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Abstract

We give a strong approximation of Rosenblatt process via transport processes and
we give the rate of convergence.
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1 Introduction

Self-similar stochastic processes are of practical interest in various applications, including
econometrics, internet traffic, and hydrology. These are processes X = (X (¢) : t > 0) whose
dependence on the time parameter t is self-similar, in the sense that there exists a (self-
similarity) parameter H € (0,1) such that for any constant ¢ > 0, (X (ct): ¢t > 0) and
(cH X(t):t> O) have the same finite dimensional distributions. These processes are often
endowed with other distinctive properties.
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The fractional Brownian motion (fBm) is the usual candidate to model phenomena
in which the self-similarity property can be observed from the empirical data. This fBm
BH is the continuous centered Gaussian process with covariance function given by

1
RH(t,s):=E[B” (t) BY (s)] = §(t2H + s2H |t — s?H). (1)
The parameter H characterizes all the important properties of the process. In addition, to
being self-similar with parameter H, which is evident from the covariance function, fBm
has correlated increments: in fact, from (1) we get, as n — oo,

E [(B" (n) — BT (1)) BY (1)] = H (2H — 1) n*72 4+ 0 (n*72) ; (2)

when H < 1/2, the increments are negatively correlated and the correlation decays more
slowly than quadratically; when H > 1/2, the increments are positively correlated and the
correlation decays so slowly that they are not summable, a situation which is commonly
known as the long memory property. The covariance structure (1) also implies

E|(B™ ()~ B ()] = It = 5P (3)

this property shows that the increments of fBm are stationary and self-similar; its immedi-
ate consequence for higher moments can be used, via the so-called Kolmogorov continuity
criterion, to imply that B has paths which are almost-surely (H — ¢)-Holder-continuous
for any € > 0.

It turns out that fBm is the only continuous Gaussian process which is self-similar
with stationary increments. This constitutes an alternative definition of the process. How-
ever, there are other stochastic processes which, except for the Gaussian character, share
all the other properties above for H > 1/2 (i.e. (1) which implies (2), the long-memory
property, (3), and in many cases the Holder-continuity). In some models the Gaussian
assumption may be implausible and in this case one needs to use a different self-similar
process with stationary increments to model the phenomenon. Natural candidates are the
Hermite processes: these non-Gaussian stochastic processes appear as limits in the so-called
Non-Central Limit Theorem (see [2], [5], [16]) and do indeed have all the properties listed
above. While fBm can be expressed as a Wiener integral with respect to the standard
Wiener process, i.e. the integral of a deterministic kernel w.r.t. a standard Brownian
motion, the Hermite process of order ¢ > 2 is a ¢th iterated integral of a deterministic
function with ¢ variables with respect to a standard Brownian motion. When ¢ = 2, the
Hermite process is called the Rosenblatt process. This stochastic process typically appears
as a limiting model in various applications such as unit the root testing problem (see [20])
or semiparametric approach to hypothesis test (see [10]). On the other hand, since it is
non-Gaussian and self-similar with stationary increments, the Rosenblatt process can also
be an input in models where self-similarity is observed in empirical data which appears to
be non-Gaussian. The need of non-Gaussian self-similar processes in practice (for example
in hydrology) is mentioned in the paper [17] based on the study of stochastic modeling for



river-flow time series in [11]. Recent interest in the Rosenblatt and other Hermite processes,
due in part to their non-Gaussian character, and in part for their independent mathematical
value, is evidenced by the following references: [1], [3], [14], [18], [19].

In this paper we will give a strong approximation result for the Rosenblatt process
by means of transport processes. It is also interesting from the theoretical point of view
since all the approximation results for the Rosenblatt process known in the literature are
in the weak sense ([5], [16]).

Our work is a natural extension of the strong approximation results for the Brownian
motion and for the fractional Brownian motion. The study of the convergence of transport
processes to the Brownian motion has a long history. We mention the works ([4], [9], [8])
among others. More recently, due to the development of the stochastic analysis for fractional
Brownian motion, the need of simulating the paths of this process led to the study of the
strong approximation of the fBm by means. We refer to [7] for such an approximation in
terms of transport processes and to [6] or [15] for related works.

Our paper is organized as follows. In Section 2 we give some preliminares on multiple
integrals and Malliavin derivatives. In section 3 we describe the approximating processes
and prove the convergence to Rosenblatt process.

2 Multiple Wiener-1to Integrals and Malliavin Derivatives

We start by introducing the elements from stochastic analysis that we will need in the
paper. Consider H a real separable Hilbert space and (B(p), ¢ € H) an isonormal Gaussian
process on a probability space (€2,.4, P), which is a centered Gaussian family of random
variables such that E (B(¢)B(¢)) = (¢,1%)3. Denote by I,, the multiple stochastic integral
with respect to B (see [13]). This I, is actually an isometry between the Hilbert space
HO"(symmetric tensor product) equipped with the scaled norm \/—ln—' I ||en and the Wiener
chaos of order n which is defined as the closed linear span of the random variables H,,(B(y))
where ¢ € H, ||¢|l% = 1 and H,, is the Hermite polynomial of degree n > 1

o) = ey (2) £ (e (). wem

The isometry of multiple integrals can be written as: for m,n positive integers,

E(In(f)lm(g)) = nl(fag>?{®” if m=n,
E(In(f)In(g)) = 0 ifm#n. (4)

It also holds that .
In(f) =1 (f)

where f denotes the symmetrization of f defined by f(z1,...,z,) = % Yoves, f(Ta(1ys s Tam))-



We recall the following hypercontractivity property for the LP norm of a multiple stochastic
integral (see [12, Theorem 4.1])

E [ Ln(/)P™ < em (BIn(£)?)™ (5)

where ¢, is an explicit positive constant and f € H®™.

In this paper we will use multiple stochastic integrals with respect to the Brownian motion
(Bm) on R as introduced above. Note that the Brownian motion on the real line is an
isonormal process and its underlying Hilbert space is H = L?(R).

For every % < H < 1 the Rosenblatt process (X} )te[O,T] could be defined as follows,

X' = c(H)L(g:()) (6)
where for every t € [0, 7]
t H_q H_q
gt(y1,y2) = / (u— y1)ﬁ (u— yg)ﬁ du. (7)
Yy1Vy2

The constant d(H) is a normalizing constant which ensures that E(X/?)? = t2/ for every t €
[0,T]. This constant can be explicitly computed but it has no interest for our investigation.
It can be proved that the process X is self-similar with stationary increment and has the
same covariance (1) as the fBm. Moreover it satisfies properties (2) and (3).

3 Strong convergence to the Rosenblatt process

The Rosenblatt process (X[ )telo,r] defined above can be written as an iterated double
integral in the following way

H

t H_ H_
X = c(H)/ / (/ (s —x1)f 1(3 —x2)} 1ds) dB(z1)dB(z2), te€]0,T] (8)
R JR \Jo
where B is a Wiener process on the whole real line and the Hurst parameter H belongs to
the interval (%, 1). The process X is H self similar with stationary increments and it has

the same covariance as the fractional Brownian motion.
We will separate X into three terms. For every t € [0, 7]

XH = c(H) U(; /io (/Ot(s —z) T (s — xg)%lds> dB(z1)dB(x2)

AT
t rO t
e

I

(s — x2)2’1d5> dB(z1)dB(x2)

ol

s — xg)%lds> dB(z1)dB(z2)

4



/ / (/mm s—x1)2 Ms—x0) 2 1ds> dB(xl)dB(xg)}

B ox2H 4 x3H (9)

note that the second and the third integrals are actually equal, for that reason the term
X2H appears twice . We will treat separately the third terms above since they have different
behavior which comes from the singularity of the integral appearing in their expression.

3.1 Transport processes

For cach n = 1,2,..., let (Z(™(t));>0 be a process such that Z(™(t) is the position on the
real line at time ¢ of a particle moving as follows. It starts from 0 with constant velocity +n
or —n, each with probability 1 / 2. It continues until a random time 7 which is exponentially
distributed with parameter n?, and at that time it switches from velocity +n to Fn and
continues for an additional mdependen‘c random time 7 — 71 which is again exponentially
distributed with parameter n?. At time 7 it changes velocity as before, and so on. This
process is called a (uniform) transport process. Griego, Heath and Ruiz-Moncayo [9] showed
that Z(™ converges to Brownian motion strongly and uniformly on bounded time intervals,
and a rate of convergence was derived by Gorostiza and Griego in [8] as follows,

Theorem 1 There exist versions of the transport processes Z™ on the same probability
space as a given Brownian motion (Byt)i>o such that for each q¢ > 0,

P ( sup |By — Zt(n)] > Cn~ Y2 (log n)5/2> =o(n™%) asn— oo,
a<t<b

where C' is a positive constant depending on a,b and q.

Let (XH )te[o 7] @ Rosenblatt process. With a < 0 fixed, we consider the following
Bm’s constructed from the Bm B in (8),

L. (B1(8))sepo,r] » the restriction of B to the interval [0, T7.
2. (B2(8)),<s<0- the restriction of B to the interval [a, 0].
B(3) ifse 1,0
3. By(s) = { B fs [2:0)
0 it s =0.

Let us define now the transport processes that will intervene in our main results. By
Theorem 1, there are three transport processes

(2" (Nosecr, (287 (5Dasozo, and (257(5))1 coco (10



such that for each ¢ > 0,

P < sup |B;(t) — ZZ-(n)(t)| > C(i)n_l/z(logn)5/2> =o(n"9) as n— oo, (11)

b;<t<c;

where b;, ¢;, i = 1,2, 3, are the endpoints of the corresponding intervals, and C'*) is a positive
constant depending on b;, ¢; and q.

3.2 Strong approximation

We will approximate successively each summand X', X2H X3H from (9) in the strong

sense by processes construct in terms of the transport processes an), ZQ(n), Zén) introduced
above. Let us start with the summand X ¥ . Using Fubini theorem, we can express it as

H

t 0 0
X i [as [ BB s —e) e -t

_ c(H)/Otds </Ooo(s—x)§1dB(m)>2 (12)

- c(H)/OtdS(Y;,l’H)Q, te0,T]

where

0 H
yLhH :/ (s —z)2"YdB(z), se€[0,T). (13)

—00

Remark 1 Notice that integral fi)oo(s — x)%_ldB(x) is well-defined in L*(Q) as a Wiener
integral for every s > 0 since

E (/;(s—;c)?1dB(gc)>2 _ /O (5 — )" 2o = - _1HS2H*1.

—00

The situation will be different when we treat the summand X3 . This is one of the reasons
to decompose the Rosenblatt process into several parts.

Let 0 < max <13:—I;/;, %) < 8 < 1/2 be fixed (note that 131211/{2 < & since H <1

and 221;{{2 < % because H > %), denote in the sequel by

__B
Ep=mn 1-H/2 (14)

and by
ay = nf(%fﬁ)(log n)% (15)

We will use the notation

Y Nl a5y = sup [Ys].
a<s<b

6



When the interval is of the form [0, T'] we will use the shorter notation [[Y[o 1077 = 1Y [ls 7 -
We will denoted by C a generic strictly positive constant that may depend on a,T, H, p and
may change from line to line.

Let us give a different expression for the process Y 1.

Lemma 1 Let Y be the process defined by (13) and a < 0 fized, then for every s € [0, T

= s - [ o (2) Sma- [ o (2) Ses

u3
1/a u/ u —en U

—&n 0
+ [ @) + [ 1) - fe - B

—En

0
+ fs(x —ep)dBa(x) (16)

—En

where O, fs denotes the derivative of the function fo(z) = (s — z)/2=1 s > x with respect
to its second variable (even when this second variable is not denoted by x).

Proof: We can write, for every ¢ € [0, 7]

a 0
v = [ p@aB@ + [ fe)dB), (17)

We express the first Wiener integral above as an integral with respect to ds. Since by the
Holder continuity of B,
limf,(b)B(b) =0,
b——o0
by integration by parts and putting x = 1/u,
a

/a fu(@)dB(z) = fu(@)B(a)— / O, () B(x)dz

—00

- LB~ | j ot (1) 58 (L) au

0 1\ 1
~ .(@)Bsa) — /1 e (Z) s Ba(u)du (18)
By (17) and (18), for every s € [0,T] we have the result. [ |

We first approximate the process (Y ) sejo,r] (In the strong sense (11)) by stochas-
tic processes constructed from transport processes. Basically, in the expression of Y1 | we
replace the Brownian motions by their corresponding transport processes. The approximat-
ing processes to Y1 is defined as



v = 02w [ "o (1) S was [ nwi o

1/a u/ u
0
+ folz —en)dz{ (x), s €0,T). (19)

—&n

We state the result concerning the approximation of Y11, Its proof follows the ideas
of the proofs in [7] but the context is technically more complex. Note that the singularity

of the integrand (s — :U)%fl at s = = does not allows to use directly the results in [7] and
the arguments of the proofs must be adapted to fit in our context.

Proposition 1 Let Y5 and Y15 be the processes defined by (18) and (19), respectz'vely

and let o, given by (15). Then for each q > 0 and each B such that 0 < 1 H/2 <p< 2,
P( sup s~ H/2|Y1H YIH"|>C’an> =o(n" %) asn— 0. (20)
0<s<T

Proof: From (16) and Lemma 1 we have

DA A {‘ft(a)Bz(a) - ft(a)Zén)(a)‘

o 1y 1 _ [ V1 m
+ /1/a Oz fs <u> ung(u)du /1/a Oz fs <u> u3Z3 (u)du

A o (%) SBa(wde +| [ pisae) - [ 1@z @)

—En

0 0
+ fs(x — en)dBy(z) — folw = en)dZ{" ( ‘ [fs(z) — fs(z — en)]dBa(x)
—&n —E&n —&n
By Lemmas 2, 3, 4, 5, 6 and 7 below we have the result. |

Lemma 2 Let ZQ(n) be the process defined by (10). Then for each q > 0 there is C > 0 such
that

IL =P <0§1515T fs(a)Ba(a) — fs(a )Z(n (a )‘ > Can> =o(n™ %) as n— 0. (21)

Proof: It holds, for fixed a < 0,

fol@)Ba(a) = fo(a) 28" (a)|

H/2—1

IN

1Bs — Z5|oo a1 (s — @)
< |Ba = Z5 |l oo a0y (—a) /2

A

|



then (recall that C' is a generic strictly positive constant that may depend on a, T, H)

Lo P(I1B2 = 28 o fog(~)*7t > Cay)

N

P (1182 = 25" e fog) > Can) = o(n™%).
|

Remark 2 The conclusion of Lemma 2 is clearly true if we add the factor s* 5 after the

supremum. This remark is also available for the following lemmas and we will not mention
it at each time.

Lemma 3 Let Zén) be the process defined by (10). Then for each q > 0,

o 1y 1 [ 1w
[0 () e [ "o (1) o

= on % as n— 0.

I, = P sup st—H/2
0<s<T

Proof: Putting z =1/u and w = s — z,

o 1\ 1 [ N m
/l/a Ocls (u) UBBB(U)du /l/a Ouf <u> u3Z3 (u)du

<11Bs = Z oo 11/ /_5" oufs (1) L By
< $lleoiijanl o B

du

_ (n) 1 H/2—2
= 18~ 24 gy = H/2) [ st =1
— 1B — 28 e 1ya (L — HY2) / )=
(n) st1/en H/2-2
—11Bs — 2o 1y (1 — HY2) / (w — 8)(w) 12 du
(n) s+1/en "
< 1Bs — 2 e o) (1 — H/2) / W/
n 1—-—H/2
— 182~ 2§ ooy fa (5 + /)2 = (5 = @)
(n) 1-H/2 H/2
<||B3—Z3 ||oo,[1/a,o]H7/2(T +1/e,)
(n) 1_H/2H2 H/2 —H/2
<||B3 — Zy Hoo,[l/a,o] H/2 2H/ (T / + (en) / )
then
n 1—H/2 _
o <P (18- 2o pjan g 2T 4 (60) 1) > o)

9



1— H/2
H/2

n 1— H/2 ~ -
P (185 = 287 eiyjan g2 T e 1 > G

<P(|Bs— Z?()n)Hoo,[l/a,O] oH/2H/2 Can>

+

IN

P (1185 = Z§" oo 1/00) > Catn)

_l’_

P (11Bs = 2" llso /a0 > Clen) "0

IN

o(n 1) + P (B3 = Z§" o 1 u) > O~ V20 D/O=H12) (199 1)5/2)

o(n™9).

The following lemma explains one of the conditions imposed on [ in the statement
of Proposition 1. Another restriction comes from Proposition 4 later.

Lemma 4 Let (1 — H/2)/(3 —2H) < 3 < 1. Then for each ¢ >0

I3:=P| sup
0<s<T

0 1\ 1
. a:zsfs <E> $B3(u)du

> ozn> =o(n" %) as n— oo. (23)

(H/2 —1). — (s — 1/u)/272

Proof: For every s € [0,7] and u € [—&,,0) we can write
1—H/2 (1 - us>H/“

%f%fs <%>‘ = (—u)’ w
< (1—H/2)(—u)~171/2 (24)

1
u3

By (24) and the pathwise Holder continuity of the Bm Bj there exists a random
variable Y (having all its moments finite) such that for any v < 1/2 — H/2,

‘ ’ Oz fs <1> %Bg(u)du

—en u

<Y ’ (1 — H/2)(—u) 12 (—u) 2 du

—En

_ 1_H/2 (E )1/27H/27'y
1/2—H/2—~"" '
By Chebyshev’s inequality, for r > 0,
1— H/2 _ﬁ1/27H/27w
I < P Y— 1-H/2
o < /2-Hjz2=7" >a">
E(ICY]")
nrn(log 77‘)7’5/2’

where k = —(1/2 = 8)+ 3(1/2 — H/2 — ~)/(1 — H/2). Taking

=P (CY > n"(log n)5/2> <

(1—H/2)/(3—2H) < (1—H/2)/(3—2H — ) < 8 < 1/2,

10



then x > 0. For ¢ > 0 there is r > 0 such that ¢ < rk, then

lim n?l3 = 0.
n—oo

|
Lemma 5 Let ZQ(n) be the process defined by (10). Then for each q > 0,
—E&n —E&n
I, == P| sup / fs(x)dBy(x) —/ fs(x)dZén) (x)| > Cay,
0<s<T |Ja a
= on %) asn— oo (25)

Proof: By integration by parts,

[ R@iBa@) = e Batoen) — f@Bat) — [ (= 1206 - )72 By

and
e (n) (n) (n)
/ Fu(@)dZP @) = ful—en) 25 (—en) — fu(@) 25 (a)
- / (1- H/2)(s — 2)"2722{" () da
then
o e (n)

/ fu()dBs(x) — / ful)dz" ()

<|1B2 = Z§loo far0) {fs<—en> + foa) + / (1— H/2)(s — w)m—?dw}

< By — ZQ(n)Hoq[a,O] {(S i 6n)H/2—1 +(s— a)H/2_1 Y (s + 6n)H/z—l (s a)H/2—1}

= 1By = Z5" |l oo a.0y2(s + &) /271

< 1Bo = Z5" oo jay2(en) /> = 1By = Z8 o fa.020”
Consequently,

Lo <P (1B = 2l pug20” > Cay)

P (1Bs = 28" e o) > Cn~ /2 (10g n)*/2) = o(n™)

11



Lemma 6 Let Zén) be the process defined by (10). Then for each q > 0,

0 0
I =P < sup fs(x — e,)dBa(x) — fs(x — 6n)dZ§n) (x)] > C’an>
0<s<T |/ —¢, —én
=o(n" %) as n— co. (26)

Proof: By integration by parts as before and taking into account that Bs(0) = Zén) (0)=0
we can express the two integrals in the statement as

0

0
fs(x —ep)dBa(x) = — fs(—2e,,)Ba(—€n) — / (1-—H/2)(s+ e, — x)H/z_ng(x)dx
—En —En
and
0 (n) (n)
fs(x - 6n)dZ2 (m) = _fS(_Qen)Z2 (_5n)
e
0
- / (1= H/2)(s + n — 2)7/2722{" (2)da.
e
then
0 0
‘ fo(z — e,)dBa(z) — folx — e2)dz{" (z)
—En —En
0
< ||Bs — Z§n>||m7[a’0] {fs(—an) + / (1—-H/2)(s+¢ep — x)H/Q—de}
e

< HBQ - Zén)Hoo,[a,O] {(3 + 25n)H/2_1 + (3 + En)H/z_l - (S + 2€n)H/2_1}

= [1B2 — Z5" [l fa0) (5 + €n) ™21 < [1B2 — Z57 oo gy () /37

= 1Bz — Z§" || fa0”
Consequently,

I5 <P <HBQ - Zén)Hoo,[a,O]nﬁ > Can)

P (11B2 = 287 oo ug) > Cn™2(log n)*/2) = o(n™%)

Finally, we prove our last auxiliary approximation result. Here we need to add the
H
factor s'~2 which appears in Proposition 1. This is due to the singularity of the derivative

of fs(x) with respect to x. s%

12



Lemma 7 Let (1— H/2)/(3 —2H) < 3 < 1. Then for each ¢ >0

- 0
CE [ @) - Fe - eldBae)

Ig = P(sup $ 2 >C’an>

0<s<T
= on % as n— 0. (27)

Proof: We first write the difference fs(x) — fs(x — ¢,) as an integral and we use Fubini

theorem. We obtain

/0 [fS( ) fs(x - En dBZ / /s+€" ' 1 — H/Q)U,H/272dudB2(x)

! S+en 0 o s+2en Sten—u
=(1—-H/2 utl/2-2 dBs(x)du w22 dBs(z)du
( / ) |:/s /su 2( ) +/s+€n /z—:n 2( )

S+en
=(1-H/2) {/ u/272[By(0) — By (s — u)]du
s+2en ’
+/ w272 [By(s + en — u) — Bg(—an)]du]

s+en
The Holder continuity of the Wiener process Bs implies for every 0 < v < %

fs s - 5n)]dB2(x)

‘ —&n
r s+2en

s+en
(1-H/2)Y / uf P22 [u — 5] 2 du + / w2725 + 2¢,, — u]m_ydu}
S s+en

s+2en

r rs+en
<(1-H/2)Y / uH/2—2[€n]1/2—wdu +/ uH/Q—Z[gn]l/Z—'ydu]
s s+en

[ rs+2en
<(1-H/2)Y / uH/Z_QE}/Q_Vdu]

< Ye%L/2ffySH/271

and consequently

o 0
P ( sup s’z / [fs(x) = fs(z — en)]dBa(x)
0<s<T —En

> C’an> <P <CY6,11/277 > an)

and the result follows by analogous arguments as in proof of Lemma 4.

Remark 3 In particular Proposition 1 implies that

P <m{ sup sI=% ‘YSI’H — YSI’H’n‘ > Can}) =0

n L0<s<T
by using Borel-Cantelli lemma.

13



We finish the strong approximation of the term X appearing in the decomposition
of the Rosenblatt process X in (9). By (12), we define for every n and Y" given by
(19)

t
xbHn c(H)/ (Y25, (28)
0
We have the following.

Proposition 2 Let X" be given by (12) and B € (1:;—[;1/{2,%) fized. Define X by

(28). Then for any v such that 0 <~y < f and B+ v < 1/2,

P (T X5 = XU > O~ (20 (log )12} ) = 0.
n—oo

Proof: Using the fact that A? — B2 = (A — B)? + 2B(A — B) we can write, for every
t e [0,T]

t
P X =) [ = (s

t
— C(H) /0 [(Y;I,H,n _ szl,H)Q + 2Y;1,H(yvsl,H,n _ Y;I’H)] ds

and hence
sup ‘XlHn_th,H‘ < C(H sup / ‘YlHn YIH) —|—2Y1H(Y1Hn YIH‘dS

t€[0,T)] t€[0,T]

T
C(H)/O |(}/sl,H,n . }/SI,H)Q + 2}/31,H(1/81,H,n . }/SI,H)| ds

T T
C(H)/O (szl’H’n—szl’H)QdS—FQC(H)/O |szl,H|‘szl,H,n_Y:q17H‘d5

<
< C sup SQ—H(YSLH,n _ Ysl,H)z
s€[0,T]
+ 20/ 1‘Y1H‘ds sup s' ]YlH" YslH\
s€[0,T]

We used above the trivial inequality P(|X|?> > Ca,) < P(|X| > Ca,) for any random
variable X. We will get (C' denoted a generic strictly positive constant depending on T', H
that may change from line to line) by Proposition 1

P (HXI,H,n _ XLHHOO,T > Cn7(1/27577) (log n)5/2>

< P sup SQ—H‘Y;LH,n _ Y;l,H,Q > Cn_(l/Q_ﬂ_“/)(log n)5/2
s€[0,T7]
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T
+ P < S}lp}sl—gn/;l,H,n _ Y81H|/ sg_1|Y81’H|ds > Cn_(l/Q_ﬂ_“/)(log n)5/2>
s€[0,T 0

T
= on 9+ P (/ Sg_1|Y51’H|d5 sup 51_g|Y81’H’" — Y | > on~ (/2= (log n)5/2> .
0 s€[0,T]

(29)

We apply Lemma 8 below with

T
H H
A :/ s2 Yy |ds and T = sup s'72 |[YDH —ybin]
0 0<s<T

We note first that

T H
E/ s2 Ly ds
0

A
2
=

o\
x|

Q,

Va)

Va)
s
L
—
<

=<

B
e
SN—

I

Q,

Va)

and thus the random variable A is almost surely finite. We obtain by (29) and Remark 3

P (T { XM — XU | g > On™ (2757 (log n)*/2) )

< P (E {A sup s=% |Y51’H — YSI’H’"| > Cn(l/zﬁV)(logn)5/2}>

IN

P (E { sup 51*% |Y51’H — YSI’H’"| > C’an}> =0.

The following lemma has been used in the proof of Proposition 2.

Lemma 8 Let A and I' be random variables with A an almost surely finite. Then for every
v>0

P ( lim {AT > Cn~(1/275=7)(log n)5/2})

n—oo

< P ( lim {T' > Cn~ 12" (log n)5/2}>

n—oo

with C' a generic strictly positive constant.
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Proof: We prove the following inclusion

m {Ar > n=(1/2-8-7) (1og n)5/2} C Tim {F >n~ (/278 (log n)"’”} :

n—oo n—o0
Since
wE n@O {AF > n~ /2777 (log n)5/2} = n@o {(AniV)I’ > n~ /278 (log n)5/2}

= A U (AR > k02D l0g k)2 )

then for all n > 1,
w € U, {(AR )T > k02 log )12 ]
and since A is an almost surely finite random variable, there is N = N(w) such that for

alln > N, An™7 < 1, then w € Uz, {F > k= (1/2-P) (log k)5/2} and the conclusion follows
easily. |

Let us handle now the term X3 appearing in (9). We will decompose it as follows:

X3 = c(H) /t/tdB(xl)dB(xz)/(t ds(s — 21) 5 (s — z9) 7!

1‘1V1‘2+6n)/\t
($1V$2+8n)/\t
/ / dB(z1)dB xg)/ dS(S—m)H 1(8—352)12{_1
r1VIo

where ¢, is given by (14).

Remark 4 For the term X3H we cannot use Fubini theorem (as in the case of X1VH)

because ) (s — x) ~LdB(x) is not defined as a Wiener integral in L?(2) since the function
(s — 2)=2 is not integrable on [0, s] with respect to dx.

For every ¢ € [0,T] the summand F}* can be written as

B = t tdB(xl)dB(mz) t ds(s — z1)2 (s — 29) 7 L
I i

J31Vx2+6n)/\t

t—en pt— z—:n t—en " "
= / / B(x dB(xQ)/ ds(s +ep —11)2 (s +en —x)2
(

1’1\/:132)

_ /Ot B </0 (s+en—2)5 'dB(z )>2ds:/ot€n(yg3ﬂ)2ds (31)

where we denoted by

YSg’H:/ (s—l—en—x) “ldB(z) for0<s<T. (32)
0
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Note that the process Y3 depends on n. But we prefer to use the notation Y3 without
n in order to keep the coherence with the other terms treated before and in the sequel.
Let (B1(s))sc[o,7] the restriction of the Wiener process B to the interval [0,7] and

let an) be the corresponding transport process defined in (10) that converges to B in the
strong sense (11). Then,

Y = / (s + 20— 2) = B (x) (33)
0
and we define
y i — / (s+en— x)%_lefn) (x) for 0<s<t. (34)
0

We will show first that Y3 is a strong approximation of Y3,

Proposition 3 Let Y39 Y31 and «, be given by (33), (34) and (15) respectively,

P sup [V —y3| > Cay | = o(n™7)
s€[0,T

for each g > 0 and for B € (0, %)

Proof: After integrating by parts, we can write, for every s € [0, 7],

H _
|}/s37H,n _ Y's3,H| < 6112 1 ‘Bl(S) _ ZYL)(S)

+(1-H/2) /08(5 Fen—a)F? ‘Bl(az) - Z{")(x)( dz

1
1B — Z |l orr = 208 By — 20 ||oo 1

q_
< 2
using the choice of ¢,, and hence by (11),
p(|y>tn —y3H|  r > Ca,) < P (HB1 — 7| oor > Cn M 2(log n)5/2) = o(n™9)

for every ¢ > 0 by (11). |

We will introduce now the approximation processes that will converge to X . Let
us denote, for every ¢ € [0,T1], by

t
XP = o) [ (v, (35)
0

The part X3# is approximated as follows.
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_H
Proposition 4 For 0 < max <;—2}{, 2%:—;};) < B < % fized, let X3H and X3 defined
: 1
by (30) and (35) respectively. Then for every vy such that 0 <~y < 8 and v+ 8 < 3,
P (T {|X%Hm = X3 0 > O~ (/27 log )12} ) = 0.
n—oo

Proof: By (30) and (31),

t
xPHm— XM = (1) [ [P — (Y] ds — o(H)GY

/
t
= o(H) / [(V3H _y3Hny2 L oy BH (y3Hn _yRH)] 45 o(H)GP
0
we have the bound
T
HX?:,H . X37H7nHoo,T S C(H)/ ’Yf”H _ Y;?),H,n‘st
0
T
+2e(H) [ IIYE - Y3 ds - (H) sup [GE)
0

te[0,7

The first two summand in the right hand side above can be treated as in the case
of XL in Proposition 2. We note, in order to apply Lemma 8, we need to notice that

E ‘ fg Ysg’Hds‘ < C with C not depending on n (Lemma 8 can still be used although the
process Y3 depends on n). Let us handle the term G™. We will actually show that

ZP( sup G7 > Cn~ (/2787 (logn)*/?) < . (36)
n t€[0,T]

which will imply that
P (M{HGHHOO,T > On~ W27 (1og n)5/2}> —0.

For every t € [0,T] we have, using the fact that the integrand is symmetric with respect to
the variables x; and z,

t 1 (z1+en)At I I
Gy = 2/ dB(ml)/ dB(xg)/ ds(s —x1)2 Y(s —xg)2 1
0 0 T

1

(t—en)VO 1 T1+en H e
— 2/ dB(xl)/ dB(mg)/ ds(s—xl)?_l(s—xg)?_l
0 0 T

1

t x1 t " "
—i—2/ dB(xl)/ dB(xg)/ ds(s —z1)2 1(s —xp)2 !
( )VO 0 x

t—en 1

= Gi’n + Gf’n.
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Note that the mapping

T T1ten o o
x1 — / dB(acg)/ ds(s —x1)2 1(s —xp)2 !
0 T
is adapted with respect to F,, (the filtration generated by the Wiener process B). Then the
process (G}™); is a martingale for every n. Then we have, taking &, = n~(1/2-5-7) (log n)3/2
and using Doob’s inequality,

P ( sup Gy > Cn~ (/27877 (log n)5/2> < &,PE sup ‘Gi" :
t€[0,T) t€[0,T)

(T—e)VvO z1 T1+en H H
/ dB(a:l)/ dB(CEQ)/ ds(s —x1)2 1(s —xy)2 !
0 0 T

1

p
< C&,"E

with C allowed to depend also on p in this proof. Note that the random variable
2
O(T_a")vo dB(x1) ( o dB(z2) f;lﬁe” ds(s — xl)%fl(s - x2)g71> is a multiple integral of

order two. Therefore, by the hypercontractivity property (5), it is not difficult to see that

P| sup G;™ > Cn~ /2870 (1og n)/?
te[0,7

(T—en)VO T T1+En 2
/ dx; / dxo </ ds(s — xl)g_l(s - m'g)%_1> ]
0 0 T1

Let us first compute the integral with respect to ds. By making the change of variables

z = iiié with ds = ?11:5% dz we get

T—en x1 xr1+en 2
/ dxl/ dxo </ ds(s—xl)g_l(s—m)%_l>
0 0 r1
T—en T mﬁcﬁ H 2
= / dxl/ dao(xy — 29)?H 2 / 2271 —2)"Hdz | .
0 0 0

We separate the integral dzidzs into two regions: when x1 —xz9 < €, and when 1 —x9 > &,,.
The above term will be bounded by

c 2
T 1 ey
/0 dml/( » dao(zy — 29)?H 2 (/0 T z%_l(l — z)_Hdz>
T1—En
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T (z1—en)VO ﬁ 2
+/ dwl/ dao(x — x9)?H 2 (/ T z%_l(l — z)_Hdz>
0 0 0

T T1 1 o 2
< / dml/ dxo(z1 — a:g)QH_Z (/ z?_l(l — z)_Hdz>
0 (z1—en)VO 0
2
T (l‘l—&n)\/o ﬁ
+/ d:ﬂl/ dxo(z — x9)2H 2 (/ T z%_l(l - z)_Hdz>
0 0 0
T €1
S H)/ dml/ d$2($1 — $2)2H72
0 T1—En
T (1'1 en)VO e H
+C(H)/ dml/ dro(xy — 29) I 2F2(H/2,H,H/2 +1,1) <7n>
0 0 En + X1 — X2
< ot

where FZ(H/2,H,H/2 + 1,1) is the incomplete beta function and hence

P| sup Gy > cay, | < CagPe (2H gk
t€[0,T]
and the series €n(2H Yan? is finite if
2H -1 1
—(z—-p- 1.
p<52_H (53-8 7)) >

Note that 8 > 2+2H implies that ﬁZH — (% — B —~ > 0 for small v > 0. By choosing p
large enough we obtain that

ZP sup GP" > Céy, | < 00
n te[0,7

for every 8 € (0, 3).
Let us handle now the term denoted by G*>". We have

P( sup Gf’" 20&n> < &,PE sup ‘G

t€[0,T t€[0,T]
2,n 2 . ) .
In order to control Esup,cio ) |G| we will use Garsia’s lemma. To this end we need to
estimate the LP norm of the increment G? " — G¥" when ¢ is close to s. Note first that, by

S—x1

the change of variables z = 3=71 we have
2

t—xq

t 1 s
Gf’”:/ dB(xl)/ dB(x2)|x1—:c2|H1/t P12 Hay
t—en 0 0
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and for ¢, s € [0,T] such that s > t —&,, by the isometry of multiple stochastic integrals (4)

2
BlGi" - Gin

t—

t x1 =
= C(H)/ d.%'l/ d.%'g’%‘l - .%'Q‘ZH_Q </
t—en 0 0
s 1 z:ié . 2
+C(H)/ dml/ dag|zy — x9|?H 2 </ 2271 - 2)7Hdz
S—En 0 0

S X1 2:? t:il
—QC(H)/ dml/ dao|zy — 29| ?H 2 </ ’ z§’1(1 - z)Hdz> (/t ’ z§*1(1 - z)Hdz>
t—e 0 0 0

t—xq

and by majorizing [, " 221 (1—2)"Hdz by fol 22N (1—2)Hz = B(Z,1— H) we obtain
the bound

T 2
" z%_l(l - z)_Hdz>

ElG -G

2 t x1
< c(H)/ d:ﬂl/ dxg|x) — 20|22
t—en 0
t 1 t 1
+C(H)/ d:cl/ dxslzy — :c2|2H_2 + C(H)/ d:vl/ dxalry — 29 2H=2,
S—En 0 S—En 0

The hypercontractivity property of multiple integrals (5) implies that for all ¢, s

2,n 2 2 % 2
E ‘Gt’ — G2 < Cei.

"< c(p.H) (E ‘Gf’" — G

where C' is a constant that depend on H and p. Finally, by Garsia lemma (see e.g. [13],
Appendix A.3) for p > 2
E sup |G*"|P < Ce) (37)
0<t<T
for every v such that 0 < v < £ — 1. The bound (37) implies, using Markov’s inequality
and taking suitable p large enough, that

ZP ( sup G2 > co?n> < 00 (38)

t€[0,T]
1-H
due to the fact that 3 > 5—7% and this finishes the proof. |

Let us finally treat the summand X2 in (9). Its approximation will be a mixture
of the approximations of X1 and X3 . We have

x> /0 dB(xl)/OtdB(xg)/xt(s—xl)gl(s—xg)glds

—00 2
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t t .
= / dB(xg)/ Y I (s — 29)2 "lds
0 T

2

with Y1 given by (13). To avoid the singularity of the integral with respect to ds at
s = xo we will decompose this integral into two parts. In this way we can write, for €, the
sequence converging to 0 as n — oo chosen before

t t
x :/ dB(mg)/ Y;l’H(s—xg)%_lds
0 (

xo +€n)/\t

t (z2+en)At .
+/ dB(xg)/ Y I (s — 29)2 " lds
0 T

2

t S—en u t (z2+en)At H
= / dsYsl’H/ (s — x2)2 tdB(z2) + / dB(acg)/ Y (s — 29)2 7 tds
En 0 VO T

(t—En 2
(t—en)VO (z2+en)At
+/ dB(m)/ Y (s — 25) 2 ~Lds
0 T2
t
— / }/'SI,H}/'S/,?),HdS + Fn + Gn (39)
En
with

S—En , S—En
Ys/’3’H :/ (s—xg)%fldB(xg),Ys’?”H’" :/ (s—xg)%fle(l)(s), s €[0,T] (40)
0 0

As in the proof of (36) and (38] we can show that

ZP sup F7 > c42 | < oo and ZP sup G > ca? | < oo
" te[0,7 n te[0,7)

The approximation result to X2 is stated in the next proposition. We will use the process

Y3Hn instead of Y 3™ because clearly they are very close and one can replace the other.

Proposition 5 For 0 < max (13__1;11/{27 224:211{1> < B < % fized, let YLHD y3.Hn gng X2H

be given by (19), (34) and (39) respectively. Define

t
x2Hn :/0 dsyLHmyBH 0 ) (41)

Then for every ~ such that 0 < v < 8 and v+ B < %,

P (T {|| X250 — X2 | > Cn= (/2757 (log n)*2} ) = o0,
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Proof: The proof follows from the proofs of Proposition 2 and Proposition 4 since for every
s we have
QY;LH’nY;’g’H’n < (Y;LHJL)Q + (Y;/,?:,H,n)Q.

Let us summarize the conclusions of Proposition 2, 4 and 5 in the main result of our
paper.

Theorem 2 Let X be the Rosenblatt process (8) and 0 < max <13__—I;I/{2, 22_;—27{) <B<3
fized. Define
x[r = x P ox Pt 4 xpI e (0,T)

with XV X2Hn x3Hn ginen by (28), (41), (35) respectively. Then for every «y such
that 0 <y < B and v+ B < %7

P (Tn{ || X" = XM o p > Cn~ 1275 (log n)*/2}) = 0.

Remark 5 The slowest rate of convergence is obtained for H close to one because in this
case B s close to % When H 1is close to % then B is close to %. But this situation cannot be

compared with previous results in the literature because the Rosenblatt process is not defined
for H = %
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