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the electric Laplacian in the semiclassical limit
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Abstract

We consider a twisted magnetic Laplacian with Neumann condition on a smooth
and bounded domain of R? in the semiclassical limit - — 0. Under generic assump-
tions, we prove that the eigenvalues admit a complete asymptotic expansion in powers
of h/4,

1 Introduction and main results

Let 2 be an open bounded and simply connected subset of R? with smooth boundary.
Let us consider a smooth vector potential A such that 3 = V x A > 0 on Q and a
a smooth and positive function on . We are interested in estimating the eigenvalues
An(h) of the operator P, o = (ihV + A)a(ihV + A) whose domain is given by:

Dom(Ppa) ={t € L*(Q) : (—ihV + A)a(—ihV + A)yp € L*(Q)
and (—ihV 4+ A)Y - v = 0 on 90 }.

The corresponding quadratic form denoted by Qy, 4 is defined on H'(2) by:

Qna(w) = [ ale)|(=inV + A)uP o
Q

By gauge invariance, this is standard that the spectrum of P, o depends on the mag-

netic field 5 = V x A, but not on the potential A itself.

1.1 Motivation and presentation of the problem

Motivation and context Before stating our main result, we should briefly de-
scribe the context and the motivations of this paper. As much in 2D as in 3D, the
magnetic Laplacian, corresponding to the case when a = 1, appears in the theory of
superconductivity when studying the third critical field H¢, that appears after the lin-
earization of the Ginzburg-Landau functional (see for instance [21, 22] and also the



book of Fournais and Helffer [14]). It turns out that H¢, can be related to the lowest
eigenvalue of the magnetic Laplacian in the regime » — 0.

In fact, the case which is mainly investigated in the literature is the case when the
magnetic field is constant. In 2D, the two terms asymptotics is done in the case of the
disk by Bauman, Phillips and Tang in [4] (see also [5] and [10]) and is generalized
by Helffer and Morame (see [18]) to smooth and bounded domains. The asymptotic
expansion at any order of all the lowest eigenvalues is proved by Fournais and Helf-
fer in [13]. In 3D, one can mention the celebrated paper [19] giving the two terms
asymptotics of the first eigenvalue.

When the magnetic field is variable (and a = 1), less results are known. In 2D,
the paper of Lu and Pan [21] provides a one term asymptotics of the lowest eigen-
value and [25] gives the two term asymptotics under generic assumptions (we can
also mention [17] dealing with the case without boundary and which provides a full
asymptotic expansion of the eigenvalues). In 3D, for the one term asymptotics, one
can mention [22] and for a three terms asymptotics upper bound [26] (see also [27]
where a complete asymptotics is proved for a toy model).

Here we consider a twist factor a > 0. As we will see, the presence of a (which
is maybe not the main point of this paper) will not complicate the philosophy of the
analysis even if it will lead to use generalizations of the Feynman-Hellmann theo-
rems (such generalizations were introduced by physicists to analyze the anisotropic
Ginzburg-Landau functional, see [11]). In fact, this additional term obliges to have
a more synthetic sight of the structure of the magnetic Laplacian. The motivation to
add this term comes from [7] where the authors deal with the anisotropic Ginzburg-
Landau functional (which is an effective mass model). We can also refer to [3] where
closely related problems appear. Moreover, we will see that the quantity to minimize
to get the lowest energy is the function af so that this situation recalls what happens
in 3D in [22, 26] and where the three terms asymptotics is still not established.

Under generic assumptions, we will prove in this paper that the eigenvalues A, (h)
admit complete asymptotic expansions in powers of /4.

Heuristics Let us discuss a little bit the heuristics to understand the problem. Let
us fix a point zg € €. If ¢ € ) and if we approximate the vector potential A by its
linear part, we can locally write the magnetic Laplacian as:

a(z0)(h*D2 + (hDy — B(z0)x)?) + lower order terms.

The lowest eigenvalue can be computed after a Fourier transform with respect to y and
a translation with respect to 2 (which reduces to a 1D harmonic oscillator) ; it pro-
vides an eigenvalue a(zg)5(xg)h. If zo € O and considering the standard boundary
coordinates (s,t) (¢ > 0 being the distance to the boundary and s the curvilinear
coordinate), we get the approximation:

h2D? + (hD, — B(x0)t)? + lower order terms.

The shape of this formal approximation invites us to recall basic properties of the de
Gennes operator.



The de Gennes operator For ¢ € R, we consider the Neumann realization He in
L?(R) associated with the operator

2
a?

One knows (see [9]) that it has compact resolvent and its lowest eigenvalue is denoted
w(€) ; the associated L2-normalized and positive eigenstate is denoted by ug = u(-, §)
and is in the Schwartz class. The function § +— (&) admits a unique minimum in
& =&y and we let:

+(t— €)% Dom(H) = {u € B*(Ry) : u/(0) = 0}. (1.1)

90 = (&), (12)
2 (0
i = “503( ) (13)

Let us also recall identities established by [5]. For & € N, we let:

M, = / (t — £0)" ug, (1)t
t>0

and we have:

"
My=1, My=0, My=-2 M= % and “ (250) — 3011/6y.
(1.4)

1.2 Main result

Let us introduce the general assumptions under which we will work all along this
paper. As already mentioned, the natural invariant associated with the operator is the
function a3. We will assume that:

©o rg}zn a(x)p(x) < m{%n a(x)f(x) (1.5)
and that

x € I — a(x)B(x) admits a unique and non degenerate minimum at zg.  (1.6)

Remark 1.1 Assumption 1.5 is automatically satisfied when the magnetic field is
constant (it is sometimes called surface superconductivity condition) and Assumption
1.6 excludes the case of the constant magnetic field. Therefore our generic assump-
tion deals with a complementary situation analyzed in [13], that is the situation with a
generically variable magnetic field.

Let us state our first rough estimate of the n-th eigenvalue A, (h) of P, o that we
will prove in this paper:

Proposition 1.2 Under Assumptions (1.5) and (1.6), for all n > 1, we have:

An(R) = Opha(zo)B(xzo) + O(hY).



From this proposition, we see that the asymptotics of A, (h) is related to local prop-
erties of P, o near the point of the boundary xy. That is why we are led to introduce
the standard system of local coordinates (s, t) near x(, where ¢ is the distance to the
boundary and s the curvilinear coordinate on the boundary (see (2.1)). We denote
by ® : (s,t) — x the corresponding local diffeomorphism. We write the Taylor
expansions:

a(s,t) = a(®(s,t)) = 14+ a15+ ast + a1 5° + a1ost + agt® + O(|s> + [t*) (1.7)
and

B(s,t) = B(®(s,t)) = 14 bys + bot + by1s + byast + bat? + O(|s> + [t[*), (1.8)
where we have assumed the normalization:

a(zo) = Bxo) = 1. (1.9)

Let us translate the generic assumptions (1.5) and (1.6). The critical point condition
becomes:
a] = —bl (1.10)

and the non-degeneracy property reformulates:
b11+a1b1—|—a11:a11+b11—a%:a>0. (L.11)
We can now state the main result of this paper:

Theorem 1.3 We assume Assumptions (1.5), (1.6) and the normalization condition
(1.9). For all n > 1, there exist a sequence (Vy ;)j>0 and hg > 0 such that for all
h € (0, hy), we have:

Moreover, we have, for alln > 1:

Mo = B0, Yn1 =0,

aOop” (&o) > 12
2 )

’YTL,Q - C(kOa az, b2) + (2n - 1) <
with:

3C C
C(ko,az,b2) = —C1ko + 7102 + (21 + 50@0> bo.

1.3 Comments around the main theorem

Let us first notice that Theorem 1.3 completes the one of Fournais and Helffer [13,
Theorem 1.1] dealing with a constant magnetic field (see also [13, Remark 1.2] where
the variable magnetic field case is left as an open problem).

It turns out that Theorem 1.3 generalizes [25, Theorem 1.7]. Moreover, as a con-
sequence of the asymptotics of the eigenvalues (which are simple for h small enough),
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we also get the corresponding asymptotics for the eigenfunctions. These eigenfunc-
tions are approximated (in the L? sense) by the power series which we will use as
quasimodes (see (2.10)). In particular the eigenfunctions are approximated by func-
tions in the form:

ug, (W1 2t)g(h™%s),

where g is a renormalized Hermite function.

As we will see in the proof, the construction of appropriate trial functions can
give a hint of the natural scales of the problem (h/2 with respect to ¢ and h'/* with
respect to s). Nevertheless, as far as we know, there are no structural explanations in
the literature of the double scales phenomena related to the magnetic Laplacian.

In this paper we will enlighten the fact that, thanks to conjugations of the magnetic
Laplacian (by explicit unitary transforms in the spirit of Egorov theorem, see [12]), we
can reduce the study to an electric Laplacian which is in the Born-Oppenheimer form
(see [23]). The main point in the Born-Oppenheimer approximation is that it naturally
involves two different scales (related to the so-called slow and fast variables).

As we recalled at the beginning of the introduction many papers deal with the two
or three first terms of A;(h) and do not analyze A\, (h) (for n > 2), see for instance
[19, 25]. One could think that it is just a technical extension. But, as it can be seen
in [13], the difficulty of the extension relies on the microlocalization properties of the
operator: The authors have to combine a very fine analysis using pseudo-differential
calculus (to catch the a priori behavior of the eigenfunctions with respect to a phase
variable) and the Grushin reduction machinery (see [15]). Let us emphasize that these
microlocalization properties are one of the deepest features of the magnetic Laplacian
and are often living in the core of the proofs (see for instance [19, Sections 11.2 and
13.2] and [13, Sections 5 and 6]). We will see in this paper how we can avoid the
introduction of the pseudo-differential (or abstract functional) calculus. In fact we
will also avoid the Grushin formalism by keeping only the main idea behind it: We
can use the true eigenfunctions as quasimodes for the first order approximation of
P, o and deduce a tensorial structure of the eigenfunctions.

In our investigation we will introduce successive changes of variables and unitary
transforms such as changes of gauge and weighted Fourier transforms (which are all
associated with canonical transformations of the symbol). By doing this we will re-
duce the symbol of the operator (or equivalently reduce the quadratic form) thanks to
the a priori localization estimates. By gathering all these transforms one would obtain
a Fourier integral operator which transforms (modulo lower order terms) the magnetic
Laplacian into an electric Laplacian in the Born-Oppenheimer form. For this normal
form we can prove Agmon estimates with respect to a phase variable. These esti-
mates involve, for the normal form, strong microlocalization estimates and spare us,
for instance, the multiple commutator estimates needed in [13, Section 5].

1.4 Scheme of the proof

Let us now describe the scheme of the proof. In Section 2, we perform a construction
of quasimodes and quasi-eigenvalues thanks to a formal expansion in power series
of the operator. This analysis relies on generalizations of the Feynman-Hellmann



formula and of the Virial theorem which were already introduced in [26] and which are
an alternative to the Grushin approach used in [13]. Then, we use the spectral theorem
to infer the existence of spectrum near each constructed power series. In Section 3, we
prove a rough lower bound for the lowest eigenvalues and deduce Agmon estimates
with respect to the variable £ which provide a localization of the lowest eigenfunctions
in a neighborhood of the boundary of size h'/2. In Section 4, we improve the lower
bound of Section 3 and deduce a localization of size h'/* with respect to the tangential
coordinate s. In Section 5, we prove a lower bound for @y, 4 thanks to the definition
of “magnetic coordinates” and we reduce the study to a model operator (in the Born-
Oppenheimer form) for which we are able to estimate the spectral gap between the
lowest eigenvalues.

2 Accurate construction of quasimodes

This section is devoted to the proof of the following theorem:

Theorem 2.1 Foralln > 1, there exists a sequence (%J) j>0 such that, forall J > 0,
there exist hg > 0, C' > 0 such that:

J
d By g’ o(Pua) | < OB
§=0
Moreover, we have, for alln > 1:

Yo = ©o, Yn1 =0,

(a11 + b11 — a?)Oop” (&) ) 12

Tn,2 = C(ko, ag, b2) + (21’L — 1) ( 5

The proof of Theorem 2.1 is based on a construction of quasimodes for P 4 localized
near z.

Local coordinates (s,t) We use the local coordinates (s,t) near zo = (0,0),
where t(x) = d(z,0Q) and s(x) is the tangential coordinate of z. We choose a
parametrization of the boundary:

v R/(|8Q|Z) — Q.

Let v(s) be the unit vector normal to the boundary, pointing inward at the point 7(s).
We choose the orientation of the parametrization ~y to be counter-clockwise, so that:

det(v/(s),v(s)) = 1.

The curvature k(s) at the point () is given in this parametrization by:



The map & defined by:

@ : R/(|0Q|Z) x]0, to[— Q
(s,t) — y(s) + tv(s), 2.1

is clearly a diffeomorphism, when ?g is sufficently small, with image
B(R/(100IZ)x]0, to) = {x € Qld(x,09) < to} = .
Ar(s,1) = (1~ th(s))A(D(s,1) -7/ (s),  Az(s,) = A(D(s,1)) - v(s),

B(Svt) = ﬂ(q)(sa t))a

and we get: . . )
0sAy — 0y A1 = (1 — tk(s))B(s,t).

The quadratic form becomes:
Qna(¥) = / a(1=th(s))|(—ihDe+ A2)$[* +a(1—th(s)) | (—ihds+ A1)y | dsdL.

In a (simply connected) neighborhood of (0, 0), we can choose a gauge such that:

Ay(s,t) = — /t(1 —t'k(s))B(s,t")dt!, Ay =0. 2.2)

t1

The operator in the coordinates (s,¢) Near z( and using a suitable gauge (see
(2.2)), we are led to construct quasimodes for the following the operator:

L(s, —ihds;t, —ihdy) = — h*(1 — tk(s)) '0p(1 — tk(s))ao;
+ (1 — th(s))"H(=ihds + A)(1 — tk(s)) ta(—ihds + A),

where (see (1.8)):

~ t2
A(s,t) = (t—&)hl/Q)+b15(t—£0h1/2)+(b2—k:0)§+b1152(t—£0h1/2)+0(|t|3—|—|st2|).

Let us now perform the scaling:
s=h'*cand t = h'/?7.
The operator becomes:
L(h) = LW o, —ih®/*8,; K2, —ih'/20,).
We can formally write £(h) as a power series:

L(h) ~ 1Y Lk,

>0
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where

Lo=—02+ (1 —&)?, (2.3)
L1 =—a100? — 2i0,(T — &) + a1 (7 — &)%0 + 2byo7(T — &) (2.4)
=a10Hg, — 2i05(T — &o) + 2b10(T — £0)?,
Lo = — as10? — a90; + koOr + 2ko(T — &0)? + an7(T — &)* (2.5)
+ (b2 — ko) (1 — &) — a1 (1 — &)
+ 0% (a1 Hey — a3 (1 — &) + 2bi1 (1 — &)?)
— 0% — 2iay (1 — &)00y + iay (T — &)Dy0.

The aim is now to define good quasimodes for £(h). Before starting the construction,
we shall recall in the next subsection a few formulas coming from perturbation theory.

2.1 Feynman-Hellmann and Virial formulas

For p > 0 and £ € R, let us introduce the Neumann realization on R of:

Hye=—p 02+ (p'?r = €)%

By scaling, we observe that H ¢ is unitarily equivalent to H¢ and that Hy ¢ = H;
(the corresponding eigenfunction is uy ¢ = ug). The form domain of H, ¢ is BY(R,)
and is independent from p and & so that the family (H p7§)p>07§ cr 18 an holomorphic
family of type (B) (see [20, p. 395]). The lowest eigenvalue of H, ¢ is ;(§) and we
will denote by u, ¢ the corresponding normalized eigenfunction:

upe(r) = ptug(p'?7).

Since ug satisfies the Neumann condition, we observe that a;ﬁagup,f also satisfies it.
In order to lighten the notation and when it is not ambiguous we will write H for H , ¢,
u for u, ¢ and p for pu(&).

The main idea is now to take derivatives of:

Hu = uu (2.6)

with respect to p and £. Taking the derivative with respect to p and &, we get the
proposition:

Proposition 2.2 We have:

(H — m)deu = 2(p"*1 — Eu + ' ()u 2.7)
and
(H — m)dpu = —p 202 = &p (0?1 — &) — p~'7(p"Pr = €)*. (2.8)
Moreover, we get:
(H — p)(Su) = Xu, (2.9)



where ¢
X = —5p () + p 02 + (P — )

and

§
2
Proof: Taking the derivatives with respect to £ and p of (2.6), we get:

S=—20¢ — pd,.

(H — p)0¢u = p'(§)u — 0cHu
and
(H — p)oyu = —0,H.
We have: 0:H = —2(p'/?1 — €¢)and 9,H = p_2(9g + p~ 127 (p' 2 —€). O
Taking p = 1 and £ = & in (2.7), we deduce, with the Fredholm alternative:

Corollary 2.3 We have:

(HEO - M(éo))vfo = 2(t - éﬂ)ufo’
with:
Véo = (851‘6)\5:50 :
Moreover, we have:

/ (r— fo)ugo dodr = 0.
>0
Corollary 2.4 We have, for all p > 0:

/ (p*/*r — fo)uigo dodr =0
>0

and:

£o
/7'>O(T - 50) (8pu)p:1’£:§0 udodr = _Z

Corollary 2.5 We have:

(Hey — 1(£0))Sou = (82 + (1 — &0)?) ug,

where:

o

Sou = = (Optp,€) p=1 =g, ~ 7 Veo-

Moreover, we have: e

2 2 0

107 ugo[|I” = [l (7 — &o)ue, |I” = =

The next three propositions deal with the second derivatives of (2.6) with respect to &
and p.



Proposition 2.6 We have:

(H§ - :U*(f))wéo = 4(1 — éO)UEO + (:U*//<€0) - 2)“507

with
Weo = (852’&5)‘5:50.

Moreover, we have:

2 o
/ (T — S0)vgyug, dodT = "2(50).
7>0

Proof: Taking the derivative of (2.7) with respect to ¢ (with p = 1), we get:

(He — () ue = 241/ (§)Deue + AT — €)Deue + (1" () — 2)ue.

It remains to take £ = £y and to write the Fredholm alternative. O

Proposition 2.7 We have:

(H - :U) (82“),,:1,5:50 = - 2(872' + (T - 50)2) (aﬂu)p:Lf:gO

&oT

— 26o(T — &) (apu)p:Lg:gO + (202 - 7)“5@
and.: o
(02 + (1 — £0)*)(0pu) p=1,e=¢y» Ugy) = —70-

Proof: We just have to take the derivative of (2.8) with respect to p and p = 1,
& = &p. To get the second identity, we use the Fredholm alternative, Corollary 2.4 and
Corollary 2.5. U

Taking the derivative of (2.9) with respect to p, we find:

Lemma 2.8 We have:

(H — 11)(0pSu) p=1,6=¢y =(—02 + 7(7 — &0))ugy — (8pH ) p=1,¢—¢, (Sow)
+ (82 + (71— 50)2)(‘9/3“);7:1,5:50

and .
<(6pH)p:1,§:§o (S(]u), u) = 70

Lemma 2.9 We have:
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Proof: We have:
w(Q =2 [ (€ dodr
T>

and:

Sop = —2/ So(p"/?T — f)ugo dodr — 4/ (1 — &0)Souug, dodr.
7>0 >0

Combining Lemmas 2.8 and 2.9, we deduce:

Proposition 2.10 We have:
© ©9 ,

(=02 = (v = ") S gy ) = =5 + 0" (&0).
Proposition 2.11 We have:
(02 + (7~ 60) gy ugs) = 2.

Proof: We take the derivative of (2.7) with respect to p (after having fixed £ = &g):
(H — 1) (Ogu)e_g, = 2007 — &0)tpgy-

We deduce:

(H = 1)(9p0¢u) p=1,6=60 = —(pH ) p=1,6=60 Veo + Ttugy + 2(T = £0)(Fpt) p=1,6=¢,-

The Fredholm alternative provides:

(02 47— £0) )y i) = 6o+ 2{(7 — E0)(Opt)pmn et ) = o

where we have used Corollary 2.4. O

We have now the elements to perform an accurate construction of quasimodes.

2.2 Construction
We look for quasimodes expressed as power series:
)~ Z ¥; pil4
Jj=0

and eigenvalues:
A~ B> AR
J=0

so that, in the sense of formal series:

L)Y ~ At

11



Term in i We consider the equation:

(Lo — Ao)tho = 0.

We are led to take A\g = ©g and (0, 7) = fo(o)ug, (7).

Term in 4°/* We want to solve the equation:
(Lo — ©0)1 = Mvho — L1to.
We have, by using that by = —a; and Proposition 2.2:
(Lo = ©0)(¥1 — ifg(0)ve, — ar0 fo(o)Sou) = Arug,.
This implies that A\; = 0 and we take:
U1(o,7) = ifg(o)vg, + ar0 fo(o)Sou + fi(o)ugy(7),

fo and f7 being to determine.

Term in 7%/2  We consider the equation:

(Lo — B0)v2 = Xathg — L1791 — Latg.

Let us rewrite this equation by using the expression of 1/;:

(ﬁo — @0)@[12 = Aoty — L1 (if(l)(d)vg() + alafo(a)Sou) - L4 (f1 (U)Ugo) — Lot)y.

With Proposition 2.2, we deduce:

(Lo = ©0) (12 — ifi(0)vg, — ar0 fi(o)Sou)
= Xotg — L1 (ifé(U)Ugo + alafo(o)Sou) — Lot)y.

We take the partial scalar product (with respect to 7) of the r.h.s. with ug, and we get
the equation:

(Ly (i fo(o)ve, + aro folo)Sou) + Lato, ugy)r = A2 fo.
This equation can be written in the form:

(AD2 + By0D, + ByDyo + Co® + D) fo = Mo fo.
Terms in D2  Let us first analyze (Loug,, ug, ). This is easy to see that this terms is

1. Let us then analyze (L)1, u&J). With Proposition 2.6, we deduce that this term is
—2((1 — &)vgyue,) = Lg&)) — 1. We get: A= ngo) > 0.

12



Terms in 02  Let us collect the terms of (Loug,, ug, ). We get:
Ooan + 2b11 (T — §0)ug,, ug,) — aT((T — &0) ugy, ug)-
With Corollary 2.5, this term is equal to:

(C)
©pai1 + Ogb11 — 70(1%

Let us analyze the terms coming from (L, ugo). We obtain the term:

af((—02 — (1 — &)*)Sou, ug,) = ——-af + Oy

where we have used Proposition 2.10. Thus, we have:

@M"(fo)af > 0.

C = Opay; + Ogb11 — Opa? + S

Terms in 0D, This term only comes from (L£191, ug,). It is equal to:

fo,u (50)
al((aﬂg' + (T - §0)2)’U§0,’U,§0> 4
where we have used Proposition 2.11.
Terms in D,o This term is:
"
2@1«7’ — Eo)SUU, ’LL£0> = al&]ugl(&))’

where we have applied Lemma 2.9.

Value of D We have:

D =((—ag19? — a20: + koOr + 2kot(T — &)? + ao7(T — £0)?) ug,, g, )
+ (b2 = ko) (1 — &0) — iar (T — &0)) gy, g, )-
Using the relations (1.4) and the definition of C; given in (1.3), we get:
D = C(ko, as, bg).

Let us introduce the quadratic form which is fundamental in the analyzis. We let:

0o m) EE) p (O, GG,
+ Og (a11—|-b11 a2 +a 2# ;f )) o2

Lemma 2.12 Q is definite and positive.

13



Proof: We notice that 1/’ (&y) > 0 and a11+b11 —a? +a%% > 0. The determinant
is given by:

:U'” 6 :U‘” f @ MH g 2
O (2 0) <a11 +b11 — a + af éo) — g2 N 1é 0)
"
= 76()”2 (&)) ((111 + b11 — CL%) > 0.

g

We immediately deduce that Q(o, —i0, ) is unitarily equivalent to an harmonic oscil-
lator and that the increasing sequence of its eigenvalues is given by

" 1/2
{(2n +1) <®0,u2(£0) (011 + b1 — a%)) }

The compatibility equation becomes:

neN

Q(0, Ds) fo = (A2 — D) fo.

Thus, we choose Ag such that Ay — D is in the spectrum of Q(c, D, ) and we take for
fo the corresponding normalized eigenfunction (which is in the Schwartz class). For
that choice of fy, we can consider the unique solution 3 (which is in the Schwartz
class) of:

(ﬁo — @(])7,/)2L = )\Qwo — ﬁl (if(l)((f)’l)go + alafo(o)Sou) — ﬁgwo
satisfying (13, ug,) = 0. It follows that ¢)5 is in the form:

¢2 = w%_(o'v T) + if{(a)vﬁo + alafl(a)Sou + fQ(U)u?Zov

where f1 and f5 are still to be determined.

Higher order terms Let N > 2. Let us assume that, for 0 < j < N — 2, the
functions 1); are determined and belong to the Schwartz class. Moreover, let us also
assume that, for j = N — 1, N, we can write:

%’(07 7-) = Q/JJ‘L(Uv 7-) + Z.f]/‘—l(o-)vfo + aldfj,1(0)50u + f] (U)ufoa

and fy_o are determined functions in the Schwartz class

L
where the <¢j >]:N—1,
and where the (f;) j=N—1,N are not determined. Finally, we also assume that the
(Aj)o<j<n are determined. We notice that this recursion assumption is satisfied for
N = 2. Let us write the equation of order N + 1:

(Lo — O0)YN+1 =AN+1%0 — L1 + (A2 — L2) N1
N—2

— Lny1%0 + Z (ANt1—j — LN41—5) ;.
j=1
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This equation takes the form:

(Lo — ©0)Yn+1 = AN+1%0 — L19Yn + (A2 — L2) Yn—1 + Fn (o, T),

where Fy is a determined function in the Schwartz class by recursion assumption.
Using Proposition 2.2, we can rewrite:

(Lo — ©0) (Un+1 — ifn(0)vg, — aro fn(o)Sou)
=An41%0 — L1 (Wv(a, )+ ifn_1(0)vg, + alUfN71(0)50U> + (X2 — L2) YN
+ Fn(o,7)

=AN+1%0 — L1 (ify_1(0)vg, + ar10 fn—1(0)Sou) + (A2 — L2) (fN-1ug,)
+ GN(Uv 7-)7

where (G is a determined function of the Schwartz class. We now write the Fredholm
condition. The same computation as previously leads to an equation in the form:

Q(o, —105) fn—1 = (A2 — C(az, ba, ko)) fnv—1 + An+1fo + gn(0),

with gy = (G, ug,)-. This can be rewritten as:

(Q(0, —i0s) — (A2 — Claz, b2, ko))) fn—1 = gn(0) + An41fo.

The Fredholm condition applied to this equation provides: Ay1+1 = —{gn, fo)s and a
unique solution fy_1 in the Schwartz class such that {( fx_1, fo)s = 0. For this choice
of fxy—1 and An41, we can consider the unique solution 1/1]%, 41 (in the Schwartz class)
such that:

(Lo — O0)n 11
=An41%0 — L1 (1#1#(0, )+ ifn_1(0)vg, + alO’fol(U)SOU) + (X2 — L2)YN-1
+ Fn(o, 7).

This leads to take:

N1 = YN+ ifn(0)vg + a1 fn(0)Sou + fasrug,.

This ends the proof of the recursion. Thus, we have constructed two sequences (\;);
and (1;); which depend on n (through the choice of fy). Let us write A, ; for A; and
n,; for 1; to emphasize this dependence.

Conclusion: proof of Theorem 2.1 Let us consider a smooth cutoff function x
near xg. Forn > 1 and J > 0, we let:

R wa B (), b2 () i (2.10)
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and:
J .
AT =" il
§=0

Using the fact that the 1), are in the Schwartz class, we get:

J+1

I (B = N2 0l < O, ).

Thanks to the spectral theorem, we deduce Theorem 2.1.

3 Rough lower bound and consequence

This section is devoted to establish a rough lower bound for A, (h). In particular,
we give the first term of the asymptotics and deduce the so-called normal Agmon
estimates which are rather standard (see for instance [18, 13, 25]).

3.1 A first lower bound
We now aim at proving a lower bound:

Proposition 3.1 We have:
An(h) > Ooha(z)B(xzo) — Ch®/*.

Proof: We use a partition of unity with balls D; of size h” and satisfying:

> oxi=1and Y ||Vx]* < Ch.
J J

The so-called IMS formula (cf. [8]) provides:
Qua®) =3 Qualie) — h23" /Q ol Vs 212 da
J J

and thus:

Qna(®) > Qunalxsw) — Ch>||y||.
J
In each ball, we approximate a by a constant:
Qnalxj¥) > (alz;) — ChP)||(=ihV + A) () |1
If D; does not intersect the boundary, then:
=% + Al > b [ sl da.

We deduce:
Qnalxj¥) = (alz;)B(zj)h — ChMP) x|

16



If D; intersects the boundary, we can assume that its center is on the boundary and we
write in the local coordinates (up to a change of gauge):

Q) = (1= ) [ @ (B0, + (=i, + A1) o)) ddt
We deduce:
Qna(x;¥) = (1=Ch*)(a(z;)—Ch) / h218: (x;0) >+ | (—ihds+ A1) (x) PPdsdt.
We approximate A; by its linear approximation A" and we have:

/ R210 ()12 + | (—ihds + Ar) (xy0)Pdsdt

> (1-¢) / 1210, (x ) ? + |(~ihds + A (;0) [Pdsdt — Ce! / & — | da
> (1 - £)@oB(z;)h — Ce~ 1) [y ;0]

To optimize the remainder, we choose: ¢ = h%~1/2, Then, we take p = % and the
conclusion follows. U

3.2 Normal Agmon estimates: localization in ¢

We now prove the following (weighted) localization estimates:

Proposition 3.2 Let us consider a smooth cutoff function x supported in a fixed neigh-
borhood of the boundary. Let (A, (h),y,) be an eigenpair of Py, 4. Forall § > 0, there
exist g, C > 0 and hy such that, for h € (0, ho):

Heaot(x)h—l/Q_HgX(x)‘5(1’)|h71/4whH2 < CHeéx(x)\s(x)lhfl/‘*whsz

Qua (@M@, ) < Cp @Iy 2

Proof: The proof is based on a technique of Agmon (see for instance [1, 2, 16]). Let
us recall the IMS formula ; we have, for an eigenpair (A, (h), 1p):

Qna (e®Pr) = An(B)| e®yn] + h? (a2 ®e®yy 2.

We take:
& = egt(x)h Y2 + ox(x)|s(z)|h ™14,

where x is a smooth cutoff function supported near the boundary. We use a partition
of unity x; with balls of size RhY/? with R large enough and we get:

. (Qh,A (xje®¥n) = An(h)llxje*nl* = CR>h — h2uxja1/2v¢e%hu2) <0.

J
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We now distinguish the balls intersecting the boundary and the others. For the interior
balls, we have the lower bound, for > 0 and h small enough:

Qna (xje*vn) > (a(xj)ﬁ(fj)h - Ch3/2) HXjeq)@bhHZ'

For the boundary balls, we have:

Qna (x5e™n) = (Ooalz;)B(zs)h — CR¥2) ||xze®un|”.

Let us now split the sum:

Z/ a(z)B(x;)h — Opalwe)Bwo)h — Ch3/2 — CR2h — Ch2|yvq>||)|xj | 2d

Jint

<Oh Y [xse ol

jbnd
‘We can notice that:
V|2 < C(e2h™ + 62h~1/?),

Taking R large enough, €y and h small enough and using (1.6), we get the existence
of ¢ > 0 such that:

a(x)B(x;)h — Opa(zo)B(zo)h — Ch¥? — CR™2h — CR?|V®|? > ch.

We deduce:
e>_ el < 03 el
jint ond
Due to support considerations, we can write:
O3 Ise™inl* < €3 eIy 2
jbnd jbnd

Thus, we infer: 5 1/4
le®ypnl|? < CletX@N@IA g 2.
We deduce that:

1/4
ZQhA Xje®n) < Ch|jeX @@y, 112,
and thus:

Qna(e®y) < Chl|X@Is@IRT 2y 112
]

Corollary 3.3 Letn € (0 ] Let (An(h),y) be an eigenpair of Pp, 4. Forall 6 > 0,
there exist €g, C' > 0 and hg such that, for h € (0, hg):

z)h—1/2 z)|s(z)|h=1/4 z)|s(z)|h—1/4
Hthesot( Y2 +6x ()| s(z) [k 1/1hH2 < CHXh,ne(SX( s(@)|h ¢h||27
x)h™ / x)|s(x -1/ x)|s(x -1/
Qna (Xhmesoa Yh= 12 46x(x)|s(x)|h 14%) < Chl|xp e X@Is@IA 4, 12

where xp.n(z) = X(t(x)h~Y2+1) and with X a smooth cutoff function being 1 near
0.
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Proof: With Proposition 3.2, we have:

—1/2 —1/4 —1/4
||Xh,77€€0t(z)h +ox(z)|s(z)[h 1/)h‘|2 < C||e5x(w)|8($)\h ¢h||2_
We can write:

z)|s(z)|h—1/4 z)|s(z)|h—1/4 z)|s(z)|h=1/4
DX @ls@IAT 4y 2 ”Xhmezsx( )|s(@)|h wthJere&x( Ns(@)Ih=1 %12,

Using Proposition 3.2, we have the estimate:

x)|s(x)|h—1/4
|/ T= e XNy 2
/T Xy @2 @0t @h ™ 2@l @Iy 12
0o x)|s(z)|h—1/4
— O(h®)||eX @@y, 2

The IMS formula provides:

Qna (€2¢n) = Qna (Xnne®n) + Qna (VI = Xnge®tn) + O 2T [Py ||,
O

Corollary 3.4 Letn € (0, %] Let (A, (h),vy) be an eigenpair of Py 4. Forall § > 0,
there exist g, C' > 0 and hg such that, for h € (0, ho):

xS0 H R 2 EX@N @AY ipg 4 Ay Yy |2 < ChJxp e XEIS@IT 12

||Xh,neaot(ﬂc)}fWJF&X(I)'S(”E)'hil/4 (—ihdp+A2)Yp||? < ChllXh,ne‘SX(g”)‘s(w)'hiwlbh [

4 Order of the second term: localization in s

It is well-known that the order of the second term in the asymptotics of A\, (h) is
closely related to localization properties of the corresponding eigenfunctions. The
aim of this section is to establish such properties. Let us mention that similar estimates
were proved in [25] through a technical analysis. Here we give a less technical proof
using a very rough functional calculus.

Proposition 4.1 Under the generic assumptions, there exist C' > 0 and hg > 0 such
that for h € (0, ho):

An(h) > Oga(xo)B(z0)h — Ch3/2,

Moreover, for all § > 0, there exist C > 0 and hy > 0 such that for h € (0, ho):

/62‘”“90"3'“”4le2 dsdt < Cl|v|*.
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Proof: Let us recall the so-called IMS formula (see for instance [8]) ; we have, for an
eigenpair (A, (h),v):

Qna (€%9) = Ma(h)[[e®y[* — h? a2V PPy = 0.

We take:
® = ox(x)]s(z)|h~/4,  withd > 0.

The idea is now to prove a suitable lower bound for ()5, . We use a partition of unity
with balls of size h'/4. We get the lower bound:

Qnale®) > Qualhy) — Ch¥| ey,
J

where
o
Vi = Xjne P

and we deduce:

> Qnalty) — CEY2 |y )1> = (W) [[5]° < 0, 4.1
j

since ||[V®|| < Ch~1/2,

Interior balls Considering the balls intersecting the boundary, we get:

> Qualy) = (ala;)Blaj)h — Ch4) |4y 4.2)

jint jint

Boundary balls Let us consider the j such that D; intersects the boundary. Using
first the normal Agmon estimates, we have the lower bound:

S Qa2 Y [ all(-indh-+ Aoy + (600, + A dsde — CH o,
jbnd jbnd

where we have used the IMS formula to get:

> /td(\(—ih@t + Ao + [ (ihOs + Ar);)?) dsdt

jbnd

<C ta(|(—ihdy + Az)e®p|? + |(ihds + Ay)e®|?) dsdt + Ch3/2|e®y|%.
0<t<to

Using again the normal estimates and also the size of the balls, we get:

> Qualty) > /d'}"(!(—ih&: + Ag)ihy|* + |(ihds + Av)wy|?) dsdt — OB ||y,
jbnd jbnd
4.3)

where

a'ji” =a; + (S - Sj)asd(l‘j).
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Case |s;| > so Let us consider the boundary balls such that |s;| > s. Using the
size of the balls, we get the lower bound:

/ a@" (|(=ihdy + Ao)y;|* + [(ihds + Ar)y;|?) dsdt (4.4)

> (Qoalz;)B(wj)h — Ch¥)45]1* = Oo(1 + €)a(wo) Blwo)h ][4

Case |s;| < sy Letus consider the boundary balls such that |s;| < so. In each ball,
we can use a new gauge so that:

S [ Aot sl + 0. + Ay ) s

7bnd
[sjl<so

-y / A (|hdyp; |2 + |(ihds + ALy, |2) dsdt,

jbnd
[s;jl<so

where A"V satisfies:
AT — 85" < O(t]s — s +17),

with: » ~ B
Bt = Bj + 0sB(x5)(s — s5).

We obtain, thanks to the estimates of Agmon:

) / a;" (|hdyj | + (ihds + AT)yy|?) dsdt (4.5)
jbnd
Is;j1<so
> (1-n'2) 3] /&y"(h2!at¢jl2 +](ihdy + tBIM)p;[?) dsdt — CR3? ||y 2.
7bnd
[s;j1<so

In each ball, we use the change of variables (which is a scaling with respect to 7
depending on 0):

i\ 1/2
c=s and T= <Bj'") t.
We can write:

8, = (B}in)l/Q 0. and 8, =8, + 0. (Bjun>1/2 5

and 1/
dsdt = (By") dodr.
We obtain:
/ h2|0yh;|? + |(ihOs + B ) | dsdt (4.6)

> (=) [ (wloi, 166 ()" 0+ 1y ) (i) dods

—Ch3/2/\7‘871ﬁj|2d0d7‘.
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With the normal Agmon estimates, we have:

3 / 70 P dodr < C|J|2.

7bnd
[sjl<so

N\ —1/2
We can notice that the Dirichlet realization on (—3p, o) of D, (6}'”) is self-

~ N\ —1/2 S\ —1/2
adjoint on L? ((6}'”) do |. Thus, we shall commute D, and (B}'”) and

control the remainder due to the commutator. We can write:
/dljingjun <h2]6t1/3j|2 +|(Gih (~}in>,1/2 8, + 7)121]-|2) (~}in>*1/2 o
:/dyng}inh28t¢j|2 (5}'") vz
n /aynB;in’(ihaa (@in>—1/z _ih, {B}in}_l/Q )2 <5~]|jn> ~1/2 e,
We can estimate the double product:
2R ( [ dnie <mag (3" 4 T) dyion (B} 0 () dadr)
= ( [ ardiro, (i} o ()0 ) (3n) G dor)
=i [andiro, {3} o, (1(8) 6 ) doar = 002l
where we have used an integration by parts for the last estimate. We deduce:
/dljin i <h2|8t12)j’2 +((ih <B]|jn>*1/2 8+ 7)%‘2> (thn) vz “n

> / atin glin <h2|atzﬁj12 + |(ih, (B}i”)_m +r)zﬁjl2> (B}i”)_m dodr
— CR?|l451%.

For sg small enough, we have, using the non-degeneracy, for s such that |s| < 3y (with
So slightly bigger than sg):

~lin 2lin o
ai"(s)By"(s) > a(o)B(xo) + Z|8|2-
Let us analyze the integral:
: lin —1/2 N lin —1/2
/la(zhﬁg (B} ) + 7)) (BJI ) dodr

_ / \(ihd, (B}i“)_1/2+r)m&j —ih (5’}-‘”)_1/2 ;] (B}‘”)_l/  dodr.
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We must estimate the double product:
29?/ <(ih80 B}in)_l/Z—i-T)m,@j ih (3}'”) _1/2@]’) (B;'n) e dodr
_—2h2§R/< ( B"” o mj)j> (By") V2 ¢> <B""> 2 idr
h2/8 ~1/2 J 2

in 2lin —1/2 n
(Bim) | (Bm) 7 dodr + 0011
O(h?) |15

We infer:
N R .\ —1/2 . .\ —1/2
[ ainin (w2i0uds 4 nar (30) 4 i) (3r) " doar
/2 1/2
> a(aoyiteo) [ (1210003 + [inan (30) " 4 7y (3) " doar
. e\ —1/2 . o\ —1/2
+7 / <h2|8t(0wj)|2+|(ihag (3) +T)a¢j|2> (Bi) " doar
— Ch2||51.
We recall that, for all £ € R:
[ (12106 + I(7 = b — €oh'2)6%) dr = hu(6o + K2 6IP = ol
We infer with the functional calculus:
. . N1/ . e\ —1/
/ lin glin <h2|at¢j|2+ |(ihO, (5}'") 1 2+T—§oh1/2)¢jl2> (6}'“) V2 dodr
4.8)
R N\ —1/2 R
> 0y [ (alan)ilan) + Go?) 1052 () dodr — Ch %

Lower bound for \,(h) If we take § = 0, we deduce, with (4.1), (4.2), (4.3),
(4.4), (4.5), (4.6), (4.7) and (4.8):

Mn(WB]2 > S Oohalo) (o) / 52 d — CH32 |
J

Tangential Agmon estimate Gathering all the estimates, we deduce the exis-
tence of ¢ > 0 such that:

S (o0n [ (ateoraton) + 557) 1o st - eanlu - €22

jbnd

Is;j1<so

+ > chllilP+ > chlyil? <0
jbnd jint
Is;jl=s0
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and:

(&%
2 <@oh / 7 151" dsdt - Oh?’/zrwjnz) < Ch¥2||yol|* < CR2 ([,

jbnd
20ght/4<|s;|<s0

Taking Cj large enough, we infer:

ST Il < Cllyl?

jbnd
201/ 4<|s <50

so that:
> 1P < Cllw|f?
jbnd
[sjl<so

and:

>l = lle®wl? < Cllwll*.
j

Let us write an immediate corollary (see Corollaries 3.3 and 3.4).
Corollary 4.2 Let (11,72) € (0,3] x (0,1]. Let (Ay(h), 1) be an eigenpair of
Py 4. Forall (k,1) € N, there exist C > 0 and ho > 0 such that, for h € (0, h):

X s 8" PR |12 < CRF2RY |3y |2,

Hthm,nzsktl(_ihaS + Al)whHQ < Chhk/zthhHQ,
X1 a8 (—ihOy + A2)p||* < ChR*2h! ||y |2

where Xp.p n () = X(t(2)h Y23 (s(x)h =1/ 4F2). Moreover; we have:

(1 = X )8 ERlI* = O(R™) [0,
1L = Xty )8t (=085 + Ay |* = O(h) [on ],
1L = Xy ) 8™t (—i08% + Az)n|* = O(h>)|[ynl|*.

Remark 4.3 In the following, each reference to the “estimates of Agmon” will be a
reference to this last corollary. Moreover, at some point, the localization ideas behind
Section 3 and 4, which are summarized in the last corollary, follows from the general
philosophy developed in the last decade (a improvement of the approximation of the
eigenvalues provides an improvement of localization and conversely). In the next
section, we will strongly use these a priori estimates.
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5 Unitary transforms and Born-Oppenheimer ap-
proximation

We use a cutoff function yp, near xo with support or order h/4~7 with 77 > 0. For
all N > 1, let us consider L2-normalized eigenpairs (\,(h), Y h)1<n<nN such that
(Y b, ¥Ym,p) = 0 when n # m. We consider the N dimensional space defined by:

€n(h) = span &n,ha where @mh = Xn¥n,h-
1<n<N

Remark 5.1 The estimates of Agmon of Corollary 4.2 are satisfied by all the elements
of €n(h).

We can notice that, with the estimates of Agmon, for all ¢) € &€y (h):
Qna(®) < AvB)[D ]2 + O(h)[|9]%. (5.1)
In this subsection, we provide a lower bound for ), o on & (h).

Remark 5.2 Let us underline the main spirit of this section. We are going to use
successive canonical transformations of the symbol of our operator (change of vari-
able, change of gauge, weighted Fourier transform) or equivalently of the associated
quadratic form. In the spirit of the Egorov theorem, all these transformations will give
rise to different remainders which can be treated thanks to the a priori localizations
estimates. Then, after conjugations by these successive unitary transforms, we will
reduce the analysis to the one of an electric Laplacian in the Born-Oppenheimer form.

5.1 Choice of gauge and new coordinates: a first lower bound

On the support of x5, we use a gauge such that Ay = 0 and
Ay — AP < O(F + st + [s/*1),

where:

. b A ’ b
AP = (1 4+ bys + by s%) + gﬁ = th(s) — Eob(s)/2n1/% 4 5%?,
where 52 = by — ky. We also let:
a®P(s,t) =14a1s+ a118° + ast = a(s) + ast.
Moreover, in this neighborhood of (0, 0), we introduce new coordinates:
r=tb(s)?, o=s. (5.2)

In particular, we get:

. 1. .
O = (b(a))l/QaTa 05 = 05 + §b_188b7-(‘97
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and: X
dsdt = b~ 2dodr.

To simplify the notation, we let: p = b=1/2. We will also use the change of variable:

o = UL u= f(o
o= | g te=1@

so that L?(p do) becomes L2 (p? do).
This subsection is devoted to the proof of the following lower bound of Q5 A on
En(h).

Proposition 5.3 There exist ho > 0 and C > 0 such that for h € (0, ho) and all
(NS @N(h).‘ ~ 5 5 ~
Qna(P) = Qnapp(P) — CHHA|||12, (5.3)

where:
Qnamn(9) = [ (14 a27)(1 = Tho)|h0, 0P Pdods

b b s
+ /(1 + ag7)(1 — Tko) "M (ihp ' 8sp 4+ T — Eoh V% + 5272 — h%TDT)@prQd(}dT

+ ha®y / 52|9|? pAdedr,

where 1) denotes 1) in the coordinates (&,7).
In order to prove Proposition 5.3, we will need a first lemma:

Lemma 5.4 There exist hg > 0 and C' > 0 s. 1. for h € (0, ho) and all b € € (h):
Qna(¥) = Qnapp(t)) = CHZ A2,

where:

Qh,app(@z’) = /m2(0'> T)’haﬂﬂgl;_lﬂdach

b b S
b [l M0 47— 6oh? 4 22— D) b o,
with

0,012, mi(0,7) = (1+ ao®)(1 + az7)(1 — ko),
,T) =

ma(o (14 ac®)(1+ ax7)(1 — ko)

and where 1 denotes 1) in the coordinates (o,7).

Proof: We have:
Qna(¥) = /a(l—tk(s))|(_ihat+ﬁz)¢|2+a(1—tk(s))—1|(mas+A1)u3|2dsdt.
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Thanks to the normal and tangential Agmon estimates, we get:
Qna(P) > / a(1—tho) 2|0 *+a(1—tho) " |(hOs+A1) | dsdt—Ch*> 14|l

The Agmon estimates imply:

Qua() > /aappu — tho)h?|Dpb|? + a*PP(1 — tho) | (ihds + APP)Y|? dsdt
—Ch3/2+1/4”1/~1”2.
We get:
Qna(th) >
/&(1 + ast) ((1 — tho)h2| 9|2 + (1 — tho) ™ ‘((ih@s + Aipp> 1/?(2> dsdt
. C’h3/2+1/4|]1/~)|\2.
With the coordinates (o, 7), we obtain:
/a(1 + agt)(1 — tho)h2|0s) |2 4+ (1 + agt) (1 — tho) ~1|(ihds + AZPPYe)|? dsdt
> Qn() — CRAPHA |7,

where:

On() = / s (0, 7Y hO 2 b 2dodr

Db
253/2

) by o .
+ / i (o, 7)| (b /%10, + 7 — Eoh*? + 527%*1/2 — h—Z D)2 bV 2dodr,

where:
(o, 7) = ab(1 + asr)(1 — 7ho) ™", mha(o, 7) = ab(1 + ao7)(1 — Th).

With the estimates of Agmon, we can simplify the quadratic form modulo lower order
terms:

Qn(¥h) > / (o, )| b~ Y2 dodr

+ / i (o, 7)| (W20, + 7 — Eoh/? + %272 - th—lTDT)IZJI2 b~ 2dodr

N Ch3/2+1/4H775H2'

We recall that ab = 1 + ao? 4+ O(|o]?) so that, we the estimates of Agmon, we infer:

~

Qh(lz)) > /mQ(U, T)!h67113|2 b 2dodr

+ / (o, 7)| (hb 210, + 7 — EohV/2 + %272 _ h%TDT)W b 2dodr

o Ch3/2+1/4H1;”2_
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We now want to replace b~/2id, by id,b'/2 which is self-adjoint on L> (3_1/2d0d7') .

Writing a commutator, we get:

/ ma (o, 7)|(hb~ Y20, + 1 — Eh? + %272 — h%TDT)W b~ 2dodr

- / (o, 1) (hideb~Y/2 — ih(@yh~Y/2) + 7 — £ohV/2 + %272 _ h%TDT)W b 2dodr
Let us consider the double product:

2hR ( / ma (o, 7) (hz'agé—l/? + 7 — &bV + %272 - thITDT> w(agé—l/z)w}—l/zdam)

= 2hR ( / mi (o, 7) <m'a(,z31/2 — hb217'DT> Di(8,bY2)) 131/2dad7>

— =209 [[mi(ov7) (0, (571720 (2, 2)35 2 dadr ) + 00 |G
where we have used the normal Agmon estimates. We deduce that:
by

2R < / mi(o,7) (hiac,ifl/? +7—&h? 4 572 - hb21¢DT> V) i(ac,zs—lﬂ)z&z}—l/?dam)

o N ~|2 N
=<1 [ (o, )@/, 57120 dodr + OGP

= O(h*)[|¥]>.
This implies:
/ml(o', ) |(hb~ Y20, + 7 — Eh'/? + %27'2 - h%TDT)’QZJP b~ 2dodr

> /ml(o', 7)|(hidyb~ Y% + 7 — oh/? + %27'2 - h%TDT)’JJF b~ 2dodr

S
O

Proof of Proposition 5.3 We use Lemma 5.4. In the coordinates (&, 7), we have:

O oo () = / ma(f (), ) 1o, ) Pdadr

b b ;
+ /ml(f‘l(é), )| (ihp 1 0sp 4+ T — EohY? + 5272 - hEITDT)w\Qde&dT,

mi(f71(5),7) = (L+af 7 (6)*) (1 + az7)(1 — 7ko) ",
),7) = (1+af71(6)*)(1 + az7)(1 — ko).

3
[N}
=
S
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We notice that: f~1(5) = & + O(|5|?) so that, we can use the estimates of Agmon to
get:

Qh,app(’lﬂ) Z /m2<6',7')’h87—1m2]52d6d7'

b b 5
+ /m1((7, T)‘(ihﬁ_l(%ﬁ + 71— thl/Q + 527_2 — hngDT)T/JPﬁQdé'dT
_ Ch3/2+1/4HQZ)H2'
This inequality can be rewritten as:

Qh,app(@zj) > Qh,app,l(i}) + Qh,app,Q(J}) - Ch3/2+1/4||'¢~}”23

where:
Qn,app,1 (V) = / (1 + ag7)(1 — Tko)|h0r1)|? p*dedT
b b ;
- /(1 + ao7)(1 — Tho) Y| (ihp T 0sp + T — Eoh*? + 5272 - h%TDT)zMQde&dT

and:

Ohapps () = / (1 + agr)(1 — ko) |hd, (5) |2 o dr

- /(1 + ao7)(1 — 7ho) Y& (ihp ' Osp + T — EhM? + %272 - h%TDT)Wﬁ?d&dT

Reduction of thappg(@ﬁ) By the estimates of Agmon, we have:
Qh,appﬂ(l/v)) > ]h87(61[;)\2p2d6d7
b b . .
+ / 6 (ihp~ 0p + 7 — &oh'? + T 7* — D) Pdadr — CHPHIY |G,

Moreover, we get:
[ 1(hs 105+ 7~ b2 + 82272 B D) P
> / 5 (ihp ' 05p + 7 — Eoh M) Y| pPdsdr — Ch3/ 214142
Let us analyze [ |5(ihp~0sp + 7 — Eoh'/?))|? p?dsdr. We have:
/ |5(ihp~" sp + 7 — Goh' )P pPdodr

= / |(ihp~05p + T — EohY/?)G4) — iha)|? PG dr.
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The double product is:

2R ( / (ihp 1 0sp + T — EhV/?) 54 ih¢p2d6d7>

= —2h%R (/(pla&p)m/} 1[1]52d6'd7') .
But, we have:

2R ( / ag,(apqz)pw&m) — 2R ( / ﬁ@ﬁdécﬁ) + / 505 |pY|? dodr
and:
/(ya&\pzmzdﬁdf = —/\pzde&dr.

Gathering the estimates, we obtain the lower bound:

Qn,app () = Qn,app($) — CHYF41 412,

5.2 A weighted Fourier transform: toward a model opera-
tor
We now define the unitary transform which diagonalizes the self-adjoint operator

p~ ' Dsp (for completeness, one should extend p by 1 away from a neighborhood of
0). As we will see, with the coordinate &, this transform admits a nice expression.

Weighted Fourier transform Let us now introduce the weighted Fourier trans-
form F:
FN) = [ e P7u(a) pla)ds = F(o).

We observe that Fj : L?(R, p?ds) — L*(R,d\) is unitary. Standard computations
provide:

Fo((5~ ' Dsp)tp) = AFp(h)
and:
Fp(av)) = —DrFp(¥).

Proposition 5.5 There exist ho > 0 and C > 0 such that for h € (0, ho) and all
(NS QSN(h).'
Qh,app(zﬁ) > /(1 + CLQT)(l — Tk()) ‘hDT(ﬁ‘Q d\dt

b .
+ /(1 +ap7) (1 — 7ho) H(=hA + T — &h/? + 5272)@2 dAdT

+ha®y [ D] dxdr - CHYZ P,
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where:

d= ik (AT —eonl 2+ 4)55(1;),
Proof: We have:
Qnamn(9) = [ (1 ax7)(1 = Tho) 0,7 ddr
13 by

+ /(1 +ap7)(1 — o) T (=hA + 7 — 2+ 2 h 7D;)@|* d\dr

2"
+ ha®©y / |DA@|? dAdr,

where i}
¢ = Fp(1).
With the normal estimates, we can write:
14+ aom)(1 —7ko) " |(—hA+T—¢&) + T %2 T
ko) (= hA Eoh'/? bQ hb1 D32 d\d

> /(1 +agr)(1 = 7ho) M (=hA + 7 — &R? + b2 ?)p|* drdr

bo
— bR (/(1 + ap7)(1 — 7ko) "N (=hA + 1 — Eh? + 57 HeThD @ dAdT)
> /(1 + ag7)(1 — 7ko) " |(=hA + T — &hM? + %272)@2 d\dr

— bR (/(—h)\—i-T &oh'/? +

~

%)@ ThD, ¢ dAdT) — CR32H4 || 2.

Completing a square and using the normal Agmon estimates to control the additional

terms, we get:
b b ?
(hDr - 517' <—h)\ +7—&h 227-2>> )

d\dt

Qh,app(@
> /(1 + ao7)(1 — Tko)

by
+/(1+a27)(1—7k0)1\( hA+ 7 — Eoht/? + 57 72)@|? dAdr

+ ha®y / DA dAdr — CRY/2H/4 |2,
We now change the gauge by letting:

4b
(/3—6 2h( hAT +3*§0h1/27 2 4>V

0.
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We deduce:

Qh,app('@b) > /(1 + CLQT)(l — Tko) ‘hDT(ﬁ‘Q d\dt

b .
- /(1 + ag7)(1 — 7ko) "H(—hA + T — &hM? + 5272)@2 d\dr

by T2 L
+ha@0/'D)\ <el 4 (b)

Finally, we write:

JPp ()

> / Dx|2 drdr — O||r23] | Dad| = / D32 drdr — |72 Drd-

2
d\dr — Ch3/21/4 |12,

2
d\dt

2 . b .
d\dT = / ‘ow - Z%%ﬁ

In addition, we notice that:
IDxGI < C (53] + 17%45]l) < ChY4|19.

g

In order to get a good model operator, we shall add a cutoff function with respect
toT. Letn € (0, ﬁ). Let x a cutoff function such that:
x(t) =1, for|t| <1, 0<x<1andsuppx C [-2,2].

We define
l(x) = zx(h"z).

Applying the normal Agmon estimates, we have:
Proposition 5.6 There exist ho > 0 and C > 0 such that for h € (0, ho) and all
(NS @N(h).‘
Qnapp(¥) = /(1 + agh (W 27)) (1= BY2U(h Y20 ke) [RD, G| dAdr
b ;
+ /(1 + agh' UL ™2)) (1 = BY2U(W Y27 ) ko) T (—hA + 7 — &b M2 + ghl(h*1/27)2)¢\2 d\dr

+ha@y [ D] dxdr - ORGP

where: " P it s
. e (-ma s —gn P54

g=e¢ A2 Fp().

Remark 5.7 In particular we have reduced the analysis to an electric Laplacian (with
curvature terms) which has essentially the Born-Oppenheimer form (see our recent
work [6] where a similar and simpler model appears). To see this more precisely, let
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us adopt a heuristical point of view. If we forget the different terms due to curvature,
the operator which appears is in the form:

ha®oD3 + h>D? + (—hA + 7 — &h?)2.
After the rescaling A = h—1/4§\’ = h2z we get:
h (h1/2a®0D§ + D2+ (—h1/45\ oy 50)2) .

Therefore we are led to analyze a problem which is semiclassical with respect to just
one variable. At some point (that we will justify at the end of this section), we can
reduce the study to:

b (h'2a00D% + p(go + h'/4N))

and then (Taylor expansion):
"
h <h1/2a@0D§ + 0+ 20 (2’50)111/%2) .
Finally we recognize the harmonic oscillator whose spectrum is well-known.

5.3 A simpler model in the Born-Oppenheimer spirit

We introduce the rescaled quadratic form:

Quiulp) = /(1 + axh'U(2)) (1 — U(z)koh'/?) |0pp|” dNda

+ /(1 + agl(z)h?)(1 = 1(2)koh?) 7 (z — & + WX + %l(:c)%l/?)go\? dA\dz
+aBg / |Dap|? dM\dz,

We recall that by = by — kg. We will denote by H, j its corresponding Friedrichs

extension. We will denote by v,(Q,, ) the sequence of its Rayleigh quotients. For
each A\, we will need to consider the following quadratic form:

D) = [ (1 aah 1)1 = U)ol /) sl da
b
+ /(1 + asl (@)h} ) (1 = U(@)koh!?) (& — o + RPN+ TU2)Ph ) dar
whose domain is B'(R"). We denote by v;(gx ) the increasing sequence of the

eigenvalues of the associated operator. The main proposition of this subsection is the
following:

Proposition 5.8 For all n > 1, there exist ho > 0 and C' > 0. t., for h € (0, hg):

"
Va(Qn) > O0 + (C’(kzo, as, bs) + (2n — 1) 0‘“(50)@0> pL/2 _ opl/2+1/8,
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Jointly with Propositions 5.6, 5.3, Inequality (5.1), the min-max principle, we first
deduce the size of the spectral gap between the lowest eigenvalues of P, o. Then,
with Theorem 2.1, we deduce Theorem 1.3.

5.3.1 Elementary properties of the spectrum

This subsection is devoted to basic properties of the spectrum of @, ,. The following
proposition provides a lower bound for v1 (g ,5)-

Proposition 5.9 There exist positive constants C,co, M and hg s.t. if h € (0, ho),
then:

1. If |\ > Mh=Y4", then:
vi(qann) = O + comin (1, )\Qh) )

2. If|\| < Mh=Y4" then:

v1(qapn) > ©o + C(ko, az, ba) /% + (5°)A2h Ch3/4=3n,

where C(ko, az, ba) is given in Theorem 1.3.

Proof: The proof is left to the reader as an adaptation of [14, Proposition 5.2.1]. [J

Let us now prove a lower bound for the essential spectrum of H,, j.

Proposition 5.10 There exist hg > 0 and ¢y > 0 such that, if h € (0, hg), then:
inf Uess(Qn,h) > 90 + ¢o

Proof: Let gzb € Dom(Qn ») such that supp(¢) C R2 \[—R, R]?. Let us use a partition
of unity: x7 p + x3 g = 1 such that x1 r(z) = x1 (R x) and where Y1 is a smooth
cutoff function being 1 near 0. We have:

Quin(®) > Qua(x1,r®) + Quu(x2,rd) — CR™?| 0.

For R > 2h™", we have (the metrics becomes flat and we can compare with a problem
in R?):

Qui(x2,r0) = |Ix2,rII.
We have:

Qn.n(X1,RP) > /2 Vi (@ann)|x1,r1 + aOo|Dix(x1,r0)| drdA
R

+

Taking h € (0, ho) (where hy is given by Proposition 5.9) and R > h~1/2, we infer:

Qur(X1,RP) > /2 (G0 + Co)|X1,R¢]2da¢d)\.

R
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This implies that:

Qn.i(¢) > (min(1, 00 + co) — CR*)||o||.

The conclusion follows from a Persson’s lemma-like argument (see [24] and also [14,
Appendix B.3]). U

The following proposition provides an upper bound for the lowest eigenvalues of H,, ,.

Proposition 5.11 For all M > 1, there exist hg > 0, C' > 0s. ¢ forall1 <n < M:
Vn(Qn,h) < h_l)‘n(h) + O(hoo)

Proof: This is a consequence of (5.1) joint with the lower bounds of Propositions 5.3
and 5.6 and the min-max principle (see for instance [28]). O

Remark 5.12 For h small enough, we deduce that there is at least M eigenvalues
below O + ¢o. Let us consider the M first eigenvalues v, (Q,, ,) below O¢ + ¢y. With
Theorem 2.1, we deduce that, for all M > 1, there exist hg > 0 and C (M) > 0 such
that, for 1 < n < M:

0 < vn(Qyn) — ©p < C(M)hY/2.

For 1 < n < M, let us consider a normalized eigenfunction f, , associated to
Un(Qy,n) so that f,, ., and fp, , » are orthogonal if n # m. Let us introduce:

Sm(h) = Spanlgng(fj,n,h)~

5.3.2 Agmon estimates
First, let us state Agmon estimates with respect to x.
Proposition 5.13 There exist hg > 0, 9 > 0, C > 0 such that, for all f € Fpr(h):
[, e oir < s
R
Proof: Let us use a partition of unity: x7 p + X3 z = 1, with R > h™". We take
d =¢px (%) |z|. This IMS formula implies (with f = f,, , p):
Quin(x1,re ) + Quu(xz,re® f) = Ceglle® FI* = va(Qua)lle® fI? < 0.

We recall that:
Qui(x2.re®f) > Ix2,re® fII°
and that:
Qun(x1,re® f) > /Vl(QA,n,h”Xl,Re@f2d33d)\'
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On the one hand, we have:

Qui(xo.re® f) — Ce3llxo,re® I — (Qo + ChY?)||x2,re® f?
> (1 - Ced — Oy — ChY?)||xa,re® f]I2.

On the other hand, we get:

Qua(x1.re” f) = Cepllxa.re® fII” = (©0 + ChY?) | x1,re” f]?
Z /(Vl(qm)\’h) — CE% - @0 — Chl/Q)‘XLRe@f’Q dxd.

When |\| > Mh~Y4=7, we have:
v1(ggan) — Ced — ©9 — ChY/?2 > —Ced — Chl/2.
When |A| < Mh~4, we have:
vi(gyan) — Cel —©9 — ChY2 > —Ced — ChY/2,
If h and ¢( are small enough, we deduce that:
(1 Ceg — 0o — Ch'?)|Ixa,re® fII* < Cllxa,re® fI1?

so that: B
Ix2.ze® fII> < C|If)I* and [|e® f]|* < C||£11%,

where C and C are independent from r. It remains to make » — oo and apply the
Fatou lemma. Finally, this is easy to extend the inequality to f € Fs(h). U

Then, we will need Agmon estimates with respect to \:

Proposition 5.14 There exist hg > 0, C' > 0 such that, for all f € Fpr(h):

[, e Mg dsar < ) g P (5.4
R2
+
and:
/2 2N Dy 12 dzdh < CRY2| £ (5.5)
+

Remark 5.15 Heuristically, those estimates with respect to A correspond to the phase
space localization of [13, Section 5].

Proof: We take f = f;, , and we use the IMS formula (with & = 24y (r=1|A[) |A])
to get:

Qui(e®f) < vi(@uulle® FIP+CIVR® f|* < (Bo+C(M)R'2+CRY2) [ £,
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We recall that:

Qun(e®f) > . vi(gann)le® fI? + a©o|Da(e® £) [ dudA
+
> | vilgagn)le® fI? dwd).

2
+

g 5

We have, for all D > 0:

[, m@anle P dsar

R

_ / (@) |e® f1? dzdh + / (@) |e® f1? dzd).
I\|[<Dh=1/4 [A|>Dh—1/4

Moreover, we get:

/ vi(gann)le® fI? dedA
[A|>Mh—1/4=n
2/ (©0 + comin(1, hA?)) [e® | dzdA
IA|>Mh~=1/4=n
and:

/ i (arn)e® F12 dadA
Dh=1/4<|\|<Mh=1/4=n

- /Dh1/4<|/\|<Mh 1/4=n <@O " C(ko’a2’b2)hl/2 (éo)Azh Ch- 377) |€®f\2d37d/\-
This leads to:
/)\|>Dh 1/4(01 min(1, hA?) — Chl/2 _ Ca2h1/2)|e®f\2 N
< éhm/ f1? d\de.
[A<DhR—1/4

It remains to take D large enough and we get (5.4). Then, we have:

[, 1(000) = ©0)® 7 + aulDA® P dzdh < Ch2 ]
3

But, we notice that:

[, 1ar0) = @0)Ie® 12 doi
3

> <0(k;0, ag, by)h'/? + (&’)A?h Ch3/*- 3") e® f|? dwd

/Dh—1/4§|,\|§Mh—1/4—n

+/ (C(ko,ag,bQ)h1/2 (£O)A2h Ch3/- 3’?) e® f|? dA\da.
[A<DR—1/4
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Taking D larger, we get:

/ &) y2p sz op/aon e® f|? dzd) > 0.
Dh=1/4<|\|<Mh=1/4=n 2 =

Moreover, we have:

< ' f|1%.

/ <C(k0,a2,b2)h1/2 (&)Wh Cch¥/t- 377) le® f|? dAda
IN<DRh—1/4

O

5.3.3 Approximations of eigenvectors by tensor products
Let us define the quadratic form g with domain B'(R. ) ® L%(R):

90(0) = Qo(¥) — Bolle| = /}R2 10001% + (& — &0)|* — Oolp|® dwdA.
+

The Friedrichs extension of g is the operator He, ® ldp2g). We also define the
Feshbach-Grushin projection on the kernel of He, ® ldz2(g):

HOSO = <(107 uf())xuf() ($)

The next proposition states an approximation result for the elements of &, () (which
behave as tensor products):

Proposition 5.16 For all M > 1, there exist hg > 0 and C' > 0 such that, we have,
forall f € Far(h):

If = o fllz2 + 10:(f = Mo )2 + e (f = Tof)l 2 < CRYP| £, (5.6)

IAf = oA fll 22 + 1|8a (A f — TIoAf)l| 22 + [lz(Af — ToAf) ||z < CRTYE ],
5.7

107 f — ToOrf 2 + 102(Onf — ToOrf)lI 2 + l(Onf — Todxf) 2 < CRYB|f].
(5.8)

In particular, 11y is an isomorphism from &y (h) onto its range.

Proof: We take f = f;, ». By definition, we have:

Hynf =vj(Qyn)f. (5.9)

Approximation of f We deduce:

Qui(f) = vi(Quu)IfI” < (80 + CR)| £
We have:

Qa1 2 (1= CHP) [ 137 4w~ 6o+ WA+ RV P i

R
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Moreover, we get (using the estimates of Agmon), for all € € (0, 1):
/RQ 0. f)% + |(z — &0+ W/ 2N + h1/2%l(m)2)f\2 dzd\
it
> (1-2)Qo(f) = C 2| £
Taking & = h!/*, we deduce:
go(f) < ChM| £,

We deduce (5.6).

Approximation of A/ We multiply (5.9) by \ and take the scalar product with
Af:
Qui(Af) < (B0 + ChY)INFIP + [([Hapns ALF AP

Thus, it follows:
Qur(Af) < (B0 + ChYA)AFI? + aBol(Drf, Af)] < G0 AfI* + C|LfI*
We get:
Qua(Af) = (1= Ch'271) (1= €)Qo(Af) — Ce!I£]) -
We take £ = h'/4 to deduce:
w(Af) < Ch I fP.

We infer (5.7).

Approximation of D, f We take the derivative of (5.9) with respect to A and take
the scalar product with 9, f:

Qur(Orf) < (B0 + CH)[OxFII* + [{[Ho s O] £, 00 1))
The estimates of Agmon give:
([Hyn 0\]F.001)] < CH) £
We have:
Qua(0rf) = (1= Ch'277) (1= €)Qo(0rf) — Ce"RIIf?) -
We take ¢ = h'/* and we deduce:
a0(0rf) < CH**| £|1%.

We infer (5.8).
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5.3.4 Conclusion: proof of Proposition 5.8

For all f € §),(h), we have the lower bound:

Qnn(f) = /RQ vi(gpn)|f12 + a©o| Dy f? dzd)

+

/i
> /2 <V1(Q>\,77,h> - (@0 + C(ko, ag, by)h'/? + M;&)))\%)) |fI? dzd\
R

+
+/
R

"
(eo + Olko,an ba)'/2 + “(2%%) /2 dzd) + aOg| Dy f]? dzd
2
+

‘We now estimate:

1
/ <y1(th) — (@0 + C(ko, az, ba)h'/? + ’“‘(2’50)%)) | f|? dzd)
R}

1
:/ <l/1(q/\7n’h) — <@0 + C(ko, az, ba)h'/? + K s0) (§°)A2h>> | f|? dzd)
IA|=Mh=1/4=n 2

n
+/ <V1(Q>\,n,h) - <@o + C(ko, ag, ba)h /% + M(&)))\Qh>) | f|? dzd\
[N <Mh—1/4=n 2

Moreover, we get:

1
/ <u1<qx,n,h> _ <@0 Ok, as, ba) V2 + ’”%%)) 2 dwd
|)\|2Mh*1/4*W 2

"
> / — (@0 + C(ko, ag, bo)h'/? + M(&)))\Qh) |£|? dzd) = O(h™)]|f||?,
IN|>Mh=1/4=n 2

where the last estimate is a consequence of the estimates of Agmon. Then, we get:
"
/ <y1(qu,h) —~ (@0 + C(ko, az, ba)hM/? + “(’S‘))A%)) | dadA
\)\|§Mh*1/4*" 2
> —CR £,

We deduce:

Qun(f) = /

"
(C(ko, az, ba)h1/% + M(;O))\Qh) | |2 dzd) + aO¢| Dy f|? dzd)
=3

+ Oollf I = OB 1|2,

We now use Proposition 5.16 to get:

1
Quni(f) z/ <C(k0,a2,b2)h1/2 + M(;O)/\Qh> T f|? dzd\ + a©¢| DIl f|* dzd )
RQ

+
+ 60| fII> — CRMV2HE| I £ |12

But, we notice that, for all f € Fys(h):
Quu(f) < var(@uu)llfI?
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and

The

thus:

/2
R+

< (ar(Qyn) — ©0) | fII* + CRY#H13| 11y £
< (ar(Qup) — ©0) o f |2 + CHY2HVS| T, £|2.

"
(C’(ko, az, ba)h'/? + “(250)A2h> [Ty f|? dzxd\ + a©g| DALy f|? dxd\

conclusion follows from the min-max principle.
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