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MACROSCOPIC ENERGY DIFFUSION FOR A CHAIN OF
ANHARMONIC OSCILLATORS

STEFANO OLLA AND MAKIKO SASADA

ABSTRACT. We study the energy diffusion in a chain of anharmonic os-
cillators where the Hamiltonian dynamics is perturbed by a local energy
conserving noise. We prove that under diffusive rescaling of space-time,
energy fluctuations diffuse and evolve following an infinite dimensional
linear stochastic differential equation driven by the linearized heat equa-
tion. We also give variational expressions for the thermal diffusivity and
some upper and lower bounds.

1. INTRODUCTION

The deduction of the heat equation or the Fourier law for the macroscopic
evolution of the energy through a diffusive space-time scaling limit from a
microscopic dynamics given by Hamilton or Schrodinger equations, is one of
the most important problem in non-equilibrium statistical mechanics ([5]).
One dimensional chains of oscillators have been used as simple models for
this study. In the context of the classical (Hamiltonian) dynamics, it is
clear that non-linear interactions are crucial for the diffusive behavior of the
energy. In fact, in a chain of harmonic oscillators the energy evolution is
ballistic ([I8]). In this linear system, the energy of each mode of vibration is
conserved. Non-linearities introduce interactions between different modes
and destroy these conservation laws and give a certain ergodicity to the
microscopic dynamics.

In order to describe the mathematical problem, let us introduce some
notation we will use in the rest of the paper. We study a system of anhar-
monic oscillators, each is denoted by an integer i. We denote by (g¢;, p;) the
corresponding position and momentum (we set the mass equal to 1). Each
pair of consecutive particles (z,7+1) are connected by a spring which can be
anharmonic. The interaction is described by a potential energy V (g;41 — ;).
We assume that V' is a nonnegative smooth function satisfying

Zg = / e PV dr < 00
R
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for all 3 > 0. Let a be the equilibrium inter-particle distance, where V
attains its minimum that we assume to be 0 : V(a) = 0. It is convenient
to work with inter-particle distances as coordinates, rather than absolute
particle positions, so we define r; = ¢; — ¢;—1 — a. We denote the trans-
lated function V(- + a) by V(-) hereafter. Namely, we assume V(0) = 0.
The configuration of the system is given by {p;,r;},, and energy function
(Hamiltonian) defined for each configuration is formally given by

L
H = Zgj’ 5j = §pj + V(T‘j).
J

The choice of £; as the energy of each oscillator is a bit arbitrary, because we
associate the potential energy of the bond V' (r;) to the particle j. Different
choices can be made, but this one is notationally convenient.

The corresponding Hamiltonian dynamics is given by the equations of
motion:

ri(t) = p;(t) — pi-a(t), 1)
pi(t) = V'(rja(t)) = V'(r;(1)).
We are interested in the macroscopic evolution of the empirical energy pro-

file under a diffusive macroscopic space-time scaling. More precisely the
limit, as N — oo, of the energy distribution on R defined by

% Z E(N?)6;/n (dy). (1.2)

Energy is not the only conserved quantity under the dynamics (I.I]). For-
mally length and momentum are also integral of the motion. In one di-
mensional system, even for anharmonic interaction, generically we expect a
superdiffusion of the energy, essentially because of the momentum conser-
vation ([I7, [I]). Adding a pinning potential U(g;) on each particle, it will
break the translation invariance of the system and the momentum conserva-
tion, and we expect a diffusive behavior for the energy, i.e. the energy profile
defined by (L2)) would converge to the solution e(t,y) of a heat equation

e = 0, (D(e)dye) (1.3)

under specific conditions on the initial configuration. The diffusivity D =
D(e) is defined by the Green-Kubo formula associated to the correspond-
ing infinite dynamics in equilibrium at average energy e (see below for the
definition).

As the deterministic problem is out of reach mathematically, it has been
proposed an approach that models the chaotic effects of the non-linearities
by stochastic perturbations of the dynamics that conserves energy. In the
harmonic case, random exchanges of momentum of nearest neighbor par-
ticles that conserve total energy but not momentum have been studied
([4, 8L 3]). Stochastic exchanges that also conserve total momentum have
been considered in [I|, 2], where a divergence of the diffusivity is proven
for unpinned harmonic chains. The stochastic perturbations considered in
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these papers are very degenerate (of hypoelliptic type), since they act only
on the momenta of the particles, and not on the positions. In particular
these stochastic dynamics conserve also the total length Ty

In this article we want to deal with anharmonic chains with noise that con-
serves only energy. For reasons we will explain in a moment, we need more
elliptic stochastic perturbations that act also on the positions. In the case
of one-dimensional unpinned chains, there is a way to define these pertur-
bations locally (see the next section for details) just using squares of vector
fields that appear in the Liouville operator that generates the Hamiltonian
dynamics. With these perturbations, we have a dynamics that conserves
only the total energy. As a result, the dynamics has a one-parameter family
of invariant measures given by the grand canonical measures {vg, 3 > 0}
defined by

vg = | | ———=—dp;dr;.
B 1:[ 2 A1Z; g4

Notice that {r;,p,;}; are independently distributed under these probability
measures.

So we can consider the system starting with the equilibrium distribution
vg at temperature T' = 7', We can prove the diffusive scaling limit by the
results in this article in the following linearized sense: define the space time
energy covariance in equilibrium at temperature 37

C(i,j,t) = E(&(1)€;(0)) — €*(B)

where E denotes the expectation for the stochastic dynamics starting with
the grand-canonical measure at temperature 57! and e(/3) is the expectation
value of & under vg. In the following we will denote simply by e the
corresponding value. Clearly C'(7, 7,0) = 6; ;x (), where x (/) is the variance
of & under vz. Then it follows by our results that

1 2
lim NC([Ny], [Nz], N*t) = e~ (@v)°/2Dt
Jm NC(NY N2 N) = ——
weakly, in the sense of the convergence of N™' 37, - G(i/N)F(j/N)C(i, j, N*t)
for good test functions G and F' of R. Here D = D(e) which is formally
given by
1
D = lim =Y *C(i,0,1).
t—o00
i€Z
We actually prove a stronger result at the level of fluctuation fields. If
the system is in equilibrium at temperature 37!, then standard central
limit theorem for independent variables tells us that as N — oo energy has
Gaussian fluctuations, i.e. the energy fluctuation field

N 1
YN = o zi:aw {£(0) — ¢}
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converges in law to a delta correlated centered Gaussian field YV

E[Y(F)Y(G)] = x / F(y)G(y)dy.

In this article we prove that these macroscopic energy fluctuations evolve
diffusively in time (after a diffusive space-time scaling) , i.e. that the time
dependent distribution

1
YN = — 5@ gl N2t — €
t \/N XZ: /N { ( ) }
converges in law to the solution of the linear SPDE

Y =D 0}Y dt++/2Dx 9,B(y,t)

where B is the standard normalized space-time white noise. In this sense,
in equilibrium, energy fluctuation evolves macroscopically following the lin-
earized heat equation.

The main point in the proof of this result is the following. Since total
energy is conserved, locally the energy of each particle is changed by the
energy currents with its neighbors, i.e. applying the generator L of the
process to the energy &; we obtain

LE =Wi_1; — Wiin (1.4)

where W, ;11 = —p; V' (riz1) + I/Vfiﬂ. Here —p;V'(r;11) is the instantaneous
energy current associated to the Hamiltonian mechanism, while ZSZ 41 18
the instantaneous energy current due to the stochastic part of the dynam-
ics. While (L4 provides automatically one space derivative already at the
microscopic level, W; ;1 is not a space-gradient. In this sense this model
falls in the class of the non-gradient models. Some of these non-gradient
models have been studied with a method introduced by Varadhan [20]. The
main point of this method is to prove that W;,;; can be approximated by
a fluctuation-dissipation decomposition

Wi,i+1 ~ DV& —|— LF

for a properly chosen sequence of local functions F. In the harmonic case
of our model, this decomposition is exact for every configuration, i.e. there
exists a local second order polynomial I such that W; ;11 = DVE; + LF for
a constant D (cf. Remark [T.J]that contains an equivalent decomposition).
In the anharmonic case, such decomposition can be only approximated by
a sequence of local functions Fk in the sense that the difference has a small
space-time variance with respect to the dynamics in equilibrium at given
temperature (consequently D is a function of this temperature).

In order to do such decomposition, we have to use Varadhan’s approach to
non-gradient systems [20] and the generalization to non-reversible dynamics
[21], 13]. The main ingredients of the methods are a spectral gap for the
stochastic part of the dynamics, and a sector condition for the generator L
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of the dynamics. It is in order to prove these properties that we need such
elliptic noise acting also on the positions.

The proof of the spectral gap, contained in section 12| is based on a
corresponding spectral gap for an energy exchange model, of Ginzburg-
Landau type, but where the known results do not apply (cf. [16]). We
instead use a result by Caputo [6] for a special mean field model, extending
it to a nearest neighbor case by a special telescopic trick, and then comparing
it to our energy exchange model.

The proof of the sector condition, contained in section ] is based on a
parity argument. Similar idea was developed in [19].

We have to limit ourselves to these results for the fluctuations in equi-
librium, and we are not able to prove the full non-linear equation (L3
starting from a global non-stationary profile. Unfortunately most of known
techniques to prove such hydrodynamic limits in diffusive scaling are based
on relative entropy techniques (cf. [10], [22], [9], [12]) that do not work for
the energy diffusion in this model.

The article is organized as follows: In Section [2] we introduce our model
and state main results. In Section Bl we give the strategy for proving the
convergence of the finite dimensional distribution. The complete proof is
divided into several sections [, B 6 @ and [I3], with sector condition proved
in Section [§, and the spectral gap in Section [2. The tightness shown
in Section [7 concludes the proof. Variational expressions for the thermal
diffusivity are obtained in Section [I0] and some bounds on it are proven in

Section [Tl

2. MODEL AND RESULTS

We will now give a precise description of the dynamics. We consider a
system of N anharmonic oscillators in one-dimensional space, whose hamil-
tonian dynamics is perturbed by a random dynamics that conserves total
energy. We consider a periodic boundary condition, but the results can be
generalized to different boundary conditions or also to the infinite system.

Let T := (0,1] be the 1-dimensional torus, and for a positive integer
N denote by Ty the lattice torus of length N : Ty = {1,...N}. The
configuration space is denoted by QV = (R?)™ and a typical configuration
is denoted by w = (pi,ri)ieTy Where r; = ¢; — ¢;—1 represents the inter-
particle distance between the particles i — 1 and ¢ (here we assume a = 0
without loss of generality), and p; represents the velocity of the particle i.
All particles have mass equal to 1. The configuration changes with time and,
as a function of time evolves as a Markov process in R*" with infinitesimal
generator given by

Ly = AN +7vSn
where

Av= YY), Sn =5 A+ (Viaw)?),

iETN iETN
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Yi;= Piarj - V,(rj)apia Xi =Y,

and N +1 = 1. Notice that Ay is the generator of the Hamiltonian dy-
namics (the Liouville operator) while Sy is the generator of the stochastic
perturbation. Here 7 > 0 is the strength of the stochastic perturbation. We
do not need any condition on 7, as long as it is strictly positive.

We assume that the function V' : R — R, satisfies the following three
properties:

(i) V(r) is a smooth symmetric function.

(i) 0 <o <V"(r) <éy < +o0.

(iil) §_/d, > (3/4)'/1.

Remark 2.1. The assumption (i) is quite technical and required only in
the proof of the spectral gap estimate in Section [12.

We denote the energy associated to the particle ¢ by
2
&=+ V()

and the total energy defined by &€ =, 1
ian of the original deterministic dynamics.

&; which denotes the Hamilton-

Remark 2.2. The total energy satisfies L;(E) = 0, i.e. total energy is a
conserved quantity.

Remark 2.3. The other important conservation laws of the Hamiltonian
dynamics, for the total length ZieTN r; and the total momentum ZieTN Di,s
are destroyed by the stochastic noise Sy. In fact Ly(> ", r:) = vSn(_, 1) =

=y 22 V' (ri), and Ly (32 pi) = vSn (22 pi) = =3 22i(pie1 +pi) V" (r4).
We define a probability measure uév on QY by
e (<5 (547 0))

l/év (dpdr) = 11 \/WZQ

dpz d?"i

where

Zg = / e PVIdr < 0.
R

Denote by L2(1//"3V ) the Hilbert space of functions f on QY such that
vy (f?) < oo. Sy is formally symmetric on L*(v) and Ay is formally
antisymmetric on L*(v4’). In fact, it is easy to see that for smooth functions
f and g in a core of the operators Sy and Ay, we have for all § > 0

[ S(0)g v tdpar) = [ fSuto) v dpar),

and

[ Andg v ndr) = = [ £ (o) v tpa).

R2N
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In particular, the diffusion is invariant with respect to all the measures
l/év . The distribution I/év is called canonical Gibbs measure at temperature
T = B~'. Notice that 7, ...,7n,p1,...,pn are independently distributed
under this probability measure.

On the other hand, for every 8 > 0 the Dirichlet form of the diffusion
with respect to v}’ is given by

Das$) =3 [ STAGUPE + Wi (7P} ()

We will use the notation v for the product measures on the configuration
space Q := (R?)Z, namely on the infinite lattice with marginal given by
V5|{1,2,...,N} = I/év. The expectation with respect to vz will be sometimes
denoted by

/ﬂ Fus(dpdr) = ().

Denote by {w(t) = (p(t),r(t));t > 0} the Markov process generated
by N?L} (the factor N? corresponds to an acceleration of time). Let
C(R,, Q) be the space of continuous trajectories on the configuration
space. For any fiexed time 7' > 0 and for a given measure u” on Q¥
the probability measure on C([0, 7], Q") induced by this Markov process
starting from p? will be denoted by P~ . As usual, expectation with re-
spect to P~ will be denoted by E,~. The diffusion generated by N 2L} can
also be described by the following system of stochastic differential equations

dpi(t) = N*[V'(risa) = V() = V" (rs) + V" (ris) Yt
+ VAN{V'(rin1)dB; — V' (ri)dB}},
dri(t) = N?[p; — picy — YV (r)|dt++/YN{—pi_1dB} | + pidB?}
where {B}, B?}ict, are 2N-independent standard Brownian motions.

Since total energy is conserved, the movement is constrained on the mi-
crocanonical surface of constant energy

N
2N7E:{WEQN;ZSZ':NE}. (21)

i=1

Our conditions on V' assure that these surfaces are always connected. The
vector fields {X;,Y; ;11,4 =1,..., N} are tangent to this surface, and as we
show in Section [[3, Lie{X;,Y; ;41,7 = 1,..., N} generates the all tangent
space. Consequently the microcanonical measures

vne(-) = v (-[SNp)

are ergodic for our dynamics. We could have chosen vy g as initial distri-
bution, but since by the equivalence of ensembles it converges to vgg) as
N — o0, it would have been irrelevant. Here B(FE) is defined as the inverse
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function of
/Sodug = —+ V(ﬁ) (2.2)

where V(8) = (V (1)) 3.
By Ito’s formula, we have

d&;(t) = N? (Wiz1i — Wiipa)dt + N{ai,l,idBl-lfl — ai,inBil} (2.3)
where
Wi i+l = Wilj‘iJrl + Wz’i’ﬂa
Wi = —piV'(rig),
Wi = {pz V' (riv1) = V'(rivn)?},
Oii41 = —\/_PiV/(TiH)-

We can think of W;,,; as being the instantaneous microscopic current
of energy between the oscillator ¢ and the oscillator ¢ + 1. Observe that
the current W; ;i cannot be written as the gradient of a local function,
neither by an exact fluctuation-dissipation equation, i.e. as the sum of a
gradient and a dissipative term of the form L} (7;h). That means, we are in
the nongradient case. The macroscopic collective behavior of the system is
described thanks to empirical distribution. With this purpose let us define
the empirical energy distribution associated to the process by

(2.4)

N

N (w, du) = NZs 6i(du), 0<t<T, ueT,
€T N

and (¥, f) stands for the integration of f with respect to 7.

Notice that we use the index i/N of the oscillators as space variable,
and not the physical position ¢;. l.e. we are describing the movement of
the energy in Lagrangian coordinates, not in Euler coordinates. These two
descriptions are equivalent but in our model the Lagrangian coordinates
simplify notations.

It is easy to prove that, starting with the equilibrium measure l/év (or
with vy g(s), we have m¥ — E(S)du as weak convergence in probability.

We want to investigate the fluctuation of the empirical measure 7" with
respect to this limit. Denote by YN the empirical energy fluctuation field
acting on a smooth function H : T — R as

YN(H) f > H(GHE® — E(B)}.

€T N

The limit process will be described by {Y;}:>0, the stationary generalized
Ornstein-Uhlenbeck process with zero mean and covariances given by

E[Y;(H,)Ys(Hy)] = e 50 Hy(0)

/ / dudvhﬁ
\/ 47TtD R2
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for every ¢t > 0. Here x (/) stands for the variance of the energy (the thermal
capacity in this context) given by

1 3
X(B) = (€3)s — (E0)G = 23 V'(B)
and H;(u) (resp. Hy(u)) is the periodic extension of the smooth function H,
(resp. Hs) to the real line, and D(/3) is the diffusion coefficient determined
later.
Consider for k& > 2 the Sobolev space $_;, of the distributions Y on T

2
such that they have finite norm

V]2 = (mn) Y (ea)?

n>1

with e,(r) = v2sin(anz). Denote by Qu the probability measure on
C([0,T],$_4) induced by the energy fluctuation field ¥;¥ and the Markov
process {w™ (t),t > 0} defined at the beginning of this section, starting from
the equilibrium probability measure Vév . Let Q be the probability mea-
sure on the space C([0,T], H_x) corresponding to the generalized Ornstein-
Uhlenbeck process Y; defined above. We are now ready to state the main
result of this work.

Theorem 1. The sequence of the probability measures {Qn}n>1 converges
weakly to the probability measure Q.

Remark 2.4. For each H € C>(T),
t
MP Vi) = Yo() - [ Y.(D(9)AH)ds (2.5)
0

and
N = (M) = 20(B)D(B)((H')?) 2y (2.6)
are LY(Q)-martingale.

3. STRATEGY OF THE PROOF OF THE MAIN THEOREM

We follow the argument in Section 11 in [I2]. Theorem [ follows from
the following three statements:
(1) {QN}NZl is tlght,
(ii) the restriction of any limit point Q* of convergent subsequence of
{Qn}n>1 to Fo is Gaussian fields with covariances given by

E[Y (H1)Y (Hy)] = x(B8)(H1, Hy) 12(r),

(iii) all limit points Q* of convergent subsequence of {Qu}n>1 solves the

martingale problems (2.5]) and (2.6]).

The proof of () is obtained by a direct consequence of the central limit
theorem for independent variables. We will prove (fl) in section [l We prove
here the main point, i.e. ().
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For a given smooth function H : T — R, we begin by rewriting Y,V (H)
as

t .
YN(H) =YY (H) + / VN Y VNH(%)Wi,Mds + MEN@) (30)
0 i€T N
where VV H represents the discrete derivative of H:

1 1+ 1 1
—)=N|H — H(—=
Ly = NS~ )
and the martingale MV (t) is
| 1
MH’N(t) = / — VNH(—)O'” 1del
0 \/Nzezﬂr;v N
Define C the set of all smooth local functions F on Q = (R?)? with

compact support, and define the formal sum

Tp=) nF (3.2)

JEZ

(VYH)(

where 7; is the shift on Z. Observe that X;I'r and Y;,1I'r are always
well-defined.
Then, we can decompose (B]) with any fixed F' € C as follows:

V) =) + [ D@ s M) (33)
0
+ I]1V,F,t + ]JQV,F,t + MJQV,F,t + D(ﬂ)x(ﬁ)ﬁQI]?{u
where
Bt = [ VE X OV H( Wi + DEDP G, — ) — LA (s,

i€Tn

Borih) = [ VR 3 VYL (s,

s oy [ L Ny — Ly L e

R = [ 7 2 AV - 5) = ot - BOM)

My i (H) = /O \/% Z VNH(%)[(CU,@'H + 7Y (Cp))dB] — 7 Xi(Tr)dB]],
Vit = [ 3 VUGV (B! + AX )i

The proof of (i) is reduced to the following lemmas:

Lemma 3.1. For every smooth function H : T — R and every function
Felc,

lim E,» [sup (I (H) + M2 p ()] =0,

N—o0 B 0<t<T
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Lemma 3.2. For every smooth function H : T — R,
lim E,~ {sup ([j”w(H))Z] = 0.
N—oo B 0<t<T ’

Lemma 3.3. There exists a sequence of functions {Fx}ken € C such that,
for every smooth function H : T — R,

. . 1 2|
Jm_fim By | sup (7 s (D] =0

Moreover, for this sequence {Fi } ken,

By [(001 + /7¥01(Tro))* + (VIXo(Tr))*) = 2D(B)x(5) =

where D(B) := D(B)x(B)52. Note that

t .
1 ~
Ijl\f,F,t(H) = / VN Z VNH(N)[VVMH + D(ﬁ)(p?-i-l - p?) — Ly(7iF)]ds.
0 i€Tn
As a consequence of Lemma B3] the martingale My . ,(H) will con-

verge, as N — oo and K — oo to a martingale MtD ' of quadratic varia-
tion 2¢D(8)x(8) J; H'(u)?*du, and the limit Y;(H) of Y,V (H) will satisfy the
equation

Yi(H) = Yy(H) + /t Y,(D(B)AH) ds + MPH. (3.4)

Now we proceed to give a proof of Lemma Bl Lemma 3.2 will be proven
in Section [B, while Lemma will be the content of the rest of the article.

Proof of Lemmal3l. Let us define

Cnp(t) = ;3 > VNH(%)TiF(wjv).

€T N

From Ito’s formula, we obtain
Cv,r(t) = (v r(0) + IRy (H)

| N 1 1 2
+/0 Vi Z VYH(VA > [FYijn(nF)dB] + X;(riF)dBj).

1€TN JjeTN

Therefore,
(I3, p(H) + MR p,(H))? < 2(Cve(t) = Crvr(0))?

2

| i

+2 {/0 TN ‘jEZT VNH(N)W[_Y},j+1(TiF)dle’ + X;(rF)dB]] — My, o (H) ¢
2, N

Since F'is bounded and H is smooth, it is easy to see that the first term is

(uniformly) of order +. Using additionally the conditions on F', and Doob’s

inequality we can prove that the expectation of the second term is also of

1
order ~ O
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4. SPACE-TIME VARIANCE BOUNDS

In the following we will simply denote by (-) the expectation with respect
to the grand-canonical measure vg.

In order to prove lemmas and B.3] we will make use of the following
general bound for time variances:

Proposition 4.1. Let F be a smooth function in L*(v}') satisfying B, ,[F] =
0 for all E > 0. Then

B,y <sup [jng«U5>d{2) < SLFESTR. @

0<t<T

A proof of (@) can be found in [7] or in [I4].

Observe that, by the spectral gap for Sy proven in Section [I2] the right
hand side is always well defined. We want to use the bound (£1]) for func-
tions of the type F' = . G(j/N)7;¢, for a certain class of local functions
0.

First, we introduce some notations. We denote C the set of smooth local
functions f on Q = (R?)Z satisfying that

fe L (vg), Xif(p,r) € L*(vg), Yiieaf € L*(vp)

for all i € Z. Note that C  C. Here and after, we consider operators L7,
S7 and A acting on functions f in C as

Lf = §f + Af,
S = 5 Y AKPT+ VY Af =D (Xf Vi f).
1EL 1€EZ

For a fixed positive integer [, we define A; := {—I,—{ 4+ 1,....,1 — 1,1} and
sz’ SXL the restriction of the generator L7, S7 to A; respectively. For W
in C, denote by sy the smallest positive integer s such that A, contains the
support of . Let Cy be a subspace of local functions defined as follows:

CO = { f; f = Z[Xz(ﬂ)+}/1,l+1(Gz)] for some A CcC 7 and{ﬂ}ie/\, {Gi}ieA c é}
1€EA
First, we note some useful properties of the space Cj.

Lemma 4.1. (i) Forany f € Cy, | > sy +1 and £ >0, B, ;[f] =0.
(it) W§y, Wy and p? — p§ are elements of Cy.
(iii) For any F € C, L"F, STF and AF are elements of Cy.

Proof. (i) and (iii) are straightforward.
(ii): We have

Wy = 208V (m) = V/(r)2} = YooV (1))
Wil = —poV'(r1) = Yo (=V (r1))
P — pg = X1{(po + p1)r1} — Yo {(po + p1)r1}.



ENERGY DIFFUSION 13

Next, we study the variance
207N (=S3) " Y T, Y m)
li|<ly li|<ly

for ¢ € Cy where I, = — s, — 1. We start with introducing a semi-norm
on Cy, which is closely related to the central limit theorem variance. For
cylinder functions g, h in Cp, let

<gh>.=) (g.nh) and <g>.=> i(g&). (42
i€z i€Z
< g,h >, and < g >,, are well defined because g and h belong to Cy and

therefore all but a finite number of terms vanish.
Notice that if g = ZieA X;F; +Y;;11G; then we can compute

!
LG > = zliglo - Z Z J(Gi,Yii1E))
i€A j=—I
= - Z (i{Gi, Yii1&i) + (i + (G, Yiig1€ivr))
i€
= - Z pl Tz+1
€A
For h in Cy, define the semi-norm ||A|-1 by

IR)2, = sup {2 < g,h>>, +2a < h>,,
geC,aeR

— 2 (apoV'(m) + Youl,)) = {(X0)H}. (43)

We investigate several properties of the semi-norm ||-||; in the next section,
while in this section we prove the following key proposition:

Proposition 4.2. Consider a local function 1 in CO Then,
. -1 'y 2
lim (20) 1 (~57) 7 Y e, 3 ) = ol
li|<ly li|<ly
The proof is divided into two lemmas.
Lemma 4.2. For ¢ in Cy
P -1 v \—1 2
lim inf (20) ' ((~53) Zl 7, Zl i) > [l
i<l iI<ly

Lemma 4.3. For vy in C,
lim sup(2l)_1<(—57\l)_1 Z T, Z ) < Yl

Nmveo i<ty i<l

Proof of Lemmal[{.2. Define
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and for F € C, let
H] = Z 7,57 F.

li|<l—sp—1
It is easy to see that
lim (20) Y A = - <>, (4.4)
li]<ly
lim (21)~ N m H ) = — < F > (4.5)
l—0o0 i<ty

lim (21) 7 ((=S))) " "(a A + H"),aA + H])

= %((apOV'(rl) +Youlp)?) + %<(XOFF>2>- (4.6)

We just prove here (4.4, the other relations are proven in similar way.
Assume for the simplicity that ¢ = XoF + Y(,1G, the general case follows

by linearity. Since 4; = S}, S = 1€

(2l Z 7-21/}7 Al ) Z Z j<1/}7 gj*l)

i <ly J==Lli<ly
) ZJ<G,Y0,1£J-,»
li|<ly ==1
= (2)7" > (i{G, Yoa&o) + (i + 1)(G, Yo 1&1))
i <ly

= (20712l + (G, oV (r1)) — = <9 >

Then, obviously,

lilrgciélf(%)’l((— Xl)fl Z T, Z 7))

li|<ly li|<ly
.
> lim inf[2(20)~ %: ), —(aA; + HE))
»

— 2)7H(=53) " (@A + H'), (e + H["))]

—l<(ap0V/(7“1) + Y(),lrF)2> - %«XOFF)Z)'

Then, taking the supremum of a € R and F' € C we obtain the desired
inequality:. O

Proof of Lemma[{.3 Let us assume for simplicity of notation that ¢ =
XoF + Yp1G. The general case will follow straightforwardly. We use the
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variational formula

@) H(=53) 7 S e 3 )

li|<ly li|<ly

1 gl
= Slip 2(¢, 21 Z Tih) — 4_1Dl<h)
li|<ly

1 1
= sup ¢ AFXo(5; > mh) + GYoulg; D mh)) - Zlmh)

i <Ly i <Ly
where
Dl(h) Z Z ) z+1h
li|<l i=—1

The supremum can be restrained in the class of functions h that are localized
in A; and such that D;(h) < Cyl.
Notice that

1 1 C
(FXo(y; > mih) + GYou(5; > mh)| < =EDy(h)!?

- - 21
ly<li|<l Ly <li|<
so, calling
2 : l 2 :
Tz §1< YE) 1 TZ
li|<i li|<i

and observing that, by Schwarz inequality

() + (ER)) < 5 Dilh)

we obtain the upper bound

@) H(=53) 7 S e 3 )

li|<ly li|<ly
< sup{2(FL € () + 2(G. € (W) — 5 (SR + (€ (W)) } + Gl

Since for any choice made of a sequence {h;}; satisfying D;(h;) < Cyl, we
have that the sequence (& (h;),&!(hy)) is uniformly bounded in L?(vg), we
can extract convergent subsequences in L?(vg). All limit vector (&, &;) that
we obtain as limit points of (&(h;), &l (h;)) are closed in the sense specified
in Section @ We call this set of closed functions ., and we have obtained
that

limsup(20)"{(=S3) 7 Y 7w, Y mw)

Fmroe i<ty i<l

< sup {2<F7 fO) + 2<G7 gl) -
(€0,é1)€be

o] =2

({(€0)* + (&) }
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and the desired upper bound follows from the characterization of b, proved
by Theorem [3]in Section [9. O

We are now in the position to state the main result of this section:

Theorem 2. Let ¢ € Cy, and G a smooth function on T. Then

2
limsupE,~ | sup [Nl/Z/ Z G(i/N)1i(ws) 8] < %HW”PA/G(U)Qdu
T

N—oo B\ o<t<T ieTx
(4.7)

Proof of Theorem[4. We follow the argument in [7], Theorem 4.2.
First we prove the simpler bound

2
CTl
E,x | sup [NI/Q/ ZG (1/N)Titp(ws)d ] < ZG (i/N)?

0<t<T Ty N
(4.8)
for some finite constant C.
By (&1), the left side of (48] is bounded by

16T (N'/? Z G(i/N)7t, (~N*ySy) "' NY/? Z G(i/N)mia)
icTy 1€T N

that can be written with the variational formula

16Tsup {N1/2 Z G(i/N){fr)) — N*y(f, <_SN)f>} .

€T N
Since ¢ € Cy, there exists ¥; and ®; belonging to C, for j € A CC Z, such
that ¢ = > .y [X;(¥;) + Y] 11(®;)], and we can bound by integration by
parts
(frig) < C¢<Z[(X—Z jf) (Yoivj—izjarf) ]>1/2
jeA
and again by Schwarz inequality

1/2
NY2N" Gi/N){ fra) _< > G(i/N) ) (N2Cy (f, (=) f)"*

i€Tn 1€TN

and maximizing on f we obtain (4.8]).

Now we have to refine the bound in showing that the constant on the
right hand side is proportional to ||¢||*,. In order to do this, we have to
perform a further microscopic average: given K << N, in (L7) we want to

substitute
VN Z G(i/N)T

i€TnN

VN Z (j Z 7.

Jj€TN li—jl<K

with




ENERGY DIFFUSION 17

Then the difference is estimated by

1
1/2 . |
Z]ETN li—j|<K
that by (48] is bounded by CgK/N and tends to 0 as N — oo.

So we are left with
2
E ~

14
A 0<t<T

N1/2
[ 3 Gl i

where ¥y = ZIiISK 7;9. By (4J) this is bounded by

2K+ 1 Z sup \/_G<j/N)<TJwa NQ% Z <(Xzf)2 + (Yi,z'ﬂf)2>

JETN |ifj|<K
cT .
<— ) G(j/N) —Sa) k).
JETN
Taking the limit as N — oo and K — oo we obtain (4.7]). O

Applying Theorem 2 to Iy r,(H) we have

. cT
imsupE,y (s (1 (1)) < SEWou DOG-R)-LFIZ, [ 1w
T

N—o0 0<t<T

(4.9)
To conclude the proof of Lemma [B.3] we need to show that there exists a
sequence of local functions Fx in C such that

IWo. + D(8)(p} = p) = L' Ficll -1 — 0

as K — oo.

5. HILBERT SPACE

In this section, to prove the first statement of Lemma [B.3] we investigate
the properties of the semi norm || - |_; introduced in the previous section
and the structure of the Hilbert space that it generates.

We first define from || - |1 a semi-inner product on Cy through polariza-
tion:

1
< g,h> = {llg+ P12 = llg = 2lZ, 3 (5.1)

It is easy to check that (5.1I) defines a semi-inner product on Cy. Denote
by N the kernel of the semi-norm || - ||_; on Cy. Since < -,- > is a semi-
inner product on Cy, the completion of Cy|xr, denoted by H_1, is a Hilbert
space.

In the following, in order to simplify notations, we will set L. = L7 and
S =297
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By LemmaldT], the linear space generated by Wy, and SC := {Sg; g € C}
are subsets of Cy. The first main result of this section consists in showing
that H_; is the completion of SC|x + {W§,}, in other words, that all ele-

ments of H_; can be approximated by aVV(f1 + Sg for some a in R and ¢ in
C. To prove this result we derive two elementary identities:

<h,Sg>_1=—<hg>, <hLW >, =-—<h>. (52

for all hin Cy and g in C.

By Proposition and (5.1), the semi-inner product < h,g >_; is the
limit of the covariance (2N) ™' {(—=Sx, )" >_lil<n, Tids i<, Tih) as N 1 oo.
In particular, if ¢ = Sgg, for some gg in C, the inverse of the operator S
cancels with the operator S. Therefore

<L h,Sgy>_ 1——hm 2N)~ ZTZQO,ZTZ ) =— < go,h>..
i <Ngo i <N
The second identity is proved by similar way with the elementary relation
Saw D= ) Wi
iI€EAN i,i+1€A N

The identities of (5.2)) permit to compute the following elementary rela-
tions

KWy, Shi>_y = =) " i(€iSh) = v(poV'(r1)Youl'h),

€L
<<p%—pg,5h>>_1 =0
for all h € C, and

1
S WL W > = oV (0)), < Wi = ph 0= -5
Furthermore,
gl gl
laWoy + Sgl2y = S{(apoV'(r1) + Yo1Ty)?) + S {(XoT)?)

for @ in R and ¢ in C. In particular, the variational formula ([Z3)) for |||,
is reduced to the expression

22, = sup {2 < h,aWg) + Sg>_1 —laW5, + Sql2,}. (5.3)

a€R,geC

Proposition 5.1. Recall that we denote by SC the space {Sg; g € C}.
Then we have

H_o = %W + {W65:1}-

Proof. The inclusion H_y D SC|x + {Wg} is obvious. Then we have only
to show that if h € H_; such that < h, Wobjl >= 0 and < h,Sg >=0
for all g € C, then ||h]|-;y = 0. This follows directly from the variational
formula (5.3)). O
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Corollary 5.1. We have
M1 =SCly @ {Wg'} = SClx @ {p — r5}-

Proof. Since < p?—pZ,Sh>>_1=0forall h € C and < Wobjl,pf —pi> =
_6_12’ the result follows from Proposition [5.1] straightforwardly. O

Remark 5.1. While the statement of Proposition [51 claims that H_ is
generated by the spaces SC and {W§}(= {aWi;a € R}), the statement
of Corollary 5.1 claims also that the intersection of them is the trivial set.
Note that SC and {W¢\} are not orthogonal.

Next, to replace the space SC by LC, we show some useful lemmas.

Lemma 5.1. For all g,h € C, < Sg, Ah >_1= — < Ag,Sh >_,. Espe-
cially, < Sg, Ag >_1= 0.

Proof. By the first identity of (5.2)),
< Sg, Ah>_1 = — < g, Ah >, = =Y (g, Ah)

i€z
1€EZL 1€Z
= Z(Ag,ufﬁ = Z<A977}'h> =— < Ag, Sh>_; .
i€z i€z
O
Lemma 5.2. Forallg € C, < Sy, Wof}l > 1= — < Ag, Wob:1 > .
Proof. By the first identity of (5.2)),
< S, W(fl > 1 =—-<g, Woﬁ >,=— Z(Tig, Wof‘1>
i€z
== Z<ga VV{,%JFQ == Zi@a VViél,i - Wiﬁ+1>
1€EZ USY/
==Y ilg, AE) =) i(Ag, &) = — < Ag, W5 >y
i€z i€z
O

Lemma 5.3. For alla € R and g € C,
< aVV(f1 + S5, aVVOf‘1 +Ag>_1=0.

Proof. By the second identity of (5.2), it is easy to see that < W§', Wgh >_1=
0. Then, Lemma 5.1l and Lemma conclude the proof straightforwardly.
U

Proposition 5.2. There exists a positive constant C' such that for all g € C,
IAgll%, < ClISgll?,.



20 STEFANO OLLA AND MAKIKO SASADA

Proof. By Proposition B0, we have the following variational formula for

I Agll2.s.

) < Ag,aWg, + Sh>?2,
lAgllZ; = sup 5 3
a€R,heC ‘HCLWO,I + ShHH
< Ag,Sh>?%, < Ag,aWg + Sh>?%,
= max < sup , sup
hec I.Sh{Z, a#0,heC |HaW65:1 + Sh|*,
{ < Ag, Sh>?, < Ag, W5, + Sh>2, }
= max ’

sup

, Sup
nee  ISRI%, nee  IWgh + Sh|2,

By Lemma in Section [B] there exists a positive constant C' such that
< Ag, Sh>>2 < C|Sh||*,|1Sq||*, for all g, h € C. Therefore, we have

sup < Ag, Sh>2,
nec  ISRI%,

On the other hand, by Lemma [5.2], we have
< Ag, Wgh >%,=< Sg, Wil 2, < [|Sgl 2 WGk 1121

< C|ISgll%,.

Therefore,
- < Ag, W5 + Sh>>2, < ISol. sup 2Weh 12, + 2C)1Sh)2,
nee  IWeL+ShIZ, T “hee  IWgh + ShII2,
Now, we only have to show that
sup ! < 00, sup IS
nee W + Shll-1 nee W5 + Shll-1

The first inequality follows from Corollary 5.1l To prove the second identity,
since we have the first inequality, it is enough to show that

|57l

sup { } < 00.
152 heC IWg + Shll -
IShl2  =tIWe 1%,

The triangle inequality shows that
IWgh + Shll-1 = 1Skl = IWgill-1 = (VE = DIWGL ]I
for any h satisfying [|Sh|*, = t[|Wg[|? ;. Then, we obtain that

sup { IShlls } < sup{é} < 00.
1>2.heC W&+ Shll-) = =2 (Vi — 1)

IShlIZ  =tIW§ 12,

g

Now, we have all elements to show the desired decomposition of the
Hilbert spaces H_1.
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Proposition 5.3. Denote by LC the space {Lg; g € C}. Then, we have
M1 = LC|w + {p — pi}-

Proof. Since {p?—p3} and LC are contained in Cy by definition, #_; contains
the right hand space. To prove the converse inclusion, let h € H_; so that
<L h,pi —pi>_1=0and < h,Lg>_1=0 for all g € C. By Corollary (.1}
h = limg_,o S7gr in H_; for some sequence g, € C. Namely,

Ia)?, = khm L S, Sgr, >_1= lim < Sg, Lgr, >_4
—00 k—oo

since < Sgi, Agr >_1= 0 by Lemma 5. On the other hand, by the
assumption < h, Lg, >_1= 0 for all k. Also, by Proposition [5.2]

Sup ILgrll-1 < (C'+1) Sup ISgell-1 := Ch

is finite. Therefore,
IR)1?, = lim < Sg, Lgr >_1= lim < Sgr—h, Lgr >_1< lim Cy||Sgr—h||-1 = 0.
k—o00 k—o00 k—o00

This concludes the proof. O

Lemma 5.4. We have
H_y = LC|yv @ {p — p3}.

Proof. Let a sequence g; € C satisfy limy o, Lgy = a(p? — p3) in H_; for
some a € R. By a similar argument of the proof of Proposition [5.3]

lim sup < Sgg, Sgr >_1=limsup < Lgx, Sgr >_1

k—00 k—00

= limsup < Lge — a(p; — pg), Sgr >_1=0

k—o0

since < p? — p2, Sgr >_1= 0 for all k. On the other hand, by Proposition
B2 [ILgrll%y < (C+ DISgkl?y, then a = 0. N

Corollary 5.2. For each g € Cy, there exists a unique constant a € R such
that

g+a(pi—py) €LC in H_;.

By this corollary, it is obvious that there exists a sequence of local func-
tions Fx in C such that

IWo. + D(8)(pT = p) = L' Fll-1 = 0

as K — oo which conclude the first statement of Lemma 3.3l We prove the
rest of the claim of Lemma in Proposition 0.2l in Section 10
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6. BOLTZMANN-GIBBS PRINCIPLE

In this section, we prove Lemma [3.2l First, recall that for each £ > 0,
B(E) is the inverse of the function E(8) = 55 + V(). Then, by simple
calculations, we have

0= i () = 7 (“55) = i Lz 00}

Now, we can rewrite the term I, (H) as

/fz HY ()t — h(E) — W(B)(E — E)] ds

1€T N

where h(E) = B(E) = (p]) ), and HYy = AVH . Lemma B2 follows from

standard arguments (cf. [12]). We sketch it here for completeness.
Here one can introduce a further average in a microscopic block of length
K << N and substitute the following expression

/ HY (= . mpK (ws) ds
Ly
i€Tn

with ox = 5 >ii<xPi—Nh(E) =N (E)(E;— E)]. Using Schwarz inequal-
ity, the difference can be estimated to be of order K/N.
Define ¢ = ¢ — (¢r)ax.cp: With Ex = (2K +1)71 37, €. By @)

“(alfgmin]

ity (6.1)
< 16Tsup { Z HY( letpK> N*y < f,(=Sn)f >} .
\/_ €T N
By the spectral gap on —Sy,., we can define Ux = (—Sy,.) " '$x. Then
. . 1/2
f > HY () Tdr) < ( > Hils KUK>> (N < f,(=Sa)f )2
ZETN ZETN

Consequently the right hand side of ([6.1]) is bounded by

. 1/2
16T81;p{ (% Z H}Q(%)2<¢KUK>> (N < f,(=Sp ) f =)

€T N

R ASCWIE
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and it follows that

. 2
A}iinooEyﬁ sup [/ \/_ Z H]'\’, TchK(ws) ds] =0.

0<t<T

We are left to estimate the corresponding term with (px)a, g,- Denote
@r = (PK) Ay &, and observe that it has support on Ay and its variance with
respect to vg is of order K—2. Then by Schwarz inequality and stationarity
of vg

2
E,, | su Hy( TZ wg) ds
o | [ X st o

2
<CT2 ZH” TZQOK] >
\/_ZETN
oT? J o
-5 YV () 7o)
CT? 7 J o
< <H;¢<N>2+H;@<N>2><nfjwf<>

0,

CT2 ZH// QZ TJQPKQPK

J
12 .
CT ZH” _ >

that goes to 0 as K — oo, uniformly in N.

7. TIGHTNESS

The argument exposed above proves the convergence of the finite dimen-
sional distribution of Qu. In order to conclude the proof of Theorem [Il, we
need to prove the tightness of the sequence in C([0, 7], $_x). The argument
we use is standard. We report it here for completeness.

Compactness follows from the following two statements:

lim limsup P, ~ ( sup [V -r > A) =0, (7.1)
A—00  Noeo A \o<t<T
lim lim sup P, v (w_p(YN,6) >€) =0  Ve>0. (7.2)
=0 N_—oo
where || - ||_x is the norm in $_; and w_; (Y™, §) is the corresponding mod-
ulus of continuity in C([0,7],$_x). We recall that || - ||_x can be written

as

IY[2 =Y (n) Y (en)?

n>1
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with e, () = v/2sin(mnx).
Recall the decomposition of ¥,V given by (3.3):

t
sﬁ@nzxm%»meDAx?@mk+Mm%wn+awm@n

where E,x (supg<i<r(Zn,Fit(€n))?) can be estimated by the proof of Lem-
mas [3.1] On the other hand, E,y ((MJI\T,FK,t(en))2) can be computed
explicitly. Then, for £ > 5/2, (1)) and (Z.2)) follows by standard arguments

(cf. [12]).
8. SECTOR CONDITION IN H_;

In this section, we show the sector condition in H_; which is the key
point to apply the nongradient method for asymmetric processes.
First, we prepare a useful lemma.

Lemma 8.1. For all f,g € C,

< Sf,Ag > = —(Tp(Xo = Yo )Ty) = (Ty(Xo = Yo)T'p).
Proof. By the first identity of (5.2)),
— < S[,Ag> =< [ Ag>= > (1if, Ag) = ) (7if, (X = Yij)g)

i€Z i,jEL
= Z (Tifs (Xiri = Yerihrin1)g) = Z (if 7l (Xk = Yept1)7-i9))
i,k€Z i,k€Z
= > (o (X = Yire)Ty) = D (mf (Xo = You)Ty) = (T4(Xo = Yo.)T'y).-
keZ k€L

O
Define ff as ff = Z‘ <o 41 7;f. Observe that in the above expression,

one can restrict the deﬁnltlon of I'y and I'; as finite sums, namely, we can
replace them by r s and F Decompose now I = Fe +TI2, where Fe is even
in py and I'9 % is odd. Observe that the vector fields XO and Y, change the
parity of pg, so we have
(T (X0 — Yo)Ty) = ([5(Xo — Yo.)T5) — (Tg(Xo — Yo1)T'5).
Applying Schwarz inequality, we can bound the above expression by
(PF{((Xo = You)G2) V2 + ((F)2) V(X0 — Yo P12
and applying the spectral gap for X, plus Schwarz inequality again, the last
term is bounded by
LX) 2 {(XoLg) +(YouTg) ") 2 H((Xo L)) /(X * (Yo I'g)*) 2}

with some positive constant C.

Recall that

g I T g e o e o
ISFI2: = §<(Yo,1ff)2+(X0Ff)2> = 5<(Y071Ff)2+(Y()71Pf)2+(X0Pf)2+(X0Ff)2>'
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Then we obtain the sector condition:

Lemma 8.2 (sector condition). There ezists a positive constant C' such that
forall f,g € C,

| < S5F, Ag >4 [ < IS5l -1

9. CLOSED FORMS

In this section, to complete the proof of Lemma [£3] we introduce the
notion of closed forms and give a characterization of them. We generalize
some ideas developed in the Ph D thesis of Hernandez [11], where micro-
canonical surfaces were given by spheres, following the general setup of the
seminal work of Varadhan [20] (see also [12], appendix ). The nonlinearity of
our interaction reflected in the nonconstant curvature of our microcanonical
manifolds, requires some substantial modification of the original approach.

Let us decompose C = Uy>1Cy, where Cj, is the space of functions F' € C
depending only on the variables (p;,7;)_r<i<k. Given F € Cj recall the

definition of the formal sum

PF(par) = Z TjF(p,T)

j=—00
and that for every i € Z the expressions

l'p

—@r)= >, F-7F(pr)
Opi i—k<j<itk Opi
and or :
F P— _— .
or; (p, T) B ) Z ) aTiT]F@’ T)
i—k<j<i+k

are well defined. The formal invariance I'r(7;(p,7)) = T'r(p, ) leads us to
the relation

881;; (p,r) = %(n(p, r)). (9.1)

Remember that Y;; = p;0,, — V'(r;)0,, and X; :=Yj;. Given F' € C and
i€Z, X;(I'r) and Y; ;11(I'r) are well defined and satisfy

Xz(PF)(pv T) = TiXO(FF)(pa T)v }/i,i-l-l(FF)(pv T) = Ti}/O,l(PF)(pa T)'
Now we consider the following linear space

B = {(Xo(T'r), Yor(I'r)) € L2(v5) x L2(vg) : F € C}.

We denote by §) the linear space generated by the closure of B in L?(vg) x
L*(vg) and (0,poV’(r1))

H = B+{(0,poV'(r1))}- (9.2)

First, we observe that defining a vector-valued function & = (£°,¢!) as
(Xo(T'p), Yo1(I'p)) for F € C or (0,poV’(r1)), the following properties are
satisfied:
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i) Xi(1;€°) = X;(ri€%)  forall i,j€Z,
i) Y”H(Tj & = Y]+1(7'Z§1) for all 1,5 € Z,
i) Xi(7;€") YH—

i£0) i {ipn{jj+1} =0,
789 = V' (ri) 1% — V' (r))€! for all i € Z,

(1:€°
Y01 (1i180)] = V" (rig))pisa i =V (rig1)piTia §°

= (

“)) pl[ (Tz ) zz+1

U) VI(THI)[XHl( gl)
for all i € Z.

We call a weakly closed form (or germ of a weakly closed form, cf. [12]),
a couple of functions & = (£%,¢') € L?(vg) x L*(vg), that satisfy ) to v)
in a weak sense. A smooth approximation of weakly closed form is not
necessarily closed, and some type of Hodge decomposition is needed. This
will be done only after localization in the proof of the following theorem
that is the main result of this section.

Theorem 3. If & = (£°,¢Y) € L?(vg) x L*(vg) satisfies conditions[d) to v)
i a weak sense, then £ € §.

Proof. The goal is to find a sequence (F7)r>; in C such that
(6" = Xo(I'r,), €' = You(T'r,)) — (0,cpoV (1))

in L*(vg) x L*(vs) for some constant c.
First, observe that for a function F' € C, we can rewrite, by using (Q.1),

Xo(T'p) = Z Xi(F)(1-i(p, 7)) (9-3)

and

Voullr) = 3 VBN )= (Vi) g ) s (s ) ()
4

We define for m =0, 1

m RS
&Y = Byl File <2L DI v<n->}>
i=—L

where £™(p, 1) = 1:.£™(p, ), F1 is the sub o-field of Q generated by (p;, ;)2 _;
and ¢ is a smooth positive function with compact support such that (F(3)) =
1 and bounded by 1 (we need this cutoff in order to do uniform bounds later).
Because v is a product measure and ¢ satisfies that

(2L+1 Z{pz HM’)}) =0

for —L <{¢< L and

L
p;
Yz‘,z‘+130<2L+1 Z{ + V(ry) ):O
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for —L < i < L—1, the set of functions {(£2")} _p<i<p and {(€"")} _L<icr1
even satisfies the conditions[1) to v) on the finite set {—L,—L+1,..., L} if
we replace 760 by € and 76! by €. Therefore, they define a closed
form in a weak sense on a finite dimensional space. To obtain a closed form

on each microcanonical manifold {w € (R2)2L+L, 5 & = (2L + 1)E}, we

take a smooth Fp-measurable approximation of f? L and le L L*(vg).
These smooth approximations may not be closed, but we can apply the
Hodge decomposition with respect to a Riemannian structure associated to
our microcanonical measure. By the assumptions on V', these microcanon-
ical manifolds are diffeomorphic to 4L + 1-dimensional spheres, so 0 is the
only harmonic function on each of them. On the other hand, as shown in
Section M3, Lie{{X;,i = —L,...,L}{Yii+1,i = —L,...,L — 1}} generates
the all tangent space of each microcanonical manifold. Therefore, we can
choose a Fi-measurable function g which is smooth on each microcanon-
ical manifold (with respect to the vector fields of the tangent space) and
satisfies

Xi(g")y =W+ for —L<i<IL,

}/Z',Z'+1<g(L)) — 5217(1’) + 617([/) fOT _ L S 'l S L o 1

i

(9.5)

where 20 Eyﬁ[(e?’(L))z] + B, [(60™)?] < e for arbitrary given
er. Then, by the spectral gap proved in Section [2 g™ is in L*(vg), so we
have a sequence of functions {g, },en in Cp such that

Jn — g(L) n L2(1/5), Xi(gn) — Xl-(g(L)) n L2(1/5) for —L<i<L
and
Yiie1(gn) = Yiiza(g™) in L*(vg) for —L<i<L-1.

It means, we can choose a function g(*) in C;, satisfying (0.35) at the beggining
for arbitrary given €. From now on, we fix a sequence {er} that e, — 0
as L — co. Observe that g\") — B, [¢P|E_p + - - - + &] still satisfies (0.5).
So we can suppose that E,,[¢W|E_; + -+ & = (2L + 1)E] = 0 for every
E>0.

Define
9 2(L+k)¢ﬁ V,B[prfkfl ( L+k+1) g | L+k]
and
4 3L/4
:q\L = E Z g(ka)
k=L/2

where ¢g := E,,[V'(ro)?].
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Using (@.3) and (@.4) for ¢“*) and then averaging over k we obtain that

X(J(Z Tj§L> SPLIUCAT RS £

j=—o0 &
and
Yo < > Tj§L> =¢ +¢%[J3+JE+J2+J3—RE+R%],
j=—00
where

—

—_—
3L/4  L4+k-1

s k
=3 3 BV ) (& — €N o )| Fril,
k=L/2 i=—L—k

—_— -

3L/4  L+k-1
L+k
I, = Z Z T (€ — BV (rpis) P 19 (Eor2n) | Franl
k=L/2 i=—L—k

—_——

3L/4  L+k-1

[g - Z Z £0<p’ T)T*iEVB [V/<TL+k+1)2p2—L—k—1<90<572L,2L> — )| Frixl,

k=L/2 i=—L—k

BL/4
1 0,(2L)
Ié - ;L:/z 2(L + K)T—L—’fEVﬁ [V’ (TL+k+1) p L—k— 1§L+k (5—2L,2L)|~FL+k],
5 < S 1 / 2 2 0,(2L)
Iy = Z Z 2(L + K) ZEVB [V (TL+k+1) Por k1% 90(572L,2L)‘FL+I¢],

k=L/2 i=—L—k

—_——

3L/4  L4k-1

L (L+k
Ji = Z Z T_E,,[V (rrn) P2 (& 20 é}l( * ))QO(E,QL,QL)\FLM],
k=L/2 i=—L—k

—_— -

3L/4  L+k-1

Ji: Z Z T—i{(gz‘L(L—i_k)_gz‘l)EVﬁ[V/(TL-Hf-H)sz—L—k—lsp(g—QL,ZL)|FL+k]}a
k=L/2 i=—L-k

—_— -

3L/4  L+k-1

U Z Z E (0, ) ToiBu, [V (riaws1)*p? 11 (0(E-aron) — 1) Frnl,
k—L/2 i=L—k

—_—  _ ——

3L/4  Lik-1

1,(2L
‘]f% - Z Z 7l VB TL+k+1) pQ—L—k—lei( )<P(5—2L,2L)|~7:L+k],
k=L/2 i=—L-k

3L/4 9

Ri = Z T-L— k{V TL+k+1)8
k=L/2 pL

(L,k)}

9

9
L+k
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e 5
R} = Z TL+k+1{prfkfla Q(L’k)}-
T—L—k
k=L/2
Here the hat over the sum symbol means that it is in fact an average, and
E_or 01 1s equal to 4L1+1 ?ﬁ_QL &

The proof of the theorem will be concluded in the following way. First we
show that the middle terms I}, 17 13 I}, 17 and J},J7,J3, J} tend to zero
in L?(vg). Then, the proof will be concluded by showing the existence of a
subsequence of {—R} + R?};>; weakly convergent to cpoV’(r1) with some
constant c.

For the sake of clarity, the proof is divided in three steps. Before that, let
us state two remarks.

Remark 9.1. We know that for m = 0,1, E, [{™|FL] LN &M, i.e given
€ > 0 there exist Lo € N such that

B, lle" —¢™ PP < e if L= L.
Moreover, by the translation invariance we have
E,ll&" — &P < e if [=Lo+i Lo+ € [-L, L],
In fact, given 7_;A € F,

/A €7D (1, (p, 1) (dpdr) = /(A €75 (p, r)ws(dpdr) = / €7 (p, r)ws(dpdr)

/ &M (m—i(p,7))vs(dpdr) = / ™ (p, m)vg(dpdr).

In addition, since £ m,(L )(T_i) € ]-“f;ii we have

&) = By lem FL]

(2

and therefore

E,lcm — PP = B, [lc™ — &P ()] < B, [lem™ — &),

Remark 9.2. Besides a Strong law of large numbers for (p?V'(r;)?)icz we

have
2 : 21,7 2 (bﬁ Cﬁ
‘/ <
V‘g (L (i) B) - L

for some finite constant Cg.

Step 1. The convergence of the middle terms to 0. The conver-
gence to zero as L tends to infinity of I}, I? and I} in L?(vs) follows from
Schwarz inequality, Remark @11 the condition of {¢} and the fact that ¢
is a bounded function.
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Using the symmetry of the measure about exchanges of variables, I3 can be
rewritten as

E AT
MY Y ELD Vo) 0 (€ ar o)1) | Frasl (Ti(p, 7))
k=L/2i=—L—k  j=1

and then we decompose it as I9 + %"IZ, where I¢ and I] are respectively

—

—_—
3L/4 Ltk-1

ODIEDY

k=L/2 i=—L—k

By, [V e 0y — ZHAE 2n20) — DIFal(r-i (7))

and

—

3L/4 Tik-1
Z Z Euﬁ (E-2r21) = UF sl (m—i(p, 7))
k=L/2 i=—L—k

For the first term, observe that

—

—_—
3L/4  L+k—1

P <1EpnP Y. Y B,

k=L/2 i=—L—k

L—k (b
Z{V/(TLHH—j)QpQ_L_k_j - FB} )
j=1

and the expectation inside the last expression is bounded by %, SO

1312 < SN B,

For the second term, written explicitly the conditional expectation we see
that |I7]? is bounded by

3/L/\4 L+k—1
CoEY. Y [l X Sty 3 -1
k=L/2 i=—L—k \J| >L+k 7| <L+k

We rewrite the 1ntegral part as

, 1
Jlelirs S G -E)t g 3 (i Ea)+ Ea) — 1P,

| |>L+k lj|<L+E

Using the fact that ¢ is a Lipschitz positive function bounded by 1 such
that ¢(Es) = 1, we obtain that |I]|? is bounded from above by

BL/4 Takol )
P D /| > (E-Es)+ Y~ (Ej+i—Ep)[*dvg
4L + 1 AL+ 1
k=L/2 i=—L—k |7]>L+k |7|<L+k

where a A b denote the minimum of {a,b}. So, taking expectation and using
the Strong law of large numbers together with the dominated convergence
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theorem, the convergence to zero as L tends to infinity of I} in L*(vg) is
proved.

Same arguments can be applied for Jj, J7, J3 and J}. For I}, we can
bound the L*norm of the term from above by —* 2 1¢0)2 72(,,) for some con-
stant Cj.

Step 2. The uniform bound of the L?(v3) norms of the boundary
terms.

Remember that R} is defined as

B ) a

7 sV E,,[p* 174 2 (L)
k:ZL/22(L + k;)T L=V (k1) 3 P2V (TLks1) 3pL+kg \Frnl}
k:L/22<L +k)

T—L—k{V/(TL+k+1)Eug [PZ—L—k—1V/(7”L+k+1)YL+k,L+k+19(2L) | Frax]}

e
I
ary® L + k)
0
T b{PrekV (rLrr1) B, [PQ_L_k_1V'(TL+k+1)aTL - 1Q(QL)U':LJFI@]}-
Rt

By Schwarz inequality and (0.5]), we can see that the L*(vg) norm of the first
term in the right hand side of the last equality is bounded by 2114 L2(vg)
for some constant Cz. After an integration by parts, the second term can
be written as

—

3L/4

1
2. 2L + k)

k=L/2

T—L—k{pL-HCV/(TL-HH-l)EVﬁ LPZ—L—k—1(5V/(7”L+k+1)2 - V”(TL+k+1))9(2L)|-7:L+k]}-
(9.6)

Using the symmetry of the measure again, the conditional expectation ap-
pearing in the last expression can be rewritten as

/2'[/\
Elp° oy Y (BV/(r) = V")) (g% o mb )| Fryd
j=L+k+1
where m2EH*H1 stands for the exchange operator of r; and 77 41. After

that, we decompose the last expression as the sum of the following two
terms,

—

2L

E,, [P Z (BV'(r;)* = V" (r;) g | Fraal,

j=L+k+1
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and
/QL\

E 07, w0 >, (BV(r)? = V"(r)) (g ol — gP) | Fp ).
j=L+k+1

The square of the last expressions are respectively bounded from above by

—

2L

CoL "By, (") | Franl, CoEul Y (9% omdl et — gC0Y2 F, ]
j=Ltk+1

for some constant Cjs. Using Schwarz inequality we can see that the square
of each term of the sum is respectively bounded from above by

—

C 3L/4
B
EV,B Z pL+l<; (g®*") ]7 (9.7)
k=L/2
and
o B/t T
Z E,,ﬁ pL+k Z <g(2L) o Wﬁ,LJrkH . g(QL))Q]
k=L/2 j=Ltk+1
, B/ o
; i
= 2 Z Ev, [p%—kk Z 2{j—(L+k+1)} Z g® o rhitl _ g(QL))Z}
k=L/2 j=L+k+1 Ikt
' ?L/\4 2L
B Z EVB pLJrk Z (g(2L) o Wi,z+1 _ g(2L))2}
k L/2 i=3L/2+1

for some constants Cs and Cs. One can now estimate Zii/f /Qp% ., uniformly

because of the cutoff. Using the spectral gap estimate (I2.I]) proved in
Section [[2 we can bound (@.7)) by a constant.
Finally, we state that we can bound the term E,, [(g*") o wiit1 — ¢(21))2]

by the Dirichlet form of ¢ which concludes the proof.

Proposition 9.1. There exists some constant C' such that for every smooth
function f : Q — R,

EI/B [(f © 7T7Z;7i+1 - f)ﬂ < C{EI/B [(XZf)ﬂ + EI/B [(K,i+1f>2] }

Proof. The change of variables and simple computations conclude the proof.
O

Step 3. The existence of a weakly convergent subsequence of
{R}};>1. Firstly, observe that the expression (0.6]) is equal to

povl(rl)hlL(poa 70y -y P-7L/2; 7”—7L/2)
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where
e .

hi= mTfokEug 2k a BV () =V (rogrsn))9 %2 | Froa.
k=L/2

On the other hand, we had proved in Step 2 that {poV'(ri)h}}r>1 is
bounded in L?(vs), therefore it contains a weakly convergent subsequence
{poV'(r1)hs }1,. We can conclude in a similar way that {h}} > is bounded
in L?(vg), therefore {h},} 1 contains a weakly convergent subsequence, whose
limit will be denoted by h. It is easy to see that

C .
Xzl 2wsy < =12y for i€ {0,-1,-2,---}
and
1 C .
||}/i,i+1hL||L2(l/,3) < f”g ||L2(V3) for {Zvl+1} - {07_17_27"'}

which implies that X;h = 0 for ¢ € {0,—-1,-2,---} and Y;;;11h = 0
for {i,i + 1} € {0,—1,—2,---}. Since the function h depends only on
{po, 70, P—1,7_1,D—2,7_2--- } one can show that h is a constant function,
let’s say c¢. Taking suitable test functions, we can conclude that in fact
{poV'(r1)h},} 1, converges weakly to cpoV’(ry). This proves that for every
weakly convergent subsequence of { R} }1>1 there exist a constant ¢ such that
the limit is ¢poV’(r1). Exactly the same can be said about {R?}1>;. O

Remark 9.3. Observe that the roles of the vector fields Xy and Yy are
symmetric, in the sense that changing the definition of the energy of the
particle i to & = p?/2 + V(riy1) their actions in the boundary terms in
the above approximation are exchanged. The space of closed forms does not
depend on this choice of the definition of the energy &;, so we also have the
equivalent characterization of the closed forms:

e = B+ {(poV'(ro).0)}. (9.8)
This imply that, defining by & = (Xol'p, Yo1I'r), a closed form & can be
approzimated by g + co(poV'(10),0) and by Eg + ¢1(0,poV' (1)), then cog =
2
—¢p=cand F —G = —c2.

10. DIFFUSION COEFFICIENT

In this section, we describe the diffusion coefficient in several variational
formulas and prove the second statement of Lemma 3.3l From Corollary
(.2 there exists a unique number D(() such that

W(),l + D(ﬁ)(p% —pg) € L_C in Hfl.

Our purpose now is to obtain the explicit formula for D. To do this, we
follow the argument in [15].
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Lemma 10.1. We have

Ho1 = LC|nv @ {Woa} = L*Cly @ {W51}
where W := W(f1 — Wof}l and L* =5 — A.
Proof. We shall prove the first decomposition since the same arguments
apply to the second one. Because we have already proved in Lemmal5.4 that
LC| has a one-dimensional complementary subspace in H_, it is sufficient
to show that H_; is generated by LC and the current. Let h € H_; so that

L h,Wy1>_1=0and < h,Lg >_1=0 for all g € C. By Proposition [5.1]
h = limk%w(aW(fl + Shy) in H_; for some a € R and hy € C. In particular,

Ir)?, = Jlim < aWgy + Shi, aWgy + Shy >4
= lim < aWg, + Shy, aWoy + Lhy, >_;

k—o0

since < aI/V(f1 + Shy, aWé‘}l + Ahy >_1= 0 by Lemma [5.3. On the other
hand, by assumption < h,aWy, + Lhy, >_1= 0 for all k. Also, by Propo-
sition [£.2],

sup [lalVo,1 + Lhill2y < 2a*[[Wou |2, +2(C'+ 1) Sup IShill%y = Ch

is finite. Therefore,

Ia)2, = lim < aWgy + Shy, aWoq + Lhy >_
= lim < aWg, + Shy — h,aWy1 + Lhy, >_,

k—00

< limsup Cy[laWg, + Shy — hl|1 = 0.

k—00

This concludes the proof. O

Now, we can define bounded linear operators T : H_1 — H_;
and T" : H_1 — H_q as

T(aWy1+ Lf) = aWObjl + S,
T*(aWgy + L' f) == aWg, + Sf
since
laWou + LFIZ, = laWs, + L FI7, = laWy + SFI2, + laWd + AFIP,-

We can easily show that 7™ is the adjoint operator of 7" and also we have
the relations

x « 1
<< T<p? - pg)u WO71 >>,1:<< T (p? —Z)g)7 WO,l >>71: —E7
and
< T(p} —p0), L'f > =< T"(p] = p). Lf >1=0
for all f € C. In particular,

H =L Cly @ {Tp! —pd)}
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and there exists a unique number Q(f) such that
Wg, + QBT (p} —p) € L*'C in H_y.
It will turn out later that Q(8) = D().

Lemma 10.2.

Q) !

- BT - w1
Proof. First identity follows from the fact that

. 1
< T(i=25): Woa+ QBT (W ~ 1) »1= =55 +QIITF ~p)I% = 0.
Second identity is obtained by the expression

inf JW5, + QB)T(#Y — p5) = L fll-1 =0

= B%inf |W*, — L*f|?,. 10.1
5 ;I;CHI 0.1 =y (10.1)

since

W5, + QAT (pi —p3) — LI,

2
= inf W3, — LI, %@ T QBRITE - PRI,
L 2) QB
LG L L

g

By a simple computation, we can show that < T'g,g > =< Tg9,Tg >,
for all g € H_1, and therefore (p? — p2) — T(p? — p3) € L*Cy since (p? —
p3) — T(p? — p?) is orthogonal to T'(p? — p2). By the fact, we obtain the
variational formula for | T(p? — p2) |

Lemma 10.3.

170t — P2, = inf It — v — L* fIIZ:. (10.2)
Proof. By the similar argument with the proof of Proposition [10.2, we have
inf lIpi —p5 — T(pi = po) = L*fIIZ, = 0

and
inf 2_2_T 2_2_L*2
inf [lpi —po = Tp1 — o) = L"fII
= inf [lp} — p5 — L*fII21 — 1T (0% — p3) 1%
fec
which concludes the proof. O

Proposition 10.1.

- 1
D _ 2 f * L* 2
(5) B ]1};0 |||W0,1 f|||—1

- Binfrec lpf —pg — L*fI2,

(10.3)
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Proof. By the definition, Wy, + D(8)(p} — p2) € LC and therefore

i ) 1 -
< Wor+D(B); —p3). T*(p} —pg) >_1= 3 +D(BNT (T —p3)l>1 = 0.

Then, D(B) = Q(3) follows and we obtain two variational formulas from

(I0J) and (I0.2). O

Proposition 10.2. For any sequence Fx in C such that
lim [Wos + D(B)(: — 13) — LExll-1 =0,

we have

i (4ol (r1) = YouT ) + 54Xl %)) = =

Proof. By the assumption,

lim [ T{Wou + D(8)(6} — p3) — L}t = 0
and therefore

i W5, — SFl, = DO 1T~ m)I.

Then, since

- 1
D(B) = Q(B) =
BT (pt — P9I
and
i Y
IWg, = SFl?, = 5((1?0‘/'(7“1) — Y01l r,)?) + §<(X0FFK)2%
we complete the proof. O

11. DETAILED ESTIMATES OF THE DIFFUSION COEFFICIENT

In this section, we give some detailed estimates of the diffusion coefficient
as a function of v. Note that they are not necessary to prove our main
theorem.

First, we rewrite the variational formula for the diffusion coefficient given
by the terms of the norm of H_; in a tractable way.

Observe that C is divided into two orthogonal spaces L, and L, where L,
is the set of even functions in p and L, is the set of odd functions in p. More
precisely, for f € C, f € L, if and only if f(p,r) = f(—p,7) and f € L, if
and only if f(p,r) = —f(—p,r) where (—p); = —p; for all 7.

Consider two subspaces of H_; defined as H®, := SL.|v @& {W{,} and
Hil = STI‘O|N

Lemma 11.1. We have
Hfl == Hil EB Hil

and they are orthogonal to each other. Moreover, Wof}l e Hy, Af e H® | if
fel. and Af e HE | if f € L,.
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Proof. Straightforward. O
Proposition 11.1.

1 ! 2 1 2
D(B) = 52 jut s {3(5{(poV" (1) = Youl %) + 5 ((Xol 1)) .

F2WG = APT,) = A5 (0T, + {60,

Proof. We can rewrite the first variational formula for D(3) in (IL3) as
Ch inf{|||W691 = SFIZL+ IWeh — AfI%1}

Lt (W~ ST 4 ISEI + W~ AL, + 1ALIE)
=3 If (W5, = SFIZ + g = AfI%.}

=B mf sup {[|Wey — SFIZ, — 2 < W5y — Af, Sg >0 —[1Sgl%1}

ege

= % inf sup Dy {0V (m) — YauTy)?) + (X0 0)%)] + 2((Wih — ADTy)

f€Le geL,

Al (oaTo)) + 54Xl

Proposition 11.2.
D(p) <

14
NQ

V(o)) + %

Proof. Take [ = 1 = in the variational formula (IT.I]). Even if this function
is not of compact support this can be justified by approximations. Then
we have

D(3) < 5 sup LRV (r0)) + 20k + ACDIT,) — 52 (41T + BT}

g€l,

= 177+ sup 2083, + ACENE) - J0RTP) - SO,
Since W, = Yo (%),
sup (2015, + ACZE,) = L(3aE, ) - J(L))
= sup {5 {75, XaTy) = {48, Yol = (05T0) = 5(T,)%)
= sup{—{CT, + ) - (ol + B+ L) < 00
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Proposition 11.3.

~ Y
D(B) > B0

Proof. By the variational formula (I1.7)
~ ) 1 1
D(5) 2 75 uf 13 ((poV () + Youl ) + 540002}

Since g5 = (poV'(r1), por1) and (poro, Xo(I's))—(por1, Yo (L)) = (V' (ro)ro—
V'(r1)r1,T'y) =0 for any f € L., we have

1
i (poV'(11) = Yo (L's), por1) + (poro, Xo(I'y))

for any f € Ly. Then, by Schwarz inequality,

! < inf ((poV'(r1) — You(T5))? + (Xo(Tf))*){(por1)® + (poro)?)

E f€lLo

= S 00%) jnf (ol (r) = You (D) + (Xo(T1)).

O
Remark 11.1. For the harmonic case with V(r) = %, we have an explicit
fluctuation-dissipation given by
fy
W(ﬁ + WOS,1 = —por1 + i(p?) —r7)
I v 1 1 r?
= VI||l—+L)p2+= Ll = -1
K@V i 4) ot 2TOT1} ’ (67@0 Fan 4)
(11.2)

i.e. diffusion coefficient is given by D(B) = D(8) = 2 + % which does not
depend on f3.

12. SPECTRAL GAP

In this section, we prove the spectral gap estimates for the process of
finite oscillators without the periodic boundary condition, which is used in
the proof of Theorem [ in Section [0 We use the following notation:

Eypl-1:=Exl- \—Z( +V(r:) = EJ.

=1

Recall that we assume that 0 < §_ < V”(r) < 4, < oco. Then it is easy to

see that V' satisfies
0<d < ’ V2 ) <d, < oo
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for all r € R\{0} where d_ = \g—it and d; = \ﬁj. Under these assumptions
we can operate the change of variables (p,7) — (£,60) as V& cos = 7 and
VEsinf = sgn(r),/V(r), and we obtain that

1 _ 1 Tz
RJ@xmﬁ_—iﬁiié A (.0

where ¢(&,0) = |5 v (5(20 |, which satisfies d_ < ¢(&,0) < d, for all £ and

6. Here, f(€,0) := f( (€,0),r(€,0)).

Let hg(x)dz be the probability distribution on R, of p?/2 + V(r) under
dv, ie.

3

e P q(&,0)dEdO

o2+ vionas = [ atams(eyis

. : Bm
for any g : Ry — R. Then, since hg(z) = \/25—123 f e (z,0)do, we
obtain 5
—Be P < hg(x) < iﬁe_ﬁx
o4 d_
for all z > 0.

With these notations, we prepare two lemmas before we state the main
result of this section.

Lemma 12.1. There exists a positive constant C such that

By, pl(f = B, plf])°] < CE, o[(X1 )]

for every E > 0, and every smooth function f.

Proof. By simple computations with the change of variable,

o JT(E.0) = By, [f])2a(E.6)d6
By J1(f = Eu 1) = 5 )i

and
B, [(X,f)?] = 20 {“Eﬁl%ﬂEmP<Emw
™ (B, 0)dd

Therefore, it sufficient to show that there exists a positive constant C' such
that

/0 ﬂ(f(Ev 0) - EVI,E[f])QQ(E7 Q)de S C/(; ﬂ(aef(Ea 0))2(](E7 0)_1d0

for every E' > 0 and every smooth function f. Then, since d_ < ¢(FE,0) <
d, for all £ > 0 and 6, and

[ G 0-E e na < [ (7o fe.0m) aEom

holds for every £ > 0 and every smooth function f, the desired inequality
follows from the Poincaré inequality. O

21
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Lemma 12.2. There exist positive constants 0 < ¢ < C' < 0o such that
cE<a(E)<CE

for all E > 0 and for i = 1,2 where oy (E) = E, ,[p7] and ax(E) =
EVl,E[VIQ(Tl)]'

Proof. By the change of variables introduced above,

fo 2F cos 0*q(E, 0)do
f q(E,0)do
and it is easy to show that o E<Ey, »[Pi] < 2FE. Similarly,

El’l E [pf]

2f0 Esin@Qq(E,G)dﬁ 2F

By V() < 2B,y [V(n)] =

S & [Tg(E0)d0 o
and
2 2 [P EBsin02q(E,0)d0  d_E
EVl,E[VIZ(Tl)] Z d_QEVl,E[V(Tl)] - fO 9 27 ( ) Z d3 :
+ d+ 0 Q(Ea 0)d9 +
O
The following is the main theorem in this section.
Theorem 4. There exists a positive constant C' such that
L L—1
VLE Z VL.E Xk‘f _'_CLQZEVLE Yk‘ k+1f) ] (12'1)
k=1 k=1

for every positive integer L, every FE > 0, and every smooth function f
satisfying £, ,[f] = 0.

Proof. We start the proof by the usual martingale decomposition. Let
Gr be the o-field generated by variables {&1, ..., E, Drtt1, That, -+ PL, 7L}
Define f == E,, ,[f|Gi] for & = 0,1,---,L. Note that f, = f and
fr = fr(&,...,EL). Then, we obtain

L-1

EVL,E[fQ] = Z EVL,E[(fk - fk+1)2] + EVL,EU%]'
k=0

We analyze each term separately.
By Lemma [12.1] for any &

Ey, o[k = fre1)?1Gk) < CEyp o [(Xis1 fo)?1Gk]

and therefore we have

B, lff1<C

] =

EVL E [(kak—l)Z] + EVL,E [fg]

B
Il

IA
Q
-

EVL,E[(ka)2] + EVLE[fE]

e

=1
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So we are left to estimate E,, ,[f7] in terms of the Dirichlet form
it Bup o [(Yerafr)?)
Observe that Yy pi1fr = peV'(741) (8gk — 8gk+l) fr(&1, ..., &L). Since
vr.g is the conditional probability of the product measure ué,

Ey, o [oxV' (resa)’1G2) = B, ¢, [P By o, ,, [V (1)] = 01(Ek)02(E)-

By Lemma 22} the Dirichlet form S5~} By, o|(Yig+1f1)?], 1s equivalent

to
L—1

Z E,, - [5k5k+1 { (0, — ey, ) fL}Q} :
k=1

Now the problem is reduced to the estimates of the spectral gap for the
energy dynamics depending only on variables &, ..., &p. Since we can write
the probability distribution vy, g(-|Gr) on {(&1,...,&L) : Y, & = LE} as the
product measure [[=, hy(z;)dz; (or [[, hg(x;)dz; for any B) conditioned
on the same surface, Theorem [Bin the next subsection completes the proof.

O

12.1. Spectral gap for the energy dynamics. Consider the product
measure Hle hi(z;)dz; on RY and dyy g the conditional distribution of it
on the surface Xp p = {Zle x; = LE}. We have the following expression

L
d,uL,E = H h(%)d)\L,E(fEl, e ,IEL)

i=1

where d\;, g is the uniform measure on the surface ¥y g.

Theorem 5. There exists a positive constant C' such that

ﬂL E‘ < cr? Z LI E [xi'riJrl (aﬂ%g - 85’31’+1g)2:|

for every positive integer L, every EE > 0 and every smooth function g :
Yr.e — R satisfying E,, ,[g] = 0.

To prove this, we first refer Caputo’s result (Example 3.1 in [6]) and recall
that 6_/0;e™™ < hy(x) < é4/d_e ™. Let E; ; and D; ; be operators defined
by E;;f = EML,E[f|‘Eyj] and D; ;f = E;;f — f where F; ; is the o-algebra
generated by variables {xj} 4 ;.

Lemma 12.3 (Caputo, [6]). If 6_/6, > (3/4)Y/'6, then there exists a posi-
tiwe constant C' such that

b«IQ

HLE

L
Z HLE l]g ]

for every E > 0, every positive mteger L and every smooth function g :
Yr.r — R satisfying EML’E[g] =0.
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Next, we show that we can take a telescopic sum

Lemma 12.4. There exists a positive constant C such that

L L—1
1
z Z EML,E[(DZ]g) ] < CL2 ZEMLE[(DZ z+1g) ]
j =1

i,j=1
for every E > 0, every positive integer L and every smooth function g

ZL,E — R.

Proof. First, we rewrite the term F; ;g in an integral form

1 1
Eigg(v) = 5 — / g(R jo)h((i + )t (s + ) (1 — 1)) dt
—zit+x; JO

)h(a(1 —t))dt and R} ;x € RY is a configuration defined

where =, = fol h(at

by
Then, by Schwarz’s inequality we have
(Di;9(x)) - / {g(R; jx) — g() (@i + 25)0) (i + 25) (1 = 1)) dt)
*—‘J:, T
<z / {9(Ri ;o) = g(x) Y h((; + 25))h((wi + 25) (1 — t))dt.
XTIy

Now, we introduce operators 7%/, ¢/ and % : RJLF — RJLF for ¢ < j as

(T x)y =< x; if k=1,

o-iyj = 71_]71,] O7Tj72’j71 e Oﬂ-ivi"’l and 5-27.] = ﬂ-i i+1 Z+lvl+2 .. .oﬂ'j*lnj' Wlth
these notations, for any i < j, we can rewrite the term g(R! .z) — g(x) as

9(Ri o) — g(w) = {g(&™ " (Rj_y (0"~ '2))) — g(Rj_y ;(0 "))}
—g(0" ')} +{g(c"'2) — g(2)}.

+ {9(R§—1,j(02 - 1x))
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Therefore, we can bound the term E,,, ,[(D;;g(x))?] from above by

3Bl / {06 (R (07 0)) — (R, ()
((ws-+ 2, R+ 2,)(1 — )]

3B, sl — / (R} (07 10) — glo™ )
H:mﬂrm]

i+ ;) h((2i + ;) (1 — 1)) dt]

h((
+3EML,E[m/ {9(0" ™ 2) — g(2)}2h((; + 2)t)h( (i + 2;)(1 — 1)) dt].
o (12.2)

We estimate three terms separately. The last term of equation (I2.2)) is
equal to

3y, s[{9(c™x) — g(2)}’]
and therefore bounded form above by
j—2

3L By plg(m**12) — g()}7].

k=i

By simple computations, we obtain that

By s [{g(7* ) — g(2)}?]

By o {g(m™ ) = (Biarg) (7" 2) + (Bpiiag) () — g(2)}?]
< 2B, ,{g(@""'2) — (Brpng) (7™ 1)} + 2B, {(Errng) (@) — g(2)}’]
=4E,, [(Drri19)’]-

By the change of variable with y = 0%/~12, we can rewrite the second term

of equation (Dﬂ) as

35l [ {00 = 00 PR+ 0D+ 95)0 D)
“_‘yj 17TYj
=3By, ;[Ejj1(9°) — 29E 419 + 9]
6EHL E[ (Ej-j+1g> ] - 6EML E[(Dj7j+1g)2]'
Similarly, the first term of equation (I2.2)) is rewritten as

35wl [ (06 (R ) ~ 0B )’

"y] 1+Y;

h((yj-1 + y;))h((yj—1 + y;)(1 — 1))dt]
= 3EﬂL,E[Ej7j+1<{g © 61’7];1 - g}Q)] = 3EﬂL,E[{g © 6” ! 9}2]-

As same for the first term of (I2Z2), it is bounded from above by
1203772 By, 5|(Dr+19)?]- Therefore, we complete the proof. O
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Lemma 12.5. There exists a constant C' such that

By, [(D129)°) < CEy, 212500, 9 — 92,9)%). (12.3)
for every E > 0 and every smooth function g : Yo p — R.

Proof. Since the both sides of (I2.3) do not change if we replace g with g+a
for any constant a, it is sufficient to show that the inequality holds for every
smooth function g : ¥ p — R satisfying E), ,[g] = 0. In particular, since

By, [(D129)’] < E,, E[gz], it is sufficient to show that
EMz,E[gz] < CEuz,E[xle(awlg - 89329)2]'

Note that for any positive function f : 33 p — R, and for any £ > 0,

(51 B 1) < B ol1) < G5B

In fact,
By pl / fE, (1 =t)E)h(tE)h((1 —t)E)dt
EE

where Zp = [ h(tE)h((1 —t)E)dt. Then, since 3= < h(z) < 2=, the above
estimate holds. Now, all we have to show is that there ex1sts a constant C
such that

EAQ,E[QQ] < CE}‘Q,E['Tlx2(8xlg - &BQQ)Q] (124>

for every £ > 0 and every smooth function g : Yy p — R satisfying
Ey, zl9] = 0. By the definition of Ay g, the inequality (I2.4) is rewritten

/ Eg<t)2dt <C / Et(E —1)g'(t)%dt

and by a suitable change of variable, the problem is reduced to the case with
E = 1. Applying Schwarz inequality and changing the order of integration
repeatedly, we have

/ )dt = //{/ r)dr} dsdt</ / t—s/ (r)*drdsdt
//t'r—— Vdrdt — ;/Og() r(1— r)dr.

O
Lemma 12.6. There exists a positive constant C such that
By pl(Dii119)%] < CEyy y[2i2541(92,9 — Ou,,19)°]
for every positive integer L, 1 = 1,...,L — 1, and every smooth function

qg: ZL,E — R.
Proof. By Lemma [12.5]
Eyy p[(Diii19)*| Fiin1] < CEup pl2itir (00,9 — Oayiy9)* | Fiival
holds. Then, by taking the expectation, we complete the proof. O
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13. LiIE ALGEBRA

We prove here that Lie{X;,Y; ;41,4 =1,..., N} generates the all tangent
space of Xy g.

We have

(X1, Yy = VI (rj01) Zj
where
Zi; = p’iapj — piOy,

Since [Z; j+1, Zj+1,+2) = Zjj42 and V'(r) > § > 0, we have that Z;; €
Lie{X;,Yi;41,i=1,...,N} for any ¢ and j.
On the other hand [Z;;, X;] = Y;;, and we have enough vector fields to
generate the all tangent space.

Remark 13.1. By the above arqument, it is obvious that Lie{{X;,i =
L...,NH{Yit1,0 = 1,...,N — 1}} also generates the all tangent space
Of ZN,E-
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