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Abstract The present paper is the first part of a work that aims at building a dissipative model of microcrack
friction in quasi-brittle energetic materials. The latter is viewed as an assembly of elementary cells containing
the most salient features of the heterogeneous microstructure of an energetic material. It is intended here to
build an analytical model describing the mechanical and energetic response of such an elementary cell under
confined tension. This is achieved by applying a previously published theory that allows for the determination
of the amount of dissipated and stored energies in heterogeneous dissipative structures containing microcracks
and other dissipative components.

Keywords thermodynamics of irreversible processes · micromechanics · frictional cracks · plasticity ·

dissipation

1 Introduction

The present paper is the second part of a work devoted to the evaluation of local dissipation in some highly
heterogeneous quasi-brittle materials [1,2]. The field of energetic materials provides a good illustration of
such a need. Explosives and solid propellants often display concrete-like microstructures, and deform in a
very heterogeneous way. Under impact loading, heterogeneous heating occurs, and ignition (i.e. autonomous
strongly exothermic chemical reaction, in other words a flame) may take place at the hottest locations, known
as “hot spots” in the specialized literature [3]. It is thought that one of the most likely hot spot processes is
caused by frictional microcracks [4,5] in concrete-like energetic materials, such as the one whose microstruc-
ture is illustrated in Figure 1.
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Fig. 1 A typical concrete-like microstructure for an energetic material [?].

Macroscopic ignition is the result of a nucleation, growth and coalescence of thermochemical processes.
The very first events (i.e. nucleation), prior to any chemical reaction, are triggered by the competition between
local dissipation (heat sources) and small scale thermal conduction (heat losses). It is thus crucial to determine
the (intrinsic) dissipation as accurately as possible, and at the right scale. The problem consists in describing
individual hot spots first, then the whole hot spot population. For this purpose, it is natural to consider the
macroscopic material as an assembly of individual cells, each one possibly containing a single hot spot.
Given the concrete-like nature of the material at stake (see Figure 1), the pioneering work of Andrieux et
al. [6] can be seen as a good starting point. Aiming at designing a thermodynamically-based scale transition
approach for concrete-like and rock-like materials, they considered the microcracked material as an aggregate
of elementary cells. Each cell was assumed to contain a single microcrack embedded in a homogeneous
elastic matrix, and submitted to the overall load at its boundaries.

This approach is attractive in that, in the dilute crack density limit, it allows one to employ fracture
mechanics tools to derive micro-fields from the geometry of each crack, the elastic constants of the uncracked
material (the matrix), and the macroscopic load. However, given the microstructure illustrated in Figure 1,
this picture is clearly oversimplified, and must be adapted to account for strongly heterogeneous materials.
Many energetic materials are polymers filled with more than 80 vol% crystals. In order to reach such high
volume fraction, broad crystal size distributions are used, and the resulting microstructure can be viewed as
large grains embedded in a composite matrix, with large grains volume fractions of the order of 50 %. The
matrix, due to its polymer content, is generally much softer than the large grains. Energetic crystals are often
brittle, and tend to develop transgranular cracks, especially under dynamic loading.

Therefore, the individual cells cannot be seen as a small microcrack embedded in a homogeneous elastic
matrix , and must be replaced by a truly heterogeneous system. Moreover, given the large filler volume
fractions to be considered, the assumption of separation of scales cannot hold either. Then, the material
is seen as an aggregate of highly heterogeneous individual cells, submitted to a so-called mesoscopic load,
supposed locally uniform on the cell boundaries, but allowed to fluctuate from cell to cell. According to this
picture, a two-step scale transition is envisaged. In a first “micro-meso” step, a generic cell model is built
using the effective moduli [7,8] scale transition approach. The second “meso-macro” step uses the generic
cell model as a black box in a statistical averaging process to derive the macroscopic model.

A very careful post-mortem examination of several samples showed that some of them contained small
scale (of the order of 10 micrometers) molten areas. This is for example the case in a sample loaded quasi-
statically under a modest confinement of 20 MPa [9]. This indicates that some of the dissipative processes are
very fast, overcoming small scale thermal conduction, even when the overall load is slow. This was somewhat
confirmed by (unpublished) acoustic emission experiments. It was thus decided to treat damage growth as a
quasi-instantaneous process at the mesoscopic scale, to be dealt with in the meso-macro scale transition step,
and to disregard trans-granular crack propagation.
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The present paper is concerned with the problem of elementary cell model derivation. It uses the general
thermodynamically-based framework established previously [1]. The latter authors showed that the micro-
stress field can be decomposed using a virtually unloaded intermediate state, in which residual self-balanced
stresses and stored energy are defined. The concept of stored energy is of the same nature as the one defined
by Taylor and Quinney [10] (“cold work energy” in their terminology and that of Aravas et al. [11]) in their
famous study of the thermodynamics of strain hardening of metals, although the exact nature of the dissipative
processes are not the same as theirs in the present case. This thermodynamical approach allows one to derive
overall internal variables from microscopic fields, and ultimately to relate dissipated and stored energies to
the overall load. Moreover, it is the authors’ viewpoint that the stored energy is not only important in that
it is not dissipated during loading, but also in that it can be released and dissipated during unloading and/or
reverse loading.

However, the approach depends heavily on the cell and load geometry. The strong heterogeneity of the
cell induces highly variable micro-fields, and a general solution of the cell problem cannot be obtained easily.
Therefore, an approximate solution is sought, by considering a simplification of the local kinematics. This
must be done very carefully, by checking the validity of the kinematic assumptions in a numerical fashion. In
order to assess the feasibility of this approach, the present paper is restricted to the simple geometrical case
of confined tensile loading, and should be supplemented by the more involved case of confined shear loading
in a forthcoming paper.

Section 2 recalls the theoretical background of the previous paper [1], and extends it to the displacement-
based approach. Stress and strain decompositions are then recalled, allowing some macroscopic mechanical
and energetic quantities to be defined. Section 3 provides the method for determining the micro-mechanical
fields, and Section 4 derives the overall resulting model for the stress-based case. In particular, this section
shows how the virtually unloaded state can be reached using an internal stress as a control parameter, revealing
to be a very useful and convenient modelling tool. It is interesting to examine the dual displacement-driven
case, which is the purpose of Section 5. However, this approach is more involved, and the resulting overall
cell model will be derived in a more approximate fashion. Some final comments are given to conclude the
paper.

2 Theoretical background

Since this study is concerned with the development of a generic cell model in view of considering any rep-
resentative volume element as a cell assembly, the following denominations are used. The homogenized
behavior of a cell cannot be qualified as “macroscopic,” and will therefore be referred to as “overall” or
“mesoscopic” in the sequel.

2.1 The effective moduli approach: Overall stresses and strains

Let us consider a domain Ω, bounded by its external surface Φ, containing perfectly bonded elasto-plastic
zones, closed and open cracks, and otherwise made of several perfectly bonded elastic phases. For the stress-
based approach, the external boundary is submitted to a uniform overall traction

Σ.ν = σ.ν on Φ (1)

In this expression, Σ is the mesoscopic (overall) stress tensor, σ the microscopic stress tensor, ν the outward
unit vector, and bold symbols are used for vectors and tensors. In the absence of inertia and body forces, the
following relationship applies

Σ =
1

V

∫

Ω

σ(x)dV (2)

where V is the volume of domain Ω, and x is the position vector of any material point of Ω. Use is then made
of the macro-homogeneity relationship [7,8]

Σ : E =
1

V

∫

Φ

(σ (x) .ν) .u (x) dS (3)
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to obtain the macroscopic strain E

E =
1

V

∫

Φ

1

2
(u (x)⊗ ν + ν ⊗ u (x)) dS =

1

V

∫

Φ

u(x)⊠ νdS (4)

where the symbol ⊠ denotes the symmetrized tensorial product. This expression only uses boundary values,
and the overall strain E can also be expressed in terms of internal fields as follows

E =
1

V

∫

Ω

ǫ(x)dV +
1

V

∫

Γ

u(x)⊠ ndS (5)

where ǫ(x) denotes the microscopic strain tensor, defined everywhere except on crack faces, Γ the crack faces
collectively, and n their outward normal vector (thus pointing from one face towards the other).

For the displacement-based approach, the external boundary Φ is submitted to a linear overall displace-
ment

u(x) = E.x on Φ (6)

It is straightforward to show that Equations (4) and (5) are obtained directly from Equation (6). From the
macro-homogeneity relationship (3), Equation (2) is recovered, and it can be shown that the macroscopic
stresses are also defined in terms of boundary quantities as

Σ =
1

V

∫

Γ

(σ(x).ν)⊠ xdS (7)

2.2 Virtual paths. Stress and strain decompositions

Let us consider the overall stress-strain diagram of Figure 2. Using the superposition principle1, the real stress
state at point B is decomposed as

σ = σ
ref + σ

d + σ
i

u = u
ref + u

d + u
i

(8)

by using virtual (i.e. “thought experiments”) unloading elastic paths. The stress field σ
d + σ

i is obtained
by unloading from B, while freezing all dissipative processes and crack face displacements, down to point
C . The stress field σ

d is obtained by unloading from B, while freezing dissipative processes but not crack
face displacements, down to point D. The fields u, uref , ud and u

i are the corresponding displacements.
Note that since no external stress is applied to the cell at virtually unloaded points C and D, σd and σ

i are
self-balancing fields. Hence

Σ =
1

V

∫

Ω

σ
refdV (9)

1

V

∫

Ω

σ
ddV = 0 (10)

1

V

∫

Ω

σ
idV = 0 (11)

The corresponding strain fields are defined as

ǫ
a
≡ C

−1:σa (12)

where C is the local elastic (fourth order) stiffness tensor, the colon stands for the double contraction product,
and a is any of the ref , d, or i superscripts defined above. It is then possible to show that the overall strain
tensor E may be decomposed into

E = E
ref +E

d +E
i (13)

1 All theoretical developments are detailed in Ref. [1].
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Fig. 2 Virtual thermodynamic paths used to build the components of the free energy.

where

E
ref =

1

V

∫

Ω

ǫrefdV

E
d =

1

V

∫

Ω

ǫddV +

∫

Γ

u
d
⊠ ndS

E
i =

1

V

∫

Ω

ǫidV +

∫

Γ

u
i
⊠ ndS

(14)

In these expressions, it must be stressed that uref is continuous everywhere, ud is continuous everywhere
except on open crack surfaces, and u

i is continuous everywhere except on all crack surfaces.

2.3 Energies

With those notations and definitions, the overall free energy Ψ reads [11,1]

Ψ =
1

V

∫

Ω

σ : C−1 : σdV (15)

can be shown to decompose into
Ψ = W ⋆ +W i (16)

with

W ⋆ =
1

V

∫

Ω

1

2
(σref + σ

d) : C−1 : (σref + σ
d)dV (17)

W i =
1

V

∫

Ω

1

2
σ

i : C−1 : σidV (18)

(19)

such that the overall free energy Ψ is the sum of recoverable elastic and stored energies W ⋆ and W i, respec-
tively. They are evaluated independently at points B and C, respectively. As shown in Ref. [1], the virtual
path OC is followed by applying an internal stress on the transgranular crack; then, the virtual loading path
CB is prescribed by increasing the external stress until suitable boundary conditions are met at the transgran-
ular crack surface. Finally, according to the (isothermal) Clausius-Duhem inequality, the dissipation is given
by [12]

D = Σ : Ė − Ψ̇ = Σ : Ė
i
− Ẇ i (20)
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3 Local fields and overall elasticity: An approximation

In principle, the dissipation can be evaluated if the above-mentioned microfields are known. For the complex
material of Figure 1, an accurate description of microfields can only be achieved numerically. However, in
the context of a future cell assembly, this would require large computational capabilities, and an approximate
analytical approach is preferred. Hence, the elementary cell behavior will be sought in a plane strain two-
dimensional simplified way.

3.1 The unit cell

¿From a geometrical standpoint, we will consider a square elementary cell of length and width L, consisting
of a rectangular inclusion (a large grain) of length ℓx and width ℓy embedded in a homogeneous matrix (thus
neglecting the internal details of the latter), as illustrated in Figure 3. The third dimension of the cell will
be denoted by ℓz in the sequel. This implies that some effects are neglected, and particularly direct grain
contact and Hertz-like cracking. Although very simplified, this geometrical arrangement potentially contains
the most salient physical processes of material deformation, among which unilateral contact and frictional
sliding on both debond and transgranular cracks. The present paper is devoted to describing the unilateral
effect and frictional sliding of inclusion-matrix debond cracks. This can be done under predominant confined
overall tension with respect to transgranular opening direction, and has the advantage of allowing for a quasi-
unidimensional description of microfields. The case of frictional sliding of the transgranular crack will be
examined under predominant overall shear loading in a forthcoming paper. The class of materials at stake is

Fig. 3 The two-dimensional unit cell.

characterized by a high filler volume fraction, accounted for by taking αx ≡
ℓx
L

= αy ≡
ℓy
L

= 0.8. This
corresponds to a surface fraction of 64 %, and would achieve 50 % in the three-dimensional case. In order to
remain representative of an elastomer-bound material, KI = 10 GPa and KM = 1 GPa and taken for Young’s
moduli of the inclusion and the matrix respectively, and a common value of 0.3 is considered for Poisson’s
ratios of both constituents. Finally, the inclusion-matrix friction coefficient is taken to be f = 0.5.

3.2 Approximation of local fields

The elastic response of the virgin elementary cell reads

E
ref = S

eq
Σ (21)

For the present case of confined tension, the response of the above-described elementary cell will be consid-
ered under restricted loads. In the reference frame of the cell (Figure 3), tractions or displacements normal
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to the cell boundaries will only be considered, and the macroscopic stresses and strains are both diagonal in
Equation (21).

The cell is divided into three parts, namely, the longitudinal part of the matrix, the transverse part of the
matrix, and the inclusion, respectively labelled Ml, Mt and I in the following. As illustrated in Figure 4,
the approximate local fields are uniform in each part. In this fashion, the virgin cell may be considered as an
assembly of springs as illustrated in Figure 5. In the following, tensile loads in the x (longitudinal) direction
will be considered, together with compressive confining stresses in the y (lateral) direction. The local fields
are also assumed diagonal in the cell reference frame, and the normal tractions continuous across internal
interfaces (Figure 4). Tangential tractions may not be continuous across internal interfaces, although overall
equilibrium is preserved, as shown below.

Fig. 4 Cell partition and approximations on local fields.

3.3 Overall elastic response

The local fields are considered to be uniform by parts. In this framework, the cell is represented as a spring
assembly, as depicted in Figure 5, in the same spirit as in the simple examples of Ref. [1]. Then, the overall
elastic response is expressed in the following Voigt-like orthotropic form

E
ref =




Eref
xx

Eref
yy

Eref
xy


 ; (Keq)−1 = S

eq =




Seq
xx Seq

xy Seq
xz

Seq
xy Seq

yy Seq
yz

Seq
xz Seq

yz Seq
zz


 ; Σ =




Σxx

Σyy

Σzz


 (22)

where the components of the orthotropic stiffness tensor Seq are given by

Seq
xx =

1

Keq
xx

; Seq
yy =

1

Keq
yy

; Seq
zz =

1

Keq
zz

Seq
xy =

−νxy
Keq

xx

; Seq
xz =

−νzx
Keq

zz

; Seq
yz =

−νzy
Keq

zz

νxy = νzx = νzy = νI = νM = ν

(23)

Then, Young’s moduli Keq
xx and Keq

yy are given by

Keq
xx =

1
1− αx

KM

+
αx

K ′

xx

; Keq
yy =

1
1− αy

KM

+
αy

K ′

yy

(24)

K ′

xx = (1− αy)KM + αyKI ; K ′

yy = (1− αx)KM + αxKI (25)
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Fig. 5 Spring assembly to build the simplified overall elastic response of the elementary cell.

whereas Keq
zz modulus need not be specified in the present plane strain context. As will be seen below,

although highly simplified, this description will reveal sufficient for the present purpose. The results of the
theory will be systematically compared to numerical simulations using the finite element code ABAQUS,
after having checked numerical convergence versus mesh size.

4 Stress-driven approach

4.1 The elastic undamaged case

Besides providing the response of the elastic undamaged cell during the appropriate virtual loading path, the
aim of the present and the next sections is to determine whether a quasi-unidimensional representation of local
fields is appropriate or not. In the present case, the cell is only loaded by a longitudinal external stress Σref

xx ,
and the overall longitudinal strain Eref

xx and the elastic energy W ref are sought. Using the above-described
approximations, the local stresses in the inclusion and the matrix respectively read

σref
Ix (x) =

KI

K ′

xx

Σxx (26)

σref
Mx =

KM

K ′

xx

Σxx (27)

whereas the longitudinal part of the matrix is submitted to the macroscopic stress Σxx. In this expression, the
subscripts I and M denote the inclusion and the lateral part of the matrix respectively. Using Equation (2), the
longitudinal response reads

Σxx = Keq
xxE

ref
xx (28)

where Keq
xx and K ′

xx are given by Equations (24) and (25). With the above-mentioned values of material
constants, Keq

xx = 3.36 GPa and K ′

xx = 8.2 GPa are obtained. A useful result, to be used in the following, is
the average (normal) stress σN

xx at the transgranular crack location of the inclusion

σN
xx =

KI

K ′

xx

Σxx (29)

The strain energy of the cell is given by

W ref =
1

2

Σxx
2

Keq
xx

(30)

Those results compare favorably to numerical ones, as shown in Figure 6. Hence, the quasi-unidimensional
representation of local fields appears adequate to capture the essential features of the overall elastic behavior
of the undamaged cell.
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(a) mechanical response (b) energetic response (c) normal stress at the crack location

Fig. 6 Elastic behavior of the undamaged cell: theory vs. numerical results.

4.2 Elastic behavior of the cracked cell

Let us now consider the case of an elastic cracked inclusion, with neither debonding nor sliding between
inclusion and matrix, as illustrated by Figure 7. This case is also purely elastic, but is unilateral, due to the
presence of the transgranular crack. The compressive response is identical to that of the undamaged cell (see
Section 4.1). In the tensile case, the crack induces highly non homogeneous fields for which no analytical
solution exists to the authors’ knowledge.

(a) virtual paths (b) numerical results

Fig. 7 Elastic behavior of the damaged cell: theory vs. numerical results.

This simple case will be employed to test the virtual path method in the presence of strong gradients. For
this purpose, let us consider path CD-DB of Figure 7. Along CD, no external stress is applied, whereas an
internal stress σ0 is applied normal to the crack faces, in order that an overall strain Ed

xx results. During DB,
the crack displacement jump is maintained constant, while an external stress Σxx is applied to the cell. The
real stress state B is reached when the condition of free surfaces is met on the (open) crack mouth i.e., when
the stress vanishes at this location. From Equation (29), this implies that

σ0 = −
KI

K ′

xx

Σxx (31)
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For the first virtual path CD, it is checked numerically that σ0 is proportional to Ed
xx, and that the elastic

energy is proportional to
(
Ed

xx

)2

Ed
xx = 5.49× 10−10σ0 (32)

W d = 2.4× 10−10σ2
0 (33)

where the numerical constants are expressed in suitable units. For the second virtual path DB, since the crack
faces are held fixed, the cell stiffness is taken to be equal to that of the uncracked one. Equation (29) is then
used to determine Σxx, whereas Equations (28) and (30) are used to evaluate the corresponding elastic strain
Eref

xx and energy W ref respectively. According to the results of Section 2 and Ref. [1]), the strain E⋆
xx and

energy W ⋆ at point B are given by

E⋆
xx = Eref

xx + Ed
xx (34)

W ⋆ = W ref +W d (35)

The resulting overall behavior can then be summarized in the following classical form [13]

Σxx = Keq
xx(1− δ)E⋆

xx (36)

W ⋆ =
1

2
Keq

xx(1− δ) (E⋆
xx)

2
(37)

in which the damage parameter δ must be identified numerically in a straightforward fashion. In the present
case, one obtains δ = 0.69, which corresponds to a softened modulus of Keq

xx(1− δ) = 1.03 GPa. The results
are displayed in Figure 8, and compare favorably to numerical results. The quality of the match is of the same
order as in the uncracked case, with a difference in strain energy of order 10 %, which appears satisfactory,
considering the crack-induced gradients illustrated in Figure 7(b). The main drawback of the method is the
need for numerical identification of the cracked cell stiffness (32), (33), which has to be performed for each
cell geometry and material parameters.

(a) mechanical response (b) energetic response

Fig. 8 Elastic behavior for the damaged cell: theory vs. numerical results.

4.3 Inelastic behavior of the cracked cell: microfields

The full behavior of the cracked cell can now be sought with some confidence. In the preceding sections,
no confining lateral stress was applied to the cell, since linear elasticity was only considered. In the present
case, however, where friction is to be accounted for, a lateral confining stress Σyy is applied in addition to the
longitudinal one Σxx, as depicted in Figure 9.

The virtual path is described in Figure 10. The first step OD consists in prescribing the inelastic displace-
ment jump across the transgranular crack mouth, by applying an internal stress σ0 on the crack mouth, without
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Fig. 9 Boundary conditions.

any external stress Σxx = 0. Along this path, the shear stress grows at the inclusion-matrix interface, until
Coulomb’s condition is reached. At this time, a debond crack is assumed to initiate and grow, and friction
occurs. The local fields will be built as follows. The lateral local stress is assumed as being uniform in the

(a) the three stages of the virtual path (b) Two cases occur, namely,
the debond crack is growing or
not

Fig. 10 The full modelling strategy.

inclusion. A suitable approximation for the inclusion-matrix interface stress τ is (see Figure 10(a))

τ = fΣyy (38)

where f is the inclusion-matrix friction coefficient. The equilibrium of a slice of thickness dx of the inclusion
reads (see Figure 10(b))

SIxσ
i
Ix(x+ dx)− SIxσ

i
Ix(x) = −2τdxℓz (39)

where SIx = ℓyℓz . This differential equation is solved

σi
Ix(x) = σ0 + pIx (40)
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(a) internal detail of the damaged cell along the path OC (b) equilibrium of a slice of the inclusion

Fig. 11 The inelastic virtual path.

where use was made of the condition σi
Ix(0) = σ0, and where

pI = −
2τℓz
SIx

(41)

The longitudinal stress field in the matrix is obtained by considering the equilibrium of slices of thickness dx
of the whole cell

SIxσ
i
Ix(x) + SMxσ

i
Mx(x) = 0 (42)

where SMx = (L− ℓy)ℓz . The longitudinal matrix stress is then

σi
Mx(x) = −

SIx

SMx

σi
Ix(x) (43)

Let the length of the debond crack be denoted by D. Two cases must be distinguished, whether debonding is
partial, i.e. D < ℓx, or not, i.e. D = ℓx.

4.4 Inelastic behavior of the cracked cell: Partial debonding

In the case of partial debonding, i.e. D < ℓx, and since no external stress is applied, the local longitudinal
stress field vanishes at x = D/2, so that

D = −2
σ0

pI
(44)

The internal stress fields are given by Equations (40) and (43) for x < D/2, and vanish elsewhere. For
the virtual elastic path DB, during which the transgranular crack mouth is held fixed, the external stress Σxx

is applied, and generates uniform micro-stress fields σref
Ix (x) and σref

Mx(x), while Equation (31) provides the
missing relationship between σ0 and the applied external stress Σx. The overall inelastic strain is given by

Ei
xx = 2

uM (D2 )

L
= 2

∫ D
2

0
ǫiMx(x)dx

L
=

τℓzD
2

2KMSMxL
(45)

For monotonic tensile loading, Equation (44) applies, and is combined with Equation (31) to yield

Σxx =
K ′

xx

d
Ei

xx (46)

where d is given by

d =
K ′

xxSIxD

KMSMxL
(47)

Inserting Equation (45) into (46) yields

Ei
xx =

1

2

K2
IS

2
Ix

KMSMxLℓzτK ′

xx
2Σ

2
xx (48)
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This expression displays a stress-inelastic strain relationship of parabolic character, as illustrated in Figure 12,
and further discussed below. The stored elastic energy is obtained using Equation (19). After some algebraic
manipulations, it takes the following form [6,14]

W i =
2

3

K ′

xx

(
Ei

xx

)2

d
(49)

The overall free energy then takes the following form

Ψ =
1

2
Keq

xx(1− δ)
(
Exx − Ei

xx

)2
+

2

3

K ′

xx

(
Ei

xx

)2

d
(50)

In this expression, the transgranular-induced reduction of longitudinal stiffness is accounted for through pa-
rameter δ, obtained by comparing the initial stiffness (see Equation (28)) and the slope of Figure 8(a). The
free energy Ψ depends upon the observable variable Exx and two additional internal variables, namely Ei

xx

and d respectively. The first one is analogous to the well-known plastic strain, and may increase or decrease
depending upon external loading. Variable d, on the contrary, cannot decrease. In this respect, it constitutes a
damage variable that describes the amount of internal surface involved in debonding.

The thermodynamic affinities are given by

X =
∂Ψ

∂Ei
xx

= −Keq
xx(1− δ)

(
Exx − Ei

xx

)
+

4

3

K ′

xxE
i
xx

d

= −Σxx +
4

3

K ′

xxE
i
xx

d

(51)

and

y =
∂Ψ

∂d
= −

2

3

K ′

xx

(
Ei

xx

)2

d2
(52)

The dissipation D = −XĖi
xx − yḋ is then integrated along a monotonic tensile stress path, to yield the

dissipated energy

W d =
2

3

K ′

xx

(
Ei

xx

)2

d
(53)

Finally, the differential and integral Taylor-Quinney coefficients are respectively

βd =
D

D + Ẇ i
=

1

2
(54)

βint =
W d

W d +W i
=

1

2
(55)

This is a remarkable result. During continuous growth of the debonding crack, one half of the “inelastic”
work is dissipated, and the other half is stored.This is only the case as long as debonding goes on, as shown
in next section. This result is related to the particular situation studied above and is not general [14].

4.5 Inelastic behavior of the cracked cell: Saturation

When the length of the debond cracks reaches the inclusion length, saturation occurs. The variable d reaches

its maximum value d̂

d̂ =
K ′

xxSIxℓx
KMSMxL

(56)

Besides, the overall inelastic strain Ei
xx reaches a value Êi

xx given by

Êi
xx =

τ lzl
2
x

2KMSMxL
(57)
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whereas the longitudinal stress in the inclusion reads

σ̂i
Ix(x) = −4KM

SMx

SIx

L

ℓx
2 Ê

i
xx

(
x−

ℓx
2

)
(58)

For continued loading, Equation (44) is no longer valid. However, the internal stress σ0 must increase during
the virtual loading path. Since the friction stress τ only depends on the confining stress Σyy, it does not vary,
and neither does the longitudinal gradient of the local stress σi

Ix. In that case, the local fields vary as illustrated
in Figure 10. Hence, the price to pay for keeping a quasi-unidimensional stress field is a stress jump at the
longitudinal inclusion matrix interface, i.e. at x = ℓx/2; however, global equilibrium is preserved. The local
stresses are thus decomposed as

σi
Ix(x) = σ̂i

Ix(x) + σ̃i
Ix(x) (59)

where σ̂i
Ix(x) is given by Equation (58). Equation (39) is still valid, and so is Equation (40). The term σ̃i

Ix(x)
thus represents the uniform part of the longitudinal stresses in the inclusion, and the following equation holds

σ̃i
Ix(x) = −

KMSMxL

SIxℓx
Ẽi

xx (60)

Using Equation (31), the stress-inelastic strain relationship under monotonic tensile loading reads

Σxx =
K ′

xx

d̂

(
Ei

xx + Êi
xx

)
(61)

This expression shows that the inelastic response is no longer parabolic, but becomes linear, as illustrated in
Figure 12.

The stored energy can be calculated using Equations (19), (59) and (43), and takes the following form

W i =
1

6

K ′

xx

d̂

[
4
(
Êi

xx

)2

− 6Êi
xx

(
Ei

xx + Êi
xx

)
+ 3

(
Ei

xx + Êi
xx

)2
]

(62)

The total free energy reads

Ψ =
1

2
Keq

xx(1− δ)(Exx − Ei
xx)

2 +
1

6

K ′

xx

d̂

[
4
(
Êi

xx

)2

− 6Êi
xx

(
Ei

xx + Êi
xx

)
+ 3

(
Ei

xx + Êi
xx

)2
]

(63)

The thermodynamic affinity of Ei
xx is given by

X =
∂Ψ

∂Ei
xx

= −Keq
xx(1− δ)(Exx − Ei

xx) +
K ′

xx(E
i
xx + Êi

xx)

d̂

= −Σxx +
K ′

xx(E
i
xx + Êi

xx)

d̂

(64)

and the dissipation reads

D = −X ˙Ei
xx =

K ′

xx

d̂
Êi

xxE
i
xx (65)

The differential Taylor-Quinney coefficient becomes

βd =
D

D + Ẇ i
=

Êi
xx

Ei
xx + Êi

xx

(66)

Integrating the dissipation along a monotonic tensile stress path, the dissipated energy takes the following
form

W d =
K ′

xx

d̂
Êi

xx

(
Ei

xx −
1

3
Êi

xx

)
(67)

and the integral Taylor-Quinney coefficient reads

βint =
W d

W i +W d
=

Êi
xx

(
Ei

xx − 1
3 Ê

i
xx

)

1
2

(
Ei

xx + Êi
xx

)2

− 2
3

(
Êi

xx

)2 (68)

These equations only account for longitudinal terms, and are thus only valid for constant confining stresses.
The additional term accounting for the elastic energy of this lateral stress in the free energy was omitted for
the sake of clarity.
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4.6 Comparison between theory and numerical simulations

Figures 12 and 13 compare this model with numerical results obtained in the same conditions, for a confining
stress of 100 MPa. The comparison appears satisfactory. The qualitative response is captured correctly, and
the difference is of the order of about 15 %, even up to 20 % longitudinal strain. Given the crudeness of
the quasi-unidimensional description of local fields, it would not be reasonable to expect a better result. The
mismatch is essentially due to two-dimensional effects, and especially to the relatively high gradients in the
neighborhood of the transgranular crack. In particular, the internal stress σ0 is considered as uniform in the
theory; this produces a curvature of the crack mouth, not accounted for in the theory. Figures 14 and 15
illustrate this fact, by comparing the above-mentioned simulations with complementary ones in which the
transgranular crack faces are maintained artificially flat. In the latter case, the virtual path is controlled via the
average of the internal stress σ0 over the crack surface.

(a) total strain (b) inelastic strain (c) displacement jump

Fig. 12 Comparison between theoretical and numerical results - Mechanical response

(a) external work (b) free energy (c) recoverable elastic energy

(d) stored energy (e) dissipated energy (f) integral Taylor-Quinney coeffi-
cient

Fig. 13 Comparison between theoretical and numerical results - Energetic response
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Fig. 14 Numerical illustration of the two-dimensional effects on the accuracy of the theory (longitudinal stress) - left: “normal”
result; right: simulation with rigid crack faces; top: loaded stress state; bottom: virtually unloaded stress state.

5 Displacement-driven approach

5.1 Introduction

Figures 14 and 15 show that two-dimensional effects may have dramatic consequences for a highly heteroge-
neous elementary cell. It is thus likely that stress and displacement driven cells respond in a different manner,

Fig. 15 Numerical illustration of the two-dimensional effects on the accuracy of the theory (transverse stress) - left: “normal”
result; right: simulation with rigid crack faces; top: loaded stress state; bottom: virtually unloaded stress state.
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and in particular that prescribing a uniform displacement on cell boundaries result in overall stiffening. Al-
though the stress-based approach is, on a computational standpoint, the best suited one for the present purpose,
investigating the displacement-based approach might thus be appealing for future works on cell assemblies.

In that case, a constant strain Eyy is first applied to the lateral surface of the cell, the longitudinal one
remaining fixed. Hence, by macroscopic Poisson effect, the cell is under longitudinal compression. If a
longitudinal tensile strain Exx is then applied to the axial surface of the cell, the compressive stress acting
on the transgranular crack mouth must first be removed before friction starts. Moreover, Poisson’s effect
produces a lateral stress variation during axial straining. The process is less simple than in the stress-based
approach, and will be sought in a more approximate manner.

Concerning analytical expressions, uniform strains are applied to the cell boundaries, the local stress
and strain fields keep the same forms as in the stress-driven approach. Macroscopic stresses are given by
Equations (2) and (7). In other words, the relationships between local and overall fields remain the same, and
the stress and strain decompositions as well.

5.2 Elastic response

In a first step, the elastic response of the virgin cell is investigated. Using Equations (21), (22) and (23),
the result is straightforward, and compared to numerical simulations in Figure 16, for the case of a lateral
compressive strain applied at constant rate up to Eyy = −0.1, then maintained constant while a longitudinal
tensile strain is applied at constant rate up to Exx = 0.1. In a second step, the elastic response of the cracked

(a) Stress-strain response in the x direc-
tion.

(b) Stress-strain response in the y direc-
tion.

(c) Free energy.

Fig. 16 Displacement-based approach on the virgin cell: theoretical vs. numerical results.

cell is sought. This is performed in the same way as in the stress-based approach, i.e. by defining a degraded
stiffness tensor in the following form

E
⋆ = S

d
Σ (69)

with

Sd
xx =

1

Keq
xx(1− ξ)

; Sd
yy =

1

Keq
yy

; Sd
zz =

1

Keq
zz

Sd
xy =

−νxy
Keq

xx

; Sd
xz =

−νzx
Keq

zz

; Sd
yz =

−νzy
Keq

zz

(70)

This form shows that the presence of the transgranular crack is assumed to have an effect on the longitudinal
stiffness only. Hence, the degraded longitudinal compliance Sd

xx is evaluated numerically, by identifying
the constant ξ, under tensile loading, but without any confinement. Here, the damage parameter ξ is taken
to be different from δ of the stress-based approach, as it is to be identified numerically, and thus can be
slightly different due to two-dimensional effects. The loading history is the applied in three steps, according
to Figure 17. From the free state labelled 0, the lateral strain Eyy is applied up to point 1. The lateral
displacement is then frozen, and the longitudinal strain Exx applied. The response is that of the virgin cell up
to point 2, where crack opening occurs. This is controlled through Equation (29). Finally, continued loading
results in a softened response, up to point 3.
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Fig. 17 Displacement-based approach on the damaged cell: loading phases, strain components and virtual elastic paths.

(a) Longitudinal response. (b) Transverse response.

Fig. 18 Displacement-based approach on the damaged elastic cell: theoretical vs. numerical results.

The theoretical predictions are compared with numerical simulations in Figure 18. It is seen that sep-
aration of the crack faces is predicted later in the theoretical approach than in the simulations, this again
being due to two-dimensional effects. The tensile phase begins with a decrease of the free energy, which
corresponds to a decrease of lateral stresses. The effect is more pronounced in the theoretical results, but the
correct trend is captured by the model.

5.3 Inelastic response

The main difficulty for describing debond crack friction lies here in the fact that, due to Poisson’s effect,
the interfacial stress is not constant during the tensile path. This problem can be overcome in a numerical
approach, but again, a fully analytical approach is preferred. Hence, an additional assumption is needed, as
will be explained now. This is illustrated in Figure 17.

As previously, two cases are to be distinguished, whether the inclusion-matrix crack is partially or totally
debonded. In the first case, Equations (38) to (48) remain valid. The longitudinal overall strain Exx is split
into three terms

Exx = EP
xx + E⋆

xx + Ei
xx (71)

In this expression, EP
xx is the tensile overall strain needed to reach zero normal stress on the transgranular

crack mouth (i.e. to overcome Poisson’s effect), E⋆
xx and Ei

xx have the same signification as previously. The
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first term EP
xx is easy to find out, as shown in Section 5.2. The second term E⋆

xx is given by

E⋆
xx =

Σxx

Keq
xx(1− ξ)

(72)

whereas the last term Ei
xx is given by

Ei
xx = −

τyℓzD
2

2KMSMxL
(73)

where, as previously

D = −2σ0

pI
(74)

pI = −
2ℓz
SIx

(75)

τy = fIMΣyy (76)

σ0 = −
KI

K′

xx
Σxx (77)

Combining Equations (71), (72), (73) and (74) yields

−

(
KISIx

K ′

xx

)2
Σ2

xx

2KMSMxLℓzfIM
Σyy +

Σxx

Keq
xx(1− ξ)

− (Exx − EP
xx) = 0 (78)

This constitutes a second order equation in Σxx, easy to solve as soon as Σyy is known. However, due to
Poisson’s effect, the latter evolves during tensile loading, and Equation (78) should be solved incrementally.
In order to keep a closed-form solution, the assumption will be made that the lateral overall stress varies only

slightly during extension, and sticks to its value at point 2, labelled Σ̂yy in the following. The solution to
Equation (78) with this additional assumption is

Σxx =
− 1

K
eq
xx(1−ξ)

+

√(
1

K
eq
xx(1−ξ)

)2

+ 4 C

Σ̂yy

(Exx − EP
xx)

2 C

Σ̂yy

(79)

in which

C = −

(
KISIx

K ′

xx

)2
1

2KMSMx

LℓzfIM (80)

In the case of totally debonded matrix-inclusion crack, the solution is

Σxx =
Exx − EP

xx +
ℓzfIM Σ̂yyl

2

x

2KMSMxL

dM

K′

xx
+ 1

K
eq
xx(1−ξ)

(81)

This model is compared to numerical results in Figures 19 and 20. Again, despite the relative crudeness of
the model assumptions, it captures correctly the main features of the elementary cell response.

6 Conclusion

The theory developed in a companion paper [1] to compute dissipated and stored energies in heterogeneous
materials is used here to derive the first part of an ignition model for quasi-brittle energetic materials. An
elementary cell is defined to be as simple as possible, although remaining representative of the microstruc-
ture of the class of materials at stake. This cell is made of a cracked hard elastic inclusion embedded in a
homogeneous elastic soft matrix.

To get closed-form solutions, simplifying assumptions are made regarding the local mechanical fields. A
fully analytical model is then built using the stress-based effective moduli approach, in the case of confined
tension along the crack normal direction. Debonding and frictional sliding occur between the inclusion and
the matrix. Using the concept of virtual elastic unloading, stored and dissipated energies are derived, and the
integral Taylor-Quinney coefficient is shown to decrease slowly from an initial value of 0.5. This means that
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(a) Longitudinal stress-strain response. (b) Transverse stress-strain response.

Fig. 19 Comparison between displacement-driven theoretical and numerical results - Mechanical response.

(a) External work. (b) Free energy. (c) Dissipated energy.

Fig. 20 Comparison between displacement driven theoretical and numerical results - Energetic response.

a large amount of energy is stored during the loading process, and could possibly be released and dissipated
during unloading and reverse frictional sliding. Regarding ignition, this appears as a key point, which should
be examined in the future.

Given the microstructure of the materials considered herein, in particular the high volume fraction of
inclusions, it is likely that an assembly of such elementary cells appears much stiffer if displacement bound-
ary conditions are applied to the cells. Therefore, although much less suited than the stress-based one, the
strain-based approach was also investigated. This required additional assumptions, but it was shown that the
approach can be handled. As a result, both approaches, when compared to numerical simulations using the
finite element code ABAQUS, revealed reasonably accurate and, most of all, displayed the right trends.

The class of materials considered might involve dissipative behavior of the matrix. This could occur
depending on the nature of the matrix itself, but also, for the material displayed in Figure 1, if a pressure (or
strain-rate) induced glass transition takes place. In that case, the model presented here should be modified
to account for, say, an elastic-plastic matrix. This can a priori be handled by the theory used herein [1].
Besides, the inclusion-matrix frictional sliding is not the only potential source of ignition. Many inclusions
are cracked in the real material, thus providing additional potential heating sources for ignition. This new
physical process can only take place under confined shear loadings, and must involve a completely separate
modelling approach, especially regarding the representation of local fields. This will be the subject of a
forthcoming paper.
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