
HAL Id: hal-00625576
https://hal.science/hal-00625576v1

Submitted on 22 Sep 2011

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Quantum dynamics of a binary mixture of BECs in a
double-well potential: a HolsteinPrimakoff approach

Roberta Citro, Adele Naddeo, Edmond Orignac

To cite this version:
Roberta Citro, Adele Naddeo, Edmond Orignac. Quantum dynamics of a binary mixture of BECs in
a double-well potential: a HolsteinPrimakoff approach. Journal of Physics B: Atomic, Molecular and
Optical Physics, 2011, 44 (11), pp.115306. �10.1088/0953-4075/44/11/115306�. �hal-00625576�

https://hal.science/hal-00625576v1
https://hal.archives-ouvertes.fr


Quantum dynamics of a binary mixture of BECs in a double well potential: an
Holstein-Primakoff approach

Roberta Citro∗
Dipartimento di Fisica ”E. R. Caianiello”, Universitá degli Studi di Salerno and CNR-SPIN,
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We study the quantum dynamics of a binary mixture of Bose-Einstein condensates (BEC) in a
double-well potential starting from a two-mode Bose-Hubbard Hamiltonian. Focussing on the regime
where the number of atoms is very large, a mapping onto a SU(2) spin problem together with a
Holstein-Primakoff transformation is performed. The quantum evolution of the number difference
of bosons between the two wells is investigated for different initial conditions, which range from
the case of a small imbalance between the two wells to a coherent spin state. The results show an
instability towards a phase-separation above a critical positive value of the interspecies interaction
while the system evolves towards a coherent tunneling regime for negative interspecies interactions.
A comparison with a semiclassical approach is discussed together with some implications on the
experimental realization of phase separation with cold atoms.

PACS numbers: 03.75.Lm, 67.85.Fg, 74.50.+r

I. INTRODUCTION

Bose-Einstein condensates of dilute, weakly interacting gases offer a unique possibility for exploring many-body
dynamics, the role of quantum fluctuations and in general macroscopic quantum coherence phenomena [1], thanks
to a wide tunability of the interaction parameters. Indeed several experimental strategies can be devised in order
to pursue this task, which range from the direct control via magnetic Feshbach resonance techniques [2] to the
transverse confinement in a quasi one dimensional system [3] as a way to increase the inter-atomic interaction.
Finally, the introduction of an optical lattice whose depth can be tuned allows one to decrease the kinetic term in the
Hamiltonian. Within the tight binding approximation such systems are described by the Bose-Hubbard Hamiltonian,
whose parameters are the hopping frequency EJ between nearest neighbor lattice sites, the onsite interaction strength
Ec and the total atoms number N . When the ratio EcN

EJ
exceeds unity, a quantum phase transition from a superfluid

to a Mott insulator [4] takes place and the system enters a quantum regime characterized by strong correlations. The
simplest Hamiltonian of this kind that one can devise is the Bose-Hubbard dimer [5], which describes the physics of
two weakly coupled condensates. It can be mapped onto a SU(2) spin problem and is deeply related to the physics
of Josephson junctions [6][7][1]. Furthermore, if the mean field approximation is considered one obtains the Gross-
Pitaevskii theory which gives rise to a variety of phenomena, ranging from Josephson oscillations [8] to macroscopic
quantum self-trapping (MQST) [9] and ac and dc Josephson like effect [10], all experimentally observed in the last
decade [11][12][13].

More recently, after the experimental realization of two-species BECs [14][15][16], the theoretical analysis on weakly
coupled condensates has been successfully extended to a binary mixture of BECs in a double well potential [17][18][19]
[20][21][22]. The semiclassical regime in which the fluctuations around the mean values are small has been deeply
investigated and found to be described by two coupled Gross-Pitaevskii equations. By means of a two-mode ap-

∗Electronic address: citro@sa.infn.it
†Electronic address: naddeo@sa.infn.it
‡Electronic address: Edmond.Orignac@ens-lyon.fr

Confidential: not for distribution. Submitted to IOP Publishing for peer review  13 April 2011



2

proximation such equations can be cast in the form of four coupled nonlinear ordinary differential equations for the
population imbalance and the relative phase of each species. The solution results in a richer tunneling dynamics [23].
In particular, two different MQST states with broken symmetry have been found [20], where the two species localize
in the two different wells giving rise to a phase separation or coexist in the same well respectively. Indeed, upon
a variation of some parameters or initial conditions, the phase-separated MQST states evolve towards a symmetry-
restoring phase where the two components swap places between the two wells, so avoiding each other. Furthermore
the coherent dynamics of a two species BEC in a double well has been analyzed as well focussing on the case where
the two species are two hyperfine states of the same alkali metal [24].

In a recent paper [25] we studied the quantum behaviour of a binary mixture of Bose-Einstein condensates (BEC)
in a double-well potential starting from a two-mode Bose-Hubbard Hamiltonian. We analyzed in detail the small
tunneling amplitude regime where number fluctuations are suppressed and a Mott-insulator behaviour is established.
Within this regime we performed a perturbative calculation up to second order in the tunneling amplitude and found
the stationary states. In order to carry out analytical calculations we focused on the symmetric case of equal nonlinear
interaction and equal tunneling amplitude of the two species. Furthermore we restricted to the case in which the two
species are equally populated and imposed the condition of equal population imbalance of the species a and b between
the two wells. Then, the dynamics of the junction was investigated in correspondence of a completely localized
initial state. In order to avoid the above restrictions on the parameters range, here we focus on the two-mode Bose-
Hubbard Hamiltonian describing the two-species BEC (a and b) in a double well when Na, Nb � 1, and perform a
mapping onto a SU(2) spin problem together with a Holstein-Primakoff transformation[26][27]. As a result we obtain
a Hamiltonian of two decoupled quantum harmonic oscillators, similar to that of Ref.[28], whose stationary states
are readily found. The quantum evolution of the number difference of bosons between the two wells is investigated
in detail in correspondence of a variety of initial conditions, which range from an initial state with small imbalance
between the two species to a coherent spin state. The whole parameters space is explored by tuning the population,
the tunneling amplitude and the nonlinear interaction for each species as well as the interspecies interaction in a
wide range, from a symmetric to a strongly asymmetric case. Finally a detailed comparison with a semiclassical
approach is given. Let us notice that Holstein-Primakoff transformation makes the system exactly solvable in the
weakly interacting regime of interest in this work and that simplifies the study of the tunneling dynamics as well as
the phase separation phenomenon. This is the main advantage of the approach chosen.

The paper is organized as follows. In Section 2 we introduce the model Hamiltonian we study within the two mode
approximation. A Holstein-Primakoff transformation is performed and the semiclassical limit is taken followed by a
decoupling of the bosonic degrees of freedom for each species. As a result the Hamiltonian can be rephrased in terms
of two independent harmonic oscillators, whose stationary states are derived in Section 3. In Section 4 the quantum
dynamics of the system is discussed in correspondence of two different initial conditions: small imbalance between
the two wells and coherent states. A wide range of values of interspecies interaction is explored and the crossover to
an unstable regime with phase separation is found. In Section 5 the classical equations of motion are derived and a
comparison with the quantum counterpart is carried out. Finally some conclusions and perspectives of this work are
briefly outlined.

II. THE MODEL

A binary mixture of Bose-Einstein condensates [18][20] loaded in a double-well potential is described by the Hamil-
tonian H = Ha +Hb +Hab where:

Hi =
∫
d−→r

(
− h̄2

2mi
ψ+

i ∇2ψi + ψ+
i Vi (−→r )ψi

)
+
gii

2

∫
d−→r ψ+

i ψ
+
i ψiψi; i = a, b (1)

Hab = gab

∫
d−→r ψ+

a ψ
+
b ψaψb. (2)

Here gii = 4πh̄2aii

mi
is the intraspecies coupling constants, being mi the atomic mass and aii the s-wave scattering

lengths; gab = 2πh̄2aab

mab
is the interspecies coupling constant, where mab = mamb

ma+mb
is the reduced mass; Vi (−→r ) is the

double well trapping potential and, in the following, we assume Va (−→r ) = Vb (−→r ) = V (−→r ); ψ+
i (−→r ) , ψi (−→r ), i = a, b

are the bosonic creation and annihilation operators for the two species, which satisfy the commutation rules:
[
ψi (−→r ) , ψj

(−→r ′)] =
[
ψ+

i (−→r ) , ψ+
j

(−→r ′)] = 0, (3)
[
ψi (−→r ) , ψ+

j

(−→r ′)] = δijδ
(−→r −−→r ′) , i, j = a, b, (4)
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and the normalization conditions:
∫
d−→r |ψi (−→r )|2 = Ni; i = a, b, (5)

Ni, i = a, b being the number of atoms of species a and b respectively. The total number of atoms of the mixture is
N = Na +Nb.

A weak link between the two wells produces a small energy splitting between the mean-field ground state and the
first excited state of the double well potential and that allows to reduce the dimension of the Hilbert space of the
initial many-body problem. Indeed for low energy excitations and low temperatures it is possible to consider only such
two states and neglect the contribution from the higher ones, the so called two-mode approximation [29] [9][30]. In
this approximation the Hamiltonian (1) can be written in terms of the the annihilation operators, aL = 1√

2
(ag + ae),

aR = 1√
2

(ag − ae) and bL = 1√
2

(bg + be), bR = 1√
2

(bg − be) and the corresponding creation operators, where ag , ae

and bg , be are the annihilation operators of a particle in the ground and in the first excited state.
When introducing the angular momentum operators:

Ja
x = 1

2

(
a+

RaL + a+
LaR

)
, Ja

y = i
2

(
a+

RaL − a+
LaR

)
, Ja

z = 1
2

(
a+

RaR − a+
LaL

)
,

Jb
x = 1

2

(
b+RbL + b+LbR

)
, Jb

y = i
2

(
b+RbL − b+LbR

)
Jb

z = 1
2

(
b+RbR − b+LbL

)
,

(6)

where the operators Ja
i , Jb

i , i = x, y, z, obey to the usual angular momentum algebra together with the relation:

(Ja)2 = Na

2

(
Na

2 + 1
)
,

(
Jb

)2 = Nb

2

(
Nb

2 + 1
)
, (7)

the Hamiltonian of the double species Bose-Josephson junction can be written in the form:

H =
1
2
Λa (Ja

z )2 −KaJ
a
x + Ca (Ja

x )2 +
1
2
Λb

(
Jb

z

)2 −KbJ
b
x + Cb

(
Jb

x

)2
+

+ΛabJ
a
z J

b
z −DabJ

a
xJ

b
x. (8)

where Ka,b are the tunneling amplitudes between the two wells, Λa,b,Λab are the intra- and interspecies interactions
respectively, while the terms Ca and Da,b describe two-particle processes [25]. The form (8) was previously discussed
in the classical limit in [20], where it was shown to be lead to equations of motion equivalent to the Gross-Pitaevskii
equations. For Λab = Dab = 0 in Eq. (8), the Hamiltonian reduces to a sum of two Lipkin-Meshkov-Glick (LMG)
model [31, 32] Hamiltonian, one for each species. For Λab 6= 0 or Dab 6= 0, the two LMG models are coupled. Within
the experimental parameters range it is possible to show that Ci � Λi,Ki, i = a, b, and Dab � Λab [25][6][20], then in
the following we put Ca = Cb = 0 and Dab = 0, which corresponds to neglecting the spatial overlap integrals between
the localized modes in the two wells. In this way the binary mixture of BECs within two-mode approximation maps
to a two Ising spins model in a transverse magnetic field, whose Hamiltonian is:

H =
1
2
Λa (Ja

z )2 −KaJ
a
x +

1
2
Λb

(
Jb

z

)2 −KbJ
b
x + ΛabJ

a
z J

b
z . (9)

Let us briefly discuss the symmetries of the Hamiltonian (9). First, when Λab = 0, the Hamiltonian decouples into
H = Ha +Hb, and eiπJν

xHν′e−iπJν
x = Hν′ for ν, ν′ ∈ {a, b}. Therefore, the eigenstates of H can be sought in the form

of eigenstates of eiπJa
x and eiπJb

x . Since e2iπJν
x = eiπNν , these eigenvalues are ±1 when Nν is even, and ±i when Nν is

odd. So the Hilbert space breaks down into four sectors indexed by the eigenvalues of eiπJa
x and eiπJb

x . Then, turning
on Λab 6= 0, the only remaining symmetry is eiπ(Ja

x+Jb
x)Hν′e−iπ(Ja

x+Jb
x), so that only two independent sectors remain.

These sectors are formed by the combination in pairs of the four sectors obtained for Λab = 0.
Let us now make the rotation:

J i
z → −J i

x

J i
x → J i

z
, i = a, b. (10)

To proceed we perform the Holstein-Primakoff transformation [26–28] in order to map the angular momentum opera-
tors into bosonic ones and focus on the regime with large number of atoms Na, Nb � 1 and weak scattering strengths
Ka(b) � Λa,Λb,Λab:

Ja
z = Ja − a†a

Ja
+ =

√
2Ja − a†aa

Ja
− = a†

√
2Ja − a†a

,

Jb
z = Jb − b†b

Jb
+ =

√
2Jb − b†bb

Jb
− = b†

√
2Jb − b†b

, (11)
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where J i
± = J i

x ± iJ i
y, i = a, b, J i = Ni/2 i = a, b, thus leading to the Hamiltonian:

H =
Λa

8

[
2Ja(Ja + 1) − 2(Ja − a†a)2 +

√
(2Ja − a†a)(2Ja − 1 − a†a)a2 + (a†)2

√
(2Ja − a†a)(2Ja − 1 − a†a)

]

+
Λb

8

[
2Jb(Jb + 1) − 2(Jb − b†b)2 +

√
(2Jb − b†b)(2Jb − 1 − b†b)b2 + (b†)2

√
(2Ja − b†b)(2Ja − 1 − b†b)

]

+
Λab

4

[√
(2Ja − a†a)(2Jb − b†b)ab+ b†a†

√
(2Ja − a†a)(2Jb − b†b)

+
√

2Jb − b†ba†b
√

2Ja − a†a+
√

2Ja − a†ab†a
√

2Ja − a†a
]

+Ka(a†a− Ja) +Kb(b†b− Jb). (12)

Here a and b are boson annihilation operators for each species. In this representation, the operators eiπJν
z are equal to

eiπ(Jν−ν†ν) and their action is simply ν → −ν. For Λab = 0, the Hilbert space of (12) thus breaks into four different
sectors, according to the parity of a†a and b†b, while for Λab 6= 0, it breaks into two different sectors depending on
the parity of a†a+ b†b. The physical Hilbert space is restricted to 0 ≤ a†a ≤ Na and 0 ≤ b†b ≤ Nb.

Since we are considering a large number of atoms, we have Ja, Jb � 1, while the condition Ka(b) � Λa,Λb,Λab

implies 〈a+a〉 � 2Ja and 〈b+b〉 � 2Jb. Under these assumptions one can use the linearized Holstein-Primakoff
transformation [26] (i.e. Js

z = Js−s†s, Js
+ =

√
2Jss, Js

− = s†
√

2Js with s = a, b) and derive the effective Hamiltonian:

H = ΛaJ
a

(
a+ a+

2

) (
a+ a+

2

)
+ ΛbJ

b

(
b+ b+

2

) (
b+ b+

2

)
+

2Λab

√
JaJb

(
a+ a+

2

) (
b+ b+

2

)
−KaJ

a −KbJ
b +Kaa

+a+Kbb
+b. (13)

In order to decouple the degrees of freedom of each bosonic species let us introduce the following harmonic oscillator
coordinates and momenta, qi, pi, i = a, b:

qa = 1√
2

(a+ a+) , qb = 1√
2

(b+ b+)
pa = −i√

2
(a− a+) pb = −i√

2
(b− b+) , (14)

which satisfy the usual commutation rules [qi, pj ] = iδij , i, j = a, b. Then, by defining:

Qa = qa√
Ka
, Qb = qb√

Kb
,

Pa =
√
Kapa, Pb =

√
Kbpb,

(15)

(where [Qi, Pj ] = iδij , i, j = a, b) and, by dropping constant terms, Eq. (13) can be written in a matrix form as [28]:

Ĥ2BJJ '
1
2

[
Q̂T ω̂2Q̂+ P̂ T P̂

]
, (16)

where

ω̂2 =
(
ω2

a ωab

ωab ω2
b

)
(17)

and Q̂T = (Qa, Qb), P̂ T = (Pa, Pb) (the symbol ·T stands for the transpose); ω2
i = ΛiJ

iKi + K2
i , and ωab =

Λab

√
JaJbKaKb.

A straightforward diagonalization gives the Hamiltonian:

H2BJJ ' 1
2

[
ω2

1Q
2
1 + P 2

1 + ω2
2Q

2
2 + P 2

2

]
, (18)

where, defining ∆ab =
√

(ω2
a − ω2

b )2 + 4ω2
ab,

ω2
1 = ω2

a+ω2
b−∆ab

2 , ω2
2 = ω2

a+ω2
b+∆ab

2
, (19)
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Q1 = {2ωabQb−[(ω2
b−ω2

a)+∆ab]Qa}√
4ω2

ab
+[(ω2

b
−ω2

a)+∆ab]2
, Q2 = {2ωabQb−[(ω2

b−ω2
a)−∆ab]Qa}√

4ω2
ab

+[(ω2
b
−ω2

a)−∆ab]2
, (20)

P1 = {2ωabPb−[(ω2
b−ω2

a)+∆ab]Pa}√
4ω2

ab
+[(ω2

b
−ω2

a)+∆ab]2
, P2 = {2ωabPb−[(ω2

b−ω2
a)−∆ab]Pa}√

4ω2
ab

+[(ω2
b
−ω2

a)−∆ab]2
. (21)

The operatorsQ1, P1 and Q2, P2 can be viewed as position and momentum operators of two distinct fictitious particles,
associated with the modes 1 and 2, i.e. the Hamiltonian (18) is that of two harmonic oscillators.

The eigenvalues ω1,2 up to order K2
i obtained within the Holstein-Primakoff approach coincide with the zero mode

frequencies of small amplitude oscillations obtained by the semiclassical approach based on the Gross-Pitaevskii
equations for the two condensate wave functions in Ref. [18] (see Eq. (26)) and in Ref. [20] (see Equation at the
beginning of Section IV) for the case of equally populated species. When ω2

1 vanishes, a phase separation takes place,
resulting in a MQST state.

Indeed, from Eqs. (19) the stability condition is:

|Λab| <

√(
Λa +

Ka

Ja

) (
Λb +

Kb

Jb

)
= Λc

ab, (22)

where Λc
ab is the critical value of the interspecies interaction which sets the onset of phase separation regime. Such a

condition agrees the one given in Ref. [20] (see Equation (10) in Section IV) and reduces to:

|Λab| <
√

ΛaΛb, (23)

when the limit Ja, Jb → ∞ is taken.
In the symmetric case Λa = Λb = Λ, Ka = Kb = K, Na = Nb = N

2 we get ω2
a = ω2

b = ω2 where ω2 = ΛN
2 K +K2,

and ωab = Λab
N
2 K. As a consequence ∆ab = 2ωab and the eigenvalues (19) simplify as:

ω2
1 = ω2 − ωab, ω

2
2 = ω2 + ωab , (24)

which result in the stability condition:

|Λab| < Λ + 2
K

N
= Λc

ab. (25)

In the next Sections we will derive the analytical expressions for the stationary states and discuss the corresponding
quantum dynamics of the system.

III. STATIONARY STATES

Since the Hamiltonian (18) is that of two independent particles H = H1 + H2, the corresponding Hilbert space
is simply given by the tensor product Ea ⊗ Eb ≡ E1 ⊗ E2 and we can find a basis of eigenvectors for H2BJJ in the
following form: |ϕ〉 =

∣∣ϕ1
〉 ∣∣ϕ2

〉
, where

∣∣ϕ1
〉

and
∣∣ϕ2

〉
are eigenvectors of H1 and H2 within E1 and E2. Since H1 and

H2 are simply harmonic oscillator Hamiltonians, we could define two pairs of creation and annihilation operators, one
for each mode, as follows:

a+
i = 1√

2

[√
ωi

h̄ Qi − i Pi√
ωih̄

]
, (26)

ai = 1√
2

[√
ωi

h̄ Qi + i Pi√
ωih̄

]
, (27)

being i = 1, 2. Now, if we define the ground states of H1 and H2 as
∣∣ϕ1

0

〉
and

∣∣ϕ2
0

〉
, we easily obtain eigenvalues and

eigenvectors within these two subspaces as:

E1
n =

(
n+ 1

2

)
h̄ω1,

∣∣ϕ1
n

〉
= 1√

n!

(
a+
1

)n ∣∣ϕ1
0

〉
, (28)

E2
p =

(
p+ 1

2

)
h̄ω2,

∣∣ϕ2
p

〉
= 1√

p!

(
a+
2

)p ∣∣ϕ2
0

〉
. (29)
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So the stationary states of the full Hamiltonian (18) are:

|ϕn,p〉 =
∣∣ϕ1

n

〉 ∣∣ϕ2
p

〉
=

1√
n!p!

(
a+
1

)n (
a+
2

)p |ϕ0,0〉 , (30)

and the corresponding energies are:

En,p = E1
n +E2

p =
(
n+

1
2

)
h̄ω1 +

(
p+

1
2

)
h̄ω2. (31)

We note that since the Hamiltonian (13) preserved the original parity symmetry of the original Hamiltonian (12), its
eigenstates could also be classify according to their parity under a → −a and b → −b. Since a1 and a2 are linear
combinations of a, b, the eigenstates can also be classified by their parity under a1,2 → −a1,2. Using (30), it is then
clear that the even eigenstates are those with n+ p even and the odd eigenstates the ones with n+ p odd. So we can
define the parity of a state as (−1)n+p.

We stress that this spectrum is not unbounded because an infinite number of unphysical high energy states have
been added. Thus a constraint has to be included in order to satisfy the conditions 〈a†a〉 � 2Ja, 〈b†b〉 � 2Jb. Solving
these constraints will give limits to the value of n and p and we will recover a finite dimensional Hilbert space. Let us
notice that, through the repeated action of the operators a+

1 and a+
2 , we can obtain stationary states of the system

with a given number of quanta in each mode. The action of a+
1 , a1, a+

2 , a2 on the stationary states |ϕn,p〉 is as follows:

a+
1 |ϕn,p〉 =

√
n+ 1 |ϕn+1,p〉 , a1 |ϕn,p〉 =

√
n |ϕn−1,p〉 (32)

a+
2 |ϕn,p〉 =

√
p+ 1 |ϕn,p+1〉 , a2 |ϕn,p〉 =

√
p |ϕn,p−1〉 . (33)

Generically, ω1 and ω2 are incommensurate with each other and there are no degenerate levels since there do not exist
two different pairs of integers {n, p} and

{
n

′
, p

′
}

such that nω1 + pω2 = n
′
ω1 + p

′
ω2. Such degeneracy may exist in

the non-generic case where the ratio ω1
ω2

is a rational number. In the presence of degeneracy, the non-linear terms that
we have neglected can lift the degeneracy, unless the states have different parity.

IV. QUANTUM DYNAMICS

We are interested in the time evolution of the mean values of the observables Ja
x , Jb

x, that is the population imbalance
between the left and right well of the potential of each bosonic species. In order to carry out such a program and to
impose the correct initial conditions it is much more convenient to start from the Heisenberg equations of motion for
the observables Q1, Q2, P1, P2:

d

dt
〈Qi〉 =

1
ih̄

〈[Qi, H2BJJ ]〉 = 〈Pi〉 , (34)

d

dt
〈Pi〉 =

1
ih̄

〈[Pi, H2BJJ ]〉 = −ω2
i 〈Qi〉 , (35)

which give rise to the following time evolution:

〈Qi〉 (t) = 〈Qi〉 (0) cosωit+
〈Pi〉 (0)
ωi

sinωit, (36)

〈Pi〉 (t) = 〈Pi〉 (0) cosωit− ωi 〈Qi〉 (0) sinωit. (37)
(38)

All we need now is to express Ja
x , Jb

x in terms of Q1, Q2, P1, P2 by means of Eqs. (14), (15), (20), (21); in this way
the initial conditions

〈
Ja

y

〉
(0),

〈
Jb

y

〉
(0), 〈Ja

x 〉 (0),
〈
Jb

x

〉
(0) are well known.

Starting from Eqs. (20)-(21) we find:

Q1 =
a

′

√
Kb

√
Jb
Jb

x − b
′

√
Ka

√
Ja
Ja

x , (39)

Q2 =
a

′′

√
Kb

√
Jb
Jb

x −
b
′′

√
Ka

√
Ja
Ja

x , (40)
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whose inverse transformation gives Ja
x and Jb

x in terms of Q1,2 and permits us to readily obtain the time-evolution of
their averages:

〈Ja
x 〉 (t) =

a
′ 〈Q2〉 (t) − a

′′ 〈Q1〉 (t)[
a′′ b′√
KaJa − a′ b′′√

KbJb

] , (41)

〈
Jb

x

〉
(t) =

b
′
√

KbJb

√
KaJa 〈Q2〉 (t) − b

′′ 〈Q1〉 (t)
[

a′′ b′√
KaJa − a′b′′√

KbJb

] . (42)

The coefficients a
′
, b

′
, a

′′
, b

′′
are defined in the Appendix. The initial conditions relevant for our study are the one

with a small imbalance between the two wells for each species and the coherent initial states. For the first case we
choose 〈Ja

x 〉 (0) = ±1,
〈
Jb

x

〉
(0) = ±1,

〈
Ja

y

〉
(0) = 0,

〈
Jb

y

〉
(0) = 0, while the particle number is equal to ja = jb = 1000.

Concerning the chosen values of the interaction strengths Λa, Λb and Λab, in the following we refer to the mixture of
85Rb and 87Rb atoms realized by the JILA group [16].

Figs. 1 and 2 show the dynamics of 〈Ja,b
x 〉 in the case in which there is a small imbalance between the two wells,

specifically we consider the case in which there is one unit difference in the left and in the right well, in the absence of
imbalance between the two species (the corresponding parameters are reported in the figure caption). Here we note
a coherent tunneling between the two wells.

Figs. 3 and 4 show instead the behavior of 〈Ja,b
x 〉 in the case of imbalance between the two species, with an

imbalance between the two wells of one and two units and for two different values of Λab (0.8 and 1.). As one can
note, at increasing Λab one approaches a phase separation instability in which the two species tend to separate in the
different wells. This behavior can be understood in terms of the behavior of the eigenfrequencies ω1,2 vs Λab. In Fig.
5 and Fig. 6 one of the two frequency becomes imaginary for a critical value of Λab, thus signalling an instability.
Let us note that the instability point is a function of Λa,Λb and usually takes place for a critical positive value of the
interspecies interaction, as discussed in Section 2, Eqs. (22) and (25). In case in which this interaction is attractive
the system is always in a coherent tunneling regime.

0.0 0.2 0.4 0.6 0.8 1.0
-1.0

-0.5

0.0

0.5

1.0

t

YJ x
a ,

J x
b ]

FIG. 1: Behavior of the average value of Ja,b
x for Λa = Λb (units of energy), Λab = 2.13, Ka = Kb = 10. and initial conditions

〈Ja
x 〉(0) = 〈Jb

x〉(0) = 1., 〈Ja,b
y 〉(0) = 0. The time is expressed in units of energy/h̄.

A few comments on the dynamics of the system are in order here. Compared to our previous analysis[25], the
present analysis does not allow the study of long-time scale phenomena since their detection is abruptly increased
with N , thus only short-time scale effects are reliable. Furthermore we point out that the dynamics should become
aperiodic in the general case.

When the initial state is a coherent spin state for each species, |ψ (0)〉 = |ψ (0)〉a |ψ (0)〉b, where |ψ (0)〉i =

Ci

∑Ni/2
mi=−Ni/2

√
Ni!(

Ni
2 +mi

)
!
(

Ni
2 −mi

)
!
tanmi

(
θi

2

)
e−imiφi |mi〉, Ci = sinNi/2

(
θi

2

)
cosNi/2

(
θi

2

)
e−i

Ni
2 φi , i = a, b, then the

initial conditions are:
〈Ja

x 〉 (0) = −Na

2 cos θa,
〈
Jb

x

〉
(0) = −Nb

2 cos θb,
〈
Ja

y

〉
(0) = Na

2 sin θa sinφa,
〈
Jb

y

〉
(0) = Nb

2 sin θb sinφb.
In this case the same type of behavior, as for the small imbalance, is observed. In Fig. 7 we take the values

θa = θb = π/2. and φa = φb = π/4.
The quantum dynamics above investigated could be experimentally reproduced. If we refer for instance to the

mixture of 85Rb and 87Rb atoms realized by the JILA group [16], a wide tuning of s-wave interactions is possible
via Feshbach resonances. In particular it is possible to fix the scattering length of 87Rb and to tune the scattering
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0.0 0.2 0.4 0.6 0.8 1.0
-1.0

-0.5

0.0

0.5

1.0

t

YJ x
a ,

J x
b ]

FIG. 2: Behavior of the average value of Ja,b
x for Λa = Λb (units of energy), Λab = 2.13, Ka = 10., Kb = 10. and initial

conditions 〈Ja
x 〉(0) = 1, 〈Jb

x〉(0) = −1., 〈Ja,b
y 〉(0) = 0. The time is expressed in units of energy/h̄.

0.0 0.1 0.2 0.3 0.4 0.5
-2

-1

0

1

2

t

YJ x
a ,

J x
b ]

FIG. 3: Behavior of the average value of Ja,b
x for Λa = Λb (units of energy), Λab = 0.8, Ka = 10., Kb = 10. and initial conditions

〈Ja
x 〉(0) = 1.,〈Jb

x〉(0) = 2., 〈Ja,b
y 〉(0) = 0. The time is expressed in units of energy/h̄.

0.0 0.1 0.2 0.3 0.4 0.5
-2

-1

0

1

2

t

YJ x
a ,

J x
b ]

FIG. 4: Behavior of the average value of Ja,b
x for Λa = Λb (units of energy), Λab = 1., Ka = 10., Kb = 10. and initial conditions

〈Ja
x 〉(0) = 1.,〈Jb

x〉(0) = 2., 〈Ja,b
y 〉(0) = 0. The time is expressed in units of energy/h̄.

0 2 4 6 8 10
0

50

100

150

200

Lab

Ω
1,

2

FIG. 5: Behavior of ω1(t) (dashed line) and ω2(t) (straight line) for Λa = Λb (units of energy).
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0 2 4 6 8 10
0

50

100

150

200

Lab

Ω
1,

2

FIG. 6: Behavior of ω1(t) (dashed line) and ω2(t) (straight line) for Λa = 2Λb (units of energy).

0.0 0.2 0.4 0.6 0.8 1.0

-2

-1

0

1

2

t

YJ x
a ,

J x
b ]

FIG. 7: Behavior of the average value of Ja,b
x for Λa = Λb (units of energy), Λab = 2.13 and initial conditions with Na = Nb =

100. and θa = θb = π/2. and φa = φb = π/4.. The time is expressed in units of energy/h̄.

length of 85Rb as well as the interspecies one. That allows one to explore the parameter space in a wide range and to
realize the symmetric regime Λa = Λb = Λ as well as the asymmetric one. Furthermore one can tune the inter well
coupling, i. e. the parameters Ka,Kb, in such a way to get the semiclassical limit. Another possible realization of
the phenomena above described could be obtained with the mixture of 41K and 87Rb atoms produced by the LENS
group [15], which offers a wide possibility of driving from the weak to the strong interacting regime because of the
presence of several magnetic Feshbach resonances [33].

V. SEMICLASSICAL DYNAMICS

In this Section we briefly introduce the semiclassical limit of our model within the linear approximation in order
to make a comparison with the quantum results obtained above. A detailed semiclassical analysis has been already
carried out in the recent literature (see Refs. [18–22]). Here we only recall the classical equations of motion to give a
physical interpretation of qa,b and pa,b in Eq. (14). From the Hamiltonian (9), we can derive the following equations

of motion for the components of the vectors: −→J
a,b

:

dJa
x

dt
= −ΛaJ

a
y J

a
z − ΛabJ

a
y J

b
z , (43)

dJb
x

dt
= −ΛbJ

b
yJ

b
z − ΛabJ

b
yJ

a
z , (44)

dJa
y

dt
= ΛaJ

a
xJ

a
z + ΛabJ

a
xJ

b
z +KaJ

a
z , (45)

dJb
y

dt
= ΛaJ

b
xJ

b
z + ΛabJ

b
xJ

a
z +KbJ

b
z , (46)

dJa
z

dt
= −KaJ

a
y , (47)
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dJb
z

dt
= −KbJ

a
b . (48)

These equations imply that (−→J
a
)2 = (Ja

x )2 + (Ja
y )2 + (Ja

z )2 and (−→J
b
)2 = (Jb

x)2 + (Jb
y)2 + (Jb

z)2 are constants, so we
can introduce:

Ja
x = ||Ja|| sin θa cosϕa, J

a
y = ||Ja|| sin θa sinϕa, J

a
z = ||Ja|| cos θa, (49)

and:

Jb
x = ||Jb|| sin θb cosϕb, J

b
y = ||Jb|| sin θb sinϕb, J

b
z = ||Jb|| cos θb. (50)

Using (49) and (50) in (43)-(48), we obtain the equations[20]:

dθa

dt
= Ka sinϕa, (51)

dθb

dt
= Kb sinϕb, (52)

dϕa

dt
= (ΛaJ

a cos θa + ΛabJ
b cos θb) +Ka cot θa cosϕa, (53)

dϕb

dt
= (ΛbJ

b cos θb + ΛabJ
a cos θa) +Kb cot θb cosϕb. (54)

These equations coincide with Eqs. (5)-(8) in Ref. [20] and Eqs. (5) in Ref.[22] and Eqs. (3) in Ref.[21]. The
energy conservation introduces one extra constraint, so that the phase space is actually three-dimensional. This may
permit in certain conditions the observation of classical chaos. If we linearize the Equations (51)-(54) around the
point θa = θb = π/2, ϕa = ϕb = 0, we find the equations of motion:

dδθa

dt
= Kaϕa, (55)

dδθb

dt
= Kbϕb, (56)

dϕa

dt
= −(ΛaJ

aδθa + ΛabJ
bδθb) −Kaδθa, (57)

dϕb

dt
= −(ΛbJ

bδθb + ΛabJ
aδθa) −Kbδθb, (58)

where θa = π/2 + δθa and θb = π/2 + δθb. These equations derive from the Hamiltonian:

Heff = KaJ
aϕ

2
a

2
+KbJ

bϕ
2
b

2
+

1
2

[
(Λa(Ja)2 +KaJ

a)(δθa)2 + (Λb(Jb)2 +KbJ
b)(δθa)2 + 2ΛabJ

aJbδθaδθb

]
, (59)

with the Poisson brackets, {ϕa, J
aδθa} = 1 and {ϕb, J

bδθb} = 1. By rescaling the variable ϕi and δθi (i = a, b) as
ϕi → 1√

JaKa
ϕ̃i and δθi →

√
JaKaδθ̃i, we do obtain the corresponding classical hamiltonian of (16), with Poisson

brackets {ϕ̃i, J
iδθ̃i} = 1. This Hamiltonian can be diagonalized in a standard way by introducing a linear combination

of the variables ϕ̃i and δθ̃i that preserves the Poisson brackets. The diagonalized Hamiltonian will be that of two
independent classical harmonic oscillators of variables ϕ1, ϕ2 and δθ1, δθ2. Applying then the Bohr-Sommerfeld
quantization we do reobtain the spectrum (31), giving the desired connection between the semiclassical and the
quantum approach. This leads also to a physical interpretation of the conjugate variables qa,b and pa,b in Eq. (14)

as the azimuthal angles of the pseudospins −→
J

a,b
. The full classical solution of Eqs. (51)-(54) can be found in Refs.

[18–22].

VI. CONCLUSIONS AND PERSPECTIVES

In this paper we investigated the quantum dynamics of a Bose Josephson junction made of a binary mixture of BECs
loaded in a double well potential within the two-mode approximation. Focussing on the regime where the number
of atoms is very large, a mapping onto a SU(2) spin problem together with a Holstein-Primakoff transformation has
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been performed to calculate the time evolution of the imbalance between the two wells. This approach allows one
to exactly solve the system under the assumption of weak interatomic interactions. The results show an instability
towards a phase-separation above a critical positive value of the interspecies interaction while the system evolves
towards a coherent tunneling regime for negative interspecies interactions. The detection of a phase separation could
be experimentally achieved in current experiments with a mixture of 85Rb and 87Rb atoms[16].

We point out that all the above results are obtained within the linear approximation. It would be interesting to
extend our model beyond the linear regime; in such a case the classical dynamics may exhibit a chaotic behavior in
some parameter range because the phase-space is three dimensional. At the quantum level, these features will show up
in the spectrum as well as the eigenstates of the Hamiltonian. Indeed the Hamiltonian is not time reversal invariant
because of the terms linear in Jx/Jz, and we expect that the distribution of spacings between energy levels should
follow the GUE (Gaussian Unitary ensemble) statistics [34]. Regarding the dynamics, we conjecture that the short
time scale behavior of the quantum system will look chaotic, but the long time behavior will not. Such an analysis
will be carried out in detail in a forthcoming publication.

APPENDIX A: COEFFICIENTS

The coefficients a
′
, b

′
, a

′′

, b
′′

are defined as follows:

a
′

=
2ωab√

4ω2
ab +

[
(ω2

b − ω2
a) +

√
(ω2

a − ω2
b )2 + 4ω2

ab

]2
, (A1)

b
′

=

(
ω2

b − ω2
a

)
+

√
(ω2

a − ω2
b )2 + 4ω2

ab√
4ω2

ab +
[
(ω2

b − ω2
a) +

√
(ω2

a − ω2
b )2 + 4ω2

ab

]2
, (A2)

a
′′

=
2ωab√

4ω2
ab +

[
(ω2

b − ω2
a) −

√
(ω2

a − ω2
b )2 + 4ω2

ab

]2
, (A3)

b
′′

=

(
ω2

b − ω2
a

)
−

√
(ω2

a − ω2
b )2 + 4ω2

ab√
4ω2

ab +
[
(ω2

b − ω2
a) −

√
(ω2

a − ω2
b )2 + 4ω2

ab

]2
. (A4)
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