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Hysteresis for ferromagnetism: asymptotics of

some 2-scale Landau-Lifshitz model

Eric Dumas? Stéphane Labbéf

September 20, 2011

Abstract. We study a 2-scale version of the Landau-Lifshitz system of ferro-
magnetism, introduced by Starynkevitch to modelize hysteresis: the response of
the magnetization is fast compared to a slowly varying applied magnetic field.
Taking the exchange term into account, in space dimension 3, we prove that, un-
der some natural stability assumption on the equilibria of the system, the strong
solutions follow the dynamics of these equilibria. We also give explicit exam-
ples of relevant equilibria and exterior magnetic fields, when the ferromagnetic
medium occupies some ellipsoidal domain.
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1 Introduction

Hysteresis is a widely studied, yet not completely understood phenomenon. It
has played a role from the very beginning of the works on magnetism. Lord
Rayleigh [9] proposed a model for ferromagnetic hysteresis in 1887, while the
most achieved micromagnetism theory goes back to Landau and Lifshitz, in
1935 (see [7]).

In [12], Visintin gives many historical references, underlines the links between
several forms of hysteresis (in particular, from plasticity, and from ferromag-
netism), and how it is related to phase transitions. He performs a mathematical
study of the so-called hysteresis operators, including the most famous one, due
to Preisach.

Recently in [3], Carbou, Effendiev and Fabrie have proved the existence of
strong solutions to a model of ferromagnetic hysteresis due to Effendiev.

In this paper, we rather investigate properties of a two-scale model intro-
duced by Starynkevitch in [11]. This model describes the dynamics obtained
when some exterior magnetic field is applied to the ferromagnetic material under
consideration, while the response of the magnetization occurs on a much shorter
time scale (say, denoted by € > 0). Mathematically, such models, associated to
ordinary differential equations, had been studied in the nonstandard analysis
framework, leading to “canard cycles” (see [0]). Considering a Landau-Lifshitz
model in 0 space dimension (thus, an ODE), Starynkevitch studies the possible
equilibria of the system, and the asymptotic behavior of the solutions (as the
above mentioned parameter ¢ goes to zero) when the exterior magnetic field
slowly varies.

Our aim is to extend Starynkevitch’s approach to the Landau-Lifshitz model
in space dimension three, taking exchange term into account. This means, giving
the asymptotic description of solutions to the slow-fast corresponding system
of partial differential equations. Here, we prove such a result away from the
bifurcation points of hysteresis loops. More precisely, assuming that the system
(described by its magnetization) possesses at each time ¢ some stable equilibrium
Meq(t), and is submitted to some slowly varying exterior magnetic field, we
show that the magnetization follows the dynamics of m.q. We also give explicit
examples (for ellipsoidal domains) of relevant equilibria and exterior magnetic
fields.



2 Statement of the results

The initial and boundary value problem associated to the 2 scale Landau-Lifshitz
equation considered reads:

edym® =m ANhy —am® A(m® ART), fort >0,z € Q,
(2.1) dmf,, =0,

£ —
m = Myo.
[t=0 0

The unknown is the magnetization m*®, function of the time variable ¢ > 0 and
of the space variable z € €2, with values in the sphere S? C R?. The domain €2
occupied by the ferromagnet is a subset of R®. Furthermore, h = hp(t, m®(t)),
where the total magnetic field hp is defined by

(2.2) hr(t,m) = Am + hq(m) + hext (t).

Here, the first term Am is the “exchange term”, which tends to impose a con-
stant magnetization (domains where magnetization is constant are called “Weiss
domains”), and Am denotes the extension of Am by 0 out of 2. The second
term, yielding spatial variations of the magnetization, is the “demagnetizing
field” hq(m), which results from a quasi-stationary approximation of Maxwell’s
equations; it is defined (at least, for m € L?(Q, R3), as an element of L?(R3,R3))
by
curl hg(m) =0 and div (hq(m)+m) =0 in R

Classical properties of the mapping m — hq(m) are recalled in Section 3.1. The
third term, heyt, denotes some given exterior field, which is assumed to depend
on time (and possibly on space). The positive constant « is some damping
coefficient, which appears in the model when passing from a microscopic to a
macroscopic description. The small parameter € > 0 expresses the fact that,
while the exterior field hoy; depends on ¢, and has time variations at scale 1,
the magnetization m* essentially depends on t/e, and thus has variations at the
much more rapid scale ¢.

Throughout this paper, for any s € N, we denote by H*(Q2) the usual Sobolev
space of functions with values in some vector space R, whereas H*(£, S?) is
the Sobolev space of functions with values in the sphere S? (which is not a
vector space),

H%(Q,5%) = {m € H*(Q) | |m| = 1 almost everywhere}.

Finally, for s > 2, H3(f2) denotes the subspace of functions in H*(§) with
homogeneous von Neumann boundary condition,

HY(Q) = {m € H>(Q) [ 0ym), = 0},
and
H3(Q,8%) = H*(Q,8*) N Hy(Q).

All these spaces (even if not vector spaces) inherit the (metric) topology given
by the usual norm on H*(Q).
We prove the following



Theorem 2.1. Let Q be an open and bounded subset of R?, with smooth bound-
ary. Let T > 0, and heyx, € C*([0,T],C*°(R?)), bounded with bounded deriva-
tives. Assume that there exist meq € C([0,T], H%(Q, S?)) and mg € H%(2, S?)
such that

(1) for all tg € [0,T], meq(to) is an equilibrium for

(2.3) Om = m A hp(tg, m) —am A (m/\hT(to,m)>

(see (3.1));

(ii) the solution ng to the initial and boundary value problem

Oinog = ng N\ hT(O,’no) —ang N\ (TLO A hT(O, no)),
(24) 8Vn0|asz = O,
no|,—o = Mo,

is global (ng € C([0,00), H3(Q, S?))), with VAng € L%((0,00) x ), and ng(t)
converges in H2(Q), as t goes to 0o, towards meq(0);

(ii1) the linearized operator L£(meq) given by (4.31) has the following dissipation
property:

(2.5)
there exist Cy, > 0 and n > 0 such that,
for all § € C([0,T], H*(Q)) with |meq + 0| =1 and 9,9, = 0,A9,, =0,

sup [|6(t) || m2(e) < n implies:
te[0,T]

e 0,7, (L0meg(®) 80 150) < ~Cld(0) 20

H2(9)
Then, there is eg > 0 such that, for alle € (0,eq), the solution m® to (2.1) exists
up to time T (m® € C([0,T], H3(2, S?))), and converges in L*((0,T), H*(Q))N
C([t,T], H*(2)) towards meq as € goes to zero, for all t € (0,T).

To prove Theorem 2.1, we first show that m® converges to Mmeq(0) within
an initial layer of size t. = Celn(1/e). This is achieved wia classical energy
estimates (in H?), carefully controlling the dependence upon & —more technically
speaking, the quasilinear and elliptic degenerate system of PDE’s in (2.1) is first
converted into a perturbation of some linear, strongly elliptic system, yielding
the usual smooting properties, and a Galerkine approximation is used. In a
second step, we prove that m*® converges towards meq on the whole time interval
[te, T]. This amount to proving of long-time existence and return to equilibrium
result for small initial data. Toward this end, we use again energy estimates,
together with the stability assumption (2.5).

Figure 1 illustrates this corresponding asymptotic behaviour.

The above assumptions on the equilibrium m.q are discussed in Section 3.2
below. In particular, Assumption (ii) in Theorem 2.1 may be understood as a
choice of ‘prepared’ data mg allowing to deal with the initial layer (0, ce In(1/¢)).



Figure 1: Dynamics of the magnetization away from bifurcation points.

Figure 1: Dynamics of the magnetization away from bifurcation points.

The dissipation property (2.5) expresses, for all ¢y € [0, 7], the stability of the
linearization around meq(to) of (2.1), with & = 1 and with hey replaced with
hext (to), independent of time. This is a strong assumption, which ensures global
existence of the solutions to the corresponding Landau-Lifshitz equation, for
initial data close to meq(to):

Proposition 2.2. Let Q be an open and bounded subset of R3, with smooth
boundary. Consider an exterior magnetic field hexy € C(R?) (independent
of time) bounded with bounded derivatives. Assume that there exists meq €
HZ,(,8?) (independent of time) satisfying the equilibrium condition

(2.6) Meq A (AMeq + ha(Meq) + hext) =0 on Q,
as well as the stability condition

there exist Cyy, > 0 and n > 0 such that,
for all 6 € H*>(2) with |meq + 0| =1 and 0,9,, = 0,Ad,, =0,
16(t)[| 2 () < m implies:

(,C(O,meq)(S | 5)H < —Chinlld)132 (0

(2.7)

()



for the linearized operator L(0,meq) given by (4.31) (with Meq(0) and hex;(0)
replaced with Meq and hexy,, Tespectively).
Then, there exists no > 0 such that, for all mg € H%, (2, 5%) satisfying

Mo — Meqll 52(02) < Nos

the solution n to the initial and boundary value problem

on=nAhr(0,n) —anA (n A hT(O,n)),
(2.8) A pn =0,
N)—y = Mo,

is global (n € C([0,00), H%(Q,5?))), with VA(n — meq) € L*((0,00) x ), and
n(t) converges in H*(2), as t goes to oo, towards Mmeq.

In the case of meq(0) constant over 2, Proposition 2.2 expresses that in
Theorem 2.1, assumptions (i) and (iii) imply assumption (ii), so that we get:

Corollary 2.3. Let Q be an open and bounded subset of R3, with smooth
boundary. Let T > 0, and hexy € CL([0,T],C(R3)), bounded with bounded
derivatives. Assume that there exist meq € C*([0,T), H%(Q, S?)) satisfying as-
sumptions (i) and (iii) from Theorem 2.1. Assume furthermore that meq(0) is
constant over €.

Then, there exist ng,e0 > 0 such that, for all mg € H% (2, 5%) such that

Mo — Meq(0)[ 72 (0) < Mo,

and for all € € (0,e9), the solution m® to (2.1) exists up to time T (m°® €
C([0,T], H%(Q,5%))), and converges in L*((0,T), H*(Q))NC([t,T], H*(Q)) to-
wards meq as € goes to zero, for allt € (0,T).

In Lemma 3.5 below, we give examples (in ellipsoidal domains) of equilibria
Meq satisfying the assumptions of Corollary 2.3.

3 Preliminaries

3.1 Some functional analysis

In this section, we recall some functional analysis results useful in the sequel.
The first of them deals with the continuity properties of the demagnetizat-
ing field operator hg, immediately deduced from the Fourier representation

—

haw)(€) = - (€-2(6)) 15

Lemma 3.1 (hg properties). Let Q be an open subset of R3. For all s in N and
u in H*(QY), one has

lha(u)ll msmsy < llullge o)



Furthermore, for all v in L*(Q) we have

(ha(u) [ v)p20) = —(u | ha(v))L2(0)-

In addition to the usual Sobolev embeddings, we recall the following esti-
mate, which results from the coercivity of the operator A = 1— A, with domain
D(A) = {m € H*(Q) | 8,m,,, = 0} (see for example [7])

Lemma 3.2. Let Q be a smooth bounded open set in R3. There exists a constant
C > 0 such that for all u in H%(Q) one has

=

lullzo oy < € (Nul3aa + 1AullEz(q )
In the sequel, we will need the following definition.

Definition 3.3. Let Q be a smooth bounded open set in R3. For k € N*, let P,
be the L%(Q)-orthogonal projection onto Vi, the vector space spanned by the first
k eigenfunctions of A = 1= A, with domain D(A) = {m € H*(Q) | 9,m,,, = 0}.

The family of operators (Px)ren satisfies useful properties:
Lemma 3.4. The following properties are true.
(i) Yk € N*, Vu € D(A), APyu = P, Au,
(i) Yk € N*, Vs € N, Vu € H*(Q), Pyu € H*(2)
(and Pyu € H3 () when s > 2),
(1i1) Vs € N, klin;o (1 = Pr)ul|gs() = 0 for all w € H*(Q2) when s = 0,1, and
for all u € H () when s > 2.
Proof. (i) For all v in D(A), k in N*, one has

k

Petu =Y (Au | )20,

j=1

with (¢;)ien the L2-orthonormal basis of the eigenvectors of A associated to the
eigenvalues (A;);en. Then, using the vanishing Neumann boundary conditions,

(Au|w])L2 = —/QVUJV% = (U ‘ A¢j)L27

so that
k

PkAu = Z )\J(u | wj)L2¢j = APku.

j=1
Point (ii) follows from the regularity properties of the family (;);en.
1/2
Point (iii) is a consequence of the fact that u — (Z;’;l(l + X[ (u | ;) 2 |2)

provides a norm equivalent to the usual one on H*({2). O



3.2 About equilibria

Global solutions and equilibria. In [I, Th. 4.3], in the case of ellip-
soidal domains  C R? and under a smallness assumption (on |hexs|| = and
IlAmg||2), Alouges and Beauchard construct global smooth solutions to (2.1).
Furthermore, these solutions satisfy

T
VT >0, [[Am(T)|2sq +C / IV Am|220) < | Amoll (o),

so that VAm belongs to L?((0,00) x Q). This is a part of our assumptions
on the equilibrium m.q, when requiring the existence of the global solution ny.
Saying that meq(to) is an equilibrium for (2.3) means

(3 1) mCQ(tO) A hT(t()vaq(tO)) =0,
) 6l/meq(t0)|aﬂ = 07

and requiring H? convergence of ng(t) towards meq(0) as ¢ goes to oo implies
that meq(0) is an equilibrium for (2.3) with ¢y = 0.

Energy minimization. It is worth noting that energy decay occurs along
the evolution of ng(t), so that one may hope at least H' convergence of ng(t)
towards some local minimum of the energy, as t goes to oco. To the Landau-
Lifshitz system (2.1) is associated the energy

1
m):5/9|Vm\ /m ha(m /m hext (t

and when m is solution to (2.1), we have

d «a
ag(t,m(t)) = _E”m(t) /\hT(t7m ||L2 / m at ext )
Since the exterior magnetic field does not depend on time during the evolution
of ng, we get

d
& (tmo(®) = —allno(t) A hr(t, no())I172 o)

In the case of ellipsoidal domains, special configurations are available. See
[8], and references therein: there exists a real 3 x 3 definite positive diagonaliz-
able matrix D giving the demagnetizing field resulting from any magnetization
constant constant over €

Yu € RS, hd(v)‘g = —Duv.

Hence, if v € §? is an eigenvector of D associated to the eigenvalue d > 0, and
if the exterior magnetic field is hext = Au for some A > 0 (or hext () = Ax(x)u



for some y € C°(R3,[0,1]) to get a spatially localized field), then the system
possesses two explicit equilibria m;;l and mgy:

(3.2) meiq = +u.

One easily computes the energy associated to perturbations of these equilibria:
for all 6 € H3 (2, R?) such that [mE + 6] =1 a.e.,

1 1 1
Sl +8) £ =5 [ V8P =5 [ 5-ha@)+ 5A-a) [ 18P
Q Q Q

The first two terms are non-negative, so that for A\ large enough (A > d), m;l is

a global minimum of &; but for A small, it may fail to be even a local minimum.
Concerning mg,, for all A > 0, if d is the largest eigenvalue of D, and § is

A
constant in space, then the difference of energies above is less than —3 / 162,
thus negative, whereas for § with large variations, the gradient term dominates,
and the energy difference becomes positive. Hence, m, is always a saddle point
for &.

The dissipation property (2.5). We have the following lemma, the proof of
which is postponed to Section 6.1:

Lemma 3.5. For A > 0 large enough, the equilibrium m;]l from (3.2) satisfies
the dissipation property (2.5) (for some constant Cy, depending on \).

For m_,

eq 1t is shown in Section 6.1 that for A large, we have on the contrary:

Lemma 3.6. For A > 0 large enough, there exist C = C(a,\) > 0 and
n = nla,\) > 0 such that, for all 6 € C([0,T], H*(R)) with |meq + 0| =
1 and 0,9,, = 0,A6,, = 0, when [|0]| g2y < n, we have:

Ve 0.T], (L(meg(®)5) 160)) |, > Cldlipa)

H2(Q

4 Proof of Theorem 2.1

First, consider the solution ng to the Cauchy problem

Ong = ng A hr(0,n9) — ang A (no A hp (0, no)),
avn(]\ag = 07
0|,—o = Mo,
and define n® by
Vi >0, n°(t) =no(t/e).
Then, n® € Cy([0, 00), H?(2)) (with VAn® € L?((0,00) x 2), and we know that

(4.1) t./e—r00 = n°(te) —> meq(0) in H*(Q).
e—0 e—0



Next, as in [4], we observe that for smooth functions m with constant mod-
ulus (w.r.t. z), one has m - Am = —2|Vm/|?, so that smooth solutions to (2.1)
equivalently satisfy

edym® — aAm® = F(t,mc),

(4'2> a”misasz =0,
m‘i o = My,
where

(4.3) F(t,m) =mAhp(t,m) + a|Vm*m — am A (m A (ha(m) + hext(t))).

Furthermore, smooth (L{°H?) solutions to (4.2) issued from mg with constant
modulus, equal to one, are shown to keep the same modulus for all time, (due to
uniqueness of the solution a = |m|? to ed;a = aAa+2a|Vul*(a—1), d,a,, = 0,
a,_, = 1). We thus solve (4.2) in the Banach space C([0,T], H%(2)), and
deduce from this conservation that the solution actually belongs to the space
C([0,T], H%(Q, 5?)).

It is worth noting that (2.1) is an initial and boundary value problem for
some quasilinear and parabolic degenerate operator, which is seen in (4.2) as a
perturbation of a linear and strongly parabolic one.

Standard energy estimates ensure local-in-time existence and uniqueness of
solutions continuous in time, with values in H?(2)) (with an existence time
depending on €): see for example [1] or [1]. By the usual continuation argument,
we simply need to bound the H? norm of m® to ensure existence up to time 7.
Actually, we shall prove convergence (as € goes to zero) at the same time, via
energy estimates.

We first show that, after some time ¢. of the form ¢t. = Celn(1/e), m® and n®
are close: supyg, 1 [|m® —n°||g2(q) goes to zero with e; thus, for ¢ small enough,
me(t.) is as close (in H2(Q)) to meq(0) as desired. We then use the stability
property of meq(t) to show that m=(¢) stays close to it, for ¢ € [te, T).

4.1 First step: the initial layer [0,t.]
4.1.1 Galerkine scheme

For k € N*, let P, be the L?(Q)- orthogonal projection onto Vj, the vector space
spanned by the first k eigenfunctions of A =1— A, with domain D(A) = {m €
H?(Q) | 0,m|,, = 0}, as in Definition 3.3. Define a Galerkine approximation of
(4.2) by:

(4.4) { edyms, — aAm§, = P F(t,m5),

mi‘tzo = Pymy.

The projection nj, = Pyn® also satisfies

edyn;, — alAng, =Py F(0,nf,) + a[Py, Aln® + Py <}'(O, n®) — F(0, ni))
=Py F(0,nf,) + P[Py, F(0,)](n%),

10



since for u € D(A), PyAu = APyu, according to Lemma 3.4.
Now, perform energy estimates (in L?) for o5 = m§ — nS, solution to

(4.5) { €0y — alpp = Py (f(t, mg) — F(0, ni)) — P[Py, F(0,-)](n%),
Phlo =0

4.1.2 L? estimates

Take the scalar product (in L2(£2)) of ¢f with the first equation in (4.5) to get
ed o2 -
2dt (”(’%HLZ(Q)) + O‘”v‘/’k”m(g) =5+ L+ Is+ 1y,

with

1= (i | mi A (tmg) = nf ARz (Onf))

I, = € €12, _ €12,,€
2 O‘(‘Pk | [Vmg [Pmy, — [Vng| nk>L2(Q)7
Iy = —a (i | mi A (mi A (ha(m5) + et () )

=i A (RE A (ha(15) + et (0)) ))

I = (¢ | [P F(0,)](n))

L2(@)’
L2(Q)

Estimating I;. Decompose m§, = n§ + ¢5. For all o,h € R®, - (9 Ah) =0,
so that

1 = (5 | n A (AGE + 68) + ha(nf + ¢5) + hews (1))
=i A (Ang + ha(nf) + hexi(0) )

:(wz | ng A (AS, + hd(wi)))

L3(Q)

+ (4 195 A (e (1) — et (0)))

L2(Q) L2(Q)

Using the continuity of hq on L?(Q), we get, for some constant C' depending on
[0hextllLge, and [|Ino]| Lo ((0,00),£2(02)):

(4.6) I < CIIwiIILm)(ll@iHHz(m +t)~

Estimating I,. Write
(Vi [Pmi, — [VniPng, = (IVmi|* — [Vag [ )mg + [Vng P}
= (V(2ni + @7) - Vi) (nf, + ¢f) + Vi g5

Then, use Sobolev’s embeddings, such as

(@Z | (Vng - Vwi)ni)Lz < lkllzoe @ IVRRllze @ IVeRl L@ Ikl oo

()
S H<Pi||H2(Q)||ni||H1(Q)||V<Pi||H1(Q)||”i||H1(Q),

11



and

(@i | |Vni|280i)L2(Q) < H‘Pi”%vo(ﬂ)ani”QL?(Q) S ”(102”2H2(Q)||n2|@11(9)7

to get the estimate

(4.7) I < Cllgill o) (Il + 1ol )

for some constant C' depending on |70 .o ((0,00), H1 (02))-

Estimating I3. As for Iy, cancellations allow to write

Iy = = a5 | ni A (nf Aha(gd) + 5 A Ra(n)) + i A (5 A hea (1))

_ a(wi ER (n; A (hext (t) — hext(o))))

L2(Q)

L2(Q)
Boundedness of hg on LP for finite p provides the bounds
5, A (05, A ha(97) | 22) < 10§11 s oy ll9R ]l )
and
15, A (5, A ha(ni) |2 @) < InillZs o 19k Lo@)-
The above L5 norms are controlled by H' norms. Thus, for some constant C
depending on ||hext||Lgfz, Hathext”L?f’z and [[n0|| Lo ((0,00), 17 (2))

(48) 15 < Ollgll o (i =y +1).

Estimating 1. Setting ri; = [|[Py, F(0,)](n§)[|72(qy, We have:
(4.9)
Iy < Hcpi”%z(m + g, and rg, o 0 in L'(0,T) for all T > 0, with ¢ fixed.
— 00

This is a consequence of the following lemma, the proof of which is postponed
to Section 6.2.

Lemma 4.1. For all T >0 and n € C([0,T], H3(Q)) N L2((0,T), H3(12)),
—00
Gathering L? estimates. Adding (4.6), (4.7), (4.8) and (4.9), we get

ed

2 2
gy 2t (9il) + ol i)

< Cligillme (¢ + Il @ + 981 + 7)),

for some constant depending on the quantities ||hext|[zse , [|O¢hext|lee and
1m0l o< ((0,00), 57 (2)), and 75, from (4.9).

12



4.1.3 H? estimates

Next, take the scalar product in L?(2) of A%¢$ with the first equation in (4.5)
to get

|

13
3 (\\Awil\%z(m) + ol VAG; 32y = T + 1Ty + 115 + 114,

Q.

t
with

11 = (825, | mi A e(t,mg) = g A b (0, ni))m(ﬂ),

I, — A2 € €12,,,6 _ €12,

2 a( @k | IVmi|["mi — [Vng] nk)L?(Qf

Il; = —Oé(AQQOi | mg A (mi A (ha(m3,) + hext(t)))
—nS A (ni A (ha(ng) + hext(o))))

113 = (A% | [P F(0.)](n))

L2()
L2(Q)
Estimating I[1;. Split
1L =1L, +15L+ 113,
with
T = (A%% | mi A (B +ha(ei) , -

_ 2 € (4 [
Il = (A o | ok /\hT(tvnk>)L2(Q)7

115 = (A%F | nf A (hexi(t) - hext(O)))Lz(Q).

The first term is written

I = (A% | niA(Agitha(en))) , o +(8%0 | iA@eithaler)) , -

Integrating by parts,

A2 € €A (ACE h € —
( ek | ni A (Apg + d(‘Pk)))LQ(Q)

— (VAGL | nf A (A + ha(h) + i A Vhd(%f’i))Lz(m

(> 1 g £ (> £ (>
< 77||VA501€H%2(Q) + %ank A (Apg + ha(er)) +ng A Vhd(sﬁk)H%Z(Q)

<nlIVAGE 0 + C (I 2y + IV ARG ) ) I ll2c00,
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for all n > 0, for some (large) constant C,, using Sobolev’s inequalities. ;From
this, we deduce that for all n > 0, there exists C,, > 0, depending only on
||n0||Loo((07oo)7H2(Q)), such that

A28 | nEA(AQS + hya(oS <
(411) ( ok | nA(Agy, d(‘Pk)))LQ(Q)
nll VA‘PZH%%Q) + Gy (1 + 1l cAni”QL?(Q)) ||802H2H2(Q)-

Integrating by parts again,

2 € € (5 [ —
(A Ok | ok A (A + hd(%’k)))p(m =

— (VAGE | Vi A (A + ha(6h) + 9 A Vha())

< IVALlL2@) IVerllL= @) | Akl 2 @)

+IVAQLI 2 (9) (V@RI I1ha(@i)lza) + 19kl La@ I VRa(@i) lLa@))
S IVAGEIL2 @) (IAVELlL2 @) + IVeilliLz@) ekl a2

+ VAL 22 ) 0272 ()

L2(Q)

using [|[Vha(e3)|Iz2) S ha(@p)lmz@) S 95l a2Q)- Hence, there exists an
absolute constant C' > 0, and for all n > 0, there exists C;, > 0 such that

A2 € EA(AOE h € <
(8% L eiA(aet +ha(ed)) ,

(n+ Clleillaz ) IVAGEIZ2(0) + Colloi |50 -

Summing up (4.11) and (4.12), one gets C > 0 and, for all > 0, a constant
Cy, > 0 (depending on [|no|| 1o ((0,00), 2 (02))) Such that

I < (401 ekl a2 @) VAR Z2 0

+ Cy (14 19805 2y + i B3z ) 1k 32

(4.12)

(4.13)

The second term is

I, =- (VA@Z | Vi A (Anj, + ha(ng) + he’“(t)))m(ﬂ)

_ (VAsoi | o5 A (VAng, + Vha(pr) + Vhext(t)))m(m'

Using Sobolev’s inequalities again, we have, for all n > 0, a constant C,, (de-
pending on ||n0||L°C((0,oo),H2(Q)) and HhextuLfm) such that

~(VAGE | Vil A (AE + ha(nd) + hese(0) |, < IVAGE 200 %

X ([IVeilla@llAng 4+ ha(ng)llLa@) + VLIl L2 @)l Pext (E) | L ()
(4.14) < OIIVAL 2o llek | 220
(||VAni||L2(Q) + H”i“H?(Q) + Hhext(’f)HLW(Q))

<IVAGE Iz + Co (1+ IVARE 20y ) 65 I -
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In the same way, for all » > 0, there is C;, > 0 (depending on |[n0|| .o ((0,00), 52 (02))
and HVhext”L?OI) such that

- (VAwi | o5 A (VAR + Vha(pg) + Vhe"t(t)))m(m :
(4.15)

<nIVAGE Iz + Cn (14 IVARE 20y ) i I a)-

Summing up (4.14) and (4.15), we get, for all n > 0, a constant C,, > 0 (de-
pending on [|hextl|rze, s [|Vhext| Lz, and [[nol Lo ((0,00),52(0))) such that

t,x

(416)  Iha <nlVAGEIEa@ + Cy (1+ 1VARE 120y ) 165152
The third term is

_ 2
Ths = (A% |1 A (heet) = he (0)) , -

Integrating two times by parts, it is easily estimated, thanks to a constant C
depending on ||8thext|\LtooW3‘oo, as

(4.17) 11 3 < CtlIng || g2 ekl 22 () -

This gives finally, summing up (4.13), (4.16) and (4.17): there is C' > 0,
and for all > 0, there is C; > 0 (depending on 7, [[nollLe((0,00),H2(2))>
||hext||LtocW%,oo and ||8thext||LtooWT2,oo)7 such that
(4.18)

15 < (n+ Cligillme ) IVAGE20)

+ Gy ((1+ IV 320y + 9 2o ) 1ol + Eloll 2oy )
Estimating 11,. Split
1l = Iy 1 + 1159,
with

Iy, = (A%; (IVm. > — |Vng*)(nf, + wi))mm

— (A%} | Viek (Vi + 29mmt)
o 2 e £12 e __ € _ 2 € £12 €
Iy = (A @k | IVng]™(mk ”k))Lz(Q) - <A @i | Vil 90’“>L2(Q)'

Then, using in particular the Sobolev inequality from Lemma 3.2

VngllLe@) S IVnillLz) + VAR L2(),
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we get:

Iy, = — (VAwi | Ag - (Ve + 2V ) (n, + wi)) L2()

~ (VAGE I Vi - (At + 280D +6D) |,

~ (VAGL I Ve - (Vi + 2Vnd) (Vi + VD)),
< [VA@L] L2 ) | Akl L2 (0) %
% (IVE =) + 20905 =) ) (10l =) + 95l )
+ VAL L2 @) I VRl La o) %
x (185 ) + 201805 ) ) (19w @) + i llz= o)
+ VALl L2 [ Vor I Ls () X
X (HV%HLG(Q) + QHVTliHLﬁ(Q)) (||Vni||L6(Q) + ||V<Pi||L6(Q))
g 1T ekl (il + Ikl )
% (IVgi e + IV AGE 20 + V05l 2@ + VAR 1200y
+ ||VA90i||L2(Q)||SDiHH2(Q) <H”2HH2(Q) + ||90i\|H2(Q)) X
% (I8¢5 2 + IV AGE 20 + A0l 2@ + VAR 120 )
2
+ IV AGE 2oy ez (I 2oy + Ik ) )
S IVAGE @) Ik ) (Il 2@y + Il ) %
% (el + 19868 2@ + Iz + IV ARE 12 )
S (n+ 1¢ilmr (Infl @) + leillz) ) IV AGE 132,
+ Gyl e (I8 sy + Ini sy + 19 ARG ey ) %
< (Ingll =) + gkl =)

for all n > 0, for some C),, > 0.
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Also, for all n > 0, there is C}, > 0 such that

— 5 € € ¢ — ¢ o2 %
I, = (VAcpk | 2VnkAnk%0k>L2(m (VA‘Pk | Vil VQP’“) L2(9)

< IVAGE 2@ (21908 (@) |AnE I 20y 195 2 o)
(4.20) 1V o 0 IV oo
S VA2

+ Cy (I lrz ) + IV ARE g0 + 1) Ik ey 02 -

Summing up (4.19) and (4.20), we get: there is C' > 0, and for all > 0, there
is C;) > 0 (with C' and C,, depending on ||ng|| £ ((0,00),72(02))) Such that

(4.21)
11, < C(n+ 6l ey (1 + il ) ) IV AGE 2o

+ Cyllei s (1 + iy ) (1+ 10k lae) + IV AR 320y )-
Estimating I[13. Now,
I3 =113, + I35,
with

a1 = —a (8% | mi A (mi A ba(mi)) = n A (n A ba(n)))

I35 = —a (Azwi | m§, A (mi A hcxt(t)> —ng A (Tli A hcxc(0)>)L2(Q).

Concerning 113 1, first write m§ = nj 4 j,, then integrate once by parts, so that
I3 takes the form of a L? scalar product between VA and a sum of terms
V(abc), where a, b, ¢ may be n§, (or hq(ng)) or 5 (or ha(¢5)), and at least one
of them is ng (or hq(ns)). Estimating each of a, b, ¢ and their gradients in L°,
one gets: for all n > 0, there is €}, > 0 such that

2
(4.22) sy < nlIVAGEIE2(q) + Cn (1 + ey + 68152 08 12 0.

Then, split I]3 5,
I = — AQ& A\ A hext_hexo
3.2 a( o5 | ms, (mk (hext (1) o ))))LQ(Q)
(7))

The second term is estimated as Il3;. The first one is split into a sum
involving ng A (ni A (Poxt () — hext(O))), and products of hey(t) with two terms,
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one of them being ¢f, and the other, ¢f or nj. This leads to: for all n > 0,
there is C), > 0 (also depending on hext) such that

oy 2 <V ARz + Cn (1 + 105 120y + 19E Iz ) 95120
g s e o5 200 )

Finally, summing up (4.22) and (4.23), we have: for all n > 0, there is C;, > 0
(depending on |[ng]| Lo ((0,00),H2(02))) Such that

113 <77||VAS02||2L2(Q)

(4.24) e
+ 077(<1 + H@i”H%Q)) ||SOZHH2(Q) + tH‘PiHH?(Q))

Estimating I1,. Integrating once by parts, we get

1, = —(VAsOi | VI[P, F(0, ')](”E)>L2(m'

Thus, for all n > 0, there exists C',, > 0 such that

(4.25) I, < 77||VA<Pi||%2(Q) + CTi,10

with

i = V[P, F(0, )] (n%) |72 0 2 0in L(0,7) for all T > 0, with ¢ fixed,
thanks to Lemma 4.1.

4.1.4 Conclusion

JFrom (4.18), (4.21), (4.24) and (4.25), we deduce that there is a constant
C > 0 (depending on |[ng]| e ((0,00),H3(0))), and for all > 0, there is C, >
0 (depending on 7, ||n0||L°°((0,oo),H3(Q))7 HhextHLth;‘” and ||8thextHL§>°Wz2’°°)a
such that

= (18 o)
w26) +(a = O+ il (1 + 9l m2@) ) IVAGE 132 o)
< Cn(”@i”%p(g)(l + ||<Pi||%{2(n))(1 + ||<Pi||?{2(ﬂ) + ||VAnZ||2L2(Q))
+ tlell ) + i )-

Sum up (4.10) and (4.26), to get: there is a constant C' > 0 (depending on
Im0 | Lo ((0,00),3(02))), and for all m > 0, there is C;, > 0 (depending on 7,
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||n0||Loo((0)oo)7H2(Sz)), ||hext||L§>oW;v°° and ||ath8XtHLf°Wf’°°)’ such that

(4.2

~—

7

ed

= (198100 ) + (@ = CO+ el (1 + 6 ll20) ) IV AGE Iy
< Oy (119 200 (1 + 1ol ) (1 + 62 + IV ARE 20

+ tlelliz) + %)

with 7€ = [|[Pg, F(0,)](n%)]|%1 /0y — 0in L>(0,T) for all T > 0, with ¢ fixed.
k HY®) o0

Now, apply the following Gronwall lemma (the proof of which is postponed
to Section 6.3).

Lemma 4.2. There is a constant K > 0 (depending on ng and hext) such that,
for all c € (0,1/K), setting t- = celn(1/e), there is g = eo(a, ¢, K) such that
(4.27) implies:

Ve € (0,e0], Fk(e) e N*, Vk > k(e),

1—-cK

€ . o o2

[Solip] ||<Pi||%12(9) < ( K +K||7"Z\|L1(o,t50)€ ! CK> KIVAPEnolL2 (0,00 x|
sve

4.1.5 Passing to the limit k£ — oo

For each ¢ € (0,¢0] fixed, by Lemma 4.2, the sequence (¢, )ren+ is bounded in
L>((0,t.), H?(£2)). Equation (4.5) then implies that the sequence (9;¢%)ken=
is bounded in L>((0,t.), L*(Q2)). Furthermore, (4.27) shows that (¢)ken- is
also bounded in L2((0,t.), H3(2)). Aubin’s Lemma (see [2], [10]) then implies
that there is a subsequence of (¢%)ren+ converging in L?((0,¢.), H()) towards
some ©°.

Up to a subsequence, we may assume that (9,95 )ren+ also converges weakly
in L2((0,t.), L?(Q)) towards 9;¢°. As k goes to oo, Pyn® converges towards n®
in C([0,t:], H*(Q))NH! ((0,t.), L*(2)). Thus, (m$)ken+ converges towards some
m® in L2((0,t.), H*()), with (0ym%)gen+ converging weakly in L?((0, t.), L*(Q))
towards 0;m®. This is enough to pass to the limit in (4.4), so that m® is solution

o0 (4.2). With ¢ fixed, showing that m¢ is continuous in time with values in H?
is standard, as well as uniqueness and stability properties: see [4], or [1].
Finally, passing to the limit in Lemma 4.2 yields:

1—cK
€ K||VAng|?
sup [[¢ ||H2(Q) < Te L2((0,00)x) |

sle

which we write

(4.28) sup %120y < K'e' 7.
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4.2 Second step: following the slow dynamics after .

JFrom the local-in-time existence result, we know that, for each ¢ € (0,¢p),
there is t° > t. such that m® exists, as a solution to (4.2), in C([0,¢°], H*(Q))N
L2((0,t%), H3(2)). We shall show, via a priori estimates, that ¢ > T (possibly
reducing &g).
(From (3.1), and with F from (4.3), we deduce that, on [0,T] x €,
£ Meq — 0lAMeq = F(t, Meq) + €0y Meq.
Substracting to (4.2), we get (on [0, ] x Q):
(4.29)
(€0; — aA)(ME — Meq) = (L(meq) + R(meq)) (MF — Meq) + €0 Meq,
=0,

al/(me - meq)|an

and we consider the associated Cauchy problem with data given at time ¢.. The
data at time t. = celn(1/e) satisfy (using (4.28) and (4.1)):

(4.30)
1(mF = meq) (t) |2y < 1M — 1) (t) | mr2(@) + [0 (£2) — eq(0) | 2y
+ || (0) = meq (t) || 72(02)
< K'e' K 4 |Ing(cIn(1/2)) = meq (0) ]| 2
t lImeq(0) = meq(te) |l 20) —2 0.

Here, for all § € H%(Q) and t € [0, 7],

L(t, Meq(t)) § =0| Vineq (£)[26 + 2a<Vqu(t) : va) Meq(t)

+ 8 A (t meq(t)) + meq(t) A (A6+hd(5)>

(4.31) —ad A (meq(t )A (hd Meq(t)) + hext (t )))
— ameq(t) A (6 A (ha(meq(t)) + hcxt(t)))
— aMeq(t) A (meq(t ) A ha(é )

and

(4.32)

R, meq(t)) (6) = 2a<Vqu V55 + a|VE|28 + 8 A (Aé + hd(é))
—ad A (5 A (hd(meq(t)) + hext(t)» —ad A (meq(t) A hd(é))
— ameq(t) A (5 A hd(é)) —ad A (5 A hd(é)).
In the sequel, we consider

6% 1= m — meq € C([0,t°], H*()) N L((0,t°), H3(Q)),
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and we simply prove that in (H?) energy estimates, the term due to the resid-
ual R(Mmeq)0° is dominated by the terms due to /A and to the linear term
L(meq)d®. We thus come back to the Galerkine approximation ¢f of ¢°, as
in Paragraph 4.1.1. Take the L?(Q) scalar product of the equations with
6 and A%57 and integrate by parts. Estimating (65 | R(meq)(0%))r2(q) is
straightforward. Due to the continuity properties of hq on Sobolev spaces,
(A262 | R(meq)(6)) 12(2) produces three kinds of terms. Dropping the expo-
nent ¢ and subscript k£ (and using the notation L(vy,...,v,) for any n-linear
application), we examine each of them.

From 5 \ (5 A hd(a)). We have

(A25 | L(3,6,0)) () = (A0 | AL(S,6,8)) 12(0) < 1A 2 | AL(S, 8, )| 2,

which is bounded from above by C’||(5H}1{2(Q)7 since H?(Q) is an algebra.
In the same way, the terms of the form (A2 | L(6,6))2(q) are controlled by

||(5H§Iz(m. This rules out the terms from dAhq(4), OA (5/\ (hd (Meq(t))+hext (t))) ,
oA (meq(t) A hd(6)) and meq(t) A ((5 A hd(é)).

From |V§|%5. Write

(A%6 | L(V6,V6,6))2(0) =

— (VAS | L(V6,V6,V6)) r2() — (VAS | L(AG,V6,6)) r2(0).
Then,
(VAG | L(V3,V6,V8)) 120y | < [IVAS] 120 | L(V, V6, V6)| 120
< C|VAY| L2 V326 0y
and by Sobolev’s inequalities, ||Vd| s (q) is controlled by ||6] 72 (q)-
Also,

(VAS | L(AS,96,6)) 12oy] < CITAS g0 A8 120y V8] 1 s 6] .

(From the estimate
VollLe @) S IVOllL2(0) + (VA L2(q),

we get
[(VAS | L(AS,V6,6)) 12(0)| < CIVAS 2 1011320y + IV AS]I72(0) 101 Fr2 ) -
This leads to

(A%5 | L(V6,V6,0))12(0) < C(IVAS| L2(0) 10172 () + IVAS 720 18] Fr2)-

In the same way, we have

(A%0 | (Vimeq(t) - V0)8) < ClIVAY| L2 l10]1372 ) -
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The § N Ad term. Again,
(A6 | L(8,A0)) 20y = —(VAS | L(V8, Ad)) L2(0) — (VAS | L(6, VAS)) L2 (0,
and as above, we get
(A% | L(5,A8)) 12 () < C(HVA(SHL2(Q)||5H%{2(Q) + HVA‘SHQH(Q)||5HH2(Q))-

Finally, there is C' > 0, and for all » > 0, there is C}, > 0 such that

(6 | ROmeq) (0 1r2() < (1+ Cl0E N2y + ClIOE I ) I VAGE 320
+ Co (105 2y + 105 2y + 105 Ny )

Let k go to infinity, so that the above estimate applies to §° instead of d7, up
to the local existence time ¢° obtained wvia the convergence of the Galerkine
scheme. Coming back to (4.29), still with 6° = m® — meq, we get, using (2.5):
there is C' > 0, and for all n > 0, there is C,, > 0 such that

(4.33)
€ d € € € €
= (1812 ) + (o = = OO+ 18 2@ 16260 ) V57 B

<(Cn(1 11071 22 116° ] 2 0) — Clin) H(SE”%I?(Q) + 82||3tmeq||%12(9)~

As in the proof of Lemma 4.2, fix € (0, ), and consider the time ¢ < t° up
to which, in (4.33), the parenthesis in front of HV&‘EH%Q(Q) (resP. ||6EH%{2(Q))
remains positive (resp. less than —Cy;y,/2). We have, for t € (t.,t%):

ed Clin
>dt (||58H§{2(Q)) < _TH(SSH%{%Q) + 2| 0imeqll 32 -

Gronwall’s lemma then implies that

sup 1051172y < 110° () 32y + 26T sup 10emeqllZr2 ()
te,t® s

so that, for £ small enough, we get ¢ > T, and Sup[y, 1) 6%l &2 () —(>)O' This
’ e—
finishes the proof of Theorem 2.1. O

5 Proof of Proposition 2.2 and Corollary 2.3

Proof of Proposition 2.2. For any T > 0 and n € C([0,T], H*()), it is
equivalent for n to be solution to (2.8) or to

(00 = 0) (1 = meq) = (£(0.meq) + R(0,meq) ) (1 = meg).
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with the same initial and boundary conditions. The operators £(0,meq) and
R(0, meq) from (4.31) and (4.32) do not depend on time, now. Arguing as in
Section 4.2, we get an estimate analogue to (4.33),

(5.1)
1d 9
9 dt (||n - meq||H2(Q))
(a0 == CU+ In = megllir2())lln = meqll o) ) 1V (0 = meq) 320
<(C(1+ lIn = meqll (@) In = meqllm2(e) = Cin ) In = meallFr2cay-

Once n € (0,a/2) is chosen, take 9 > 0 such that, when |[mg —meq || m2(0) < M0,
the parentheses in front of |V (n — mcq)||§12(m and in front of ||n — mcq||§{2(9)
are positive and negative at ¢ = 0, respectively. The bootstrap argument then
shows that n € C([0,00), H%(Q)), and that n(t) converges in H?($,5?), as t
goes to 0o, towards meq(to):

(5.2) [n(t) — meq||H2(Q) < 770€_Ct7

for some C € (0, Cyin) depending on 9. Coming back to (5.1), we see also that
V(n —meq) € L?((0,00), H*(Q)). O

Proof of Corollary 2.3. When meq(0) is constant over 2, Proposition 2.2
ensures there exists some 79 > 0 such that for all mg € HZ (€2, 5?) satisfying

Mo — Meqll 72(0) < M0,

Asumption (ii) in Theorem 2.1 holds true. Furthermore, estimations (5.1) and
(5.2) show that the corresponding function ny has norms in L>((0, 00), H2(£2))
and in L?((0,00) x )) controlled in terms of meq(0) and ny only. Thus, ¢ in
the proof of Theorem 2.1 may also be chosen depending on meq(0) and 7y only,
uniformly with respect to my. U

6 Appendix

6.1 About the dissipation property (2.5): proof of Lem-
mas 3.5 and 3.6

Let 0 € C([0,T], H>*(£2)) be such that |meq +6| =1 and 9,0, = 0,Ad|,, = 0.
Then,

(6.1)

L(mE) 6 = (AFd)dAu £ uA(Ad+ha(0)) + aldFA)un(GAu) — auA(uAhg(0)).
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6.1.1 L? estimates
Take the L?(2) scalar product of (6.1) with §. This yields

(L(meq) 618) a0y = /5 (u A AG) /5 (u A ha(6

(6.2)
a(d$)\)/9|5/\u|2—a/Q(u-hd(é))(u-é)+a/ﬁ§-hd(5).

First consider the case of m . Denoting n the exterior normal vector to €, the
first term in the right-hand s1de of (6.2) is equal to

(6.3) 2/5 di(u A D;d) = Z/ uAaanﬁ/aQs.(uAancs):o

Since hq is continuous on L? with norm 1, the second term is bounded from
above by ||5H%2(Q). Similarly, due to the non-positivity of hq, the last term is
non-positive. In the two other terms, we inject the identities

(6.4) 16> = —2u-8 and |6 Aul*=10]* — \(5|47

which stem from the equality |u + §| = 1. This leads to
(EE)81) ) < W1y + ala =) [ (617 = 157/4

(65) +5 [ (e nato)ar
=(1+ald- )\))Héniz(m + O(||5H?i2(g))~

In the case of m_,, we obtain in the same way

eq’

(6.6) (L(meq)d | 0) > (a(A +d) = o) 0]|72 () + OUI0ll72 ()

L2(Q) =
for some constant ¢ depending on 2 and « only.

6.1.2 H? estimates

Take the L?(Q) scalar product of the Laplacian of each term in (6.1) with AJ.
This yields

(AL(ME) 6 | A8) a0y =(AF d) /A(S A Au) + /A<5 Au A AS)

L2(9) =
(6.7) i/g(s-A(uAhd(é))+a(dm>/9|MAu|2

- a/QAJ “A(u A (u A hg(9))).
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Since A(6Au) = (Ad) Au = 0, the first term on the right-hand side vanishes. So
does the second one, by the same argument as in (6.3). The equality |u+4d| =1
implies
A5 Auf? = [AS]2 — (V82 = (5 - A8)2)?,
so that (6.7) gives, for md;:
(6.8)
(AL(m,)d | A5)Lz(g) < —a(A— d)HA(S”%Z(Q) JrC||5||§1r2(9) +0 (HJH?I)-IZ(Q)) )

for some constant ¢ depending on © and « only. Together with (6.5), we get
finally

(6.9) (ﬁ(m‘—:@l)‘S | 5)H2(Q) < —(a(A=d)—0) ”5”%12(9) +0 (H(SH?{?(Q)) )

which concludes the proof of Lemma 3.5. O
In the case of m,, we have

(6.10)
(AL(mE) S | 26) 120, :—/QA&A(u/\hd((S))+a()\+d)HA6||2L2(Q)

- a/QA(S DA A hg(0)) + O (I8 0))

which, together with (6.6), leads to Lemma 3.6. O

6.2 Proof of the commutator lemma 4.1
Writting

the result follows from the convergence of Py towards 1 pointwise as an operator
on H(Q) (which rules out the term (Py — 1)F(0,n)) as well as on H%(Q),
combined (to deal with F(0,n) — F(0, Pyn)) with the continuity of F(0,-) from
C([0,T], H*(Q)) N L*((0,T), H?) to L*((0,T), H).

The latter is a consequence of the continuity properties of hq and of Sobolev’s
embeddings, implying that H?2(f2) is an algebra (so that all applications n
n A ha(n), n = nAnAhan)), n = nAhxt(0), n = n A (n A hext(0))
are continuous on L*>((0,T), H?(f2))), and that the product operation maps
H? x H' to H', so that n — n A An and n ~ |Vn|?n are continuous from
L*((0,T), H*(Q)) N L?((0,T), H3) to L*((0,T), H). O

6.3 Proof of Gronwall’s lemma 4.2

First, consider £k € N* and ¢ > 0 fixed. Set ¢°(t) = ”902”%[2(9)7 r(t) = 75.(),
No(t) = IV APino(t) 3 ) and N¥(8) = [V ARg (1) 32y, 50 that

Ne¢(t) = No(t/e) and Ny € L'(0,00).
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With C from (4.27), choose n € (0,a/(2C)). Hence, there exists x, € (0,1)
such that

Vo € [0k, Cln+e(1+9)) <a/2.
Set K = 8C, (also from (4.27)), c € (0,1/K) and t. = ceIn(1/¢). Then, with

» =sup{t € [0,t.] | Vt' € [0,1], ¢°(t') < Ky}
(t5, > 0 since ¢°(0) = 0), we have:
vt e [0, o™ () < K((1+ N°(8)6° () +t +r(t)).

(From this, we deduce:

t K t
vt € [0, 8], / r(t')) exp ( / (1+ Nf(t”))dt”> d
o € e Jy
( t +r(t )) exp <K) dt ) HINol L1 (0,00
5
( 7H7ﬂ||Ll OTO)) eKt/EeKHNO”Ll(O,oo),

with Ty = cegIn(1/ep) (and g¢ is chosen below). Now, since ¢ € (0,1/K) and

te = celn(1/e),

El—cK
K

vt € [0, min(t5, 1)), o°(1) < (

+ K||T||L1(O,TO)5_1_CK) eKHNOHLl(O,m)7

which is less or equal to k,, as soon as ¢ belongs to (0, &g], for

1 1/(1—cK)
o = <2/i77K6K|N0“L1(0'°°)> 5

and k greater than K () such that

1 €1+CK

Vk > K(€), ||flf:||L1(0,To) < §KWT€_KHNOHL1(0,00)

(which is possible by Lemma 4.1). For this choice of ¢ and k, we thus have
t; > t., and the result follows. O
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