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Estimation of limiting conditional distributions for the heavy
tailed long memory stochastic volatility process

Rafat Kulik* Philippe Soulierf

Abstract

We consider Stochastic Volatility processes with heavy tails and possible long memory
in volatility. We study the limiting conditional distribution of future events given that
some present or past event was extreme (i.e. above a level which tends to infinity). Even
though extremes of stochastic volatility processes are asymptotically independent (in the
sense of extreme value theory), these limiting conditional distributions differ from the
i.i.d. case. We introduce estimators of these limiting conditional distributions and study
their asymptotic properties. If volatility has long memory, then the rate of convergence
and the limiting distribution of the centered estimators can depend on the long memory
parameter (Hurst index).

1 Introduction

One of the empirical features of financial data is that log-returns are uncorrelated, but their
squares, or absolute values, are dependent, possibly with long memory. Another impor-
tant feature is that log-returns are heavy-tailed. There are two common classes of pro-
cesses to model such behaviour: the generalized autoregressive conditional heteroscedas-
tic (GARCH) process and the stochastic volatility (SV) process; the latter introduced by
[Breidt et al.(1998)Breidt, Crato, and de Lima] and [Harvey(1998)]. The former class of mod-
els rules out long memory in the squares, while the latter allows for it. We will therefore
concentrate in this paper on the class of SV processes, which we define now.

Throughout the paper, we will assume that the observed process {Yj,j € Z} can be ex-
pressed as

Y; =0(X))Zj = 0;Z; (1)

where o is some (possibly unknown) positive function, {Z;,j € Z} is an i.i.d. sequence and
{X,,j € Z} is a stationary Gaussian process with mean zero, unit variance, autocovariance
function {7, }, and independent from the i.i.d. sequence. The sequence {o(X}),j € Z} can be
seen as a proxy for the volatility. We will assume that either {X;,j € Z} is weakly dependent
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in the sense that
o0
D ] < 00, (2)
n=1

or that it has long memory with Hurst index H € (1/2,1), i.e.
An = cob(Xo, Xp) = n*7724(n) (3)

where /£ is a slowly varying function.

It will also always be assumed that the marginal distribution Fz of the i.i.d. sequence {Z;}
has a regularly varying tail with index o > 0:

P(Z
lim 7( > )

. P(Z < —x)
) g, lim ————=

z—oo x=L(x)

=(1-5), (4)

where L(-) is slowly varying at infinity and 5 € [0, 1]. Examples of heavy tailed distributions
include the stable distributions with index a € (0,2), the t distribution with o degrees of
freedom, and the Pareto distribution with index «.

By Breiman’s lemma [Breiman(1965), Resnick(2007)], if
E[c*T(X)] < o0 (5)

for some € > 0, then the marginal distribution of {Y;} also has a regularly varying right tail
with index a and

P(Y
lim (Y > zy)

A B S ) E[lo®(X)]y™ , (6)

where X, Y and Z denote random variables with the same joint distribution as Xy, Y
and Zy. This one-dimensional result can be extended to a multivariate setting. The finite
dimensional marginal distributions of the SV process are multivariate regularly varying with
spectral measure concentrated on the axes; see Proposition 1 for details.

Estimation and test of the possible long memory of such processes has been studied by
[Hurvich et al.(2005)Hurvich, Moulines, and Soulier]. Estimation of the tail of the marginal
distribution by the Hill estimator has been studied in [[<ulik and Soulier(2011)].

In this paper we are concerned with certain extremal properties of the finite dimensional
joint distributions of the process {Y;} when Z is heavy tailed and the Gaussian process { X}
possibly has long memory.

From the extreme value point of view, there is a significant distinction between GARCH and
SV models. In the first one, exceedances over a large threshold are asymptotically dependent
and extremes do cluster. In the SV model, it follows from the multivariate regular variation
result (Proposition 1) that exceedances are asymptotically independent. More precisely, for
any positive integer m, and positive real numbers z, ¥,

tli)m tP(Yo > a(t)x , Y, > a(t)y) =0, (7)

where a(t) = F; (1 —1/t) and F; is the left continuous inverse of Fy.



The above observations may lead to the incorrect conclusion that, for the SV process, there
is no spillover from past extreme observations onto future values and from the extremal
behaviour point of view we can treat the SV process as an i.i.d. sequence. However, under
the assumptions stated previously, it holds that

E[0(X0)Fz(y/o(Xm))] (8)
E[o(Xo)] .

: - _
}H’&P(Ym <y|Yy>t)

See Lemma 11 in Section 4 for a proof. Therefore, the limiting conditional distribution is
influenced by the dependence structure of the time series. To illustrate this, we show in
Figure 1 estimates of the standard distribution function and of the conditional distribution
for a simulated SV process. Clearly, the two estimated distributions are different, as suggested
by (8). For a comparison, we also plot the corresponding estimates for i.i.d. data. Other kind

11D data SV data

10

08

0.6

04

0.2

0.0

Figure 1: Empirical Conditional Distribution (points) and Empirical Distribution (solid line)
for SV model (right panel) and i.i.d. data (left panel)

of extremal events can be considered, for instance, we may be interested in the conditional
distribution of some future values given that a linear combination (portfolio) of past values
is extremely large, or that two consecutive values are large. As in Equation (8), in each of
these cases, a proper limiting distribution can be obtained. To give a general framework
for these conditional distributions, we introduce a modified version of the extremogram of
[Davis and Mikosch(2009)]. For fixed positive integers h < m and A’ > 0, Borel sets A C R"
and B € R"*1, we are interested in the limit denoted by p(A, B, m), if it exists:

p(A,B,m) = }L&P((Ym’--vymw) €B|(Y1,...,Y,) €tA). 9)
The set A represents the type of events considered. For instance, if we choose A = {(z,y,2) €
[0,00)3 | z +y + 2 > 1}, then for large ¢, {(Y_o,Y_1,Yy) € tA} is the event that the sum of
last three observations was extremely large. The set B represents the type of future events
of interest.



In the original definition of the extremogram of [Davis and Mikosch(2009)], the set B is also
dilated by ¢t. This is well suited to the context of asymptotic dependence, as arises in GARCH
processes. But in the context of asymptotic independence, this would yield a degenerate limit:
if h < m, then for most sets A and B,

lim ]P)((Ym,...,Ym+h/) €tB ‘ (Yl,...,Yh) S tA) =0.

t—00

The general aim of this paper is to investigate the existence of these limiting conditional
distributions appearing in (9) and their statistical estimation. The paper is the first step
towards understanding conditional laws for stochastic volatility models. Although we provide
theoretical properties of estimators, their practical use should be investigated in conjunction
with resampling techniques. This is a topic of the authors’ current research.

The paper is structured as follows. In Section 2, we present a general framework that enables
to treat various examples in a unified way. In Section 3 we present the estimation procedure
with appropriate limiting results. The proofs are given in Section 4. In the Appendix we
collect relevant results on second order regular variation, (long memory) Gaussian processes,
and criteria for tightness.

1.1 Notation

We conclude this introduction by gathering some notation that will be used throughout the
paper. We denote convergence in probability by —p, weak convergences of sequences of
random variables or vectors by —; and weak convergence in the Skorokhod space D(RY) of
cadlag functions defined on R? endowed with the J; topology by =-.

Boldface letters denote vectors. Product of vectors and inequalities between vectors are taken
componentwise: u-v = (u1v1,...,uqvq); X <y if and only if x; < y; foralli =1,...,d. The
(multivariate) interval (—oo,y] is defined accordingly: (—oo,y] = H?Zl(—oo,yi].

For any univariate process {¢;} and any integers h < I/, let £ py denote the (W' — h+1)-
dimensional vector (&p,...,&n).

If &, 0 = (ns- -+, &) is a random vector and o : R — R is a deterministic function, then
o (&, 1) denotes a vector

o(&pp) = (0(&n),- 0 (Enr))-
For ACR?and u € (0,00), u™t-A={xecR¥|u-xe A}

If X is a random vector, we denote by LP(X) the set of measurable functions f such that
E[lf(X)F] < oc.

The o-field generated by the process {X;} is denoted by X'

2 Regular variation on subcones

In this section, we will present our general framework. A crucial property of the SV processes
is that the finite dimensional marginal distributions are multivariate regularly varying and



are asymptotically independent (in the sense of extreme value theory). For the sake of com-
pleteness, we state and prove this fact formally. Recall that a measure v on the Borel sets of
[—00, 00]"\ {0} is said to be a Radon measure if v(A) < oo for each relatively compact set A,
i.e. for each set A bounded away from 0. A sequence of Radon measures v, on R” is said to
converge vaguely to a Radon measure v, which will be denoted by v, —, v if v,(A) = v(A)
for all relatively compact set A of [—o0,00]™ \ {0}. Recall that a(t) = F§ (1 — 1/t).

Proposition 1. The finite dimensional distributions of the process {Y;,j € Z} are multivari-
ate reqularly varying and for each fized integer h

lim tP((Y3,...,Ys) € a(t):) —o Elo®(X1)]w (") (10)

t—o00
where the measure v is characterized by

h

h
v([x,y]) BYY (—x) ™+ BY ui®,

=1 =1

for x = (z1,...,2) € [-00,0)" and y = (y1,...,yr) € (0,00]", and 3 is defined in (4).

The special form of the measure v which is concentrated on the axes is due to the asymptotic
independence (in the sense of extreme value theory) of the bivariate distributions of the
process {Yj,j € Z}, regardless of the memory of the volatility process {¢(X;),j € Z}. In
fact, as will be clear from the proof in Section 4, a particular structure for the volatility
process is not needed.

Let us now describe the conditional distributions we will consider. Since we consider dilated
sets tA = {tr : x € A}, where A C R" for some integer h > 0 and ¢t > 0 , it is natural to
consider cones, that is subsets C of [0, 00]" such that tz € C for all 2 € C and t > 0. Hence,
our discussion in this section is related to the concept of regular variation on cones or hidden
regular variation (see [Resnick(2008)], [Das and Resnick(2011)], [Mitra and Resnick(2011)]).
We endow R" with the topology induced by any norm and [0,00]” is the compactification
of [0, oo)h. A subset A of [0,00]" \ {0} is relatively compact if its closure is compact. See
[Resnick(2007), Chapter 6] for more details.

We are interested in cones C such that there exists an integer S¢ and a Radon measure v¢ on
C such that, for all relatively compact subsets A of C with v¢(0A) = 0,

lim P((Zl, . ,Zh) S tA)
t—00 (FZ(t))ﬁc

Intuitively, the number §¢ corresponds to the number of components of a point of a relatively
compact subset A of the cone C that must be separated from zero. For the simplicity and
clarity of exposition, we will restrict our considerations to the following type of cones. Let
k> 1 and Pj,..., Py be nonempty subsets of {1,...,h} such that P; ¢ P; for any pair i, j,
though it is not assumed that P, N P, = () for u,v > 1. To avoid trivialities, we also assume
that h € UX_| P,. Let then C be the cone defined by

k
C:{ZE[O,oo]h|H<Zzi> >0} . (12)

u=1 \eP,

= ve(A) . (11)



In words, a vector z = (21, ..., z;) belongs to C if in each set P,, 1 < u < k, we can find at least
one index i € P, such that z; > 0. This class of cones is of interest for several reasons. First,
it will allow to deal with practical examples. From a theoretical point of view, it is noteworthy
that this class is stable by intersection, and relative compactness in such a cone C is easily
characterized: a subset A is relatively compact in C if and only if there exists n > 0 such that
> icp, % >nforallu=1,... k. Examples of such cones are C; = {21 > 0,22 > 0, z3+2z4 > 0}
in [0,00]* and Co = {21+ 20 > 0,20+ 23 > 0,23+ 24 > 0,24+ 25 > 0} in [0, 00]%; for a,b,c > 0,
{z1 > a, 29 > b, z3 > c} is relatively compact in C; and {z3 > a,z4 > b} is relatively compact
in Co. More detailed examples will be given in Section 2.1.

Proposition 2. Assume that there exists € > 0 such that
E[o?hF¢(Xg)] < oo . (13)

Let C be one of the cones defined in (12). Then there exists an integer 5c and a Radon measure
ve on C such that (11) holds and for all relatively compact sets A C C with ve(0A) =0, for
m > h and b/ > 0, and for any Borel measurable set B C R" 1 we have

P(Y1n €tA, Y myn € B)

. o -1 )
tllglo O =E [ve(o(X1p) " - AP(Ymin € B| X)] . (14)
Furthermore, for r = 1,...,h, there ewist functions L, such that for all s,s’ > 1, u,v €
(0,00)",
Pu-Z tsA,v -2y, yp_1 €ts’A
lim (u-Zyp €ts oY Lrrihol €85 ) =L, (Au,v,s,8) . (15)
t—00 (FZ(t))ﬁC

Some comments are in order. Note first that we assume that A < m. Otherwise, if m < h,
then vectors Y, ;4 and Y, may be asymptotically dependent. For example, if {Z;} is
i.i.d with the tail distribution as in (4), then P(Zs + Z3 >t | Z1 + Zo > t) — 1/2. We
do not think that this is of particular interest, since one is primary interested in estimating
distribution of future vector Y, ;41 based on the past observations Y ;. Condition (13) is
sufficient to deal with any of the cones C. For a given cone C, it might be relaxed. However,
it holds if o(z) = e*, which is a common choice in the econometric literature. It is easily seen
that the coefficient (¢ is the smallest integer ¢ for which there exists i1,...,i, € {1,...,h}
such that z;; > 0,...,%, > 0 implies szl(zie p, i) > 0. The measure 1¢ is cumbersome to
write precisely in general, but is easily obtained in each example. See Eq. (36) in the proof
of Proposition 2. The condition (13) obviously holds if o(x) = e* or if ¢ is a polynomial. For
B = RM*1, (14) specializes to

I P(O‘(XLh) . Z17h S tA)
1m =

= E[Vc(U(XLh)_l <A)].

If ve(A) > 0, then E[ve(o(Xq,)7t - A)] > 0 and (14) implies that the extremogram defined
in (9) can be expressed as

E [VC(U(Xl,h)_lA)P(Ym,m+h’ €B | X)]

p(A,B,m) = Elve(o(Xy )~ - A)]

(16)



It may happen that £.(A,-) = 0 for r = 2,..., h. Intuitively, this happens if u - Z;j; and
v-Z, r+n—1 belonging simultaneously to tA implies that at least 5¢c 41 coordinates of Z 1
are large. This is the case for instance in Examples 1, 2 and 4. Otherwise, £,, may have quite
a complicated form, as in Example 3.

Let us finally note an important fact. In practice, the conditioning set A is given, not the
cone C. So it is important to know if the choice of the cone has any effect on the quantities
that will appear in the inference theory. The following Lemma shows that fortunately this is
not the case.

Lemma 3. Let A be a subset of [0, 00]"\ {0}. If there exists two cones C and C' such that (11)
hold, A is relatively compact in both C and C', ve(A) > 0 and ve(A) > 0, then Be = Ber and
for allu € (0,00])", ve(u-A) = ve(u- A).

However, introducing the cone C is not superfluous, since all the constants in the limiting
distributions will be expressed in terms of the measure vz and cannot be expressed in terms
of A only.

2.1 Examples

Ezample 1. Fix some positive integer h and consider the cone C = (0, oo]h . Then B¢ = h and
the measure v¢ is defined by

h
ve(dz,...,dz) = ol Hz;a_ldzi .
i=1

Consider the set A defined by A = {(21,...,2,) € R? | 21 > 1,...,2, > 1}. If (13) holds,
then for m > h, and B € R 1, Proposition 2 yields

E [Ty 0% (X)P(Ymmin € B | X)]
E [H?:l Ua(Xz’)]

In particular, setting B = (—o0,y] and A’ = 0, the limiting conditional distribution of Y,
given that Y7,...,Y) are simultaneously large is given by

E ([T, 0 (X0) Fa(y/o(X))]
E [H?:l Ua(Xz’)]

Finally, note that the function £, defined in (15) vanish for r =2,... h.

tlim P(Ym,m—l—h’ €eB ’ Yi >t ..., > t) =
—00

Up(y) = lim P(Vi Sy | Vi >t Y > 1) = (17)

Ezample 2. Consider now C = (0, 00]. Another quantity of interest is the limiting distribution
of the sum of A/ consecutive values, given that past values are extreme. To keep notation
simple, consider ' =1 and, for m > 1,

. , E[0® (X1)P(Yy + Y1 <y | X
W (y) = Jim PV + Vi1 Sy | ¥i > 1) = [0 (X1) (E[aa(Xl)T | X))

Estimating this distribution yields for instance empirical quantiles of the sum of future returns,
given the present one is large.



Ezample 3. Consider C = [0, 00] x [0,00] \ {0}. Then f¢ = 1 and the measure v¢ is defined
by

ve(dz) = a{z; P dido(dze) + So(dzy)zy “ tdza}

where dy is the Dirac point mass at 0. Consider the set A defined by A = {(z1,22) € R% |

21 + 29 > 1}, If E[c®T¢(X})] < oo for some € > 0, then Proposition 2 yields

E [P(Ymmin € B| X)(0*(X1) 4+ 0%(X2))]
Elo*(X1)] + E[o*(X2)]

lim ]P’(Ym,m_;_h/ €eB ’ Yi+Ye>t) =
t—o0
In particular, take B = (—o0,y] and A’ = 0. The limiting conditional distribution of Y, given
Y1 + Y5 is large is defined by

{o0%(Xy) + 0% (X2) } Pz (y/o (X))
E[lo®(X1) 4+ 0%(X3)] '

E
A(y) :tE)I?oP(Ym <uwy ’ Yi+Ye>t)= [

Finally, the function Lo equals

\
U2 U1

1 1 T
£2(A7u17u2yvlyv27878/) = < e R ) .

Ezample 4. Consider the cone C = ([0,00]%\ {0}) x ([0, 00]? \ {0}) x (0, 00]. Then ¢ = 2 and
ve(dz) = o3 {27 1z do(dze) + do(dzr)zg @ dzg)}
x {23 d2ado(dag) + do(dzz)zy @ Tdagtzg @ s

Consider A = {(z1, 22, 23, 24, 25) € Ri|z1 + 20> 1,23+ 24 > 1,25 > 0}. If E[03*T¢(X{)] < o0
for some € > 0, then we obtain, for m > 3,

tli>m ]P’(Ym,m_;_h/ €eB ’ Yi+Yo>t,Y5+Y, >t Y5 >1)

E [P(Ymmiw € B| X){0(X1) + 0%(Xp)Ho%(X5) + 0% (Xy) }o* (X5)]
E[fo®(21) + 0%(X2) o (X3) + 0% (X4) }o (X5)]

Here the functions £, vanish for r > 2.

Ezample 5. In this example, we illustrate Lemma 3. Let h = 4 and A = {21 > a, z3+24 > b}.
Then A is relatively compact in C; = ([0, 00]2\{0})x ([0, 00]2\{0}), C2 = (0, 00] x ([0, oc]?\ {0})
and C3 = [0,00]* \ {0}. Then it is easily seen that B¢, = B¢, = 2 and B¢, = 1, and for all
u € [(0,00]*, ve, (u™t - A) = ve, (ut - A) = u§(ug + ug)a b~ and v, (A) = 0.

3 Estimation

Let C be a cone defined in (12) and let A be a relatively compact subset of C such that
ve(A) > 0. To simplify the notation, assume that we observe Yi,..., Y, i, An estimator
pn(A, B, m) is naturally defined by

S 1 1
r=1 {Yr,r+h71€Y(n:n7k)A} {Yr+m,r'+m+h’€B}

(A, B,m) =
! Zﬁ:l 1{YTY,,«+;L,16YV(,“”,;€)A}

)



where £ is a user chosen threshold and Y(,,.;) < -+ < Y{;,.;,) are the increasing order statistics
of the observations Y7,...,Y,. We will also consider the case B = (—o0,y], i.e. the case of
the limiting conditional distribution of Y, n,44 given Yqj € tA, that means

U g (Y) = Hm P(Ymin <y | Yin €tA)

velo -t " i) O(Xm—ti
= (4, ooyl m) = ST Lo P Ens]

An estimator W, 4 m p of W4 s is defined on R +1 by

n
a1 1
~ r=1 "AY, i 1€Y i) A} HY <y}
\IlnvAvmﬁ’(Y) = i ( k) rm,rmh .

(19)
Z?Zl l{Y'r,'r+h7 1 eY’(n:nfk) A}

As usual, the bias of the estimators will be bounded by a second order type condition. Let
k be a non decreasing sequence of integers, let Fy denote the distribution of Y and let
un, = (1/Fy)* (n/k). Consider the measure defined on C by

Elve(o(Xy,,) 7t - A)]
(E[o>(X)])Pe

pe(A) = (20)

We introduce the following quantity which will be used as a bound for the bias of the esti-
mators and thus will also determine their rate of convergence.

MYL}E;S;ZA [2) _gas Cuc(A)H : (21)

vp(A) =E |:Sl>11i)

Lemma 4. If (4) and (13) hold, then lim,, o v,(A) = 0.

We need also the following quantities, which are well defined when (13) holds. Forr =2,...,h
and measurable subsets B, B’ of R *1 define

Ry (A, B, B')
_ E[L(A,0(X11),0 Xk psn-1), 1, 1) X P(Ypomin € B, Yomihotman4k—1 € B' | X)]
pe(A)
N E[L(A,0(X1p),0(Xikth-1):1,1) X P(Yomins € B, Yihotmin k-1 € B | X)]
pe(A) '

(22)

For brevity, denote R,.(A, B) = R,(A, B, B).

3.1 General result: weak dependence

We can now state our main result in the weak dependence setting, i.e. when absolute summa-
bility (2) of the autocovariance function of the process {X;} holds. In order to simplify the
proof, and without loss of meaningful generality we will hereafter assume that the set A is
itself a cone. This assumption is satisfied by all reasonable examples.



Theorem 5. Let (2), (), (13) hold. Assume moreover that A is a relatively compact subcone
of C such that pc(A) > 0, that k/n — 0, n(k/n)’ — oo and

Jim \/n(k/n)be v, (A) =0. (23)

Then

ki /n)%e (A {pu(A, Bm) — p(A, B,m)}

converges weakly to a centered Gaussian distribution with variance

p(AaBam){l_p(AaBam)}
hA(m—h)
+ Y {Re(A,B) = 2p(A, B,m)Rp (A, B,R" ) + p?(A, B,m)R, (A, R} . (24)
r=2

If h =1 or if the functions £, defined in (15) are identically zero for r > 2, then the limiting
covariance in (24) is simply p(A, B,m){1 — p(A4, B,m)}. Otherwise, the additional terms can
be canceled by modifying the estimator of p, (A, B,m). Assuming we have nh+m + h' + 1
observations, we can define

n
Zr:l 1{Y(r-71)h+1,rh€Y(n:n7k)A} l{Y(r71)h+m,(r71)h+m+h’EB}
n
ZTzl l{Y(r—l)h+1,rh 6)/(”;”7]@)14}

(A, B,m) =

Noting that the events {Y,,+,_1 € A} are h-dependent conditionally on X, the proof of The-
orem 5 can be easily adapted to show that the limiting variance of \/n(k/n)f{p,(A, B,m) —
p(A, B,m)} is the same as in the case where £, =0 for r = 2,...,h. But this is of course at
the cost of an increase of the asymptotic variance, due to a different sample size.

We can also obtain the functional convergence of the estimator \i'n Am,p of the limiting
conditional distribution function W 4 ,, s, defined respectively in (19) and (18).

Corollary 6. Under the Assumptions of Theorem 5, and if moreover the distribution W 4 y, b/
is continuous, then

\/n(k/n)ﬁCNC(A){\i/n,A,m,h’ - \IlA,m,h’}

converges in D(}Rh/“) to a Gaussian process. If h =1 or if the functions L, are identically
zero for r = 2,..., h, then the limiting process can be expressed as B oW 4 ,, s, where B is the
standard Brownian bridge.

Note that a sufficient condition for W4 ,, 5 to be continuous is that Fz is continuous.

3.2 General result: long memory
We now state our results in the framework of long memory. This requires several additional

notions, such as multivariate Hermite expansion and Hermite ranks which are recalled in
Appendix B.
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Define the functions G,, and G for (x,x’) € R" x R+ and s > 1 by

P(o(x) - Z1 5 € upsA)
(k/n)7

Gn(A, B, s,x,x') = P(o(x')  Zpm+n € B) (25)

_l'A)
A. B "= 1 W(A, B, 1 " — M
G( ) 7X7X) nLI&G ( ) 9y 7X7X) E[Ua(Xl)])BC

Let 7,(A, B,s) and 7(A, B) be the Hermite ranks with respect to (X, Xy m+n) of the
functions G, (A, B, s,-,-) and G(A, B, -, -), respectively. Define 7(A) = 7(A,R?).

Assumption 1. For large n, infs 7,(A, B,s) = 7(A, B) and 7(A,B) < 7(A).

B(o(x)  Zunnin € B) . (26)

This assumption is fulfilled for example when o(x) = exp(z), in which case all the considered
Hermite ranks are equal to one, or if o is an even function with Hermite rank 2 (such as
o(x) = x?), in which case they are equal to two. The modification of Theorem 5 reads as
follows.

Theorem 7. Assume that {X;} is the long memory Gaussian sequence with covariance given
by (3). Assume that A is a relatively compact subcone of C such that vc(A) > 0. Let Assump-
tion 1 and (13) hold, and k/n — 0, n(k/n)% — oo and

nh_)n(f)lo {\/n(k:/n)ﬁc A ygT(A’B)/Q} v (A) =0. (27)

(i) If n(k‘/n)ﬁcvg(A’B) — 0, then

\/n(k/n)BCNC(A){ﬁn(Av B, m) - p(A, B, m)}

converges to a centered Gaussian distribution with variance given in (24)

(ii) If n(k‘/n)ﬁcyg(A’B) — 00, then WJT(A’B)M{[),L(A,B,WL) — p(A, B, m)} converges weakly
to a distribution which is non-Gaussian except if T(A, B) = 1.

The exact definition of the limiting distribution will be given in Section 4. It suffices to
mention here that this distribution depends on H and 7(A, B). The meaning of the above
result is the following. In the long memory setting, it is still possible to obtain the same limit
as in the weakly dependent case, if k (i.e., the number of high order statistics used in the
definition of the estimators) is not too large, so that both the bias and the long memory effect
are canceled.

Define a new Hermite rank 7%(A4) = inf w11 7(A, (00,y]).

Corollary 8. Under the Assumptions of Theorem 7, if the distribution function V4 p, p is
continuous and if T*(A) < 7(A), then

o If n(k:/n)ﬁcfyﬁ*(A) — 0, then

ke /m)e e (A (B e — Y}

)h’—l—l

converges in D((—o0, +00 to a Gaussian process. If h =1 or if the functions L, are
identically zero forr =2, ..., h, then the limiting process can be expressed as BoW 4 1, 3/,
where B is the standard Brownian bridge.
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o Ifn(k/n)ﬁcfy;*(A) — 00, then ’y;T*(A)/z{\ilmA,m,h/—\I/A,m,hr} conwerges in D((—o0, +-00)" 1
to a process which can be expressed as J g m p N where J g, 1 15 a deterministic function
and X is a random variable, which is non Gaussian except if T*(A) = 1.

The exact definition of the function J4 ,, s and of the random variable R will be given in
Section 4. Anyhow, they are not of much practical interest. In practice, the main goal will
be to choose the number & of order statistics used in the estimation procedure so that both
the bias and the long memory effect are canceled, and the limiting distribution of the weakly
dependent case can be used in the inference.

3.3 Examples

We now discuss the Examples introduced in Section 2.1. In order to evaluate the bias
term (21), it is necessary to introduce a second order regular variation condition. We follow
here [Drees(1998)]. This assumption is referred to as second order regular variation (SO).

Assumption 2 (SO). There exists a bounded non increasing function n* on [0, 00), regularly
varying at infinity with index —a( for some ¢ > 0, and such that limy_,~ n*(t) = 0 and there
exists a measurable function n such that for z > 0,

P(Z > z) = cz"%exp (/ @ds>,
1 S
5050, ¥s20, [ns)] < On(s).

The most commonly used second order assumption is that n*(s) = O(s~¢). Then
P(Z>z2)=cz “(14+0(27%)) asz— oo, (28)

for some constant ¢ > 0.

On account of Breiman’s lemma, if the tail of Z is regularly varying with index —a, then
the same holds for Y = o0(X)Z, as long as X and Z are independent, and E[c%(X)] < oo.
Also, (SO) property is transferred from the tail of Z to Y; See [Kulik and Soulier(2011),
Proposition 2.1].

For the sake of simplicity and clarity of exposition, we will make in this section the usual
assumption that o(x) = exp(x), so that the Hermite rank of o is 1 and Assumption 1 is fulfilled
with the Hermite rank equal to one. This will avoid to define many auxiliary functions and
Hermite ranks. But the examples can of course be treated in a more general framework.
For the exponential function, (13) obviously holds for any h. Also, we will only state the
convergence results under the conditions which imply that the limiting distribution is the
same as in the weak dependence case, since this is the case of practical interest. We only treat
Examples 1 and 3 since they exhibit two different limiting distributions. The computations
for the other examples are straightforward.

12



3.3.1 Example 1 continued

Fix integers h > 1 and m > h. Recall the formula (17) for the conditional distribution of Y,
given that Y7,...,Y} are simultaneously large. Its estimator ¥, ; is defined by

n
A ZT=1 1{YT>Y(n:n7k) seonsYrbh—1>Y(nin— k) Yr4m <y}
\I’n,h(y) =

n
Z'r‘:l 1{Y'T'>)/(7L:7L7k) T Y >Y'(n:n7k)}

with a user chosen k.

In this case, if (13) holds, then the functions £,(A,-) vanish for » = 2,... h. Assumption 2
and [Kulik and Soulier(2011), Proposition 2.8] imply that a bound for v, (A) is then given by

un(A) = O (un)) - (29)

Corollary 9. Assume that o(xz) = exp(x). Let Assumption 2 hold. Let k be such that
k/n — 0, n(k/n)" — oo, and

lim (n(k/n)")?0* (u,) =0 . (30)

n—o0

In the weakly dependent case (2) or in the long memory case (3) if moreover n(k/n)"vy, — 0,
then

(31)

Elo®(X1)--- Ua(Xh)]>_1/2 Bow,

/) (=) = (P

weakly in D((—o0,00)), where B is the standard Brownian bridge.

We note that the rate of convergence /n(k/n)" depends explicitly on the exponent 3¢ = h.
Let us have a closer look at the bias condition (30). Assume that in Assumption 2 we have
n*(s) = O(s7%) so that Fz(2) = cz~*(1 + O(z7%%)) and n*(u,) = O((k/n)¢). Hence, (30)
becomes

lim n(k/n)"2¢ =0.

n— o0

Consequently, the largest allowed number of extremes k£ used in the construction of the
estimator W,, ;, is proportional to n(h=1+20)/(h+20) ¢ with arbitrary small € > 0 and the best
possible rate of convergence in (31) is n¢/(2¢+h)—¢,

3.3.2 Example 3 continued

Consider the estimation of

E[{o®(X1) + 0%(Xo)} F7(y/0(Xm))]
E[0®(X1) + 0%(X3)]

A(y):tingOP(YmSy|Y1+Y2>t):

An estimator if defined by

~ Zn: 1 Yr+Yr Yinim— 1 Yrgm<
An(y) = r=1 ~{Yr+Yr1>Ym gt - {Yrt _y}'

2ol
r=1 {Yr +Y7‘+1>)/(7L:7L7k) }

13



As argued before, if (13) holds, then the function £ is equal to

V
U2 U1

1 1 AN
EQ(A,Ul,UQ,Ul,'UQ,S,S/) - < R Rk ) .

Applying Lemma A.1, we obtain a bound for v, (A):

un(A) = O (n*(un) st /0 " By(s) ds> . (32)

Corollary 10. Assume that o(x) = exp(x). Let Assumption 2 and holds. Let k be such that
k — oo, k/n — 0 and

n—oo

lim k'/? <n*(un) +u, ! /0 ' Fy(s) ds) =0. (33)

In the weakly dependent case (2) or in the long memory case (3) if moreover kv, — 0, then

k‘l/2(An A= <E[0—06(X1) +0’O‘(X2)]>—1/2 .

E[o(X1)]

weakly in D((—o0,00)), where W is a Gaussian process with covariance

cob(W(y), W(y')) = Ay Ay') — 2A(y)A(Y)
N Elo*(Xo){Fz(y/o(Xm))Fz(y' /0 (Xmi1)) + Fz(y/o (X)) Fz(y' /o (Ximt1))}]
E[lov(X1) 4+ 0%(X3)] '

Consider as in the previous example that n*(s) = O(s~%) and « > 1 so that (32) becomes
vn(A) = O ((k/n)@‘ + k/n) .

Thus, the vanishing bias condition (33) implies that the maximum allowed number of extremes
is n%/(2¢+)=¢ if ¢ < 1 and n?/3~¢ otherwise, for some arbitrarily small ¢ > 0. If & < 1, then
the rate of convergence depends on «, since (32) becomes

vn(A) = O ((k:/n)C + (k:/n)a) .

Thus the maximum allowed number of extremes is n2¢/(X+)=¢ if ¢ < o and n2e/2a+1—e
otherwise, for some arbitrarily small e > 0. Summarizing, the best possible rate of convergence
is nP/ P+ with p=a AC AL

Remark 1. If the estimator is modified by taking only every other observation,

n
An(y) — P 1{Y2(T71)+1+Y2T'>Y(nin7k)}1{Y,,«+m§y} |

2=l
r=1 {Y2(7.71)++Y2r>yv(nzn7k)}

then \/E(]Xn —A) converges weakly to 2BoA where B is the standard Brownian bridge. Indeed,
the random vectors {Y7,Y2}, {Y3,Y4}, ... are conditionally independent given X but the price
to be paid is the bigger variance.

14



4 Proofs

We start by proving the limiting behaviour of the conditional distribution (8)
Lemma 11. Suppose that assumptions of Proposition 1 are fulfilled. Then

E[0%(Xo)Fz(y/o(Xm))]
Efo®(Xo)]

Hm P(Y,, <y | Yo >t) = (34)
t—o00

Proof. Conditioning on the sigma-field X yields
P(Y,, <y,Yy >t) =E[P(c0Zy < y,0mZm > t)|X] = E[P(00Z0 < y|X)P(0y Z, > t|X)]
=E[Fz(y/o0)F(t/o0)]

Applying Potter’s bound (see [Bingham et al.(1989)Bingham, Goldie, and Teugels, Theorem
1.5.6]), yields, for some constant C' and € > 0

Fy(y/oo)F(t/oo)

= < C(og VvV 1)*te.

F(1) < Cloov1)
Thus, the assumption E[c®"¢(X,,)] < oo and the bounded convergence theorem imply that

PV <y Yo>t) [ Fy/om)F(t/oo)] o o
Jim 228020 | iy SO0 o ()P /(X))

Finally, noting that by (6) we have P(Yy > t) ~ E[0®(X()]F(t) as t — oo yields (8). O
Proof of Proposition 1. Since the random variables 71, ..., Z;, areii.d., for each (uq,...,up) €

[0,00]", & € [~00,0)" and y € (0, 00", it holds that

lim tP(a= () (w1 Z1, . .., unZp) € [x,y]%)

t—o00
h h

h
=(1=0) Y uflail ™+ Y ufy;* =Y ufvas(eiyil)
i=1 i=1 i=1

where v, 5 is the Radon measure on [—o00, 00] \ {0} defined by

Va,s(dz) = o{ (1 = B)(—=2) " M geoy + Bz~ gyt da
Moreover, by Potter’s bound, for any e > 0, there exists a constant C' (which also depends

on x and y) such that

k
tP(a™ ' (t) (w1 Z1, ... unZy) € [x,y]) < C Y (u; vV 1)*F (35)

i=1
Thus, we can apply the bounded convergence Theorem and obtain
Jim tP(a™" (t)(0(X1) 21, ..., 0(Xk)Z1) € [x,¥]°)

k

= E[lim tP(a™ " (t)(0(21) 21, ... 0(Xp) Zp) € [x,¥]° | X)] = E[o”(Xo)] > Vas([ziyil°) -
i=1
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Proof of Proposition 2. Let C be a cone of type (12) and let ¢ be the smallest integer ¢
for which there exists iy < --- < 4y € {1,...,h} such that z;, > 0,...,2;, > 0 implies
[1i2: (X iep, 2i) > 0. Such an integer exists since obviously z; > 0 for all i € {1,...,h} implies
that ;L (> ,ep, 2i) > 0. Moreover, since B¢ is the smallest such integer, then it clearly
holds conversely that ], (3",c p, %) > 0 implies that at least fc among z;, i = 1,..., h, are
positive. Let P* be the sets of Sc-tuples i = (iy,...,i5.) € {1,...,h}?¢ such that 2z, > 0 for
qg=1,...,0c implies that z € C. We now prove (11). It suffices to prove it for sets A of the
form A = {z € [0, 00]" | Y iep, %i = Qu, u=1,... k}, where a, >0, u = 1,...,k. By relative
compactness, there exist n > 0 and i = (i1,...,ig,) € P* such that zi; >n, 1 <7 < Be.
Moreover, by independence, asymptotically there is only one such i € P*, i.e.

P(ZLh S tA) Z ]P(Zl h € tA e t777 <. 7Zigc > t77)
Fore "~ 2 e ’

since by independence it holds that for i # i’ € P*,

P(Z;, >t7],...,ZiBC > tn, Zi'l >tn""’Zi'aC > tn)

lim — =0.

o F2 ()%
Let us now consider one arbitrary i € P*, and for clarity assume that i = (1,...,5¢). For
any € > 0, again by independence, it holds that

P(Zl,h EtA, 71 >1tn,.. o Zge > tn)
(Fz(t))Pe
]P)(Zl,h €tA, Zy1>tn,...,Zg, >N, Zg,41 < te,..., Zp < te)
N (F2(1))% |
Fix some arbitrary ¢ > 0, ( < infﬁzl a,. Then € can be chosen small enough, so that the last
term is less than P((Z1,...,Zg,) € A¢) where

Ac=A{z1,...,28. | Z zi>ay—C u=1,... k}.
i€PuN{L,....0c}

Thus, we obtain

]P)(Zl’h ctA, 7z > tn,. .. 7Zﬁc > t?’])

li 1
ey (Fz(t))Pe
<1imsup]P>((Zl’” ZﬁC)etAC / Hz_a Ldz
T oo (Fz(t))Pe Ao o

Moreover, lim¢_, fA HZ Lz ey = fA Hl L 2“1 dz;, thus it actually holds that

P(Zyy €tA,Zy > tn,...,Zz, > 1n)
lim sup (Zon 21 > “fe ) / Hz‘a Lz, .
t—o00 (FZ(t))BC Ao i=1
Conversely, for the lower bound, it obviously holds that
P(Zl,h ctA ,Z_l > t?’]ﬁ,...,ZgC > tT]) > ]P’((Zl,.._.,ZﬁCB) c tA() / HZ — ldzl ‘
(Fz(t))Pe (Fz(t))Pe Ao i1
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Comparing the lower bound and the upper bound and summing over i € P* yields

1 . - Tz,
Jim ) = o 3 /A Hz %,

ieP*

where i = (i1,...,4g,), Ao(i) = {(zi1,- -, 2ig.) | Zier{h,...,igc} zi > ay, u=1,...,k}. This
proves that the measure v has the following expression

Be
ve(dz) = > [[ 2"z, [ do(dz). (36)
ieP*q=1 i¢{i1,...ig }
where y denotes the Dirac point measure at 0.

We now prove (14). By the characterization of relatively compact sets given above, if A is
relatively compact in C, then for u € (0,00)", u™! - A is also relatively compact in C. Thus
(11) implies that

. ]P’(u WANES tA)
lim —
e (1)
It follows from Potter’s bound and the characterization of a relatively compact set A of C,

that for any € > 0, there exists a constant C' (which depends on A and ¢€) such that, for all
€ (0,00)" all t > 1,

=ve(ut-A). (37)

]P’(u . Z17h S tA) < P(H’il, ce 7iﬁc S {1 h} s uijZZ-j > ’I’})
(Fz(0)* )

<c > ﬁ(u v 1)ete,

1<iy <<ig, <h g¢=1

Thus, denoting M(u) = H?zl(ui V 1)%*€ we obtain that there exists a constant C' (which
depends on A and ¢€) such that
P(u . Z17h S tA)
sup =
1 (Fz(t)%

Assumption (13) implies that E[M (o (X 4))] < co. Then (37), (38) and bounded convergence
yield (14). We now prove (15). For r > 2, let C, be the subcone of [0, 00]"*"~1 defined by

< CM(u) . (38)

(21, 2har1) €Cp <= (21,---,2n) €C, (2ry.- -y 2per_1) €C.

Foru=0,...,k, define P, =r—1+P,,ie. i € P} ifand only if i —r+1 € P, (which implies
that ¢ > 7). Then

k k
(21,...,Zh+T_1)€CT < H<222>H ZZZ' >0.

u=1 \i€P, u=1 \iePr

The sum over the sets P which include one of the sets P, can be removed from the second
product, and thus we see that C, is of the form (12) and (11) holds. Necessarily, it holds
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that fc, > Bc. Indeed, if there exists only ¢ < B¢ indices ij,...,% such that z; > 0,

then the first product above is zero, hence (21,...,2p4r-1) € Cr. Let now A,(s,s’) be the
subset of [0, 00"~ such that (z1,...,251r—1) € A.(s,s) if and only if (z1,...,2,) € sA
and (zp,...,2p4r-1) € sA. If A is relatively compact in C, then A, (s,s’) is also relatively

compact in C, and thus, it holds that

]P(Zl,h € tsA s Zr,r+h—1 S tS/A) P(Zl,r+h—1 S tAT(S, S/))

. ERT - /
tliglo (Fz(t))Per n tliglo (F(t))Per = ve, (Ar(s:5))
and (15) follows straightforwardly, with £, = 0 if ¢, > Bc. O

Proof of Lemma 3. By assumption, we have

lim P((Zl, R ,Zh) S tA)
t—o0 (FZ(t))BC

=ve(A), lim P((Z1,.... 2Zn) €1A)

Jlim O =ve(A)

with v¢(A) € (0,00) and ver(A) € (0,00). This implies that S¢c = B¢ and ve(A) = ver(A). Tt
easily follows that for all u € (0,00]", ve(u - A) = ver(u - A). O

We now prove the results of Section 3. For clarity of notation, denote o; = o(X;), ve = v,
pe = p and define g(t) = t%¢ and T(s) = s~*%¢. Recall that Fy denotes the distribution
function of Y and u, = (1/Fy ) (n/k). By (4), (13), Breiman’s Lemma applies and thus it
holds that Fy (uy,) ~ E[c§]Fz(u,) and

tim IFM) _ (gpgenype

—~ o
n=o0 g(Fz(un)) ’
Whenever there is no risk of confusion, we omit dependence on h, m, h’ and A in the notation.
For r =1,...,n, define the following random variables
Wr7n(8) - l{Yr,r+h71€un5A} )8 2 1 ? ‘/;‘(B) - l{Yr+m,r+m+h’€B} : (39)

The choice of u, implies that (recall the definitions (16) and (20) of p(A, B, m) and pu(A)),

1y EWen(s)] _ e
s E ), (40)
. E[Wrn(s)Ve(B)] s m
i, T = T(s)u(A)p(A, B,m) . (41)

Recall the definition (25) of the function G,:

P(o(x) - Z1p € upsA)
95 (k/n)

Also, define, for s > 1 and x € R" and x’ € R+, the function L, by

Gn(A,B,s,x,x') = P(o(x) - Zpmm+n € B)

P(o(x) - Z1 ), € upsA)
g(k/n) ’

L,(s,x) = (42)

18



With these notations, we have,

E[Wyn(s) | X]
glk/n) 7
E[W,n(s)Ve(B) | X]
g(k/n)

Ln(S, XT’,T’-‘rh—l) =

Gn(A7 37 S, XT’,T’+h—17 Xr—l—m,r—l—m—l—h’) =

For x € R", denote

so that E[L(Xy )] = u(A).
Proof of Lemma 4. Write

L, (s,x) —T(s)L(x)

{g(Fz(unS))
g(k/n)

T (" (X))T(s) {

P(o(x) - Z1p € upsA)
9(Fz(uns))

P(o(x) - Zip € unsA) " -—
9(Fa(1ns)) (Bl (X)L )} |

Thus, recalling the definition of v,, from (21), we have

~ (Elo" (X)) T<s>}

9(Fz (uns))
g(k/n)

(B0 (0) 7 fsup

un(A) < sup — (Elo* (X)) T(s)

s>1

E[M (o (X1,5))]

P(O‘(Xlﬁ) : Z17h € upsA | X)

— (Elo® s X
9(Fz(uns)) (Elo®(X)])° L(X1,n)

|

For all x € R", we have

P(o(x) - Z1h € upsA)

. - el o <) =0.
e T s
Moreover, by (38),
]P’(O’(X) . ZLh S unsA) B e 5 % o(x
sup (B (us)) (E[e*(X)]))°L(x)| < CM(o(x)) .

Thus, by (13) and bounded convergence,

P(O’(Xl’h) . Zl,h c unsA ’ X)
9(Fz(ups))

lim E |sup - (E[UQ(X)])JL(XLh)

n—oo |:S>1

|-o.

Since goF is regularly varying at infinity with negative index, by [Bingham et al.(1989)Bingham, Goldie, and Teu
Theorem 1.5.2], the convergence of g(Fyz(uns))/g(k/n) to (E[c®(X)])~°T(s) is uniform on
[1,00). Thus we have proved that v,(A) — 0. O
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Proof of Theorem 5. For s > 1, define

K(B,s) = T(s)(A)p(A, B,m) . Kn(B.s) = Wi 7 L Wl (B).
r=1
én(s) = K h,HS:#n s :M
n(s) = K,(R"1,s) ng(k/n);lwm( ), &n o

With this notation, we have

Kn(B, &)
A, B,m —
( )= én(&n)
Equations (41) and (40) imply, respectively, that
li_>m E[K,(B,s)] = K(B,s) li_>m Elen(s)] = T(s)u(A).

With this in mind, we split

ﬁn(A7 B7m) - p(A7 Bam)

én(&n) en(&n)
We note that the term é,(§,) — u(A)T'(§,) that appears in the second part of (44) has the
form K, (B,&,) — K(B,&,) with B = R"*1. Thus, we only need to find the correct norming

sequence wy, and asymptotic distribution in D([a,b]) for any 0 < a < b of the sequence of
processes w,{K, (B, ) — K(B,-)}. To do this, define further

{en(6n) —u(A)T(&n)} - (44)

Kn(B,s) = E[K,(B,s)] . (45)
Then
K,(B,s)— K(B,s) = K,(B,s) — K,(B,s) + K,(B,s) — K(B, s) .

The term K, (B, s)— K (B, s) is a deterministic bias term that will be dealt with by the second
order condition (23). Write K,, — K,, = (ng(k/n))_l/zEn,1 + E,, 2 with

E,1(B,s) = B) — E[W,n(s)Vs(B) | X]}, 46
1
En2(B,s) = ng(ejm) ;E[Wm(s)Vr(B) | X] — K, (B, s)
- %Z{Gn(A,B, 87X7’,r+h—17X7’+m,r+m+h’) - Kn(By S)} . (47)
r=1

We note that K, (B, s) is the proper centering in (47) since, using the definition of K, (42)
and (25) we have

KH(B7 S) - E[Gn(Aa B7 37 Xl,h7 Xm,m—l—h’)]
= E[Ln(saxl,h)P(o-(Xm,m—l—h’) Ly € B | X)) . (48)
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The term in (46) will be called the i.i.d. term. It is a sum of conditionally independent
random variables. The term in (47) will be called the dependent term. It is a function of the
dependent vectors (X, ,4h—1, Xy tm rtm-+h!)-

We now state some claims whose proofs are postponed to the end of this section. The
implication of Claims 1 and 3 is, in particular, that in the weakly dependent case only the
i.i.d. part contributes to the limit.

Claim 1. The process E, 1 converges in the sense of finite-dimensional distributions to a
Gaussian process W with covariance

(E[0*(X1)]) cob(W (B, s), W (B',s"))
E[ﬁ (A, 0(X1.0),0(X10),5,8) X P(Y st € B, Yomin € B'| X)]
hA(m—h)
+ Z [ A o Xl h) (Xr’,r+h—l)7878/)
X {]P( m,m-+h’ S BaYm—l—r—l,m—l—h’—i-r—l S B/ ‘ X)

+P(Ym,m+h’ S Blme+r—1,m+h’+r—1 €B ‘ X)}] ) (49)

where the functions L, are defined in (15).
Claim 2. For each fized B, E, 1(B,-) is tight in D([a,b]) for each 0 < a < b.

This claim is proved in Lemma C.3.

The previous two statements are valid in both weakly dependent and long memory case. The
next one may not be valid in the long memory case. See Section 3.2.

Claim 3. In the weakly dependent case E,2(B,-) = Op(y/n), uniformly with respect to
s € la,b] for any 0 < a < b.

The next claim is proved in [Kulik and Soulier(2011), Corollary 2.4].
Claim 4. &, — 1 =op(1).

The last thing we need is the negligibility of the bias term.
Claim 5. For any a > 0, supgs,supp |K,(B,s) — K(B,s)| = O(v,(A)).

Therefore if ng(k/n) — oo and (23) holds (i.e. ng(k/n)v,(A) — 0), then
V ng(k/n){Kn(B7 ) - K(Bv ')7 én() - K(Rdv )} = (W(B’ ')’ W(Rh,-H’ )) :

This convergence and the decomposition (44) imply

V ng(k/n):u(A){ﬁn(A7 B7 m) - p(A, B7 m)} —d W(B7 1) - p(A, B7 m)W(Rhl-Hv 1) :

This distribution is Gaussian. Applying (49) and the fact that p(A, R" 1 m) = 1, it is easily
checked that its variance is given by (24). This concludes the proof of Theorem 5. O

We now prove the claims.
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Proof of Claim 1. For r =1,...,n, denote

1
n,r B,S =—W,n(s)Ve(B) .
Gur(B.5) = s Wi )15 (5)

In order to prove our claim, we apply the central limit theorem for m-dependent random
variables, see [Orey(1958)]. Let C(B,B’,s,s’) denote the quantity in the right hand side
of (49). We need to check that

cob (Z (B, 5), > Cun(B,5) | x) —p C(B,B,s,s) , (50)
r=1 r=1

> E[¢),(B,s) | X] —p 0. (51)

r=1

By standard Lindeberg-Feller type arguments, this proves the one-dimensional convergence.
The finite-dimensional convergence is proved by similar arguments and by computing the
asymptotic covariances. We now prove (50) and (51).

For u > 1, x,x’ € R", denote
Plo(x)-Zyp € upsA,o(X') - Zyysih—1 € ups'A)
9(Fz(un)) '
The functions £,,, converge in Ll(XLh,Xu,quh_l) to the functions £, defined (15). For

u > h, Zyp and Zy y4p—1 are independent, so £, ,, converges a.s. and in Ll(Xl,h,X%quh_l)
to 0.

Emu(A,x,x’, s,8) =

The random variables ¢, , are m + h’ dependent. Thus,

cob <Z Cnr(B,5),>  Cnn(B, ) | X) = cob(Cnr(B,5), Gup(B'8') | X)
r=1 r=1

r=1
n m-+h'
+> ) cob(Gur(B, ), Cnjrul(B8) | X) (52)
r=1 u=1
n m-+h'
+> ) cob(Gujtul(B,s), Gur(B8) | X)) (53)
r=1 u=1

For u=1,...,h A (m — h) it is easily seen that

> cob(Gn (B, 5), Cnpsu(B,8) | X)
r=1

)

n
Lo o(Xyrino1, X 18,8
ng(k‘/n) ; n,u( r,r+h—1 r+u,r+ut+h—1,S S)

X ]P)(Yr-i-m,r—i-m-l—h € BaYr+u+m,r+u+m+h’ e | X)
E [‘Cu(Avxl,haXu,h-i-u—la S S/)]P)(Ym,m-‘rh € BaYu—i-m,u—i-m-‘rh’ € B | X)]
(E[o*(X)])°

—p
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negligible. If h > m — h, then for large n and m — h < u < h, we have (u,s’A) N B = 0, so,
forallr=1...,n,

/
]P(Yr,r—l—h—l € unSAer—l—u,r—l—u—l—h—l € Uns A7

/
Yr+m,r+m+h € BaYT’+u+m,r+u+m+h’ €B ’ X) =0.

For u > h, then as mentioned above, £,(A4,", -, s,s') converges to 0 in L*(Xy j, Xy uth—1) S0

> " cob(Cnr(B,$), Grarul(B'8) | X) —5p 0.

r=1

This proves (50). Next, since ¢, , are indicators and applying (41)

(Win(s, A)Vi(B)]

nglefmy

SORCE (B,s)] < O

r=1

This proves (51) and the weak convergence of finite dimensional distributions. O

Proof of Claim 3. By definition of the functions L, and G,, (cf. (42) and (25)), it clearly
holds that

’Gn(Aa B7 S, X?‘,?‘—i—h—la Xr’-i-m,r—i-m—i-h’)‘ < Ln(S, Xr,r+h—1) .

We apply the variance inequality (B.3) in the weak dependence case to get
C C
var(Ey, 2(B, s)) < Evar(Gn(A,B,s,Xl,h,X1+m71+m+h/)) < gE[Ln(S,XLh)] .

By (38), Ly,(s,x) < CM (o (x)). Thus, by (13), the right hand side is uniformly bounded, thus
var(E, 2(B,s)) = O(1/n) and for any fixed s > 0, \/nE, 2(B,s) = Op(1). Tightness follows
from Lemma C.4, thus E, 2(B,-) converges uniformly to 0 on any compact set of (0,00]. O

Proof of Claim 5. Consider now the bias term K,, — K. Recall that (see (45) and (41))

Kn(B7 s) = E[Kn(B7 S)] - T(S)N(A)p(Av B,m) = K(B7 s)

Therefore, K, (B,s) converges pointwise to K(B,s). The goal here is to show that this
convergence is uniform. Using (48) and recalling the formula for p(A, B, m) (see (16)), we
have

K(B,s) = T(s)E[L(X1.0)P(0(Xmmin') - Zommin € B|X)] .

Therefore, recalling the definition (21) of v, (A), we obtain that

|K,(B,s) — K(B,s)| <E SI>111) |Ln(s,X1.n) — T(s)L(Xyp)|| = vn(A) .
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Proof of Corollary 6. In the following, y stands for the set (—oo,y] in the previous notation.
For y € R+ rewrite the decomposition (44) in the present context to get

T IN{n(Y7§n) _K(Y7§n) \II(Y) ~
U, (y)—¥(y) = - - = en(&n) —(A)T(&n)} -
) - ¥) Y =y enl6n) — A T(E))
Thus we need only prove that the sequence of suitably normalized processes Kn(s,y) —
K, (y,s) converge weakly to the claimed limit. The convergence of finite dimensional distri-

butions follows from Theorem 5 and the tightness follows from Lemmas C.3 and C.4. O

Proof of Theorem 7. Claims 1, 2, 4 and 5 hold under the assumptions of Theorem 7. Thus,
the result will follow if we prove a modified version of Claim 3.

Claim 6. If 27(A,B)(1 — H) < 1, then ’y;T(A’B)/2En72(A,B, -) converges weakly uniformly
on compact sets of (0,00] to a process T - Z(A, B) where the random variable Z(A, B) is
in a Gaussian chaos of order T(A,B) and its distribution depends only on the Gaussian
process { X, }.

For any d € N*, q € N% and x € R?, denote
d

Hy(x) = [ [ Ho (@) -
i=1
Define X; = (X411, .-, Xj4n, Xjtm, - -, Xjtmsn ). The Hermite coeflicients of G\, (A, B, s, -)
and G with respect to X can be expressed, for q € N+ +1 a9

Jn(qv 8) = E[HQ(XO)Gn(Av Bv 87X0)] ) J(q) = E[HQ(XO)G(XO)] .

Since G, (A, B, s,-) converges to T'(s)G(-) in LP(Xy) for some p > 1, J,(q,s) converges to
57 J(q). Let U be an (h + k' + 1) x (h + h/ + 1) matrix such that UU’ is equal to the
inverse of the covariance matrix of Xo. Define J}(q,s) = E[Hq(UX0)Gn (A, B, s,UX)] and
J*(q) = EHq(UXy)G(Xp)]. Under Assumption 1, the function G, can be expanded for
x € R+ g

Gu(A Bosix) ~BIGu(ABs. o)l = Y P H ) 41, (5%,
lal=7(4,B) ’

where 7, is implicitly defined and has Hermite rank at least 7(A, B) 4+ 1 with respect to UX.
Denote Ry, (s) =n"1t>"_  rn(s,X;). Applying (B.3), we have

var (R, (s)) < C <7£(A’B)+1 v %) var(Gp, (A, B,s,Xp)) < C <7£(A’B)+1 v l) E[L2(5,X1)] -

n
By Assumption (13), E[L2(s, X )] is uniformly bounded, thus var(R,(s)) = O(VZ(A’B)) and
Yr T(A’B)Rn(s) converges weakly to zero. The convergence is uniform by an application of
Lemma C.1.
Thus, the asymptotic behaviour of v, 7(A.B)/ 2En,2 is the same as that of
Ji(qs)n~t -
Zn(s) = Z HT v T ABN2 Z Hq(UX;) .
laj=7(A,B) r=1
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By [Arcones(1994), Theorem 6], there exist random variables X*(q) such that Z,(s) converges
to

la|=7(A,B)

for each s > 0. To prove that the convergence is uniform, we only need to prove that J*(q, s)
converges uniformly to 7'(s).J*(q) for each q such that |q| = 7(A). Since the coefficients J; can
be expressed linearly in terms of the coefficients J,, it suffices to prove uniform convergence
of the coefficients J,. Applying Holder inequality, we obtain, for p > 1 and for any a > 0,

sup | Jn(a, s) — T'(s)J(a)| < CE [sup|Ln(s, X1) — T(s)L(Xqp)[

s>a s>a

As already shown in the proof of Lemma 4, this last quantity converges to 0 for p = 2. O

Appendix

A Second order regular variation of convolutions

Lemma A.1. Let Zy and Zy be i.i.d. non negative random variables with common distribution
function F that satisfies Assumption 2. Then

Pla1Zy + agZy > t) — F(t/ay) — F(t/az)| < Clag v 1)* (ag v 1)*F* tF(t) /Ot F(v)dv.

Proof. Obviously, we have
]P’(alZl 4+ aoZy > t) = F(t/al) + F(t/ag) - F(t/al)F(t/ag)
+P(t/2 <a1Z1 < t)]P’(t/Q < a9y < t)
+P(a121 < t/2,a2Z2 <t,a1Z1+ asZy > t)
+]P’(a2Z2 < t/2,a1Z1 <t,a1Z41+ asZy > t) .

Thus, we obtain

‘]P’(alZl + a9 Zy > t) — F‘(t/al) — F(t/(@)‘ < 2F’(t/2a1)F(t/2a2) + F(t/ag)ll + F(t/al)lg .

with
F(t(l — alZl/t)/ag)
L =E|1 _ —1
F(t(l — ang/t)/al)
I,=E|1 = -1z .
i [ (s { F(t/a)
Since F' satisfies Assumption 2, we have, for v € [1/2,1] and s > 0,
0< —F(’LLS) — 1= u_aeflu @dv — 1= {u_a — 1}ef1u @dv + eflu @ dv _q

T F(s)

* * 1 *
1 n*(sv) 1 n"(sv) SU
< —1)eh2 T W el d”/ n(sv) g,
v
u
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Since n* is decreasing, we have, for all u € [1/2,1],

F
0< 7(us) —1<C{lu*=1|+1log(u)} <C(1—u).
F(s)
Applying this inequality with s =t/as and 1 — u = a1 271/t on the event a1Z; < t/2 yields
t

t
Il § Calt_lE [le{a1Z1§t}] § Ct_l/ F’(v/al)dv § C(a1 V 1)a+5t_1/ F(’U) dv .
0 0

where the last bound is obtained by applying Potter’s bound for some ¢ > 0.

This yields the desired bounds for the term I;. The bound for the term Iy is obtained
similarly. To conclude note that F2(t) = Ot 'F(t) fo ) if @ < 1 and F2(t) =

t_lF fO )if a > 1. O

Remark 2. By induction, we can obtain the bound
t
[B(Zi 4+ 2, > 1) —nF ()] < Ct—lF(t)/ Fv)dv,
0
and we can also recover a particular case of a result of [Omey and Willekens(1987)] in a
slightly different form. For o > 1 and E[Z;] < o0,
{]P’(Z1+---+Zn >t) } n(n —1)

P(Z; > t) =5 tal

lim ¢
t—o0

We apply Lemma A.1 to obtain the bound (32) for the bias term in Example 3 considered in
section 3.3.2. Recall that in this case we have G¢ = 1, uc(A) = 2, and that it always holds
that k/n = Fy (u,) ~ F(u,)E[0®]. Then v,(A) becomes

vn(A) = E [su P(012) + 0925 > uns | X) - ]
s>1 Fy (up)
F(un)
< I (Al + 2142) + 2A3 s
Fy (un)
with
A =E |:Sllp P(o1Z1 + 0:222 > ups | X) B IP’(O’1Z17> Uns | X) - ]P)(0'2227> Ups | X) H ,
s>1 F(Un) F(un) F(un)
P 7 n X _ Elo® F .
B [ [POZ > s |2 L] (Bl
s>1 F(uy,) Fy (un)

Next, applying Lemma A.1 with ¢t = u,, and a; = 0;/s for s > 1 yields A; < Cu;* Ou" F(t)dt.
Altogether, we obtain the bound (32).

By [Kulik and Soulier(2011), Proposition 2.8], the terms Ay and Ag are of order O(n*(u,)).
t

B Gaussian long memory sequences

For the sake of completeness, we recall in this appendix the main definitions and results
pertaining to Hermite coefficients and expansions of square integrable functions with respect
to a possibly non standard multivariate Gaussian distribution. Expansions with respect to the
multivariate standard Gaussian distribution are easy to obtain and describe. The theory for
non standard Gaussian vectors is more cumbersome. The main reference is [Arcones(1994)].
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B.1 Hermite coefficients and rank

Let G be a function defined on R¥ and X = (XM, ... X*)) be a k-dimensional centered
Gaussian vector with covariance matrix I'. The Hermite coefficients of G with respect to X
are defined as

k
J(G,X,q) =E |GX) [ Hy,(x9)|
j=1

where q = (q1,...,qr) € N¥. If T is the k x k identity matrix (denoted by I), i.e. the
component of X are i.i.d. standard Gaussian, then the corresponding Hermite coefficients are
denoted by J*(G, q). The Hermite rank of G with respect to X, is the smallest integer 7 such
that

J(G,X,q) =0 forall qsuchthat 0 <|qg1+ - +aqil <7.

B.2 Variance inequalities

Consider now a k-dimensional stationary centered Gaussian process {X;,7 > 0} with covari-
ance function v, (i,j) = E[XSZ)X,(L] )] and assume either

VI<ij<k, Y |wm(i,j)] <oo, (B.1)
n=0

or that there exists H € (1/2,1) and a function ¢ slowly varying at infinity such that

N 1 (%))
a2y ~ Vi (B-2)

and the b; ;s are not identically zero. Denote then v, = n*772¢(n). Then, we have the
following inequality due to [Arcones(1994)].

For any function G such that E[G?(X()] < co and with Hermite rank ¢ with respect to Xo,
var (n_l Z G(Xj)> < C((n)n? =1y v ! var(G(Xo)) (B.3)
r=1

where the constant C' depends only on the Gaussian process {X,,} and not on the function G.
This bound summarizes Equations 2.18, 3.10 and 2.40 in [Arcones(1994)]. The rate obtained
is n~! in the weakly dependent case where (B.1) holds and in the case where (B.2) holds and
G has Hermite rank ¢ such that ¢(1 — H) > 1. Otherwise, the rate is £9(n)n?H=1),

C A criterion for tightness

We state a criterion for the tightness of a sequence of random processes with path in D(]Rd),
which adapts to the present context [Bickel and Wichura(1971), Theorem 3| and the remarks
thereafter.
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Let T be a rectangle T = T; x T; C R%. A block B in T is a subset of T" of the form Hle(si, ti]
with s; < t;, 1 <7 < d. Disjoint blocks B = H?Zl(si,ti] and B’ = H?zl(s;,t;] are neighbours
if there exists p € {1,...,d} such that s, = t, or 5, = t}, and s; = s} and t; = t] for i # p.
(In the terminology of [Bickel and Wichura(1971)] the blocks B and B’ are said to share a
common face.) Let X be a random process indexed by T'. The increment of the process X

over a block B = H?Zl(si, t;] is defined by

a
X(B) = Z (—1)d_zi:1€’X(81 —l—El(tl —81),...,Sd+6d(td—8d)) .
(€1,...,64)€{0,1}
(This is the usual d-dimensional increment of a random process X. If for instance d = 2, then
X(B) = X(t1,t2) — X (t1,s2) — X(s1,t2) + X (51, 52)). If X is an indicator, i.e. X(y) = 1iy<yy
for some T' valued random variable Y, then X (B) = 1{yepy-

Lemma C.1. Let {(,} be sequence of stochastic processes indexed by a compact rectangle
T C RY. Assume that the finite dimensional marginal distributions of ¢, converges weakly to
those of a process ( which is continuous on the upper boundary of T'. Assume moreover that
there exist v > 0 and § > 1 such that

P(|Gu(B)| A Ga(B) = A) < CATE[up (B U B')] (C.1)

for some sequence of random probability measures i, which converges weakly in probability to
a (possibly random) probability measure p with (almost surely) continuous marginals. Then
the sequence of processes {(,} is tight in D(T,R).

Sketch of proof. For f defined on T'=T) x --- x Ty, i € {1,...,d} and t € T;, define ft(i) on
Ty X - x Ty X Tjpq X -+ x Ty by

ft(Z)(tly--wti—lyti—i-la cotg) = f(t, .ottty .. ta)

and define, for s <t € T; and § > 0,

wi(f,s,t) = sup  F = F oo AN = £ oo s
s<u<v<w<t

wi(f,8) = sup  [IfF = fPlloo AN = £ oo -
u<v<w<u+9

By the Corollary of [Bickel and Wichura(1971)], a sequence of processes {X,} defined on T
converges weakly in D(T") to a process X which is continuous at the upper boundary of T'
with probability one, if the finite-dimensional marginal distributions of X,, converges to those
of X and if, for all 6, A > 0,and al ¢ =1,...,d,

P(w}(X,,8) > A) = 0. (C.2)
For any measure p on T, define its i-th marginal (¥ by
D ((s,8]) = p(Ty X -+ X Tj_q X (8,8] X Tjpy X --- X Ty) ,s,t €Ty .

As mentioned in the remarks after the proof of [Bickel and Wichura(1971), Theorem 3|, an
easy adaptation of the proof of [Billingsley(1968), Theorem 15.6] shows that (C.2) is implied by

P(wf (X, 5,8) > A) < CATE[{p) (s,)}°] (C.3)
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where p,, satisfies the assumptions of the Lemma. So we must show that (C.1) implies (C.3).
The proof is by induction, so the first step is to prove it in the one-dimensional case, where
(C.1) becomes, for u < v <w €T,

P(1Ga () = Ga(w)| A [Ga(w) = Ga(0)] 2 A) < CATTE [ ((u, w])] - (C.4)

The proof of (C.3) under the assumption (C.4) follows the lines of the proof of [Billingsley(1968),
(15.26)] under the assumption [Billingsley(1968), (15.21)]. The key ingredient is the maximal
inequality [Billingsley(1968), Theorem 12.5], which can be easily adapted as follows in the
present context. Let Sp,..., S, be random variables. Assume that there exists nonnegative
random variables u1, ..., u, such that

P(|S; — S;| A Sk — S| > N) < AVE[(u; + - - + ug)’]

for some 6 > 1 and v >0 and all 1 <i < j <k <n and, then there exists a constant C that
depends only on § and v such that

F <1<i1glja<§<n |Si = Sl A Sk = S5l > A) < CATE[(ug + -+ +un)?) .

Proving by induction that (C.1) implies (C.3) in the d-dimensional case can be done exactly
along the lines of Step 5 of the proof of [Bickel and Wichura(1971), Theorem 1]. O

In order to apply this criterion to the context of empirical processes, we need the following
Lemma which slightly extends the bound [Billingsley(1968), (13.18)].

Lemma C.2. Let {(B;,B])} be a sequence of m-dependent vectors, where B; and B, are
Bernoulli random variables, with parameters p; and q;, respectively, and such that B; Bl =0
a.s. Denote Sy, = > (Bj —pj) and S}, = >°"_ (B} — q;). Then, there exists a constant C
which depends only on m, such that

n n 2
E[S25.7%] < C (ZM) (Z%) <C (Zpi\/%> . (C.5)
i1 i—1

Proof. We start by assuming that the pairs (B;, B_{) are i.i.d. and we prove (C.5) by induction.
For any integfalgle random variable X, denote X = X — E[X]. For n = 1, since B1B] = 0,
we obtain E[B;B]] = —p;q; and
=9 5,2
E[B}B']] = E[(B1 — 2p1 By + p?)(B] — 201 B + q7)]
=1’ +piq — 3pi¢* = ;i (pr+ @1 — 3p11) < piga -

The last inequality comes from the fact that B;B] = 0 a.s. implies that p; + ¢; < 1, and
0<p+qg—3pqg <p+q<1forall p,¢g >0 such that p+¢q < 1. Assume now that (C.5) holds
with C' = 3 for some n > 1. Then, denoting s, = _,'_; p; and s, = >_""_, q;, we have

[Sn—i—lsl ]

2 =2 2
= E[S25,7] + E[S%]E[B,nﬂ] + E[S, ]E[B n—i—l] + 4E[S, S, |E[Bpi1 By, 4] + E[Bn+1B'n+1]
/ /
< 3snSp, + SnGn+1 t SpPnt+1 + 4Pn+1qn+1 sz‘qz' + Pn+19n+1
i=1
< 33n3/n + 38nqn+1 + 3S/npn+1 + Pnt1Gnt1 < 33n+13%+1 .
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This proves that (C.5) holds for al n > 1.

We now consider the case of m-dependence. Let a;, 1 <1i < n be a sequence of real numbers
and set a; = 0 if 4 > n. Then
2

n m [n/m] m  f[n/m]
(So) = (8 wm] =S (5w
i=1

qg=1 r=1 q=1 r=1

2

Applying this and the bound for the independent case (extending all sequences by zero after
the index n) yields

[n/m] [n/m]

m m
2
E[S2S! %] < 3m? Z Z Z Z PG—1)ymtgP(j—)ymq’ = 3m2s,s,
O
Let us apply this criterion in the context of section 3. Fix a cone j and a relatively compact

subset A € j. Recall that E,, ; and E,, 5 are defined in (46) and (47).

Lemma C.3. Under the assumptions of Theorem 5 or 7, for any fived B € R+, E,.1(B,")
is tight in D([a,b]), and if moreover W 4, 5, is continuous, then E, 1 is tight in D(KC x [a, b])
for any 0 < a < b and any compact set K of R+,

Proof. Since A is a cone, if s < t, then tA C sA. Thus, a sequence of random measures [,
on R% x (0,00) can be defined by

) 1 On (Y € supd | X)
— 00 00 = — 2 Y <
Mn(( 7y] X (87 )) n ; . (k‘/n) [P)( r+mr+m+h’ XY | X)

= —ZG A B S thXr-i-mr—i-m-i-hUY)
r=1

where G, is defined in (25). Then fi, converges vaguely in probability to the measure pu
defined by

(=00, y] x (5,00)) = (A)T(5)¥ a,m,n(y) -

Then, by conditional m-dependence, for any neighbouring relatively compact blocs D, D’ of
R? x (0, 00], applying Lemma C.2 yields

E[E} ((D)ER 5(D") | X] < Clin(D)fin(D') .
Taking unconditional expectations then yields
E[Eﬁ,z(D)Eﬁ,z(D')] < CE[pin(D)jin(D")] < E[fiz,(D U D')] .

Thus (C.1) holds with § =« = 2. In the context of Theorem 5, for any fixed B, this implies
that for each B, the sequence of processes E,, 1(B,-) is tight, since the limiting distribution
is proportional to T'(s) which is continuous. If the distribution function ¥ is assumed to
be continuous, then Lemma C.1 applies and the process E, 1 is tight with respect to both
variables. O
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Lemma C.4. Under the assumptions of Theorem 5, for any fizted B € RY+1, Emg(B,)‘
converges uniformly to zero on compact sets of (0,00]. Under the assumption of Corollary 6,
E, 2 converges uniformly to zero on compact sets of R +1 % (0, 00].

Proof. We only need to prove the tightness. By the variance inequality (B.3) and Holder’s
inequality, we have, for any relatively compact neighbouring blocks D, D" of R? x (0, c0),

P(|E2n(D)| A |E2pn(D)] 2 A) < /\_2\/E[Ein(D)]E[E%,n(D’)] < ATE[E3, (DU D)
< CAX B[ (DU D))
where fi,, is the random measure defined by

~ P(Y1 € su,A | X)
) = )

P(Ym,m—l—h’ < y ‘ X) .

The sequence fi,, converges vaguely on R? x (0, 00|, in probability and in the mean square to
the measure [ defined by

vi(o(Xin) ' - A)
Elvc (o X)L A)

(=00, y] x (s,00]) = sTSP(Ymmin <y | X).

The measure i has continuous marginals if we consider the case of a fixed B (which takes
care of Theorem 7). The marginals of i are almost surely continuous if F is continuous, so
Lemma C.1 applies. O
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