWg - ST+ IWgh - AfI2)
=5 nfinf (W, - SAI + ISTI%+ Ik - AL + 1AL
= 0% inf (W3, - ST+ IWgh - Af I
= 0 inf sup{JWg, = SfI% -2 < W = Af, Sg > ~1591%}

Le gelo

= 5% inf sup {15V (r1) = YouTp)?) + S((X0T )] + 2((0Wh ~ AP)T)

felLe gello

Al + SHOGTY))

Proposition 11.2.
3
Ko < V" (1)) + —.
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Proof. Take f = —%(2’ in the variational formula (IL.I]), then we have
2
g P 1 1
v < B sup{ TORV (") + 2005k + ALY T) <5100, + Sxor, )
gelo

=V )+ s 208 + AR, - 5055 = 3R
Since Wé‘}l = Y{M(%?’),

sup{2(W + AR, - H(OGIT)) - S((ly))

gelo

- Sup {5 Xoly) ~ {98 YouTy) - ((V0T,)?) ~ S((Xaly)?))

gello 2 2
1 P2 1 D2 1 1
= —— (XL, +22)2) — —((Yo1l, + 2)2) + = (pd)} < =(pd).
sup (5 (K0T, + 5% = (0., + 5% + 100k} < 300
O
Proposition 11.3.

Kg 2 72 .
46(rg)

Proof. By the variational formula (TT.T])
: 1 , 1
g 2 70 I {[5{(poV" (1) + YouT's)*) + S{(XoL')*) 15

Since g5 = (poV'(r1), por1) and (poro, Xo(T'r)) —(por1, Yo (T'5)) = (V' (r0)ro—
V'(r1)r1,T'y) =0 for any f €L., we have

1
5 (poV'(r1) = Yo,1(L's), por1) + (poro, Xo(L'y))
for any f € Ly. Then, by Schwarz inequality,

%f%ﬂmﬁvoﬁmw»ﬁw%w»ﬂmwm+@mﬁ>

=S} nf (1 (r2) = Yoa () + (Xa(T)P).

U

Remark 11.1. For the harmonic case with V(r) = %, we have an explicit

fluctuation-dissipation given by
Woﬁ + Woﬂ = —por1 + %(P(Z) - 7”%)
11.2)
1 7) , 1 ] 1 2\
= — — + — + = +L| —(po+ + —
V[(&Y 1) PoT 5T 67(]?0 P 1

i.e. the diffusion coefficient is given by Dg = % + % which does not depend

on 3.



ENERGY DIFFUSION 39

12. SPECTRAL GAP

In this section, we prove the spectral gap estimates for the process of
finite oscillators without the periodic boundary condition, which is used in
the proof of Theorem [3in Section [@ We use the following notation:

Buul )= Bl 17 25 V() = )

Recall that we assume that 0 < d_ < V"(r) <, < oo. Then it is easy to see

that V satisfies
V2V (1)
0<d-< | 7 |
Vi(r)
for all » € R~ {0} where d_ = \é—‘s_; and d, = \é‘j_*. Under these assumptions,

we can operate the change of variables (p,r) — (£,60) as V& cosf = % and

VEsinf = sgn(r)\/V(r), and we obtain that

f f(p,r) W f f f(&,0)ePEq(E,0)dEdD

where ¢(&,0) = | V\E"gggef) |, which satisfies d_ < ¢(&,0) < d, for all £ and 6.

Here, [(€,6) := [(p(€,0),7(E,6)).

Let hg(x)dx be the probability distribution on R, of p?/2+ V(r) under
dvi, ie.

B

[Rgg(pz/QJfV(T))dVé=[Ooog(:p)hﬁ(;p)dx

for any ¢g : R, - R. Then, since hg(z) = . 51-12 0% e Prq(x,0)dl, we
87125

obtain ; 5
iﬁe’ﬁx < hg(z) < iﬁe’ﬁx

for all x > 0.
With these notations, we prepare two lemmas before we state the main
result of this section.

Lemma 12.1. There exists a positive constant C' such that

EV1,E[(f - EV1,E[f])2] < CEV1,E[(X1f)2]

for every E >0, and every smooth function f.

Proof. By simple computations with the change of variable,

CTF(EB,0) - By, ,[£1)2a(E.,0)d6
[T q(E,0)d6

EVl,E[(f - EV1,E [f])Q] =

and
o {a(B,0)'0pf (E,6)}*q(E,6)do
[T q(E,6)db

EVI,E[(le)Q] =
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Therefore, it sufficient to show that there exists a positive constant C' such
that

(7 (F(8.0) - B L1 a(E.0)0 <C [ (@0f(E.0)a(B.0)"d6

for every F >0 and every smooth function f. Then, since d_ < q(F,0) < d,
for all £ >0 and 6, and

[0 B aEewss [T (iEo-([ iE60) @0

holds for every E > 0 and every smooth function f, the desired inequality
follows from the Poincaré inequality. 4

Lemma 12.2. There exist positive constants 0 < ¢ < C' < oo such that
cE<o(E)<CE

for all E > 0 and for i = 1,2 where oy(E) = E,, ,[pi] and ay(E) :=

Ey, o [V2(r1)]

Proof. By the change of variables introduced above,

- fO%QECOSWq(E,G)dG
EVl,E [pl] - 2m
Js "q(E,0)do

and it is casy to show that &=F < E,, ,[p}] <2E. Similarly,

2f027TEsin 0%2q(E,0)do < 2F

By [VA(1)] € =By o [V(1)] =

a2 & [ q(E,0)dy @2
and
2 2[27r Esin6?q(E,0)d) d_E
E, ,[V"? >—F, [V =—0 ’ > —.
I,E[ (Tl)] = dg— 1,E[ (Tl)] d% OQFq(E’H)de d;‘}—

The following is the main theorem in this section.

Theorem 4. There exists a positive constant C' such that

L L-1
EVL,E[fQ] <C Z EVL,E[(ka)2] +CL? Z EVL,E[(Yk,k+1f)2] (121>
k=1 k=1

for every positive integer L, every E > 0, and every smooth function f
satisfying E,, ,[f]=0.

Proof. We start the proof by the usual martingale decomposition. Let Gy be
the o-field generated by variables {&1,...,E, Pk+1,Tks1,---,PL, 7L ). Define
fe=Ey,, ,[f|G:] for k=0,1,--- L. Note that fy= f and fp = fL(&1,...,EL).
Then, we obtain

L-1

EVL,E[fz] = Z EVL,E[(fk - fk+1)2] + EVL,E [fg]

k=0
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We analyze each term separately.
By Lemma [I2.1], for any k

EVL,E[(fk‘ - fk+1)2|gk‘] < CEVL,E[(Xk+1fk)2|gk]

and therefore we have
L

EVLE f2 S Z VL.E (kak‘ 1) ]+EVL,E[JL%]

I/\
-

Z VL.E (ka) ]+EVL,E|:f[2/]'

So we are left to estimate E,, ,[f7] in terms of the Dirichlet form
5;11 EVL,E[(Yk,k+1fL)2]'
Observe that Yk,k+1fL = ka’(TkH) (8gk - 8gk+1) fL(Ela e 7£L)- Since VL E
is the conditional probability of the product measure v%,

EVL,E[sz,(Tk+1)2|gL] = El’l,gk [pQ]Elfl,gk“ [V/2(7,)] = al(gk)a2(5k‘+1)'

By Lemma [I2.2] the Dirichlet form Y r-} By o[ (Yers1fr)?], is equivalent
to

L-1
Z EVL,E [gkgkﬂ {(agk - agkﬂ) fL}2] .
k=1

Now the problem is reduced to the estimates of the spectral gap for
the generator of an autonomous energy dynamics, depending only on vari-
ables &,...,&. Since we can write the probability distribution vy, g(:|Gr)
on {(&,...,E) + ;& = LE} as the product measure []-, hy(z;)dz; (or
[1%, hs(z;)dz; for any j3) conditioned on the same surface {35, z; = EL},
Theorem [l in the next subsection completes the proof. O

12.1. Spectral gap for the energy dynamics. Consider the product
measure [1~, hi(2;)dz; on RE and dpuy g the conditional distribution of it
on the surface ¥p p = {35, z; = LE}. We have the following expression

L
d,LLL,E = H h(xi)d)\L,E(xla . ,ZL’L)
i=1
where d)\;, g is the uniform measure on the surface ¥y g.

Theorem 5. There exists a positive constant C' such that

L-1
EML,E [92] < CL2 Z EML,E [xil‘i*—l (89619 - aﬂ&i+1g)2]
i=1

for every positive integer L, every E > 0 and every smooth function g :
Yr.e — R satisfying E,, ,[g]=0.

To prove this, we first refer Caputo’s result [6]. Recall that 6_/d,e™® <
hi(x) < d,/0_e~*. Then, we can define a bounded measurable function b(x)
satisfying [, dzexp(-z+b(z)) =1 by hy(x) = exp(-z +b(z)). The product
measure []5-, by (x;)dz; is in the class studied in Example 3.1 of [6].
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Let E;; and D;; be operators defined by E; ; f = £, ,[f|Fi;] and D; ; f =
E; ;f - f where F, ; is the o-algebra generated by variables {zy }j+ ;. From
Theorem 3.1 and the argument of Example 3.1 in [6], the next lemma follows
easily.

Lemma 12.3 (Caputo, [6]). If ge'0= > L then there ezists a positive
constant C' such that

E

MLE

"~
th

Z:: KL.E (Dljg) ]

for every E > 0, every positive integer L and every smooth function g :
Yr.e — R satisfying E,; ;[g]=0.

Remark 12.1. Since |blo < log(5:), the condition 6_[6, > (3/4)V16 is a
sufficient condition for the assumption of Lemma [12.3.

Next, we show that we can take a telescopic sum.

Lemma 12.4. There exists a positive constant C' such that
Z UL, E (DiJg) < CL2 Z /JLE (Di,i+lg)2]
Z] 1

for every E > 0, every positive integer L and every smooth function g :
ZL,E - R.

Proof. First, we rewrite the term £; ;¢ in an integral form:

Eijg(z) = =

—T;+x;

fo 1 (R )h((: + ) ) h( (i + ) (1 - 1) )dt

Ev;ere E, = fol h(at)h(a(l -t))dt and R; ;x € Rf is a configuration defined
Tk if k+1,7,
(Rijx)k =< (i + )t if k=1,
(z;+x;)(1-t) ifk=7j.

Then, by Schwarz’s inequality we have

(Dusg@)? = (= [ Ho(R ) = g}z + 2)Oh(( ) (1 - )
< [ o) = o) (G 2 )OR(G 4 ) (1= )

Now, we introduce operators 77, g% and 6% : RL - RE for i < j as

N T lfk#il,j,
(2, ={x; if k=41,

€T; 1fk’=],
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ol = mi~bioi=2i-l o il and g47 = whitl o ritLi+2.L o pi-Li . With these
notations, for any i < j, we can rewrite the term g(R} ;) - g(x) as
g(R; jz) - g(z) = {g(a"7( j—l,j(gw_lx))) - 9( j—1,j(<72’j_1$))}
+{g(Rj_y ;0" 7)) - g(o" " 2)} + {g(0" " '7) - g(2) }.

Therefore, we can bound the term E,; ,[(D;;g(x))?] from above by

3l — [ 0 (B (7 0) g (R (o7 0)))?
(s + ) (s + ) (1= )]
1 ! t 2,5-1 2,5-1 2
38,5 [ (9B, 2) - g(c 1))
(s + )+ ) (1= )]
3B, [z [ {00 1a) =g (@) (s + ) (i + ) (1~ )],
o (12.2)

We estimate three terms separately. The last term of equation (I2.2) is
equal to

3E,, ,[{g9(c" ") - g(x)}?]

and therefore bounded from above by

3Lz e [{g(75412) = g(@)}2).

By simple computations, we obtain that

By o [{g(n*2) - g(2)}?]

= By p [{9(7"12) = (B ) (7" 412) + (Big) (2) - g(2) ]

< QEHL B [{g(ﬂk’kHSU) - (Ek.k+1g)(7k’k+1x)}2] + QEH«L,E‘ {(Errng)(z) - 9(37)}2]
= 4EHL E[(Dk.k+1g)2]'

By the change of variable with y = o%/~lz, we can rewrite the second term

of equation ([22) as
3B, 5l f {9(Rj_159) = 9(W) P R((yj-1 + y)OR((yj-1 +y;) (1 - 1))dt]
= 3EuL,E[ Ejj1(9%) = 29Ej 19 + 9°]

= 6EuL,E[g2 - (Ej~j+lg)2] = 6EuL,E[(DjJ+1g)2]'
Similarly, the first term of equation (I2:2)) is rewritten as

3B ula— [ 100 (R ) - 9B 9)?

h((JyJ O (st + 351~ )]
= 3EML,E[ J]+1({g © UZ] ! 9}2)] = 3EML,E[{9 © 6i7j_1 - 9}2]'
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In the same way as the first term of (I2.2), it is bounded from above by
12L Y772 By 5[ (Dygi19)?]. Therefore, we complete the proof. O

Lemma 12.5. There exists a constant C' such that

By p[(D129)*] € OE,, y[#122(05,9 - 02,9)°]. (12.3)

for every E >0 and every smooth function g:¥s g — R.

Proof. Since the both sides of (IZ3)) do not change if we replace g with g+a
for any constant a, it is sufficient to show that the inequality holds for every
smooth function g : ¥y g — R satisfying E), ,[g] = 0. In particular, since
By, 5 [(D129)*] < E,, »[97], it is sufficient to show that

Euz,E[ ] < CE,uz E['rlx2(al'1g - 8:132g)2]-
Note that for any positive function f: ¥, p - R, and for any E >0,

<5*>4 Fas[F1< Bry 715 (02)' B[]

In fact,
Funslfl= = [ FUE.(1-BMGE(( - 1))

=F

where Zp = fol h(tE)h((1 —t)E)dt. Then, since g—; < h(z) < %, the above
estimate holds. Now, all we have to show is that, there exists a constant C'
such that

E)\Q,E [g2] < CE)\Q,E[xlx2(ar1g - ang)2] (12'4>

for every £ >0 and every smooth function g : ¥ g — R satisfying E), ,[g] =
0. By the definition of A\g g, the inequality (I2.4) is rewritten as

/OEg(t)thsC[OEt(E—t)g’(t)th

and by a suitable change of variable, the problem is reduced to the case with
E =1. Applying Schwarz inequality and changing the order of integration
repeatedly, we have

[Olg(t)ZdtZ folvfot{'/stg’(r)dr}Qdetg '/Olfot(t_s) [stg'(T)Zd'rdsdt
- [ [fr-Dygydrae=5 [0y

Lemma 12.6. There exists a positive constant C' such that

EML,E[(DZ',HIQ)Q] < CE#L,E['ri'riJrl(alBig - a$i+1g)2]

for every positive integer L, © = 1,...,L —1, and every smooth function
g: ZL,E - R.
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Proof. By Lemma [12.5]
By, o [(Diin19)?|Fiiinn] € OBy o[ 20001 (02,9 = 02,1 9)*| Fiin]
holds. Then, by taking the expectation, we complete the proof. U

13. LIE ALGEBRA

We prove here that Lie{X;,Y; ;1,7 =1,..., N} generates the all tangent
space of X . We have used this property in section [d] for the characteri-
zation of the finite dimensional closed forms.

We have

[Xje1, Vil =V (rja1) Zj jn
where
Zi 5 = piOp; = POy,
Since [Zj 1, Zjs1+2) = Zjjr2 and V(r) > § > 0, we have that Z;; «
Lie{X;,Y;i41,4=1,..., N} for any ¢ and j.
On the other hand [Z;;, X;] =Y, ;, and we have enough vector fields to
generate the all tangent space.

7.]7

Remark 13.1. By the above argument, it is obvious that Lie{{X;i =
L...,NH{Yii1,0 = 1,...,N = 1}} also generates the all tangent space of
EN,E-
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