N
N

N

HAL

open science

Invariant and Some New Exact Solutions of Burgers
Equation
Aziz Ouhadan, Toufik Mekkaoui, El-Hassan Elkinani

» To cite this version:

Aziz Ouhadan, Toufik Mekkaoui, El-Hassan Elkinani. Invariant and Some New Exact Solutions of
Burgers Equation. International Journal of Nonlinear Science, 2011, 11 (1), pp.51-58. hal-00624619

HAL Id: hal-00624619
https://hal.science/hal-00624619

Submitted on 17 Nov 2011

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00624619
https://hal.archives-ouvertes.fr

== ISSN 1749-3889 (print), 1749-3897 (online)
!ll ACADEMIC International Journal of Nonlinear Science
AW worid Academic Unlan V0111(2011) NOl,ppSl-SS

Invariant and Some New Exact Solutions of Burgers Equation

A. Ouhadan ! *, T. Mekkaoui 2, E.H. El Kinani 3
! Groupe Algebre et Applications, Département de Mathématiques, Faculté des Sciences
et Techniques Errachidia, Morocco.
2 Département de Mathématiques, Faculté des Sciences et Techniques Errachidia, Morocco.
3 Mathematical Section, International Center For Theoretical Physics ICTP, Trieste, Italy.
(Received 30 July 2010, accepted 12 January 2011)

Abstract. In this work, first we use the classification of one-dimensional subalgebras of Lie point sym-
metries admitted by Burgers Equation and the corresponding reduced differential equations to construct a
large class of new exact solutions. Second, by using the Riccati transformation method, we obtain some new
solutions of the Burgers equation namely, exponential, rational and periodic solutions.
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1 Introduction

Lie’s classical method of group invariants initiated by Sophus Lie [1, 2] in the second half of 19th century, can be provide
new and simple solution to differential equations arising from any application (see e.g. [3, 4, 5]). The symmetry group of a
system of differential equations is, roughly speaking, a group of transformations of independent and dependent variables
leaving the set of all solutions invariant. Once the symmetry group of a system of equations is known, it can be used to
generate new solutions from the old ones, often interesting ones from trivial ones. It can be used to classify solutions as
invariant solutions and to classify and simplify differential equations. An important application is the symmetry reduc-
tion: the reduction of an ordinary differential equation (ODE) to a lower order one, the reduction of a partial differential
equation (PDE) to one with fewer independent variables. Consequently, for a first order equation one parameter symmetry
group allows us to integrate it by a single quadrature. The symmetry method is often used for reduction of partial differ-
ential equations to the equations with fewer number of independent variables and thus for construction of exact solutions
for different mathematical physics phenomenons.

On the other hand the Burger’s equation is a partial differential equation introduced by Johannes Martinus Burgers in
19438 [6] as a simplification of the Navier-Stokes equation where the velocity is a function of only one spacial dimension it
represents the simplest wave equation combining both dissipative and nonlinear effects, and it appears in a wide variety of
physical applications [7, 8, 9]. It can be considered to be integrable in the sense that it is linearizable under the Cole-Hopf
transformation. Here we consider the Burger’s equation with the form :

Up = Upy + Ul (D
which is an important case of the general non linear diffusion equation with convection term
up = (A(u)uy ) + Blw)u, + C(u),

where u = u(z, t) is the unknown function and A(u), B(u), C(u) are arbitrary smooth functions on . The indices ¢t and
x denotes differentiating with respect to the variables ¢ and x respectively. Eq.(1) is obtained where A(u) = 1, B(u) = u
and C'(u) = 0.
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In our previous paper [10] the Lie point symmetries of the Burger’s equation and the corresponding optimal system of
one dimensional subalgebras are performed. A few particular exact solutions are also given for some reduced equations.
In this present paper we complete the resolution of all reduced differential equations corresponding to infinitesimal gen-
erators listed in the optimal system below. The Riccati transformation method is also applied to construct exponential,
rational and periodic solutions.

The paper is organized as follows. In section 2, we recall the optimal system of the Burgers equation. In section 3,
reduced equations of Burgers equation are solved then a large families of exact solutions are obtained in terms of special
functions namely Airy, AiryBi functions, Laguerre, Hermite polynomials and hypergeometric function . In section 4, a
Riccati approach has been applied to construct exponential, rational and periodic solutions. Finally, we conclude with
some discussion.

2 The infinitesimal symmetries and the optimal system of Burgers equation

If we note by G the Lie algebra of symmetries admitted by the Burgers equation Eq.(1) then a general element of this
algebra is written as
V=a1V1 +a2Va +a3zVs + a4Vy + asVs,

where P P o9 8 9
_ - 2¥ i — I
Vistaogo g —lutagn,  Ve=apo+2ia —ug,
o 0 P P
%:t%_%) V4:aix7 %:g

In [10] by use of commutation and adjoint tables the classification of one dimensional subalgebra of G called also the
optimal system is obtained to constitute a list of inequivalent generators which are:

Vs+Vs=tg — 5+ &;
—Va+Vs=—t2 + 2+ Z;
Vs =2,
Vit Vs=tal +122 — (tutz)2 + &
Vi+Vs=—tal — 122 + (tu+ )L + &
BVi+Vo+Vi=tal +122 — (tut+ )L +a2 +2t2 —u
BV —Va+Vi=pBtal + 22 — Btu+2)2 — 2zl — 22 +ul + Z;
BVI+ Vi = Btal + B2 2 — B(tu+z) & + 2
Vs = t5: = 5u;
Vi=tel +422 — (tu+2)2;
ngxa%—l—%%—u%;

where [ is an arbitrary constant.

3 Invariants and reduced equations and the corresponding solutions

In this section we analysis all reduced differential equations corresponding to infinitesimal generators listed in the above
optimal system and we give the corresponding solutions in each cases.

3.1 Reduced differential equations corresponding to infinitesimal generator: V' = V5 + V; and
the corresponding solution

In this case the invariants are:
€ =22 — 12, and w=1t+u,

and the Burger‘s equation (1) is reduced to the ordinary differential equation

4w’ +2ww +1=0. 2)
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where the primes denotes the differentiation with respect £. The general solution of equation (3) is written in terms of
Airy and Airy Bi functions as :

254173 (Bi (1, (-1)132205 (§ + 1) )+ 4i (1,(-1)1522 (§ 4 1) ) e2)
Bi ((—1)1/322/3 (% + cl)) + Ai ((—1)1/322/3 (g + cl)) e

w(z) =

)

where ¢; and co are arbitrary constants. From ¢; = co = 0, we obtain an exact solution of (1) written in terms of AiryBi
functions as :

(71)1/332( (—1)1/322/3 (%;t%))

u(zx,t) = —t 3)
Bi ((_1)1/322/3 ((2754—752)))
3.2 Reduced differential equation corresponding to infinitesimal generator: V' = —V3+ V5 and
the corresponding solution
The invariants are:
§=2x+1t% and w=1t—u.
The reduced equation obtained here is:
dw’ —2ww +1=0. )

In this case the corresponding invariant solution of (1) is also written in terms of Airy functions in the following form
22/3 (BZ (1’ (2)2/3 ((21"4 ) +e )) + Aj (1, (2)2/3 ((295""752) + Cl)) 02)
Bi (2723 (252 var) ) + Ai (2028 (252 v 1))

where ¢; and ¢; are arbitrary constants. Then for ¢; = ¢; = 0, the solution u(z, t), becomes

e (eR)))
u(z,t) =t — Bi((Q)Z/S(%» : S

u(xz,t) =t —

3.3 Reduced differential equation corresponding to infinitesimal generator: V = V; and the
corresponding solution

In this case the invariants are :

¢ =, and w = u.

In this case the equation (1) is taken into the differential equation
w +ww =0. (6)

Solving the equation (6) leads to an exact solution of Eq.(1)which is given by

:erk b3 = 0;
u(z,t) =4 (k2 exp(fac) ) ++b3 b3 >0; (7
v/ —2b3 tan(— Y 22b3x + k3) bs < 0;

where k1, ko and k3 are arbitrary constants.
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3.4 Reduced differential equation corresponding to infinitesimal generator IV = V; + V5 and
the corresponding solution

Here the invariants are:
1

E=2(1+t>)"2, and w=(1+)7u+Et.

The reduced corresponding equation is :
w +ww +&=0. 3

The general solution of equation (9) is written in terms of Hermite polynomial H (n, z)

129728l (=5 =5 (5+3)€)

w(§) = ; 2 : ;
a2 H (= 15, (3 +5) €) v (§) H (-5 + % (-5 +9)¢)
N (i =12 eyl (5 =5 (3 +4) )
2 H (= (34 D)€) vew (F) H (-3 + 5 (-1 +9)9)

iexp(E) (1 + i) H (L 4+, (5 + 4
20 2 (=3 = (4 ) €) e () H (-1 + 5 (-5 + 1))
iexp()EH (<5 + 5 (“3+3)¢
20 (<3 =15, (3 +5) O +ew (F) H (-3 +5, (-3 +5) )

where c; and co are arbitrary constants. Hence, specific values of constants ¢; = —¢ and co = 0 yield to an exact solution
of Eq.(1) given in complex forme
4 T
t)=———+i——>5- 9
wwt) =~ T ©)
3.5 Reduced differential equation corresponding to infinitesimal generator : V' = —V; + Vj

and the corresponding solution

The invariants are :
1

E=2(>-1)7"2, and w=(>—1)Tu+Et.

One finds that the reduced ordinary differential equation is equivalent to the equation:

;1,1
= —— — M 1
w 2w —|—2§ + bs; (10)

where b5 is an arbitrary constant. Equation Eq.(10) can be integrated also in terms of Hermite polynomials

9(1+b5)/2¢ ) (%1 s %>

w(§) = 2 ;
V2 (2‘75/201H (_71 -5 %) +exp(5)H <_71 + 5 %))
pan(i .4
V2 (20200 (5=, 5 ) +exp($)H (5 + %, )

Alran (35 %) e Gn (25 %))

where c; is an arbitrary constant. In this case if we put b5 = 1 and ¢; = 0 we get an exact solution of equation (1) given

by
X
t)=———. 11
u(z,t) T+1 (11
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3.6 Reduced differential equation corresponding to infinitesimal generator : V' = gV, + 15,4V}
and the corresponding solution

The invariants are:

x4+ Bt+1 Bt(x —1)
= d =/ pt2 Rasa
13 \/m, an w Bt +2tu+\/m

Then the reduced differential equation is equivalent to the Riccati type equation

’

1
w = —§w2 — &w + bg; (12)

where bg is an arbitrary constant. The general solution of equation Eq.(12) is given by

w(§) = ;

() m(a
clH(—l—b—6 i)—|—exp<ﬁ)F1 (_—1’6 1 ﬁ)
22 2 402 72
N sexp (&) (2400 F1 (.5, 5)
ot (C1— b 5) e (2) F1 (5. E)
1 273 P35 12 2

where H is the Hermite polynomials and F'1 is the confluent hypergeometric function. For bg = —2 and ¢; = 0 we obtain

an exact solution of (1) that is
B(l—z) 2x+pt+1)
t) = — . 13
ul@t) =~ 52 1 2t (3)

3.7 Reduced differential equation corresponding to infinitesimal generator : V' = gV, —1,+4V)
and the corresponding solution

The invariants are :
r+pt—1 Bt(x+1)

We obtain that the reduced differential equation is also equivalent to the Riccati equation

E= and w = +/Bt2 — 2tu +

’

1
w = —§w2+£w+b7; (14)
where b7 is an arbitrary constant. Equation (14) is integrated by
2
—VabreH (—1- %, &) +beeF1 (14 5,3,5)
w(f) = I be ¢ F1 by 1 52
atf\=%3,yz) TH Ty

where H is the Hermite polynomial and F'1 is the confluent hypergeometric function. for b7 = —4 and ¢; = 0, an explicit
solution of (1) is given by:

7

Az + Bt — 1) Btz + 1)

U((E,t) = (.I ¥ 6t _ 1)2 _ (ﬁtQ — Qt) ﬂt2 — 2t

3.8 Reduced differential equation corresponding to infinitesimal generator: V' = 5V +V, and
the corresponding solution

The invariants are:

V28tx +1 £2 1
SR A i M d =>t+ — +tu.
13 ; , an w 25+25t+u
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The equation (1) is reduced to the ordinary differential equation:
grew” — P + B2lww — €% = 0.

The solution of equation (20) is of the forme

1/3 . 2 2¢ 1 2 i
20 () e (i (1) + a1 (1550 o)

w(é) =  (£2426%¢, [ £2+252¢;
Bz( CRRE )+AZ( SRR )02

where ¢y and ¢, are arbitrary constants. Then it gives rise of an exact solution of equation (1)

W) =10 - 5 g, win g = YL

15)

(16)

3.9 Reduced differential equation corresponding to infinitesimal generator: V = 15 and the

corresponding solution

The invariants are:

So the reduced equation is:
Sw/ +w =0.

The general solution of equation (17) is solved by :

w =

Q
Ea
with « an arbitrary constant, then the equation (1) has as solution

a—T
7 .

u(z,t) =

a7)

(18)

3.10 Reduced differential equation corresponding to infinitesimal generator: \V = V; and the

corresponding solution

The invariants are:
X
E=—, and w = tu + t€.

We find the reduced equation to be equivalent to the Riccati type equation

A

= — — b M

w 2w —+ bs;

where bg is an arbitrary constant.
In this case the general solution of (1) is

2 : -0
Tteit % bS - 07
u(z,t) = { {leatexp(vbsf) — 5=} + b=t hy > 0;

—2b
/=205 tan(— \t/;awcs)fz bg < 0

where ¢y, co and cg are arbitrary constants.
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3.11 Reduced differential equation corresponding to infinitesimal generator: V' = V, and the
corresponding solution

In this case the invariants are : )

&= x?, and W = TU.
Hence, the corresponding reduced equation is
—4820w" 4 (26 — ' — 26ww’ — 2w + w* = 0. 1)
The integration of the last reduced equation (21) leads to the general solution:

Uli-c1,2,%
%524] - 7\/7U |:]-701a 271:|

CovEU [1 _017%71} +VEL [01 - 1,%,3]
WEL-C)U [2- 013 8)) - SVEL e - 2.3,
CzﬁU[ 01,2,1}+\TL[01 1,;,§]
L[Cgixféi] \[L[Cl 727’}))
O [1-01, 3,8 + ver[or - 1,45

written in terms of hypergeometrlc function U and Laguerre polynomial L. Hence for Co = 0 and C; = 2, we obtain
wl)=2-¢&— A Consequently, an exact solution of equation (1) is given by:

w(§) = (45(Cxf

4t 2t

4 Exponential, rational and periodic solutions of Burgers equation

In this section we adopt the Riccati transformation method to Burgers equation Eq.(1) then we obtain new solutions. First
recall that the Riccati method consist to search the solution of the Burgers equation with the form:

u(z, t) = U(E), E=x— M. (23)
If we substitute the above expression into equation (1) and after integration it will be reduced into the Riccati equation
type:
/ 1
U (&) = —5U%(&) = AU(9) +b, (24)

where b is an arbitrary constant. It is known that Eq.(24) posses the following solutions:

e Case ,A=)2+4+2b> 0, the solutions are;

hlJre‘F§
UE)=-2- 1fef§
e Case2, A =)\2+2b=0,
2
U(f)**>\+gy

e Case 3, A = \?+2b <0,

U =-A- V=R (YpRe). i 1Y5el<s
or

U(€) = =X+ vV—Acot (”fg) . if  0<YX——¢t<n
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Then from the above solutions and Eq.(23), we get a families of exact solutions of Burgers equation which are :

1. Exponential solutions
14+ ex/z (z—At)

U(ﬁ,t) =—-A— \/ZW,
2. Rational solutions 9
t)= A+ ——r
uwt) = =2+ TNy
3. Periodic solutions
- vV=A
u(x,t)z—A—V—Atan( (ac—)wf)), if | 5 (x — At) < g,

or

u(m,t):—)\—i—\/zcot(\/?(x—)\t)), if 0< m(m—)\t)<ﬂ'.

Example for A = £1 and b = _71 then A = 0 and the two rational solutions are :

2
(x+1t)

’U/(ZZ,‘,t) =1+ s and u(m,t) =—-1+

(x 1)

5 Conclusion

The Lie symmetry analysis and Riccati methods are a powerful methods to search exact solutions for nonlinear partial
differential equations. In this work, first, by adopting Lie symmetry approach we have used the classification of one-
dimensional subalgebras of Lie point symmetries admitted by Burgers Equation and the corresponding reduced differen-
tial equations to construct a large class of new exact solutions in terms of specials functions. Second, by using the Riccati
method, we obtain some new solutions of the Burgers equation namely, exponential, rational and periodic solutions.
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