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Abstract

We study the pricing and the hedging of claim 1 which depends of the default
times of two firms A and B. In fact, we assume that, in the market, we can not buy or
sell any defaultable bond from the firm B but we can trade only defaultable bond of the
firm A. Our aim is then to find the best price and hedging of ¢ using only bond of the
firm A. Hence we solve this problem in two cases: firstly in a Markov framework using
indifference price and solving a system of Hamilton Jacobi Bellman equation; and
secondly, in a more general framework using the mean variance hedging approach
and solving backward stochastic differential equations.

Keywords Default and Credit risk; Quadratic backward stochastic differential equa-
tions; Hamilton Jacobi Bellman; Mean variance hedging.

MSC Classification (2010): 60G48 60H10 91G40 49L20

Introduction

Models for pricing and hedging defaultable claim have generated a large debates by
academics and practitioners during the last subprime crisis. The challenge is to modelize
the expected losses of derivatives portfolio by taking account the counterparties defaults
since they have been affected by the crisis and their agreement on the derivatives contracts
can potentially vanish. In the literature, models for pricing defaultable securities have
been pioneered by Merton [27]. His approach consists of explicitly linking the risk of
firm’s default and firm’s value. Although this model is a good issue to understand the
default risk, it is less useful in practical applications since it is too difficult to capture the
dynamics of the firm’s value which depends of many macroeconomics factors. In response
of these difficulties, Duffie and Singleton [9] introduced the reduced form modeling which
has been followed by Madan and Unal [26], Jeanblanc and Rutkowski [17] and others. In
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this approach, the main tool is the “default intensity process” which describes in short
terms the instantaneous probability of default. This process combines with the recovery
rate of the firm, represent the main tools necessary to manage the default risk. However,
we should manage the default risk considering the financial market as a network where
every default can affect another one and the propagation spread as far as the connections
exist. In the literature, to deal with this correlation risk, the most popular approach is
the copula. This approach consists of defining the joint distribution of the firms on the
financial network considered given the marginal distribution of each firm on the network.
In static framework !, Li [25] was the first to develop this approach to modelize the joint
distribution of the default times. But since, all computations are done without considering
the evolution of the survey probability given available information then we can’t describe
the dynamics of the derivatives portfolio in this framework. In response of these limits
on the static copula approach, El Karoui, Jeanblanc and Ying developped a conditional
density approach [11]. An important point, in this framework is that given this density,
we can compute explicitly the default intensity processes of firms in the financial market
considered. We will follow this approach and work without losing any generality in the
explicit case where financial network is defined only with two firms denoted by A and B.
The intensity process jumps when any default occurs, this jump impacts the default of the
firm and makes some correlation between them. We assume that we can not buy or sell
any defaultable bond from the firm B but we can trade a defaultable bond of the firm A.
We will consider two different cases for pricing and hedging a general defaultable claims
1: the indifference pricing in Markov framework and the Mean-Variance hedging for the
general cases.

In the first case, we so work in a Markov framework. Our aim is to find, using the
correlation between the two firms, the indifference price of any contingent claim given
the risk aversion defined by an exponential utility function. We express the indifference
pricing as a optimization problem (see El Karoui and Rouge [12]) and use Kramkov and
Schachermayer [21] dual approach. Then solving the dual problem, we find the solution
of the indifference price. Moreover, the characterization of the optimal probability for the
dual optimization problem is solved by Hamilton-Jacobi-Bellman (HJB) equations since
the defaultable bond price is assumed to be a Markov process in this framework. We also
find an explicit formula for the optimal strategy given explicitly in function of the the
value function of our dual optimization problem.

In a second case, we have been interested in hedging in a general framework by Mean-
Variance approach. We assume that we work in a general setting (not necessarily Markov),
then we can not use the HJB equation to characterize the value function. Hence, we adopt
the Mean Variance approach which has been introduced by Schweizer in [29] and gen-
eralized by many authors ([30], [13], [22], [8], [1], [23], [14]). Most of theses papers use
martingales techniques and an important quantity in this context is the Variance Optimal
Martingale Measure (VOM). The VOM, P, is the solution of the dual problem of minimiz-
ing the L2-norm of the density dQ/dP, over all (signed) local martingale measure Q for the
defaultable bond price of the firm A. If we consider the case of no jump of default, then
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the bond price process of the firm A is continuous; in this case, Delbaen and Schacher-
mayer in [7] prove the existence of an equivalent VOM P with respect to P. Moreover
the price of any contingent claim 1 is given by Ep(w). In Laurent and Pham [22], they
found explicit characterization of the variance optimal martingale measure in terms of the
value function of a suitable stochastic control problem. In the discontinuous case, when
the so-called Mean-Variance Trade-off process (MVT) is deterministic, Arai [1] proved the
same results. Since we work in discontinuous case and since in our case the Mean variance
Variance Trade-off is not deterministic (due to the stochastic default intensity process), we
can not apply the standards results. Hence our work is firstly to characterize the value
process of the Mean-Variance problem and secondly make some links with the existence
and the characterization of the VOM in some particular cases. However, we really don’t
need to prove and assume this existence to solve the problem. Indeed, we solve a system
of quadratic Backward Stochastic Differential Equations (BSDE) and we characterize the
solution of the problem using BSDE’s solutions. The main contribution in this part is the
explicit characterization of the BSDE’s solutions without using the existence of the VOM.
We obtain an explicit representation of each coefficients of quadratic backward stochastic
differential equations with respect to the parameters asset of our model. In particular, the
main BSDE coefficient will follow a quadratic growth and its solution is found in a con-
strained space. In a particular discontinuous filtration framework (where the parameters
asset don’t depend on the filtration generated by the jump), Lim [24] have reduced this
constrained quadratic BSDE with jumps to a constrained quadratic BSDE without jumps
and solved the BSDE. In the discontinuous filtration due to defaults events, we cannot
do the same assumption since the intensity processes depend on the jumps (the default
events). Using Kharroubi and Lim [18] technic, we will split the BSDE’s with jumps into
many continuous BSDEs with quadratic growth and we will conclude the existence of the
solution using the standard result of Kobylanski [19].

Hence, the paper is structured as follow, in a first section, we will give some notations
and present our model with some results relative to credit risk modeling. Then, in a sec-
ond part, we will study the case of pricing and hedging defaultable contingent claim in a
Markovian framework using indifference pricing. Then in the last section, we will study
the pricing and hedging problems in a more general framework (not Markov) using mean
variance hedging approach and solving a system of quadratic BSDEs.

1 The defaultable model

We work in the same model construction as in Bielecki and al. in [2] chapter 4. Let T" >
0 be a fixed maturity time and denote by (Q,F := (F3)(o,r),P) an underlying probability
space. The filtration IF is generated by a one dimensional Brownian motion W. Let 74 and
75 be the two default times of firms A and B. Let define, for all ¢ € [0, T':

HiA = 1{7_A§t} and HtB = I{TBSt}' (11)



We define now some useful filtrations and definitions:
Gr=FVvHE, GP=FVH! and G =F VvH VHE

where H4 (resp. H#?) is the natural filtration generated by H* (resp. H?). We will denote
by G := (gt)te[ovT]’ G = (g{‘)te[o,T] and G := (gtB)te[O,T]'

Definition 1.1 (Initial time). Let 7 be a positive finite measure on R?. The random times 74

and 78 are called initial times if, for each t € [0,T), their joint conditional law given F; is ab-
solutely continuous with respect to n. Therefore, there exists a positive family (g¢(y))ieo 11 Of
F-martingales such that

+o0 +00
Gi(0%,0%) = (e > 04,78 > 0717 = [ 7 [ T atuntan. ) 02

for each 64,08 € RT and t € [0, 7).
Regarding this definition we make the following assumptions.
Assumption 1.1. ( Properties of the default times)
— Processes H* and H® have no common jumps: P (14 = 75) = 0.
— The default times T4 and Ty, are initial times.

Hence, point 2. of the previous Assumption implies that the default time of firm A and
B are correlated regarding our joint probability density g; appearing in (1.2). We now give
a representation Theorem of our defaultable model.

Theorem 1.1. (Representation Theorem) Under Assumption 1.1, for i € {A, B}, there exists a
positive G-adpated process N, called the P-intensity of H', such that the process M* defined by

t
M =Hi - / Aids,
0

is a G-martingale. Moreover, any local martingale ¢ = ((t),> admits the following decomposition:
P-a.s,

t t t
Ct=<o+/ stW5+/ U;‘dM;‘+/ UBaMB, vit>o0 (1.3)
0 0 0

where Z, U4 and UP are G-predictable processes and W is the martingale part of the G-semimartingale
W in the enlarged filtration (see [15] for more details about the progressive enlargement of filtration
and the characterization of the decomposition of any F-semimartingale in the enlarged filtration G).

Proof. The processes A\ and AP are given explicitly since we assume that 74, 75 are initial
times and knowing our conditional law G. Moreover in Proposition 1.29, p54 [31], the
author follows the proof of representation Theorem of Kusuoka (representation theorem
when the default times are independent of the filtration F) to construct the proof when

default times are initial. O



1.1 Dynamic of the Bond

In our model, the traded asset will be the defaultable bond D# of the firm A. Using the
decomposition (1.3), we represent the dynamics of this defaultable bond in the enlarged
filtration G as in Corollary 5.3.2 of [2]

dD{!
5 L = pdt + o dM{* + o dMP + 01 dW, (1.4)
il
where 1,04, 0B, 7 are G-predictable bounded processes. Therefore, given an initial wealth
x > 0, if we assume that investors follow an admissible strategies 7, which is represented

by a set A of predictable processes 7 such that

E [/OT ﬂgds} < 400, (1.5)

then we can define the dynamics of the wealth process, started with an initial wealth « at
time ¢ = 0 and following a strategy 7, X*™ based on the trading asset D by
dD{

A
D

X" =m =Ty [Mtdt + UflthA +opdMP + Utth] : (1.6)

Note that since all the coefficients in the dynamics of the wealth process are bounded, then
for any m € A we have that (1.5) implies:

2

E [ sup | XT7| < +o0.

0<t<T

1.2 The Defaultable claim
We now introduce the concept of defaultable claim and give some explicit examples.

Definition 1.2. A generic defaultable claim 1) with maturity T > 0 on two firms A and B is
defined as a vector

(X4, xP, 24,28 4, 7P)
with maturity T such that:

— The default time 7%, i € {A, B} specifying the random time of default of the firm i and thus
also the default events {r* < t} for every t € [0,T). It is always assumed that T° is strictly
positive with probability 1.

— The promised payoff X*, which represents the random payoff received by the owner of the

claim v at time T, if there was no default of firm A prior to or at time T.

— The promised payoff X B, which represents the random payoff received by the owner of the
claim ) at time T, if there was no default of firm B prior to or at time T.

— The recovery process Z', i € {A, B}, which specifies the recovery payoff Z i received by the
owner of a claim at time of default of the firm i, provided that the default occurs prior to or at
maturity date T.



We can introduce now the payoff at time T' of this defaultable claim, which represents all cash
flows associated with (X4, XB,Z4, Z8 14, 18). We will use too the notation ) for this payoff.
Formally, the payoff process 1 is defined through the formula by

T T
v o= XMNgasry + XP1 e + / ZAdHD + / zBdn?B. (1.7)
0 0
As an example, we can have a defaultable claim which only gives a terminal payoff of
H' if no default occurs before time T. Hence we will not receive money if one of the firms
make default. So our defaultable claim is given by

¥ = Hf

TAVTB>TY} "

Or we can have a defaultable claim which give a amount of money with respect to the
time of default of the firm B and give a recovery amount H? if the firm A make default

T
/l/} = H17B>T} + H{27—B<T} +/ HgdH;A
- 0

2 Hedging defaultable claim in Markov framework

Let consider 1) € Gr a bounded defaultable claim as defined in Definition 1.2, which
depends on the default times 74 of the firm A and 77 of the firm B. Our aim is to find the
best hedging and pricing of ¢ with respect to the defaults times.

Assumption 2.2. We assume that i, 0, 0B, o and the intensity processes \*, \P are determin-

istic bounded functions of time, H* and HP.
Remark 2.1. Under Assumption 2.2, we have that (D, H4, H?) is a Markov process.

We assume that the risk aversion of investors is given by an exponential utility function
U with parameter § which is
U(z) = —exp(—ox).

Therefore, to define the indifference price or the hedging of v/, we should solve the equa-
tion given by
W@+ p) = W (@),

where functions ¥ and u° are defined by:

u?(z) = supE [—exp(—6(X7" — )]  and u’(z) = supE [—exp(=6X7™)]. (2.8
TEA TEA

2.1 The dual optimization formulation

To deal with the problem (2.8), we use the duality theory developped by Kramkov
and Schachermayer in [21]. In fact this theory allow us to find the optimal wealth at the
horizon time T and the optimal risk neutral probability Q*. In the sequel without loose of
generality, we will assume that r; = 0. Let recall now some results about the dual theory.
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Theorem 2.2. [Kramkov and Schachermayer, Theorem 2.1 of [21]]
Let U be a utility function which satisfies the standards assumptions and consider the optimization
problem: u(x) = supre4 E [U(XF™)], then the dual function of u defined by:

v(y) = sup{u(z) —zy},  u(z) = nf{v(y) +yo}
>0 y>

is given by ]
v(y) = inf E (V [yﬁ]) (2.9)

QeMe

where V' represents the dual function of U and M€ represents the set of all risk neutral probability
measures.

Moreover, there exists an optimal martingale measure Q* which solves the dual problem and we
have that the optimal wealth at time T is given by:

XEm = [1/29*] , where v is defined s.t. EY [ij:”*} = 2.
where the function I represents the inverse function of U’ and Z;(?* represents the Radon Nikodym
density on Gr of Q* with respect to P.

Now, we can apply this result to solve our optimization problem (2.8). We will resolve
only the case i) # 0. Indeed the particular case ¢y = 0 could be obtain by these results.
We obtain an analogous result of Delbaen and al. Theorem 2 in [5], given by the following
proposition:

Proposition 2.1. Let Q* be the optimal risk neutral probability which solves the dual problem
inf |H(QP)— JE? :
Juf | H(QIP) - 5E%(v)] (2.10)

then the optimal strateqy m* € A solution of the optimization problem (2.8) satisfies:

() romre () [ oot e
0

where H(Q|P) represents the entropy of Q with respect to P (z’.e. EQ [log (%)]) and y is a
non negative constant.

Proof. The proof is based on the Theorem 2.2. First to match with assumptions of this
Theorem in the case ¢ # 0, we change the historical probability. Let define

__exp0Y) and @’ (z) = sup E¥ [ exp(—6X77)],

Gr E [exp(&b)] TEA

then setting ¢ = E [exp(dv)], we get

e
dP

u’(z) = supE [— exp(—0(X7" —1))] = sup EF" [—cexp(—0X7™)]
A TeA
1 z—1 c),m
= supE™” [exp (—5 <—5log(c) + X;”))] = sup EF" [exp (—5XT 5 o8 (c), ﬂ .
TeA meA
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Hence by the definition of 4" (z) we obtain that % (z — 3 In(c)) = u¥(z). Then using the
Theorem 2.2, the dual function of %¥ is given, for all y > 0, by:

. dQ
W (y) = Qle% E [V (ydwﬂ (2.12)
where
Viy) = ililg{U(l’) —ay} = 21;13{— exp(—0x) — xy} = % [ln (%) - 1} :

Then using this expression of V' (y) into (2.12) gives after calculation an explicit expression
of the dual function which is

() = y LA _ §EQ

) = V() + () + 5 inf |[H(QIP) - 6E(w)] .

Since Q* is the optimal risk neutral probability which is solution of (2.10), we deduce that
the optimal wealth at time T of the optimization problem (2.8) is given by

Q*
ZT

Xa™ =1 |y L
T Q¥
ZT

where y is defined such that E?* [X;f’”*] =x— % In(c) and 1 is equal to —V'. Moreover
from Owen [28], we can deduce that there exists an optimal strategy 7* € A such that:

7¥

. 1 g
X5 =1 yigw =x — ~1In(c) —|—/ m;dD;.
Z5 0

5

In our case, since we work under the the case of exponential utility function with param-

eter §, we have .

I(y) := —gln (%) .

We finally get that

1 a1 oy 1 o 1
x—éln(c)—i—/o 7 dD; ——Sln (5) —glog (ZT )—I—?l)—gln(c).
which concludes the proof of this proposition. ]

2.2 Value function of the dual problem

In this part, we will solve the dual problem in a Markov framework. In fact, if we
consider the same problem with a different set of probability measure like M® = Q, where
Q represents the set of all probability measure Q < P, then the value function is given
by the entropy of ¢ with a parameter 6. But since we work in a more restricted set of
probability M¢ which represents the set of all risk neutral probability, the value function
is more difficult to precise. To characterize the value function, we first describe the set M*®.
Hence, let Q € M® and define Zg be the Radon Nikodym density of Q with respect to P.

Consider the non negative martingale process Z2 = E [Z&,@\Qt} and using representation

8



Theorem 1.1 implies that there exists predictable processes p# and p? which take their
values in C = (—1, 400) and a predictable process p which takes its values in R such that
forallt € [0,T]

dz2 = Z2 (p{dMP + pPdMP + pidWy) .

Since Q is in M¢, it is a risk neutral probability, then ZD* is a local martingale. This
implies by Ito’s calculus the following equation:

pe+ pi o N+ pPaPAP + prot = 0, (2.13)
Remark 2.2. We notice that the process p depends explicitly to the values of p* and p®.

Therefore using equation (2.13), the latter (2.10) can be formulated as find p* and p”
which minimize:

of EQ [ln(29) _
Jnf E [1 (Z9) 514 (2.14)

This is the Dual Problem we would like to solve. We make now an Assumption on the
form of our defaultable claim ).

Assumption 2.3. The defaultable claim v € Gr is given by

¥ = g(D)1res7y + f( 5-)1irB<T)
where g and f are two bounded continuous functions.

Remark 2.3. 1. We chose to take a defaultable claim which depends only to the default time of
the firm B. However, we could have been take a defaultable claim which depends to the default
time of the firm A too. The calculus would have been longer but the results will be the same.

2. Moreover, taking a defaultable claim depending only to the default time of the firm B has an
economic sense. Indeed, our traded asset is the defaultable bond of the firm A, so it is justified
to take payoff g and f function of D, therefore if we see the firm B as an insurance company
which covers the firm A, then the default of B means the counterparty default risk.

Proposition 2.2. Under Assumption 2.3, the value function of the dual problem (2.14) is given

by:
T
V(t, D} H{, H) == inf CE@ U (s, 08, p2, DMds — 69(DF) 1y mory | D], HY, HtB}
pA.pPe t
(2.15)

where the function j is defined by:

. i i i 1
](Sap?aps ) Z >‘ +ps ln( +ps) —,05] _5(1+pSB))‘st( )+ ps (2 ]_6)

1€{A,B}



Proof. The proof is based on the Itd’s formula. We write first the dynamics of In(Z?) under
Q which is given by

o , . . 1
din(Z2) = > pldM + In(1+ p}) — p}] dH] + pedW; — 5pfdt.
i€{A,B}
Using Girsanov theorem, the processes defined for all : € {A, B} by
M; = M} — / pAeds and Wy =W, — / psds
0 0
are Q-martingales. Hence we obtain that
Q g ‘ ‘ ' ‘ g A B A B 1, Q
(z) ~ 00 = [ 3 NI+ yma(r+ gi) il 3 | [ f(0fyamp + 901 - 1) | 4 Gkar 40
OiE{A,B} 0 0
where M© is a Q-martingale. Then we can rewrite the dual problem using the last expres-
sion:
Q Q Q g A B pA B A
@lellAf;leE |:1n(ZT) - 51/}] - pA};lg'ECE [A ](Sv Ps 5 Ps 7Ds )dS - 5(1 - HT )g(DT):|
where j is given in (2.16). Since by Remark 2.1, the process (D4, H4, HP) is a Markov
process, then using the standards results of [4] the value function of the dual optimization
problem is given by:

T
V(tan7H£47HtB) /ililgeﬂé:(@ |:/ ](Sapfvpst-D?)ds_59(D%)1{TB>T} D?avaHtB] .
b t

We need now to evaluate an explicit form of the value function.

Proposition 2.3. Let z = (z,h, hB) and h = (h*,hP), then the value function of the dual
optimization problem is solution of the following Hamilton-Jacobi-Bellman equation:

%‘t/(t, z) + ;g{;(t, z)aQ(t, 2) l—)i;?/r)lee{cﬁpAwsV(t, z) + j(t,pf‘,ptB)} =0, V(T,z) =g(z)(1 — hB)
(2.17)
where
oV . . o
Lya 5Vt z) = Z [—az(t, 2)o'(t,2) + (V(t,2") — V(t,z))} (14 pp)N'(t, h)

i€{A,B}

and ' = (z(1+40'(t, 2)), h* + of AP + 1 — o) where o = 1 and o = 0. Moreover given
the value function, the optimal strategy satisfies:

* _1 ov ﬁt
L <8x(t’z) * DAa(t,z)>

t

where the process p is explicitly given with the optimal control p, i € {A, B}, see the relation
(2.13).
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Proof. From Proposition 2.2, we find that the value function of the dual optimization prob-
lem is given by (2.15). Since (D*, H*, HP) is Markovian under P and the risk neutral
probability measure Q depends on the control (p*, p?), we can apply the same method as
in [4] section 3.2 and 3.3. So, using now Hamilton-Jacobi-Bellman (HJB) equation we get:

t+h

Vit 1) = ng B[ [ oo DA 4V HE D B P
pA.p t

Then the value function solve the HJB equation (2.17).

We will find now the optimal strategy given the value function. Let recall that from Theo-

rem 2.2, the optimal risk neutral probability and the value function exist. Let define p*, o

and p the optimal density parameters. Since p** and p” are optimal for the HJB equation,

assuming o (t, z) # 0, using first order condition we find for i € {4, B}:

o'(t,z) _
o(t, z)
Then using the HJB equation (2.17) and the relation (2.18), we find the following relation:

LoitE) . 18V, av

— i 1 i - —_— . (21

pt+ DN = ) | TR Sy Pt g g bR + (b 2). 219)
ic{A,B} i€{A,B}

{(V(t,z")—V(t, 2))—za'(t, z)‘;v (t,2)+In(1 + pi)— P [N (t, h)=6(1 — o) f(z) A (¢, h). (2.18)

Let recall the Ito’s decomposition of the process In(Z%"):

. T - 1 T . ‘ .
n(Z¥) = / (51 dWy + = pidt] + / > [In(1+ ph)dH] — piN' (¢, )] .
0 2 0 ie{A,B)}

Then using equations (2.18) and (2.19), we find an useful and more explicit decomposition
of the process ln(Zg* ):

. T 19%2v T av T
ln(Zg ) :/ Y0 (t Zt)(DA ) (t, Zt)dt — / 7(15, Zt)dt —|—/ prdWy
0 2 0z 0 Ot 0

- > [(V(t,zg)—V(t,zt))—Dﬁai(t,zt)‘?;(t,z)] dH;}

iE{A B}
a' t zt) i\ y4 4 A B
Z pt [dH} — (14 pON(t, he)] + | 6f(DA)dH]
0 ie{A, B} b2 0

where z; = (D, Hf, HP) and h, = (H{*, HP). Then using the Itd’s decomposition of
V(T,D#,H#, HE), we find:

O-(t’ Zt) 1€{A,B}

T —
1n(Z;Q5*):/O il {(t 2)dWi+ Y o tzt)th]+5f( I PP

T
2%
- V(DA A HE) + V.03 L HE) + [ 5 dD)
0

Since
V (T, Df, Hf, HE) = ~8¢(D)(1 — HE)

11



and
Y = f(D4 ey + 9(D7)(1 — HY)

we get:

OV zt)] dDA.

T
Iz — 6 = V(0, DA, HY, HE / S
H( T) Q,Z) ( 0 0 0)+ 0 Dﬁa(t’z) 8.'L'

From Definition of the value function, we have
V(0, D, Het, HY) = EY [n(2]) - oy

*

* ﬂ-* * Q
using the fact that EQ [Xéﬁ } =z — 1ln(c) where X77" = —1In <(15 jgw ) (see Theorem
2.2), we deduce that

EY {—;ln(ZéQf*) +¢— %ln(c) — %ln (y)] =z — %ln(c).

Hence, we conclude
V(0,D{, HY, HE) = —62 — In (%) .

Finally, we find
1 - 1.y T Pt oV A
——In(2¥ = —In(= —— | ==+ (¢ dD;.
5n( T )+ x+5n(6)+/() 5[D?U(t,z)+8x(7zt)] t
Therefore from equation (2.11), we obtain the result of the Proposition. O

In conclusion, we have find that since we can characterize the optimal probability for
the dual optimization problem using Kramkov and Schachermayer Theorem, we can char-
acterize the HJB equation solution of our Dual problem and then this allows us to find the
optimal strategy for the primal solution for a defaultable contingent claim . Therefore
we can find for ¢y = 0 and v # 0, the optimal strategy in the both cases and deduce the in-
difference price p of a defaultable contingent claim solving the equation u¥ (z +p) = u’(z).

3 Generalization of the hedging in a general framework: Mean-
Variance approach

In this part, we assume that we work in a more general setting (not necessarily Markov),
then we can not use the HJB equation to characterize the value function. To solve our prob-
lem we will use the Mean Variance approach. It is a well-known methodology to manage
hedging in general case. It seems to have been introduced in 1992 by Schweizer [29]. An
important quantity in this context is the Variance Optimal Martingale Measure (VOM).
The VOM, P, is the solution of the dual problem of minimizing the L2-norm of the density
fl%, over all (signed) local martingale measure Q for D“. Let recall now the Mean-Variance
problem:

V() = minE {(X;i’” - 1/})2} . (3.20)
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If we assume G = F (in this case we do not consider jump of default), then the process
D4 is continuous. In this case Delbean and Schachermayer [7] prove the existence of an
equivalent VOM P with respect to P and the fact that the price of ¢ is given by IEPW). In
discontinuous case, when the so-called Mean-Variance Trade-off process (MVT) (see [29]
for definition) is deterministic, Arai [1] prove the same results. Since we work in discon-
tinuous case and since the Mean Variance Trade-off process is not more deterministic (due
to the stochastic default intensity process), we cannot apply the standards results.

Remark 3.4. Indeed, in this part we do not more assume that intensity processes \* and \B be
deterministic. We take general stochastic default intensity processes. But we assume that default
times 7 and 78 are ordered, T < TP and that the (H)-hypothesis holds. A financial inter-
pretation of this assumption could be the counterparty risk. Indeed, the firm A could be a bank
(counterparty) and the firm B its company assurance which cover its default.

So our work is firstly to characterize the value process of the Mean-Variance problem
using system of BSDE’s. Secondly make some links with the existence and the characteri-
zation of the VOM in some particular cases and thirdly prove the existence of the solution
of each BSDE and give a verification Theorem. We begin by recalling some usual spaces:
e For s < T, 8§[s,T] is the Banach space of R-valued cadlag processes X such that there

exists a constant C' satisfying

[ X ||l soofs,r) := sup |Xi| <C < 400
te(s,T)

e For s < T, H?[s,T] is the Hilbert space of R-valued predictable processes Z such that

r :
Zhein = (B[ [ 120 ) < oo
S

e BMO is the space of G-adapted matingale such that for any stopping times 0 < o < 7 <
T, there exists a non negative constant ¢ > 0 such that:

E[[M]; — [M],-1G,] < c
when M = Z.W € BMO, to simplify notation we write Z € BMO.

Definition 3.3 (R2(IP) condition). Let Z be a uniformtly integrable martingale with Zy = 1 and
Zp > 0, we say that Z satisfies reverse Holder condition Ry (P) under P if there exists a constant
¢ > 0 such that for every stopping times o, we have:

72\?
<Z€) |g0] SC.

3.1 Characterization of the optimal cost via BSDE

E

On our problem of mean-variance hedging (MVH) (3.20), the performance of an admissi-
ble trading strategy m € A is measured over the finite horizon T for an initial capital z > 0

by
JY(T,m) = E[(X7" = 9)?]. (3.21)

13



We use the dynamic programming principle to solve our mean variance hedging problem.
Let first denote by A(¢, v) the set of controls coinciding with v until time ¢ € [0, T']

Alt,v)={mr € A: mr =V} (3.22)

We can now define, for all ¢ € [0, T'], the dynamic version of (3.21) which is given by

2
Y(t. 1) = essinf E | (XY™ — . 2
TH(tm) = essinf [< P -v) 1o 62)

Let recall now the dynamic programming principle given in El Karoui [10].
Theorem 3.3. Let S the set of G-stopping times.

1. The family {JY(r,v),7 € S,v € A} is a submartingale system, this implies that for any
v € A, we have for any o < 7, the submartingale property:

E [Jw(f, uo)ygg] > JY(o,v), P—as (3.24)

2. v* € Ais optimal if and only if {J¥(7,v*), T € S} is a martingale system, this means that
instead of (3.24), we have for any stopping times o < T:

E [J”D(T, V*)|Qg} = J%o,v*), P—as

3. For any v € A, there exists an adapted RCLL process J¥(v) = (Jw(V)t)ogth which is
right closed submartingale such that:

JY(v) = J¥(1,v),P — a.s, for any stopping time .
We search as in Lim [23] a quadratic decomposition form for J! as

TP (m) = Ou(XPT = V)P + & (3.25)

such that O is a non-negative G-adapted process and Y, { are two G-adapted processes.
So, we will assume the quadratic form (3.25) of the cost conditional J¥ with respect to
the wealth process and use the Theorem 3.3 to characterize the triple (0,Y, ¢) as solution
of three BSDEs. We will verify in the section 3.2 that the assumption of the quadratic
decomposition form and the optimality and admissibility of the founded optimal strategy
are satisfied.

So, let m € A be an admissible strategy, by representation Theorem 1.1, we have that
the triplet (0, Y, £) need to satisfies the following BSDEs:

dO,

6 = —gl(©,0,08 8,)dt + 02dMA + 0P AMP + B,dw, Or=1

~

dY, = —g (Yo, UA,UP, Zy)dt + UM + UPAME + Zdw, vp =y (320
de, = —g2 (&, €1, €8 Ry)dt + € dMP + eBdMP + R, dW;, &r =0.
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with the constraint that ©; > ¢ > 0, for some non negative constant §, for all ¢ € [0, T]. The
processes 04,08 U4, UB ¢4 and € are G-predictable. Hence, we can use Itd’s formula
and integration by part for jump processes to find the decomposition of J¥ (). Let recall
that for any S, L semimartingale, we have that

d(StLt) - St—st + Ltf dSt + d[S, L]t
In our framework since jump comes from defaults events we get

d[S, L]y = (S, L+ > AS]AL{dH].
i€{A,B}

Applying these results for S = L = (X*™ —Y) gives:

X" —Y); =2(X]T - Y,-)
1€{A,B}

(ﬂ't,Ut + gf)dt + Z (ﬂ'tO'z — UtZ)thZ + (TI'tO't — Zt)th]

+ (o¢ms — Z3)2dt + Z (moh — Uti)QdHti.
i€{A,B}

Secondly take S = © and L = (X*™ —Y)? , let define K := (X*™ —Y), we find:

d(OK?), =2K,- O, {(Wt +g)dt+ > (moi — UNAM] + (00 — Z;)dW,
1€{A,B}

+ O, (oym — Zy)dt + Z 0, (mot — Uti)2dHti — 0, K2 gidt

i€{A,B}
+ O K2 | Y 0ldM] + BidW, | + 2K, O, (mor — Zy)Bidt
i€{A,B}
+ Y [ mot — UN 4 2K, (mol — U;’)} 6i0,- dH:.
1€{A,B}

Using this decomposition, we can write explicitly the dynamics of J¥(r) for any 7 € A,
thw (m) = dM] + dV[" where M is the martingale part and V;" the finite variation part of
JZ/’ :

thw(W) = dM[ + ©,- [Wtzat + 21 (b Ky + 1) + 2K (g7 — wi) — Kig) + ve| dt — gpdt

(3.27)
where processes are defined respectively by:
ar = of + Z 1+«9t N> 0, by = g+ 0By + Z oA,
ie{A, B} ie{A B}
a=-01Z— Y. oUIA+0)N, w=2Z}+ > (14 0\, (3.28)
1€{A,B} ie{A, B}
and w =87+ > UibiX
i€{A,B}
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Using now Theorem 3.3, we have that, for any 7 € A, the process J¥(r) is a submartingale
and that there exists a startegy 7 € A such that J¥(7*) is a martingale. This martingale
property implies that we should find 7* such that the finite variation part of J¥(7*) van-
ishes. Since the coefficients g', g?> and ¢® do not depend on the strategy 7, using the first
order condition, we obtain

*

. bi Ky + ¢y
t —

Qg

t<T (3.29)

where K; = X/ ™ _Y,. Therefore substituting the explicit expression of the optimal
strategy in (3.27), we obtain:

. beKy + i)’
dJY (w) = dMJ" + ©,- —(’*’*atc’f) + 2K (g7 — wi) — K2g) + v | dt — g}t
* o 1, b 2 bcy c? 5
= th + @t, _Kt n + ; + 2Kt gy — Ut — 7 dt + ('Ut — a*)etf — Gy dt.
t t t

2 2
Z—tt =0,97 —u — l’% = 0and (v; — %)@t‘ — g} = 0, we find that our

coefficients g', g* and ¢? are given by:

Then setting g} +

o 2
[Mt + 2icqay dioiAi + Utﬁt}

1 A pB
gt(®t76t70taﬁt):_ X IR
0 + Piciany (L +01)(01)"N;

[“t + Dicqan OioiN; + Utﬁt} {UtZt + Dican (1 +0)aULN,
i\ ( )2 \i
of + Zz‘e{A,B}(l +6;)(01)" A

g?(antAvUtBaZt):_

9

+ Y OUIN + BiZy
1€{A,B}

. N2
Zi0t 4+ S 4 UL+ BN
p in2 NN i€{A,B} Yt¥t t) "\
g?(gta 6247 EtB7Rt) - @t7 ZtZ + Z (Ut) (1 + gt)At - ( 2 i N2y )
ic{A.B} of + 2ieqap (1 +01)(03)" A

Moreover the solution of the optimization problem 3.20 follows the quadratic form:
V() = 6z = Yo0)* + &
Remark 3.5. (Existence of the third BSDE)

1. If we find the solution of the first BSDE (0, 04,08, 3) € S®[0,T] x S®[0, T] x S*[0, T] x
BMO, with the constraint © > § > 0 and the second BSDE (Y,U4,UB, Z) € $¥[0,T] x
§°[0,T] x §*[0,T] x BMO then the solution of the third is given by:

ft:E[/tT<(vs—i)@s>ds‘gt], t<T.
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Then |£| € S and from representation Theorem 1.1, we deduce that the martingale part M

of & t t
M, = / > edMi+ / RydW,
0

0 i€{A,B}

is BMO. Moreover from Lemma 3.1, ¢* and €® are bounded. Therefore (&,¢4, e, R) €
§°[0,T] x §°[0,T] x $*[0,T] x BMO

2. In the complete market case, we have that the tracking error & = 0 since the hedging is
perfect.

Now we give the Theorem which prove the existence of the solution of the first quadratic
BSDE.

Theorem 3.4. There exists a vector (0,604,608, 8) € S*[0,T] x S®[0,T] x §[0,T] x BMO
solution of the quadratic BSDE

do

6 = ~9i(00,0,07, B)dt + 0, dM;" + 07 dME + yd W, or = 1.

-
Moreover there exists a non negative constant § > 0 such that ©; > 6 for all t € [0,T]. Given
(©,04,08, B), we can prove the existence of solutions of (Y, U4, UB, Z) € [0, T] x S¥[0, T] x
S0, T] x BMO associated to (g2,1) and (&,¢4, e, R) € S®[0,T] x S®[0,T] x [0, T] x
BMO associated to the BSDE(g?,0). Moreover, given this triplet solution (0,Y,€) of our system
of BSDEs (3.26), the solution of the our optimization problem 3.20 is given by:

V(2) = oz —Yo)* +&o

The proof of this Theorem will be given in the sequel in section 3.4.

3.2 Verification Theorem

Given the solution of the triple BSDEs in their respective spaces, we need to verify that
the assertions defined in Theorem 3.3 hold true, i.e. the submartingale and martingale
properties of the cost functional .J is true and the strategy 7* defined in (3.29) is admissible.
Moreover, we prove that the wealth process associated to 7* exists (satisfies a stochastic
differential equation (SDE)).

We begin by proving the existence of the solution of the SDE for the wealth process
associated to 7.

Proposition 3.4. Let 7 be the strategy, given by (3.29), then there exists a solution of the follow-
ing SDE:

dX7™ = [wdt + of dMP + oPAMP + 0, dW,]  with X" = . (3.30)
Moreover, T is admissible (i.e. ™ € A).

Proof. The proof is divided in three steps. Firstly, we prove the existence of the SDE sat-
isties by the wealth associated to 7%, secondly we prove the squared integrability of this
wealth at the horizon time 7" and thirdly we prove the admissibility of the strategy 7*.
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The existence of the solution of the SDE for the wealth process: Plotting the expression
of 7* given by (3.29) in (3.30) gives

AXP™ = (0 XP™ 4 &)dt + (dAXE™ + eM)dMP + (dPXP™ + eB)dMP + (d XP™ + &) dW;

(3.31)
where the bounded processes are given by
_ b Y, - b
by = —*tut, Ct = (bt*t +oc)p,  dp = —*tUt
Q¢ Q¢ Q¢

Y, _ b, . Y, )
&= (b= +c)oy, di=—"ol, & = (b=t +c)ol.

Q¢ a¢ at

and processes a, b c are defined in (3.28). We recall, now, that the solution of the SDE:
dpy = ¢y [bedt + dP}dMP + dPdMP + dydW;]  with ¢ ==
is given explicitely by
by = 3 exp / b sl S diN ds+/ daw, | T[ 0 +dim).
0 ic{A,B} 0 ic{A,B}
Therefore setting X" := Ly¢; with
dL; := qudt + 12 dMP + 1BdMP + 1,dW;, Lo = 1.

we find by integration by part formula that dX"™ = ¢,-dL; + L,-dé; + d[¢, L;.
Hence,

dX7T = X7 [bydt + AP M + dPAMP + dd W) + b (q— Y diliN| dt
1€{A,B}
+ > G- LA+ d)dM] + ¢y Ld Wy + Ly dydt.
i€{A,B}
Therefore from equation (3.31), we find, for i € {A, B}, that &} = ¢,-li(1 + d}),
e = ¢-ly and ¢ = ¢y (qt — > ic{AB) d};li)\,’;). We deduce that the process L is

defined by:
t Z t o .
Ltzl—i—/ Cs + d5+/ dW+/ = d M
¢s {A B} ) 0 d)s iG{A,B} Ch (1+ds)

and X g ¢¢ Ly is a solution of the SDE (3.30).

Squared integrability of the strategy 7*: Let prove f1rst that X*™ € H2(0,T] and X7° ™ e

L2(Q, Gr). We recall that J7 (7*) = ©,(X"™ — Yt) + & is a local martingale. There-
fore there exists a sequence of localizing times (75 ), for J;/’ such thatfort < s <T

E [T, ()] = €0z = Y0)* + 0.
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From Remark 3.5, we have:

tAT; 2
E[ft/\Ti_fo]:—E[/oA <vs—cs)®sds], t<T.

Qs

where v, c and a are defined in Proposition 3.26. Since a > 0, we have:

*

x,m 2 2 AT
E [@MTi(XM’Ti — Yiur) ] <Oy(z - Yo) +E [/ vs@sds] .
0

Moreover, since there exists a constant 6 > 0 such that ©; > § and the process v is
non negative, we can apply Fatou lemma and we find when i goes to infinity that

t
SE [(Xt” - Ytﬂ <E [@t(Xf’” - Ytﬂ <Oyl — Yo +E [/ vs@sds]
0

Therefore Z is BMO and the process 6°,U* € §[0, T for i = {A, B}, we conclude
v € H?%[0, T]. Hence, we have:

X>™ —Y e H20,T)

X5 —vp e L2(9,67)
Since Y € 8[0, T, then we get the expected results: X*™ € H2[0,T] and X" &
L2(Q, Gr).

Admissibility of the strategy 7*: Let now prove that the strategy ©* € H?[0,T]. Apply-
* * 2 * .
ing It6’s formula to (X*7™ )2, we getd(X;"" ) =2X"" dX" +d[X"™ ], then there
exists a sequence of localizing times (7}),.y such that forall t < s < T*

T T;
* x,m*
/ TolsXg " ds
0

(3.32)

TAT? ) 9 9 . 9
>+ E / 1202 + (6) M + (6B) NBlds| <E [(X;ITZ) } —2E
0

Setting K7 = 02 + (JA)QAf + (0B )2/\f (K7 is the so called the mean variance trade-
off process), since the processes o, o, \! are bounded, there exists a constant K such
that K? > K. Then we obtain

% * 2 * 2 K «
o X < X P4 S mP, 0<s<T

Therefore, combining this inequality with (3.32) gives
TAT? . 92 2 . K TNT;
| merzas <mlogm)ee| [ R PlPas] 5 E | [ Inas)
0 ’ 0 K 2 0
Applying Fatou’s lemma, when i goes to infinity, we get:
T T T
2>+E / mPKgds| <E [’ 4E / 2 xmm P Pds |+ EE / i 2ds
0 o K 2 0
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Therefore since K° > K, we finally obtain:

3B | [ mPas| e[ -] B | [ Rixe Pudas

Since 4 is bounded, X*™ < H?[0,T] and X;’”* € L%(Q,Gr), we conclude 7* €
H2[0,T], so 7* is admissible. Note that this condition implies that X*™ € S2[0, 7]
since all the asset’s coefficients are bounded.

Ul
We now prove the submartingale and the martingale properties of the cost functional.

Proposition 3.5. For any 7 € A, the process J¥(r) is a true submartingale and a martingale for
the strategy ©* given by (3.29). Moreover the strategqy ©* is optimal for the minimization problem
3.20.

Proof. Firstly, we prove the submartingale and the martingale property of the cost func-
tional then secondly we prove that the strategy 7* is optimal.

First step: Let recall that for any 7 € A, the process J¥(r) is a local submartingale and
for 7%, J¥(7*) is a local martingale. Therefore, there exists a localizing increasing
sequence of stopping times (7;),y for J¥ such that fort < s < T

T, () SE[Jo,(m)|G]  and Jf\p, (n%) = E[Jor,(79)|G))  forany 7€ A.

(3.33)
Moreover, forany w € A, J{ (1) = 0,(X"™ —Y;)+& where © , Y and ¢ are uniformly
bounded and X*™ € S2[0,T]. Hence, takmg the limit in (3.33) when i goes to infinity
and applying dominated convergence Theorem, allow us to conclude.

Second step: For any 7 € A, we have from the submartingale property of J¥(r) and the
martingale property of J¥(7*) :

E[Jf(m)] < B = Golw = Y0) + & = E [ 75 (x")]

we conclude 7* is the optimal strategy for the minimization problem 3.20.

3.3 Characterization of the VOM using BSDEs

Theorem 3.4 leads us to construct the VOM in some complete and incomplete markets.
We will find also the price of the defaultable contingent claim 1) via the VOM. We will
consider three different cases:

i. Complete market (where we assume G = F and G = H%)

ii. Incomplete market (where we consider only the case G = F v H#).
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iii. Incomplete market (where we consider the case G = F v H* v HP).

Remark 3.6.  — The case iii. corresponds to the more general case where the model depends
on the market information (i.e. the filtration F) and the defaults informations of the firms A
and B. Indeed, in this set up, the model will depend to the default time of both firms. An
economic interpretation of this case is a market with two firms where A is the main firm and
B its insurance company. Then, the main firm A could make default and cause a default of
its insurance. Then it is what we call a counterparty risk.

— The case ii. corresponds to a particular case where our model depends only to the default
time of the firm A. In fact, in this set up, the model depends on the market information and
the possible default of the firm A. It’s can be view as a particular case of iii. with condition
78 = oo (i.e. no possible default of firm B).

— The first case in i., if G = F, corresponds to a model which depends only on the market
information and not to the possible default of firms A and B. In a economic point of view, it
is a simple model without default. In the second case, G = H*, the model depends only to
the possible default of the firm A and non more to the information given by the market.

Remark 3.7. We have explicit solution of the VOM with respect to the process © in the first two
cases.

3.3.1 Complete market

If we assume that G = IF (we do not consider the default impact of firms A and B on
the asset dynamics of the firm A) or G = H* (we don’t consider the market noise) then
our financial market is complete. Hence, the VOM is the unique risk neutral probability
and its dynamics can be found explicitly. Our goal in this part is so to find the solution of
the triple BSDEs given the VOM P.

Proposition 3.6. Let P be the VOM (the unique risk neutral probability) and let define Zr be the
Radon Nikodym density of P with respect to P on Gr. We denote Z; = E [Zr|G,], then for all
t < T, we have that

_ 4

- E[Z(G]

Moreover, for all t € [0, T), we have that Y; = E [4|G;] and & = 0.

Oy

Proof. We will consider the two cases G = F and G = H4.

First case: Let consider the case where G is equal to IF and let the process L defined by the
stochastic differential equation given by

dLy = Li-pedWy
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where pW € BMO, using It6’s formula we find:

L L 2, 1 2
d ( > = (200 — B)dWy + (BF + g; — 2Bipe + 97 )dt]

e,) 6
2
= % [(2% — B)dW; + ((/Bt — )’ - (& + Bt)z) dt}
¢ o
2
= gtt |:(2pt — Br)dWi + ((—Pt - %)(2@& +pt + Zi)) dt]

Then if we set, for all ¢t < T, that p; := —g—z and using the bound condition of

(é, 1, 0) and the BMO property of 3, we obtain that the process %2 is a true martin-
gale. Therefore we get:

L? L?
E —T‘ ==t t<T
(o)=L, s
Since ©1 = 1, we find the expected result. Moreover we obtain that L = Z which is

the Radon-Nikodym of the unique risk neutral probability and g7 = 27, g =0,
thenY; = E[¢|G]and & = 0,t < T.

Second case: Let now consider the case where G is equal to H and let the process L define
by the stochastic differential equation given by

dL; = Ly ptdM

where pAM# € BMO, using It6’s formula we find:

B 2 2 2
a(BE) 2 B [ (Otpt) ) g (L6 ()" — 2006000 | 1)
©:) O 1+67 ! 1+ !
2 [+ pt 1 > 2
=t L1 dMp =00 — (g H 00 ) Mt
o, ( 14_924 t +1+024 (pi i) (024)\24+ ) t
To, |\ 14162 T e S Y AN SV
thenif wesetforallt < T
pA e
LA

then using the bound condition of O, 1, 4,604, the process %2 is a true martingale.

L2 L2
E<T‘gt> ==t t<T
Or

Hence we get:

O’
Since ©r = 1, we find again the expected result. Moreover L = Z the Radon-
Nikodym of the unique risk neutral probability and g7 = —f—j‘UiA , g¢ = 0, then
t

V; =E[¢|G]and & = 0,t < T.
O

Remark 3.8. We have proved that we can find the existence of solution of the triple BSDEs using
only the explicitly given VOM.
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3.3.2 Incomplete market

In the incomplete market case, the remark 3.8 doesn’t hold true. The VOM depends
on the dynamics of (O, 64,658, ). In the particular case where G = F Vv H4, we can find
that the Proposition 3.6 holds true. But in the more general case G = F v HA v HP, we
can not prove the existence of the VOM but we still characterize the process © with some
martingale measure.

Proposition 3.7. Let consider the incomplete market G = F v HA, then the VOM P defines
the local martingale measure Q which minimizes the L*-norm of Z®, Zr represents the Radon
Nikodym density of P with respect to P on Gr and Zy = E [ Zp|Gy|. We find, forall t < T,

72
' E[Z2]G]
Moreover
Y =E[¢|G].

In the more general case, where G = TV HAVHP, we can only prove that there exists a martingale
measure P such that forallt <T:

Zi

e, =_-t
' E[Z2(G/]

and Y, = E |G

Proof. First step: Consider the case where G = F vV H4 and Q a martingale measure for
the asset D*. Let define Zé@ its Radon Nikodym density with respect to P on G7. We

define the process Z;@ =E [Z;Qf\gt}. Using martingale representation Theorem 1.1,

there exists two G-predictable processes p* and p such that
dz2 = Z2 [p{d M + pdW;]
Using It6’s formula, we find:

d ((Z;@f) @y ((1 + o)’
@t a 975— 1—|—9tA

— 1) thA + (2pt - Bt)th + jtdt (334)

01!)

A_ 2

where j; = (pr — Bt)2 + %Af +g}. Since Qis a martingale measure for DA we
t

get using (2.13) that

it + o A+ pro = 0
Hence using this equation we can find p# using p and plotting this result on the
expression of j. We obtain
2 2
(Mt + otpr + 0'{540,‘54)\%4) _ (Mt + Bto't + 9240'24)\24)
L+ )N L+ 0)(0) M + o

Jt = (pt — 5t)2 +
Let now define
_ _ 2 -
pr=pt—Br, ar=0f+(L+0N (0NN and b = p + 0B + 07 0N}
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then we get:

; 1 aps + 25,b +B%Ut2] at ( +Et‘”>2>0
Jt = at Pt PtOL0¢ — = Pt T — .
(1+ 6 (o)A A | (1402 (0f)° AP ay

2
(3.34), 7 > 0 and the fact that the process (ZS) isa submartingale (since Z? is a mar-

Q)2
tingale and § € 8°°[0,71), we deduce E {( Z7) ] > (Ze) , since ©7 = 1 and ZE)Q = 1.

Finally we get for any martingale measure for D4 that E [(ZQ) } > @io. More-

over, if we set p; = bt‘:f then Z is a true martingale measure since (0, 04,053) €
S"O[O,T] x S®[0,T] x $®[0,T] x BMO and y, 04, o” are bounded (the process b,a,
pand pA are bounded). We call P the martingale measure under this condition then

E [Z3] = g-. We deduce P is the martingale measure which minimizes the L?-norm
of Z and @t % t < T. Using the explicit expression of p we find:
b 146070
Pt:—@-l-ﬁt and pfz—( E)Ut t oA
ag ag
Moreover since
—by(0:Z + (1 + 01U o' A
g = (01 Ze + ( - i) Ui o t)+,3tZt+UtA)\£4
b 1+ 607"
=7 <—m +Bt) + U (—( C_’i )oi b +0;‘> A
t

= Zipe + U p N

then we conclude that Y; = E [¢|G;]. Therefore the characterization of the price of
Y (using Mean-Variance approach) and the VOM in this incomplete case is well de-
fined using (©, 64, 7, 3) associated to the first BSDE.

Second step: We consider now the more general case where G = F v H* v H”. Let con-
sider Q a martingale measure for the asset D* and let define Zg its Radon Nikodym

density with respect to P on Gr. We can define the process Z,i@ =E [Z%gt} . Using

martingale theorem representation 1.1 there exists G-predictable processes p?, p?
and p such that
dZ;@ = ZS [Pfth +pPdMf + prdWi]

Using It6’s formula, we find:

2 Q 2 2

ZQ 7 1 7 .

d (Zy) :( i) E: M_l dM{ + (2ps — By)dWy + jpdt
O ;- i€{A,B} 1+6;

. A
where j; = (p — 1)° + D ie{A,B} %

4 we get by (2.13)

A + g7 Since Q is a martingale measure for

pi+ Y pioiA 4 por =10
i€{A,B}
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Hence using this equation, we can find p* using p and p” and then plotting this
result on the expression of j. Let first recall a notation:

INIRAYAY
a; = U? + E (1460})(o))" N, and by = s + 0Bt + E Htat
ic{A,B} i€{A,B}

so we find:

Cri=(1+ 01 (o) Ny

2
— (o 50107 + (4 6 (o 4 OO { > (1*93(092A4

B
146 i€{A,B}

2
+ o + (14 02) (0P VAP] + 2008 — 67) (e — r)oroPAP

+20¢ [(pr — Be)or + (pf — 0P Vo AL ]

Then from the two first terms, we add and remove an additional process to find the
process a, we get:

C; = |:(,0t — Bt)Qat + ﬁO'Q + th(,Ot — Bt)o't:| (1 + QB)AB ( _ tB) a + thO'tht HtB
ar ' (4 0E)7 +0F
b7 B2 By\B (o —0F) g 2/ _B\2 (PtB—ef))zz
+-+ + (14 67)A =t — (o — -ttt
) | Q00N 20— B0t = (o= B)%(0F) = e
Finally we find a more explicit expression of C:
by \? (pB —0P)  biof 2
— _t 1 GB )\B t t t
e at[<( — )+ o)+ oPp (g )
B _ 9B\ 2
B\\B (B2 ot py — b
PPl (= 5 = T )
It follows that if we set p; — 3; := o*t and pP — 0P .= —(1+0P)oP Zt, then we find

j=0and p — 0} = —0f Z—tt Since (Q,HA 08, 3) € S0, T] x $®[0,T] x S*[0, T x
BMO and p, 04, o7 and o are bounded then the processes b, a, p, p* and p? are
bounded too. Therefore, we deduce there exists a martingale measure P such that

22
t <T. (3.35)

@t E[Z%‘gt], =

Moreover we find, for all ¢t < T, that

9i = Zipe + Z Ui A
i€{A,B}

then
=E[¢|G].
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Remark 3.9. (About the VOM)

— To identify that P is the VOM in the general case where G = F v HA v HE, we should prove
that j > 0 as in the first case of the previous Proposition. But from the last expression of j,
we can not prove that this condition holds true. However, we can remark that the assertion
of VOM will be justify if one of the following equality is satisfied:

pf—0F  pP—6F  ppit—67

. . pit — 07
1+6F 7 7t 140F Tt 140

1464

Uf(ﬂt — Bt) = oy or Uf‘(ﬂt —Bi) = o1

— The generalization of the expectation under a o-measure (' Y; = E [1|Gy]) was defined by
Cerny and Kallsen in [3] p 1512. Moreover, given the solution of the first BSDE, (0, 64,07, 3) €
§°[0,T] x §[0,T] x §[0,T] x BMO, with the constraint © > 6 > 0, the martingale
7 satisfies (3.35), since 1 is bounded, we conclude:

i 2 1 2
Vi < 26 | 25161] + 26 (W16 <2 |3 + I

Therefore Y € S*°[0, T and from representation theorem 1.1, the martingale part M of Y

given by
t ) ) t
M; = / > UldM+ / ZsdWs
0 i€{A,B} 0

is BMO. Moreover from Lemma 3.1 in Appendix, since Y € S>[0, T) we obtain that 64
and 08 are bounded. We conclude if the solution of the first BSDE exists (0,04,68,3) €
§%°[0,T] x §°[0,T] x §[0,T] x BMO, with the constraint © > § > 0, that the solution
of the second BSDE (Y, U4, U, Z) € %[0, T] x §[0,T] x $*[0,T] x BMO exists.

3.4 Proof of Theorem 3.4

We prove in this part the existence of (0, 64,67, 3) in the space S*[0, T] x S>[0,T] x
§%°[0,T] x BMO, with the constraint © > §. Moreover, we recall that given the solution
of this first BSDE, the existence of the second and the third BSDEs is given in Remark 3.5
and 3.9.

Note that to prove the existence of (O, 04,65, 3), we do not need the assumption that
the VOM exists and should satisfied the Ry(P) condition (this assumption implies that
the Radon-Nikodym of the VOM P with respect to P on Gr is non-negative). Moreover,
if (0,604,608, 3) is defined such that Z is non negative implies that P satisfies the Ry(P)
condition.

In fact, in general discontinuous filtration it is difficult to prove that we can find (O, 64,65, )
solution of the first BSDE such that © > 0 (see [23] for more discussions about the diffi-
culty). Indeed in the set up of [23], the author make hypothesis that all the asset’s coeffi-
cients are [F-predictable. This strong hypothesis makes the jump part of process O equals
to zero. In our framework, this hypothesis can’t be satisfied since the intensities processes
are G-adapted. Hence, we deal with splitting method of BSDE defined by [18] , to prove
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that even the jump part of the process is not equals to zero, we can split the jump BSDE
in continuous BSDEs such that each BSDE have a solution in a good space. The proof is
divided in two parts. In the first part, we will give the splitted BSDEs in this framework
and in the second part we will solve recursively each BSDE.

First step (The splitting of the jump BSDE) Let define, for all ¢ € [0,T], g: = ©,- g, 0} =
©,-0; fori € {A,B}, 0, = 01 (;c,ay + 0P 1 ;acy<r5y and B; = ©,- ;. Then we can
define the BSDE (g, ©1) given by:

dO; = — fydt + 02 dH? + 6BdHP + B,dW, with Or = 1.
where f; = g; + 04\ + 0P \P. We define too
Ap={, ) e ®N < <), 1<k<2
Since we work with the same assumption (density assumption) and notation as in
[18], then we can decomposed O7 and g between each default events such that:
Or = Vlgocraray +7' N acrerny + (4 7)1 sy

and

ft(@h éta Bt) = fto(@h étv Bt)1{0§t<TA} + -]Ftl(gtv éta Btv TA)I{TAStSTB} (336)

+ f_t2(®t7 éta Btv (TAa TB))l{TB<t} (337)

where 1 is Fr-measurable, v* is Fr @ B(Ay)-measurable for k = {1,2}, 3% is P(F) ®
B(R) ® B(R)-measurable and g* is P(F) ® B(R) ® B(R) @ B(A¥). Moreover, since
©7 = 1 (bounded) (see proposition 3.1 in Kharroubi and Lim [18]) we have that the
variables ’yk(l(k)) =1, for k = {0,1,2}. Let now give the main result of splitting
BSDE which is a first step to prove the existence of (0,04, 05, 3). Let lioy = (I1,12) €
Aj and assume that the following BSDE:

403 (I2)) = —f7 (03 (I(2)), 0, BE(l2)), 1) dt + B2 (L)) AW, O (l12)) = 72 (U(2)-

(3.38)
admits a solution (©F((I(x+1))), B2 ((l+1)))) € S([la AT, T]) x H?[ly AT, T] and for
k={0,1}

a0k (lgy) = —FF (OF ), (OF ™ Uy, t) = OF Uay)). B Uy Ly ) dlt + BE (Lay )W,
5 (lw) = Yw)- (3.39)

admits a solution (0% (I, B*(I))) € S®([le AT, T]) x H?[lx A T,T], where Iy =
(li,---1x). Then (0,604,065, 3) is given by [18]:
O = O ray + O (TN acic,my + OF (74, 7P) 15y
B = Blperay + BT paciery + B (- 7)1 ooy
0F = ©f(ta,t) — O (1a)
0 = 0, (t) — ©7(t)

(3.40)

Therefore, to prove the existence of (O, 04,08, B) we should prove the existence of
the solution of the BSDEs (3.38) and (3.39).
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Second step (the recursive approach) : We prove recursively the existence of the solution
of BSDE:s. First, we prove the existence of the solution of (3.38) and secondly assum-
ing that the solution of (3.39) exists and satisfies the constraint for step k£ + 1, we
prove the same assertion for the step k.

1. Let consider the BSDE (3.38):
dO7(la)) = — (07 (l(2)), 0, B2 (L)), L))t + B (I2))dWy,  ©F(l2)) = 7> (I2))-
Since the coefficient g is given by:
o _12
(140 + i,y Gioins + B
00\ ()2 Vi
©:07 + Y iea,5 (O + 07)(0}) N,

From the predictable decomposition of the composition of assets coefficient:

(3.41)

G:(0¢,0,8) = —

A

ot = 0y Liperay + 0 (T gagyermy + 07 (T, 70) 1 s oy
Ht = Mgl{th} + i (7 )1{TA<t<TB} +pf(rh, TB)l{TB<t} (3.42)
0-1;4 = Jt 1{t<‘r‘“} + o-t71( )1{TA§t§TB} + oy 2(TA7 B)l{TB<t}7
of = o} 1{t<TA} +opl(r )1{TA§t§TB} + 0152’2(7/‘773)1{73«}’
And by our model assumption 74 < 75, we get
M =M1y and M =N (7)1 pagcn)
We so find:
9 2
. pi () ﬁt (2)
() OF)

Using the result of Section 3.3, in the complete market when G = FF, we con-

clude:
Z Z(Q))

[Z 7T 7(L(2y) }
()
where the family of processes Z(.) satisfies the SDE

dZi(l) _ 17 (2))
Zi(l(2)) ot(l2))

with Zy(l(2)) = 1. Since p? and o2 are bounded, the martingale M;(l(3)) =

(f Z igl@)%dW s BMO. We deduce so that Z(I(5)) satisfies the Ry(IP) inequality.

Moreover v (l( y) = 1, we conclude that there exists a constant 82 > 0 such that
forall ¢ € [0,7] and l(5) € Ay, ©7(l(2)) > 6°. The existence of 3%((y)) is given
by the martingale part of the process given by (3.43). Moreover since ©2(I(y))
is bounded then the coefficient g* satisfies a quadratic growth with respect to
3%(l(2))- Therefore since the terminal condition v*(l(3)) is bounded, we conclude
from Kobylanski [19], that 3(I(2)) is BMO.

@2 l(g) t<T, l(g) € Ay (3.43)

AW,
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2. Let assume now that there exists a solution which satisfies the constraint for the
step k+ 1, that means the pair (05+1(I(1, 1)), B! (I41))) € S®[let1, T] x BMO
and that there exists a non negative constant 6** such that ©F*1 (11 1)) > 6F1.
Let now prove the existence of the pair (@k(l(k)), Bk(l(k))) € 8%, T] x BMO
at step k:

a8 (lsy) =~ (OF (s, (OF ™ (Ugsy, 1) = OF (lay)), By Ly ) dt + BE (LA,
7 (k) = 7" (Uiwy)-
From the decomposition of (3.41), we find:

T (OF ), (OF (U 1) — OF (ay)). B Uy L))

_ 2
[Mt () OF () + (OF Uy, t) — OF (L))ot T ()N (1) +Uf(l(k))5f(l(k))]

2 2
Ok (I ) ok (Ly)” + (O (1xy) + O Lk ) — OF (L))ot (L) AT (U 1)
+ [0+ . 1) = OF )| A )

Let consider the processes:

n = [Nf(l(k)) AR U D (P I CH %]
Kt 1= O’k+1’k(l(1€))>\k+1’k(l(k))@§+l(l(k)’ t)
my = 0y ( )ﬁt ( )

_ 2 2
and Ny = ng-+rg+my, dp = 0F (L))o F () pe = OF ™ (g, 1) (0 T (1) N (1)
and D; = d; + p;. We define

fFo= e L)l BE L)

N?
:—Ft—i- @f“(l(k t) — |9t< )|])‘f+17k(l(k))

(3.44)
where N? = nZ4+m?+rk2+2nymy+2kme+2k4my. Since the process @k+1(l(k), t) >
5%+t > 0 then there exists a non negative constant ¢ > 0 such that p; > c¢. Hence,
we obtain:

N2
— fk= B [@’““(l k) t) — !@f(l(k))l} N )
2 2
ny  2ngke k(] my
< |54 2 o A )| +
2nemy thlﬁt K/? k+1 k+1,k
+ 7 + o + o O iy )N (i)

Therefore since all processes OFFL yF, gktLE and N\F+1F are bounded, there
exist bounded processes a, b and c such that:

BE(lky)?

—fF < hy = ay|OF(1 beBE (1 10F (I
fE < he = a|OF (L) + tﬁt((’“))+|®f(l(k))|
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The coefficient f* has a quadratic growth and from Kobylanski [19] since the
terminal condition 7* is bounded, there exists a pair (@k(l(k)), B(l(x))) solution
of the BSDE associated to ( f* (Uwy), ol (I(k)))- Moreover if we consider the BSDE
dz; = —h(Zs, Z;)dt + Z;dW; with terminal condition z7 = fyl(l(l)) = 1 where
the coefficient £ is given by :

_ _ 72 _

hi(Zt, Z3) = —asZy — ?i — b Zy, te€[0,T]
From Proposition 5.11 in [23], the solution (z,Z) € S*[0,T] x BMO exists.
Moreover there exists a non negative constant 6* such that z; > ¢*,a.s. Hence
we conclude f* > —h = h and using Comparison theorem of quadratic BSDE
(see [19]). The pair of solution (0% (i), B* (1)) associated to (f* (1), v* (k)
satisfies ©f (I(j)) > 6" > Oasforallt € [0,T],1) € Ag. Therefore from 3.44, we
conclude f* = f* and it follows that there exists a solution (@k(l(k)), Bk(l(k))) €
S*®[l, T x BMO associated to (fk(l(k)),'yk(l(k))) such that @f(l(k)) > >0as
forallt € [0,T], 1) € A

3.5 Special case and explicit solution of the BSDE

We conclude by giving an explicit example of our credit risk model which allow us to
find explicit solution of each BSDEs. We assume G = FVH* and that the parameters of the
asset’s dynamics are constant before and after the default time 7. Moreover, we assume
that the intensity process is given by \; = A\(1 — H{). Using theses assumptions, we find
an explicit solution of the BSDE associated to (¢!, ©7) using the splitting approach.

Assumption 3.4. The processes j1, 0,0, \ in (1.4) satisfy the following sassumptions:

Mt = M(HtA) = /’LOl{TA>t} + Mll{TASt}v
o = o(HP) = 0'01{7_A>t} + Ull{TASt},
0'24 = UA(HtA) = ,{1{7'A>t}7
A= AH) = A asy.

such that i’k = (0°)% + K2\

Proposition 3.8. Under Assumption 3.4, there exists a solution of the BSDE associated to (g*, ©)

given by:
1\ 2
(E)ors

Proof. Let first recall that using the splitting approach developed by [18], we can write the
BSDE before and after the default. We obtain

0

@t = exp |:—Il:;(T - t):| 1{TA>t} + exp 1{7.Agt}, t S T.

O = Olpcray + 01 () agy
1,0 1,1
gtl = 9 gy T 907 Lipacy
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where 6 and ©! satisfy the following dynamics:

0
- d@@(f =g, (00,07, B7)dt — BdW, + A0 dt, ©F =1,
t
dei(l
-0 — @l w.0. ALyt - AL, 0} =1
t

with

[10 + 0K\ + 0289
(09)2 + (14 0)x2\

[} + o' 8L D]
(o1)2

9.0, 04, 8)) = — and g, (6/(0),0, 5 (1) = —

where I € A; and 0} (t) — ©) = 069, see proof of Theorem 3.4 for more details. Using
2

Assumption 3.4, setting 1(1) = 0, we find that g;' (6},0, 8 (1)) = — (g—i) . Since ©L(1) =

1, then ©1(]) = ©! and we get:

0] = exp [— <51>2(T — )

To find the solution of the first one BSDE, we set 3° = 0 and from Assumption 3.4 we
obtain

. L<T.

10r = (0°)? + K2\

We deduce g;°(0Y, 04, 30) = — “—,: — 0 \. Therefore we find that ©° satisfies the dynamics:

o} 0 _
_(,_)7? - _;dt7 @ - 1-
Finally, we get ©) = exp {—’“‘—,:(T - t)} and we find the expected result. O

Appendix

Lemma 3.1. Let consider X and Y two G-predictable processes such that for i € {A, B}, Y, =
X+,. Then, Xy = Y; on (1; > t) a.s. Moreover, if X;, <Y, then X; < Y;ason (r; > t).

Proof. Assume that X and Y are bounded. If X, =Y, then fooo | X; — Y;|dH} = 0 and

o:nz(/ |Xt—Yt|dH§) =E U |Xt—Yt|)\§dt} .
0 0

Therefore, we have X; = Y; on (7% > t). Moreover, if X, < Y;,, we consider the predictable
process V defined as V; = Yilix,<y,}- Then V.. = Y.. and by using the first part of the
proof, we obtain V; = Y; on (7% > t). The general case follows. O
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