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Simulations and Experiments of a Nonlinear Aircraft Braking System
With Physical Dispersion
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Collongue, 69134 Ecully, France

"Messier-Bugatti-Safran Group, Aircraft Braking Division, Zone Aéronautique Louis Bréguet, BP 40, 78140 Vélizy-Villacoublay, France

This paper deals with the simulation of nonlinear vibration induced by friction in an aircraft braking system. Experimental tests reveal
that in similar experimental conditions the mechanism can generate vibrations of various amplitudes. The aim of this study is to simulate
the behavior of the brake by taking into account the dispersion of parameters, which produce the variability of the response. A nonlinear
model of the brake is pre-sented. The time-history response is obtained by integration of the full set of nonlinear dynamic equations.
Based on experimental results, the dispersions of the coefficient of friction and of the damping configuration are introduced. Monte Carlo
simulations are performed and show a very good agreement with the experimental results.

1 Introduction

In aircraft braking systems, vibrations under 1000 Hz appear
during the braking phase. These are caused by friction-induced
self-generated instabilities, which are a cause of concern in a wide
variety of mechanical systems, especially in transports. In the au-
tomotive industry the phenomenon of brake squeal is well known
of end-users because of the noise produced. However, it still re-
tains attention of a lot of investigations [1-4]. In the rail industry
it is an issue for the same reasons [5,6]. In aircraft brakes Liu et
al. [7,8] and Gordon [9] are among the first to describe friction-
induced vibrations and to present the equations of motion for the
phenomenon known as squeal. The whirl phenomenon is then
studied by Travis [10] and Hagler [11], and completed by the
work of Sinou et al. [12,13]. A complete model for the simulation
of whirl and squeal instabilities is finally presented by Chevillot et
al. [14,15].

The study of a vibration problem requires two steps. In a first
step, a stability analysis is performed around the operating point

by linearization of the nonlinear equations. The nature of the com-
plex eigenvalues of the Jacobian matrix provides information on
the local stability of the operating point. It allows determining if
the equilibrium is linearly stable or not: If unstable, instability
corresponds to a supercritical Hopf bifurcation. The stability
analysis also gives the nature of the instabilities by plotting their
analytical deformation. This first step is fast to compute. For this
reason, this approach is especially useful to evaluate the effects of
parameters on the stability. In that way, modifications in the de-
sign can be found to make the equilibrium stable. However, if the
equilibrium is unstable, the stability analysis is unable to give
information on the nonlinear dynamical behavior. As instability is
the result of a supercritical Hopf bifurcation, a stable periodic
orbit will appear. Then, the direct approach consists in integrating
numerically the equations of motion around the operating point to
calculate the amplitude of the stable orbit. Although this proce-
dure can be time-consuming, especially if nonlinear models with
many degrees of freedom are employed, it is necessary to know
the entire time-history response of the system [15]. In that context,
the use of a mechanical model with a few degrees of freedom is
very suitable.

The first part of this paper presents the working of an aircraft
braking system and describes the test performed to record the
dynamical behavior of the brake in working conditions. Then the
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Fig. 1 Schematic model of the brake system

phenomenological model developed by Chevillot et al. in Refs.
[14,15] is briefly described. A stability analysis is made in order to
determine the nature of the instabilities. They are compared with
the experimental instabilities recorded during tests. Next, time-
history responses are computed in a particular case to evaluate the
efficiency of the model to reproduce complex transient vibrations.
Finally, with the statistical laws for the coefficient of friction and
for the damping, a Monte Carlo simulation is computed in order to
reproduce the variability of the dynamical behavior observed
when a series of tests is performed.

2 Aircraft Brake Description

2.1 Experimental Approach. An aircraft braking system is
shown in Fig. 1 where the rotating parts are given in a three-
quarter section view. The brake is attached to the landing gear of
the aircraft through a torque take-out rod. The core of the brake is
composed of a stack of rotating and stationary disks: The rotating
disks—the rotors—are engaged by the wheel, while the stationary
disks—the stators—are linked to the torque tube, which is inter-
dependent of the piston housing. The working principle is illus-
trated in Fig. 2. During braking, the rotors and stators are
squeezed together by pressure in the hydraulic pistons. Torque is
produced by friction forces generated at the rubbing interfaces
between the disks. Aircraft slowing and stopping is therefore the
result of the conversion of the kinetic energy of the plane into heat
in the brake.

The evaluation of the dynamical behavior of the brake under
working conditions is performed with the help of dynamic tests
illustrated in Fig. 3. The brake is set on a roadwheel dynamom-
eter, which simulates the inertia of the aircraft. The roadwheel
dynamometer is brought up to speed, then pressure is introduced
in the hydraulic pistons to activate the brake by compression of
the heat stack. The test ends when the roadwheel dynamometer
stops. A series of tests with a fully instrumented aircraft brake is
performed in order to record the dynamical behavior of the system
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Fig. 2 Working principle

Fig. 3 View of a dynamic test

during braking. The accelerometers’ locations on each instru-
mented part are shown in Fig. 4. The pressure introduced and the
torque produced are also recorded.

Tests allow identifying two main complex nonlinear phenom-
ena: squeal and whirl. Both appear at low/middle frequency (in
the 0~1000 Hz range) and can damage the integrity of the brake
when the amplitude of oscillations is substantial. On the one hand,
squeal is defined as torsional vibrations of nonrotating brake parts
around the axle; on the other hand, whirl describes a motion of the
end of the torque tube around the axle accompanied by unphased
pumping of the brake pistons. The experimental deformations of
these two phenomena are given in Fig. 5. The markers from 1 to
6 indicate the evolution of the deformation of the brake for one
period. The shaded lines define the static position.

2.2 Phenomenological Model. A phenomenological model is
built to reproduce whirl and squeal instabilities [14]. The brake,
the brake rod, and the attachment lug are modeled with 70 degrees
of freedom (see Fig. 6). The multistage brake is represented by a
single rotor and stator with an effective brake friction coefficient
Of feq=2Notorits Where Nygo, is the number of rotors and u is the
coefficient of friction between two disks. A Coulomb approach is
used to model the friction. It is assumed that each rubbing inter-
face is equivalent and that the friction coefficient is uniform on
the surface. Moreover contact and sliding states are supposed to
be permanent. Experimental tests [12,14] show that the nonlinear
behavior of the disk stack in compression is nonlinear. The load-
compression relationship is introduced analytically by a third or-

Piston housing
(18 channels)

Torque plate
(12 channels)

Attach lug
(2 channels)

Axle (7 channels)

Brake rod (12 channels)

< < <4 <&
(o ) M w—— 10

Fig. 4 Accelerometers’ locations

b ot ads




—~
Y
~

53
&
o
KX
7

i

Fig. 5 Experimental deformations: (a) squeal and (b) whirl
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der polynomial in the relative displacement between the disks.
The nonlinear efforts in the structure Fy are then written in the
equations of motion, which have the form [14]

Mx +Cx + Kx = FNL(X) + Fpressure + Ftire (1)

where X, X, and x are, respectively, the 70-dimensional vectors of
acceleration, velocity, and displacement. M, K, and C are, respec-
tively, the structural mass, stiffness, and damping matrices.
Fpressure 18 the vector force due to brake hydraulic pressure, Fyp,
contains the linear and nonlinear contact force terms at the stator
and rotor interface (see the Appendix), and Fy;,. corresponds to the
bending load and drag force of the tire. Concerning the damping,
a modal approach is used. That means a coefficient of damping is

specified for each mode of the structure, in the modal basis. The
diagonal damping matrix thus built is then projected onto the basis
of the degrees of freedom to create the structural damping matrix
C of Eq. (1).

A stability analysis is then performed in order to calculate the
modes of the system and the mode-coupling instabilities, if there
are any. The detailed method can be found in Ref. [12] or Ref.
[14] and is briefly given below.

The stability analysis is conducted around the equilibrium point
X,. It is given by solving the nonlinear system defined by Eq. (1)
in the static case

KXO = FNL(XO) + Fprcssurc + Ftirc (2)

The stability is then investigated around the equilibrium point
for a small perturbation X by linearizing the nonlinear contact

forces
)i =0 (3)
Xo

The stability of the equilibrium is discussed by calculating the
eigenvalues of the linear system given by Eq. (3). These are ex-
pressed as N=a+ib: b represents the angular frequency (i.e., the
frequency by considering a factor of 27), and a damping coeffi-
cient can be written by 7=-a/|\|. The equilibrium of the system
is then unstable if at least one eigenvalue has a strictly positive
real part (which is equivalent to a strictly negative damping
coefficient).

A representation of the evolution of the frequencies versus the
coefficient of friction in the complex plane is given in Fig. 7. It
appears that between 0 Hz and 1000 Hz three instabilities are
calculated: Each instability is the result of the coupling of two
modes (one is unstable while the other one remains stable). The
nature of the instabilities can be identified by plotting their ana-
lytical mode shapes given in Fig. 8: The first one is identified as a
squeal instability and the second one as a whirl instability. A good
agreement between the analytical deformations and the experi-
mental deformations can be noticed. The phenomenological
model is then able to reproduce the instabilities observed in tests.
Concerning the third instability calculated by the stability analy-
sis, it seems also to have whirl characteristics, but its frequency
around 600 Hz is far from the frequency of the experimental whirl
(around 250 Hz). Because the stability has been performed with-
out damping, Fig. 7 gives also information on the damping coef-
ficients, which make the system stable or unstable. For example, if
a damping of more than 15% is introduced on all the modes, then
no vibration can occur. More precisely, 3% of damping for the
squeal instability, 15% for the whirl instability, and 12% for the
third instability are sufficient to make the equilibrium stable. It
should be noted that the squeal instability will appear only if a
very small damping is present. For the whirl vibration, if there is
damping under 15%, oscillations should appear. That illustrates
the fact that squeal seems more difficult to destabilize than whirl:
During tests only a few appearances of squeal have indeed been
observed.

IFL
Jx

Mx + Cx + (K—

3 Time-Frequency Analysis: The CWT

The time-frequency analysis is a key step in the investigation of
the information contained in a temporal signal. For a stationary
signal, a fast Fourier transform (FFT) is a commonly used
method. It transforms the signal from a time-based domain to a
frequency-based domain. However, in the case of a nonstationary
signal, the time-dependence of the frequency components can be
an essential element in order to obtain good understanding of the
behavior. To achieve this, methods are employed to generate time-
frequency representations of the signal. For a nonstationary signal
with sharp time-varying frequency components, the continuous
wavelet transform (CWT) is an efficient method. Its applications



70 degree-of-freedom model

1000, T T

900

800

700

600 Himax
500

400}

Frequency [Hz]

300+ whirl

| K

max T

u=0
]

200 max

squeal
100 a

K axem— 1 — Mok

u=0 " max 4

L] L L 1

1 1 Il
—%O -15 -10 -5

0
Damping coefficient [%]

5 10 15 20

Fig. 7 Stability of the brake versus friction coefficient in the complex plane

are various; for instance, it can be employed to find the presence
of a crack in rotors [16]. Some of CWT software includes code
originally written by Torrence and Compo.2

Wavelet transforms first appeared in the 1980s with the work of
Morlet [17]. The theoretical background can be found in Refs.
[18-20]. A wavelet analysis starts by selecting an elementary
wavelet function ¢(z) whose decay is very fast and which fulfills
the admissibility conditions [19,20]: the mother wavelet. A family
of functions (the wavelets) is then obtained by translation and
dilatation of the mother wavelet

Bunlt) = #qﬁ( ﬂ) @
Va a

where a is the dilatation or scale factor and b is the time transla-
tion factor. The term 1/va ensures the energy normalization
across the different scales.

The transform is then performed by projecting the signal s(7)
onto the wavelets, producing the CWT coefficients

See http://paos.colorado.edu/research/wavelets/.

CWT(a.h) = f S, (1)1 = \LZ f s(t)¢*<%>dt 5)
where * denotes the complex conjugate.

The wavelet coefficients represent a measurement of the corre-
lation of the dilated and shifted wavelet with the function s(z).
CWTfﬁ(a,b) also express the local information on s(¢) at time ¢
=b and frequency f related to 1/a. A time-frequency representa-
tion is obtained by plotting the wavelet coefficients over time and
frequency.

4 Deterministic Simulation

In this section, a specific experimental test is studied. The pur-
pose is to evaluate the capability of the phenomenological model
to reproduce the temporal behavior of the brake when vibration
occurs. The time plots of the pressure and of the torque are given
in Fig. 9. The response is composed of several steps. First the
pressure is applied progressively, until it reaches the rated value
Ppr. At the same time the torque increases, without the appearance
of vibration. Second, oscillations are developing with a large am-
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Fig. 8 Analytical deformations: (a) squeal and (b) whirl

plitude on the pressure and on the torque. Finally, after 7 s of
braking, the oscillations have almost entirely disappeared. For this
test, vibration occurs in the transient regime, while in the station-
ary regime almost no vibration remains. It should be noted that the
evolution of the oscillations is not regular. The time plots reveal
that there are abrupt changes at t=1.5 s and r=3 s. It is then
probable that several instabilities have appeared in the transient
regime. A CWT of the pressure and of the torque given in Figs.
10(a) and 10(b) allows determining with precision the frequencies
and their evolution versus time. It appears that two instabilities
have occurred. The first one is measured at 260 Hz and appears
briefly in the beginning of the braking. While this instability stops
abruptly at r=1.5 s, a second instability at 180 Hz appears with

large oscillation amplitudes. The latter only lasts about 1.5 s be-
fore the first instability appears again in place of the second insta-
bility. The CWT also shows the appearance of frequencies at 360
Hz and 520 Hz, which are, in fact, overharmonics of the 180 Hz
and 260 Hz: Their presence is the expression of the nonlinear
behavior of the mechanism. The drawing of the experimental de-
formation of the brake when vibration occurs allows identifying
the instabilities as a whirl vibration for the first one and a squeal
vibration for the second one. This record is a good case of study
because oscillations with a large amplitude occur in the transient
regime. Moreover the appearance of two instabilities with a strong
interaction is very interesting.

The simulation of a braking requires in inputs the evolutions of
the pressure and of the coefficient of friction. Concerning the
pressure it is simply introduced with a slope to reach the rated
value Py (cf. Fig. 11()). For the coefficient of friction, it is cal-
culated by the relation that links the pressure P(z) to the torque
T(r), with the assumption that there are no friction forces some-
where else than between the disks

2( Re’ —Ri°
T(t) = 2Nrolor1u'(t)P(t)NpismnSpismng(m) (6)
where Noor is the number of rotors, Npision is the number of pis-
tons, Spision 1S the surface of a piston, and Re and Ri are, respec-
tively, the outer and inner radii of the disks.

The friction law obtained is given in Fig. 11(a). The shape can
be explained by tribological properties of the heat sink material.
To perform the simulation, the damping configuration is still miss-
ing. The response of the brake is indeed very dependent on the
damping introduced. But the measurement of the damping of a
complex mechanical system is very difficult, or even impossible
in practice. The idea is then to perform simulations step by step by
changing the damping coefficients until getting the desired re-
sponse. Figure 12 shows the torque simulated with a modal damp-
ing coefficient of 0.3% for the squeal instability and 8% for the
whirl instability. Because the hydraulic equations are not taken
into account, the model is not capable of simulating the oscilla-
tions of the pressure. But it has no effect on the mechanical de-
formation of the brake. Concerning the third instability revealed
by the stability analysis (see Fig. 7), 10% of damping is intro-
duced to prevent it from appearing. This value is arbitrary, as well
as that of 1% used for all the other modes not involved in mode-
coupling instabilities. The time plot shows that oscillations appear
in the transient regime. Their amplitude is quite similar to that of
the experimental record and the changes in amplitude let us think
that several instabilities are present. This intuition is confirmed by
the CWT of the torque given in Fig. 13. The response is indeed
composed of two main frequencies at 184 Hz and 240 Hz. The
first one corresponds to the squeal vibration and the second one to
the whirl vibration. The overharmonics of squeal and whirl may
be noticed: squeal 2X at 360 Hz and whirl 2X at 520 Hz. In
addition, there are combinations of the frequencies of squeal and
whirl: squeal 2X-whirl at 128 Hz, whirl 2X—squeal at 296 Hz, and
squeal+whirl at 424 Hz. There exist only in the short intervals
where both squeal and whirl are present. These combinations may
also be noticed in the experimental CWT in the transition between
whirl and squeal at re[1 1.2] s.

In a first time, whirl appears for about 1 s. Then oscillations of
squeal increase while the oscillations of whirl stop. The squeal
vibration lasts about 2 s and finally whirl appears again. A better
comparison of the transient behaviors is possible with Fig. 14,
which shows the appearances of whirl, squeal, whirl 2X, and
squeal 2X in the first 4 s of braking. There is a good agreement,
although slight differences may be noticed. In the test, the transi-
tion between whirl and squeal is more abrupt than in the simula-
tion. Therefore, the interval where the two instabilities are simul-
taneously present is longer in the simulation, which results in
combinations of frequencies more pronounced. In the stationary
regime, it may be noted that the second harmonic of whirl re-
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Fig. 9 Experimental record: (a) time plot of the pressure and (b) time plot

of the torque

mains, while it has disappeared in the test. In a general way, the
overharmonics seem a little more pronounced in the simulation.

A very good agreement between the simulated and experimen-
tal behaviors is obtained. This example shows the efficiency of the
phenomenological model to simulate the transient nonlinear vibra-
tions observed during tests.

5 Statistical Simulation

When a series of tests is performed in order to record the dy-
namical behavior of the brake, it appears that the response of the
system can differ between two tests although the external condi-
tions are apparently identical. The effect of this dispersion is il-
lustrated in Fig. 15(a), which shows the maximum amplitude of
the acceleration measured on the piston housing for 112 tests per-
formed. In this series of tests only the whirl vibration at around
260 Hz appeared; there is no occurrence of squeal.

In Fig. 15(b) is given a pie chart, which shows the distribution
of the maximum acceleration. It reveals that for more than half of
the tests no vibration or a vibration with a very low amplitude
(under 10% of Gmax) has appeared. And when the whirl has
developed, the figure shows a distribution quite regular between
the different levels. It is then obvious that internal changes oc-
curred from a test to another. Therefore in order to simulate with

a good accuracy the dynamical behavior of the brake when a
series of tests is performed, these internal changes have to be
identified and taken into account.

The heat sink material has tribological characteristics, which
make the coefficient of friction highly dependent on the tempera-
ture. Because of the succession of tests, the warming of the brake
can be different between two stops. As a result the coefficient of
friction will slightly vary. Each test performed also wears out the
rubbing surfaces. From this point of view two successive tests are
not equivalent. That can explain variations in the coefficient of
friction. For each test, with the records of the pressure and of the
torque, the coefficient of friction is calculated. In Fig. 16(a) are
given the time plots of the coefficient of friction of the 112 stops
performed. The mean value i and the standard deviation o give
information on the variability of the coefficient of friction. It
should be noted that the curves are well centered around the mean
value and that all curves are approximately obtained by a transla-
tion of the mean curve. For this reason, it seems appropriate to
consider a Gaussian distribution to represent the variability of the
coefficient of friction. Figure 16(b) shows a Monte Carlo simula-
tion with 200 friction laws. To avoid very small or very high value
of the coefficient of friction, which would not be physical, the
Gaussian distribution is truncated at +2.50.
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The succession of tests, with variations in the temperature and
the progressive wear of the disks, has also an effect on the damp-
ing of the brake. However, the measurement of the damping con-
figuration is not possible. A few deterministic simulations have
been performed to evaluate the range and variability of the damp-
ing of the whirl. Tests with extreme behaviors (very large and very
small amplitudes of vibration) and with medium behaviors have,
in particular, been chosen. To have a more precise estimation of
the damping, a deterministic simulation should be performed for
each of the 112 tests. A statistical law could then be provided by
the 112 values of damping. However, this approach is very tedious
and would ask a lot of simulations. Thus, a few simulations allow
estimating the damping of the whirl between 5% and 11%. This
variability could seem high: In practice, with the method em-
ployed, the dispersion estimated for the damping could include
dispersions of other uncontrolled and unknown parameters. The
variability of damping of the whirl instability is introduced with a
Gaussian distribution arbitrarily truncated at = ¢. Concerning the
squeal instability, a damping of 0.5% is introduced. 10% is put on
the third instability, and 1% on all the other modes.

A Monte Carlo simulation with 500 samples is performed. The
graph of the maximum acceleration of the piston housing is given

in Fig. 17(a). The figure makes appear three frequencies: around
235 Hz, 470 Hz, and 705 Hz. The first one corresponds to the
whirl, which has appeared more precisely between 228 Hz and
240 Hz. There is a good agreement with the 260 Hz of the experi-
mental whirl. The two other frequencies are overharmonics of the
whirl. It should be noted that the points are not gathered but there
is a dispersion of the response between 0% and 68% of Gmax.
Compared with the experimental results of Fig. 15(a), the graphs
are very similar. The maximum acceleration recorded during the
tests is of 70% of Gmax. The dispersion of the response is more
precisely illustrated with the pie chart of Fig. 17(b). For more than
one-third of the simulations, no vibration or a vibration under
10% of Gmax appeared. For the tests this proportion reaches more
than a half. At the opposite for 15% of the simulations whirl has
appeared with high levels (above 40% of Gmax). In 16% of the
experimental tests whirl has appeared with similar levels. More-
over, the mean values of acceleration are of 19.8% of Gmax for
the simulations and 17.8% of Gmax for the tests. There is thus a
very good agreement between the Monte Carlo simulation and the
experiment.

This result shows that the dispersion observed when a series of
tests is performed can be explained with satisfaction by disper-
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sions in the coefficient of friction and in the damping configura-
tion. The main issue is then to characterize these dispersions. In
this study, the use of 112 tests has allowed determining a statisti-
cal law for the coefficient of friction. Concerning damping, its
measurement on the brake is not directly possible. It has then been
approximately estimated with the help of simulations in particular
cases. The purposes of this study were to identify the sources of
the dispersion of the dynamical response obtained during tests and
to evaluate the capability of a phenomenological model to repro-
duce this dispersion. It would be more complicated to predict the
dynamical behavior without having previously performed the tests
because the dispersion in the parameters would be unknown.
Therefore, in order to perform a predictive simulation, there is still
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a lot of work to do on the calculation of the friction coefficient
with dispersion and above all on the estimation of the damping in
a real complex structure, which is still a great issue.

6 Summary and Conclusion

In this paper, a phenomenological model for the simulation of
nonlinear vibration induced by friction in aircraft brakes is used to
compute time-history responses and to perform a statistical simu-
lation.

From the viewpoint of stability the model that has been used in
previous studies is efficient to reproduce squeal and whirl insta-
bilities. The novelty of the present paper concerns the time-history
simulation with dispersion of parameters of the dynamical behav-
ior of the system. Provided the friction law and the damping con-
figuration are known, excellent agreements are found between the
time-history computation and the experiment. In particular, com-
plex phenomena with interactions between several instabilities are
well reproduced.

Tests performed in series show a significant variability in the
response of the system. A statistical simulation based on a Monte
Carlo method is then employed. The results show that the disper-
sions of the coefficient of friction and of the damping allow simu-
lating faithfully the dynamical behavior obtained in test. Thus, the
causes of the fluctuation in the dynamical behavior are identified
and the model allows simulating this fluctuation with a very good
agreement. In this context, a predictive simulation requires good
knowledge and control of the dispersions of the coefficient of
friction and of the damping.
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Appendix: Nonlinear Terms Due to Friction at the
Rotor-Stator Interface

For a point M of radial coordinates (r, #), the normal relative
displacement dx is calculated by considering small displacements
of the rotor and the stator

Xpotor(F> @) =X+ 1 sin @ sin 6.— r cos 6 sin ¢, = x, + r6, sin 0

—ri, cos 0 (A1)

Xeator(7> 0) = X, + r sin 0 sin 6, — r cos 0 sin i, = x, + r6, sin 0
—ri, cos 6 (A2)
which give
x(r, 0) = Xgaior(7 0) = Xporor(r, 0) = (x; — x,) + 7 sin 6(6,— 6,)
—rcos 0(y,— ) (A3)

where xg, x,, 6, 0,, ¥, and ¢, are, respectively, the stator and the
rotor lateral displacements and rotations.

Considering the cubic polynomial nonlinear contact stress and
the Coulomb law (see Sec. 2.2), the normal force Fy, the tangen-
tial forces Fy and F,, the brake torque My, and the yawing and
pitching moments My and M, due to friction can then be ex-
pressed as

27 R, 27 R,
Fy= f f N(r,0)rdrd0= f f (K, 8x(r, 0) + K, 0x*(r, )
0o Jr 0o Jr

+ K;03(r, 0))rdrd= K\ Ay(x, — x,) + K2<A2(xs -x,)?

A A 3A
+ f(ex - er)z + f(l/jr_ %)2) + K}(AZ(xx_xr)S + 74(05

10

- 0r)2(xs - xr) + %(lﬂs - wr)z(-xs - xr)) (A4)

27 R,
Fy=- J f T(r,0)sin Ordrd0=
0 IR,

27 R,
- J f MegN(r, O)sin Ordrdf=— ,u,eq<
0o Jr

3As
A3(0, - 0)(x, — x,)> + —(6,
< 3( s r)(xx xr) + 20( s

A
K5 (6= 6)

2A
+ KZTg(as - er)(xs - xr) +K;

P P 2>>
60 +=5(0,~ 0)(~ ) (AS)

2 R, 2 R,
Fzzf f T(r, 6)cos Grdrdﬁzf f MegN(r, O)cos Ordrd6
0 JrR 0 Jr
=_:ueq(
3A 3A
2 5 3 S 2
- o= — (Y, — 4, — (¢, - 6,— 6
l/fr)(x.\ xr) + 20 (l?[/X l?[/)) + 20 (l/j\ l//}’)( N r) ))
(A6)
2 R, 2 R,
My = f J T(r,0)r*drd 6= J f eN(r, 0)r*drd 6
0 Jr 0 JrR

o g

_3(xs_xr)
A
+ ?5(1//.\'_ l/fr)2> + K3<

A 2A
Kl_s(ws_ wr) +K2_3(¢S_ lpr)(xs _xr) +K3

3 3 (A3(¢5

24
KI_S(xs_xr)"'KZ

AS
3 2+ ?(05— er)z

3

2A 3A
73()6,\' - xr)3 + ?S(X.\' - xr)( 0,\‘ - 0}')2

+ %(xs - xr)(‘ps - (pr)z)) (A7)

2 R, A A
My= f f N(r, 0)sin 6r2drdf= Klf(ﬂs -0)+ K2?4(05 -0)
0o Jr;

3Aq
24

3A
X(xs_xr) +K3(T4(0s_ 0,)(XS—)Cr)2+ (03'_ Hr)3

Ao )00 )
+ 0= 0)( = ) (A8)

A
(= ) + Ky = (4,

21 R, A
M,=- f f N(r,6)cos Or*drdf=K,—*
o Jx 4 2

)50+ K 5

34,
+ 24 (l//\ - lr//r)(e.\'_ Hr)2> (A9)

with Akzw(R/;—Rf) for k=2-6 and R, and R;, respectively, the
outer and inner radii of the contact surface.
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