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Abstract

The purpose is to study systems of interacting particles, in the
General Relativity context, by the principle of least action, using
purely classical concepts. The particles are described by a state ten-
sor, accounting for the kinematic part (rotation) using a Clifford al-
gebra, and the interaction part (charges). The force fields, including
gravitation and other forces, are described by connections on princi-
pal bundles. A solution has been found to account in the lagrangian
for individual, pointlike, particles. The constraints induced by the
equivariance (gauge) and covariance are reviewed. Modified Lagrange
equations are written for general lagrangians. A model, based on
scalar products, Dirac operator and chirality is studied in more details.
Problems related to symmetries, including the Higgs mechanism, are
introduced.

With a comprehensive coverage of topics, and the purpose of find-
ing a physical meaning to the mathematical tools used, it can be a
useful pedagogical study. But it opens also some new paths.
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The principle of least action has been the workhorse of theoretical physics
for decades. Both its high versatility and prodigious efficiency largely make
up for the weakness of its foundations. In its many implementations two
different paths can be broadly discerned. The classical approach (in new-
tonian or relativistic geometry) encompasses mechanics and the theory of
fields, and provides sound basis to statistical mechanics and thermodynam-
ics. There are many ways to address the lagrangian specification (Morrison
[19 ], Soper [24]), but the key is to proceed quickly to the phase space, en-
dowed with a symplectic structure, where all the mathematical tools can be
efficiently deployed (Hofer [9]). The various Einstein-Vlasov equations are an
example of this approach (Choquet-Bruhat [3]). On the other hand quan-
tum mechanics and the quantum theory of fields make also an intensive use
of the principle of least action, as an hamiltonian or lagrangian is required
as starting point. The two main differences are that the distinction between
particles (matter fields) and ”force fields” (bosonic fields) is blurred, and that
the basic axioms of quantum mechanics (such as summed up by Weinberg
[30]) and the Wigner theorem open the way to a more direct analysis of the
equations. It is the only theory that gives us some predictions for the phys-
ical characteristics of the particles and how they change but, if there is no
need to aknowledge its power, we are still left with one the biggest enigma of
modern physics : ”Where does the first quantization come from ?”. As both
the classical and quantum approaches lead, through Poisson brackets and the
likes, to Banach algebras, one way to answer this question is to circumvent
the principle of least action and go straight to C*-algebra. It is roughly what
is attempted with the algebraic quantum field theory (Halvorson [8]). One
issue is that in the simplest of physical system (1 spinless particle) the set
of observables is not a C*-algebra...and anyway one is still far away from
understanding the axioms of quantum physics.

So, whatever one’s personal philosophical belief about "realism in physics”,
it seems useful to pursue further the classical approach with the principle of
least action. All the more so that decades of hard labour and progresses in
mathematics have brought to us new schemes, such as the Yang-Mills de-
scription of the fields, and powerful tools such as fiber bundle or Clifford
algebra. It is the main objective of this paper : check if it is possible to
build a useful and comprehensive model of particles interacting with fields,
in a purely classical way, using the tools of to day (or at least yesterday),
hoping to get some hint at the meaning of quantum physics. Much work



has already been done about the mathematical foundations of a "modern”
classical theory of fields (Giachetta [5]) but I want to focus here on putting
together the ingredients to get the full picture of a physical system.

To be useful and comprehensive the model should :

- adopt the geometry of General Relativity, without any exotic feature
(no extra dimension)

- describe the kinematic (meaning here rotation and any other self cen-
tered geometric movements), the dynamic (meaning here displacement in
space-time) and the physical characteristics (such as mass and charge) of the
particles, prior to any quantization

- include gravitation and ”other” forces, seen separately (no "GUT” in
stock) and treated as gauge fields in a Yang-Mills formalism

- stay at the "laboratory level” (no cosmology).

As much as possible the different mathematical objects and hypothesis
should be clearly defined and related to physical or experimental procedures
that could be used to get numerical values of the variables.

Two difficulties arise :

- The ”point particle” issue : the need to manage simultaneously force
fields and matter fields raises some mathematical difficulties which should
not be discarded lightly. I overcome them with an adaptated Green function
in what seems to be a new solution. However the self-radiation reaction issue
(Poisson [21], Quinn [22]), which is more about solving the equations, has
been kept out of the scope of the paper.

- The metric issue : the formalism of fiber bundle does not fit well with the
traditional treatment of gravitation based upon the metric. Furthermore, as
we will see, the connexion should not be torsion free. So I stay firmly in the
scheme of fiber bundle and connection, expressed in the tetrads formalism,
and the metric tensor is seen as a by-product of the orthonormal basis.

The first part gives the description of the geometric model (a gaussian nor-
mal coordinates system), the kinematic model (a representation of a Clifford
algebra), the physical characteristics of the particles (through the represen-
tation of a unidentifed compact group U) the associated tensor bundle of
their "state”, and the covariant derivative.

The second part starts with a description of the configuration bundle and
gives a solution to the treatment of individually interacting particles. Then
it addresses the lagrangian issues : gauge invariance and general covariance,
and sets up the most general constraints on a lagrangian.

The procedures to solve the variational problem are reviewed in the third

4



part, from the general fiber bundle and the functional derivative formalisms,
the equations are listed and the Noether currents for gravitation and the
other fields are evidenced with their super-potentials. The definitions and
properties of the energy momentum tensor are reviewed including a ”super-
conservation law”.

In the fourth part the scheme is implemented in a simple, but quite gen-
eral, model. It requires the definition of scalar products on the fiber bundles,
of the Dirac operator, and the introduction of chirality, which enables to fur-
ther specify the representation spaces in the vector bundles. A lagrangian is
specified. In this simplified, but still comprehensive, model the Noether cur-
rents lead to moments (linear and angular momentum, charge and ”magnetic
momentum”) which characterize the particles. The gravitational connection
has an explicit and simple formulation from the structure coefficients and the
moments, showing that the connection will not usually be torsion free.

Symmetries are reviewed in the fifth part : the CPT problem has a simple
explanation. Spatial symmetries (spin particles) induce a strong dependance
of the state of the particles upon the 3 parameters defining a spatial ro-
tation, and its ”paradoxical” properties are evidenced. Physical symmetries
(involving the group U) are studied first as defining families of particles, then
through the breakdown of symmetries in the Higgs mechanism.

In the final part the model is implemented to do the junction with general
relativity and electromagnetism.

Overall the paper shows most of the fundamental concepts of field theory
in a consistent and comprehensive scheme, and in a fully classical picture.
Implementing all the tools which are now common in theoretical physics, it
should be a useful pedagogical instrument. This paper requires a common
knowledge of the principles of fiber bundles, connections and Lie groups. As
often as possible the basic definitions are recalled. Some calculations are a
bit cumbersome, but I feel better to follow a simple if lengthy path than to
risk shortcuts which would require sophisticated mathematical concepts.

As such the model can be a good starting point to investigate further



Part 1
FOUNDATIONS

Our aim is to build a model describing a system of N-particles interacting
with gravitation and other forces fields. The first key word is "system”. In
physics it has great implications : it means that the particles can be iden-
tified, their trajectories and properties measured and followed up for some
time, by observers who are networked in order to get a full picture of what is
happening. Perhaps some people would object that it is an impossible task
from the quantum point of view, but in classical physics, where we stand, it
is a sensible one, and any scientist should start by defining what it means by
the ”system” that he (or she) is modelling. So the system is supposed to be
included in a not too big region of the universe (that excludes cosmology),
clearly defined in space and time (no infinities, but large enough so that it
can be considered as isolated from external interactions), inhabited by par-
ticles (which, as usual, are physical objects without any internal strucures
involved - no scale is implied), gravitation and ”other” forces fields (electro-
magntic and the likes). A single, or a network, of observers has defined a
map and frames to measure all geometric quantities (such as position, speed
and angular momentum) and procedures to measure the physical quantities
such as charge and fields. It is clear that the second are deduced from the
first using some test particles or fields.
The first step is so to define the geometric part of the model.

1 GEOMETRY

The geometry is that of general relativity : the space-time universe is a
smooth connected Hausdorff manifold M endowed with a metric g which has
the signature - +++ or + - - -. The signature is not a trivial issue as we shall
see. I will use the less conventional, but here more convenient (and more
natural), - + + + signature.

In general relativity it is traditional to take g as a starting point. With
the additional hypothesis that matter particles have a constant 4-velocity
equal to -1 (with the - + 4+ + signature) and photons a null 4-velocity one
can build a causal structure of events over M which, with some generally
accepted assumptions (called hyperbolicity), leads for M to the structure of



a trivial fiber bundle SxR where S is a 3-dimensional space-like hypersurface
(a Cauchy surface) (Wald [29]).

Another way is to start from a bundle of orthonormal bases (the tetrads).
The key ingredient is a principal fiber bundle O,; modelled on the connected
component of the identity SOy(3, 1) of the Lorentz group SO(3,1). Local triv-
ializations charts are maps : ¢, : M x SOq (3,1) — Oy;. From it one builds
an associated vector bundle Gy = O X 504(3,1) R* using the standard rep-
resentation (R*, 7) of SO(3,1). The orthonormal bases d; (m) are the images
of the canonical base &; of R* : (¢, (m, 1) ,¢;) ~ (gpo (m,h=1), 7 (h)! 5j) but
with a Lorentz metric and are defined with respect to an holonomic frame
by a matrix [O] € GL(4) : 0; (m) = Of0,. The vector Jy defines a time
like distribution T(O) and the 3 vectors 0y, 02, 03 a space-like distribution
S(O). Together they define a metric go5 = 77020/ with which the basis is
orthonormal. If this strucure has a physical meaning, the distributions are
integrable over M and define a foliation of M by the hypersurfaces orthogonal
to T, and we get back the previous topology with hyperbolicity. The neces-
sary and sufficient condition for that is that the 1-form Ofdm® is closed. If M
is simply connected then there is a scalar map N(m) : Ofdm® = (0, N) dm®
Lwhich gives a unique time to a point in the universe.

This second approach seems a bit abstract. But actually it is closer
to the way an observer can see the structure of the universe. Indeed it is
not sufficient to define mathematical objects : we should also give some
procedure, however farfetched, to link them to physical measurements.

1.1 Building a chart

A point in the universe is situated by 4 components, and we need to build
amap : R* — M. It is easier as we have limited the system in a "not too
big” region of M. This map is a classical ”gaussian” chart. We recall how it
works.

1) The starting point is a connected space-like hypersurface S(0) : it rep-
resents the "present” of an observer at the time t=0. The induced metric
upon S(0) is riemanian. Over each point x of S(0) there is a unique unitary
future oriented vector n(x) normal to S(0) and in a neighbourood of x there
is a unique geodesic tangent to n(x) . So we can define a family of geodesics

T will usually use the Einstein indices summation convention
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v (z,t) going through x and tangent to n(x) and a vector field n(m) in each
point m in the future of S(0). This vector field is the infinitesimal generator
of diffeomorphisms from = € S(0) to m = exptn(z) which for each ¢ > 0
maps S(0) in a hypersurface S(t), the set of points in M for which the time
coordinate is t. Let us prove that the vector field n(m) is orthonormal to
S(t).

Let 0;(z,0),i = 1,2,3 be a set of othonormal bases in S(0) and an
arbitrary holonomic basis d, (m) € T,,M. The derivative (exptn(z))" maps
the basis 0; (x,0) in a basis (exp is a diffeomorphism) 0; (z,t) = O£9, of
Ton@yS(t) in m(t)=exptn(x). Let ¢ (t) = gag(m(t))n® (m(t)) O? (z,t) be the
scalar product between n(m(t)) and 0; (z,t) with the metric g(m(t)) and V
the covariant derivative on M.

We have :

L6 (1) = n® (m (1)) Vah (1) = 0V (g5,1°0])

= ngs,n"V,0] 4+ n®gs,0]Von”

but :

n®V,n? = 0 because n(m) is tangent to a geodesic

n*V,0] = OV ,n7 because the vectors n et 9; are linearly independants

§0 () = 0% g5n°Van?

= Of% (ggq/nﬁvan“f + gwrﬂvanﬁ)

= 083V, (gs,nPn?) = 0 because gg,n’n’ = —1

So the scalar product gas(m(t))n® (m(t)) O (z,t) is constant over m(t),
it is null in t=0, and the vectors 0; (x,t) are orthogonal with n and n is
orthogonal with S(t).H

2) We can run in two troubles in the process. The geodesics may not be
complete: they start or stop in some finite time. It is a singularity in the
universe. Or the geodesics may cross each other. It is another singularity
(which always exist : see Wald [29 | chapt.9). But if we limit our system to a
non-exotic region (without black-hole) and a sensible time period [0,7] (no
”big bang” ) we should not run into such troubles. So we can define our system
as enclosed in a region ) C M generated by exptn(x) from an open domain
2(0) with compact closure in S(0). € is a connected 4-dimensional manifold,
relatively compact and geodesically complete. With the trivialization map
wa : Q2(0) x [0, T] = Q::m = @q(y,t) it has also the structure of a trivial
fiber bundle with base R™.



3) How could we experimentally build such a chart 7 A good example
is given by the GPS system (Ashby [1]). Spatial coordinates in S(0) can
be measured by any conventional method, such as electromagnetic signals if
one assume that light travels at constant speed. Notice that events occuring
in S(0) cannot be reported "live” so a co-ordinated network of observers is
required. A (not too big) "free body”, which stays still without any other
force than gravitation, travels on a geodesic. To be sure to stay on a geodesic,
or more generally to know how much he deviates from a geodesic, an observer
can follow the movements of a free body in his local frame : it can be done
with accelerometers (as in the [Phone).

4) Notice that the "time” t is just a coordinate, wich is measured by coor-
dinated clocks by each observer.

1.2 The system

The initial conditions are defined by their values over S(0). Let us check that
the set of particles is well defined. They travel on their world-line m with a
proper time 7 specific to each of them, defined within an additive constant.
We assume that (2 is large enough so that any particle entering the system
will stay within (or disappear). € is a fiber bundle with base R so for each
point m (7) there is one unique time t); = 7 (m (7)) . The 4-velocity u of the
particle is a time-like, future oriented vector (it is a matter particle) so it is
projected over R by a positive scalar : %2 = 7/ (m (1)) % =7 (m(7))u>0
and the map ¢y, (7) is one-to-one. If a particle is observed at some time t>0
it can be observed (short to disapear entirely) at any other time. This seems
obvious but has a strong consequence in the relativistic context.

We will assume that the system is closed, in that there is no interaction
from outside.

1.3 The principal bundle

Any physical quantity is eventually measured through changes in tensorial
quantities in some vector bundle over M. So we need a procedure to define
local frames at each point of M.

1) It comes naturally from the chart : in each point z € S (0) the local
observer chooses an orthonormal (euclidean) frame (9;),_, 55 . The fourth
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vector Jy (z) = n(z) is parallel to the 4-velocity of the observer. The frame
is parallel transported along the geodesic (so it stays orthonormal), to get at
each m € Q a standard frame 9; = O (m); J, from which the local observer
can deduce, in a knowledgeable way, its own local frame. The parallel trans-
port being continuous the orientation is preserved : the bases have the same
spatial and time orientation which is defined as direct. Experimentally the
parallel transport is done by checking the movements of a test body (such as
a gyroscop) in a local transported frame.

2) The mathematical objects are : the principal fiber bundle Oy, ,base
2, modelled over SOy (3, 1), with trivialization charts : ¢, : 2x.SOq (3,1) —
Oum

the associated vector bundle Gs : Gy = O, X 500(371)5’4 with the standard
representation (R?, 7) of SO(3,1)

the local orthonormal basis (8;),_y 5 : 0; (m) = Of0,

Notation 1 :

The greek letters will always refer to an holonomic basis (0y),,_ 5 , wWith
an arbitrary chart, unless otherwise specified 7

The latin letters i,j,... will refer to the non holonomic orthonormal basis
0; = O (m); 0,.1=0,1,2,3

The latin letters a,b,..p,q will refer to bases of Lie algebras

Whenever necessary matrices are enclosed in backets : [O] = [0]],[0'] =
o] =01,

The dual holonomic basis is denoted : dx® : dz® (J3) = 6

The dual non holonomic basis is denoted: " : & (9;) = &

The fundamental form is : © = >, & ® 0;

The matrix (indexed over 0,1,2,3):

100 0
o 100
m=10 01 0

0 00 1

The set of sections on a fiber bundle Gj; will be denoted AgG s, the set
of vector fields over a manifold M is AgT'M and the set of r-forms over M is
AN, TM*.
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1.4 Gauge equivariance

The principle of relativity says that the laws of physics do not depend on
the observer : if two observers study the same system, using different sets of
frames (or gauge), their measurements can be deduced using the mathemati-
cal relations transforming one set of frame into the other. This is the practical
meaning of the gauge equivariance. Let us see what can be transformed in
the model.

1) The gaussian chart ¢q : Q(0) x [0,7] — Q ,the trivializations ¢, :
2 x SOy(3,1) = Oy and the frames 0; (m) are experimental constructions.
But from them any observer can choose other charts or frames, following
procedures and rules which can be made known to any other observer, so
that they can compare their data.

2) In the theory of fields, quantum or classical, it is generally assumed that
the law of physics are local (if the entanglement of particles has questionned
this point, all gauge theories are local). It follows that all physical quantities
defined over M take the mathematical form of sections of a bundle associated
with Oj;. So all physical quantities which can be expressed as tensor must
belong to some vector bundle, modelled over a vector space which is a repre-
sentation of the group defining the geometry, here SO(3,1). This is a useful
but very general presciption, as there are infinitely many representations of
the same group and not all have a physical meaning.

3) The frames are parallel transported, so their transformations must be
continuous and the orientation preserved. But one can consider a global tran-
formation, involving the other connected components of SO(3,1). They are
defined with one of the 3 matrices :

-1 0 0 0 1 0 0 O -1 0 0 O
0 100 0 -1 0 O 0O -1 0 O
= 0 010 P = 0 0 -1 0 P = 0O 0 -1 0
0 001 0 0 0 -1 0O 0 0 -1

The frame is transformed according to : ; (m) = JI9; (m) with [J] =
T P PT.
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P is the ”"space-inversion” matrix : it reverses the orientation of the space
frame (it can be done by using another orientation on S(0)). T is the ”time-
reversal” matrix : it changes t in -t in the equations (the time is measured
from 0 to -oo). Experiments show that they are not physically admissible
gauge transformations. In both cases the orientation of the space-time is re-
versed : so it leads to the conclusion that the 4 dimensional physical universe
is oriented.

The third matrix reverse space and time orientations, but preserves the
space-time orientation. Experiments show that this is an admissible trans-
formation if simultaneously particles are changed into antiparticles (the ”C”
symmetry). We will come back to these matters in the fifth part.

4) Another open choice is the signature of the metric : at first there is no
physical justification for using - + + + or + - - -.The linear groups SO(1,3)
and SO(3,1) are identical, but manifolds equipped with one or the other
metric are not isometric, and the Clifford algebra CI1(3,1) and CI(1,3) are not
isomorphic.

5) The choice of the Cauchy hypersurface S(0) is crucial : another surface
defines another system, with possibly different particles and fields.

6) The model can be easily transposed to Special Relativity and Galilean
Geometry.

In Special Relativity the geodesics are straigth lines, S(t) are hyperplanes,
observers are inertial with constant 4-velocity u. The choice of the system is
the choice of an hyperplane plane S(0) and its unitary future oriented normal
u, and it fully determines the physical content of the system. The gauge
group is the restricted Poincaré group, the semi-product of the orthochronous
Lorentz group (the component of the identity of SO(3,1)) and the group of
translations in the Minkovski space. The time t is just a coordinate, without
specific meaning.

In Galilean geometry the universe can be viewed as a 4-dimensional affine
space. The hypersurfaces S(t) are parallel and there is only one 4-dimensional
velocity. Time becomes a physical, independant variable, identical for all
the observers, defined within an affine similitude. The gauges groups are
on one hand the semi direct product of SO(3), the group of rotations in
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3-dimensional space, and of the group of translations in the 3-dimensional
affine space, and on the other hand the group of similitudes in time.

2 PARTICLES

A particle is a point-like physical object moving along a world line with a
constant, future oriented, 4-dimensional velocity. Experience shows that,
besides any specific assumption about their ”internal” structure, particles
come with ”states” depending on:

- how they "rotate” around their center mass in the universe : we will
call these movements the kinematic part of the state

- how they behave when interacting with force fields : mass, charge,...We
will call these their "physical characteristics”.

These characteristics are modelled independantly. As we are in the classi-
cal picture they are not quantized, so there is no need to distinguish different
kinds of particles.

2.1 Kinematic

The most efficient way to model the kinematic part is by using a Clifford al-
gebra (Lasenby [17]) which gives a natural foundation for all kinds of spinors.

2.1.1 Clifford Algebra

1) Let F be a real vector space endowed with a symetric bilinear non de-
generated function () valued in the field K. The Clifford algebra CI(F,())
and the canonical map ¢ : I — CI(F,()) are defined by the following uni-
versal property : for any associative algebra A with unit 1 and linear map
f: FF— A such that :

YoeF: f(v)xf(v)=(v,v)x1

& F(0) % f W)+ f(w) x f(v) =2 (0,0)) x 1

there exists a unique algebra morphism : ¢ : CI(F,()) — A such that
f=ypou

It always exists a Clifford algebra, isomorphic, as algebra, to the exterior
algebra AF. Its internal product, noted by a dot - is such that :

Yo,we F:v-w+w-v=2(v,w)

13



The Clifford algebra includes the scalar K and the vectors F. As vector
space its bases can be taken as ordered products of vectors of an orthonormal
basis (with () ) of F and it has the dimension 24m ¥,

2) Clifford algebras built over the same vector space F are isomorphic if and
only if the bilinear functions have the same signature. So Cl(3,1), CI(1,3)
over R* Cl1(4,C) over C*are not isomorphic. Cl(4,C) is the complexified
algebra of both Cl(3,1) and CI(1,3).

Let (€:);—o_ 5 the canonical basis of R* (and C* with complex components).
In this basis an element of the Clifford algebra is written :

W = 5+X161+T2€2+T3E3+ToE0F+Y3E1°E2FY2E1°E3FY1€2E3F21€1-E0+22E2°E

+Zg€3‘€0+t0€1'62'€3+t351'€2.€0+t251 -53-€0+t152-53-50+u51-52-53-50

(vajvijtjvu) € K(=R,C)

but the internal product follows the fundamental relations which differ
according to the scalar product :

01(4,0) & &5 + Ej-& = 25”

01(3,1) &€ + €j & = Znij

01(1,3) & Ej + €j &= _277ij

3) Let N be R* endowed with the bilinear function of signature - + + +
and T : N — CL(4,C) the linear map defined by :

§=1,2,3:T(g;) = ¢;; T (g0) = igg

The vectors v,v’ in N read :

v = 1161 + Taga + T35 + Togo, V' = T + They + ThE3 + (0

and :

’I (U) = X1E1 + ToEo + T3E3 + il‘oEo

T (V') = e + xhes + ahes + ieo

It is easy to check that :

T()-T)+ T (@) T (v)=2(x12] + zoxh + 2325 — xoz() = 2 (V,0")

So by the universal property of Clifford algebras there is a unique mor-
phism T : Cl(3,1) — Cl(4,C) such that T = Y o1 where 1 is the canonical
map ¢ : N — CI(3,1). The function Y is not on-to : the image T (CI(3,1))
is a sub-algebra Cl.(3,1) in C1(4,C) with elements :

W = S+ X161+ Tocs + X383 + 1200 + Y3E1.€2 + Yoc1.€3 + Y162.€3 +12161.€0 +
'i22€2.€0 + iZgEg.Eo

+t4€1.€2.€3 + ’it3€1.€2.€0 + ’it2€1.€3.€0 + it1€2.€3.€0 + iu€1.52.53.50

where the components s,u,... are real.
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We will identify  (N) € CI(3,1) with N and T = T o+ with Y.

There is a similar result with N’, R* endowed with the bilinear func-
tion of signature + - - - and the map Y'(¢;) = ig;; Y (e9) = eo. The
subalgebra Y' (C1(1,3)) = Cl.(1,3) # Cl.(3,1) but the two algebra have
common elements such as ie3 - 9. One goes, inside Cl(4,C), from images
of CI(3,1) to images of CI(1,3) by the rule : Y'(g;) = —inY (g;) with
0 =-1,7>0:p7=1

2.1.2 Spin Group

1) The involution v — —v on the vector space is extended in an involution
a in the Clifford algebra. For homogeneous elements : « (v, - vs.. - v,) =
(—=1)" (v1 - va.. - v,). It follows that the set of the elements of the Clifford
algebra which are the sum of homogeneous elements which are themselves
product of an even number of vectors is a subalgebra Cly. The complement
vector space denoted C'; is not a subalgebra. There is another involution :
the transposition which acts on homogeneous elements by : (v; - vs... - vr)t =

(U * Vp_q.ee - 07)

2) In Clifford algebra any element which is the product of non null norm
vectors has an inverse :

k
(wy - -wp) ' = ((wy - ... -wk)t) /H (w,, w,)

The Spin group of a Clifford algeb}a is the subset of Cly of elements
which are the sum of an even product of vectors with norm +1. We will
denote Spin(3,1) the connected component of the identity of the spin group
of CI(3,1) :

Spin(3,1) ={ > wy - ..... - wo, :wy € N = (wy,wy) y = 1}

It is isomorphic to SL(2,C). Its identity is denoted 1.

3) As a group Spin(3,1) has a linear representation (C1(3,1), Ad) through
the adjoint operator (denoted here in bold case to make the difference with
the function Ad which is introduced below) :

Ad : Spin(3,1) — hom(C1(3,1); C1(3,1)) = Ad (s)w =s-w-s~*

which has the properties that the image a vector is still a vector and that
it preserves the scalar product :

v,weR*C CI(3,1): Ad(s)v € R (v, w) = (Ad (s) v, Ad (s) w)
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Spin(3,1) is the universal covering group of the connected component of
SO(3,1) with the double cover : p: Spin(3,1) — SO, (3,1) :: pu(£s) =g

So (C1(3,1), Ad o u71) is a linear representation of SOy(3,1) on CI(3,1)
(as a vector space) and (R*, 70 u) is a linear representation of Spin(3,1) on
R*:

Vo eRY: Ad (s)v=s-v-s 1= (u(s))]v

4) Theoperator ad : A — L(A; A) on a Lie algebra is defined by ad (X) (V') =
[X,Y], and if A is the Lie algebra of the Lie group G the operator A : G —
L(A; A) is defined by Ad (exp X) = exp (ad (X)) (Knapp [12] p.80). One has
the identity :

ge G X e A: glexpX)g! = exp(Ad,(X)). The couple (A,Ad) is the
adjoint representation of G.

A linear representation (F p) of a Lie group G induces a linear represen-
tation (F, p' (1)) of its Lie algebra A :

VXY € A1 (1)(1X,Y],) = [¢ () X, o/ (1) Y] = (¢ (1) X)o (5 (1) Y)
(0 (DY) o (f (1) X)

and p' (1) X = Lp (expg 7X) |-—o where exp is defined over G (as a man-
ifold) and A. If G is a group of matrices then exp can be computed as the
exponential of matrices.

Spin(3,1) being the covering group of SOI(3,1) they share the same Lie
algebra o(3,1) and :

VX €0(3,1),s € Spin(3,1) : Ad, X = Ad,HX = exp (ad (X))

To sum up we have the following representations of Lie groups and Lie
algebra :

SO (3,1):(0(3,1), Ad) — 0o(3,1) : (0(3,1), ad)

SO(3,1): (R, 5) = 0(3,1) : (R‘*,]’(l )

Spin(3,1) : (RY, jo 1) — 0(3,1) : (RY, J o (1))

Spin(3,1) : (C1(3,1),Ad) — 0(3,1) : (C1(3,1), Ad’ (1))

SO (3,1) : (C1(3,1), Ado ™)

5) A great advantage of Clifford algebra is that vectors, groups and Lie
algebra can be expressed as sum of products of vectors. This is the case for
the algebra o(3,1), which is characterized by the brackets relations :

[?ia ?3] =€ (iaja k) ?k

[?H—fﬂa ?j+3] = —€(i,5, k) K

[?z, ?j+3] =€ (i, ], k) 7k+3
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where the indexes i,j,k run over 1,2,3 and € (i, j, k) = 0 is two indexes are
equal, and equal to the signature of (i,j,k) if not. In its standard representa-
tion the 6 following matrices are a basis for o(3,1):

[0 0 0 0 0 0 0O 00 0 O
7] = 000 O0f. 7] = 0 0 01 7] = 00 -1 0
000 -1}~ 0 0 0 0" 01 0 O
001 0 0 -1 0 O 00 0 O
[0 1 0 0 0010 0001
7] = 1 000 7] = 0000 7] = 0000
00 0 0" 1 00 0" 0000
0000 0000 1 000

Then their image in C1(3,1) by 7 : 0(3,1) — C1(3,1) are the following:

(? ) = ‘53 52,](72) = —51 '€3§3\(?3) = %52 €1,
(?4) = —50 81;)(7 ) = —50 : 52;7(76) = %50 €35

One can write : 7(#,) = 12, + €4, with the following table :

TABLE
a

1
Da 3
Ga 2

N W

1
2
1
3

— O
N D Ot

6
0
3
and it is easy to check that :

[Ea];’ = (5ipa5jqa - 5iqa?7jpa) (1)

Spin(3,1) acts on the vectors (in CI(3,1)) by Ad and the result is such
that :

Vo e R*: Ad (s)v =sw.st=j0pu(s)v

where jo i (s) is expressed as a matrix jo u (s) belonging to the standard
representation of SO(3,1).

An element of Spin(3,1) is the sum of the products of an even number of
vectors with norm 1 :

Vi = V1€] + Vg€ + V33 + Vg, Vo € R

(v, vp) = V3 +vi+0vi—vi=1

Direct computation gives an expression :
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S=T -+ }/:0,8182 —+ Y2€183 + }/18283 + 218081 + 228082 + 238083 + U€081€2€3
with real coefficients, which are not independant (there are only 6 degrees of
freedom).

Let ® = D KK o be a fixed vector in 0(3,1), with components % in a
base Ko, 7 € Rand s (1) = expr® . We have :

exp TR =T+ Ysei1e9 + Yoc163 + Yieoes + Zigge1 + Zagpesy + Z3eoes +
Ueoeie9e3 with T'(7k),Y; (1K), Z; (TK) , U (TK) .

differentiation in 7 =0 gives :

(exp T?) l-=0

= Z KOT (1) + K52 Y5 (1) 162 + K52 Ya (1) €163

+/€a82aY1 (1) €9€3 + HG%21 (1) €0€1 + HG%ZQ (1) E0E2

‘i‘/ﬁa%Zg (1) €o€3 + Haa—gaU (1) Ep€1E92¢€3

which can be written :

K=1] (?) = t4yse1€2t+Y2e163HY16263+ 216081+ 226082+ 236063 FUEYE1E2E3

where :

= ST (1) = gl (1), 5 = K w055 2 1),

u=3, 15U (1 )

are the components of an element of o(3,1) expressed in the base of
C1(3,1).

On the other hand the differentiation of :

Ad (exprR)v=(expTR)-v- (exp7R) " =[jopu(expt®)]v

gives : (Ad (D) R)v=k-v—v-r=[/V) (V)R] ()= [Fv

where [R] = [/(1)/(1)#] is the matrix representing # in the standard
representation.

Expressing k as above and v as v = v1e1 + v969 + v3e3 + voeg We get :

Kov—v-r=3 R ver

= (=2) {(—voz1 — vsy2 — vVay3) €1 + (V1y3 — VsY1 — Vo22) E2

+ (V1Yo + Va1 — vo23) €3 — (V121 + V2o — V323) €0 }

+(2) u ((vo) e162¢3 + (v3) €0e162 — (v2) €0e163 + (V1) £0€2€3)

=u=0

0 —Z1 —Rk9 —2Z3 Vo
e -z 0 —ys —y2| |v1| _ az 1k
K-v—v-Kk=(=2) T S ) = > K" [Ral; viek
23 Y2 W 0 U3

— Y2 [Ra] + y3 [K3])

(]
=N
8
=
8,
Il
i
DO
S~—
|
N
S
=1
Ll
|
W
Do
=
o
|
N
w
=
S,
+
Ned
[
&=
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= > K[ () ()R )

By identifying with k = Y K%kq = ysc1€2 + Y2163 + Y162635 + 216061 +
29€0€2 + 23603 We get the expected expression of a basis of a 6-dimensional
space vector in Cl(3,1) which defines the image of 0(3,1).1

6) These results can be extended to the Cl(4,C) Clifford algebra and its
Cl.(3,1) subalgebra. The function Y : C1(3,1) — Cl(4, C) is an isomorphism,
so Spin(3,1) has an image Spin.(3,1) which is a subgroup of Spin(4,C) iso-
morphic to Spin(3,1). There is a similar construction with CI(1,3) with the
function Y’ : CI(1,3) — Cl(4,C) which gives a group Spin(1,3) isomorphic
to Spin(3,1), and we have Spin.(3,1) # Spin.(1,3) but the two are also
isomorphic.

2.1.3 The spin bundle

1) Most of the geometric transformations can be described by operations in
Clifford algebra. Reflections on a plane of normal vector u is just o (u)-v-u~".
Rotations can be expressed as the product of reflexions, and indeed this fact
is at the foundation of the Spin group through the map Ad. Clifford algebras
give a deep insight at the role of Spin groups to express rotations in physics.
Rotation of a body around its center mass can be expressed in the local
frame by the axis j and the angular speed w. For an observer who is at rest
with the body the couples (j,w) and (—j, —w) represent the same rotation.
But if we think to a network of observers, who have to coordinate their data
and the two representations are equivalent but not identical : measuring the
rotation implies moving the local frame (posibly in ”the time dimension”)
and the choice between (j,w) and (—j, —w) matters : the observer must
choose the orientation of the axis which will be parallel transported. This
issue is related to the fact that the group SO(3) is not simply connected (as
well as SO(3,1)) (see Penrose [20] 11.3 for a nice experiment on the subject) .
The full description of the spatial rotation of a body, in its local environment,
needs to be done in the Spin(3) group, which is the universal covering group
of SO(3) (as Spin(3,1) is to SOy(3,1)). For each g € SOy (3,1)there are 2
members of Spin(3,1) +s which differ by their sign.

2) The construction of a Clifford bundle over a manifold endowed with a
metric occurs naturally. At each point m of the manifold where there is an
orthonormal basis 0; (m) one defines the map : ¢.: M x CI(3,1) — CI(M)
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by identifying the generators : 0;(m) = ¢.(m,&;). CI(M) is an algebra
bundle, and the associated vector bundle G, is identified with the vector
space part of CI(M). Spin(3,1) acts upon CI(M) by Ad, which, for the vectors,
results in a change of othonormal base : s x ¢.(m,&;) = . (m, Adye;) =
Pe (m7 K (S) 51‘) = [] oM (S)H aj

3) The construction of a principal fiber bundle Sy, modelled over Spin(3,1)
is more subtle. Starting from the principal fiber bundle O,; it can can
be done if there is a spin structure : a map = : Syy — Oy such that
= (ps (m,s)) = po (m, i (s)) such that = (pg (m, s).s") = Z(ps (m,s)) u(s)
meaning that one can choose one of the two members +s or -s corresponding
to an element of SO(3,1) in a consistent and continuous manner over M. There
are topological obstructions to the existence and unicity of spin structures
over a manifold (Giachetta [5] 7.2, Svetlichny [25]) but, as our system covers a
limited, not too exotic, region of M, we can assume that the procedure can be
implemented to get the principal fiber bundle Sy, = (Su, 2, g, Spin(3, 1))
based upon €2 with the projection g : Sy — €2, local trivialization charts
g Q x Spin(3,1) = Sy.

The associated vector bundle G s can then be extended to an associated
vector bundle Sys X gpin(3,1) R* which is still denoted G, for simplicity. The
sections 0; (m) are associated with the identity element 1g of Spin(3,1).

2.1.4 Representation of Clifford algebra

1) There are two ways to deal with Clifford algebra. Either directly, us-
ing the operations of the algebra. Or through a linear representation of the
algebra, using the fact that Clifford algebra are isomorphic to matrices al-
gebra. For the computation side the choice is mainly a matter of personal
preference. But we have here several issues.

i) The theory of fields, with connexions and variational calculus is, so far,
not well suited to algebra per se.

ii) As usual it can be useful to add more physical content to the model.
It is easier to do it by some specification of the vector space over which the
algebra is represented (we will see this with chirality).

iii) There are strong evidences which suggest the use of a complex struc-
ture, besides the fact that most of the mathematical tools require it.

iv) CI(1,3) and Cl(3,1) are not isomorphic : Cl(3,1) is isomorphic to
the algebra of 4x4 matrices over R, CI(1,3) to the 2x2 matrices over the
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quaternions, so if we stay to the pure algebra we need to choose the signature.

For all these motives the choice done here is to use a representation of
the Cl(4,C) algebra, the complexified of both CI(1,3) and CI(3,1), which is
isomorphic to the 4x4 matrices over C. This is an irreducible representation

of C1(4,C).

2) So the kinematic state of a particle is assumed to be a vector ¢ of a 4
dimensional complex space F, so far unspecified, and (F, p) is a representation
of C1(4,C), meaning that :

p:Cl4,C) — L(F,F) =

Vw,w" € Cl(4,C),a, € C:p(w-w') = p(w)op(w)

p(aw + pu') = ap (w) + Bp (w').

By restriction :

(F, p) is a representation of the algebra CI.(3,1),Cl.(1,3), and of the
groups Spin(4,C), Spin. (3,1), Spin. (1,3),

(F,poX),(F,poX’) arerepresentations of the algebra C1(3,1) and CI(1,3)

(F, po T|spm(3,1)) , (F, po T'|Spm(1,3)) are complex representations of the
groups Spin(3,1), Spin(1,3)

poY'(s)]s=1:0(3,1) = hom(F; F) is a complex representation of the Lie
algebra o(3,1)

3) F being 4 dimensional, in a basis denoted (e;)._, p (w) is a 4x4 matrice
over C fully determined by fixing the matrices v, = p(ex),k = 0,..3 which
shall meet the relations :

4
J

g;€ C* v,=p (g5) 1 1 X747 X 1= 20514 (2)

These matrices are defined up to conjugation by a matrix. It is always
possible to choose hermitian matrices, so we assume that : v, = v;. As
Y Y = I they are also unitary.

Remark : these v matrices, which will be specified later, are not the
usual ”Dirac matrices”, which correspond to a representation of CI(3,1) (or

Cl1(1,3)).
4) To the matrices J(#,) = 1eh. " g
Cl1(3,1) correspond the matrices :

(ko] = (po 1) (1) G(Fa)) = (0o 1) (1) (355, - a.)
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T is a linear morphism C1(3,1) — Cl(4,C) :

T/ (1) (%8pa ’ 8%1) = %T <€pa> ' T (8(]a)

p is a linear morphism Cl(4,C) — L (F; F) :

P (37 (p.) - T () = 2 (37 (ep,) - T (ea)) = 50 (Y (£p,)) p (T (€4,))
with T (g9) = ico, L (ex) = € : k= 1,2,3 we get :

1 1 1
[ﬁ1]=§7372; (o] =55 [13] =572715 (3a)
1. 1. 1.
[“4]2517071§ (5] =517072; (6] =507 (3b)

Notice that the matrices in the standard representation (R%,j) are de-
noted with a tilde : [K,]

5) An associated vector bundle modelled over F : Sy, X spin(3,1) ' can be
defined if there is a spin structure, and the kinematic state of a particle is a
represented by a vector of this vector bundle. Spin(3,1) acts over the bundle
by po Y.

6) (F,p) is a representation of Cl(4,C) so does not depend on the signature
which is used, and the « matrices are the same. But all the items computed
through T have different value. The basic rule is : Y’ (g;) = =i T (g;) so
5] = 1p (T (23,)) Y (24,) = —nP [1,)
a<4:[k)]=—[kd,a>3:[k]=kKd
Kinematic states are supposed to be physical objects represented in F. If
a kinematic state is represented by a vector ¢ € F with the signature (- + +
+), it would be represented by ¢’ = ijl —in’? ¢/e; with the signature (+ -

).

2.2 Physical characteristics
2.2.1 Definitions

1) The interaction beween force fields and particles depend upon some fea-
tures specific to each kind of particle, such as electric charge. We know that
these features are quantized, but their quantization in the classical picture,
and indeed their exact value in any picture, should be the result of the model,
so I assume that the physical characteristics of a particle are part of its state,

22



and can take a priori a continuum of values, and therefore we do not need
to distinguish several kind of particles. We know that these characteristics
can be described in the linear representations of some groups. I will not
be too specific about the nature of the forces fields, and make the following
assumptions :

i) The physical characteristics of a particle can be modelled by a vector
o of a complex vector space W

ii) The couple (W, x) is a linear representation of some group U

iii) U is a connected compact Lie group

The last assumption is reasonable and it brings us nice properties : there
is a scalar product over W, such that the representation is unitary, and any
unitary representation is the sum of irreducible unitary finite dimensional
representations which are orthogonal. Such irreducible representations are
natural candidates to describe different families of particles. So I will assume
that iv) the representation (W, ) is unitary and W is m-dimensional, but
not necessarily irreducible.

Notation 2 :

The identity in U is denoted : 1y or 1
The Lie algebra of U is denoted 17U . It is a real vector space with basis
<7a>m so ThU = {? = ZZ;l ea?a,ea S R}. Its structure coefficients
W arg:rleal numbers. U being a compact Lie group the exponential map is
on-to and u € U can be written u = exp (Z;nzl 9“?,1) for some components
0. B
The hermitian scalar product in W is denoted (Aoy,09) = A(oy,09)
with an orthonormal basis (f;);-; and the matrices [x (u)] are unitary :

x (W] x )] = L
(W, x" (1)) is a linear representation of the Lie algebra 77U and for each

¢ € ThU the matrix [0] = x' (1) ¥ in the basis (fi)i~, is antihermitian :
[0]" = —[0] . The matrices corresponding to the basis 6, are denoted [6,].
There are the relations : N N

Vo e WU, TeR:[0] = [X’(l) 6’] =4 [X <exp7‘0)} l-=0

and [X (exp 7’?)} = exp [T?] can be computed as exponential of ma-
trices.
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3) We will need the complexified 77U = T1U @iT U of the Lie algebra, with
the same basis (but complex components) and the complex extension of the
bracket. The representation (W, y’ (1)) can be extended to a representation
(W, x. (1)) of TYU by making x’ (1) a complex linear map : . (1)25> =
ix’' (1) 6. But the matrices [f] are antihermitian only if i e ThU.

U being a connected compact Lie group is isomorphic to a linear group (of
matrices) closed in GL(m) and there is a complex analytic group of matrices
U. which admits TYU as Lie algebra. U, is not unique, but all these groups
are isomorphic (Knapp [11] 7.12). I will assume that (I, x) can be extended
to a linear representation (not necessarily unitary) of U.. It can be done if
U is simply connected or admits a Cartan decomposition. This is the case
for the usual groups SU(N), which have su(N) as Lie algebra (which is a real
algebra) and SL(N,C) and sl(N,C) as complexified structures.

2.2.2 The bundle of particles states

The state of a particle is described in the tensor product £ = F® W. It is a
tensor 1 = Z?Zl Y Ve @ fi.

We need a geometric structure over M bearing this representation.

1) We have the principal fiber bundle Sy, . We assume that there is a
principal bundle Uy, over M modelled over the group U. These two fiber
bundles are manifolds, so we can, starting from one or the other, define the
fiber bundle @y, with base M, typical fiber Spin(3,1)xU and trivializations :
4= $¥Q (m7 (37 u)) X (Slv U) — PQ <m7 (Sslv UU))
wg (M, (Lspin, w)) , o (M, (s, 1g)) are trivializations of Uy, Sy and the
bundles Sy, Uy can be seen as sub-bundles of the principal bundle Q.
We denote the section g (m) = ¢, (m, Lspin X 1lg) € AoQum

2) We define the action of C1(3,1)xU on FxW by :
(¢,0) x (w,u) = (po T (w) ¢, x (u)o)
For any (w,u) this action is a bilinear map over FxW. So by the universal
property of the tensor product there is one unique linear map :
V:Cl(3,1)@U - L(FQW;FW)
such that :
V(0,6) € F x W : 9 (w,u) (6® 0) = (po T (1) 6) ® (x (u) )
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The action of ¢ restricted to Spin(3,1)xU is an action of the direct product
and (F'® W, ¥) is a linear representation of the group Spin(3,1)xU.

3) From there the vector bundle FE,, associated to @, is defined
through the action :

(g, 9) x (s,u) = (a(s,u) "0 (s,u) ()

and the equivalence relation : (¢,v) ~ (g (s,u)"", 9 (s, u) (1))

We denote the sections i=1..4;j=1..m :

ei (m) ® fj (m) = (@q (m, Lspin X 1u) € ® f;)

= (g (m) (s, )", (0o Y ()€0) @ (x () 1)

which define a local basis of the fiber E)y; (m).

A section of Eyy is a map :Q — Eyy : ¢ (m) =¢Y (m)e; (m) @ f; (m) .

4) So far the choice of the vector spaces F and W is open, but we need some
procedure to measure the components 1%, that is a way for an observer to
define the vectors (e; (m), f; (m)).

The basis e; (m) transform according to the same rules as 0; (m) and has
clearly a geometric meaning. So we assume there is some procedure to relate
the two bases. The basis f; (m) is related to the action of the force fields on
the particles, and should be defined form the trajectories of test particles.
The existence of the principal fiber bundle U,; needs some procedure to
compare the measures done by observers in different locations. This issue
will be addressed below.

2.2.3 Spinor and Clifford algebra

It is useful to link the present model to the usual ”spinors” used in quantum
physics to describe spinning particles. The situation of quantum physics is
indeed a bit complicated.

1) Aswas said previously, in a local field theory any physical quantity which
is expressed as a tensor must be a section of a vector bundle, associated with
a principal bundle of the world manifold and modelled over a vector space
which is a representation of the gauge group. There are well known, but fairly
technical, methods to find all linear representations of a group. Usually the
solution is a representation of the covering group, meaning a multi-valued
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representation. The double cover of SOy (3,1) is Spin(3,1), which is iso-
morphic to SL(2,C). Its representations are the direct product of the usual
”spin” representations of SO(3), and are indexed by 2 integers or half inte-
gers (see Tung [28] and Knapp [11] ). So in the relativistic picture (special
or general) the physical vectors (whenever they are supposed to represent
a geometric quantity) belong to a vector space which is a representation of
SL(2,C), assuming that there is a ”spin structure”. The ”Weyl spinors” are
C? vectors corresponding to one of the two non equivalent representations
(1/2,0), (0,1/2). The ”Dirac spinors” are C* vectors corresponding to the
(0,1/2) & (1/2,0) representation, which is the 4 complex dimensional repre-
sentation of the Spin(3,1) group.

Notice that this prescription follows from the principles of locality and
relativity, and stands for classical as well as for quantum models.

2) But in quantum mechanics there is also the Wigner theorem, which
states that, whenever there is some gauge group, observables must be ex-
pressed in a projective representation of this group. It is possible to get
rid of the phase factor, and go for a regular representation, if the Lie group
is semi-simple and simply connected (see Weinberg [30] 1.2). This second
condition, infortunately, is not met by SO(3) or SO(3,1). There are some
ways around this issue, coming eventually to a representation of the covering
group, which is what one gets anyway, and impose a ”super-selection” rule
between the 2 states. The problem is that the only unitary representations
of SL(2,C) (and SO(3,1)) are infinite dimensional (see Knapp [11]).

3) In Special Relativity the gauge group can be extended to the Poincaré
group. There is still no finite dimensional unitary representation but, if one
fixes one 4-vector ' # 0 the irreducible unitary representation of SO(3) (if
Ipll # 0) of SO(2) (if ||p|| = 0 ) are also irreducible unitary representation of
the subgoup of the Poincaré group leaving ? invariant. These representa-
tions are labelled by ? and the spin s (for fermions) or helicity (for massless
particles). They are infinite dimensional unitary representations over an
Hilbert space of functions of p (and labelled by s). Their Fourier transform
gives back functions of the coordinates, which, for the massive particles, can
be expressed as functions of space-time coordinates valued in one of the finite-
dimensional representation of SL(2,C).These relativistic wave functions can
be seen as plane-waves which combine to give the actual particles, through a
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process of anhiliation and creation. They are labelled by both the represen-
tation (s) and by other quantum numbers which characterize the particle. In
quantum theory of fields observables are localized operators acting on these
wave-functions.

3 FORCE FIELDS

3.1 Principles

1) Force fields interact with particles (remind that here particles are mat-
ter particles) : they change their trajectories (and possibly their physical
characteristics) and conversely the particles change the strength of the fields.
Moreover the force fields are defined all over the universe, and propagate
without staying the same, even is there is no source : they interact which
each others. In a local field theory these interactions are purely local : they
are determined by the value of the fields and the states of the particles which
are present at the same location of the space-time.

2) The action of a force field on a particle depends on and changes the
state ¥ (m) and the velocity of the particle. The simplest assumption is
that this action is linear, and can be modelled by some map over AgE),.
It depends also on the trajectory of the particle : indeed particles always
move on their world line, so the value of the field that the particle meets is
changing and by the same mechanism the presence of the particle changes
the value of the field. If we keep the assumption of linearity the action of
the field is reasonably modelled by a 1-form over M, valued in Ej; : that is
by a connection. Gauge equivariance implies equivariance of the connection,
which is therefore a connection associated to a principal connection on the

principal fiber bundle @ (m) .

3) According to General Relativity inertial forces are equivalent to gravi-
tational forces and related to the curvature of space-time. As far as we know
they change the trajectories and the kinematic state of particles, but not
their physical characteristics. So the gravitational field will be modelled as
a principal connection G over Sy, acting on the kinematic part of ¢ (in F)
and on the velocity of the particle. The ”other field forces” will be modelled
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as a principal connection A over Uy, acting on the other part (in W) of the
state and on the velocity.

3.2 Gravitation

There are different approaches to the modellization of gravitation, related to
the two different pictures of the geometry of the universe.

1)a The traditional way stems from the description of M as a manifold
endowed with a metric g, and so g is the central piece. An affine connection
(also called a ”world connection”) can be seen as a linear connection on the
tangent bundle, which is no other than the vector bundle TM associated to
the principal bundle modelled on GL(4). It induces a covariant derivative V
acting on the sections of TM (the vector fields) characterized by the Christof-
fel coefficients I'g  in an holonomic basis, and an exterior covariant derivative

V. acting on the forms over TM*, characterized by the Riemann tensor R
and the torsion. So far there is nothing which requires a metric. The con-
nection is metric if it preserves the scalar product, which is equivalent to the
condition : Vg =0 < I 59e, + 951, = 0agpy-

It is symmetric if the torsion is null, which is equivalent to : I'g, = I'S,.
There is a unique affine connection which meets these two conditions : the
Lévy-Civita connection whose Christoffel coefficients are a function of the
first order partial derivatives of g.

From there if one takes g as the key variable, and imposes that I" is de-
fined by some operator ¢ — I' which cannot depend on the choice of an
holonomic basis (it is a "natural operator” in the categories parlance) the
unique first order solution is the Lévy-Civita connection (Kolar [14] 52.3).
A theorem by Utiyama says that if the lagrangian depends only on the
first derivatives of g it must factorize through the scalar curvature R. Addi-
tional algebraic conditions then lead for the lagrangian to the specification
. Lgwy = a(R+ A) y/|det glwg (with a cosmological constant A). So the
problem is fairly delimited and we are in the usual framework of General
Relativity.

If no relation is imposed a priori between g and I' one has the so-called
Einstein-Cartan models (Trautman [27]). The compatibility between the
connection and the metric is an external constraint, and generally the con-
nection is not torsionfree.
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In both cases the variational calculus can be done in an holonomic basis
(Soper [24]) or in an non-holonomic orthonormal basis. The latter method
(by "tetrads”) has numerous variants (Wald [29]) but the use of an orthonor-
mal basis is mainly a way to simplify calculations which are always difficult.

2) In the alternate approach to the geometry let us assume that there
is a principal connection G on the principal bundle S); represented by its
connection 1-form G : Sy — Ay (TM*;0(3,1)) and its potential : G (m) =
G (¢s (m,1)). Under alocal jauge transformation ¢g (m, 1) = g (m, h (m)_l)

(h varies with m) G changes as :

~

Clis (m, b))

= AdyG (s (m, 1)) + Lj, (B71) (R~ (m))'

= AdyG (ips (m, 1)) = R (h) (b (m))’ R

This connection induces a covariant derivative V over the associated vec-
tor bundle G ;. The covariant derivative of a section V =), VEO, of Gy is
the /1\—form : A

TV = (aavi 4 (/(1)G (m) V)’) 9; ® da®

= (V' + (S0, G R V) 01 0 dae

a) There is a one-one correspondance between principal connections
over Gs and affine connections over TM.

Indeed the section V is a vector field V = Y, V*9, = > 0°0, with
v* =Y, VFOP and equating both derivatives :

UV = (Vi (S0 GalR ) V7) 01 @ da

Vo = (&m'y + rgﬁw‘) d, @ dx®

VV = Vo gives : [éar — ¥ G [R)! = 090,07 + T2 0407 which

1
can be written in matrix notation with [[,] = [Fa]g

Lol = (101 Ga] = [0.01) [0 & |G| = [01(I1a] 0]+ [2.0) (4

It is easy to check that conversely an affine connection defines uniquely a
potential, and from there a principal connection : in the gauge transformation
: 0; = 0; = S§o,[S] € SO (3,1) we have :

0] = 0] = 0]18]
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b) A principal connection G is metric if the corresponding affine con-
nection is metric. The necessary and sufficient condition is that : g. I, 5 +

9l = 0 g & ([9][Ta])’ + [9] [Tal = 04 [g] . Let us show that it is met if

1] = (101 Ga)] — [2.01) (0] and [g] = [O')'[n] O

{t@wa i

G|~ [0.01) [01)' (1O +07' 1] [0 ([0] | Ga ~ [2.01) 0]
%MHWKﬂmmwunmuNmFJWHm%mmwmm
o ([62] 1 - 0101 T+ 14l [6] - 012,01 [0

=~ [0 (001" [0') In) + ] [0][9.0)) 0]

where we used the fact that [G €0(3,1) [ ] (] + [n] [Ga} =0

On the other hand we have :

9]

0.0 [n}[0'] + [0
—[07 [0.0)' [0 |
[m(WOHm

—_— S

1" ] 0.0
[0 = [0 [] [0'] [8.0] [O']
]+ 1] [0 [0.0]) [0']

|| [ §a

c) A principal connection G is symmetric is the corresponding affine
connection is symmetric. Which reads :

I3 = T 0] [Gu] 10%-10.01 (071, = 011 [G5] 10%~0:0]] 07,
o1 ([6.] 107 - [6:] o) = @0t o7, - oy 07
6] 0%~ [Gs] 10,
5, ~ 07 01 2,075 + [0 10]] 10,07
0,015 + 19;01;
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vaui ks [Ga) 10, - [Ga] 107 = 0207 - 10,0 )

J

3) Ina consistent theory of fields the connection must be metric, to guaran-
tee that the scalar product is preserved along a geodesic. But the condition
that it is torsionfree is less obvious. There is no experimental evidence on
this issue (which could be a difficult one) and it seems better to keep the op-
tion open. Moreover the alternate approach, starting from a principal fiber
bundle, and orthonormal basis, leads logically to put the connection itself
as the key variable, and to deduce the metric from the orthonormal frames.
Indeed should the metric be measured, it could be done through the relation

g*’'=> n*0%0/e g.5= Y n;0L0] (6)
ik

ik

So we will keep the connection G and the matrix [O'] as key variables, the
metric g being a byproduct given by the relation above. It is clear that O’ is
determined within a matrix of SO(3,1) : the number of degrees of freedom
with g is 6 and 16 with O’, which leaves 10 degrees of freedom to fix a gauge
suiting the problem. It is one of the main advantage of the tetrad method,
and actually the chart which has been built previously already pre-empted
such a choice. With these assumptions the connection is metric, but not
necessarily symmetric.

4) I take the opportunity to introduce here some conventions and notations.

a) There is the irritating issue of the conventions about exterior product
and antisymmetric tensor products. For a clear definition of the algebras of
symmetric and antisymmetric tensors see Knapp ([12] A).

Here I use the following :

- I denote by (ay,..a;.) any set of r indexes (taken in the pertinent set),
and by {aq,..a, } the set of r ordered indexes : a; < as.. < o, by € (aq, ..a;)
the quantity null if two of the indexes are equal, and equal to the signature
of (o, ..a,) if not,
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- the exterior algebra AF of a vector space F is the set of anti-symmetric
tensors :

A = Z(ah“a” Aapoon € ® o @ € with Mgy o, = €(00,..0r) Agay..an)
where (€') is a basis of F

AF = @®]_)A, F notice that the field of scalars belong to AF

- AF becomes an algebra with the exterior product defined as :

u,vEF : uAv=u®v—v®u

up € Fiug A us... Nuyp = Z(al’__ar) €(ar, ) Ugy @ Ugy.e @ Ugy,

(ut Ao AuP) A (uPTE A LA uPTe)

= Z(ah“%ﬂ) € (a1, - pig) Ugy QUay...QUq,,, = U A AUWPAUPTIA L AUPH

In the antisymmetrization process I do not use the factor 1/rl.

- if (e;);, is a basis of F, the set e** A ... A e® of ordered products is a
basis for A, F' and an antisymmetric tensor :

A= Z(ah_ar) Aoy € ® .. R e

= Z{al,..ar} Maroary (Qog€(ar, .op) e ® ... @e)

{ar,ar} )\{al___ar}eal AN

and we have to pay heed to :

Z(al’__ar) Aog.an €A AN et = (1) Z{al,..ar} Moo} €T A N e

- with these conventions the exterior product of the p antisymmetric
tensor A\, and the q antisymmetric tensor p, is :

Ap A g = 2 Manap B 8,3 €Y A oo AN e? A PN LN ePa

This product is associative and Ay A g = (—=1)" g A N,

b) 1 will denote :

w the 4-form derived from a holonomic chart : @y = d2° Adz! Adz? Adz?
SO o = Ealamsm € (a1, g, asz, aq) dz® ® dx*? ® dz™® @ dz**

The volume form deduced from a metric g is the following :

wy= (det ') dx’Adx' Adx*Adx*= 0'NO* NP NO* (7)

The volume form on a manifold endowed with a metric g is defined as the
4-form such that an orthonormal basis has volume 1:

Wy = W4;0123dl‘0 N d[L‘l A dl‘z N dl‘g

Ty (81, 82, 83, 84)

= TW4;0123 (dl‘o VAN dl‘l VAN dl‘Q VAN de‘s) (81, 82, 83, 84)

- Zalmasm € (o, g, a3, ) Wyo123 (o ® dz™ @ dx® @ dz®*) (04, 0o, O3, 04)

= TW4;0123 Ealagagou; € (Oél, Q9, O3, 044) O?IOS{Q 05{3024 = TW4;0123 detO =1
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= wy = (det O') dz® A dz' A da? A da®

Indeed we know that the volume form is w, = \/|det g|dx® Adz* Adx® Adz?
and we have :

[n] = [0]' [¢][O] = (det [0])* det [g] = 1

= det [g] = —W = — (det O')* = /|det g| = |det O]

The orthonormal bases are direct, so |det O'| = det O’

The volume form can be expressed in the orthonormal basis :

wy =W NONP NP =37, € (i, g, i, 1) D407 @ 0P @ 0P ® O

and

W4 (80, 81, 82, 63) = 7%4 Zi1i2i3i4 € (’il, 'ig, ig, Z4) 8“ ®8i2®8"3®8i4 (80, 61, 62, 83)

= 7%4 Zi1i2i3i4 € (il, ig, ’ig, 24) 5315125;3534 = 7%4 det I4 =11

c) The partial derivative of the determinant is computed as follows :

Ouy/|det g| = 0, det O' = E/\u (dj[eot/[o ) Ou [O’]z

For any invertible matrix M one has : 29¢tM — [7f *l]g det M (the order

of the in(/iexes matters) dM}
“om =[O (det [O'])
O/ |det g| = 0y det [0'] = 37, |, [O]} (det [O']) D [O’]f;: (det [O]) Tr ([0] [0,0'])

o/ |det g| = (det [O']) Tr ([O] [0,07]) (8)

802
Notice also the identit =2 90— _0r)22
Y aon 0! 907 i 90>

3.3 The other force fields

We shall be brief as we do not try to specify the force fields considered. The
action of the force fields (other than gravitation) is represented through a

principal connection A over Uy , its connection form denoted A : Uy —
Ay (TM*;TYU) and its potential A = A (py (m, 1y)) . Notice that the con-
nection is valued in the complexified of the Lie algebra.

3.4 The fiber bundle of force fields

1) Both G and A can be defined as principal connection over Qps. As
equivariant connections they are essentially defined through their form, which
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transforms in a gauge transformation as :
~ -1
q(m) = ¢q (m, (1,1)) = §=pq (m, (s,u) ")
G =G (po(m,(1,1) =3,,Gude® © R,

— G = é (ch (m, (s,u)fl)) =>. (Adu(s) D <Gg — /@g) 7,1) ® dz®
A=2A(gg(m (11) = ¥, Asdr" © 7,
S A=A (¢q (m, (s,u)_l)) => <Adu > (212 — 93) ﬁa) ® dx®

where

Ho=hKR,€0(3,1): B =L/ (1)ridr* @R,
— — ! . —
0o=00,eTiG: %=L (1)0dx"® 0,

(4.G) = (A,6) = (Adyy (Go = R ) dae, Ad, (Ay - 6,) da®)

Similar to the vector bundle describing the states of particles, there is a
fiber bundle describing the fields. But the relations above are affine and not
simply linear, so this fiber bundle is an affine bundle and not a vector bundle.

2) From the linear representations (0(3,1), Ad), (T1U, Ad) of the groups
Spin(3,1),U over their own algebra one builds the associated vector bundle :

Fyr = Qur X spin(3,1)xv (0(3,1) x Tl_({) :
er (m, (Lopin: 1)) = (% (m), ¥ (m))
~op (m, (s,0) ) = (AdH (m) Ay 0 (m))

A local basis of this vector bundle is given by a couple of vectors
_>

(Falm), @ (m))
This real vector bundle can be extended to a half-complexified vector
bundle to accomodate TYU.

3) The 1-jet extension J'Fy; of this vector bundle is a fiber bundle coor-
dinated by : (:c“‘, (/-c“, 91’) , (mg, Gg)) . It is a vector bundle if restricted to the
first two coordinates, meaning the bundle J'Fy; — M, and an affine bundle
with the last coordinate J'EFy, — Fy.
Sections of the latter bundle can be seen as 1-form over M valued in Fjy :
(2, (s (m) 08 (m))) > (18 (m) da @ Ry (m) 0} () da® @ 7, (m))
Force fields are described by connections and defined by their potential
which are 1-forms over M valued in the Lie algebras. There is a one-one cor-
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respondance between principal connections over (), and equivariant sections
over the affine bundle J'Fy; — Fy (Kolar [14] TV.17).

3.5 The covariant derivative over F,,

1) The principal connections (G, A) over @)y, induces a covariant derivative
denoted V acting on sections of the associated vector bundle Fj; :

Vi =V (¢4 1)) \
V'@Z) - <aozwij + ﬁ/(lspin(?;,l)a 1U) <Gom Aoz) ¢> dz® X €; (m) ® fj (m)
where :

V' (Lspin3,1), Lv) <Ga7 Aa) P
= Z?:l Z;ﬂzl <Zi:1 ES=1 G [Oup o T(l)]Z YM + EZL:1 po Ag [ObX (1)]1C Wk)

the index b running over the dimension of U.
Vi = 3 (0a0 + G 0ap o Y1) + AL [0ux (V] %) da® @ e f;
It has the following properties :
Vi € Ao (Ey) VX, Y e TM VA neR, feC(M;R):
Viax4uy ¥ = AVx) + uVx; Vixtp = fVx;
V(f)=F (V) + (duf) @9
In a gauge transformations we get :
b= (0,00 f) = (q(s )" PHle @ fi)
W = = [p(s)]; [x (9)l5, v
Ga — ga = Ads (Ba - Ca)
A= Ao = Ad, (A - )

(q (37 u)_l ) ibvklek‘ ® fl)
~ (q, (&lwij +[po T’(l)Ga]zw’W‘ + [X, (1) Aa];dﬂk) dz® ®e; ® fj)
Notation 3 :

¥ is a tensor, that will be conveniently represented as a matrix 4xm (it
is not square) : [¢] = [w”];ji‘?n

We have previously seen the square 4x4 matrices :[k,] = (po T) (1) (7(H 1))
We will denote the square 4x4 matrices : S+, [ra] G% = [Ga]. Notice that

Go] = XL Rl Gy € 03.1)
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X'(1) : TfU — Lo (W; W) is a complex linear map. d,x (1) € Lo (W; W)
is represented with the (fy) basis by a square mxm matrix with complex coef-
ficients. We will denote the square mxm matrices : d,x (1) = X' (1g) 0. =
[fa].and 3, [0.] A2 = [Aa] . The (W, x) representation being unitary :

X'(1) = =x'(1)" and [f] = —[6a]"-

V=% (aaz/ﬂ‘f + [aly, GAU* + [04]] Azw"’f) dz® ®e; (m) @ f; (m) (9)

aijk

So the covariant derivative reads in matrix notation :

V] =081 + G [91+ ] [Aa] (10)

3) The covariant derivative gives a parallel transport over E),; along a path
m(t) in M with the condition : V)1 (m (t)) = 0. Practically the observer
must stay in a path such that the effects of external fields do not change.
Or equivalently two different observers proceeding to the same experiment in
similar conditions with a test particle shall get equivariant measures. So, in
principle, there is a way for these two obervers to calibrate their instruments,
that is to know where their basis e; (m)® f; (m) stand relatively to each other.

4) The covariant derivative acts on the section v, the kinematic and the
physical characteristics. But as a 1-form on M it acts on the velocity, which
a vector in 7, M. All these actions are local and linear, as expected. We will
have a better look at the mechanisms involved in the 4th part, until then we
will stay at a general level.

3.6 Interaction Field/Field

The force fields interact with each other. At this step we will not enter
into a precise description of the mechanisms involved, but just introduce one
key ingredient : the curvature. In the principle of least action picture we
need derivatives of the various quantities. For the states of particles which
are sections of associated bundle that is the covariant derivative. The force
fields are described as potential (G,A), which are 1-form over M, so we need
some kind of covariant derivative for forms.
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3.6.1 Exterior covariant derivative on principal bundles

The force fields are fully described in the principal bundle picture, so only
these bundles are involved here.

1) The bracket of forms on M valued in a Lie algebra is defined as follows :

ANeN,(M;TVU) ,pe Ay (M;TYU)

= ] =304 CRA A pe ® 0§ € Apeg (M;TVUF)

A€ Ay (M;o(3,1)) .t € Ay (M3 0(3,1))

= ] = G A A e @ R o € Ay (M 0(3,1))

where Cp., G, are the structure coefficients of the algebras (they are real
numbers in both cases).

The exterior covariant derivative of a p-form on M valued in the Lie
algebra is defined as :

Ae A, (M;TU) - Vod = dyrh + [A, A}
AeEN,(M;0(3,1)) : VA = dy A+ [G, A
where dy/A is the usual exterior derivative of the p-form on M.

2) The potential is a 1-form, so one can compute its exterior covariant
derivative :

Fa=V.A=dy (A) + [A, A}T €M (ML)

Fo=V.G =dy (G)+[G, Gy, € A2 (M;0(3,1))

They are 2-forms valued in the Lie _z)ﬂgebra, expressed in components as :

Fa= Z{a,ﬁ}@ Fiafapyde® A di’ @ 0,

with F4,5 = 0. A% — 95A2 + 3, Co.Ab A

Fo =Y (asra Foanda® Nd’ @ K,

with Fé.5 = 0aG% — 03GE + 4. G‘ch(l’lGCB

and the usual notation {«, 8} for an ordered set of indexes.

Their exterior covariant derivative is null : V. F4 =0; V. Fg =0

In a gauge transformation these forms transform as :

Falg(m)(s,u)"") = AduFa (q (m))

Fe (q(m) (s,u) ") = AdyFg (g (m))

The definitions and names for these quantities vary in the litterature. We
will call them, in these definitions, the curvature forms.
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3) They are the quantities (and possibly their derivatives) which should
be put in the lagrangian to account for the interactions between force fields.
In General Relativity it is usual to use the Riemann tensor and the scalar
curvature at this effect, so it is useful to see how these quantities are related
to our curvature forms. As previously with affine connections and principal
connexions the link goes through the associated vector bundle.

3.6.2 Covariant exterior derivative on associated vector bundle

1) For any covariant derivative V on a vector bundle G ? there is a unique

extension as a linear operator
Ve : A(M;Gpr) = A1 (M5 Gyy) on the forms valued in Gy , such that

VA€ A (M;R),m e Ap(M;Gr) : Ve AAT) = (dyN) @+ (—1)"AAVm
It is defined (Husemoller [10] 19.2) by :
T E AT(M; GM) ST = Zz Z{OKO---OK'I‘*I} ﬂ-f[ao...ar—l}dxao ANz @ 81 (m)

_ i ~ k « a
Veﬂ- = Zi,a E{ao---ar—l} <8Q7T{ao---ar—1} + |:Ga:| L W{aO"'a’V‘—l}) dx A dz® N
Az ® 0; (m)

& Ver =), <dM7ri + > (Za [éa};dxa) A 7Tk) ® 0; where djy is the

usual exterior differential on M.

2) If one applies two times this operator on the same form :

Vir = (Zk [F1, A 7Tk> ® O

where [ =7 (1) (Fa) = Xonep 20 Féqasy [Fa] dz® A daz? is a 2-form on
M valued in the linear maps over (Gj; and represented in the canonic basis
of R* by matrices of 0(3,1). f is nothing other than the curvature form Fg
expressed in the orthonormal basis :

F= % 2ap Qa7 Cap [Fal dx;l A dﬂ?Z = E{ij}kl Fl{ij}kal 1/\ & ®0" 20 '

: a ~ @ a ~ 1.

with [, = > ap Feap (R, OFOF € 3 05 Féas [Fal, = 22 FéjkO;Oﬁ]

It can be shown that V.F; = 0 where

Fi =2 atap) Fas [Fal? dz® A da’ @ 0

2We take here the G, associated vector bundle but the procedure is general
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3) The same calculation can be done with any covariant derivative on a
vector bundle. With an affine connection on TM defined by the Christofell
coeflicients Fg,y one gets :

V. (Za7{a1---ar} Tr an) (dz*r Ao ANdx™r) ® 8a>

=>. (dwa +2 5 (T2dz™) A 775) ® Oq

A% (Za,{al...ar} Tlor an} (dx® A ... Adz™) @ 8a)

= 5 2 (4 (T5pda) + (32, (0,4 A (Tpdar) ) ) An @ 0,

The quantity
1o} 1o} A
3. X (@(55da) + (3, (03,d2%) A (Tgdar) ) ) © 0,
- 2 ap Z’Y<77 Ry pda” A cix” ® da” f? Oa 1 . . - ‘
is the Riemann tensor : Rvnﬁ = &,Fnﬁ — 8,71“76 + F%Fnﬁ Fner which
can be seen as the curvature form of the affine connection and

2 _

Ve (m) = Z'Ocﬁ Zv<n R({I“m}ﬁ A7 @ O o

From the Riemann tensor one deduces the Ricci tensor :

Ric75dx7 ® dr’ = dx® (R (8,7)) i Ricag =3, le

Notice that these calculations can be done without any reference to a
metric.

Now with a metric g there is the scalar curvature : R = Zaﬁ 9P Ricag

The Ricci tensor is symmetric if the connection is symmetric, but the
scalar curvature has a unique definition :

R= % Zaﬁ 9°? (Ricap + Ricga) = % (Zaﬁ 9*P Ricas + go‘ﬁRicﬁa)
- % (Eaﬁ gaﬁRicaﬁ + gﬁaRi05a> = Eaﬁ gO‘BRicag
4) We have seen previously that for a principal connection there is a unique

affine connection with [[',] = ([O] [éy} — 0, [O]) [O’] from which one can

compute as above from the connection G : :

the Riemann tensor : [Ry]

=0, [Pn] — O, [F Fn

=101 ([9.6] - [@G} &) (e - [ H J)[Og

~ (0] |G, [0112,0] [0)+[0] |G, | [011[2,0] [0")+[0] | & | 107 [9,0) 0]
-0 |G| [0118,01 0+ [0,01[0'] [, O] [O] 9,0110")[2,0} [0
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—[6,0][07[6,0][0] + [9,0][0'] (9,01 0]
[Rvn] = [O] [-7: Gvn} [O/]
So the Riemann tensor associated to the connection G is :

Z” 077 [fgaﬁ] O/] = [fgaﬁ] Rn O/ZOv

aB'y afy"nj .
that is the tensor F, Wthh is the curvature form expressed in the or-

thonormal basis.

the Ricci tensor :  Ric = ) 5 Ricapdr®®dz’ =3,
dz? ‘
Ricos = Yy, [Fom| 0108 = Loy [l 010} P,
=D i (5Zpa5]qa 0" s, ) OVOIj}—g;
= Zzﬂ ( pa /qa - npapaO O/pa) G’a’y

In the orthonormal frame the Ricci tensor from the connection G: Ric;; =

ka [‘FGO&’Y]f O?OZ = Ek kaj

[j—";;] ; O'Bjdxo‘@)

tjy

the scalar curvature : With the metric defined as : gP = n’“O;gOf :
R = 1030} [Faw| 0704 = S [?Z;ﬁ] 0f0;
j

= Zaaﬁl] ‘FG’aﬁ ([Ea] [ ])Z OEO;)( = Eaﬁij G’aﬁ ( Z 5 - 5“1 5]1%1) OEO;X
= Zaaﬁ Gaﬁ (Opaoga OgaOlo;a) = 2 Za,a<ﬁ Gaﬁ (OgaOg[a OgaOlo;a)

R=> F&.; (0508 —0000)=2>" Fs (0505 — 0 05 ) (11)

aaf a,a<f

In the orthonormal frame :
5 Zak;laﬁ ( pq_]npj + ng]njp) = quj ([FPQ] [n]);q) = lek‘ [F (aIN aQ)]j 77]p
= Z [F (01, 0]} + [F (92, 00)]5 + [F (93,0:)]5 — [F (9o, 9]
If the connection G is symmetric this scalar curvature will be identical
to the usual quantity computed from g.

This quantity is preserved by a gauge transformation.

0= Ol n ()™ N
Fion| = Adyy [P = )] | e (51

(0] [Fow] n 0%
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where we use the property of [u (s)_l} €50(3,1)m

3.6.3 Torsion

While we are in these calculations I take the opportunity to introduce the
torsion tensor and the structure coefficients which will be useful later on.

1) The fundamental form is the 1-form on M valued in G :

0= Zauga _ZO”d:c ® 0 € Ay (M; Gyr) (12)

=0

This is a purely geometric quantity, independant from any connection.

2) The components of its exterior derivative dj/© are the structure coeffi-
cients ci, = [0}, 0;]" of the algebra of vectors in the basis 9; (the brackets are
the commutators of the vector fields 9; = O20,,) :

ch = [0, 0] Zo'l (0 0,00 — ogaaof) (13)

4O =3, 3, 5 (800 8% Ao @ 0,
=%, 5, pqapAa ®0, =25 S PNIRO,

p<q “pq
We have c c so it is convenient to choose an order for the indexes.

Using the correspondance between the indexes in the basis of 0(3,1) and the
couples (p,q) (see table 1) we will denote :

a=1.6,7r=0,.3:¢,=¢p (14)

r__r ro__.r r__r ro__.r r__r ro__.r
€1 = C39,Cy = (13, C3 = Co1,C4 = Cp1,C5 = Cpo, Cg = Cp3 (15)
. . . . . 6 3 r ap g

With this notation we have : dO =23 | > _ o’ A 0% @ O,
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3) The exterior covariant derivative of © is :
V.0 =3, (4o + ¥, (2. |Gl dz*) N 6')) @9,
- (o 2,002 (5 6] ) 1 (£,00) 0
-y (2 ( 0,07 + [Ga}ro”‘) dz® A dz © 0, )
=250, Sacs (0205 — 0507 + [ G ] 0l - [Gﬁ} 0z) Oyda® ndz? @0,
Expressed with [[y] = ([O] [Ga} - [aQO]) (07 it gives:

VO =3 s (T2 —T},) dz* Ada’ ® 0,
which is the usual torsion 2-form of the affine connection associated to
G. This connection is symmetric iff V.© = 0 and we have the relation :

VO =F ANO.

4) The torsion tensor can be expressed as :
V.0 =dO+ Y, ([}] 0f) da* A da® 9,
with dO =23 5" @ PANI R, =230 S0 o Ade @0,
and o
iasr (|G| OF) dav pda? @ 0,
= Y s [GQL 040203 N+ ® 0,
=2 Zij [63} N @O,
-5 s ([6n]] - (6] o nom e,
qa Pa
= Za 1 Er 0 Tergre N\ 9 X 87’
with: |G| = 32, |G 05
The table 7% indexed on a and r is computed with [Ea]; = (0284, — 0"°Njp,)

r<q Pq

TABLE 2: T =
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[a\7T p ¢ 0 1 2 3 1
1 32 -G5+G} -G5-Gj G3 Gl
2 13 GY-aGi G2 -Gl -G3 G?
3 21 -GP+Gh G3 G3 —G! — 2
4 41 G§ -Gt -G+ Gy -G§ -GS
5 4 2 G} ~-G5 — G -GS Go — GS

| 6 4 3 GS Gi—Gy -Gi—-G3 -Gy |

and we have :

VO =53 (2¢, +T%) 0P N 0% @ O,

It should be noticed that the torsion, as the scalar curvature, are re-
lated to a connection : they are not some geometrical properties of the
manifold M. They are computed composed either with (OgaOga — OgaO;}a)
or OF (Og‘aﬁaOi — O;“aﬁaOga) which are pure geometrical quantities. As a
manifold there are topological obstructions to the existence of a structure of
principal fiber bundle, but given a fiber bundle there is no unique compatible
connection. Indeed according to General Relativity the connection is fixed
through interactions with the content (matter and fields) of the universe. As-
suming that there is some intrinsic scalar curvature or torsion of the universe
would state that the vacuum has an pre-existing physical structure.

3.6.4 Remark

In the tetrad method it is usual to introduce the quantities called :
a) the 1-connection 1-form : Q: Q) = [éj} ok € A(M; L(n))
k
: N i )
b) the 2-form torsion : TA = 57}k67A0k =0k Tjk@JA@k;
T5, = T(9;,0k)0" = [Gj]k - [Gk]j — i
) 1_. )
c) the 2-form curvature : R} = éR}klﬁkAﬁl =2 ) R OFND =
And the following relations :
Cartan’s structure equations :
do' + GNP =T T =V.0
sy + QZAQ? =R, & Fa=V.G
Bianchi’s identities :
dT* + QAT = RINY = dT°0, + Q§0,AT/0; = (R} ® 0,) AV <
V.T =FNO=V?©

43



dRY + QIARS = RINQS & V.R=V’G=F NG
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Part 11
LAGRANGIAN

4 PRINCIPLES

4.1 The point particle issue

1) The system is described at each time t by the following quantities, mea-
sured on the hypersurface S(t) :

- the geometry: the matrix [O (m)] or equivalently the fundamental form
)

- the state of the N particles : 9, (¢, (t)) € En located a some point
0 (1) € S (1) \

- the potential of the gravitation G and the other fields A on S(t)

For the complex variables the complex conjugate should also be involved.
The lagrangian is a real function, R-differentiable but not C-differentiable
. if it was holomorphic the partial derivatives with the conjugate variables
would be null. So we must consider separately the real and the imaginary
part.

Let us denote all these variables 2/ where j runs over all the variables and
their coordinates. The lagrangian should also include their partial derivatives
: gTz;. As the interactions are described by first order connections it is sensible
to limit these partial derivatives to the first order also.

A general field model shall cover both the ”vacuum” - no particles - and
the ”free particles” - no force fields - cases. So the action can be split in
one part denoted S, addressing particles and interacting fields, and another
part Sg addressing the interacting fields only. ¢ and its derivatives figure in
the Sy part only.

2) The concept of point particle raises many difficulties in field theories.
They arise for the determination of the Lagrange equations (Poisson [21])
and the trajectories (Quinn [22]). There are some ways to circumvent these
problems, but they are rather cumbersome and involve methods with which
one cannot be fully comfortable (such as fields propagation coming from the
future). In fact these issues appear in the case of a single particle interacting
with its own field, which is a simple model, but perhaps an unphysical one.
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Without pretending to settle this issue I assume that the force fields are well
defined sections of the bundle J'F); and the action Sy reads :

Sk = [, Lr (Gg, 935G Re A% Re ds A%, Im A, Tm 3 A% 2% (m) , O, 850{;'> w4
with some real valued function Lg. Notice this is wy in the integral (cwy =
|det g|wo)

3) The action Sy, should be some integral like :
SM = f{;\fil
I Ly (v;g (#), Rew (), Imw¥ (t), Re datb¥ (£), Tm a0 (), Re A2 (g (1)), ) dt
with the sum over the N; particles present at t, their trajectories g (t)
within 2 and their velocities : vy () = %’“.
It is assumed that € is large enough so that any particle entering into the
system stays within, or changes into another one (which is just a change of
the value of ) or is annihiliated : there is no particle leaving or entering 2
during the whole period of observation [0,T] except at t=0 or t=T. Conversely
particles can be created ”from the vacuum”.

4) Let us consider first the case where all the particles live over [0,T]. If the
problem has a ”well posed” initial value formulation, that we will assume,
the principle of least action leads to equations such that the trajectories g (¢)
are uniquely determined from the initial values, notably the positions a; of
the particle k at t=0. Implementing a classical method attributed to Low,
one can therefore assume that there is some function f : S(0) x [0,7] —
such that the particle positioned at t=0 in a € S(0) is at the time t at :
q= f(a, t) € S(t). Of course the function  depends itself on all the initial
values, and is part of the variables to be entered in the model. This is a strong
assumption indeed, as there is only one function for the whole system. The

-~

trajectory of the particle k is : ¢x (t) = f (ax,t) with the constant a; and its

relative velocity is : v, = W.

Let us precise a key point : the value of the variables and their derivatives

are taken in ¢ = f (a,t), so :
=2 (Flan), Bart = 051 () = 25 (q) # L 2L
With these assumptions the action reads :

Y ~ ~

Sur = X0 Jy Lar (262,21 (Flanst)) =4 (Flan, 1)) )
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5) S(0) is a relatively compact riemanian manifold, so it is geodesically
complete and there is a unique Green function N : S(0) x S(0) — R such
that :

Vu € L? (5(0)) >u|8S(O =0:

Jsy (2N (g, )) u (a =[50 Ny, @) (2) @3 (a) = —u(y)

where w3 is the induced euchdlan metrlc on S(0) and A = divo V is the
Laplace-Beltrami operator on S(0), incorporating @ (Grigor'yan [6]). N is
smooth outside x=y and belongs to L%(S(0)). It is symmetric : N(a,y) =
N(y,a) ,positive on S(0) and null on 95 (0). If S(0) is not too exotic V is
proportional to f dlay) V Sds Where V(a,s) is the volume of the geodesic ball

centered in x. N is fully deﬁned by S(0) and the induced metric on S(0). So
it is a fixed function in our problem.

The quantity o(y) = fi Lar (2 (Flw.1)) ., (Flo ) ) dt s o
function of y € S(O), null on 95(0) if there is no particle on the rim at
t=0, and we can reasonably assume that ¢ (z) € L? (S (0)). So we can write

6y fsm AN (y,0) 6 (a) 5 (a)
—¢ (ar) =[50 DaN (ax, @) ¢ (a) 3 (a)
SM— zk JS ) (BN (a1, )) 6 (a) 3 (a) =
=50 S (Ba (a @) fy Lo (22,2 (Fla,1)) 2 (Fla,) ) dtoss (o)

6)  has the structure of a fiber bundle with base R and typical fiber S(0),
with trivialization : ¢q : S(0) x [0,T] — Q 2 m = pq(a,t)

So for each (a,t) € S(0)xt the map ¢q defines a point in €2, and conversely
for each m € Q there are unique coordinates (a,t) € S(0) x t . Indeed this is
exactly how we have defined the chart. It works because the fiber bundle is
trivial.

Let N be the function :

N Q= RN (pa (1) = = Dy Aso)N (0, 90 (6,0)) = = Sy AN (a,a)

It is defined on €2, constant for all t, smooth and null on 0f). For a given
system N should be fully known : it is included in the initial values package.

Let be the map : f: Q = Q :: f(pq(a,t)) = 7 (a,t) . It is defined on
) . The particle present at t in m if any would have as coordinates : m =
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va(y,1)),y € S(0). Its trajectory is : ¢ = f (y,t) = [ (pa (y,1))) = f (m).

Its velocity in the chart is : % = gf( ) 80f(<p9 (y,t))). So we can
20

- dt
define V = 9y f (m). We will denote : 20 = f = V = 9yf = 20 (but 2° itself

cannot be explicitly in the lagrangian) so the action reads :

Sy =
Jsioy N (e (@) g Lar (2 (F (e (@, 0))) 126 (T (00 (0,0))) ) diems (a)

2 has the structure of a fiber bundle with base R and typical fiber S(0).
The volume measure on 2 can be expressed as : wy = w3 ® dt where dt is
the Lebesgue measure on R (Lang [16] XV 6.4). Then:

Sy = JoN(m)Ly ( <]7(m)> , 2t <f(m)>> w4 (m) and the action can

be written : SM = fQ N (m) Ly (2%, 28) w4

Remark : V is a vector field on €2, which gives the velocity of the particle
that would be located at the same point. Thus we have a strong analogy with
a fluid mechanics model, but there are 2 differences. The V vector field is
7virtual” in the meaning that I do not assume that there is a particle present
: the lagrangian depends on f, N and this has important consequences. I do
not assume any continuity of variables such as density, and any conservation
law should be deduced from the model.

7) Let us now consider the creation and annihiliation of particles. The
presence of a particle is felt in the action through L;;. E); is a vector bundle
and 0 is a legitimate value for . After some adjustment if necessary, it is
possible to guarantee that Ly, = 0 whenever ¢ = 0. The previous construc-
tion stands with a variable number of particles and a map f defined over all
S(0) with the convention that : ¢ = f(a,t) corresponds to the trajectory of

a particle iff ( f(a, )) # 0.
We have then a unique section ¢ : 0 — F,; for all of 2 and the particles.

The continuity of such a section is questionable, if the particles can be created
and annihiliated, or change their physical characteristics, but of course that
is one of the main pending issues.

The physical vacuum means the absence of particles, that is ¥ = 0, and
the action is then restricted to Sr. But the model stands as long as S(0) is de-
fined, with any function N (¢q (§,1))) = — fs(o) AgoyN (z,¢q (a,0))) p(a)ws (a)
where p(a) is an arbitrary function. One gets a section ¥ which is not nec-
essarily null and defines some ”fundamental state”. We will come back later
on this point.
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4.2 The configuration bundle

1) In the following we keep the variables :
Ve (BE),Gel (TV;0(3,1),Ae A (TV:TU),0 € Ay (TV;Gp),
which are sections of the respective bundles, and the map f € C™(2:0Q).
When it is useful we will denote : Z0 = f*Z;, L, = f*Las.
The action is :
S=Suy+ Sk
Sut = Joy NLar (VO Re %, Tm 4%, Re 9,097, Tm 9,19, Re A%°,
Im A2%, Re 0, A", Tm 9, AS", G4, 0.G5*, O, 9501 ),

S ot (R . R . 1,03, ,0F)

2) There are 16m+36 variables

2 = (V2. Re ¥, Im g, Re A, Im A3, G2, OF )

all real valued scalar functions. Let JZ be the vector bundle based over
Q2 modelled on the vector space spanned by (z%) with the trivialization Z =
01z (2%, 2"). We will denote a vector of the tangent vector space to JZ :
V%0, + w'0;.

A section of JZ is amap : Z : Q — JZ = Z(m) = @7 (2% 2 (m)).
The first jet extension J'Z of JZ is the set of the equivalence classes of the
sections on JZ with the same first order partial derivative (Kolar [14] IV).
J'Z is coordinated by j'Z = (2, 2%, 2%) and J'Z — JZ is an affine bundle
based over JZ. J'Z is identical to the set JZ @ TM* = L(TM;JZ).A
section of J'Z isamap : j'Z(m) = oz (2% 2 (m), 02" (m))

The configuration of the system is defined by a section J1Z of J1Z and a
map f:Q — Q.

With these notations the action reads :

S = S, +Sp: SM:/Nf*jlz*LM (2, 2) wa; SFz/jlz*LF (2", 2.,) w4
Q Q
(16)

We will denote :

Lar = N (m) 5127 (L (4, 24) (det O))

Lr='Z* (L (2%, 2%) (det 0))

So L = E}Q +£F and SM = fﬂ ﬁMwO; SF = fﬂ EFW()
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3) The lagrangians Ly, Ly are real scalar functions on J'Z | which together
with the volume form w, define a 4-form on (2.

The specification of the lagrangian is a major issue in field theories. The
main road to set it out is by using the constraints imposed by covariance and
gauge equivariance.

The equations derived from the principle of least action lead to solutions
which shall be equivariant under a gauge transformation : observers with
different referentials shall be able to compare their results if they know how
to pass from one referential to the other. A general theorem states that
this is achieved if the lagrangian is invariant under a gauge transformation
(Giachetta [5] p.70). This will give us a first batch of relations to be met by
the lagrangian.

Covariance derives from the condition that the solutions, and thus the
mathematical objects involved in the model, should transform as expected
in a general change of chart on the manifold M : their coordinates are rep-
resentative of intrinsic geometrical objects. The action is the integral of a
4-form over €. So the functions N L,;, Lr must be invariant under a change
of chart.

We will address successively these two requirements.

We will prove that any lagrangian meeting the gauge and covariance
conditions must be of the form :

L=(NLy + Lr)detO’

with

Ly= Ly (V*, Re 0OV, Im 0¥, Re Vo0 0Y, Im Vo), G20, 0197, 95010%)

Ly=Lp (Re F, 5, Im F4 5, Fiog G2, O, 0500)

Furthermore G does not appear explicitly if the lagrangian does not de-
pend on 950",

We will prove that some of the partial derivatives of the lagrangian
transform as composants of tensors, thus they will be essential in definin-
ing "Noether currents”.

But in the proof we will encounter many other mathematical quantities
which will be useful later.

5 GAUGE EQUIVARIANCE

Any physical measurement is done by the co-ordinated network of observers.
So it is not sufficient to know how each of them sets up its own apparatus,
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we need to know how this set up changes as we move along the observers. A
gauge transformation is thus a continuous, and we will assume a diffentiable,
map : s(m)xu(m) on @y extended to the bundles over M by use of the
gauge transformations rules. In fact the latter lead to parametrize the gauge
transformations by vectors of the Lie algebra, meaning using the fiber bundle
structure Fj; and its 1-jet extension introduced previously. This does not
concern 2V, V.

5.1 Gauge transformations on @),

1) From a mathematical point of view a gauge transformation is a map :
J:Qn — Qu i J(q) = q - f(q) where - stands for the right action on @y
and f: Qu — (Spin(3,1) x U) is such that : f(g-(s,u)) = (s,u)”" x f(q) x
(s,u). Applying this formula to the section g (m) = ¢g (m, Lspim X 1y) gives
: F (9 (m. (5, 0))) = (5,u)™" x F(2q (M, Lspin X 10)) % (5, )

A gauge transformation can thus be equivalently defined by a map :

j 1@ (Spin(3,1) x U) : (s (m) ,ju () = f (0 (m, Lspin x 10))

with the action on @)y :

J(q (m, (5,u)))

— 0 (m. (5, u))-(5,0) " (s (m) , ju () (s,0) = 9 (m. (js (m) s, jur (m) w))

2) With pointwise product the set of gauge transformations has a group
structure (the gauge group). Among all these transformations we consider
those which form 1-parameter groups : the subsets of the gauge group
parametrized by a real scalar 7 and such that :

Jrody = Jryr &

20 (. (G5 (m) 5.5.4 () ) (s (m) . .4 (m) w)

= ¥Q (ma (]T—i—r’,S (m) Sy Jr+r! A (m) u)) N

This condition is met with (j,.¢ (m), jr.a (m)) = (exp TR (m),expT 0 (m))

%

where <7 (m), 0 (m)) is a map 2 — (0(3,1), TfU).

So we will focus on the gauge transformations such that : .

T2 (m, (s,1))) = g (m, (s,u))- (s~ (exp 7R (m)) s,u™" (exp 78 (m)) u)

%

= g (m, (s,u)) - <exp TAd1 % (m), exp TAdy-1 0 (m))
LT (00 (m, (5,0))]—0 =
([Ads-1J5 #* (m) Rala (0 (m. (s,)))  [Ady-1]2 8. (m) 6, (a (g (m, (5, )))))

51



where %,(q), 0, (¢) are the fundamental vectors of Q.

with ® (m) = 3., &% (m) Ry (M) , i (m) =>,0%(m) 0, (m).

Thus we have g (J; (¢)) = 7q (¢) ; 2=(J; (¢))|r—0 = Y (q) where Y is the
equivariant vector field on Q) :

Y €M (TQu): Y (@) = (x(0)Fu(a). 8 (4) 05 (0))
)

with : (K (q (m, (5, 1)), 0 (2 (m, (5,)))) = ([AdyJ¢ K2 () , [Ady ]2 6° (m))
Y is the infinitesimal generator of J. : J.(¢) = exp 7Y (¢) . Equivariant
vector fields on Q) are described in the vector bundle F); :

(gpQ (m, (1,1)), (g (m) ,é(m))) ~ (% (m, (s,u)7"), (Adﬁ (m) ,Adué(m)))

3) We have similar results for the gauge transformations on the fiber bundle
JYFy — Fy . A one parameter group of gauge transformations is such that

s J, (G, A) o Jy (G, A) = Jr (G, A) which is met by
J. (G, A) - (Adexm? (Go— 70,7, Ad__ (Aa - Taﬁ))

pT 0
£J(g(m), A(m))]-=
ar T 3 T=
= ([% expT R, Go — 70y

|+ 2L (Go—T0.K),
[% exp 7'7, A, — 7'80{7]
(

dr
N —

it (A =70, ) o

m) ,Aa] — 8047)

_ ((chﬁb (M) GS — Dak2) R, (Cgceb (m) A — aaea) éa)

where the brackets are on the respective Lie algebras.

Thus this kind of gauge transformation can be parametrized in @), and

in F; by a section of J'Fy; :
C:Q— J'Fy ¢ (m) = (k% (m), 0" (m), 0ak® (M), 0,6° (m)) .

4) The gauge transformations induced by x act on G which is real valued.
But A is c-valued, so to be consistent one must allow 6 to be c-valued, and
extend 71U to its complexified as well as the representation (W, x) to a
representation of U.. 6 and its partial derivatives are then complex valued
and exp 76 is well defined.

It is clear that by proceeding this way one addresses specific gauge trans-
formations (only those that can be represented by one parameter group), and
so one does not cover all the constraints on the lagrangian.

52



5.2 Gauge transformations in J'Z

The next step is to describe how these gauge transformations act on the
configuration space. At first we will describe the diffeomorphisms on J!Z,
as it is a prerequisite for variational calculus.

1) A fibered isomorphism ¢ : JZ — JZ is such that there is an iso-
morphism @ : 2 — Q with m o ® = &5 o 7 where 7 is the projection
JZ — M . Tts extension j'® : J'Z — J'Z is defined by : j'® (jlz) =
jéo(m) (®ozo®y! (m)) for any section z on JZ. A lagrangian is invariant
by an automorphism ® : JZ — JZ if (j1®)" (Lwy) = Lwy. Here wy is the
4-form derived from a holonomic chart : wy = dz' A dz? A dz3 A dz®

2) As above one focuses on one parameter groups of diffecomorphisms, with
vector fields generators. A vector field on JZ is written : ¥ = Y%, + Y4,
where the basis vectors d,,9; and the components depend on the point
z € JZ. Y is a projectable vector field if 7’ (2)Y is a vector field on
M. Its components Y depend on m only. Its flow is a fibered diffeomor-
phism ®Y : JZ — JZ @ LOY ()], = Y (2) (because : 7 (DY (z)) =
exp7X (7(2))) which can be extended on J'Z by the same procedure as
above : jl®Y (jl2) = jéig(m) (@Z 0zo®X (m)) .The one parameter group
Ji®Y as for generator the vector field j'Y on J'Z defined by : j'Y (5l 2) =
4 (j1@Y (j1,2)) |;=0 for any section z on JZ. Its components are :

JY = YO, + Y + (gTY . %%) 5% (Kolar [14] p.360).

One can write : j1®Y (51 2) = &1 (51 2)

jlz takes its value in RY+32 and its variation is computed as :

Y (jL2) = bz = 7 (£ (1,2) lrmo ) + 70 (1) = 7Y (jL,2) 4 7o (7)
with lim, g0 (7) =0

The diffeomorphism j'®Y acting on j'z changes the value of a lagrangian
Loy (ji2)" Loy — (qﬂ:Y (]%ﬂ)) L

The derivative - (@Zly(j}nz)* £w0> l.—o = (j'2)" £y Lwp is the Lie
derivative £;1yLw, of Ly along the vector field J 1y, A lagrangian Lo is

invariant by j'®Y iff £y Ly = 0.
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3) A one parameter group of diffeomorphism can be defined by any pro-
jectable vector field Y on JZ (this is part of the basics of variational calculus)
but conversely if we are given a one parameter group of diffeomorphisms we
can compute its generator. We have seen previously that a one parameter
group of gauge transformations :

_ =\l
q=vq(m,(1,1)) = 7= vg (m, <eXp TR (m),expT 0 (m)) ) .on Qy
can be parametrized by a section
C €N (J'Fur) 2 C(m) = (=K% (m),—6" (m), —0,k" (M), —0a0" (m)) .
We know how such a group acts on each variable. This is a fibered

map ® with a vertical vector field Y (the component along §, is null) as
generator,computed by : Y (Z) = ddT(I)f (Z) |r=0 = %Z (1) |r=0
We will denote :
Y = (Y6;)
B <YR€ v ORe wi; ) m Olm (e Y y¢a 56'37 yhe A 5Re Ag> yhe A 5Im Ag s YOg 50/&) )
Yi(2) = £ () |omo

4) We have already seen the action of ¢ on the potentials :

N = N —
Y AT Y, Al = Ad ((Z Ae — Taaea)ea);
SLGOH, = Y, G ? Adu(s) (3, (G4 = 70,6%) K q)
For G :

= 4 (Adys (Z (G4 = 706" Ra)) lrmo = ([F,Gal" — 8ur®) R
yoi =4 ( ) lhmo = [7, Gal” — Oar® = GLKPGE — Dk

For A we must compute the real and imaginary parts of the components
(the structure coefficients C?, are real) :

<4 Re A2l—o = CY, <Re 0" Re A¢ — Im 6" Im A;) — Re 0,0"
Lm A = O, (Red? Im A5 + 1m0 Re A5 ) — Im 0,0°
yReAs — (Cgc (Re 6" Re A¢ — Im 6* Im Ag) ~ Re aa9a>
yindi — (Cp, (Re6®Im Ag + Im 6 Re A5 ) — Tm 9,6°)

For O’/:\Z,
O - 0O, =|[(u (eXpT?))] (0]

%O’QIT o=/ o (V)R] 04 =

7 [e%

7] 04

o4



VO — (%2, 5 Rl OF)

5) The variables in L), depend on ]? The gauge trarlsformation acts
with the values of the parameters as they are at the point f (m) : K (m) =
ko f(m),08%(m)=0o f(m) and we have for ¥ A® G* O :

2(Fm) = Z () =¥ (2 (Fm))

=Y (2 (Fm))) =¥ (2 (Fm)) o

So the previous formulas stand if we consider the values fZ =7°

For 9 : '

.. - i — J
P — qpiie =3 [p (exp T?Q)]k [X (exp T6 0)] Ok

I
Lo = (P o ()R @1+10x (1) (6°)) v
%0 = K7, 0o + [6°7 4
% Re Q/JW |T=0
= kY Re <[/{a]2 @Z)W> + Re 6% Re ([Qa]f€ @Dolk) — Im 6% Im ([Qa]f€ @Dolk)
% Im ,IZZM\”T:O
— k0T ([ 0% ) + Re 0% T ([0, %% ) + Im 0% Re ([6,]} v°)
yRev? 4 4
=" k% Re ([ka) [wO]); + Re 6% Re ([¢7] [Ga]t); — Im 6% Im ([¢] [Ha]t);
Ylmwij A
= > k% Im ([kq) [wo]); + Re 6% Im ([¢] [Qa]t); +1Im 6% Re ([¢°] [6a]")

i

J

6) The vector Y has an extention on J'Z : j'Y = (Y,05Y") parametrized
by j2¢ = (¢, ¢4, ¢%5) € AoJ*Fyy. Its components can be computed from the
general formula above, but here a direct approach is easier. Let ®Y be the one
parameter group generated by Y. It is a vertical vector, so &y = Id and its
extension is for a section Z :j1®Y (j} Z) = j}, (®Y 0 Z) = j}, <Z\ (7‘)) . S0 the
components dzz are computed by the partial derivatives of the components
of Y :

Y(Z (m),C(m)) = L (2 (m, 7)) l—o ,
| =0 — 804 (i z' (mvT)) |T:0) - aozYZ (Z (m) 7§(m))

3
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For the variables depending on fthe evaluation is still done in f(m) SO
the partial derivatives of f are discarded.

a) For A : &y;\lg

-3 (Adu (AB - Taﬁe))

— (9a (Ady)) (Aﬁ - aﬁe) + Ad, (aaAﬁ - aaﬁe)

= Ad, [7000, A = 7050 + Ady (045 — 7050

with the general formula : 0, (Adexp 77> =Ad__ _—oad(0,(70))

expT 6
0uAs = Ad,, 5 ([70u0, A — 7040 + BuAe ~ Tpaaﬁe)
20, A5l = [7.0.45] + [8,0, A5 — 0,50

ﬁaaﬁg\Tzo = CL0°0, AG + COs0" AG — 0,56
YaReAB _
Ci. (Re 06" Re A — Tm 9,6 Tm A5 + Re 6" Re 9, A5 — Im 6 Im 0,45 ) ~Re 0,50°

Im A2

va" P =
Ca, (Re 0,0 Tm AS + Im 9,6° Re Ag + Re 6 Tm 0, Ag + Im 0 Re 9,45 )
Im 8a59“

b) For G : @5 = Ads) ([TOak, Go — TOsK] + 0,Gg — TOupk)

Yo' = 20,680 = K GELOGY + 0ur' LGS — Duph”

¢)For O’: 0,07, = (Taama [ (exp )]} [za];?) Ol +{(j1 (exp )]} 0,0
Yaog = %aa/O\/;Lr:O = 804’%(1 [%a]; OIBJ + K [Ea]; aO‘OIBj

d) For 1) : 6041;0” = > (7 (0ar") [P (GXP T"fo)}; [Kall, [X (exp 790)}{ M
+7 (0a8?) [p (exp 76°) ], [x (exp 76%)]; (Bl 0"

+ o (exp7r0)], [x (exp76%)]] Datp™)

Yiew? = 30 k% Re ([ka] [020°]); + Our® Re ([ra] [020°])
+Re6% Re ([021°] [0]") + Re 0269 Re ([12°] [6a]")’

i
J

%
J
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%

—Im@oalm([ } [60,] )A—Imﬁ Qoalm([ } Hat)
VI Z 5 kI (] [0,09])" -+ B (] [
+Re€<>alm([ N0 } Hat)l +Re@a9<>alm([ “at)
+ 1m0 Re ([0,00] [6]")" + Tm 8,0%° Re ([¢°] [0a]")’

200))!

%

S,
SRR

J J

5.3 Equivariance conditions

The Lie derivative of the lagrangian must be null under a gauge transforma-
tion. A direct computation gives :

£pclamn = L (Z(%)) wol

E 0L p d’\QZ

i 9zt

By deﬁn1t10n :
06 5 : 200 5 vi

d ‘T 0= T‘T=0:YZ<27C) daa ‘T (i daa ‘T 0= a(27C)

EM depends on f and not Lp, so for all j2<’ We must have the identities :
S BAY(Z,0) + X, 2L Y (Z,() =0

> YN (Z,) + Y g Ya (2,0 =0

Some of the variables can appear explicitly or through an other one. In

order to avoid confusion we will use the following conventions :

0 + 8[:]u daaz i
=

OLp dZ'
80az2t  dr IT o+

07zt dr

+ B,CF daaZ |
=0 000 21 =0 ) Wo

d _d d d . g

o BT such as —x< 55 0y R denotes the full partial derivatives
with respect to the variables 2°, 2},

8 8 8 8 . . . .

371 507 such as zz2 w, PO RepT denotes the partial derivatives with

respect to the variables 2°, 2, only when they appear explicitly
So the previous identities read :

S EMYH(Z,C) + Y, Y i (2,() =0
SLEEY(Z,0) + Y, Y (Z2,6) =0

5.3.1 Lagrangien Lp
We address first the lagrangian Lp.

1)
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The terms in the second order in j2¢ give :
d d d d
LFG+ LFOL;O: EF\ + LF\ ;
do,Gg ~ dOgGe, ddsRe A2~ dd, Re A4
_ dLp n dLp
d0sIm A2~ d0, Tm A,

Vo, B,a: 0= (17)

(18)

where we use : @;amb = 805/4’, @;Oﬁb = 8a5'9b
So the partial derivatives are antisymmetric in 9,G%, 0, A% as could be
expected.

The terms in the first order in 0,k give :

. dLp dLp dLp " o'
Va,a : 0 = en Zd@ Gb Rar G +Zd8 O” Kol [O)5 (19)

The terms in the first order in 0,0 give :

d d . 1b d . b
\V/Oz, a:0=— EF\ +Z i\ Re |:7a, Aﬁ] +i\ Im [?a, Aﬁ}
dRe Az 5 dRed,Al dTm 9, Al
(20)
N . b
\V/Oz, a:0=— dﬁF\ +Z —LF\ Im |:7a7 Aﬁ} +LF\ Re |:7a, Aﬁ]
dIm A2 4 dRed,Al dTm 9, Al
(21)

%
where we use the fact that ( 0 a) is a real basis and the structure coeffi-

cients Cf. are real :

Re [T 45 = Re T, (ChAs) = .ClRe Js

The terms in x* give :
(22)
Va: 0= Z dr [?aa Ga]b + Py [?aa aﬁGOé]b

afb dGb, ' d05GY, ‘
+Yasi d65 (Rl [0 + 7557 ([Ra] [050'),

o8



The terms in 6° give :

(23)
Va:0=>", d;lf;b Re [9 G,Aar + dﬁﬁgg Im [?G,Aa]b+
2p 3R2§;A’& Re [?“’ 85’21“] b + ahi%;;xg Im [7a7 6521@} ’
(24)

— N b N b
Va:0=3,, 1L [0, A + L Re [7,, A

— N — . b
e [P 0] + i e [0
2) Let be Fgaﬁ = 8aG5 + 85Ga

By changing the variables :

8CVG5 - % ( g’aﬁ - GZCG?XG% + Fg’aﬁ)

bc «
the equation 17 gives when renaming L5 the new lagrangian :
ac’, dach, ac’,
va, B, b de - ngBa + d]—'gaﬂ d]—‘gﬁa 0
with the reverswn of a,f:
dact, ac’, dac’,
+ + =0
ngBa nga s d}'gﬂa dJ-‘ga s
act,
and adding the two : 2 (ngﬁa + ngaﬁ> =0
dc dc’,
Fg s =Fis, = o = =0
Gap GBa dFg 5 ngﬁa

We have a similar calculation for A. The first result is that the partial
derivatives of the potential G and A factorize through the curvature forms
Fa, Fe.

dle _ _ dLr _, dLr

- - = 25
d0sGs — d0.GY " dFg,, (25)
dCp _ dLp _ dLp ALy dLp _, dLp
dRed, A% dRedzAs Y dRe Foy dimo,A3  dimopAs  dImFg,
(26)

99



3) Equation 19 becomes :

dLr
dGg,

Va,o : —

_'_QZﬁbd

oy Gb + GL,GSGY so
oF?

ar oL dLl oL
acs = a04 +2 b d}'bFL agiu = 9G4 +Zbcd>\u Fis
oL dﬁ ar c
= 3G§+Zbcd)\u dF! 5 (deGd) d]_—bF (deG )
leég = gél‘j + 2 Ebﬁ d]:b [?aa Gﬁ]
Thus :
oLr dlr . <
Va,a: 0= — _([R,] [OD):
a, & aGg + o daaog ([’% ][ ])B

[?av Gﬁ] + Zﬁz dgﬁglz

([Ra] [0])5 =0

£ (G 20003G + GQngég(sg)

8L dL
8Gg +2 Zbcﬁ dfg;; (GZcG%)

(27)

So the second result is that £ does not depend explicitly on G if it does
not depend on the partial derivatives 8a0’5i.
Equation 20 becomes :

dlp
dRe Ag

Va,a : —
But

+2> 5

dlp
dReF

Re [76” Ag] ’ +

dLp
dlm F g

Im [70”1215]{) =0

Re 7Y, = Re 0,\AZ —Red, A, + C?, (Re AS Re Aﬁ — Im A Im AZ)

I 4, = Tm &y A — Tm 9,48 + €2, (Re A Tm AL + Tm A§ Re A2
. dLp oLy dCp  OReFgy, dCp  OImFg,,
with dRe A%~ OReAq + Zbku dReFg,, 0G4 + dimFg,, 0Gg
dL OLp dLp b Ac dL b Ac
dRe A2 ~— OReAg - 22176 dRe Y, Cac Re AB + dIm Fg 4 Cac ImAB
- 4 7b — . 1b
dﬁp B,CF dﬁp dEF
dRe A2~ OReAg - 2266 dReFl, 4 Re [‘9 G’Aﬁ} + dImFE,, Im [‘9 “’Aﬁ]
e . _OLp
That is : Va,a : PRodT — =0
Similarly equation 21 gives :
— 5 7b — . 1b
. _ _dlp _ _dLp dLp _
Va,a: dIm Ag +226 dRe Fl Im [9 G’Aﬁ} + dIm F? Re [‘9 a’Aﬁ} =0
— 410 — 10
dLp  _ _9Lp __dLp dLp
dlm A2~ 9Im Ag + 22176 dRe F& 4 Im [9 a’Aﬁ] + dIm Fg 4 Re [9 aﬂ%}
Lp  _
= dIm A 0

The third result is that A factorizes through the curvature form Fj4.

OLp

2077\ =
a 0Im A2
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4) Equation 22 can be written :
Ya:0=Y, (ggf +2Y 0, gL [ﬁb,cﬁr) (% 0r Gl +2 oy 755~ [ 0aGi
+ 0 965 ([Fa] O, + % ([fea] [0:0).,
Va:0=2% o -%r ([Ra,Gal,Gsl + [Fa, 0aGa)) +3. ., 22F [R 4, Go)’

aBb dF%, ., ab dGY,
F Ty Rl T (36508 + s a8500%)
= (Hﬁa, Gol Gl + [F 0, 0aGa))

apfb dFg, 4
= Zb,a<6 piz ([Far Gal s Gs] + [F 0 0aGs] — [R o) Gs] , Ga] = [ a0, 0Gll)’
The brackets are computed in the Lie algebra. The Jacobi identities give
[[?a,G |, Gsl + [[Ga, Gl ?] (G5 R LG =0
[% 0 Gal , Gol=[[ 4, Gl , Go] = [¥ 4, Ga ] s)H[Gp: Wa],Ga) = = [[Gay ), R ]
([% 4. Gal .C 5]+ [F 4. 0aGs) = [[F 4y Gl Ga] — [Fa, 95Gal)
= [?aa [GOH Gﬁ]] [?aa 0, Gﬁ] [?aa 85 ] - [?(MFG&B] )
Zaﬁb C;;—ETZB (H?aa Ga] ’ ] [?aa aozGﬁ]) Zb@,ﬁ dd]-‘LT; [?aa FGaﬁ]

So equation 22 reads :

Va:0 = Eab (gﬁTg [?a, G ] + 2 Eﬁ d]-—b [?CH-FGaﬁ] )
X Rl (5501 + X g 0,0%)

Remark : with dflgt,lo O det O/

asi G5 (Fal [0 = o (det O) G55 ([Fal [O'))y+ L ([Fa] [O']);, OF det O

— et 'Y, 5, 25 (R [0, + LiTr Rl = det OS5, 255 (7] [O'),

(the matrices [K,] are traceless) .So the equation 29 stands also with
substituting Ly to Lp.

5) Equation 23 becomes :
Va:0=25, (~2Re [y As] + 21 [F,, 4,]) Re [d,, 4]
a-v= Zﬁ(aRefgaﬁ e[ by B} + Tt m7s m[ by ﬁ]) e[a, oc]
—  y ¢ — 10
+226<_8R(2Lﬁ1m|:8b’f16:| +WR6|:€1),AB:|) [Qa,Aa]
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. 1b . b
_9_0Lr_ R [?a,aﬁAa} — 9. 0Lk iy [?a,aﬁAa]

oReF,_, OIm Ty,
that is : o . - N
0= Yo i Re (|| o Aa]  As| = 700540 )
st n ([[9..4] 4] - [7.0.0)

and the same calculation as previously gives :

e (7] it o (7]

(30)

Z 8Re]:b

Aap

Similar calculation with equation 24 gives :

Z 8Re.7:b

Aapf

(N | R (L))

(31)

5.3.2 Lagrangian £,

The partial derivatives of G and A appear only in the curvature forms, and
these only in the interactions fields/fields, so it is legitimate to assume that

Ly does not depend on these variables :
dly (. Ly _ (). 4Ly _
dogGY ) dReaaAg ’ dImaaAg
We proceed as above.

1) Terms in first order in 9,x% give :

(32)

Va,a:0 =3 <dRi%Mw Re ([#a] WO]) dhi%Mw Im ([#o] [wO]); - %)
+2 5 d‘éﬁgz ([Fal [0

Terms in first order in 0,0 give :
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dl N dL N
Va,a:0=Y <cmeiajjw Re ([09] 6.]%)" + mm([w 6.)")

ij

dr " ac N
Va,a: 0 = Z (maﬂjwlm([wo} [6.] )j B dITaMWRe(WO] (0] )j+

ij

Terms in k* give :

Va0 =50, 758 Re ([n) [¥])] + 7% T () [¥])]

iy e Re (] [0u])} + 5t T ([ [0a0]))
0 2 (R Gl + X 8 ([Ra) [0 + ot (R [O)]

Terms in 6% give :

Va:0=73", dféfjij Re ([¢] [ea]t)z + dRC‘lfow“ Re (0] [Qa]t)j,

i

+ it T (0] [6a)")) + gty T ([0at] [0a])°) ) +

— . b — . b
dL g ALy
2t dRe Ab, Re [9 @ AO‘] T dIm Ab, Im [9 @ AO‘}

Va:0 =Y, — e Im (] 0.)')) — 5k tm (10a] [0)'),
+3?£%ij Re (W)] [ea]t); + 8151%]:1/1“ Re ([&x@ﬂ [ea]t);‘

— 70 P — b
+Zba—aiﬁe1§glm[9a,/&a] +%ﬁ—”&Re[9a,Aa]
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2) By changing the variables :
0t = Vot — ([, Gav + (8] As™)
Re 9,0 — Re Vot— (G4 Re ([w) [1])] + Re Ag Re ([ [0a]')] — Im Az Im ([v] [6.]")))
T 0,7 = T V= (G4 T ([ [6]); + Re A T ([ 6,]°) + T A% Re (] 6a]")))

and expressing Ly, as L/); with these new arguments it comes :
dLm dly, . _dLy achy,
dRe0at — dReVad¥ ' dImdad™  dIm Vo™

ffcg = %ﬁ:ﬂaf + Ew (dRiLawa Re ([ al [1/’ D + dhi%fw” Im ([“a] [wO]);>
Equation 32 gives :

Va, o : e 2 d@aOg ([Fa] [O])5 (38)

G factorizes through the covariant derivative if £;; does not depend on
9,01,
Equations 33 , 34 give : ‘ ‘
ac dac t\ dac £\
dReA,ZI;g = Eij TRo ™ o7 Re ([wﬂ [6] ) Tt dIvaiw Im ([1/,0} [6] )j

s = 5 (— i I ([0°] ') + ity Re ([°] (8]
oLy oLy

— = 0; — =0 (39)
ORe A2 0Im A2

A factorizes through the covariant derivative.
3) With:
dl:M__ — 0L + Z _dlym Re [G ]k + dL Im [G ]k
dRey@ — OReyl k dRe Vo7 ali T qim Ve gk ali
k . 7k
+dRZ@:¢ik Re [Aa] T+ dhj@:wik Im [Aa} A
j j
ac oL ac k ac k
dImJZU = 8Imllvpjij + Ek _dRevfwkj Im [Ga]i + f Re [Ga]i
oty Al s e gela]
dRe Vo @], " dm Vo a
Thus the 3 equations left give :

Va: Y e Re (o] [0])] + gt Im ([ka] [¥]); |
+ P aij areaigm Re ([Ka] [0av])] + grmatss Im ([ka] [0a¥]);

J
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+ 3 S (R Gol' + 30 958 ([Fa] [0, + 727 ([Ra] [O']), = 0
a o BYa

(40)
Va0 =Y, 5ok Re ([ka] [1])] + 5222 Im (] [0])]
+amsei e (K] [Vat)] + gty Im (5] [Vav]);
+ o B [ o, Gl + X [Full S0 208 + 20,01

(41)
Va:0 =Yy, ety Re (0] ') + 5t Im (] 60)),
+aresizm Re (Vo] [0a]'); + gmetym m (Vo] [6a])

(42)

i

wwzzwéﬁ%mwww%+£mﬂdmmmj
—dRsz% m ([V1] [0 ]) dlﬂ% e (Vo] [ea]t);

6 COVARIANCE

Covariance needs that the lagrangian be invariant under a change of the map
of the underlying manifold. The map f : 2 — € is not affected in such an
operation.

One can proceed as in the previous section, but the group involved in
covariance is the group of general diffeomorphisms on M, it would be quite
restrictive to reduce it to some one parameter group. Moreover the traditional
way is simple and gives some results which will prove very useful. So we follow
the general method as presented in Lovelock [18].
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1) A change of chart is a coordinates transformation £ — E = F' (&) char-
acterized by the jacobian Jg (m) = g—; = [F" (m)]; whose matrix is in GL(4).
We denote its inverse matrix K = J~!. It induces the following transforma-
tions :
O — 0o = JP0p
dz® — dxr = Kg‘dxﬁ
woy — ao = (detK) ™o
on vector fields on M : X0, = X?0, = X = KE‘XB
on forms on M : X,0% = )?aé\a = )?a = JéfXﬁ
J'Z is identical to JZ @ TV* = L(TV;JZ) so the transformations on
J'Z are deduced from the transformations on TM.
¢ is unchanged, all the other quantities are vectors and 1 or 2 forms :
Ve - Ve = Kg‘Vﬁ
0 = 0" = 04J> = det O' — det O’ = det J det O/
OV — Do) = J2ONYY
Ae 5 A = Al
G — Go = JGY
a 5 a _JA a
0aGh — % = JoJpONGY,
Aa Aa _ TA Aa
050! — 930’ = JQJ}’; (8,\02)
and also:
Vb = Votp = JaV i
X,aﬁ - ‘Fg,aﬁ = Jé‘]g‘rg,)\u
gl,aﬁ - Eliﬁ = ‘]oz)\‘]gfg,)\,u
X,aﬁ - fz,aﬁ = Jé‘]gfg,)\u
J and K being real matrix all the formula stand for real and imaginary
quantities. _
[+ Q — Qis unchanged and the variables (29, 20) = f* (2, 2!) trans-
form as (2%, 2") .

2) We have for the 4-form on M :

(NLM + LF) Wy = (NLM + LF) det O'w
— (NEM + ZF) det 6/?%0
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3)

= (NEM + EF> det J det K det O'w
_ ( NLu + ZF) det O’z
= (NLy + Lp) = (NZM n ZF)
f acts only on the first part, so we must have the two identities :
Ly (,2,) = Lu (7, Z,)
Lp(2,2,) = Lr (2,2,)
Lu (va, Re ), Tm 9, Re 8atp, Tm 9ath, G%, Re A% Tm A%, OF 350;;')
= Ly (K§VP Re¢, Imp, J) Re dyip, JA Tm dyipid, JAGS,
JXRe A%, JX Tm A, O4J), JXT50,01)
- (Gg, 0.G% Re A%, Tm A% Re 9, A%, Tm 8, A%, O, aﬁ()g’)
= Lp(J2GY, T0T505Gy. ) Re Ag, JAIm AS, T2 T4 Re O\ A2,
Jéjg Im OAA“ OS%JO):, JQJ@‘@AOZ)

TR

By differentiating with respect to J? one gets the identities :
d dK
Wlth Z)\,u dK}) dJﬁ = E,\u ( KAK&) dK)

— dLy A roa) dV7Y
Va,ﬁ . O—EM{ZW Ly (~K)Kg) 47
Ly dLy O} Re o ALy OJL i 9,70
0] dReaww 88 dimoygd 08
+Z dLM 8J G iy dEM aJiLReAZ dEM aJﬁ\LImAZ
“ dGA“ BJB dRe;i; 3J‘3 dIm;i\g EVA
i dO’Z BJ &n da OL'/ aJ

S /O S R M

dL drL h dL drL
+Ea dG’Z’ 5 + ReMA ReA + M_ ImA“ +ZZ dOJZ B

dLy i 1 dLy 1 1
i 2 18050 AO&J&O

and X X
Va,B:0=3, { dLp 0J5Gy dLp_9JyRe Ay dLp_ 07y Im Ay
’ Autea dcs ol dReA¢  0Ja dlmAg  9J5

NS dbp  OJRJNOReA | abp OJU0mAG | dbp 9J5010G;
&\ dRedyAz 074 dimoyds  0Ja doNGy,  9Ja

E dLF 8‘1505 Z dLp BJfJZZagO;f}
idoi oIl & goyon  0J8
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4)

va’ﬁ:ozz dLFGa dz;i\ ReAa+ dLF ImAa

_ ¢ dGg dRe A 4Im A%
+Ea Z(L)Z j + EzAﬂ ddLF J”a O’Z _|_ dLF Jua O”
DG A Re (04 - aiA%)
oA 5
dL . dL a a
+dImBZAa J3Tm (85’4 _8MAB> + =£ J” (85G% — 0,G%))

By differentiating with respect to the original arguments one gets
OLy BLJM az

which reads :

8zt~ 9z¢ 9z°
dLy dLy dVB dLM dLM dLM
ave T EB qvs dve ZB de dve ZB dv B a
dLy  _ dLy . _dLy  _ _dLy
dRey — po ww dImaptd dmij
_dLly Jo dLyy . dLy Jo _dLy
TRedags — 223 dRed g dmdap — LA & dim g
dLy _ jadLy . dLp _ jadLp
9Ge T YA 4Gy 9Ge T YA 4Gy
dLy _ 7adLy . dLp _ jadLe
doy — “A qoy dOf T YA go%
dL]\/[. —_ Q/Jﬁ dfy . dLF. —_ Q/Jﬁ dEE
dogOy A 8, 0% ’Adaﬁog A 9,04
dLp _ aJﬁ dLp . dLp _ aJﬁ
dRedadf — “AM gRog, An’ dImoaAy AT g1

Some of these partial derivatives transform as composants of

tensors, and therefore we can introduce the corresponding tensorial objects

dLy  _dLy
dRe ¢ dIm ¢7
4Ly are components of a one form field: 3 95 gy

a dVe
dRCéIg:I 5 dhﬁlgf 5 flLGJZI , Zéf , flLOJY{ , géﬂ are components of vector fields :

_dLyp _dLyp dL dLpg dLp dLy
Za dRe 01" aa? Za dIm Oy 1)t 80” Ea dG% a Za dG% 8 Ea do” 8

dLp dLp dLp _ -
TRe0n A5 dTm 043" 400 0 are components of anti-symmetric bi-vector fields

dL dL dL
2 {ap) TRed. A3 O N g 2y m&l N8, 2 (ap) aantmOa N D5,
by _dLr are components of bi-tensor fields : 3, -4k 0,03, Eaﬁ dLr 5 @

are functions over M

49507 dDz0% af 9,07 0,07
" OLpdetO’ _ _ 9L / :
But the quantities such as 3£ Fi ., — OReri, det O" are not tensorial.
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5) By putting J§ = 0§ we see that the values of the partial derivatives are
unchanged. So the two previous identities give :

(43)

dLa 1 7a dr ij dL ij

Va,3:0= -S4V + Z” dReaMw Re 0s9p" + T O Im O™
dL dL a dL Aa
+ 20 ad Gh + ns Re Ag + -4& Mo Tm Aj
dL dLy i dL i
+2 (dOJ’V{O + 20 a0 57005 + B8 aBO'A)
(44)
.0 dLr /a L L a
Va,B.O—ZadGiG The 2@ ReA + = 2@ ImA
dL a dr
+ Za)\(dR 8FAa Re (85 a)\A ) m Im (85 a)\ )
L
+autr (05GS — 0:GY))
dL dL i _dL i
+ Ez (dOiO + EA daAgg &Og + d@a(};f\’ 850&)
6) By proceeding to the same calculations with the lagrangians :
Ly (Rey™ Tm ™ Re Vawij Im Vad}ij G2, 0!, 050",
Lp (Re F4 o5, ImFG 5. F& 0, O, 0500)
one can check that the following quantltles are tensorial :
aRiLVIZ 7 athV]Z 7 are components of vector fields : ) aRiLvM 7 Doy D athVM 5
OLp OLp OLp

TRe 74, Dmry Ly 978, ATC components of anti-symmetric bi-vector fields
oL oL
Zaﬁ BRGJ:I; a A aﬁ Eaﬁ 3Im]:Fa a A aﬁ Eaﬁ 8]:‘1 a N 86

7) With the identities from the previous section the two equations 43,44
become :

(45)
Vo, 0= —FHV+ 3, <dR§Lv% Re Vi + g Im Vﬂ@/’ij)
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] Ly (9 O/i)
dL ' dL]M,i O + 8(10’1( 5O
+Ea %éAaIG Ez dO%O Em 40,07 ( A ﬁ) 9o OF

(46)

dL a = JT_'a )
10=20 (e Refj5A+7dI Fa Im]:AB/\+df G2
Va,B:0= aX \ dRe Fg el o0
OLp Z dLFO EZ)\ .07 O“ (6AO ) 30007 sy
+ Ea 0G4 G i dO \
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Part 111
LAGRANGE EQUATIONS

7 PRINCIPLES

Functions for which the action is stationary are given by the standard varia-
tional calculus, in the form of the Euler-Lagrange equations. We will review
them below. But our problem is more complicated due to the f map, which
needs the use of functional derivatives techniques.

7.1 Variational calculus

1) We have seen previously how a projectable vector field on JZ is the
generator of a one parameter group ® which can be extended to J'Z .
The group ®7" induces a deformation of a section j'Z on J'Z : j'Z —
®7"Y (j1Z) and of the value of the lagrangian and action :

L Z* Loy — ((bily(le)> Lo

$(2) = [, (12) Lo = S (2.¥) = [, (927 (712)) L

For Y fixed S(7,Y) is a function of the scalar 7. By derivation with
respect to 7 in 7 = 0 one gets the variational derivative of £ along Y :

£ Yo = Jodt (@Y G12)) £20) brco = Jo (5'2)" £y Lo
where £1y L is the Lie derivative of L, along the field J ly.
The solutions of the variational problem are taken as the sections Z such

that S is stationary for any projectable vector field Y with support included
in Q, that is : £S(7,Y)|,—0 =0or [, (j'Z)" £y Ly = 0.

2) The first variation formula of variational calculus gives the value of this
Lie derivative (Giachetta [5] p.75, Krupka [15]) :

fjlyﬁ@o = Z YZEZWO + hd (ijly@L) (47)
where
Op = Lwy+ g fl @' N g, @ is the Poincaré-Cartan Lepage equivalent of

the lagrangian, with @® = (dz® — 2! d€®)
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a=1déo \ 921,
h is the horizontalization, an exterior product preserving morphism :
h:A(J"Z;R) — Af(J”HZ; R) q>0,r>0
such that for a section Z C AgJZ and p € Ay(J"Z; R):
() p = (7715)" hp

= % I (ﬁ) :E = E;w' A\ wy is the Euler-Lagrange form

3) Thus the variational derivative computes as :
LS(T,Y)rmo = [ (51 2)" £5y Lo = [, (7' Z)" (Y Eywo + hd (i1v01))
But [, (j'Z)" hd (i1y0OL) = [, Z*dijyOr = [y, Z*ijyOr = 0 with the
Stockes theorem if Y is compactly supported
So for the solutions:

VY LS, Y )0 = [ (51 2) Y Emy =0= Ei = §5->0_ 2= <§fa>

and we have the Euler-Lagrange equations:

oL n d oL \ _
927 Ea:l dee (82’3) =0

4) This classical method can be implemented for the "field part” Lp of our

lagrangian, but in the "matter part” L£,; the map fdoes not fit well. So we
tackle the problem through the method of functional derivatives.

7.2 Functional derivatives

1) Let A be a set of scalar valued functions endowed with a Banach vector
space structure. A functional is a continuous operator : S : A — C. The
general theory of derivatives can be fully implemented. The functional deriva-
tive of S at f is a linear map :% (f) : A — C such that for any infinitesimal

0f : S(f+0f) = S(f) =5 (f)(6f) +o@f)lofll

It is computed easily by % (0f) = %S(f + 7 f)|;=0 where §f is a com-
pactly supported function. % is a distribution if it is continuous. We have
the usual theorems and properties of derivatives with some caution because
the product of two distributions is not defined. What matters is not the
domain where the function are defined, but the codomain, where they take
their value : the theory is legitimate as long as A is a Banach vector space,

such that functions can be added together.
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2) Ifboth F and fbelong to A, the chain rule gives : 4 7 (Fo f) =4 (Fo f)4 o
. As the product of the function e by the dlstrlbutlon 2 (F ) is well de-
fined : % (Fof)(f) = Cg 8 (F f) (0f). One can compute the deriva-
tives simultaneously with respect to F and f. Let us consider the function

o (m, ) =S((F+m0F)o (f+mdf)) and its partial derivatives with re-
spect to 7,7 in 7y = 0,75 = 0. That is :
05 = S((F+mdF)o(f+mdf))—S(Fof)=d¢(n,m)—¢(0,0)

= <87-1 |7'1 To= 0) T+ <37_2 |7'1 To= 0) To + 0(7—177—2) (|7—1| + |7—2|)

an\n 0= $7 (FO (f +720f)) (0F o (f +720f))
:>aﬁ|nf 0: (Fof)é(Fof)
am‘m =0 = —?g—s((F‘f‘TﬁF) f)of
:>372|71'r2 O_Z?gfr( f)af
Thus: 6S = §5 (F o f)1id (F o f)+5r 3% (F o f) 72 (0f)+0 (11, 7) (Ima] + [ |
The functional derivative of S with respect to Flo fis: %2 = 22 (
and the functional derivative of S with respect to f is : §F = @ oF (Fof)
Now if S (F o f, f) we have by the same calculation :
05 = S((F +ndF) o (f+mdf), f +70f) — S(Fof)
an\n 0= 55 (Fo(f+70f) 0F o (f +m0[), f+ 26 f)
= gelnm=0 = 35 (Fo f),f)d(Fof)
572‘T2 o =43 (F+ndF)o [, f)5f+55 (F+mdF)o f.f)of
= elm=0 = 3 (Fo f,[)6f + 55 (Fof, f)éf
The functional derivative of S with respect to Fofis glsm = lSm (Fof);
and the functional derivative of S with respect to f is : Ccll? g}i (Fof, f)+
‘g—? (F o f, f) where the last term is the functional derivative for f as a stand
alone function.

3) Let us come back to our problem. JZ is a vector bundle, a section is
valued in R6m+36  J17 is also a vector space and we will assume that we
restrict ourselves to some set H C AgJ'Z of bounded, differentiable func-
tions, endowed with a metric so that H is some Banach vector space. The
functional derivative in j'Z of a functional : S : H — R is a continu-
ous linear map : U € L(H;R) such that for any infinitesimal variation

167 = {(5%,52@)@.7&} cJ'Z
S(28 +62%, 28 +621) — S(2%,21) = U (62",02") + 0 (62", 02%) || (62°, 2% ||
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For a section j'Z € H and the variation §j'Z = (§2%,0,02") = j10Z it
reads :

S(2 402", 0,2 +0,02")—S(28, 042") = U (02", 0,02")+0 (02", 0,02") ||(62%, Dn02%) ||

that is : S(j102) — S(j*Z) = U (Y6Z) + 0 (5162) ||(5162)||

If 5717 is defined by a projectable vector field in each point m, we have
forte R:

307 = ®1Y (13,2) =87 = 7 (403 (j1,2) lemo) 470 (7) = 7Y (j,2)+
T0(T)

Therefore the functional derivative must meet the condition :

S(®1Y (L, 2)) = S(ih2) = TU'Y (55 2) + 70 (7)

The variational derivative is £S(7,Y)|,—o = [, (j'Z)" Y'E;w, thus it
can be associated with the functional derivative :

95 (j'Z) = (j'Z)" E; such that :

S(@LY (jZ)) = S(jnZ) =7 [ (7' Z)" Y Eizog + 70 (1)

The variational derivative is nothing but the value of the functional
derivative along a projectable vector field. Furthermore :

S S (1 2)Yiwy = (512) £y Lo

i 5zt

4) To implement this method we need to come back to functions with
codomain R™. The trivialization of Q : ¢q : S(0) x [0,7] — Q stems from a
chart : oy : Uy x [0,T] — Q where Uy is an open set in R?. Let us define the
map : N

f:Uyx[0,T] = Uy x[0,T):: f =p' o fopy

a=0,1,23: 9% = fo (& €2 €3 1) are the coordinates at t of a particle
whith coordinates (£1,£2,€3,0) at t=0 and V* = 2=

ot
The matter part of the action is the functionnal (in putting V apart)

Sy = [, N (m) Lag (v,zioﬁzgoj)m:

Soptoimy (Y 0 00) Las (% 2 Fpu, 24 Feu ) |det O (Fov )| (6) det @ dé?
d&3 @ dt

Sy = onx[O,T] (N o) L (%=, 2ipu f, zhou f) [det O (pu f)] (€) dé*@de?
d&3 @ dt

N is fixed and we have a functional of the composite function j'Z° =

j*Z o f of the vector valued functions : f () and j'Z = (zz &), gg; (f))

74



5) For the field part of the action, which does not depend on f, the func-
tional derivative is :

B 12) = 4 ('0)- S s (%5 0'2) = - K0, (%2 0'2)

6) For the matter part the functional derivatives are :
a) For i>0 : % (jl7°) = % (j17°) = E; (j12°) = 2u (j129) —
T (02
9Ly

The quantities dga ( o ( leQ)> must be read with the total derivatives

J
d oL v 21 70 _ 0L p dz] 0L p dz,é’
dge (azg (72 )> =2 gade der T 2is 921,073, &2

b) for f :

as a stand alone function :

651\/] — _E i B,CJV[ — d (B,C]V[)

Sfe B deP \ ofg T dg0 \ave

and composed with the other functions :

88 -1 _ dz' 68 1 d (0L _ i
5o (JZ°) =2 im0 dfa Sk (11 Z°) — a0 (avjcvx]) with : dfa = a2’

7) The functional derivative of S = Sy + S is the sum of the functional
derivatives :

1>0
0S OLm ,. d (0Ly ;. oc
S 7)Y g (G 0 )+ 5 02 - X (5 62)
@
and for f :
59 5Su 4o d (OL
Fr 2= % 0) S 017 5 () (9

1>0

We have furthermore for any projectable vector field Y:

> g (58) Yiwo = (5's)" Ly (Lomo) = ()" Ly (L5 + L) wo
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8 LAGRANGE EQUATIONS

8.1 Equation of state

The equations for the state 1 are :
N A dL s (det O) d dLp(det O')
Vi, j éRewiJ = N (m) c%%ewij (ZO) - ZB 4P (N (m) déZRewU (Z0)>
_ Ly (det O) d L (det O)
Vi ] 51m¢w = N (m) cﬁmw (ZO) - ZB &P (N (m) dakélmwif (ZO))

y k y k
T — SRl S R Re[Galf + et Tm G

e Varpki dIm V ki i
k k
dL v dL A
+ gl Re [Aa]j + e I AaL
dL s o dL

di‘ZRe v —adﬁvﬂ fevr dac k dac k
M — M M M
dIm o7 — Blmyd >k —d  Im [Go]; + -Re [Gl;

Re Vo gk i T dImVahs
k k
__dLlym A ALy A
dRe Vo vk Im [AaL + T v.oF Re [AaL
dL g _ dL

dosTm i — dVgIm ¢
we get the equations :

(50)
.. oLl dcd k dct k
Vi, j i 0=Vars + Xor thov o Re[Gali + gmvpm Im [Ga];
acd k acd s 1k d ac
T I Rev L Re [Aa]j + dImVI\;wik m [ aL} - Zﬂ a€P (dReVABIWJ)
(51)

.. ard acs, k acs, k
VZ’] 0= 8Im17:2w + Zak dReVMWw Im [G ]z + dImVkaJ Re [Ga]i

dl:%/] V1" dl:]\/] 7£§>W
T dRe Vo ik Im |:AO‘:|] + dIm Vypik Re (A Eﬁ deP \ dIm V o 4p%

8.2 Gravitational equations

The equations for the gravitational potential G are :
Va, o 5653 = Cclzﬁc:—]g (ZO)JF%E (Z (m)=>_4 dgiﬁ (dcéggg (Z2°) + dg;:ég (Z(m)))
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dc oL dc i dc i
ace = acn T > i (dReaMw Re ([r] [wo})j T Tt ongo 1M ([ra] WO])j)
dac oL

aGs — acg T 22175 d]-'b (%, Gﬁ]

aly
ao,ca =V

dep  _ y~  _dip Foru 3 dir d(GH=0.G)
dagGa A dfé‘)\ daBGa - B d]'—g/\H dagGg

_ dLp dLr _ 9 _dLp

T dFgs,  dFEag AFepa
d dLp dl g
deP dosGe, (Z (m)) = 95 dogGe,

which gives the equations :

(52)

Va,a:0 = S +2ELS (%%Re([m [0} + it T () [91)])

+2325 (Zb afb (% Gsl' + 05 (a?%zﬂ»

8.3 Equations for the other force fields

The equations for the other potentials A are :

acs
1) Voo S = e (20) 4t (7 m) - T g (e (2 0m) =
0
with
d,CA{ — E dLas _ Re ([wo} [9 ]t)l + dL s _Im ([w()} [9 ]t)l
dRe A2 17 dRe Vot al Jj dIm Vo9 al Jj

— N b — N b
ac ac ac
dRei‘xa =22 s dRe}fZ’ Re [9 aﬁAﬁ] T T e 1M [9 aaAB}

Gap
dLp _ _ o _dLp
ddg Re Ag, dRe Fg,
we get the equation :

(53)
Va, o : 0 = Eij <$%w Re (W’] [ea]t); + % Im (W] [Qa]t)i)

- a1 — . 1b
+232, %, (aRagf;; Re | fa As| + 52— Tm [ ¥, As] )+aﬁ (e

A,ap
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2) The second set of equations is :
o
Vo, ;i = G2 (70)+ 22040 (7 (1)), 0 (2EU0) (7 (m))) =

6Im Ag 0Im Ag 0Im Ag 903 Im Ag
0
— . 7b — L 1b

dCr _  OLp _ dL dLr
dlm A2~ 9Im Ag - 22176 dRe F& 4 Im [9 a’Aﬁ] + dimFE,, Re [9 ‘“Aﬁ}

dly __ dLm O £\’ dL O t\
dIm Ae Zij ( dRe Vap¥ Im ([7/1 ] [ea] )j + dIm Vo4 Re ([1/’ } [ea] )j

dL — dL
ddg Im A dIm Fg,
and gives :

(54)

[ %

Va, a0 = 5 (~ kit Tm ([0)6.)')] + grosits Re ([9] 6'),)
- . b < 1b

+25, %, (—Mgﬁﬁlm[ea,%} + e Re [ 7, 4] )+aﬁ (7:2%—)

A,ap

8.4 Frame equation

The equations for O’ are :
. .88 _ dL d e\ _
Vi, a: 5o T don T 2 dgv (dayog) =0
with £ = NL$, det O" + L det O’

dLpr(det O dLp(det O’
5 = N (m) 2001 (79) 1 L) (7 )

dLp(det O dLp(det O’
S, (WO (70) 4 a0 (7))
with 26220 — O (det O') , L = VLY, + L

L af 1 dLdetO"\) _
o’ +O T detO’ Z <d55 (V do-, 5/1 )) =0
multiplying by O'ﬁi and addlng

0=13, 46:05 + 5L — @o ZWO (% (NdCLladeg/?’>)
0= %, i O 05 Lty Os T, (ke (N“gfgdgﬁ,o (29)) + 0, (2gsa00))
0= (% -5, (& ot + awdng,z)) {409

200} 52 (%‘iﬁ)ﬂg ddet O ddLF ., det O’)

de 9,071
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o NdL i
Vo, 310 =05L+ Y, (= X, (oot + Otz ) ) Of

NdL3, ddet o' | _dLp /
~ao 04 Zv (dawog i~ T @, G0y det O

If the partial derivatives 9,0/ do not appear in the lagrangian we have
the simple equation:

Va,B3:0=73"; ddOL,ZO” +65L

8.5 Trajectory

1) The equation for f is :
Va: 0= (;;Jf_i (leO) = Zi>0 (8 z ) 635;15[ (JlZO) - ?0 (MM)
_ 05y, OReyl 85, HImapid
= 2 ij FRewT ofa T FimeT ofe

s 553, OReAY 583, 0ImA% 559, 9GS
a,B 5ReAg afe 5Im Aa ofe 3G of
3%, 904 d (9Lm

- Ez B 80} afa T dgo (ava )
HRep™d ij 9Ime¥ ij BReA a

a7 = 0, Re ", afa = O, Im )", G = 9, Re A2,
9Tm A4 0%
pi— a _ﬁ — a 7B __

a7 =9, Im A ) 37 = 0,G ) B 80
all these partial derivatives being evaluated at j'Z f itz
On shell we have :

65y _ 65y _ 555, 0Sp
dReys 0, dImyts 0, SReA? T 3Re Aa =0,

653 6Sp o 95y 0Sp __ Sy 0SF _
5Tm A¢ - §Tm Ag 0, 6GE 1 6GY T O’ soy ' s0; 0

So we have two possible formulations for the equation. As Lp does not
involve f, it is simpler to take its derivatives whenever useful.

2) (79

3fo

- (Eaﬁ 5RIZW8 Re Aa o1 ]Zxaa Im Aa i‘é’g’@ GGJFZZBZ%Y{@ O, ) (j1Z°)—
0 (57%)

= (S gt Re Ay 4 52550, In A5 4 350,65 + 5, 850,04 ) ('2)-
0 (574)

o =250 (el e [P 1)+ 2 [74])
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oL
+8'Y (aRe]-'gﬁy)}
95F OLp A b LR 7 A b
G Y A
oL
+8'7 (8Im.7-'gﬁw>}
b
ok = b 2, (S [Ra G 40, (555

GBy
5Sp dLF(detO ) oyl dLF(det 0"
50y doy v & do, O

So on shell the equation is :

Va0 = g (5i)

— . 7b
+2Zaﬁ'y{2b <3R§§.‘IZ QQ,A] +8h?1£ﬁ |:0a,A,yi| )
+0, (52— ) 0u Re Ag}
- y b — .70
+22aﬁv{z < R(Zl]:flz [QG’AV} +M%%Re[eaaAV})
+0, (752%— )MmA%}

o (8 V22, (5 0, 5)))

+ S (55 - . (M) ) 08

Vo 0= i (480425, 5, (9 Re A5) 0, (5255 ) +(0a1m A3) 0, (572%—)
42545, i Re<[7a,Ay}baaAa +-0Le T ([HG,A aAa)}
+ %5 (85£0.G5 + 25, ((a Ga) o,

A,By
o) oL
) 5 0007)
dLp(det0) dLp(det O')
+2 i ( 407} Zw & ( 0,07]
Thus the equatlon is :

\/\_/\_/

\_//\

o

(56)

4 (% dLp(det O') d_ ( dLp(det O) i
Vo : 0= g (54) + i ( FdO” 2 < gayog’ )) 0,03
25 (035, (s + (o ) 0, ()

A, By
+ 5 Re 0,45, 4, + et m |9, Ay, A, )

50 (Be0,05 25, ((0,65)0, (%) + 555 0.6, G1)) )
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9 NOETHER CURRENTS

9.1 Principles

For a one parameter group of diffeomorphisms with projectable vector field
Y the Lie derivative is given by the formula 47 which is equivalent to the
following (Krupka [15] p.44):

Ly Loy =), ((YZ — z"Y ) E; + dg_a (Y‘lﬁ + 821 (Yi — X@:};))) o

that is if Y is vertical (Y‘l =0):

EnyLmy =Y, (VB + i (2277)) wo

were E; (L) = % - > dga (‘9

and £ = (VLM + LF) det O'.

On shell E; (£) =050 :5, , i (277) w0 = 0

The equivariance implies for any vertical vector field parametrized by a
section ¢ of J2Fy; :

S, By (Z,0) + SV (Z.0) = 0

are the Lagrange forms

i 9z° 0z,
X GEEY(Z,0) 4+ SV (2,0 =0
with Y3 (Z,¢) = =Y (Z,¢) that is : 32, §5Y = =3, gze Y’
Thus the quantity Y, E; (£)Y" = >, 25V — dia Yldg—a (ng) can be
written :

> Ei (L) Yi=— i (aafz Yot dega (gze ))
_ L dy’? i L v/i
- = Zia (aaazz dEo +Y dga (82" )) B Ea dee (El aaaZiY )

and on shell we get for any vertical field Y : 3 -2 e (ZZ ng Y’) =0.. If

%
one puts ( = (—?a, — 0 b) =Constant then for each generator of the gauge

_>
group » agﬁzl Y? ( o — 0 ) is divergence free. But as we have seen only

dLy OLp

the partial derivatives such that are components of vector fields, so

92t 7 9z,
going to the conclusion is not so stralghtforward.

We will prove that both the gravitational equation and the equation for
the other fields can be written in purely geometrical manner of the kind
sy (Y) = %dl‘[ where Y, the "Noether current”, is a vector and II , the
"superpotential”, is a 2-form.
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9.2 Noether currents for the gravitational field

1) Let us fix W= Y KK o = Ct then the vector Y has the components :
YRev? = 37 K Re (] [0))]
yime? =37,k Im (k] [0])]
VO =5 K [Wa, G
VO = 3,k (R [0

V is not involved, so :

T Y (7) = Loy (i Re (sl [0 + i ] ¥);)
+ Eabﬁ B R Gl + X ip 7 Gt ([Fa] [O)

= e (0ot O) (5, (8 Re oD + 408 T ) 01
+ Zbﬁ dVLy+Lp) [?a’ Gﬁ] + Zzﬁ dVLy+Lr) A [O/])ZB}

dOa Gb daaOg
with £ = (NLM + LF) det O/
And :
d(NLy+Lp) N dLr . dL — N dLr
dRe 0o dRe Vo ' dImdatp®d — dIm V qpi

d(VL]M+LF) _ dLF(detO) 2 dLp

daaG% - d0a G d]—"g;aﬁ
d(NLy+Lp) dL dLp

daaOg Nda O” + dOa O”
So :

OL i

ZZ 821 Y (?)

= T (del0) (15 N (i Re ([ia] [V1)] + et T (] [}

423, 5 g (R Gl + T (N sty + ity ) (Rl (O
The 1dent1tles 27,38 from the gauge equivariance read :

Vo, Ggk = 3 R s a6 08
Va,a: % =2 [“a]j 225 dgLévfl O/]
>, SEYH(H)

=5, K (det O) {X,; N (ﬁ Re ([sa] [9])} + 7k Ton (p] [}
oL

237, 5 [?G,Gﬁ] +Viged + 565}

But from the definition of the partlal derivatives :

NSy (ameeis Re (lnal [0 + e I ([wa) [01)5) +N 55 = N g

d]:G Ap

dLy _ OLp dLp
dGe — 9GY + Z;M d}'gm dGe,
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9 d(Gb GsGe 9
= S T e R = S o3, e 176

So ZzgﬁYl(?) Dok (detO)( dGﬂg Zég)zza/ﬂ“d%%

The grav1tat10nal equatlon 52 reads:
.88 _
Va (673 R dGa Zﬁ ng (dagGa> =0

02 gﬁ YH(R) =3, (5Ga + 253 (daﬂca)
VR Za dee ( i aazﬁz YZ ) Dok Zag dEx d55 (dacé—l@) = 0 because
=0

_dL
0G5 + daﬂ Ga

and on shell :

\/

2) d(NLy+Lp) _  dLp — 9. dlrp
d05Ga ddpGa aFe

bi-vector field : Z& = Z{aﬁ} e Ga@ A O and we can define the tensor :
ZG = Za,{aﬁ} m@a A 35 X ? = 22%{0{[3} m&a N 35 & ? . Beware

that Zg here and in the following is defined in respect with dng“ and the 2
dLp

AFe o5
We will compute the 2-form Ilg = wy (Z¢) and its exterior differential.
For this we first establish several formulas which will be extensively used in

the following.
So let be the 2 antisymmetric bi-vector field : Z =}, 5 VAN

are the components of the anti-symmetric

factor is needed when Zg is computed through

8) T=(2) = @1 (Las) 2270 1 05)

Wo = Zmazagao € (OéOv Qay, Qg 043) dz®® @ dx™ @ drx*? ® dz*®

Z = Za<ﬁa Zaﬁ (aa ® 86 - 85 ® 80,)

wo ()

- Zamzaaao Za<ﬁ ZPe (a0, o1, @2, a3)

{(de* @ dz™ ® dz®* (0a) © dz*® (Jp) — da™® © dz™* @ d®? (Jp) @ dx"® (D))}

= vionasan Soacs Z05Pe (ap, a1, an, a3) (62205 dz® @ da® — 652002 dx™ @ da™)
= aoan Za<ﬁ Z%% (e (ap, a1, a, B) dz™ @ do™ + € (ag, ay, a, B) dz° & dz™)

=2 Za<5 A Zaoal e (ap, aq, @, B) dx® & dx™

=2 Za<ﬁ Zaﬁ (Zao<a1 (Oéo, o, o 6) dz® @ dx™* + Za0>a1 (Oéo, aq, @ ﬁ) dr® & dl’al)
=2 Za<ﬁ Zaﬁ (Zao<a1 (Ozo, ap, @ 6) dz®® @ dz®t + Za1>o¢0 (a17 Qp, &, B) dz™ @ dxao)

=2 Za<5 A Zao<a1 ( (a07 o, &, 6) dz™ @ dz™ — € <a07 aq, &, 6) dz™ ® dl’ao)
=2 Za<ﬁ A Za0<a1 € (Oé(), ay, @, 6) (dxao ® dx®t — dx™ ® dxo‘o)
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wo (Z) =2 Za<5 AL an<a1 € (ao, a1, a, f) dz® A dz™
= 2(det O) Ty, g 2% (N, 0, B) di? A

Expressed in coordinates :

= —2(det O") {Z3dz’ A dz' + Z3dz® A dz* + Z2 dx® N do?

+Z%dz? A dxt + Z%%dzt A dad + Z00dad A da?}

Notice the choice of indexes : all the formulas are much simpler with this
one. Of course it is related to the table 1.

b) Exterior derivative : dII
dll = —2{0, (Z** (det O")) dz* Adx’ Ndz* 405 (Z3* (det O')) dz® Adx® Adz?
+01 (Z13 (det O")) da* A da® A da? + 03 (Z'3 (det O')) da® A da® A da?
+0; (22! (det O)) dz' A dz® A daz® + Dy (Z2! (det O')) da? A dx® A dz?
+80 (Z9 (det O")) da® A dx? A dx' + 05 (Z% (det O')) dz® A dz? A dx?

Do (Z°% (det O)) da® A dat A da? + 0y (Z, (det O')) da? A da* A da®
—i—@o (Z% (det O")) da® A da® A da® + 0y (Z% (det O')) dat A da® A da?}
Y
(9 (2% (det O')) — By (222 (det O)) — By (21 (det O'))) dat A dar? Ada?
(9 (27 (det O')) + 85 (212 (det O)) + By (210 (det O'))) da® A da® A da®
— (05 (2% (det O")) 4+ 01 (Z2* (det O)) + 9 (Z2° (det O))) da® A dat A da?
+ (05 (Z%2 (det O")) 4+ 01 (Z3* (det O')) + 9y (Z° (det O))) da® Ada* Nda?}
dil= 258 (S0 (=1)*T (95 (2°7 det O')) da® A ... Ada® A .. A da?

which is conveniently written as :

A = d (w4 (Do 2°%0a 1 05) ) = 25k X 4 (L 05 (277 det 0) )

c) Let us compute <Zw X,Ydaﬂ) Al where X = >°_ X,dz" is a one-
form;

(=, x,d7) ATt

— —2(det O) (27 Xydﬂ) A{Z32da® A dat + ZV3da0 A da?

+Z2dx N dxd + Z%da? A dat + Z9%dxt A dad + Z%dad A da?

= —2(det O){

(2B X5 + 292X, + ZO'X,) dz A de? A da?

(28X + 22X, + Z9X,) da® A da A da?

—(Z8X3+ Z1 X, + Z*°X,) da® A dat A da?

+ (232 Xy + Z3 X, + Z3°Xy) da® A dat A dx?}
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= —2(det 0) 3, (~1)*"' S 2% X da® A ... Ada® A .. A da®

where the symbol ~ over a variable denotes as usual that the variable
shall be omitted.

On the other hand :

@i (S 297X, )

= (det O) Y, (~=1)*' Y2, Z9YX 2 A ... Ada® A . A da?

So one can write :

@1 (S, 27,00 ) = 3 (£, Xyda?) ATL
= 1 (3, X" ) A (L qasy 2290a 1 0s)

4) From these formulas we have :

dL
Ilg = wy Fa8 A@g@? =2 Z € (A, o, ) adx’\/\dx“@)?
d0. G d@ 0 G
(L{O!ﬁ} a)\<<6;/7ba
(57)

This is a 2-form on M valued in o(3,1) called superpotential.
Mg = —2(det O") 3 {Z&%da® A dat + Z5Pda® A da® + Z5H da® A da® +
ZE%dx? A dat

+ 282 dat A da? + 285" daP A da?) @ .
And the exterior derlvatlve

Al = 250 3y @1 (S0 05 (55 ) 00) © 7
=23 >0 (- )a+1aﬁ<daGG)dx/\ AdTA AP QR

5) L= ZZ]N(dRz@;W Re (] [])] + st I (] 1))

o(VLY,+Lr)

+2 Zb B d]:b [?av Gﬁ] oGy
are the components of a tensor field :

I LY £

a,x

Ye is comprised of one part related to the particles (L) and one part
related to the gravitational field (Lp).
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6) We have :
Wy (Yg)
= 3, Yoo (FD) T e da® A A dzo A .. N d2P @ R,
= (det O') >, Za1a2a3a4 Yi%e (al, Qg, a3, oz4) Az @dz*?* @dx™ @dx** (0,)
= (det O") 3, (=1)** VEoda® A A da® A .. A da
So the gravitational equation Va,«a : 0 = W 25 %P <W> is equiv-
alent to :

ZaZi:O (-1 )a+1 dcéﬁd$ A Adz® A . ANdP QR ,

=3, s (— )aHZﬁ@g (da Ga> dz® A ANdzO A . AdDP R,
Ty (YG> == Za Ea:(] <_ )Oé'f'l 25 3 (da Ga) dxo/\ /\dxa/\ /\dl’g®?

@y (Ye) :%dHG (59)

As both quantities are tensors, this a fully geometric equation, which does
not involve coordinates and can be substituted to the gravitational equation.

7) The integral [, dwy (Yo) = [y 1dTlg over the region delimited by
S(0) and S(t) is null, but by Stockes theorem : fﬂ(t) dwy (Yg) =0= fm(t) wy (Yo)
. If Y = 0 on the rim of each S(t) the flux of the vector field Yy is conserved

: fS(O) Ty (Yg) = fS(t) Ty (Yg) .

8) With the various gauge constraints :
= Tl (dsfég;” Re ([ra] [01)] + gime s Im ([ [0))})
+22b5d [?aaGﬁ] + aga }8 ®?

The equatlon can be written :

Va i @y (Yo N (ﬁ Re ([ wJ) s T ([ )] + 24 ) 02
-4, - (2 s 060

@1 (255 225 mGg] ) =5
=15, (zﬂ R0 da®) AL

So the conservation equation reads :

Ya :

S5 26 [R o, Gol 00

86



T4 (s N (7 Re (o] (V)] + ikt I (o] [01)]) 0 ) 4501 (0
= btz = 50, (2, (R, Gl da?) A TIL

9.3 Noether currents for the other fields

We will proceed in the same way as above, with just one complication coming
from the complex value of the quantities.

1) Let us fix b = > 9“_> = Ct then the vector Y has the components :
yReo? = 37, Red* Re ([¢] [6.)') ) = Im6 Im ([0°] [6u]'),
Yo = 52 Red* m ([9°] [6)%)’ +Tm6° Re ([0°] [6a]")’
yReds _ > b Ok (Re 0° Re Ag —Im#°Im Ag)
yindi = 5, Cp (Re ! Tm A5 + Tm 0 Re A5 )

And :
acl N dLjps det O, acl N dL s det O’
dRe 8 pii dReVatid ) dIm B t)® dTm Vg1t
ac___ _ dlp . __dC _ _ dLp
dRe 0o A% dReF} 57 dIm0aAY dImFy s

(?a> is a real basis of the complexified T1U¢ = T U @®¢T1U with complex

- =
components. The set ( 0q,10 a) is a real basis of the real vector space T\U¢

with the real components Re 6%, Im 6.
So we have to consider two quantities :

>, 2Ly (Re?>

= 2. {Zw dReBaWJ Re 6 Re ([¢°] [ o)+ 7 Re 0 Im ([v°] [6]'),
+2 06 dRe 0a AaCbcReHbReAc Tmo. AaC{fCReﬁbImAcﬁ}

= 5, (Ret) {5, N RIS Re ([u°] I8 + VRt tm (7] 6

+22 s Z%F;ebto Re [9 a’Aﬁ] + g?;?; Im [9 avAﬁ] }

and

>, 2Ly (Im 0)

o ZG{ZU dReaadJ” [m ¢ Im ([w@] [ ] )Z dImaaww Im 6 Re ([?/)0} [Ha]t)j,
+Ebﬁ_dReaaAgCchmebImAg d1m 9, AancImeReA }

=3, (Im ) {N 32, — R Tm w ([0°] (0.1 e Re ([w0] [8a])

87




dLpdetO' | - 51 dipdeto s 10
-tk [7.] + s e [7, ]

That is, with the gauge invariance 1dent1t1es :
>, 2Ly (Re 9) =%, (Re) e

%
>, Ly <Im 9) =%, (Im ) e
The equations 53 54 can be written as :

. _ 68 _ dac —
Va,a: SReAg dReAa ZB dé? (daﬁReAg> o

0
.68 ac _

Va, o sImAg dImAa ZB deb (m) =0
So :

oL v j _ a d dc
>, 2Ly (Re 9) =3 (Re?) (éReAa Y (daﬂReM»

or 7\ _ a d dc
2y (m ) = X, (o) (725 + s 3 (545 ))
and on shell : V? : Za e <El ng Yy <Re ¢ )) S (Re6?) Eaﬁ dgiadgiﬁ

dL Ll — =0
ddg Re Ag, d0a Re A%

0 because

TS e _ dLp aw __ _ dLp
2) The quantities : TReo.d3 — ZaRefi; dmocd; — dmri.,

components of the anti-symmetric 2-vector:
ac
Zhr = Z{ozﬁ} dReaaA‘la N0s, Zj; = Z{ozﬁ} dTm 9o A% Oa N Op.
The 2-forms I1% ; = w4 (Z%5) , 11%; = w4 (Z;) can be computed as above

are the

e

Mg =4 (Z56) =2 > e\ pa,f) ————dz* Ada"  (60)
A<y a<pB,a dRe 80‘145

Il = @4 (Zhg) = ZZ Z A\ p,a, L\dx)‘/\dx“ (61)
e dIm 9, A%
na<p.a B

They are the superpotentiels of the field A. Their exterior derivative are

dllGp = =230 (Z‘Zo (1) 9y (dRed(,iA%)) dzO A...Adz> ... Ndz?

1 dac
= 250 20 @i (Zaﬁ o <dReaaA%) aﬂ“)
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dlly, = -2, (Zf;o (—1)*"" 9 (dlmdg A)) Az A .. Ndzo A Ada?
B

- _2det10/ Za Wy (Eaﬁ 85 <dlmd8£aAg) 80!)

ps vaa _ d(NLy+Lrp) a, 0 _ d(VLy+LF) -
3) The quantities :Yj; = ~dReds Yar = —paa Ja o are the compo

nents of vector fields Y5, Y4, :

. d(NLyy+Le) o d(VLy + Lp)
YAR:Z dRe Aa }8a7YAI:Z dIm Aa }aa (62)
and :

@y (Vi) = S8 (1) (YE0) (det O) da® A ... Ada® A .. A da®
wy (Vi) =30 (=) (YY) (det O') da® A .. Adx A ... A da
The equations 53,54 are equivalent to :

1 a a 1 a
@4 (Yig) :gdHAm @, (Yar) :édHAI (63)
As seen previously the flow of the 2m vectors field Y5, Y{; is conserved.

4) We can proceed to calculations similar as above :
aa arL dL t\?
Vi = N Ly areciir Re ([0 1), + et T ([0°] 10),
b
dL dL )
25, qikh— Re K a,Aﬁ] + g —Im (0., 4]

Vi = NEy —amevir I ([0°] [0a]'); + amasym Re ([v°] 10a]1),
N . b
4250y — i [0, ] + e Re [, 4]

dIm Fb

(2 i m Re[7,. 4, aa) - w(zﬁ 25 e [7. Aﬁ] *’ aa)
- %(ZBRG[QQ,A@W)AHAR_ 15, 0 (ReA) AT

—

(225 e [, 4] aa) -1 <Zﬁlm[«9a,A5] dxﬁ)m
S e (ImAC>AH{;H
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Aagp
132, €l (Tm A) AL,
<2 Zﬁ dIdLF Re _70”1215_[78&) = —% (25 Re 7
=-13>..Ch (Ref\lc> ATIY
Thus the conservation equations read : '
= (NS, (—w Re ([4°] [8u]")) + aritr T ([0°] 6.]"))) 0 )
(ﬂPR+ZM @mAwaR+mu¥AH D
@1 (NS, (ki tm ([°] [0.]")) + ot Re ([] [0a]1)) ) 02 )
:%(@HQR+§;mC&(—hnACAHAR+ReA AHAJ)

r— . b — o~ b
<226 deLbe Im _HQ,Aﬁ_ 6a) = —% (Zﬁlm _QG,AB_ dx5>AHAR

. b
w Ag mﬂmﬁ,

5) Remark : obviously we could combine both the real and the imaginary
part, that we will do later on, but so far it does not make the computations
simpler.

10 THE ENERGY MOMENTUM TENSOR

There are several ways to introduce the energy-momentum tensor. Because
the lagrangian does not depend explicitly of m (for covariance reason) the
Lagrange equations admit a first integral which is a conserved quantity. One
can also look for one parameter groups of diffeomorphisms over the cotangent
bundle in a way similar at what we have done for the gauge equivariance.
But here a more direct approach is simpler. In a first step we will prove
conservation laws of the kind encountered before, involving a ” Noether-like”
current Yg and a super-potential. But from there it is possible to prove a
much stronger result, that we can call ”super-conservation laws”.

10.1 Noether-like current

1) Let Yﬁﬁ be the quantities : Y, = >, 2 923, L Ogz" — 65L (without V)
where L = NLy; + Lp. It is easily checked that they are the components of
a tensor. Indeed in a change of charts (see ”covariance”) :
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—

Yﬁﬁ - (z K§‘ DL i, — K5t 5*L) = >, KS T8V,

So for B ﬁxed we can consider the vector field

Vigg = Vity0a— Dbt ved, = 32, (~beve + 50, 20,21 — 65L) O

Its value is :

(64)
_ dNL dNL i dNL
s = —qva VOt ZU TRe Do i1l Re gy + TTm o7 Im gty
+ 2 dnga 05 Gl + prestae ReOpAf + 2 Tm Op A

+3 0 s O/z 930% — 05

The index /3 plays for the " Noether-like” current Yy s a role similar to the

indexes ”a” in the other Noether currents.

2) Using the covariance identities 43,44 we have :

dNL dL dL ij
Va,ﬂ . —TBMVQ + NZZ] dReaMi/J” Reaﬁdﬂ m Imﬁﬁw”

= —N(¥, G5 + dff”éa Re Aj + 7 Tm A
£ 5, (S0 + X 50005 + 250,05

. dL a dL a dL a
va,8: Y, (ki Re (aﬁA ) ket (0,40) + 757 (9:64))
-3 (Lp <8yAg) _dle Ty Aa _dLy_j Ga)

dRe Do A2 dIm 9, A2 + B G
. dLp _dLp \a dLp a
S (dGaG = Re A4 + 725 Tm A )
dLp /’L dLp
-2 <dO’ZO + EA 40,07 oz' + . 0“650 )
So :
a ANLy ya dNLM a dNLM a
9= za< NG 4 ANLAL Re Ag + NLAL Ty A )
dNL]M dNL]M dNL]u "
-2 ( oy Of + 2, do owaAO dDa oifaﬁO )
dLp a dLp a dLp a
+Zav<7dRaAaRe(8A> ke Im 0, A + ALE-0,G )
_ dLp _dLp a dLp a
2a <dG“G dRe A2 Re Af T JmAg ImAB)

dL dL i | _dL i i ro
— 2 <d0€0 + 2 W&;@Oﬁ + W&'aﬁOQ + Zw A0 0'2860/ ogL
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= =%, (4 Gy + il Re Ag + 2k Tm Ag)

+ s (dR L Red, Af 4 ol Im 9,45 + iz, G“)
B Z (dO’Z B ; + Ew dad%zfa Oll) - 5§L

Y det O

= =3, (A5G + i Re Ag + 420 T Ag)

0 (7 Red, Ay + e m 0, A + 7520,

_Z (dO/z B Zv dadl:ov8 Oll)

where we used :

Zz ddOI;lO det O/ = Zz ddOE/ZO i d(jleot/?/ LO

=3 4£05 = 3,08 (det 0') LOG = 3, ;gao —83L
Y det o)

— dL_va ac a a

= =%, (H£G5 + L Re Ay + o Tm A3)

+ 3o {d (dRea )T ReAﬂ) (Em) Re A+ L <d1ma e ImA“)
(a?wm) A + & (5263) - (s i ) G3)

5 (8015 (5007) () )

== (dGa d?w o Ga) G =2 ((ddOE” difw o oz') 0] )

+Z (dReAa dg"M) ReA (dIdLAa _ %m) I Ae }

a a Ll a dL )
+2, dé_"’(zadRaAa ReA T Tmoo Az aAa ImA T Ta GaG -2 i® o“O/)

where we used : -4 = CM @  _— ___dL L = dL

"do,GY4 T d0aGY' dRed, Al dReaaA“’ dIm 9, Ag dlmaaAg
«a r_ 68 a _ 65 a a éS
aydet O = =3, (WG S ReAd 4+ 54 m A ) >, 0

d a a _ac Ll
+20, 2 (Za dRea Ag Re Af + o &,Aa Im Aj + 3,62 G+ 2 39,0705 )
Thus on shell :

Y det O

d a a Ll a dL
=2 % <Za dRe a Ag ReA T i 8WAG ImA + B,02 G + 2 dos, 4,075 )
that hints at some kmd of exterior derlvatlve of a form. The trouble

comes from % which is not an antisymmetric 2-vector.
T a
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10.2 Superpotential

1) Let be the quantities

ay a a dL )
ZHﬁ o Za dRe a Ag ReA dI 8aAa Im A +da GaG +Z (da Oo¥ — do o“) O/

and keep [ fixed. They are the components of an antisymmetric 2-vector
field Zpp = Z{M} Z3150a N 0, on M. Indeed in a change of chart we have
(see section ”covariance”) :

Z}’% - ZAWE KYK udR a Ag ReJﬁAa + KaKZdI anAg ImJBAa
o a o dL o dL i
+K3 Kuda Ge ‘]BG + Z (K sza oy K,YKM do oz') JﬁO/v
a a A
ZH% = Z,\W KAKHJBZHl:
We have :

2 (an} Z10a N O,

= 2 {2 <dRea A“a N ) RGA% + (dl Da A“a Mo ) ImA%
+(dad%a3 /\8) + 3 ((da L — O“)a Aa)Og}
Znp =Y, Z4nRe Ay + 24, Tm A% + Z8G4 + X, 047,

with Zp = Z{cw} (ﬁ%y I ow) 0o N Oy

2) Compute the superpotential I3 = w4 (Zps) . By the same calculation
as above we get :

Upg =4 (Zng) =2(det O") 325, D ey € (A 1y, 7) Zis (dz? A dat) is
a 2-form on M :

s = —2(det O) > {Z de A dat —|—Zlﬁdaz Nda? 4+ Zida® A da® +
Zyisda® N dat + Zdat N da® + Ziigda® A da?}

Mg = 5, (Re A ) Mg + (T AG) T4, + GAITE + 32, O,
with 1T, = @y (Z5)

Its exterior derivative is a 3-form over M :

dll s

= =230, (1) (Z7 00y (257, det O )) da® A Ada® A A da
= 25w (S, (0, (Zi et 0)) 0,)

= 2o (S, (0, (25 det 07)) 04

=230 (=1 (Z,Y 00y (Z1 det O )) dz® A ... Adz® A ... A da?
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that we can write : dllyg = Zﬁo/wzl (Z (d57 (Z?{Oé det O )) 8a> keep-
ing in mind that when the derivative involves Lj; we must take the composite
function with f.

_ 2
s = Gior %
a a
d Za dReB Aa ReA dI 8 Aa ImA d 0/\ ﬂ d 3
@i | Xon ur 2N dx®..dx

T®, GaG +2 (da oy daao“> OB

10.3 Conservation law

The value of @y (Ygs) is the 3-form over M :
@1 (Yirg) = 30 _o (1) Yz, det O'da® A .. Adae A .. A da®
On shell we have : -
S o (1) Y, (det O) dxo /\ dze . A da;3 = m (Yirs)
- Ziv o (=) d%<za dRe a Ag ReA“ dim a Ag ImA“

dBdLGa G + Zz da Oz/ )dx /\ dl‘ad:ﬁ

w4 (YHB)

_ d dc dc
T <Za“/d§_“’(zadRaAa ReA“ dI aAa ImA + @61 G5 +2 do, a,07 05

= WLy 3 (X 77 a 7y Re Ag+ dIm a Ag Im A% + dadLG“ Gs
+2 <da o7 daaow) 05)0a) + @a <Zm a& <El dadﬁou O”) 0 )
= 3dllgp + @i <Eo¢'y d% (Ez dai%”O ) aa)

wy (Yup) = % (dllys + Iop) (65)

with Tos = Y28 (—1)* 4 (E@ S 0/@) A0 A NdzZo A .. A da?

_ 1 d ac

= Jaor W4 <Eom' (dg_W (da o7 Oll)) 0 )

If the equations related to the force fields are met, this latter equation is
equivalent to the ”frame equation”.

A (Vis)) = (S50 e (X1 5 0) det 0') ) =

The flow of the Yz vector is conserved if this quantity is null, which is

: i : dL  __ _ _dL :
met if L does not depend on 9,0 or if WBa0F = ~ 40,07 But we will see a

stronger result.
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10.4 The superconservation law

It is intuitive that there is some relation between all the Noether currents
and potentials, looking like an energy conservation law. In addition neither
the term L in Yy or the Il quantity in the latest equation are too appealing.
We can give a more convenient formula for this equation 65, but that will
require some work, that is, in some ways, a reverse engineering of what has
been done above.

We will prove that :

Vo, : Y =0

d(Ilpp) = det o7 i W (Zom/ gy (Oﬁ dBa o“> 9 ) = —2llop

meaning that the pertinent physical quantity is the energy-momentum
tensor 05L . And the second equations gives, in the usual case where the
lagrangian does not depend of the derivatives 0, O” , a general law linking
the gravitational and the other force fields, Wlthout any involvement of the
particles.

1) We will start by expliciting 65 L on shell, that will be useful later.
05 L is given by the frame equation :

R dl dL det O
Va,ﬁ . 55_[/ = — ZZ dOle + deto/ Zz’y Oﬁ dev ( do, 0 )
Using the covariance equations 43,44 as above we get :
> G Oh = THVe =3, (dRZ'LvaTJ Re V¥ + gl Im Vmﬁ”)
. Z BLM Ga N Z dLn (8)\0”) _dLn (a O/z)

a 9Ga i\ d, 07 ddeO%
dLF n __ dLF dLF a dLF a
> a0 O = =2 > ax <dRefa Re F} ﬁA + dm 79 _ Im Fapnt a7e G’,B)\)

BLF a 2 17
- Za aGa G - ZZA da,\O“ (a/\O ) da oz/ (8 @ )

dL __dNL dNL dNL 07
> dO’ZO vt V=2 (dReV(ﬁb” Re Vg9 + dlmvwfw Im Vﬁw”)

23 <dRZLf5 Re]:fx at T 7 A TG+ ]:a,m)
—2a aaGLa G — ZM 40,01 o'z aAO + da o'l 050
0L =22, < v 4 Re Vg + d Tt Im Vmb”)

dReVapl Tm Vo bt
dL dL dL
+2 Zav (dRng Re 73 sy T dIm]-'I:; Im]:f‘ s T IF e ‘7:8 Bv)
oL dL I 1 d dLdet O’
+Ea aGaG +Zw do., o'za Oj +da O’laﬁOZ+detO’ Zi'y Bldf_” ( do-, 07 )_
dANLpy Ve
dve
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Let us expand the first term.
dNL P dANL ..
2 (W Re V" + grpvago Im VW“)

dNL dNL ij
=D <dRev—ffw Re 01" + gre s Im 851/1”>

Py 72 Re (G5 [l [0] + A3 [9][6.)°)

+ et T (G [ 6]+ A W1 64]1)

=2 <d$+ﬁw Re 9st" + grmy 4 Im 35#}”)

+ 30, G5 Ny 72 Re ([ )Y + 72 T ([ (1)

+ 3, (Re ) (s Re (16 [0)7 + 7284 tm ([v] 0.)") ")
(1 A5) (s tm (0] 0))” + 7 e (0] 6.))”)

And with the Noether currents it reads :
sz <dN7LM,, Re V1) + % Im V;ﬂb”)

dRe Vo Tm Vo b

dNL i dNL .
= 2 <dReVﬁW Re 99" + Jimvags I 051/}”)

+X,05 (Ye - f 2%, 5 [RaG)')

+> . <Re Ag) (YAR 2 Zb«/ deLF Re [?a, /L/}b + del; [ @ Ay} b)

A,ay

N — (b b
- 5, (s Re 0 + dlfn% o) + 5,64 (Ycaea

YA Re A% + Ve Im Ay — 2%, d_d;,F [Gs, G,

=22 (ngl%Em Re [ABvA ] + # Im [A/%A»y} )
Thus :

dANL i dANL i
O5L =2, (dRe 257 Re 0™ + Giigtm Im 8@/}”)

+ 3, G (Ve - ) + ViR Re Ag + Vip Im Ay — 2%, A G, G

a7y d‘/—-gom/
dL @ dL. T ]
2%, (w2 —Re A, Ay |+ ie— —Im [AB,A } )
dL a dL a a
+22 0, (dR 7o ReFhs, + Im }'}‘2 -Im sy d}"‘ Gﬁv)
+ Ea aaaLa G + Zw dad%,ﬁ O/Z + da o'z 850”

dL det O’ dN Ly o
+det o’ ZZ’Y 06 dgy ( daﬂ,Og’ ) dv e V
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051 = o (it Re 000 + 2 Im aﬁww‘)
+Za G%Yga_'_y ReAa _'_Yf?a ImAa _'_220/\/ d]—'a oy (FG,ﬁ’Y [G57G’Y])a
220, (dR«Cslg-'i Re (J:A oy~ [Aﬁv A ]) + T (fAﬂv - [Aﬁa Av]) )

dL iy d (dLdetO'\ _ dNLuy/a
+ Zm o, oma O + da 0/z 860 det o’ Zm dev ( do, 0" ) eV
With the same conventlons as above for derivation with composite func-
tions :

Y, w0204 + mir T, Ol ()

~ i Lo i (%95005) = Fo ., i (#5705)

i

=i <$LQMW Re g + #LQMW Im 65wij>

+30, GAYE + Yt Re A% + Yi# Im Ag

25, (5 (056G, = 0,G5)" + il — Re (954, - 0,45)"
+—ir T (aﬁA ;) Aﬁ) )

dIm F§

dL /l i dL _ dNL]VI o
+ 24y @.0n 9805 + Gaor iy e (da 6705 ) vV

2) So on shell Yj7; can be written :
dNL dANL dNL i
Yig = —"g Vo + Ew TReV a7 Re ds9" + dImVJVwa Im 9gep™

+2 Za,v d%F 85G“+de6TP; ReaﬁAa"‘dl ]-'“ ImaﬁAajLEw A0 0'2860”

— Z . <7dngLA§M Re 0z + #LMW Im 851/,@])
=2 GEYE  + Y3 ReAa+YAaImA“
25, (5= (95G, — 0,G)" + qrizi—Re (944, —aVAB)“

%,

+#Im (aﬁA - 87145) )

i d dc i dNLys 1 a
da o'z 850’ - det o’ Zz’w e (da o7 O/) dVéMV
==Y, <G“Y“O‘ + Y58 Re A% + Vg Im A“)

+25,, (dfg; 0G5 + grik— Re 0, Al + Fpite—Tm 0, Ag)

1 d dc
T det O’ Zm dg <d8 o”O )
This formula will be improved.
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3) Taking the value of @y (Yugs):
@y (Yip)
-3 (ngm (V&) + (Re Ag) o (Y + (Im Ag) @4 (Yj}))
+ %, (X, 270,64 0 ) + 4 ((zyzngsz Re (0,43) ) 0.)
(5 it (3.)) ) o (5 (2 (5507)) 1)

With the usual algebraic calculation :
w1 (X, 20-0,63) 0u) = = (32, 260,65 0
5 (X2, 0:Gada” ) AT = ~d (G3) AT
((272“@2 Re (a Aa)) ) ) =14 (ReAg> AT,
o ((27%@5 (a A“)) ) = —1q (mAg) AT,
w1 (Vi) = — 2, (Gﬁm( ) 4 <ReA ) oy (V) + <Im Ag) w4 (Yg,))
—1d(G3) ATIE — 3 (Re A3) ALY, — 3 (Tm A5) ATIY,
iy e (5 (2 (sf00) )

And on shell we have from the other conservation equations :

@y (YG) = %dﬂ%, @4 (YiR) = %dHitRa @y (Vi) = %dniu

@4 (Yrg)

=~} %0, GEdIT +d (G3) ATIg + (Re A3 ) Tl + d (Re Ag) ATIY

+ (1 Ag) i +d (Tm AS) AT, — o 3 (S, (45 (2 0/@)) 0.)
@y (Vigg) = =1 32, d (G311, + d ((Re Ag) H“AR> +d ((Im Ag) Hfg,)
- (5 (8 (f500)) .

4) The superpotential is :
Mg =3, (Re Ag) T, + (Im Ag) e, + GaTl + 3, O4TT
with Il = @4 (25) , Zp = 3, (% T ® ow> 0o N Oy
and the conservation equation 65

@y (Yig) = 3dllus + 355 (Zaw’ (d%7 (dadﬁo“ Oll)) 0 )
becomes :

13, d (Gy11g) +d ((Re Ag) 118,) +d ((1m Ag ) 115, )
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o T (5 ( (500 )

=19, d(Ganig) +d ((Re Ag) e ) +d ((Tm Ag) 1, )

+132,d (0411 + g (S (2 (75504) ) 0a)

That is :

5. d (Ga11E) +d ((Re Ag) 118) +d ((1m Ag ) 115, )

g _% 2. d (OlﬁiHiO) - ﬁa 22 @ (Zm & (Oll (da on T daiﬁog)) 80!)
Tr:

d(Mup) = 32, (%d (OgHiO) - ﬁw‘l (Zav 5 (O” (daiﬁoéf + dai%%’)) 0(1))

But :

d 1(IOgHZ‘O) = (dO%) NI}, 4 OfdII,

@1 (., (257404) o)

=~ (X, (&08) de) ATl = —1dOj AT
Ay = =25t Y @1 (Lo sl (257 det 0) 0,
d(Ing) = A= gter O (Lo s (257 det 0') 0,

(s (A e0r)a)

—ﬁWAt (EM dev (O <d8 ol + dOa O“)) 0 >}

Ol-L (757 detO) + Z57 det O£ O
B dev d&v
= _detlol Ez Wy (Ea'y ( 80{

d dr
+d§w OB da om + 06,07

1 __dL dr dc
— T detO’ Z Wy Zoﬂ/ dev Oﬁ da oz/ da, 0% + da, 07 + dde O o8

= —Totor 2i T (Za’y e (Og d@i%i,’) aa) = —2lop

.
ds) = =35 0/Z <Z de ( 8 daaOg’) 8“) = ~2los (66)

5) Therefore :
@4 (Yirg) = 3dllg +1lop = 0

As :
@y (Yirg) = Yoo (1) T Ygsdet O'da® A o Adze A A da®
we have :
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Vo, 8:Y5,=0 (67)

6) And:

detlo/ > iy dgiw (daMO/z Oll) == (Gayw +Yir Re Aa + Y47 Im Aa)

1250, (;;TFM@G + et Red, A + it Im 0, A3 )
So :

5%[1 - Zi,j <¢H§:V% Re aﬁz/ﬂj + dlfanvL%ij Im 351/1”)
+ 30, GAYE + YA Re A% + YA“ImA“

+2 Zay(dC;:LTFM (aﬁny - 8VG5) m Re (851&/ — 8y/\15>

+# I (954, — 9,45) )

5 ik 050 - X, (Gawa + Vg8 Re A4+ Y Im Aa)

28, (0,6 + 7l Red, 4y + b Tmo, Ay) — by
We get a formula, valid on shell for the quantlty 5O‘L that we name the

energy-momentum tensor.

(68)
5gL - _dgxfléw Va—i_zw dOq, O/'8 O”_'_Z (% Re 8ﬁwij + % Im aﬁlpﬁ)
123, (dfng 05G + grsi— Re s A% + grile—Im aﬁAg‘;)

10.5 Energy

1) It is useful to give some thoughts about the physical meaning of these
results.
If in the equation 68 we put a = (3 :

L= -y 4 5, (2 Re 0, + 2 Tm O, )

ave dRe Vo dTm Vo 577
dLF a dLF a dLF \a dL n

12, (72002 + ri— Re0a Al + grlei—Tm 0,42 ) +X2,, 7 0a 01
As:

dLy  _ __dL dLy _ _ __dL _ 9 dLp _ _dL
dReVapT — dRe0utT dImVa$l  dImdag’ “dFL,  ~ d0aGl "

i ; . . _ dL 1/« dL
this equation reads on shell : Var: L = —555 V> 4 3, dor Oa 2t
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The first term is a kind of ”kinetic energy”, the next six correspond to the
potential energy of the fields, but there is still the last one : Zw B O/, 850”

which features the distorsion of the space time. We know that energy in
General Relativity is a difficult concept. In some way we would expect that
the gravitational field encompasses all the effects on the geometry of the
universe, and this is why usually one discards the derivatives 9,0/, but as
we see a more open vision is perhaps necessary. Notice that this issue is not
related to the choice of G or g as key variable. In the traditional variational
version of General Relativity the fundamental term is given by the scalar
curvature which is, as seen before, nothing but the curvature form of G.

2) The quantity fQ wy (LOg) is the energy flow through the borders of
Q2 (t) seen by an observer on the line dg.The flow is given by wy (L0Jg) :

@4 (L) = i ((~ Ve + 3, st Re s + 280 Tm 9y ) 0

ave i,j dRe Vot Im V o1)%
+ Y@ (22, T 0,G40 W)+ @i (25, i Re 05420, )
1 (28, ﬁlm 05420,) + X2y @4 (Lo, 29 050400
wy (Ls) = wy ((;dNLNI Ve S INLu Re Ogepii 4 _ _dNLy Imaﬁwij) 9 )

ave 4, dReVa1pi Im Vo)
+ 301 (Dan 7705040 ) —3 50, (50, 5G4 ) AT+ (32, Re 9 Atda ) o
@+ (Zy Im 9 A :c’v) ATI
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Part IV
THE MODEL

So far we have shown the constraints imposed on a lagrangian and established
the lagrange equations for a not too specific model. In order to improve our
grasp of the problem, it is useful to go a step further, and to test our concepts
on some lagrangian, keeping it simple enough to enable calculations. As
we have seen, in the Lj; part of the lagrangian the quantities involved are
chiefly the velocity, the state tensors and their covariant derivatives, and in
the Lp part they are the curvature forms F. The identities to be met hint at
some kind of homogeneous function, so it is legitimate to look for quadratic
functions, and thus for scalar products. The scalar products must be defined
for the state tensors, on the vector space F' ® W, and for the connections
curvatures forms F. They must be invariant in a gauge transformation. If
we want to compute a scalar product involving the derivatives of the state
tensors, we must find a way to define a differential operator acting on the
fiber bundle F);, it will be the Dirac operator. Eventually we can improve
somewhat the definition of the F vector space by introducing chirality.

11 SCALAR PRODUCTS

11.1 Scalar products for the state tensors

1) The first step is to define an hermitian scalar product () on the vector
space F, invariant under a gauge transformation by Spin(3,1). An hermitian
scalar product on F is represented in the basis e; by an hermitian matrix A,
such that :

Vu,v € F: (u,0) = [u]" [A] [v]; [A] = [A]"

Spin(3,1) acts on F through : po Y : Spin(3,1) — L(F'; F) so A must be
such that :

Vs € Spin(3,1) : [p (T (s)]" [A][p (T (s))] = [A]

2) The 7 matrices are defined up to conjugation by a constant matrix,
and any A hermitian matrix meeting the conditions will be defined up to
conjugation by an unitary matrix. We choose A = 7y. Let us prove that it
fits the constraints.
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It is an hermitian matrix, as all the other v; as we have assumed so far.

s € Spin(3,1) is the product of an even number of vectors of norm 1 in
C1(3,1) :

S=7U1 " ..... * Vor,

Vi = V1€] + Vg€ + V33 + Vg, Vo € R

vitui 4o —vi=1

T (Uk) = V1€1 + V22 + VU3€3 + iUo&'o

S0 9 (X () = p (T (1)) - (T (02:)) and [o (T ()] = p (X (v30)" 0 (T (01))"

p (Y (vg)) = viy1 + vay2 + V373 + o0

p (Y (v))" = viy + vaye + V373 — ivpYo because all the components are
real and the ~; are hermitian

p (T (vr)" yop (T (v1))

= (V171 + v2Y2 + V373 — 1WeY0) Yo (V171 + V2Y2 + V33 + iUgY0)

= (V1717 + v272% + V373% — “WoY0Y0) (V171 + vay2 + U3z + ive0)

= (—v} — v3 — v +15) Y0 + VU1V Y2 — V1V2V0 V1 Y2 + VU101

—V1U37%07173 + U3V2%07273 — V203707273

+iv10971 — WU Y1 + 1U2UY2 — 1WeV2Y2 + 1U3V0Y3 — LUoU3Y3

=~

Thus [p (T (5))] %0 [0 (T (5))] = (=1)" 70 = YoM

We will take as scalar product in F :

u,v € F:(u,v)p = [u] 0 [v] = D2 Y0007

It is not degenerate, but not necessarily definite positive.

Notice that the scalar product is invariant by Spin(3,1), but not Spin(4,C).
The basis (e;) is not necessarily orthonormal : (e;, ex) = [70],, and the rep-
resentation (F, po T) of Spin(3,1) is not necessarily unitary.

From [p (Y (s))]" 7 [p (T (s))] = v one deduces by differentiating with
respect to s=1 :

Vi € 0(3,1) : 2 ([p (T ()] %0 [p (T (5))])

ds ) [s=1
[p (Y ()),T/(S)} Yo [p (T ()] + [p (T (s))]" [ (T (s)) X' (s) k] =0
[p (1) T (1)K] o + 74 [0/ (1) Y/ (1) K] =0
/(1) = Id

[p (1) &] 70+ [0 (1 )f[f]

Thus with : p/(1)®, ]_ [ka]" 70 + 70 [Ka) = 0

["ia]* == [/70] [’%a] [/70] (69>
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3) We assume that there is an hermitian scalar product on the vector space
W, invariant by y :

Yue U0 € W:(o,0)=(x(u)o,x(u)o’)

and that the basis (f;) is orthonormal (o,0’) = 3", 50"

Remark : on a complex vector space the signature of an hermitian form
can be set up at +.

4) From there we define an hermitian scalar product on F @ W :

<01¢162 ® fj? 02¢j € & fj> (Zz] 701]0-1 02) <Ek gllfgbg) = Ez‘jk 702]0_12$lf0%¢12€
So we define : . ' A ‘

(ble; @ fi, 05 e @ f5) = S Yoithy ¥3° = i1, Dol ol = T ([y1]" Yo [1ha])
with the 4xm matrices : [¢]

Tr([wn]" o [Wo]) =T (W*% [%D =T ([) 74 [a]™) = Tr ([Wa]" 70 [¥1])

And the scalar product is extended on the vector bunle E); :

Y1, 09€ Ao (E,): (1, ) = Tr ([a]" 70 [a]) = > 01501 3 (70)

ijk

It should be noticed that this scalar product, as any hermitian scalar
product, is invariant by the transformation : @) — 21 where z is c-number
valued function on M, with |z| = 1.

11.2 Scalar products for the curvature forms

1) The connection and curvature forms are valued in the Lie algebras, and
the action of the gauge groups is the adjoint operator Ad, so we need a scalar
product on the Lie algebras invariant by the adjoint operator. On any Lie
algebra there is a bilinear symmetric form B (the Killing form) invariant by
Ad, but non necessarily positive definite. If the Lie algebra is semi-simple
(as 0(3,1)) it is non degenerate. In the standard representation of o(3,1) :
B(X,Y) = 2Tr([X][Y]) and its signature is (+ + + - - -) with the basis

(Fa)-
We will not be so specific and just assume that there is an hermitian
scalar product (), invariant by the adjoint action, on the Lie algebras, not

%
necessarily positive definite, for which the bases (7a) , ( 0 a) are orthogonal
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-0(3,1) : as we use only the real form it is a symmetric real scalar product,
and we assume that (?a, ?b) = Nap = £1

_>
- T1U°¢ :the scalar product is assumed to be hermitian and the basis ( 0 a)

orthonormal : (7a,?b> =0y = 7 ?’) =>. g'ge

VueU ., 8 eTUe: (Adﬁ,Adﬁ/) - (7, ?/)
o — — —
that implies : u = exp7 6 diT (AdeXpT? 0 1,Adexp75> Os)|r=0 =0 =

([3771] ,5)2> + (5)1, [?7?2}>
e —='=1 = e
V0.0, 0, eTyU ([9 91] , 92) :—(91, [9, 92}
The space vector T1U¢ endowed with this scalar product is a Hilbert
space.

2) The potential and the forms are forms on the manifold M. M is endowed
with the lorentzian metric g. One defines the scalar product of two r-forms
on M valued in C by :

G,: N\, (M;C) x A, (M;C)—C

Gr (A1) = Yo 1.5} Morar} s,y [det g~ ()]

Gy (A 1)

=D o) Moo} 2o 9000 s 5 = Doy Mon gy 1020

where the indexes are uppered and lowered with g and {a} = {a;...a.}
is an ordered set of r indexes.

The scalar product is symmetric, non degenerated and invariant under a
change of chart. It defines an isomorphism between the algebras of r and 4-r
forms, given by the Hodge dual.

The Hodge dual \* of a r-form A € A, (M;C) is the 4-r form \* €
Ay (M;C) such that :

Vi € A (M;R) : pAxA = G, (1, \) @y where : @y = (det O') dz® A.. Adax®
(Taylor [26] 5.8)

(s My o A da)

=D oo} (51 5oy € B1-Br s 0t y) uPr-Pr (det O) dx®r.. A da®a-r

We have : %% A = (—=1)""1\

£ (30, Aadz®) = 320 (1) g9N; (det O) da® A Az A da®

For a 2-form the formula is simple when one uses a convenient ordering
of the components.

{ai...ar},{B1...6r}
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A€ Ny (M;C):
A= {)\Oldl’o VAN dl’l + )\ogdﬂfo VAN dSL’2 + )\03de AN dﬂ?g
+)\32d$3 VAN d[L‘2 + Algdl‘l VAN dl‘B + )\21dl‘2 N dl‘l}

(71)

s\ = —{\32dz0 A dzt + A\B3dx® A da? + N dx® A d2?
+A%dx3 A dx? + A\2dzt A dad + \%Bda? A dx'} det O

Notice that this convenient ordering is deduced from the table 1.
In the orthonormal basis these formulas become :

A= iy a0 A AT =30y i, O A A O

Gr()\,/i) = Z{il..z'p} 'r;im...’r]ipz‘p)\ilnl.pml__ip where nikik — 41

*<Z{i1..ip} )\il..ipail FANUAN alz)) | |

= Z{h..ip}v{jl..jz;,p} € ({'ll'lp} ) {jl.-j4_p}) Thlil"'nipip)‘{il..ip}ajl NN
* (Z{i} )\ﬁ’) _ 23 (_1)j+1 DA A 5 g

J=0

* (Zj:l Ao..}...nal A OTLA 83) = Z?:o (_1)j+1 njj)‘o..}...saj
- —)\3260 /\31 - )\1380 /\62 - )\2180 /\63 + )\0281 /\03 + )\0183 /\32 + )\0382 /\31
£ 30 NgOPe N Q% = 373 N, QPats A Gt N,y 30P0 A D

(72)

* ()\0180 AN 81 + )\0260 A 82 + )\0380 VAN 63 + )\3283 A 82 + )\1361 VAN 83 + )\2182 A 81)
= X1 P ANO* + 20" N + Ng30* NOT — A30° ANOT — A\130° AN O? — Ay O° NP

3) Let H)s any vector bundle over M modelled on a vector space H endowed
with an hermitian product (). One defines the hermitian product of 2 r-forms
on M valued in Hy; by :

A € A (M Hur) 2 A= 3200 10) Man a4 A Adz® ® 74 (m) where

. (m) is a local basis of H

(A )
= 00 Gr (N1 (R )
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= 2o Lifaron) ( farar i al“?"“f) (Fa, )
=2 (a1} (A{a} as N{g} %b) [det g 1@)]{ ab {8}
S (T ) G
S (1 ”}ufzm_.ar}) (37

It is hermitian, invariant by a chart transformation in M and does not
depend of the local basis. If H,; is an associated bundle it is invariant by a
gauge transformation.

For the curvature form in an orthonormal basis of T7U° :

(Fa. Fa)=>_ > FoaosFs” (73)

a {af}

(Fa, Fa)

= Z Z{ag} ]:Aaﬁ ng 96“]:39\

=3 E Eaﬁ)\ug 9 ]:Aaﬁ]:AAH

=3 Z Zag ‘FAaB*FaaB

The Hodge dual is defined as : = (), A\* ® ) = SN ® 7, where
*\ is the Hodge dual (in the previous meaning) of the C valued form 2

Mt € Ar (M Hag) s (0 ja) = Y0, Gr (N0) (32, 50)
AN = G, (,ub Xa> wy = G, (Xa,ub> = 1P A X
) @0 = 0 Gr (N ) (B ) @0 = T (10 A7) (R ) 4

With an orthonormal basis : (A, p) wy =), (u“ A *Xa> wy
For the curvature form :

(74)

* (Fa) = (detO)Z {]: " da® A da? +]: “dzt A da? +.7-" P da? A dat
FF 2 A20 A dat + FUPda0 A da? + FUda A da® @ Ha}

12 THE DIRAC OPERATOR

1) The fields change the state of particles and their velocity. The interac-
tion with the velocity is logically modelled by V¢ = " V*V,1. But we
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can assume that there is also an action on the state tensor itself, meaning
independant of the dynamic (represented by V). So it is sensible to look af-
ter some derivative operator : AgEy; — AgFE)y,. That is the Dirac operator,
which, in matrix form, is : [Dy] = 33, 023 [v'] [Vath] where [y7] are

matrices defined from [v,]. The construction is the following.

2) Spin(3,1)xU actson CI(3,1)x (FeW)as: (s,u)x(w,1) =
so one can define the vector bundle QX gpines1yxv (CU(3,1) X (F ® W)) as-
sociated to Dy by the equivalence :

(0, (w, ) ~ (g (s u™"), (Adaw, D (s,u) )

This action is linear with Cl(3,1) and F'® W so from there one can get
a vector bundle Dy = Qar Xgpin,1yxv (C1(3,1) ® F ® W)) associated to
@ modelled on Cl(3,1) ® F'®@ W (the tensor product is associative). The
isomorphism :

(a(m), (1 ® €5 @ ) — g (m, &) @ e; (m) ® fi (m) = B, (m) D e; (m) &
i (m)

is preserved by the action of Spin(3,1)xU:

(q(m) (s7hu™"), ((Adses) @ po T (s) () @ x (u) (fr)))

= [on(&);0® p(Y (5)) (e (m)) @ x (u) (fi (m))

So one can pick 0; (m) @ e; (m) ® fi (m) as a basis of this vector bundle
DM.

3) One defines the projection : P : Dy — Ej by :
T9%0; (m) @ e; (m) @ fi, (m) = T (po Y (£) (e5)) (m) @ fi, (m)
extended by linearity. It is consistent because :

T%9; (m )®6]( ) @ fr (m)

~ (g (m) (s~1,u™1), T (Adye; @ po Y (s) () ® X (u) (fi))
P(<q<m><s ) TR ((Adye;) @ po T (s) (e5) ® x (1) ()
g<q< m) (s, g71), T (po T (Adses) po T (s) () ® x (u) ()
ut

po Y (Adse;)po X (s)=poT (Adse;.s)

=po Y (seists)=poY(sg)=poT(s)poT(s)
(a(m) (s, u™)), T (po T () po T (&)

~ (q(m), T po Y (e) e; ® fi) = T (po X (e1) ¢;) (m) & i (m)
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4) Vi is a l-form on TM*. With the metric we can go from TM* to TM
da® — g®P 0

(Vath¥) dz® @ e; (m) ® fi(m) = (V) g*705 @ €; (m) @ f; (m)

and from TM to Dy, :

0; =0 (m)F Dy & 0o = O (m)" 0,

(Vat) 6505 © € (m) & f; (m)

= (Vat") ¢*70" (m)y 0 @ e (m) @ f; (m)

= (V;9V) 0, (m) @ e; (m) & f; (m)

The resulting quantity is a section on D,;, that can be projected onto
EM.

So, overall, the Dirac operator is the map D : Ag (Ey) — Ao (Eny)

Dy = 345 (Vath?) 35 9770 (m)ig (po T (1) (e5)) (m) @ f; (m)

5) This quantity can be expressed in a better way. 0; is orthonormal so :
« e l r a
Mij = gap [O)7 [0)] = g°7 [0']; = 1" [O]

For: 1=1,2,3: p 0T (1) =~;and po Tr(so) =1
o l
25900 ()5 (po T (1) (es)) (m)
= 30O (po X (e)] ey (m) = (174 [y} + iy (ulf n'™) e, (m)
We define the matrices : 4" (index up) such that : [y} = n°i[y]} +

Z?:l [’Vl]f n'". We have :
V= it =1,2,3:97=7, (75)

Dy =3, (Vayy?) 32, [0 [V]7 €p (m) @ f; (m)
We will denote :

=) [0 ] (76)
Y (V) Op= Vo, 7=V, (77)

With these notations :
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D1
= Yt Lt Lo (Vo0 T) [771F € (m) © f; (m)
=it et Soao (Vat0?) 1] €y (m) ® f; (m)

Or in matrix notation :

(DY]=> TVl =Y (7] [Vat)] (78)

r=0 a=0

We see on the relations above that the Dirac operator can be defined
through an orthonormal basis only, without any explicit reference to a metric.

6) The Dirac operator is well defined and linear.
In a gauge transformation :

(Vo) e (m) @ f; (m) = (V5,07 ) & (m) @ J; (m)
S, (V) [T e (m) @ f; (m) = 52, (V5.09) 71 & (m) @  (m)

and it is invariant in a change of chart :
O — 0o = JP0p

dx® — dxa/:\l(gdxﬁ with K§.J} = o5
Vo — Vpii = JAV \p¥

017 = K [O];

Vit = 325 (Vawid) OF = 23 J2 (Vaw) K O]
= Yoo (V) [0]) = V)
So D4 is invariant.ll

13 CHIRALITY

We have left open the choice of the vector space F in the representation of
Cl(4,C). It can be made more precise, without no lost of generality, using a
feature of Clifford algebras. It is striking that this feature meets one impor-
tant characteristic of the physical world, that it distinguishes between the
"left” and the "right”, that is chirality, and thus is fundamental in particle
physics.
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13.1 The splitting of Clifford algebras

1) The ordered product g - €7 - .. - €, of the vectors of a direct orthonormal
basis in a Clifford algebra does not depend of the choice of this basis. In
Cl(4,C) e5 = ¢ - €1 - €2 - €5 is such that (g5)” = 1.

Let be :

Clt(4,C) ={w € Cl(4,C) : g5 - w = w},

Cl=(4,C) ={w e Cl(4,C) : g5 - w = —w}

Remind that Cl(4,C) = Cly (4,C) & Cly (4,C) where Cly (4,C) is the
subalgebra of the elements sum of an even product of vectors.

Let us prove that Cly (4, C) = Clf (4,C)®Cly (4,C) where Clf (4,C),Cly (4,0)
are two subalgebras which are isomorphic and ”orthogonal” in that : Vw €
Cly (4,0),w' €Cly (4,C):w-w' =0

Clf (4,0) =Cly (4,C)NCIT (4,C) and Cly (4,C) = Cly (4,C)NCIL~ (4,C)
are subspace of Cly (4,C)

Cly (4,C),Cl* (4,C) are subalgebras, so is Clg (4,C)

ifw,w e Cly (4,C),e5-w-v' = —w-w < ww eCly(4,C):Cly (4,0)
is a subalgebra

the only element common to the two subalgebras is 0, thus Cl, (4,C) =
Cly (4,C)® Cly (4,C)

g5 commute with any element of Cly(4,C), and anticommute with all
elements of Cl; (4,C) so

IfweCl (4,C),w €Cly (4,C):e5-w=w,es - w = —w

g5 w-e5-wW =w-e5-e5-w =w-w =——e5-w-w =—w-w =>w-w=0

|

Similarly : Cly (4,C) = Clf (4,C) & Cly (4,C) (but they are not subal-
gebras)

So any element w of Cl(4,C) can be written : w = w" + w™ with w* €
Ol (4,C) ,w™ € Cl-(4,0)

2) Let be: p. = %(14—685) with € = £1. p,,p_ are the creation and
annihiliation operators

There are the identities :

P =Depr p-=p—-pr =0,py +p_ =1

For any v € C* : p.v = vp_,

For any w = w™ +w™ € Cl(4,C) :pe-w:%((1+e)w++(1—e)w_)

=

pr-w=wp_-w=w;py - wh=wt,
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3)

p_rwt=0;p_-w =w ,p_-wt =0
fwelClh(*,C)w-p=3((1+e)w+(1—ew)
s wtp,=whw p, =0,wrp. =0, w .p_ =w"
Ifwellh(4,C): w-p=wi(l+es)=1(w—eesw)

=lwr+wv —ewt+ew ) =3 (1-wr+(1+ew)

swtp,=0w pr=w ,wtp. =wr,w .p_=0

We have similarly in the (F) p) representation of Cl(4,C) :
€5 = V5 = V0717273
pe_>76:%<[+675)
We have the identities :
=Ly="17
Y+ + 7= = LeYe = Ve Ve¥-e = 0
k=0..3: y57% = =75 Vel = VeV—e;
Y4 [Ka] = kY4 VpaVaa = %k"Ypqua + %k’VE)’Vpa’an
= %k%a%}a + %kVpa"an'YS = [Ka] 7+
Let be the vector subspaces :Ft =~ F,F~ =~_F
Y F~ =~ F"={0}= FtnF ={0}
so: F=FtToF andVope F:90=0¢"+¢" =v,0+v_0
These two subspaces are isomorphic. Indeed for any non null vector v of

Cl(4,C):

Pev = vp—c = Yep (V) = p (V) Y=e = Yep (v) & = p (V) V-cf
= V- = p (V) Yep(v) b
For any homogeneous element w of order k in Cl1(4,C) :

pw)ye = p(V1eeecppyr) = p (V1 Vk_1.p— V) = p(PeV1.e Vp_1Vk) =

Yep (W) with e = (—1)*

and similarly for v_. Thus if w € Cly (4, C) we have p (w) vy = y4p (w)

and p(w)y_ =~_p(w) : F* and F~ are globally invariant for the Cl, (4, C)
action. Conversely Cl; (4,C) exchanges F™ and F~.

The Spin(3,1) group image by T is Spin. (3,1) C Cly (4,C) . So the split-

ting F't, '~ is stable under the Spin(3,1) action. (F,p) is an irreducible rep-
resentation of the algebra Cl(4,C) but a reducible representation of Spin(3,1)

L (Fop)=(FFp)®(F,p).

4)

This splitting is extended in F' ® W. Tensor product being associative

we have :
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FQW=(FroF)oW=(FroW)o (F- W)
and any tensor 1 can be splitted in the sum of two tensors, each one
comprised of 2 complex components over F:

Y =v; + Y with yyihy =y, v =9 1bc =0

Y= Zij @Z)Uez ® fj

¢ =D ;e =14 d; + -5

o= 20 (T -d) @ fj = e (Zj ¢; ® fj) + - (Zj ¢; ® fj) =
Vb + y-1; , , ' A o o

=[]+ - os] = [val), @F + [y, 08 = [yely v + [y ] oM

The splitting is stable under Cl, (4,C) : ' ‘

Yw € Clo (4,0) 9 (w,g) ¥ = 32, ¥ [po T ()i [x (9))i & ® f;

= S, e v o T (W)l [x (9))f e ®

+ e ey oo Y (@) x () e @ S

= Zk,z,p Y po T (w)o Vf]; [x (Q)H e @ fj

+ i ¥ po T (w) o], X (9)lf & ® f;

= St e epo Y )], X (@) e ® f;

D [Y— opo T (w)] [x (9)‘]7 e @ f;

= Ykip el oo T ()] X (9] ¥7'es @ f;

+2 -l lpe X (w)]’; X (9))] vPle; ® f;1

The two vector spaces are isotropic for the scalar product defined previ-
ously :

(1, 4) = Tr ([a]" Yo [a]) = S vaisy 03

If [1)o] = Yetba, [1h1] = o1 = [1] Y0 [W2] = [¥1]" vev0ve [Wa] = (1] Yev—eo [¥2]
e=¢" = (Y1,1) = 0N

5) &5 does not depend of the choice of an orthonormal basis, and so for
ve. The splitting can be lifted on the fiber bundle. At each m the fiber over
m can be splitted in Ft @ W + F~ @ W.

13.2 A choice of the F space

1) These features lead to precise the choice of a specific basis of the vector
space F : a basis which reflects the splitting in the direct sum of two 2
dimensional complex vector spaces.
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Let be this basis such that F'* corresponds to the two first vectors (eq, e3)
and F'~ to the last (e, e4) :

$1 0
0
= | JF =
0 3
0 ¢4

The conditions : F* =~ F,F~ =~_F;v, +7v_ = I;77_ = 0 lead to

|12 0 {00

T+ = 0 0 y V= = 0 [2
I 0
Thums:%—v:[o _[]

The 7, matrices must meet : 7, +;v; = 20;;14 and we assume as before
that : v, =7 = nwy =1
Ay By
By Dk}
The conditions k=0..3: y57, = —Y75 impose : Ay = Dy, =0
SO Vi = {392 %k} with BB} = I,

The condition 75 = y9y1727y3 imposes :By B} Bo By = I, B1ByB3 B = —1

So v, =

2) There are not many choices left, and we come to the solution :
. [ 0 o1 . o 0 02| . o 0 03| . — 0 (o))
"= o) 0 Y2 = oy 0 Y3 = o5 0 Y% = —0p 0
with the Pauli matrices :

Cqrol . o1 fo-11 [t o]
0-0__0170-1_1070-2_21 0 703_0_17

1,7 =1,2,3:0i0;+ 0,0, =20,;00;0; = 00102 = 103, 0203 = 101; 0301 =
’iUQ
With this choice we have :
. 0 oy
7 - |:77rr0.r 0:|
o, O

R R O R
a —Ua-3




3) The kinematic part of the state of particles is described in a two 2-

complex components vector : ¢ = {2]%] ,and ¢r € F™, ¢ € F~ are Weyl
L
VR

spinors. The state is described in a section 1) = [ y } where Vg = g, Y =
L
Ji=1.myi=1,2
We will denote [1g], [¢1] the 2xm matrices.

14 LAGRANGIAN

The lagrangian is comprised of 3 parts, related to the particles alone, the
field forces alone, and the interactions.

14.1 Particules

1) For the particles the lagrangian cannot depend of the derivatives, which
depend on the fields. So the simplest choice is :
ay N (P, ¢) = apy NTr ([¢0]" 40 [¢]) with some real scalar ay,
() = Tr ([@b;a vili [_?,0 ‘ﬂ m) =T ([Yn]" [Yr] = [Ye] [VR])
Tr([r]" [r]) = Tr (([a]" [Ve])") = Tr (4] [¥r])
Tr ([Yr]" [¥r] — Wr]” [Wr]) = 2 Im Tr ([¥r]" [¢1])

(¥, 9) = =2Im T ([g]" [¥L])
This quantity does not depend of the jauge or the chart : this a function

on {2, evaluated at f (m) .

2) It would be legitimate to add some dynamic part like Y V*V, but it
raises two issues. First we should put some ”"mass” ,which figures in . Second
the mass is the ”charge” associated to the gravitation field, so it makes sense
to keep the dynamic part linked with the covariant derivative Vi). We will
see how.

14.2 Fields

1) The lagrangian depends on the curvature forms and cannot involve v or
explicitely A. We will assume that the derivatives 0,0’ are not present, thus
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G does not appear and the lagrangian depends uniquely on the curvature
forms.

2) The simplest solution is to take the scalar product defined before. For
F 4 it reads :
ap (Fa, Fa) =ar)_, Z{aﬁ} ]:Aaﬁfa o

= ar Z Z{ag} ]:Aaﬁ Z)\M 9 ]:fu“ = an Z Zaﬁ)\u QB“J_:Aaﬁffl,\p
This a real quantity because this scalar product is hermitian.

3) The same choice for gravitation would lead to ag > (a8} B <}"Ga5, ]:gﬁ )
with some scalar product on o(3,1). The only natural choice for this scalar
product is the Killing form B(X,Y) = 27Tr( [)? } [}7]) which gives with the

Riemann tensor :
iaG Zag,\u 9°*¢°" B (Fpag, Feau)

oS (o) [P

= 106 Y 997 T (O [Rag] 00T Ry, 0)

= %aG Zaﬁ)\u a/\gﬁ”TT ([Rag] [Raul)

= 1CLG Zaﬁ)\p Bu Ecd RaBdR)\,uc

= 306 Lapr O‘Agﬁ “Tr ([Rap] [Rau])

The trouble is that the Killing form is not positive definite. It is possible
to turn over this problem by using the ”compact real form” of 0(3,1) (Knapp
[12] VI.1), in fact treating gravitation on the same footing as the other fields,
and considering a complex valued connection. But this would move us further
away from the traditional affine connections.

The alternate option is use the Palatini action, as in General Relativity.
It can be computed with our variables, as seen before :

The scalar curvature is (equation 11):

R=73 sk []:Gaﬁ} g Oﬁoa > aas Feas (04,05 — O} 05 )
and the lagrangian is ag )5 Féas ([Fal [n])z OZ-BO?‘ with a real scalar
aq.
So explicitly :
LF =ar <FA7 ‘FA> _'_ CLC,TV. Za,aﬁ fg’aﬁ (OgaOEIXa__a OgaOga)
LF = %G’F Zaaﬁ)\m]kl nﬂ lkO}\OquOlf‘Fg{aﬁFA)\u
+ac Zavaﬁ CaB (O O, — OgaOga)
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Remark : one could introduce a cosmological constant A such that the
lagrangian becomes : ag (A4 R) and A acts in the action through the

density +/|det g|.

14.3 Interactions

As said before we have to address two interactions.

1) The ”static” part : It models the pure action on the state of particles.
This is for what we defined the Dirac operator. So the simplest choices are :
(DY, D) , (D)) , (¢, D) . The first one leads to quadratic terms in the
derivatives, but the two last ones cannot guarantee to deliver a real scalar.
So we have two options :

L (DY, ) + (¥, D)) = Re (3, D))

L ((Du, ) — (i, D¥)) = Im {6, D)

Clearly the term in 9,% in the lagrangian is crucial. That is

S, Tr ([6%] 907" [0at]) = T (7" (0] 0 [Oy0m] — 1] 00 [B,061])

with Re (¢, DY) we have

2 ReTr ([0 1707 [0a¥]) = 2 A= T Tr (0" [¢&]" 07 [0rbm] =[] 00 [0:¢1])
with Im (¢, D) we have

> ImTr ([ ] y07" [0at]) = 22 AR Tr (™" [Vr]" 07 [0:00R] — VL] 00 [Or2])
an(;i V&(fie have the identities : ReT'r ([']" 0, [0at)]) = 20,17 ([¥]" 0v [¢])
Indeed :

Tr W]* o, [0,9] y
=2.0" Eklj o ]&ﬂw
_ Z O/a Z Haljao/‘l)lj T CT}QEUaaw?j + 031@2jaaw1j + UEQEQjaa@W

Tr 4] 00 [0:0] = 50, 30, 0]
Tr (o) ou 0] = 55,0, (6154%)
Tr (Y] o2 [00] =1 5, —0" 0,0 + 5701
Tr (] o3 0] = £ 32, 0, (J09]° — )

As we see if we take the imaginary part of the above expressions il would
be null for r = 0, 3 thus making two privileged directions, and that does not
happen with the real part. It is a rather weak argument, but let us say that
this option has been tested before (Giachetta [5]).

So we choose € = —1 and the following lagrangian :

argyi (DY, ¥) — (¢, D)) = a; Im (¥, D)
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2) The ”dynamic part” It involves the fields, the state of particles and
their velocity. The simplest choice is :

(0,3, VOVad)

V is a vector field, so this quantity is covariant, and invariant in a change
of gauge. As above we need a real quantity. There is no obvious reason
for one or the other option. Let us say that after testing both, the most
physically meaningful is the same as above. So I take :

ap 3o, 5V ((Vath, ¥0) + (¢, Vah)) = ap 32, Vo Im (¢, Vi)

with a real scalar constant ap

14.4 Summary
The full lagrangian of this model is :

(79)

L= N (an (¢, ¥) + arIm (¢, DY) + ap -,V Im (1, Vb)) det O
Lr= ((ZF <f,4,f,4> + a(;R) det O’

The lagrangian is defined through intrinsic quantities so it is invariant
under gauge transformations or change of charts.

It does not involve the partial derivatives 8aOg of the tetrad. There is no
obvious need to introduce them, as the scalar curvature answers to the inter-
action between the geometry and the gravitational field (as it appears very
clearly in the formula R = 3, [F (0,,9,)]] 7’P) . An additional item should
be purely geometrical in nature. In some ways a cosmological constant (which
acts through the volume form) is a tentative solution, but ”purely scalar” in
that it does not involve any space-time distorsion other than dilation. Even-
tually what is missing is some equivalent of the term ays (1,%), meaning
that space-time itself is more than a container, and possesses some intrinsic
property independantly from matter and force fields, all this without rein-
venting the aether...So for the simple purpose I have in mind I will keep the
simplest solution and stick to this basic lagrangian.

The matter part of the lagrangian writes :

Ly = N (det O') (an (¥, ¥) + arIm (¢, DY) +ap 3, V¥ Im (¢, Vi)

— N (det O') (ans (4, ) + Im (10, 32, 0,02 7] [V} + Im (8, 3, Voap V)

— N (det O') (ans (b, )+ Im {4, (5, 0,02 [77] + ¥, Voap]) [Vaw]))
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with [ the unitary 4x4 matrix, and it will be convenient to denote the
operator :

D$, = (Z arO% [y + Z V”‘a,ﬂ) (80)

T

s0: Ly = N (det O') (an (¢, ¥) +1Im (¢, 32, Diyy [Vatl]))

With this notation it is obvious that ay Im (3, D1)) accounts for the kine-
matic part (rotations in the tetrad) and ap )., V*Im (¢, V) for the dy-
namic part (displacement within €2).

15 LAGRANGE EQUATIONS

The Lagrange equations are just the transcription of the previous ones but,
as expected, one can get more insightful results.

15.1 Gravitation

We will define two moments : P, which can be seen as a ”linear momentum”,
and J, as an "angular momentum”, both computed from the state tensor,
but gauge and chart invariant. The most important result is that the gravita-
tional potential G can be explicitly computed from the structure coefficients
and these two moments. The torsion is then easily computed and it appears
that usually the gravitational connection would not be torsionfree.

15.1.1 Noether currents

1) The Noether current reads (equation 58):

YG:Eaa Vl;l]\GI’jLF 8 ®?

: ao M i 721 ¢
with Y5 = V'Y, (dRZL e Re ([ [6])} + ity I ([sa] [01)])
8L1M F
+Vaga éa + QZbﬂ dF [?‘“Gﬁ]

VaLI\/I __ OLp __ 0

aGs — aGs
dLp B Na _ NB N
d]:ga,e = ag (OPbOQb O%Opb)

Let us compute the partial derivatives with respect to Re V4%, Im V¥ :
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Loy = N (an (0, 9) + T (0, 5, D3y [Vav]))
Im (s, >, Diy [Vat])
= 3 0 (01" 0] (D3] (Vi)
= 5y Re (101" o] (D51, T (Va1 + Ton ([ o] [D]), Re [Vt
) = 5, I (01 o (D3, 23] = o (4" ol (D5
) _
|

]
dTm Vol 1/1]* [v0] [D3]):, 0263 = Re ([¢]" [v0] [Py )]
dRZLV]ZwiJ = NIm ([¢]" [vo] [D%J])z
glﬁéﬁw = NRe ([¢]" [l (D))
YG/(X.

N Sy (1 ()" Dol [D54])! Re () [])} + Re (16" [D3])! T (] [2]);)
+2 Zb,ﬁ aG (OgbOgb OqﬁbOgb) [?a’ Gﬁ]b

vge = NImTr 6] [l (D3] (I5a] )2 24,5 a6 (05,05, —
In the orthonormal basis :

Yo = (X, NImTr[6]* (D3] (] [¥])

+2a6 Yy 05 (0202 — 0802 ) [R 4, Gs)" O1)0, @ R
with [Dy,] = DY, = (ar 7"+ >,, 00V ®apl) = (a; [y + V"apl)

Ya = Yo AN (ar (T ()" 07"] [5a] [8]) + apV" I T (16°] [0 [ia] [4))))
+2a6 3y 05 (0208 — 0802 )[R0, Gs)’ 0110, ® R

Pv ~ qb dv ~ Pb

OB Oy, ) [?av Gﬁ]b

9b ~ Pb

2) We have for the first term: a; Im T ([¥)]" [v07"] [Ka] [¢])

a<d : Tr([Y]" [vo7'] [ka] [¥]) = 5T (0" YRor0atbr — ¥10v0atir)

a>3: Tr([¥]" (o] [k ) = i5T7 (0" R00as¥R + ¥7.0,00-391)

with o109 = 103; 0903 = i01; 0301 = 109 the quantity T ([¢]" [vo"] [ka] [¥])
is given by the table :
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[a\r 0 1
1 —1Tr (Ypo1vr + Vio1r) STr (Vibr — L)
2 —Tr (Vhootr + Yioobr) it Tr (Yhosthr — ¥)osty)
3 —3Tr (Vrosr + ¥josvr)  —izTr (Vioatr — U oatL)
4 —i3Tr (Ypo1vr — Yio1dr) i Tr (Ve + i)
5 —isTr (Ypoatbg — ¥joathy) —3Tr (Uhosthg + Uhostr)
| 6 —igTr (Yot — Yiosr)  3Tr (Vhootr + Yioatbr) |




SO W N~ _—

2
—i3Tr (Vhostr — Viosir)
STr (Vb — Yir)
i%TT (1/1}}0'11/1}% - wzaﬂ/&)
sTr (Yposhr + Yiosir)
isTr (Vihr + i0L)
—%TT (YRovr +Yio1Yr)

3
Z%TT (w}ngQwR - @/1202?%)
—’%TT (@/)7301@/)1% - wzaﬂh)
sTr (Vg — iL)
—%T"’ (VRo2R + Y7 o00r)
sTr (Vio1Yr + Vo)
i3 Tr (Vihr + Vi0L)

As Tr (Y*o1y) € R the quantity Im Tr ([1]" [v07"] [ka] [¢0]) is given by the

Jt g0 0 0
J2 0 J° 0
J2 0 0

0 1 2 3
0 0 J o —J?
0 —J% 0 J!
0o J& —=J' 0

JO

table :
[a\r
1
2
Im 77 ([]" [voy'] [ka) [¥]) = | 3
4
5
| 6
with
Ji= —lTI' ("™ Vhowr — Vioutr)

2

One can check that :

I T (] [07"] (] (V) = 3 Ji [,
We denote by [J] the 1x4 row matrix Ji. So :

Im (¥, [v'] [Ka] [¥]) = Im T ([]" [y07"] [£a] []) = ([J] [Ra)),

and :

> I Tr (W] 10y [a] []) 8, © H 4

= Za,r (JpaOga — PP g, 0p,) ® ?a = Za,r (1] ["Za])r 9 ® ?a

The quantities Jy are real scalar functions, invariant in a gauge transfor-
mations, and so are not components of a vector field on M. We see that the
geometrical pertinent quantity is > . ([J] [K4]), O, which is a vector, similar
to a relativistic angular momentum. 7

Remark : one can check :

W] oy ][] = i (0" YRowbr — Viokr)

So (¥, 7" ) = Tr ([0 oy [¥]) = iTr (" Vrowdr — Yiowtn) = 2.,
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3) The second item : apV" Im Tr ([¢*] [70] [Ka) [¢0])
Tr ([v*] [v0] [ka] [¢0]) is & pure imaginary scalar as one can check :

Tr ([*] [o] [£a] []) = Tr ([ o] [a] [¥1])°

=Tr ([*] [ka]” [vo] [¥]) = =Tr (["] [vo] [l o] (0] [¥]) = =T ("] [0] (] [¢])
So let be £y € R: T ([¢0"] o] [Ka] []) = iF%

a<d : Tr ([ [yo] [ka] [¥]) = 5T ([Wg] [oa] 1] — (7] [oa] [¢0R])

g>3 Tr ([*] [vo] [Fa] [¥]) = —i5T7 (W] [0a-s] [Vr] + [¥1] [0a-s] [Vr])

(¥, [Ka] [V]) = Tr ([¢7] [vo] [Ka] [¥]) = iP4 (83)

The quantities P, are real scalar functions, invariant in a gauge transfor-
mations. The geometrical pertinent quantity is >, V" P,0, ® .
One can check that :

e (P 2
=0 (=i Tr (W) [ou] [0n] — (03] 0] [¥R)))

+ (=377 (W) [oa) (0] + (V5] [0a] [0R])
=38 1T ([W3] o] [e2])]” > 0

4) The third term is 3, .5 (0202 — 0L 02) [R 4, G4)’ OFf

Py be db ~ Pb
vaaﬁ (OgbO;) - OgbOI?b) [711’ Gﬁ]b Oy
- Zb,ﬁ (52170517 - 5;17051,) [?aa Gﬁ]

= Zb 5;, [ﬁa? pr]b - 5;1, [ﬁa? qu]b
= et G (0,65, — 07,65,

qv — Pb Py 9

ch=1 G°, (5&6’;{) — 5;17(}’;;) can be computed explicitly :

a:1b: Gll)l (fgbGll?b - i;bGéb):—Gll)Q (5ébG1276 B 512)ng1))+ng3 (5;)6sz B 5;b6G2b)
+G214 (5gprb - 5;6GQb) + G15 (526pr B 5;bGQb) + G16 (5gprb B 5;bGQb)
a=2s .

Ggl (5;bG117b o 5;bGéb) + Gg2 (521;012% B 5;bGCQIb) + Gg3 (5;bG?7b B 5;bGZb)
+G§2)4 (5;ngb - 5;bG;1b) + Gg5 (5;bG157b - 5;bG2b) + Ggﬁ (5;;ng - 5;bG2b)
a=9J .

Gglb(égbGll% 4_ 5;bGéb21 + G?”?b(égb G127b 5_ 5;) ng)S + Gg?’b(égb G;Zb 6_ 5;bG2b)6
+C134 (5;prb B 5;1)(;%) + G35 (5;prb B 5;1; G%) + G36 (5;b pr B 5;1; G%)
a=4

G?ﬂ (5;bG117b B 5;bGéb) + GZ? (5;1) Gl2>b B 5;1; ng) + GZ3 (5;1) G?’b B 5;bG2b)
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+GY, (51 G — 87 G ) + Gy (87 G2 — 67 G ) + Gl (61 GS, — 87 GS )

5 db ~ Pb Py~ qp db ~ Pb Py~ 4b db ~ Pb Py T 4b
a=o9 !

Ggl (5;17G117b o 5;17G;b) + Gg2 (5;17Gl2>b B 5;17G(2]b) + Gg3 (5;17Gf>b B 5;bG2b)
+Gg4 (526G;176 - 5;17G2b) + Gg5 (5gbGI5?b - 55& ng) + Ggﬁ (5;7 ng B 55& ng)
a=>6 :

Ggl (5gbG117b o 5;17Géb) + Glé? (5;bG127b B 5;bG2b) + Ggi’» (5;bG?7b B 5;bG2b)
+Gg4 (5;bG;17b - 5;17qu117) + Gléf) (5;ngb - 5;1; ng) + Ggﬁ (5217 ng - 5;17 ng)

With the chosen basis in 0(3,1) the structure coefficients are :
5 i < i g L

23 = 01, Gy = —0¢; Lras = Ui igg = 04
ch i eh

45 = 793 bge = 02

G35 = =0}
So :
a=l: 5§ (5gbG12?b - 5;76%&) - 53 (526G?76 - 5;6G26) + 52 (526G2b - 5;6G2b) -
52 (5gngb - 5;bG2b)
, a=2: _55 (5gbG117b - 5;17Géb) +5117 (5gngb - 5;17G2b) _58 (5gbG§b - 5;bG;1b) +
54 (5gngb B 5;bG2b>
a=3: 53 (5gbGll?b - 5;bGéb) - 511) (5gbG12?b - 55476%7) + 515) (5gbG§b - 5;bG;lb) -
52 (5gbst>b - 5;bG2b>
a=4 : 58 (5217G127b - 5;17ng) - 5g (5217ng - 5;17G2b) - 5§ (5217G157b - 5;17G2b) +
53 (5gngb - (Z;ngb)l . , 5 5 , . .
a=5: _56 (5gprb - 5;bGQb) +54 (5gprb - 5;bGQb) +53 (5gprb - 5;bGQb) -
511) (5gngb - 5;bG(6]b)
, a:65: 52 (5gbcgll?b - 5;bG;b) - 52 (5gbG12?b - 5;bG2b) - 53 (5gbG;l7b - 5;bG2b) +
51 (5gprb - 5;bGQb)
One gets >y _, G, (07 G& —0r Go ) = [T]"" with the table Tg
[a\r 0 1 2 3 i
1 (G5-G3) (G3+G3) (-GI—Gp) (Gg—GY)

(G5 - GY)
(G1-GY) (Gh—Gl) (GI+GY (-Gi-Gl)
(G =Gl (-G3-GY) (Gi-GE)  (G3+GY)
(GE-GY) (-GI-GY) (GI-Gi) (G1+GY)
(GL-GY) (GR+GY) (-GI-GY) (G§-GY)
(-Gl (Gi-GY) (Gh+Gh) (-Gi-GY

O O W N
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6
=G, (o Ge, — 01, G (84)

db ~ Pb
be=1

5) The matter part of the Noether current Yy is :
NY ., (ar ([J][Fa)), + V" P) 0, © K 4 and :

Yo = (N(ar ([J][Ra)), + apV"Pa) + 2a¢ [Te]}) 0, © R (85)

a,r

15.1.2 Superpotential

1) The SUPQTPOtentlal wy (Zg) is given by the equat1on 57 with
ZG Ea{aﬁ} dBe, Gaa /\65@7 _2211{045} d]:a 8 /\86@?

It will be more Convenlent to isolate the Constant ac and denote from
now on : wy (Zg) = agllg so that :
76 =2 o (05,00 — 08 05) 0u N5 ® R 4

e = @4 (2 X qas (05,05 — 04.05) 0 A 0s) @ R

2) Its exterior derivative is :

dllg —

- 3_4 Sso (1) 05 (05,02 — 02.02) det O') da®.. Ndz®..da* @ R

>5=005 (05,05, = 03,05,) det O)

= 2505 ((05,05, — 07,03,) (det 01) + (05,05, — 05.05.) 95 ((det 0))

= (det O ) ZB OgaaﬁOga - Ogaaﬁoga + Oga (860£a + OgaTT (Oaﬁo/)) -
Oy, (9505, + 05, Tr (0950"))

= (3,, 02¢, + (02 Dy, — 02.Dy,)) (det O') with ¢, , = ch

Where :

> s O (079505 — 090950%) = [0,,0,]" = ¢, are the structure coeffi-
cients of the basis 0;

D, = ¥,0:07 + O'Tr (00,0') = 53, aﬁ( % (det 0')) is the di-
vergence of the vector field 0; : D;wwy = £, @ (:) D; = Div (0;)

It is easy to check that : i=0,..3: D; = E

_ 1 2 3 1 2 3
Dy = cjg+ 30+ 30 = —cy — 5 — ¢

JOﬂ
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Dy 2681+C%1+C§1 :CZ+C§_C§
D, 2082+c%2+c§2 :cg—cé—l—cf
Do =3+ c13+ ¢33 =cg+ch —ci
So:
_ 3 _1\etl a,.r el N /
dllg = 4Za,r=0 (—1) (OT Cpage T Oanpa Opaan) det O

A A Adze. A dd @ R,

3
dllg = —4> (=1 N (b + 8, Dy, — 07 Dy,) 02 det O'da’ A Ada* N2> @R ,
a=0 T

(86)
3) Remark :wwy (Zg) can be computed directly with : @y = ° AO' ANO* AD?

@4 (320 Opo N Oy, @ ﬁa)

= (" ANPANP NI (X, O Ny @ R )

= S (@ AP AP NG (D, A Dy)) © R

w4 (Z6) = —4agws (2, Op, A\ Oy, @ R o)

= 8ag(P NI QR 1+ P NP QR+ NP R Hs

TPANP QR +I NP QR+ NI @ Ke)

= 8ag (Zizl OPa A\ Q% & ?a—i—?) 4 OPats A Pla+3 R ﬁa)

Thiﬁs quantity can be expressed with the Hodge dual of : 22:1 Npapa OV N
% @R,

w4 (Zg) =8ag s (NI @K1 — NP QR — P NP R K

TPANP QR+ NP R K+ NI @ R)

@4 (Za) = 8ag * (Zgzl Mpapa 07 N 0% @ ?a)

15.1.3 Equation

This equation is linear in G¢ and thus can be solved explicitly.

1) The gravitational equation reads :
@4 (V) = baadllg or Va,a: Ya* = =23, 1505 (#464290)

with Y& = 3 (N (ar (] [al), + apV"Py) + 2a6 [T6]")
(N (ar ([J] [Fd]), + apV"Fu) + 2ac [16]™) OF

= =206 Y, (¢hq, + 05, Dy, — 8, Dy,) OF
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That is :

ar T T T N ~ T
[Te]™ = —c4 + 0y, Dy = 04, Dy, = e (ar ([J][Ra]), +apV"Fa)  (87)

where [Tg]| is the previous table. We have 24 linear equations which are

with

KT = % (ar ([J] [Fa)), + apV"P,) (88)

6 T C T C T T T T
Zbc:l GZC (5Qprb - 5prQb) =—C t 5paan - 5anpa - Ka
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S OO O O CL Ot LU bW W W W NN NDN - —=Q

S WP OWNFOWNDNRFRFODWNFODWNDREFEOWDN S

GS — G3 —) — KY
—G%+G8 —C%+D3—K2
Gi + Gj —c — K2
-G -Gy —Dy—c3— K3
~GY + G - — K9

G+ G3 —c3 — K3
G — G; —§ — KY
-GS -GS —c! —2D0 —QKi
Gi+GY —c} — K}
G3 + G —ci — K}
~G1—GS —Dy—c—K?
—Cf}l + G5 - - K3
—G1+ Gy —cg — K
G+ G3 —ct — K}
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and the solution is : 2G% =

_QG? r=0 r=1

Gl —KV+ K3 —Ki-+cd—2 G Kl+c—K:—K}——c

G: Ki+cg—KY—K}—-&—c G? K} +2ch + K? — K?

G —-K!—-cd+K:—-KV+cd—-¢& G K3 +2cd + K3 + KY

G;é KS—K§+K§+2c§ G;‘ I—Kil— 20}124— K§O+K2§’ )

=G8 —Ky + K? + K + 2¢3 GS —Ké—cé+K§—Kjf+cg—c§i_
r=2 r=23

G K; + K} + K§+2¢} G K+ K} — K2 + 2¢3

G2 K -+ K- +d—d & K$+ K2+ KO+ 26

3 K+ K2 — K9 4 222 G K- — K24+ K} — 246

G% —K;—c%—Kf+Kg—cZ+cg G§ —Ké—cé—Kg—Kff—cg—ci

G5 K} — K2 + K} — 2¢2 Gy KY-K}-K:+—c2—c

G KV KP K22 Gl Kl 4+ K2 K208

Notice that in this equation ony the momentum K appears, and not 1
per se.

In the vacuum the gravitation field is not null (in accordance with the
General Relativity) and entirely given by the structure coefficients which thus
fully represent the geometry of the universe.

2) The Noether current : Y& = —2ag Y., (¢} .. + 00 Dy, — 5;aan) is
expressed with the structure coefficients only.

We have the table :

[a\r 0 1 2 3
L =4 —a  —(atg) (Cg+g)
2 & (d+q) -  —(G+d)
Y§ =2a¢ | 3 & —(d+d) g+ -
1 (E-d) (@E+c) —c —c}
5 (—estal) o (ci +cd) —c3
| 6 (a—¢)) —cg —c3 (ci+ed) |

The flux of this vector through the S(t) hypersurfaces is conserved. That
is fS(O) w4 (Ya) = fS(t) @4 (Ya)
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15.1.4 Symmetry

The value of the torsion tensor V.0 = Zr,a (20

been calculated previously (table 2).
Using the results above we get the table:

T
Paqa

+ T“r) O+ A\ 0% ® O, has

0 0 O3 —6,]
0 -6 0 O
0 0, -6 0
r r 1 2 1
(Ve @)paqa = 3c,] + [K], + 2 -0, 6, 0 0
-0, 0 Oo 0
|—©3 0 0 O |
with : ©g = — (K} + K2+ K2);0; = —Kj + K3 + K};0, = —K; +
K} + K03 =-K} + K} + K{

3
=3 K3 k=1,23:0, =K — KP4+ K} o
So in the vacuum the torsion is given by the structure coefficients. And
the connection is torsion free iff the particles have some specific distribution.

15.2 Other force fields

We will define two moments : the ”charge” p, and the "magnetic moment”
ﬁa, both computed from the state tensor, gauge and chart invariant. The
law for the fields take then a simple, geometric form, independant from the
gravitational field:

Nwy (aDpa7 - ia[ﬁa> =V.xF,

15.2.1 Noether currents
1) The Noether currents are : Y{, = Z Yi30a, Y =
YiR=V2 dRZLV]ZW (WO} [6a] ) + dInilLV]ZWJ

125, i Re[@a,Ag] + pile

AaB

>0 VA7 0o with :
m ([00] 6]

Im [ﬁa,f\lg]b

aa __ dL t\? dL
YR =V 32, ~ dRev.g7 I ([wj] [0a] ) T Tavags B (b?/fﬂ )
-
+2 Y0 ~TmeA Im [9 a: Aﬁ} + T Re [9 o Aﬁ]
We have already A
TR = N1m ([¢]" [ol [D:]);
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by __ — N Re ([¢]" [v0] [DS])]

dTm Vo 317
Computation of the derivatives with respect to Re F} 5, Im F} 5

Ly = aF% > EU§>\M gnAggﬂ?an}—jku +agh
=apz Y, En@\u g™ g% (Re F iIm]:jng) (Re]:fuu —l—iIm}"AM)#—agR

dL A tu [ sasBT b sa bafs b,af3
dRefaaB 3ar anbA ﬁg” g" (5 0 ]:A)\u + FaneON0, ) s (-7:,4 +Fy )
by — qpRe F;©
dReFy O
dL 1 - cop —=a o
dlmfi — = 308 e g gEr <—25n OL T+ z]—“AnchAéﬁ)
ZaF 2775)‘/»‘ ( fﬁufb + gnagfﬁf‘A f)
== aF( .7:b0‘5+]-“14a5) == aF (—ZZIm]:baﬁ)
dL _ b,a3
dlmfg’aﬁ = ap Im Fy

So the equations are : ' A } A
Yii = N3, Im (] ol D)) Re ([¢]6a]) +Re (] [rol [Dfg)); Tm ([9°] [6a]")
+2a5 3, Re F7 Re [70” Aﬁ} " T P T [70” Aﬁ] ’

= N Ty il (D] 6101+ 20r S Re (74 [T 1] )

Vi = N Tr (0] o) (D3] [0, + 200 55y Re ([0, 5] 757)

Vi = N3, —Tm ([0] [yo] [D§])] Tm ([¢] [6a)") +Re ([¢1]" [vo] [D3))] Re ([¢] [6a]").
+2ap Y, — Re F5% Tm [7“ Ag] " 4 Tm P4 Re [?a, 4] '

= VR o] bl (D) 0] 021 + 200 1 (5[ 4] )

Vit = NReTr (9] o] [D§] [1] 0] + 20 Sy ([7 ., 4], F57)

= -
> .7:21’0‘6 [ 0 a,Ag} is the scalar product <[9 a,A5:| ,Fjﬁ> in T7U¢ and
with our assgmgtiog that the scaki)r Bfodlﬁt is preser_)ved b t_lge adjoint
operator : V0, 01, 65 € T\U® - ([9 91] , 92) :—(91, [9, 94)

(7.4 75) = ([0 9] 75) = (7. 152 - [ 2]

Thus :
Vi = NI Tr (o] Dol (D3] 0] 6]+ 20 Ty Re [ A5, 757]°

Vaf = NReTr [9]" [yo] (D3] [¢] () + 20p 5,1 [ Ag, F57
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2) Let us compute the first terms : Im T [¢]* [D$,] [¢] [0a]" , Re Tr [1]" [D$,] [¥] [6a]'
Tr ) (5] 1) 6. t t
= ar 3, O Im T7 ([Y]" o'l (9] 10a)") + apV o Im Tr ([47] [0] [¥] [6a])

a) W]* [70771] W] [ea]t =1 (TIM [wR]* Oy WJR] [ea]t - WJL]* Or WJL] [ea]t)
So: Tr ([¢]" [y W] 18a)") = i (07" [r]” 0 [WR] 10a]” — [r)" 0[] [6]))

We have assumed that the representation (W, y) is unitary so [0,] is an-

tihermitian :[6,]" = — [04], [fa]’ = —[f.] and :
Tr ([l o [on] ) = Tr (0] o 6] 8)")” = ~Tr (! o] 0]

= =T ([6u]' [Wr)" 0v []) = =T ([va]" o, [¥x] [0a]')

Eachlquantity Tr ([r) or Wrl [0a)") , Tr (L] o [¥r] [fa]') is an imagi-
nary scalar.

Let be :
(U, oy [W][6a]') = iTr (0" [r]" or [WR] [6a] — (1] 0v (1] [6a]') = — (1]},
[l = =iTr (0" (el o [r] [0a]") +iT7 ([0or]" o (] [6a])

(. [0y T[] [6a]") = 1Tx (™" (] 0 [¥R] 10a) — [0r)" 0 [2] 18a]) = — [u],

b)  [¥] [vol W] [0a]" = i ([¥r]" 2] (0] — [vr]” [r] [6a)')
So : Tr ([¥7] o] [¥] [0u]') = T ([r]" [¥2] 10a]" — [¥2]” [¥r] [6a]')

With the same assumption about [f,] as above :

Tr [vr)" [Vr) [0a) = Tr (([wR]* (1] [Gaﬁ*)
= T (Bl )" [n]) = =Tr (18] (V2] [0r)) = T (101]" [Va] [0a]')

So one cannot tell much about the individual quantities

Tr ([ (] 16a)°) , T (] (2] [6]")

but that they are complex conjugates of each other. So the difference is
a real number:

Tr ([vr] WLH o =[][R] 0]’

=T ([¥r]" [¥] 10a]") = Tr ([w]’

——TT([ ][ ]9]+[¢R] [v

=—TT([ V" [r] (0] — [Wn w
Ou]” — [00]" [V

So let be :

.—‘.—‘@\—/

[
L] [0
]
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(W, 107 T W] 10a]) = ipa= T ([Yr]" [¥2] [0a]” — [r]” [¥r] [6a]')  (90)

3) The currents read :
Yig = NapVp, +2ar ) 5 Re [Ag,]:jﬁ]

Yaf = =Nar 3, 08 lun — el + 2ap Xy T [ Ag, 73|
We can combine both currents Y§ = > (Y% +iY{}) 0, and denote :

Yi=N (aD Zvapaaa —iay Z [/,LA]20T> +26LFZ {Aﬁ,fﬂaa& (91)
@ r afB

pq is similar to a ”charge” of the particle, and 4 to a "magnetic mo-
ment”. The a index is related to the kind of force. These quantities are
functions on M and therefore invariant by a change of gauge. The matter
part of the Noether current is :

N Ea (apVpa —ia; Zr oy [NA]Z) Oa

The Noether current is a geometric quantity. As we see in the formula
above the pertinent geometric quantities, pertaining to the particle, are the
4-vectors :

- the ”"charge current” linked with the velocity : ,0,17 =, Va0,

- the "magnetic moment” linked with the tetrad : 77, = 3., [ual’. 0,

Remark : these equations do no involve gravitation. They can be seen as
relating the fields to the sources. The gravitational field comes back through
the trajectories of the particles.

15.2.2 Superpotential

Implementing the previous definitions :
s =4dap (det O') 305, > 0epa € (A sy, B) Re FoPdgh A dat
%, = dap (det O') Yo, Yo g0 € (N pya, B)Im F3*Pda? A dat
Let us introduce :
% = T4 p+illS, = 4 (det O') ap Yoy Yacsa € (A o, B) FigPda* Ao
%4 = —4 (det O') ap{F*Ndx? A dz* + F*2dzt A da® + FBda? A dx?
+F432dz0 A dxt + FoB3da A da? + Fo2da® A da?y
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We can recognize the Hodge dual of the conjugate of the curvature form
(cf 74):
So we can write :

114 = dap (xFy) (92)

15.2.3 Equations

1) The equations 63 take here the simple form :
@y (Yig) = %dH%R = Rew, (Y}) = %dRe % gy e (Vi) = %dHZI =
Imw, (Y§;) = +dImII%;

w4 (Y4) = 2apd (xFy) (93)

2) The equations read :
aa dLp(det O’ aoy
Va, o Y = =255 2505 (#M) = —2i5ar Y5 Reds (.FA 7 (det O’))

aa OLp(det O’ ac
Va,a: Y = -2 > 505 (#j{(w)) = —2d5ap > 5 Im s (]:A 7 (det O’))
That we can write :
Va,a: Y = —2lzap > 505 (]—“Xaﬁ (det O’))
Or:

(94)

Va,a : N (apVps —tar ), O [pa],) det O’
= —2ap %2, (A5, F et O] + 05 (57 (det 01) )

3) This equation can also be written as :
Ty (YX) = 2(1,Fd (*fj)

= Nwy (ap Y., Vo —tard., [pr — prl, 0r)+2arwo, (25 [Ag, Fjﬁ]a 8a>
Naoy(ap Y, Vep0a —iar )y, [ur — /éL]Z or)
o (467 e (5, [ 7] 1))

and
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Ty (ZB [AB,FXﬁ} 8a)

= (DY, [Aﬁ,fjﬁ]adet O'da® A .dze.. A da®

-y, [AB, OB] de' A da? A da® + Y, [Aﬁ,f;ﬁ]adxo A da® A da?
-y, [Aﬁ,fﬂ dae Ada' NP+, [AB, ﬂ dz0 Adat Adz?) (det O)
On the qther hand :

(AT a] = 5000 50 [, (+F ), | do? A da*  da

with :

*?Z-—{F“Old:c A dz? + FoO2dat A da?® + F93dx? A dat
+F@32dz0 A dxt + FoB3da® A da? + Fo*da® A da?)

[A *IA} _

= 5 [As, PO daf nda® A+ [ Ag, F2| daP Adat ndat+ [ g, ) da?A
2 1
“ ﬁ ng‘CB, 72| e nda® Ada + [ A, F2| " do? nda® nda?+ | Ag, FH ] da? A
dz® A da?
— - ([Al,fﬂ [Az,ff)? + [Ag,f03] ) dat A da? nda?

+ ([AO, FO} n [A flﬂ %Az, Fl2 } ) dz® A da? A da®)

- ([AO, f%] n [Ag, fﬂ [Al, fﬂ ) dz® A dat A da

+([A0. 7]+ [0, 72] 4[4, 79]7) da A da? £ da?)

==, (=) (Zﬁ [Aﬁ, " ] ) dz® A .. Ada® A ... A da

S+ [A, *?Ar == (X [Ag,fjﬁrﬁa)

Thus © Naoy (ap 50, VO pn — iar X, [nal, 0,) = d (+F5) + [A,+F 4]

where we recognize the exterior covariant derivative.
And we have the geometric form of the equation :

Nwoy (aDpa7 — ialﬁa> = Ve*?(z (95)

On the right hand side we have the moments, evaluated at a point through
f, and at the right hand side the curvature form evaluated without f. Notice
that the tensor 1) does not appear per se.
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We see that the real part of the field acts through the ”charge current” and
the imaginary part through the "magnetic moment”. So one can guess that
the first impacts the velocity and the second the "rotation” of the particle.

15.3 Energy-momentum tensor

According to equations established in the previous part, the energy-momentum
tensor 03 L can be expressed in two different equivalent ways from the mo-
ments and the force fields. We have a general, simple, equation which links
all the force fields connections. It is then possible to get a simple equation
for the scalar curvature, which does not require the explicit computation of
the gravitational 2-form Fg.

15.3.1 Moments

Now we have defined all the moments that we needed. As they are crucial
in all the calculations it is convenient to sum up here their definitions and
properties. They are all real scalar functions, invariant by gauge or chart
changes.

1) The kinematic moments :

a) the ”linear momentum” P : P, = ImT7r ([¢*] [vo] [kd] [¥]) =
Im (¢, [kq] [¢])

(1, [Ka] []) = Tr ([¥*] [0] [Ka] [¥]) = iP%

a <4: P, =—izTr([Yp]lod W] = [V7] [oa] [Vr]) ;

a>3: P, = —3Tr (W) [oas] [Wr] + 7] [0a-s] [Vr])

It depends only on 3 complex scalars :

a=1,23: po = Tr ([Vg] [oa] [WL]) ; De = T ([¥1] [0a] [¥R])

a<4 :P, = —i% (p* —p*)

a>3 P, = —1 (p" P+ %)

It is never null :

S et (Pa)* =0y ITr (] [oa] [we))|* > 0
The physical quantity is the tensor :>_,  V*FP,0, ® oy

b) the angular momentum J : J, = —%TT (" Ro R — Vo)
It can be null :

Ym0 Ji
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=1 (X0 (Tr (Whowtr))* + (Tr (W orr))* — 20" Tr (howr) Tr (W orbr))
(7" ) = Tr (W] o' [¥]) = iTr (0" VRopr — Vjorr) = —2iJ;

Im (v, [v"] [Ka] ) = Im T ([¥]" [v07"] [Ka] [¥]) = ([J] [Ral),,

The physical quantity is the tensor :

Yo I Tr (W) 1o ] [Ral W) 0r @ ®a = 3, ([J] [Fal), 0r ® R o where

[J] is a 1x4 row matrix

c) one can add the function : (¢,¢) = —2ImT7r ([vg]" [1]) =
iTr ([We]" [Yr] = [L]” [Vr])

d) There is an important property of the partial derivative.
As it is easy to check the derivation commutes with the trace operator

Tr (95 ([r]" ov [Vr]) = S0 05 ([WR]" ov [Vr])]

;aﬁ S (] 0 [WR]) = 05T ([0r]” o [1m])
OsTr ()" 0, [r]) = Tr (95 ([r]" o [0])
=71 (Opial o [Va]) + Tr (nl 0 Doin)

ut :

Tr ([0s¢r]" o [Vr]) = Tr (([0s¢r]" 0 [Wr])") = T7 ([¥&]" 0, [05¢r])
OTr ([¥r]" v [VR])

=Tr([Yr]" 0. [0s¢r]) + Tr ([Wr]" 0 [0s¢r])

= 2ReTr ([Yr]" 0, [05¢r])

= ReT7 ([Yr]" 0, [0s¢r]) = 5T7 (95 ([Vr]" 0, [¢r]))

and we have the identity :

ReTr (0" [Wr]" 0, [00r] — [¥1]" 0y [0531])

= 303 ReTr (0" [¥&]" 0 [Yr] — [Vr]" 00 [¥1]))

X %d@ﬁTT (" Wl or [Yr] = [Wr]" 0, [V1])) = =03 J;

é@b,vra/ﬂﬁ) = Tr ([V]" [vo07'] [0s¢]) = iTr (0" [Wr]" 0y [0p0r] — VL] 0 [05¢1])
Im (1, 7" 9pt0) = Im T ([¥]" [707"] [052])
= ReTr (0" [Vr]" 0, [0s¢r] — [W1]" 0v [0s1L]) = —0pJ,

2) The force fields moments :
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a) the "charges” p, =Tr ([Yr]" [¥L] 0] — [Wr]" [¥r)] [Ha]t)
(@ 11187 =T (W] [o] W [6)') = iTr ([Wr]" (] (6] — [ [¥r] [0]) =
LPa

and the ”charge current” : linked with the velocity : pa7 =, Va0a

b) the magnetic moment :  [is], = — (.7 [} (") = ~Tr ([¥]" o] [ 8]

= —iTr (" [Yr]" 0 [¥r] [0 — Y] 0v [V2] [6a])
and the ”magnetic moment” : linked with the tetrad : 7, = 3, [1al]’ 0,

3) The state tensor is the sum of 2 right and left components : ¢ = ¥+
If each of these components is decomposable : 1) = yp ® o + Y, ® o7, one
can write the matrix

W] = [@Z)R] _ |:[¢R] [UR]]
UL 6] loL]
where [¢g], [¢1] are 2x1 column matrices and [og], [0] are 1xm row ma-
trices. The previous formulas are simpler.

with any [u] matrix © T ([5] [4] [V2]) = Tr([on]" [¢1] (] [02] [02]) =
([61] [1] [@2]) Tr ([o1] [02]) = ([¢7] [1] [62]) ([Uz] [01]
]

Tr ([7] (] [2] [0]) = T ([o1]" 3] [1] 02
a) Py =Tm T ([¢"] [0] [#a] [¢]) -

a>3:P,=-Re (([ch] [0a-3] [¢L]) ([ U—R]>)
—1T7’< Q/JRU (I o 1/}L>

= %( (193 [ou) [0r) ([o]' Tom]) = (193] o] (62) (o) Toul ) )

©) (v, 6) = —2Im Tr (el (Y1) = —21m (([6x]" [61]) (fon] Toa] ) )

Q) o = Tr ([n)" (0] (0]’ — (2] (0] 10))

= (63 [61)) (1921 6] [ow]") = (97 [6x)) (fow) 6] o))

(el 0 [o]") = (72 16.) low])" = (ol B [o2]) = = ()" [0 o)

(@l 6e]) = (63 [9))” = (3] [éx])

g =2Re (153 61]) (fo2) 0] Tl )

) [ualy = —i (" 03] o (lom) 18] [ow]") = )" o 2] (8] (o] 8] [o]"))
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4) The matter lagrangian can be expressed with respect to the moments :

a) Im (¢, Vath) = Im (), Qo)+ 3, G& T (¢, [sa] [¥])+Tm AL (&, [1] [6]")
Im (¢, Vo)) = Im (b, Oth) + 3, GAP, + py Re A2

b) Im (4,7 Vath) = Im (), 7" 0at0) 4+, Go Im (¢, 7" [g] [¢]>+ImAZ (.7 9] [6a]")

I (10,77 Vot)) = ~0u T, + 3, G (1] (7)), — [ — pc]] Tm A
¢) Im (1, D, Vath) = Im (o, (X, 0,02 [77] + 32, VoapT) Vi)

I (1, D3 Vath) = ar (= Xy O200Tr + Sy, Go (1] [Ral), = i — pJj T A2 )+
ap S, Ve (Im (W, 0u1)) + 3, (GgPa + po Re Ag))

4) Lt = g (6, 9)ar (=, 080T, + 5, G2 (1) [Ful), — lin — T AZ) +
apy,,V*® (Im (1, 0a¢) + >, (GgPa + pa Re Ag))

Notice that when the sections are composed with f then the full derivatives
must be used :

Im (¢, Vo)) = Im <¢, d§a> + >, GaPa + paRe Ag
Im <w,7rva@/}> = —% + Za G¢ ([J] [~ ]) [MR _ ML] ImA“

15.3.2 The energy-momentum tensor

Back to the energy momentum tensor. We have two ways to compute 5§L
which will be both useful.

1) Equation 68 reads :

__dNL dANL i dANL i
0L = =St Ve + 20, <dReszIw'i Re sy + oo Imaﬁw”)

drL a a drL a i
+2 Zm (d]—'gl; 9pG5 + W Re 85/1 dIm ]—'1:; Im 85/1 )JFZW 9o O 860/

ety = NIm ([¢]" [v] [DS; ]);;dhﬁ@jw = NR@([@/)] ol (D511

dLrp __ v « Y o . dLiF a,ar dLp . a,00y
d]:g;ory - 96 (OpaO OQaOPa) > dRe F§ oy = ar Re‘F ’ dIm F§ - =ar Imf
dL 0
d@aO’Wi -
dNLy _
avit = apNIm (¢, Vi)

0§L = —ap NV Im (), V) + 32, Im ([¢]" o] [Df])] Re 90"
+Re ([0]" ol [Df)); Im 0597 + 237, ac (03,05 = 03,05,) 9G4

+apRe Fy®  Re 05A% + ap Im F§™ Im 9p Al
0L = —apNV*Im (¥, Vgip) + N Im (¢, [v0] [Df] [05¢])

23,06 (03,05 — 03,05,) 05G5 + ar (Re F510, A1)

P qb dv ~ Pb
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So the equation becomes :

(96)

051 = =N (@ 52, 038 + apVe 52, (G4Pu+ p* Re A3 ))
125, (06 (03,05 - 01,03,) 95G3 + ar Re (934, 7))

2) We can get a more convenient equation. We go back to the equation 55
which reads here :

VYa,3:0=> -4 O} + 05L

i, dO7I
expressed with respect to O :
8
dL  _ dar. 4995 Bya _dL

a) Let us compute the derivatives :

S/LM = an (Y, ¥) +arlm 35, O, " Vag) +ap 3,V (¥, Vo)
WIEI = arIm (¢, V)

ot == 3,50/ 0garIm 4,77V 50)

Lp= %aF Za/\wémkl nqp77lkOqA O;Of Oli]: f\v&?:)\ﬂ

Tag Ea)\u ‘Fgw (OgaOé\a — 04,0, )

oL b
07 =
Sap X Fy Fan,, (0050105 + 058510105 + 0003026105 + 0,0301676] )

06 s Feon (9153,00, + 045003, — 863,00, = 0107, )

= Lar Y (P g F o\ Fap,Of + 17900 Fo 0 Faxy — 9 P OR F 4\ Fas,
—QA“TIUO?FZW?ZM) + 2a¢ Ea,)\,u ]:g'm (Oli\aéga - O;\a(sga)

e = —%,,000; %

= —1apO! S (17 0) 0% g F o\ Fag, + 1900059 F g F o,

— g PR ONOOF Y\ Foys— gwnzjoyo;vfgg#?jh)—2%0? ) fé@a£9£a5éa 0% — 0) 51 0%)

gg;;; = —LapO! S (Fo T Fop, + Fog Fa +F T Fagy + FosFa )
—2a0; Y Fés, (07 02 — 07 0%

da ~ Pa
G5k = —2ar 3., 0] Y Re (FY, Fapy) 20600 ¥, Fés, (07,05, — 07,05.)
dL
do7
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= —>50/ar 3, 02 Tm (¥, 7"V g1b)
+2a’F Z'y R‘e (‘FX’Y7 ‘FAB'Y) + 2a'G Za’y glﬁ’y (O;{aOga - Oga O]?a)
b) Thus :

(97)

Vo, 8105 L = ayNIm (¢, v*Vgi)) + 2ar Y- Re (Fy", Fap,)
+2a6 Y, Foo (07,08 — 07.02)

Pa ~ qa da ~ Pa

3) Using the moments we get for equation 97 :
Vo, B 1 0L = arN 3, OXIm (Y, ' V) + 2ap Y Re(F37, Fag,) +
2a6 Y an Féign (OV oy —0) 0% )

Pa ~ qa da ~ Pa

(98)

Va, B 9§L = Nay 50, 08 (25 + 5, (G4 (1[R), — [l Im A3) )
+2ap 3o Re (FY7, Fagy) + 206 Y4, Fén (05,04 — 07 05 )

15.3.3 Superpotential
The superpotential is here :

Mys =Y, (Re Ag) 11, + (Im Ag) 1%, + agGeTIg,

HaG = 4 (det Ol) Z)\<u Ea<'y € <)\7 lu7 057 7> (O;aOgéa - OgaOga) dx)\ A dxu

%z =4ap (det O') 305, > ey € (A psa,7) Re FoPdar A da

1%, =4ap (det O) >y, D ey € (A 1y, ) Im Fy*da* A dat

(Re Ag) I, + (Im Ag) e,

= dap (det O") 325, >y € (A py ) (Re Fi (Re Ag) + (Im Ag) Im fj’m’) dz A
dx* —a

=dap (det O') 3 3, > 0cya € (A 1, 7) Re (Aﬁ}"fl’w) dz* A dxt

and :

(99)
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HHﬁ = 4det O’ Ea E)\<u
a<ly

€ (A, ey a,7y) (agG§ (0102 — 01 02) +arRe (Z; j’m)> dz* A dxt

15.3.4 The equation

The equation 66 reads here : d (Ilz3) =0
That is :
dllpgs

acG (0;,05, — 07,07 ) ,
=—4 Za Wy (Zom/ 9y (Za < +ap Re (Aﬁ]:f{ofv) det O" | 04
agG% (O“’ oY — 0O 0% )
- _1\otl Pa™ da, Ga ~ Pa ,
=—4 an (=1D)"" 9, (Za ( +ap Re (Aﬁ-FZ’av) det O

xdzO A dze A . A da
So :

Va,:0=) 0, <<aF Re (AB, ]-"‘A?”) +ag Yy (07,00 — 0] 0%) Gg) det 0/)
v a
(100)

One can check that this equation is equivalent to the equality of the two
previous expressions for 05 L.This equation involves neither f (all functions
come from Lp) or the state tensor 1. A change in the gravitational field should
entail a change in the other fields, whatever the presence of particles, and
conversely.

15.3.5 Scalar curvature

If we put a = (8 in equation 97 we get :

Va: L= Na;Im (), 7*Vat)) + 2ap Y, Re (Faar, F3)
_'_QG’G Ea)\ Fga)\ (OZIXaOZ))\a - OgaO;\a)

and by adding over « :

AL = NagIm (¢, DY) 4 2ap Y05 (Fan, F4)
+206 Y000 Féor (05,0;, = 05,0,.)

That is :

AL = Na;Im (¢, DY) + dap (Fa, Fa) + 2R
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with : o
ar (Fa, Fa) = ar Yy Y popy F aapFa™’

= 3ar 0 s Faas i = bar o (Faus, F57)

aGR = ag Yoy Féar (05,0, — 05,0;.)

But :

L= Nay <w7,¢)> +Na[1m<w7D,¢)>
+Nap ), Im (), VOV,) + ap (Fa, Fa) + acR

So equation 97 implies :

NarIm (¢, DY) + dap (Fa, Fa) + 2R = 4Nay; (¥, ) + 4NayIm (¢, D)
+4Nap Y, Im (¢, VV,) + dap (Fa, Fa) + 4acR

So we get the formula for the scalar curvature :

R = —E (26LM <w,1/1> + ga[ Im <1/}7 Dw> + QCLD Zlm <w7 Vav0!>> (101>

ag

It depends on the particles and the other fields, as expected, but it is null
if there is no particle. The curvature being small, the constant as should
be much larger than ay,ar,ap. As the sign of N is difficult to predict one
cannot guess anything about the signs of the terms. All the second order
(the torsion and the scalar curvature) gravitational quantities are thus easily
computed, without need of the curvature form Fs which does not appear in
the equations.

15.4 Equation of state

The equations of state is written from the results of the previous part. It is
not too complicated and involves the derivatives of the velocity. But from it
one can prove two striking conservation laws for the moments: one related
to the density of particles and the other to the ”particles energy”:

S 2 (N det O) Ve (15,1)) = 0
N (detO") Ly +ary,, dg% (N (det O") O%J,.) =0
15.4.1 Equation

The equations 50,51 reads here :
. 0 0
Vi, j 2 0= N{Y o arevigs Re [Golf + grreitps Im [Colf

7
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drs, k ar s 1k
+ Il Re | A, L + et I 4] }

J
d dc LY
o ZB (det 07 déP (dRevaiJ) + NaReJ\@/bjiJ
. dLg, k drd k
Vi, j: 0= N{}X o —drov g Im [Ga]; + gmvgm Re[Gal;
drg v 1F drs, v 1F
_7dReV]ZWk Im [A L + T oF o Re [A L

1 d c
-3 (det 07) déP (dImVi{WJ) + Nalmw

1) Computation of the derivatives . Notice that only the

terms in ¢ (and not V,1) are involveg Pl{rfewrlé.’ o
Ly = N (anr () + Im (4, 3, Dy [Va]))
W) =0 [0 ho]’; []
T = o ol [ + [0 by sy
= 5 ol (4] [0 Bolt = (bl (0] — [ ),
2et) — 9 (i [yo] Im [])} = 2Tm (i [30] [¥])’
20— 5 i 83 o)k (1 + i [9]™ Dok 633
=Y~ bolt W17+ [9]" ol :—z( ol (W1 + [9])),
20— 9 ([yo] Re [¢1])} = —2Re (i o] [¥])]
I (1, 32, Dy [Vatd]) = g I (U7 (1] (D3] [Vats])™ )
= Sapg 1 (") Re (0] [D3] (V) #+Re (07" )Imw (D] [Vat])™
= 3 e — I ([E]) Re (7] (D] [Vatl)) P+ Re ([4]%) T ([70] (D] [Vart?])™
D00 DYVet]) _ 5 557 T (o] (D3] [Vatd)™ = S, T (P0] (D] (Vo)
Pn{e 2 Diletl) 5 g8 Re (ol (D3] [Vati)™ = — 3, Re (o] [D3] (Vat]),
it = 2ay; T (i o] [9]); + X, Im (o] (D3] (V)
= Im (2ansi [10] [9] + 3., ol D3] [Vatt))!
G2 = —2ay; Re (i [yo] [¥])) — 32, Re ([70] [D3] [Vatl])!
= —Re (2aari [10] [¥] + X0 Dol [D5] [Vats))!

2) We have already '
e = Nm ([ ol [D3])]

143



Tl = NRe ([¢]" o] [Ds/])]

So the equations read: '

0= N{E o 1m (191" [ro] (D))} Re [Golf + Re (101" [o]|
+Im (0] [l [D5])f Re [ A] + Re ([0]" [o] [D5,])f Tm
~ o oy aes (I (det O) I ()" [ [D5,)))

+N T (2aari o] [9] + 3, [0l (D3] (V)

0= N{Y o — Im ([]° [yo] [D )3 I [Gia)} +Re<m ho][D )i Re (Gl

~tm ([u]" o] (D5, In [Aa]fmeqw Re [A.]'

Y. mori (N (det O) Re (0] [y HD%D;)
—N Re (2ani [y0] [¢] + 3= 0] [D5] [V atd)

|
0= N, tm ([ bl 103116l + [A.] 107 Dol 1034

e

|

D]O\‘/[])%glm [Ga]f
A}

J
J
i

i
-3 o ( (det O') Im ([¢)]" [o] [Di'\“g])f)
+N Im (2anri [vo] [¥] + 32, 1ol [Dr] [Vat]);

0=NY . Re ([w]* o) [D%] [Gal + [Aa]t [¥]" [vo] [D%AX

Y. o (N (det O) Re (] o] [D3))7)
—N Re 2ayi o] [¢] + X, [l (D3] [Vat)

3) We have two real equations, that we can combine in the complex matrix
equation :

—N Re (2ani [vo] [¢] + X2, 1ol [D37] [Vat));

]

N T (200t o] [¥] + 32, Dol (D3] [Vats);

= —N (2aysi o] [6] + X, bl [D3] [Va]) )]
0= N ¥, [W]" bol [D3) [Ga) + M 14" [l [D5:]
—N (2aui [l [¢] + 32, ol (D3] [V’

—2a (deth)dga< (det O") [Y]" [v0] [D])

By conjugate transpose :

0 = ~2aiN [0 ] — X by e (V (det O) (D" o 1)
+8 S, (Gl 101" bl 6]+ (D3l 9] [Au] = bl D34 (V0]
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(det O") [DF;]" [o] [#])

0 = —2auiN [0l [¥] = X moyaes (V

+N Y, (G4 kol D3] Dol 18] + A [D]" ol [91 Tl — 1ol (D3] [Vat])
= Fal [

(

|

with [0a] = — [0a]", [5a]* = — [10] [ 0]
0= —2aniN [y0] [¥] = 3, oy aes (V (det O) [D]" [o] [¢])

—N'3, (G4 1ol [sa] ol [D5:]" o] 18] + Aq [D3]" ol 18] [6a]' ¢ + o] D3] [Vt
By left multiplication by [o]
0= —200iN [¥] = ¥, sy s (N (det O') [ro] [D3]" o] [0])

—N 3, (Ga 1wl ol D3H]" ol 18] + Aq o] [DS1]” ol [9] 6]’ + (D3] [Vat])

(0] [D]” [o]

=[] (02, arO [v'] + 32, V@anI)™ [y
= (32, a10¢ [yl V'] [vol + 22, V¥anT)
= (22, —aOx [V + >, V*apl)

= [Dy] with [yo] [T [v0] = — "]
That is :

[a—

(102)
S (Vdet O (D] [9]) -
— ~Ndet O (2aui 4] + K (D3] V] + 6] 10141 - [0 0] [A.])

The scalar product for the state tensor, and consequently the moments,
are unchanged by multiplication by a c-number z : |z| = 1. But as one can see
in the equation z must be constant, so we are not fully allowed to normalize

.

4) One can expand the derivative. In this equation all variables, but N, are
valued at a point m (f). So:

Yo g ( (det O) [Di] [¢])
=20 g (N (det O") (32, —asO Y] [¥] + 32, Voap [¢]))

= —ar 3, MO ] W) ap B, PG [WHN (det O) X, (D] i
and the equation becomes :

dN (det 0")O% dN(det O') o
0= —ar 3, PEGZE [y] []4ap 3, PG [Y]+N (det O) X, [Dfy] 5

+ Vet ) (2 9]+ 5, (03] Vvl + (162 (0511 - (0] 0] [A.] ) )
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0=—ary,, TULAO (7] [Y)+ap 3, LGOI [ 4+2a5i (N det O') [1]
<Nda0>za0 1 1V.v] + (6] (D191 - (D531 191 [Au] + 10311 [3] )

Let us expand the last term :

(D3] [Vat] + [Gal (D] [W] — D[] [Aa] + (D] [ 22]

= 0] ( [4] + 6Gal w1 + 101 [Au]) +1Gal 1083 101 - [0 11 [ ] +
D) ]

= (D3] + (D) [de] + G (D3] ] + (] (D) [

=23, V%ap | g | + Ga ([D3] [Ka] + [Ka] [DFF)) [W]

D
+A (D11 [0.) 1 As D] ] 6]
]
+ (As Dy + A2 (D)) [l 6]

=23, Vap || +Ga (a1 2, 02 (V] [Ra] = [ ][7])+2aDV [Ka]) [¥]
+(ux, <A“—Ag)0 7]+ S apVe (As+ Az ) 1) [w] [0
=23, Vap || +Ga (a1 32, 02 (V] [Ra] = [ ]7])+2a * [Kal) [¢]

|
+2 (iar S, (nﬁAgﬁ) 0 [y]+ S, apV® (Redg) 1) [0] 6]
= ar 3, (G2 (1]l = [l D) ] + 21 (Tm A7) 1] ] 6])
+20p 2, Ve ([d] + [Cal [0] + (Re ) [w](0]))

The expanded equatlon reads:
0= —ar 3, WG ] Wl ap 3, PG [H-2axi (N det O) [u]
t

wmomz(mqu][mwmww%mmﬁﬂmw)
+2ap Y5,V ([ ] + (Gl [0] + (Re A2) (W] 0.)')
0 = 2ayi (N det O) [¢)] — 3, LU0 [47] [y])

ﬂuZxﬂmaOﬂ@PGﬂMAd?]hDW¢+%OmAﬂ[WWH%ﬂ
tap X, (LN () 4 o (N det 0) Vo ([45] + Gl [0] + (Re A2 ) [4]6.)"))

It will be most useful latter.

4) One can compute the equation with respect to ¥g, ¥,
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Ot

Outon + 3 Y2 (GEH = iG3) outor + Un | Ad]
O It

Oa¥r, — % E? (Ge™ +iGY) oatr + 1 [Aoz:|

the result is the two matrix equations, which are not simple...

(103)

NGO 2o dgia ((mapV*Yr+ar . Ofopr) (N det O'))
.t
= QiaMQ/JR—FaD Ea Ve <8aw3 + 22:1 (Gg+3 — iGg) O'GQ/JR + 21/)3 [Re Aa] )

.ot
+ar ), op (Ea O%0uiby, — S22 (8% (G —iG®) 0, + iGa,) b, + 2ity, [Im Aa} )

(104)

T Yoo 1 (a1 Y, 00 0vtbr — apVoer) (N det O'))
L1t
—a; Y, 070, (&ﬂbR + 2221 (6% (GoT3 +iG?) 0, — iG%,) Yp + 2R [Im Aa] )

ot
+2iaybptap X, Ve (aaw CS (GO 4G aur + 20 [Re Aa] )

Usually in this kind of equations the Dirac operator brings trouble. Indeed
it exchanges the two subspaces F'™, F'~, so one cannot have ¢ = 0 or ¢;, =0
without ¢ = 0. It does not happen here thanks to the introduction of V.

15.4.2 Moments

From these equation we can deduce new equations for the moments. We will
use the expanded equation :

0 = 2api (N det O') [¢)]
ar 32, (N det O) (G (7] ) = [sa] (7)) [0+ 23 (Tm A2 ) (7] ] (0] ) -
3, L4002 [yr) )
tap X, (UG (] + 2 (N det 0) Ve ([ 45 ] + [Gal [9] + (Re A2 ) [v] 6] )
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1) Taking the scalar product on the left with ¢ :
0 = 2ayi (N det O') (,0) — ay 32, MG (o, [y7] [0])
+ap 3, TG (v, v) +
tar (N et O) X2, (G (0, (3] [ial = o] 1) [0]) + 20 (Tm A2) (0, [y] (] 6] )
+ap2 (N det 0) S5, Ve (v, [ ]) + (0, [Ga] [W]) + (Re A2 ) (v, 1] [0a]'))

It comes:

0= (20001 (N det ') 4 ap 30, 2U42ONY 1y

tap Y, (2(Vdet 0 Ve ((v, 4 ) + GaiP + (Re A3 ) ip, ) )

Gy (¢, W
+ar 3, (Ndet 0') 32, (( b ]_[22 %Lila;m]rm}[ ]>))
42y dN( dd‘zg Jr)
with :

(W, [¢] [6a]") = ipa
(0, " [¢] [6a) >_—

(]
(), [ra] [W]) =
(0, 77) = —2%]

2)  We are left with : (¢, [y"
But : (¢, [ka] [v'] [¥])
Tr ([]" 1ol [kal [y W0
—TT([ 0T [H][ [0

But : o (1,0) = (2 0) + (, 42) = 2Re (, 2 )
<w,;;a>=%d§% (00 + it (v )

The equation reads:
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dee
tap Y, (2(Vdet 0 Ve (S5 (0,0 +iTm (4, 45 ) + GaiPy + (Re AL ) i,
+2iar Y, (N det 0) %, (G () [R), — (Im A2) [wr = pul} ) + 3, %L)

0= (2 (N det 0') + ap T, WELOW™Y 1 g

3) Taking the real part :
0=apy, WULIWE (4 4)) + ap (N det O') 2, Vo (1,))

> e ((Vaee 0 v (w0 =0 (105)

Remind the convention about the creation and annihiliation of particles
: ¢ (m) = 0 means no particle . So (N det O’) (¢, 1) can be seen roughly as
a density of particles, this equation expresses a conservation law of the flow
of moving particles.

4) Taking the imaginary part :
0 = 2apr (N det O) (¢, ) +2 (N det O') ap 32, Ve (Im <¢, jgﬁ> L GOP, + (Re Aa)

+2ar ), ((NdetO’)Z (G“([J] [Rd]), — <ImAa>[ ]>+Z %L)

0 = am (¥,¥) +apy,V* (Im<1/fa d§a> > <G3Pa+paReAg>>
af@w%ioof)ﬁ?@J + (NG, >, ImAa>[ ]>

With 32,V (Tm (v, 22 )) = Im (0, 5, Vo ) = Im (v, 5% )

(106)

0= an (¥,9¥) +aplm <1/1, %> +apy .,V (GgPa + pa ReAZ)
tar (Lor Rliegnie de + (G, = X, (m A2) [ual;)

As we have :

Lus = e (9,0) + ar (= 5, 008 + (U] [G)), — £, (Tm A ) [ual;)
+apy .,V (Im< >dg_a> Y (G“P +paReAg)>
0= Ly +ar (S, DI I, + (][G), = S, (Im A7) [1a]})
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~ar (= X, O + (1[G, = X, (1m Ar) [

0= Lu+ar S, (WUI2I%E ) 4 Opak)

= N (det O')Lys+ar Yy %m (N (det O') O%.J,) (107)

N (det O') Ly can be seen roughly as a density of the energy of the par-
ticles, and N (det O') O%J, as the "internal energy” , so this equation can be
seen as a conservation of energy. Notice that there is no clear equivalent of
rest mass (but for Jy 7).

5) Remind the equation for the scalar curvature :

R = =2 (2an (¥, %) + Sar Im (¢, DY) + 2ap Y-, Tm (), VV,,))
It reads :

agR (det O') = —2NLy; (det O') + 3N (det O') a; Im (¢, D)
= 2a; Y, PULGIO 4 AN (det O) ay Tm (¥, Dip)

dN (det 0) O2J, 1 ,
2y (e;@) - +§N(det0)1m(w,Dz/;)>

(108)

agR (det O) = a; (

ar

The scalar curvature is entirely linked to the kinematic part of the par-
ticles : are involved neither the field (but they are involved in the covariant
derivative) or the velocity.

15.5 Trajectory

The equation for the trajectory of particles reads :
Ya:iap ), VP9s (Im (1, Vi) det O)

= Ly, det O’ + (et 0) ap X5 (V7 (0aG) Pu+ V7 pa (0a Re Ag) )
+(det 0 ar Ty, (— 2 (0202) + X2, (0aG2) (1] ), = [l Im (9242 ))

L0, det O is obtained through one previous equation :

0= N (det O) Ly + a 3, IO
So the equation links the derivative ds (Im (1), V,¢) det O') to the mo-

ments and the velocity V (the derivatives of V figures in the state equation).
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1) The equation 56 reads :

Vo0 = g6 (G7)

+25, 5, { (0. Re A3) 0, (ngg )+ (0atm Ag) 9, (7313%2 Bw)

+ 55— Re [0a 5, Ay] " + sreti—Im [0, 45, A, |}
oL a oL oL a

+ 505 (8(;;0 Ga+25 ((aaGB) 0, (%) + 7%= 10,65, 63)") )
dLp(det O) d_(dLp(detO’) i

+2 i ( Fdog -2, 73 ( gawog )) .05

We have the derivatives (all derivatives in Ly do not involve f) :

0r — g (0708 — 07 .08 ) det O

a]:a Pa ™ qa
dLF — aﬁfy dLF — 075"{
TR, =arRe F) Ty, =apImFy
_daL =0
daao'; o
dNLy
OlvofM - CLDN Im <,l/}7 vaw>

e =23, 0] (ar S, Re (F3, Finy) + a6 X, Fsr, (04,05 = 01.03))

dLp(det O dL ddet O’
71”;02; ) 705 (det O') + Lpg5t

= —=2(det O0") >_, O <aF >, Re <IA ,J—“Aw) +aG Yoy Tl (ox 08 — o1 oF ))
LrOP (det O)

with 2552 = O (det 0')

The equation reads :

Va: 0= dgo (apN (det O") Im (1), V1))
+2ar ), 51 (aa Re Ag) 0, (Re FoP7 det O’) + <8a Im A%) 0, (Im FoP7 det O/>

a

+ Re FoP Re [aaﬁﬁ, Ay} " det O’ + Im F2P Im [aa/iﬁ, Ay] det O}
+2a6 3 ,5,{0aG30, (0,04, — 07,0;,) det ')
+(05.04, — 03,0;,) det O' [0.G5, G,)"}
+ T d-2(det 0) X2, 07 (ap 55, Re (F, Fany ) + 06 X, Feo (01,04, = O OL) )
+Ly0? (det 019,04
Vo : 0= ng (apN (det O") Im (¥, V1))

+LpO, det O'+2ar Y, 5 Re ((aaAg) 0y (5 et ') + F™ | 0aAs, Ay | det 0')
+2ac Zaﬁv{a G50, (03,04, — 03,05, det O)
+(0),08 — 07.08) det O’ [0,G5, G4}

Pa " qa
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~2(det 0) Yy, 07 (0.0%) (ar Re (Fi¥, Faa) + acFe,, (O 08 = 0103))

2) Let us compute the third term :
2ap Y, Re ((0aAs, 0, (Fi7 det 0') ) + ([0ads, A, ], FJ det 07) )
Using the identity in T/U° :

¥, 0., 0,eTiU° ([7,71} ,72) _— (?1, [?,?Q])

( [aaAB, A,Y] | F2 det 0/)

__ ([A,Y,aa}xﬁ,] L F det 0/)

- (aaAB, [AV,]-"EV det 0'])

2ap Y, ((0ads, 0, (F37 det 0)) + ([0ds, A, |, Y det )

= 205 Yy, Re (a5, | Ay, Fi et O] + 0, (Fi" det 0'))

=205 3y, Re (| Ay, P det O] + 0, (F5* det 07,0, A5)

= 2ar Y5, 3, Re (([AV, F{ dev O] + 0, (Fy det 0/))a <8°‘A%>)

with equation 94 on shell :
N (apVPp, —iar Y, OF [uall)) det O/

= =205 3, ([As. F} det 0]+ 0, (Fi7 (det 0)))

s 5, (000, (F 060 0)) + (0.0 ) 5 0600

— N (detO') ¥, 5 Re ((a[,wpa —ia; 3, OF [MA];) (aaﬁg))

= N (det ) £, Re ((anV7pu +iar 3, 0F [aly) (0,43 )

— =N (et 0') (ap S, VopaRe (0245) = ar 52, OF [ual; T (9,43 )

3) The fourth term :
(2.63) 2, (07,03, - 03,03) det0)
2aG Zaﬁ,y < + (O;/aoga - Ogao;éa) dethl [péaGﬁ’ G'y]a

a) We have seen (equation 87 ) that :
22:0 aﬁ ((OgaOga - OgaO;a) det O/) = (Er O?CZ + (O‘(;{aDpa - Ol?aan)) (det O/)

So :
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2o (0aGh) (Zy 0, (05,04 — 07,08 ) det 0/)>
=Yoo (0aGY) (08t + (OE D, — 08 D,,)) (det O')

b) Zaﬁv (OV Og, — O;/aOga) [0.Gp, G," = Zﬁvb (OV 0;, = 03,0 ) [0aG, Gv]b

Pa ~ Qqa Py aqp db ~ Pb
= Yansnr OF (9aG3) (05,0, — 03,03, [F 0, G5’
= Y05 07 (0uG) 3, (03,00, — O3,63,) [F 0, G
> (03,60, = 03,67,) [ o, G’

= 2,0, (R, G’ = 8, [Wo, G’
=D pet ch (5gbG;b B 5;ngb)
We have seen (equation 84 ) that :

[T6]"" = Shes G (5,G5, — 5,Gi,)

dv ' Po Py T~ ab

S0t Yagy (05,04, = 03.0;,) 0G5, Gu]" = X5, 07 (02G3) [Te]”

©) 2065, {(2aG3) 0, (07,04 — 01,04, det )
+ (0702 — 01 08 ) det O’ [0,G,G,]"}
= 2aq (Zaﬁr (aﬂéG%) (0502 + (OgaDpa - OgaDQa)) + Of (&XG%) [TG]W> det O’

— 2, (zaﬁr (0aG4) OF (¢t 4 67 Dy, — &%, Dy, + [TG]‘")> det O’
But from the equation 87:
[Te]" = —c + 6, Dg, — 65, Dp, — 5ac; (a1 ([J] [Ra]), + apV' P)

206 Y5, ((9aG3) 0, (0,05, — 07,0;,) det O') + (07,07, — 05,0, ) det 0" [0.G5, G ]")
= 206 (Lus (0aG3) 0 (=35 (ar (U] [al), + apV'Fy) ) ) det O

2a¢a

=—-N Zaﬁr (&IG%) OTB (a[ ([J] [%a])r + CLDVrPa) det O’

4) The last term :
2 07 (0605) (ar Re (F3' Fians) + 0678, (04,0}, = 04,0},)) (det )

From equation 97 we have : o
Va, B 05 L
= arNTm (1, 7V ) +2ar Y-, Re (FL7, Fagy)+2a 3o\ Fég, (05,04 — 07 O5.)
2 (ar 52, Re (FS7, Fag) + a6 Lo Fiar (01,05, — 0,05
; (65L — a;N Im (1, v*V g1)))
O :
23,5, 07 (0.0%) (aF Re (]—"ﬁ“, wa) +agFe, (0m 08 — ogaoga)) (det O')

Pa ~ Qqa
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= 3 07 (8,08) (8L — arN Im (1,4°¥,2))) (det 0)

iy i

= (0adet O') L+ a;N (det O') 32,5 0704 (0,08) Im (1p,7"V1))

By i

= (D det O') L+ arN (det O') 3 5 (0a Oﬁ) Im (¢, 7"V 1))

5) The equation becomes :
Va : & (apN (det O') Im (4, Voih)) = Nap det O’ Y, , V7 ((a GS) P, + pa (aa Re Ag)) +
tardet O'N Y {(9.G) OF (7] [Fa)), — OF [nal’ (a Im Aa)
—07 (0a05) Im (,7”V00) + N L0 det O}
That is:
dgo (apN (det O') Im (¢, V41b))
= NLyyo det O'+(N det O') ap 5,5 V? ((0.G5) Pu+ po (0uRe Ag) ) +
N det O'ar 5y, (0207 Tm (0,77 50) + 32, OF (a6 (1] [Ral), — [l 0 Tm A3 ) )
We have seen that

(0,77 V50) = =% + 52, G4 (U] [Ral), — [l Im A3
e ((0:09) m (0, 47V 50 + 32, OF ((2aG3) (1] Fal), = [1a = sl (0 Tm A3) ) )
= 525 4(8.09) (=25 + 5, G4 (] [al), = [n — puu]; T A3)

+3,0; ((8 G3) (1] (al), = [1a = el (00 ImAa))}

=% (-4 d@ (020) + 52, (0.07G3) (1] [Ra)), = [na]; m (0,0743) ) )
= Zop (= (0:00) + £, 0n) () o, = bualim (2047 ))

dfo (apN (det O") Im (1), V1))

— NLydadet O'+(N det O ap 3, V7 ((aaag) P+ pa (aa Re Aa))

F(N et 0)ar T, (25 (0209) + X2, 0.62) (U ), = nal Im (247 ) ))

6) The derivative reads:
ng (ap (det O') N Im (¢, V 1))
= aDngo ((det O') Im (p, V1)) as N is constant along &°
apN 7% ((det O') Im (v, Vi) = apN 3, 4505 (Im (1, Vo) det O')
=apN Y5 VP95 (Im (¢, Vo) det O')

so, assuming that N# 0 we have the equation :
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(109)

Ya:ap Y, VP9s (Im (1, Vi) det O)
— Lo det O + (det ') ap 3, (V5 (0.G3) P, + Vip, <8a Re Ag))

T (det O) ar Sy, (=85 (8207) + 32, (0aG2) (1M [Ral), — [al I (042 )

16 CHOOSING A GAUGE

We have, all together 16m+36 first degree partial differential equations for
16m—+36 variables. But the 16 tetrad coefficients O’ are defined within a
SO(3,1) matrix and so we could fix 10 parameters. Now we intend to use
this gauge freedom, by choosing a chart and a tetrad.

1) The most physical choice for the chart is just that we have built in the
beginning :

- the time vector n is taken as the 0 basis vector, both for the tetrad and
the chart. In this section (¢,& = (£1,&2%,£?)) are the coordinates along n on
one hand, and in a chart of S(t) on the other hand. So we have

05 = 85,0 = (110)

FO8(&:1) = 0050 (&,1) = D105 (€,1) = ;08 (€, 1)
- the vectors 9" are parallel transported along a gravitational geodesic :

Vi@ Vo (n) = 0 = Ga[R! 05 = G§ ((67nig — 67;,)) 05 = Ganigdy —

B(‘fmp@q =0
GinppOy = 0, G0, =0
=
Va: Gl =0 (111)

- the world lines of the particles are therefore such that f° =t = j{g—z =4

- the function N does not depend on t
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2) As we have seen the structure coefficients are key variables in the model

C;q = Zaﬁ Og (Ogagog — 05850‘“) ap, 8

There are 24 coefficients denoted ¢, = ¢} .- Whlch are not independant.
Indeed there are the Jacobi identities coming from the Commutator rules :

v (a’7 b7 C) . [8a7 [alh 8 H [aba [807 8 H [667 [8a, ab]]

=V (av b7 C) 7d =0.3: Zz 1 (Cbccaz + Ccacbz + Cabcgz) =0

With the present assumptions :

e = Lap (0,504 = 0]9507) = 0., = 32, 0400

and we have 18 non null coefficients linked by 12 identities (with d=1,2,3),
so only 6 of them can be considered as independant.

The Jacobi identities can be conveniently put on the matrix form:

i i o]

(=) (+c) (g=c) 0 0 0]|a ¢ &
G+ o — —a =4 —d||ag g al _,
i ((i+c) @ o G G|l d dl

—c G atea —g —g —gl| |G g G

G G G

The divergence D of the tetrad takes here the following value :

Dy = (03 —c3)

Dy = (—c} +¢})

D3 = (¢j —cf)

Do =—(ci+cE+cd)

The gravitational Noether current Yq is conserved, and it is directly re-
lated to the structure coefficients. Thus it should be doable to take these
coefficients as constant in a first approximation.

3) From G§ = 0 we deduce :

~KY+ K3 — K2 =c] —c+ ¢

K+ K} — K} =—ct++c

—KY— K+ Ki=cl—c+

K)+ K3 — K2 = —2c)}

Kg +K3 - Kf’ = —2cg

KO — Ky + K2 = —2¢)

In most of the problems where the coefficients structure are either as-
sumed constants, or linked by some symmetry, it is convenient to keep K as
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the variables, and the K? are given by the previous relations. The gravita-
tional potential becomes :
2G" =
A S -
Ki+cel—-Ki—ci—K—¢3
2K? + 2¢h + 202
2K3 + 2¢5 — 202
—K} —2c;+ K2+ K}

—2K3 — 2c2
i —2K3 —2c3 |
L S -

2K + 2¢2 — 22
—K{ —cl+ K5+ —Kj —c;
2K3 + 22 + 209
—2K3 —2c!
Kl — K222} K?
—2K3 —2¢3
r=23
2K3 +2¢3 + 202
2K 4268 — 26
~K{ —ci - K; -+ K3+
—2K} —2c¢}
—2K2 —2¢3
K} + K2 — K§ —2¢

4) In the Special Relativity picture all the structure coefficient are null,
but the connection G , depending on V and J, is not null. It can be seen as
the stress-tensor of the system. But of course a lagrangian with the scalar
curvature R is questionable in this picture, at the least. However the fields
equations 94 are still fully valid.
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Part V
SYMMETRIES

Symmetries are everywhere in physics, but the same word is used with many
different meanings. They arouse some of the most difficult questions in
physics, so they cannot be dealt with lightly. According to the relativity
principle physical reality does not depend on the mathematics that we used,
and the measures of two observers for the same system should be equivariant,
meaning that they can be deduced from each other with only the knowledge
of the mathematical rules to pass from one observer to the other. We have
used abondantly this principle in this paper. If these measures are identi-
cal we shall conclude that the system itself is special : there is a physical
symmetry. In both cases the mathematics involved are similar, they rely on
group theory, and physical symmetries are identified by a departure from the
general rule of equivariance, which must be set up first. But their physical
meaning is very different. Equivariance is a consistency requirement, assum-
ing that the right mathematical structure has been picked up to describe a
set of measures. A physical symmetry should be an experimental outcome,
requiring changes in a pre-existent model by adding assumptions about the
configuration of the system or the mechanisms that it tries to describe.

It can happen that all observers get the same measures for a physical
quantity : it can be a special case of equivariance, requiring that the quantity
should be described by scalar functions (in differential geometry), or that the
configuration of the system is isotropic. But most often physical symmetries
can be seen by a specific class of observers only and it is convenient to
characterize the symmetry by this class. For instance a cylinder looks the
same for the observers located in the same plane orthogonal to its axis,
and one concludes that the body has a ”cylindrical symmetry”. This is
convenient, and authorized by the usual duality active / passive measures,
but to some extent only, as we will see later.

Symmetries are often a specific characteristic of the system itself : there
are not an issue, just a good mean to alleviate the computations. In theo-
retical physics, and in the kind of model that is involved here, one looks for
symmetries that occur in any system, whatever its initial configuration, pos-
sibly for certain kinds of physical objets, as a way to classify these objects.
They have been extensively studied in particles physics, where one discerns

158



3 ”symmetry modes” (Guidry [7]), that we will address in several ways :

- the "Wigner mode” : the lagrangian is symmetric and the vacuum is
invariant

- the ”Goldstone mode” : there is a global symmetry for the lagrangian
but the vacuum is not invariant

- the "Higgs mode” : there is a local symmetry for the lagrangian, and
the vacuum is not invariant

The "vacuum” is essentially a quantum concept. In our picture one can
see the vacuum as the value of the section v : M — E);, without the map f,
which defines the initial state of the system. This section has a life on its own,
closely linked to the physical objects involved. To say that the vacuum is
symmetric is a strong assumption about the true nature of the particles and
the fields. Notably the choice of the group to represent ¢ depends on how
we see the particles. One has a "Wigner symmetry” if there is a subgroup
H of Spin(3,1) x U such that 2 states 1,9’ related by a gauge in H look
identical. One has this kind of symmetry whenever one uses an hermitian
scalar product : if ¢/ = 21 with z a c-number of module 1 one gets the same
value for the lagrangian. This symmetry is usually seen as a mathematical
artefact that the physicists discard by a normalization of the state vectors.

The change of orientation of space-time (CPT invariance) or of the sig-
nature of the metric are related to the ” Goldstone mode”.

We will address also with more details the spatial and physical symme-
tries, which are of particular importance.

We will also give a general picture of the ”"symmetry breakdown”, which
is a fundamental mechanism in particles physics to give a mass to the bosons.

17 CPT INVARIANCE

In the first section we noticed that, if the universe is orientable, a change of
gauge that does not preserve the orientation cannot be acceptable. And it is
easy to check in the model that the equations are significantly altered in a
change of space (P) or time (T) orientation. But a global change of both the
space and the time orientation could be acceptable, because it does keep the
orientation of the 4 dimensional universe. Such a change is indeed a change
of chart, that we have studied in the ”covariance” section. It is easy to check
that the equations are not altered, and it is just the consequence of their
covariance. Notice that the Green function N keeps its sign (it is positive on
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S(0)).

But there is a significant change with the Noether currents : the moments
J, P,p, p are scalar functions, invariant by a change of chart or gauge. And
in the model they act by multiplication with vectors (usually 0, or V<) . So
if the orientation of this vector is reversed, one should change the sign of
J, P,p, u to stay consistent. This operation, denoted as ”C symmetry” (for
”charge”), is not included in the ”gauge transform” package, it must be dealt
with separately.

The usual interpretation is that the label (positive, negative,..) that we
give to particles is purely conventional and linked with the choice made to
name " direct” or "indirect” the geometric basis. The interesting point is that
the gravitational charges are equally affected.

18 SIGNATURE

1) If the signature becomes (- + + 4 ) -> (+--- ) : 7'" takes the new values
n® = +1,7 > 0: n™ = —1. We have seen that the Clifford algebras CI(1,3)
and Cl(3,1) are not isomorphic, but the representation (F,p) of Cl(4,C) is
not affected, so the v matrices and the split of F are unchanged. The change
of the signature impacts only the quantities defined through the map Y, that
is :

- the matrices [ky] : a < 4: [K)] = — [Kd]

- the matrices [v"] : ["]" = —in™ [y"]"

The scalar product is unchanged.

One goes from one signature to the other by :

b= =30 —i e @ fi & U] = —i[n] [¥]

2) In the choice of a lagrangian the key argument was the imaginary and
real parts of > T ([¢*] y07" [0a?]). With the other signature it becomes

> Tr ([0 [0at'])
=32 Tr (@[] [n] o] (in™) [v"] (=i [0] [0a¥)]))
= > Tr ([ (] vo [V [1]) [0at])

So we would be lead to take the opposite choice for the lagrangian.
3) Therefore check the consequences of the choice of signature is not a
simple thing...Intuitively all the equations which can be expressed with the

moments should not be impacted, but for a change of definition for the
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momenta. This leaves the equation of state which depends heavily of the
coordinates. I will let this issue open. If ever this model was pertinent, this
change would, perhaps, be a mean to test the physical significance of the
signature. After all we have so far no sensible explanation for the imbalance
between matter and anti-matter.

19 SPATIAL SYMMETRIES

Spatial symmetry is a subtle matter. We will first define what could be a
spatial symmetry. In the general framework used to describe the state of
particles we will characterize ”symmetric states”. It will be done without
any model, even without the principle of least action. Eventually, with the
simple model built previously we will try to bring some light to the results.

19.1 Definition

1) We will say that there is a spatial symmetry if the measures done by a
class of observers, using different spatial gauges, are identical for any system,
at least for some kinds of particles. Mathematically there is :

- a set of state tensors, described as the product Fg ® Wy, of two vector
subspaces Wg C W Fs C I,

- a subgroup S of of Spin(3,1),

such that two observers (located a the same point as the particle) whose
frames (0,) differ by s € S get the same measures on the system whenever

€ Fs @ Ws

2) Let us assume that there is a symmetry on the Wigner mode. So there
is a group H and an action s : H — L(F @ W; F ® W) such that the states
1 and @/Z)\ = s (h),Vh € H are imperceptible.

The spatial symmetry is then fully defined by the condition :

Vi € Fs @ Wg,Vs € S;Yu e U, Jh € H :

I (s,u)p =2 (h)9(1,u)p &V € Fs @ We, 9 (S,U) ¢ C s (H)

which implies

Vi) € Fs @ We,V (s,u) € S xU :9(s,u)p € Fs @ Ws

because U (s',u') ¥ (s,u)p = 9 (s's,u'u) v = 2 (Wh) 9 (1,u'u)

Therefore (Fg ® Wg, 1) is a linear representation of SxU.
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3) We will focus on the important case where H=U(1) : two states v, ¢ are
imperceptible if there is a c-complex number such that ¢/ = z,|z| = 1. Tt
happens whenever the lagrangian is defined from hermitian scalar products.
So the condition reads :

Vi) € Fs @ Wg,Vs € S,Vu € U, 30 € R: 9 (s,u) = eI (1,u) ¢

0 can depend on s, u and .

Notice that this definition, per se, is quite general, and does not involve
the principle of least action.

19.2 The space of spacially symmetric states

1) Let be the m vectors of F such that :

b =Yy e sop =3 @

P (s, u) v =3, 0 [po T (LY Wi e ® f;

Soifp € Fs@Ws:Vse S,Yue U :

Yot (s,u) (65 @ f;) = 307 €Pg0f; =371 (po T (s) )@ (x (u) f5)

Let u=1: 2211 (poX(s)d;) @ f; = 2721 (€z0(5)¢j) ® f;

= Vi) € Fs@Ws,Vs €S :poT(s)p; = e,

So for each j (¢;, p o T|s) is a linear representation of S, of complex dimen-
sion 1. Besides the scalar matrices the only subgroups S of Spin(3,1) which
admit such a representation are the abelian groups generated by (ﬁa)zzl on
one hand, (7a)224 on the other.

In the standard representation of SO(3,1) the first is the subgroup of rota-
tions with fixed axis of components (0, y1, 2, y3) in an orthonormal basis with
yi+ya+ys = 1, generated by the matrices jou (exp 7 (?/1?1 F o+ ygﬁg)) )

The second is the subgroup of space-time rotations of matrices

Jop(expT(z1 Ko+ 2 Rs+23Kg)), with 22 + 22 4+ 22 = 1.

They correspond to the coordinate change between two observers moving
at the spatial speed (zjctanh T, zectanh 7, zzctanh 7).

2) The action of these two subgroups can be described by po Y (3 r,)
where the components r* are fixed and the index a runs from 1 to 3 for the
first and 4 to 6 for the second subgroup.

So :

Vr eR: 9 (expr S rK o, 1y) ¢

= Zi,k,j ilikj [p oT (eXp T Z Ta?a)];g € & fj

— S o T (expr SR (65) ©
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U(expT PR le) ¢ = Zi,j e’ Dpiie; @ f; = Zj Mo, @ f;

SV po T (expT YR )] (¢) = €T,

By differenciating with respect to 7in 7 =10 :

(0o 1) (1) (SR ) & = 0 (0) 65 = X7 [ia] 65 = [is] &

So a necessary condition is that the vectors ¢; are eigen vectors of the
matrices [kg] = D r®[k,] with the same imaginary eigen value. Conversely
(po T, F) is a representation of Spin(3,1), so (p' o Y'(1), F) is a representa-
tion of 0(3,1), and the matrices of the representation of Spin(3,1) in F are the
exponential of the matrices of the representation of 0(3,1), which are here the
matrices [kg]. Thus : po T (exp7 S 7R ) = exp ([ks]) .If ¢; is eigen vector
of [kg] with the eigen value i\, A\ € R it is an eigen vector of exp T [kg| with
eigen value exp 7iA and this condition is also sufficient.

3) The matrices [k,] are built from the matrices -y, which are defined within
conjugation and so their eigen values do not depend of the choice of the v ma-
trices and we can take those defined previously. The eigen values are :i:%z' for
the first subgroup and i% for the second. Therefore the spatial rotations are
the only possible case, and 6 (s) = §,e = £1. The [kg] matrices are normal,
so diagonalizable and each of their eigen spaces F (1) is 2 dimensional.

The axis of the rotation is fixed by the eigen vector r (which is space like)

and the direction of the rotation by e.

4) Let (uc(r),v. (1)) be a basis of F, (r).For each symmetric state ¢ there
is some r such that:

V=221, f;,0; € Fe(r)

that we can write : ¢; = a;ju. (r) + bjv. (1), (a;,b;) € C

So the set of symmetric states is the subspace of FF @ W :

b= (1)@ (Sfaifs) +oe ()@ (7 bif;) = uc (N @01+ v (1) @0

with some oq,00, € W

5) HoeF(r):p="1i0+70

22:1 e [’%a] (’de) = TYe Zi:l re ["ia] o= 6%i76¢ with 7 [’%a] = ["ia] Ye

thus v, ¢ and v_¢ are still eigen vectors with the same eigen value, and
F. (r) split between F'* F~ and the states can be written :

Y=0,Q0.+¢_®o0_ (112)
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= Y] = [o4]lo4] +[9-]o-]" with 7404 = d4;7-9- = ¢-

: 1 & 1
E T [Ka] 4 = e§i¢+; E r ko] o = e§i¢, (113)
a=1 a=1

The tensors 1 are eigen vectors of the operator : (22:1 7 [Kq]) @ (1y) in
the following meaning :

(s [ka))@(10) () = (Xisy 7 [Kal) ®(10) (64 @ 01)+(Xosy 7 [Ka] )
(16) (@ ® o)

(P ) (64) ® (1) (o) + (S, 7 [ka]) (6) @ (1) ()

= ic (¢4) @ (1v) (04) + i€ (6-) ® (1y) (0-) = giey)

Under a change of gauge these states tensors transform as usual. If the
change is of the kind : (po Y (exp7 S r%K), 1) we get:

=1 (po X (exprSro®w), 1y) ¢ = (experit) ¥

6) With the v previously defined one can compute the matrices [k,]. Let
us fix the real scalars (71, 79, 73) and compute the eigen vectors of the matrix
[s] =320 7 [l

We get the following with 23:1 (7“j)2 =1:

a) If T3 7£ 1:
0 €(—ry +iry)
. . 0 —1+4er
N l N = - = 3
eigen value : €57 : ¢_ € (= + iry) € F o, 0
-1+ €T3 0
Ft,
b) Ifrg=1:
0 0
. 1. 0 _ 1 n
eigen value : 51: ¢_ = el ¢, = e F;
2 0 0
1 0
0 1
. 1. 0 _ 0 n
eigen value : —5i:¢_ = 1 eF ¢, = 0 e Fr;
0 0
ueioz
i
Conversely for any vector of F such as : ¢ = Z;a # 0,u,v € R &
ve'’
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¢r = ¢, one can find (71, r9, r3) such that ¢ is an eigen vector of > r®[k,] :

5<u2—1)2)

r = —2eatm cos (V) ;ry = 2e 2ty sin (v);rs = —
The set of such vectors is the set of invariant vectors under —iy;y,y3 =
0 (o)
(o)) 0
action of Spin(3,1). Indeed —iy1y27y3 = —ip (€16263) and there are elements of
Spin(3,1) which do not commute with €;e9e3 as it is not too difficult to see in
C1(4,C). So if a state is symmetric for some frame, it is no longer symmetric
for at least another frame : for these particles there are privileged frames,
and so privileged directions in the universe.
The spatially symmetric states are : ¥ = ¢, ® og + ¢_ ® o7, in matrix
form

[;p] — {zﬂ _ {z‘; ﬂ with [¢] = [“6 ] 9x1 matrix, [os] , [or] 1xm matrix

) It is easy to compute the moments with these states :
I"[¢] = u? + v

" 01 [¢] = 2uvcos (v) = —ery (u? + v?)

|* 09 [¢] = —2uv sm (v) = —ery (u? + v?)

(9] o3 |

1 (9] 0a[8])” = (u® +0?)’

¢
P = u? —v? = —ery (u2+v2)
All these quantities depend on 3 real scalars only. One cannot have

(6] o0 [¢] = 0 or r>0: [¢] 0, [¢] =0

With the formulas given previously the moments are the following :

a)

a<4:P,=—ery (u?+v?)Im ([UL]t O'R])

a>3:P,=er,3(u?+v*)Re ([aL]ta—R])

. It is a 2 dimensional subspace of F, but it is not invariant by the

7
(&
(&
(&

b)
Ty = =4 (2 +0?) ([os] Tos] + [o2]' Tou])
r>0:J. =5 @u+ 222) €ry ([UR]tH — [UL]tm



(al), = ier; (u* +0°) ([og] [0a] [0r]") — (o] [fa]' [02]")

The kinematic moments depend on 3 real scalars (for ¢) and 2 real
([or][or])",[oL] [or]") and 1 complex scalar ([or] [or]") that is 7 degrees of
freedom. The physical moments depend on 3 real scalars (for ¢) and mx2
reals scalars ([og] [0a]' [0r]" (lor] [0, [0]") imaginary) and m complex num-
bers ([or] [0a] [02]") -

The moments are gauge and chart invariant, so their value is the same
for all the observers.

19.3 Physical meaning

1) Let us pause to think about the physical meaning of these results. Start-
ing from general assumptions, we have proven that the only spatial symmetry,
as defined, are rotations around a space like vector r, and that the state ten-
sor is then an eigen vector of an operator (22:1 7 [Kq)) ® (1) . But of course
this outcome could be some mathematical artefact without physical meaning

and only experiments could tell if such symmetries exist.

2) If particles have this kind of feature that means that for them some
specific geometric directions are privileged, and we should expect that they
behave accordingly. This is not an issue of quantization, but of the existence
of something like an magnetic moment. And we know that it is the case for
most of the elementary particles.

Indeed the equation 95 reads :

Nwy (aDp“7 — ialﬁa> = V. * .TZ

And for a symmetric state the "magnetic moment” is the 4-vector

=3, [paly 0, = (0 +0%) 32, (0§0® — € (nOf + 1208 + 1505) 0°) O

with :

ol =2Im ([UR] [0,]" [JL]*)

i0> = ([o] [0a]" log]") + ([or] [0a]' [01]")

i0® = ([og] [0a]" [0r]") = ([oc] [0a]' [02]")

This equation is geometric : all the quantities are defined as vectors or
tensors so, as written, it stands for any observer, it is fully gauge equivariant
and covariant. The moments do not depend of the gauge, so the quantities
r1, 79,73 are not the components of a vector expressed in a frame : they are
invariant (it is the consequence of the invariance of the scalar product). The
magnetic moment is defined as the sum of vectors :
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— - = =
ﬁ = (W +0v?)Y, <0280 —€ (7“181 + 190y + 7“383) 03>
%
If one changes the tetrad the vectors (81> change and ﬁ changes ac-

cordingly. This feature is common to all the moments that we have defined.

3) So it seems that we have a paradox, or an inconsistency : the vector
ﬁ plays clearly some specific role, it is a well defined vector, but it changes
with the observer.

Let us first clarify a point about the previous demonstration. We have
characterized the set of observers Og , but all the reasoning above has been
done from a frame belonging to Og , so if we could know the components
of the vector r we do not know in which frame they are measured. Indeed
our question was : "what are the symmetric states in a tetrad 7”7 and the
answer is right, but it is true for any tetrad, and it is what we checked for
the magnetic moment.

So from the above equation it is probable that any observer can find
tetrads in which the states are symmetric, and check that the direction of the
4-vector ﬁ is specific, but these directions change with the observer. That
the symmetry is geometrically defined does not entail that some particles,
and over more their kinematic mode, have a symmetry of a geometric nature
(which is anyway difficult to apprehend for pointlike objects).

4) Furthermore we do have a privileged orientation in our model : the
velocity of the particles. As one can see in the equation above the net impact
of the field depends of a sum of ‘_} and ﬁa and, even if the real and imaginary
parts of the fields act differently, the net impact should depend of the relative
orientations of the two vectors. The spin of a particle is measured with
respect to its velocity. It would be of interest to investigate the equations
listed here for particles which have moments of the symmetric mode.

20 PHYSICAL SYMMETRIES

One of the main features of particles is that their ”physical characteristics”,
modelled in the space vector W, are constant. So we are lead to study the
symmetries occuring in relation with the group U. They come in two flavours
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- families of particles sharing the same constant physical characteristics,
and corresponding to subgroups of U : they define elementary particles

- specificities of the vacuum which force the states of the particles, as we
see them, to belong to some representation of a subgroup of U. This is the
symmetry breackdown mechanism

20.1 Families of particles

The simplest way to define families of particles is to proceed as above and
look for symmetries related to the U group.

1) Two states ¥, ¢’ are physically imperceptible if there are a vector sub-
space Wg C W, and a closed subgroup Ug C U such that :
Vi) € F @ Wg,Vs € Spin(3,1),Vu € Ug, 30 € R : 9 (s,u) ¢ = €9 (s,1) 9
0 can depend on s, u and 2.

2) Let be the 4 vectors o; of W such that : o; = Y77, 09 f; so ¢ =
Z?:l € ¥ 0;

Soif ¢ € F@ Wg:Vs € Spin(3,1),Vu € Ug :

S0 (s,u) (0@ 03) = S0, % @o, = T (po T (s) ) @ (x (u) )

Let s=1: Z?:l V(L u) (e ®0i) = Z?:l € ®(x (u) oi) = Z?:l e;®e’a;

=V € F@ Ws,Yu € Ug : x (u)o; = e?Wg,

So for each i (0, x|ug) is a linear representation of Ug , of complex dimen-
sion 1. (C, x’ (1)) is a linear 1-dimensional representation of the Lie algebra of
Us. The only compact groups with non trivial 1 dimensional representations
are abelian, so Ug is an abelian subgroup of U.

3) Any compact Lie group has abelian subgroups, which are tori. The
maximal tori are p dimensional with p=rank of U, all conjugated to each
others. One can always choose a basis in 71U such that the first p vectors
6’_; belong to a maximal torus of the algebra. They are orthonormal in the
hermitian, Ad invariant, scalar product on T7U .

The irreducible representations (W), x,) of the compact group U are in-
dexed on the highest weight A, The corresponding vector space W) contains
a vector o, which is an eigen-vector of y, (u) for any element of a maximal
torus Ug:

Yu € Ug : xa (u) oy = e*@Woy A (u) € R
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The other vectors of W) are generated as successive applications of some
elements of G. So these vectors o) characterize distinct families of particles.

Any representation of U is the sum of irreducible representations, so W
has a collection of such vectors wuy.

4) For a particle belonging to a family one should expect that its tensor
state 1 is such that its physical components o) stays within W,. But one
cannot exclude more complicated states, involving more than one family of
particles.

So the whole story is about the definition of irreducible representations
of compact groups, and finding, through experiments, the representations
which are found in the real world. This is at the foundation of gauge theories
of particles physics.

21 SYMMETRY BREAKDOWN

21.0.1 Principle

1) The invariance of the lagrangian implies that the potentials A must
factorize through the covariant derivative, or the curvature form for their
derivatives. In quantum theory of fields a particle - a boson - must be asso-
ciated to each field and therefore this boson must be massless, contradictory
to the experiments. Symmetry breakdown is first a mechanism to turn over
this issue, so far critical to the consistency of the standard model of particles.

2) The "Higgs mechanism” can be summarized as follow (Bednyakov [2]).
The Euler Lagrange equations give only necessary conditions, and it could
happen that the solutions are not unique. This can be a mathematical arte-
fact but, in many physical situations, a system can possibly follow several
paths, and the actual choice depends on the initial conditions or an outside
action. In these cases it is logical to reparametrize the model, generally by
introducing discrepancy variables. In the Higgs mechanism it is the funda-
mental state, corresponding to the vacuum, which is assumed to offer several
paths (the vacuum state is degenerate). The most common explanation to
this phenomenon is cosmological : the specificities of the present vacuum
would come from the initial conditions of the "big bang”. Some kinds of
particles would have been privileged, and the situation hereafter would have
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been frozen, as if a phase transition had occured. Thus to account for this
specific initial values conditions, one proceeds to a change of variables, ev-
idencing the discrepancy with the actual vacuum. The new variables take
the form of fields (Goldstone bosons and Higgs field) which interact with the
existing matter and fields and give a mass to some bosons. This correction to
the gauge model is phenomenological : we see one privileged solution among
others, and the basic theory cannot forecast which one the system takes, so
additional variables are needed, that only experiments can fixed.

3) In particle physics all this happens in the framework of quantum the-
ory of fields, but the breakdown of symmetry is actually a fairly common
phenomenon, met in classical situations, such as ferromagnetism or phase
transition, and therefore it is in the scope of classical field theory. In the
general picture used here:

a) H is a subgroup of the group U of ”internal symmetries” (the kinematic
part is not involved here). A member of U can be written as u = xzh with
x € X = U/H. The quotient space X acts as an intermediary level in the
gauge group and there is a fiber bundle X,; over M modelled on U/H.

b) The system is still modelled as previously but there is some ”funda-
mental state” of the universe, pre-existing to any system, and characterized
by a section s (m) of the fiber bundle X}, similar to the ”Higgs field”. This
field interacts with the force fields (other than gravitation) and therefore
constrains their value and conversely this interaction fixes ». A transition
phase has occurred.

c¢) Therefore the gauge group is reduced in that the only visible gauge
transformations are those in the equivalence class of s, that is of the form
u = xh, with H as apparent gauge group : the action of U is "hidden” by
the Higgs field. The states v are still described in a fiber bundle associated
to U, and the principle of least action still stands, but one has to account for
the pre-existing Higgs field s

So, this is not simple...I found it better to proceed step by step, and
use long but basic mathematical developments than to race through highly
specialized short-cuts. We have to address successively the additional math-
ematical structures for U, the fiber bundle Uy, the connection A , and the
fiber bundle of fields.
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21.0.2 The fiber bundle U

The basic rule is that any element in U can be written as : u = A(z,h)
where v € U/H,h € H

1) H is assumed to be a closed non discret subgroup of U, it is therefore a

compact Lie group. The quotient space X=U/H (called homogeneous space)

is defined by the equivalence relation :
r~yclU&3IheH : 2=yhesylacH

2) Under this assumption U is a principal fiber bundle over U/H of group
H (Kolar [ ] 10.5) which implies :

a) U/H is a smooth metrisable manifold

b) There is a projection 7y : U — U/H such that Vs ~ ' € U : Vu € U :
mg(us) = my(us’) and therefore :

hEHZ?TH(h):ﬂ'H<1U):7TH(1H) _

g isonto : V¢, € T,U/H,360 € TWU : 7y (z) 0 =&,

c¢) There is an open cover (U;) of U and trivializations :

At (U) x H— U = Aj(z,h) € U with the usual right action of H
on U :A; (z,h) x b = A; (z, hK)

The trivializations are defined by the values A; (x,1)

d) The fundamental vectors A}, (z, h)R, (1) &, ¢ € TyH are the genera-
tors of the vertical space isomorphic to 71 H and:

7y (A (2, 1) Al BV R, (1) €7 = 0

T (A (2, h)) = @ = iy (A (2, h)) A (2, h)€T = €7

e) There is a left action of U on U/H which is denoted A (u, x) :

T (s) =x:A(u,z) =7y (us) < A(u, 7y () = mm (us)

2) In the standard model U is the direct product of the compact groups
U=SU(3) xSU(2) x U (1) and H is the projection of U on SU(2)xU(1) or
U(1). Without being too specific but with the purpose to be simple we will
assume the following:

a) TiU = hg @ lp with hg a r dimensional sub-algebra and Iy a m-r vector
subspace. The basis of T}U is comprised of r vectors 7,1 € hy (a=1..r) and
m-r vectors 7a € ly (a=r+1..m)

b) hg is the Lie algebra of the compact subgroup H, which is generated

by exp (2221 r“?a)
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c) The map : H xXlp — U :: u = expl x h is a diffeomorphism. One
can identify xz with A (z,1) ,X=U/H with a subset of U : X = U/H =
{expl,l € Iy} and A(x,h) = A(expl,h) = (expl)h . The fiber bundle
U (X, H,my) is trivial.

d) The bracket on T1G is such as : [hg, ho] C ho, [lo, lo] C ha, [ho, lo] C lo

e) There is a bilinear symmetric scalar form on 71U, invariant by the
adjoint operator, for which the subspaces hg, [y are oorthogonal, and positive
definite on 71 H.

These conditions are met if U and H are linked in a Cartan decomposition
(Knapp [] 6.31). All semi-simple Lie groups have such decompositions. The
conditions d) and e) will not be used in the following but are part of the
definition of a Cartan decomposition.

Remark : property c is usually written as: u = hexp (. Both formulations
are equivalent.

Proof. Indeed : m

Ady, (hg) C hg because hg is the Lie algebra of H, hg is Ad;, invariant, so
is its orthogonal complement /.

Thus: Vh € H,l € Iy, € ly : Adyl =1 = exp Adyl = h(expl) h™! =
expl' = exp (—r)expl expr = expl

u=-exprexpl=-exprexp(—r)expl expr =expl! exprll

21.0.3 Principal fiber bundles on M

The splitting U/H, H is prolonged in the principal fiber bundles on M. The
principal fiber bundle Uy, — M split in : X, — M corresponding to U/H
and Uyr — X corresponding to H. The splitting is attributable to the Higgs
field, materialized by a section s on X,,.

1) We still have the same principal fiber bundle Uy, base M, group U, with
the projection © : Uy — M , and the trivializations on an open cover:
oui ™ (Upr) x U = Upg = p = oy (m, u) and we denote p; = oy (m, 1),s0
P = WiP; = Ditl;

As a manifold Uy, has charts deduced from ¢; (m, A (z, h)) = p and one
can construct additional structures.

2) The associated fiber bundle Xy = Uy Xy X with typical fiber X=U/H
associated with Uy, through the U action :
(U x X)X G— (Uy x X) 2 (p,x) X u— (pu=t X (u, 7))
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Xy is a U-fiber bundle (but not a principal fiber bundle), with base M,
trivializations:

7 N (Uni) X U/H — Xy pxi (m,z) = @i (m, A (2, 1))

and U left action : u X px; (m,z) = px; (M, A (u, x))

With a Cartan decomposition X, can be seen as a sub-bundle, embedded
in Uy = ui (m,expl)

A section on X isamap : x (m) = ¢x; (m, 2 (m)) = oy (m, A (z (m), 1))
.The Higgs fields are such sections :they fix the state of the vacuum, which is
characterized by an equivalence class of U/H. With the Cartan decomposition
:x (m) = vui (m,expl (m)) where I : M — I

3) Uy is endowed with the principal fiber bundle structure Uy with base
X, group H and :

projection : 7 (p;r (m,u)) = @ix (M, 7y (u))

open cover : Xy, = Uy N Xy

trivializations : @y, : Xpyy X H — Uy 2 @ui (g, h) = gh

< @ui (pui (m, A(z,1)) . h) = eui (m, A (x, b))

H action : h x p=h x ¢y; (¢, 1) = u; (7 (p) , A(x, hR'))

A section on Uy is : s = @y (g, hy (q))

One has a 2-levels composite fiber bundle : Uy, = U M A x M %M

4) The composition of a section s on X, and a section s on ij is a section
S on Uy. Conversely a section s on Uy has for image s(Xn) a sub-manifold
embedded in Uy,. Any section S in Uy, is the composite of 3 (m) = 7 (S (m))
on X, and a section s on Uy : M 5 Xy = Uy 2 S(m) = s 0 s(m).
Remember that the physical characteristics o are sections of Uy;. They are
now defined in two steps : the first with ¢, the second with H.

A local gauge transformation is given either by a section on Uy, or by the
composite:

S (m) = 0 3¢ (m) = Gur (3¢ (m) , hy (m)) 17 (S (m)) =

With Cartan decomposition : S (m) = ¢y (m,expl(m

% (m)
)expr (m))

5) There is a bijection between the principal bundle structures Hy; with
base M and group H on one hand, and the global sections s (m) on X,
(Kolar [14] 10.13) : s = px (m,x (m)). The trivialization is : ¢y (m,h) =
ou (32 (m),h) = pu (m, A(x(m),h)) . With Cartan decomposition : s =
¢c (m,expl(m)) — on (m, h) = ¢y (m,expl(m) x h).
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Such H,; fiber bundles are not necessarily isomorphic. So its definition
requires both U); and Y.

21.0.4 The induced connections

A connection is a projection from the tangent space on the vertical space.
The tangent space of Uy, splits and a connection A induces a connection on
Xy, but it induces a connection on Hy,; iff Vs = 0. Let us first define the
tangent spaces.

1)

a) The tangent space of U — U/H can be defined through the trivial-
ization : N

(&5, ") e TLX x T,H — £ =N (z,h) (€°,&") € T,U,

€ = N, h)E + N (0, h)§ = (Ra) € + (LR €' & A (0,h) =
L' h; Al (x,h) = Rjx

X=U/H can be identified with a subset of U, so the tangent space T,,U
splits :

T.U = {L, WU} = {R,T\U} Notice that the map works on right and
left,_v)ve will need l/o\oth N

gr =57 1%, € hg — &" = (L,1) 0",

Pr=S 1B, €l — & = (RL1) 0,
:u — (Ryx) (RL1) 0 + (L) (L) 6 = RL1G + L/ 19"

C— D10 =R16" = 07 =R._, (W) L,10" = Ad, 0"
The vectors (L/,1) ?h, g € ly are the generators of the vertical space :
e (u) (1) 60 =0
/ _>u / _>l
Ty (u) €Y =R10
and we have A (u,z) = 7y (uzx) =
Ay () € + X, (u, ) € = 7y (u) (Ryu€ + L, x€")
X, (u, ) = my (uw) Ryw;
N (u,x) = 7y (ux) Lz

b) The tangent space T,Uy can be defined by :
(£m7 £u> € TmM X TuU — ép = (p;Um <m7 u) fm + (p;Uu <m7 u) éu’
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The vertical space splits : ¢}, (m, u) & = @y, (M, ) R;l?l—l—go;w (m, u) L;l?h
and we have the basis : _

a=1,..r: 9, (p) = Oy, (Mmyu) L1 6,

a=r+1,..m: 6, (p) = Yy, (M, u) R,16 ,

c) The tangent space T, Xy can be defined by :

¢ = ¢ix (m,x) = @i (m, A (z,1)) R

€ = @ix (m, ) (€7,€7) = @iy (M, A2, 1)) €7 + @iy, (myu) B16T
the vertical space isomorphic to T, X is generated by : @y, (m,u) R.16°

d) The tangent space TqﬁM can be defined by :

q = GiU (SOZU (m7 A (l’, ]-)) ) h) = QiU (m7 A (l’, h))

(&m,&2,¢") € TuM x T, X x T, H

= Py (M, A (2, 1)) & + oy, (M, A (2, 1)) RL2€” + gy, (m, A (2, 1)) LihE

= QO/Um (m7 A (ZL‘, 1)) gm—Hp,Uu (m7 A (ZL‘, 1)) R;hl 0 l+90§]u (m’ A (l‘, 1)) L;:hl Y "

So it can be identified with T, Uy but the vertical space is generated
here by ¢y, (m, A (x,1)) L;hlﬁh.

e) The tangent space T, H ) with the section x € AgX, can be defined
by :

(6™, €") € TuM x ThH = & = @y, (M, h) € + @l (M, h) €

&g = Pym (m, A (m) , h)) E™

+@ (M, A5 (m) | b)) (A (3 (m)  h)sd (m) €7 + A, (3¢ (m) , h)E")

= (@ (M, A(52 (M) , b)) + ¢y, (m, A (m) , k) (R, 2) 5 (m)) €™

et (m, Az () 1)) (L) €

Pl (1) € = iy (m, A2 () 1)) (L) €7
The vertical space is generated by: R
Plan (m, 1) €8 = iy (m, e (m), 1) (DL gyl 0"

2)

175



a) We assume as above that there is a principal connection A on Uy

with one- formA( ) = ZWA (p )dxa®9 and potential A (m) = A(ng (m,1y)) .

A (QOG <m7 u)) = AduflA ( )
A (p) (€7,€") = ply(m.u) (€2 + Ry (1) A(m)€™)
It splits ak)}ng the two subspaces hy, ly:
Co= R+ 116"
A(m)
\ — N —
=0 mm AL (m)de® @ 0.+ 3 30, AL (m)dz* @ 0,
= Ap+ A
A(p) (& (R 6+ (L,1) )
= elpum,w) (R (T4 Agm) +(1,1) (0" + Angem))

b) A induces the linear (not equivariant) connection I' on the associ-
ated fiber bundle X, :

T (q) (6™,€7) = @iy, (m, A (2,1)) (& + X, (1, 2)A (m) €™
With X.(1,2) = 7}y (¢) R.1 € L(TVU; T, X)
(L 2)A (m) €™
= iy () (R1) (3, S0, Aseme)
= (1) (S, X0 Asgme)
that is : T'(q) = (R,1) 2 ,, A% (m) 0, ® da”
The covariant derivative of a section » = px (m,x (m)) is :

Ve = 5T (q) = ey, (m, A (2, 1)) (42 + V(1,2 (m) A (m))

c) A connection 'y on H), is a projection on the vertical space isomor-
phic to T, H :

¢ = ¢u (m, h) = pu (m, A(z (m) , h))

3T (@) (€7, €0 = @y (m, h) (€ + Tt (@) €™) , Ty () € A (T M; Ty H)

It is principal iff : Ty (g (m, h)) = Adh Ty (g (m, 1)

that is Ty (q) & = @y, (m, h) (&" + (RL1) T (x) €7)

A connection A induces a principal connect1on on Hy iff VX =0
Proof. : =

se(m) = A (3¢ (m) , 1) ,u = A (3¢ (m) , h) ,p = pus (m, w)

§q = Crm (M W) E™ + @y, (m h) &
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= (Pl (m,0) + P () (R ) 52 () €7+ il (m, ) (L ph) €8
&, € T,Up so one can compute :
P A (p) (67, (Ry5) 26" + (L,h) ")
= plulm ) ((Roe) #€7 + (LW €'+ (R1) A(m)€”)
(R, 1) A (m) €™ = (Rj,) (RL1) A(m)¢m
A e < LU
:>E|9h Gt (R1)A(m)Em = R’191+L’19h
7ty (52) (RLL) A (1) €7 =ty (32) RO 4 2y () L1 = R
but N, (1, 5) = 7TH( ) Rl.1 so one can write:
RAG" =X, (1,2) A(m )fm:>L'19h (RL1) A(m) €m—X, (1, 52) A (m) £™
0" = (L-5) (RL1) = X, (1,50)) A (m) €™
6" is a linear function of ™, which does not depend on h (but on ).
Let us define : .
'y ((pH (m,1)): T,,M — T'H =Ty (x(m)) = (L’%_lx) ((R;l) -, (1, %)) A(m)
(1) A (m) €7 = (Rie) (1) A (m) €7 = (Ryse) (N, (1,50) A (m) + (L) T (x)) €
and going back to :
Pu A (p) (67, (Ry5) €™ + ( ) §h)
= Gl (m, ) ((Ry0) 2™ + + (By20) (X, (1, + (L) T () €7)
= elyu(m,u) (Ry2) (2 + 2 ( ) ")
+ et (m, u) (Lh) 6" + (RZ% L' () €™)
Pl (m, ) (3¢ 4+ X, (1,2 () A ) = (V¥ €
((LLh) €" + (Rj20) (L) T (x) €™) = (LLh) (€" + Ry, (1)L (x) €™)
with : Ry (%) = R, (1 )R’—l( ) = L/yh( ) Ad (g1 R 1 ()
= L (1) Ady s AR, () = L (U L (D RO, A GO RL(D R, ()
= L, (WR (DL ()
Glyum. ) (LL0) (6" + R, (DTs (1) €7) = @l (m, ) (" + Ry (1) €7)
et A (p) (€7 (Ry) 5267 + (L ;h) ¢")
= (V55) €7 + @l (m, ) (6" + By ()T () €7)
If (VX %) = 0 then we have the principal connection

Py, (M, h) (6" + B (DTx (x) €™)
This condition is also necessary (Giachetta [5] 5.10.5).1
The potential of 'y is :

Lt (x (m)) = (L,-15) ((RL1) = X, (1,52)) A (m)
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= Adyr A(m) = (L) B (S0, 5004, 48 0 0 @ da®)
Cu (x () = Adus (2, 0, 48 0 @ da®)

3) The condition V¥ = 0 reads :

P+ N (L (m)A(m) =0 R

= 2 (Ry1) (S0 Xiir A0 @ da)

With s (m) = expl(m) the first step to solve the problem is to find a
map [ : M — [y such that :

(% eXp l) % = $(m (Z Za r+1 Aa a ® dl‘a)
Using the derivative of exp (Duistermaat [4] 1.5):

1 Ta m
(gexpl) 4 = (R/x(m)1> (fo ere )dC> 4
m \a_) @
= Rl 1 (S0 Xy A0 @ da®)
So the map 1(m) is solution of the equation :

! dl G
([ emmar) £t = =30 3 Toow (114)
0

a a=r+1
— - —
The map 6 — fol e™@% dr is inversible if ad( 6 ) is inversible. It is in-
versible and analytic in a neighbourood of 0 and its inverse is :

—\ k
e (ad 7 ) where By, are the Bernouilli numbers.

fol e ddr =377, fol ;'Tk (adl ( )) dr =371, <f1 de) (adl (m )) =
Sors  (adl (m)*!

(U eretmdr ) = 573%  ks (adl ()" = (zz° it (adl (m))*)

Thus : g (S0 ik (adt (m))*) = = 300, Ag 7,

21.0.5 The Higgs mechanism

1) As previously the physical characteristics of particles are modelled in a
representation (W, x) of U and the associated vector bundle Wy = Uy xg W
. The restriction (W, x) to H is a representation of H. With a global section x
on Xj; one has a principal fiber bundle H); and the associated vector bundle
Wy = Hy xg W which is the restriction of Wi to H.
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2) The forces fields are principal connections (G,A) on @ys. A induces a
connection I' on X}, and a principal connection I'y on H,, iff VX = 0.

3) The lagrangians are the same.

4) We add the variable x (m) = ¢ (m, > (m)) to characterize the vacuum.
2 (m) is valued in X=U/H and with Cartan decomposition s(m) = expl(m)
where [ : M — Iy . The fields act on y through the covariant derivative
VXX =2 4 N (1y,2)A (m)

5) The principle of least action works in two steps :

- at the X, level (the vacuum) : the force fields (other than gravitation)
interact with the Higgs field and fix a section x such that V*y = 0. This
fixes the components a=r+1tom of A by : 37" A0, = —R' _, ()4

a=r—+1 w1 dm

- at the H) level (the system) : x being fixed the gauge group is reduced,
the fields act with the particles through I'yy. The Lagrange equations fix the

r first components of A.
m

This is equivalent to change the variables, and replace (Aa) by
a=r+1
in the lagrangian. Thus one introduces m-r "bosons” which, besides the

fermions in the Noether currents can get a mass.

dsx
dm

6) In the standard model the Higgs mechanism is more complicated, but
the scheme presented above shows the key ingredient of symmetry breakdown
. a structure of the vacuum more complex than expected.

7) This mechanism has been brought up for gravitation : the SO(3,1) struc-
ture would come from a more general GL(4) structure (Sardanaschvily [23])
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Part VI
APPLICATIONS

22 GENERAL RELATIVITY

1) The well known Einstein equation can be deduced by the principle of
least action from a very general lagrangian. Let be :

L= (Lz (9,24, 2}) + ag (Eaﬁ 9P Ricas + A)) V/|det g|

The key points are :

a) the metric g is in Ly but not its derivatives, the other variables 2* are
not involved here

b) the gravitation / gravitation interaction is modelled by the Palatini
action (the cosmological constant A is not significant here). We have seen
that in a gravitational field theory based on the metric and the Lévy-Civita
connection this choice is quite mandatory.

The functional derivative with respect to ¢*? gives :

5oa5 = (5)9%% + agyes (9% Ricas + A)) V/|det g]
+ (Lg + ag (gaBRag + A)) agiﬁ V/|det g|

525 \/|det g = 525 (—det [g71]) 7

=L (—detg™) " ;2 (det g ™)

_1\—3/2 _
= L(=det g7 gga det g7 = —Lgpar/det ]

(notice that the indexes are reversed)

25 = (25 + acRicas ) — g5 (La + ac (9 Ras + 1)) ) /Idet g]
And we get the equation :

(aaglcf@ + aGRZ.Caﬁ> = %gaﬁ (L2 +ac (g)\uR)\M + A))
ac (Raﬁ N %gaﬁ (g)\MRAH + A)) - _ggﬁ?l? + %gaﬁlﬁ
Or with : Sy = [, Lo+/|det g|wo
56:;25 - (88;01‘25 - %gaBIQ) |det g|

we have the Einstein equation :

0,55

1
ag+/|det g| 09*°
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1 6S2

ac+/|det g| 0g°°

pends on the system and its specification is based on phenomenological as-
sumptions about the distribution of matter and its velocity, and the other
fields. It should be a symmetric 2-covariant tensor. The Einstein equation
implies V*T,5 = 0. Then particles usually follow geodesics (Wald [29] p73).
This equation is local and in the vacuum 7,3 = 0.

The quantity Tos = — is the "stress energy” tensor. It de-

2) Our model does not use the Lévy-Civita tensor and g is not a variable,
but is actually present, and the gravitational fields interaction is the same.
So one can compute the stress energy tensor. However some adjustments are
necessary :

a) replace g where it is actually used, meaning in the Dirac operator and
the scalar product (Fa, Fa) :

Dy =345 (Vath?) X5 9770 (m)g (po T (1) (e5)) (m) @ f; (m)

= Zazj (Vo)) Zﬁl gero’ (m)lﬁ (l [volf + Z?:l [%]f) ep (m) ® fj (m)

We keep : 70 = —iyg;r =1,2,3:9" =,

Dy = ij (Vo) Zﬁl 9“60}5 Ei:o n" i ep (M) ® f; (m)

[DY] =305 9050 '] [Vat)]

ap (Fa, Fa) = aF% Za EQW\M ga)\gﬁufilaﬁf_g)\u

b) In the model g is computed from O and automatically symmetric.
Rather than using a constraint it is simpler to take g,z and gg, as distincts
variables and replace gog With 1 (gas + gsa)

c) The Ricci tensor is symmetric only if g is symmetric, so one takes :

Ricay = iy Fanly 0108 = 5 5,5, (IFow] OF + [Fasl 08) O
R=143, (9 +9°) (1w OF + [Fos); 04) OF

d) With these adjusments the lagrangian becomes :

Lar = Nay (,9) + NayIm <¢, LS (0 + g) O ] [VM>
+Nap ), <1/1, VAV,\w> V/|det g|

Lr = {308 X0 Xruon (97 +97) (0 +9") FiniF o

—l—iag Z/\m’m (g)‘“ + gu)\) ([FGM]; Og + []:GM]; Og) O] }+/|det g|

and Ly = Ly + tap Y., > Aot (9% +97) (9% + ¢*) -T:qufgae

3) The functional derivatives read :
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|det g|
g = Py — (2~ Lgsals) /Idetg]
OLa+/|det g|
a5 ?g/ﬁa o _ ( oty Ega5L2> V]det g]
O = Nard Y, (0207 + 0305 ) O tm (v, [37] (V)

0g*P
305 Y0 D a0 <<5§5{f + 5355) (9" + ¢") + (g* + ¢°*) <50‘(55 - 50‘55» FoanaF oo
socs = Narz 3o, 0" (05 Tm (¢, [v'] [Vay]) + OF Im (¥, [77] [V /1))

+ia’F Za)\u (?ja)\‘/—_.gﬁu + ?Zﬁ)\fgau) (gAﬂ + g“A)
and

5‘9%% = Nagz 30" (05 Tm (v, [y'] [V} + O Tm (¢, ['] [Va]))
+ CLF Za)\u (‘FAﬁAFZa;L + ‘FAa)\Fglﬁu) ( An _'_gM)\) 5891&5

ss 55
4) 59"‘25 o 5g52a = % (gaﬁ - gﬁa) Lo |det g‘
Sy is symmetric with respect to gag, 9sa SO gas = G8a

A= = Narg S (071 (9, 177] (V) + OF Tm (4, [7'] [Va])

+3ap > (Fagas Faap) + (Faar Fagu)) I3 Gas (LM + sap W (J:A)\;u fi“))

Top = 3008 (5L — R)-N2LY (OFIm 5 7] (V) + 05 (] V)
325 o (Fagns Faap) + (Faar, Fagu)) 9

2 ag
The tensor is symmetric with respect to «, 6

With OF = gay1"07, O = gay1" 0]
>, 0 (On Im (¥, [v'] [Va]) + O Im (4, (] [Vat]))
=Ygy (17 Garyn™O7 T (3, ["] [Vm/fD + 17 gy 0] Tm (¢, [v7] [V ai)]))
=2 14 07 (gor Im (3, [Y] [Vs]) + gp Im (¢, [v7] [Va?]))
g™ ((}"Am’ Faop) + (anAa Fap)) = 29™ Re (Faau; Fapa)
Top = zgaﬁ < L— R) E,\ﬂ g™ Re (Faon: Fapu)

—3 2LV 3, 07 (gary Im <w, h"] [Vsh]) + g5, Im (3, [v7] [Vat)]))

5) With equation 97:
Va, 8 :05L = NayIm (1,7*Vih) + 2arp >y Re (.7:,4&,]:3’\)
+2a6 30, Fépn (05,0, — 05.0;.)
which is equivalent to :
Vg, 8 : LOP = NayTm (4, 77V5)) + 20 3, O Re (LW, fj“)
206 Y0 Fépn (0205 — 02 O )

9a ~ Pa
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Nay I {97V 500) = LO — 2ap 3y, O Re (Fagy, ')
—2a6 Yoo Féan (04,0, — 01,0,

So :

Nayr ., OF (gory Im (10, [y [V 500]) + g5, Im (¥, [v1] [Va¥]))
= Z'yq O;/ga,y{LO'Bq —2ap ZM OV Re (-7:,45#, .7:;,\“)
=206 Y oox Fén (93,0;, — 03,05.)}
+ Eﬂ/q 0795,{LOg — 2ar Z)\,u O Re <‘7:Aaw fj“)
_ AL AL
= 2Lgas — 2ar Xy, (903 Re (Fasus FX*) + gor Re (Faey, F'))
_2aG Ea)\,u (ga,ufg;g)\ + gﬁﬂfgaA) (OgaOI)?\a - OgaOl;\a)
And the stress energy tensor reads:
Tap = 3908 (éL - R) — 23 9 Re (Faax, Fasp)
1 {2Lgas — 208 Xy, (903 Re (Fags FX') + 93n Re (Faa F1*) )
_2aG Ea)\,u (ga,ufg;g)\ + gﬁﬂfgak) (OgaOI)?\a - OgaOl?a)}
Tap = =500 L
Q 290 g
+Z_g Z)\p Re (gaA (fAB,uv fj”) + 9 (-FAa“, fj”) - gA“ (FAQ)\, ‘FAﬁﬂ))
Lo (GonFEon + IuF ar + 3908Fr) (04,05, = 03,03,
with R = =Y 5 Fé,, (0) 08 — 0} 0 )

Pa ~ qa da ~ Pa

23 ELECTROMAGNETISM

1) The group U is here U(1) = {z = expif,d € R},an abelian group (so
the bracket is null) with algebra:

TWU(1)=iR= 0, =i

The complexified T1U(1)¢ = C and the group U¢ = C.

The only irreducible representations are 1 complex dimensional :

W = {a?,a € C} , X (expif) ? = 6’07

X (1) =i =[0a]; [0 = [0] =i = — [0]

The state tensor is the sum of 2 right and left components : ) = g+ 1.
If each of these components is decomposable : 1) = ¢rog+ @0, where ¢g, ¢y,
are 2 complex dimensional vectors and o, o7, complex scalar functions.
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2) The moments are :

i lod] [01] (010R))
a>3:P,=—Re(([¢p] [0a3] [¢LD (0L0R)) ,
b) J. = —% (" (% 6 Dlorl” = ([97) [oa] [61]) oc]?)

c) (¢, ( ¢1]) (0L0R))
d) p=—2Im (([¢%] [¢r]) (00R)) = (¥, ¥) ,
e) [ur — pi)” =0 (9% ov [0r]) lor|* = ([67]) v [0r)) |on]* = =2,
3) The potential A is a 1-form over M valued in the complexified, so

A= Aadxa, A, €C.

The curvature 2-form F4 = dA = > (a8} <8a1215 — 85121a) dx® A dx? and
we have the first Maxwell equation : dF4 = 0.

The equation 94 reads:

Va,a: =N (apVp +2iar Y, OfJ,) det O' = 2ap 3 ;5 Op ( FooP (det O ))
Taking the real and imaginary parts :
Va,a : —apN (Vop) det O' = 2a5 Y, 9 (Refgaﬁ det O’ )

Va,a: —a/N' Y, 00, det O' = ap Y, s (Imfj;aﬁ (det O/ ))

The 2nd Maxwell equation, without spin, is usually written in the General
Relativity picture :

VP F a0 = —poda & o]/~ detg = 3, 05 (F57v/=detg)

with the 4-vector current density .J,,, which is for a particle p > u®0, with
the velocity measured with respect to the proper time of the particle. So we
are lead to identify the real part of the field with the "usual” electromagnetic

field, p with the electromagnetic charge and the constants are such that :

__ Gap
'uO_QaF'

Here the electromagnetic field has a real and an imaginary part, the latter
acting on the magnetic moment which is parallel to the angular momentum
: 7 = Er [MA]TaT = —2 Er Jrar'

Remark : it is common to have an the converse, with the "real” electro-
magnetic field purely imaginary. The result here is the consequence of the
choice of the signature.

4) The Noether current reads here (equation 91) :

Y8 =N(ap 2, VOpda —iar 2, [ — il 0))
— N (CI,D Za Vapaa - ia[ Er [ILLA]Z aT)
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because the bracket is null. So we have a global conservation of the flow
of current density and magnetic moment which are its real and imaginary
parts.

Furthermore equation 107 reads :)_ dgia ((N det O") V¥p) = 0 so the flow
of the charge current is conserved.

5) Within the same picture the moments for symmetric states would be:
a)
a<4:P,=—er, (u*+v?)Im (0.,0R)
a>3:P,=er, 3(u?+v*)Re(0,0R)

b)
Jo= =L@ +2) (Jog|* + |ou?) ;7 > 0: Jp = L (u® + ) e, (Jor|* — |oL]?)
o= =% (02 er, (" ol = |ou|*) with rg = €

) (Y, ) = =2 (u* + v?) Im (0.,0R)

d) p=2(u? +v*)Re ([or] [i]' [or]") = =2 (u® + v?) Im (0,7R)

o) lun—ml = —2J,

So the particle has a charge if Im (0,0x) # 0, this emphasizes the need
to use of the complexified of U(1) (with U(1) the charge would be null)
and of different functions for the right and the left side (we know that the
electromagnetic field is part of the larger electroweak field for which chirality
is crucial). The quantities (rq,72,73) give the spatial direction of both the
angular and the magnetic momentum. It is also the orientation of the would
be linear momentum, up to a sign. Equation 109 reads :

ap Im <1/1, %> =2Im (0,0R) (aM +ap)...V"Re Aa)

tap 3, Ve oy (ra (Im (0,57) Gi — Re (0,77) Ga™))

1 > 2 2 dN(det O")O% N

tarke (17 |l = 100) (Soy (Srmes +2 (m4y) ) 75+ (1(G2)),)

with (u? +v?) =1
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CONCLUSION

Let us sum up the main results :

1) It is possible to model a system with individually interacting particles,
with gravitation and other fields,using the modern concepts of physical theory
(Yan-Mills connections, fiber bundle, Clifford algebra), but standing in the
classical picture. The principle of least action can be implemented, and the
constraints on the lagrangian can be met.

2) It is possible to give a sensible description of gravitation in the general
connection and tetrad framework, without involving a metric. This opens
the path to more general solutions than the Lévy-Civita connection, that
would be required if, as it seems, the connection is not torsion free. Moreover
the calculations are manageable, and can give explicit solutions with respect
to natural variables (the structure coefficients).

3) In the simple model we have seen the crucial role of ?moments”, clearly
identified with respect to the state tensor and clearly related to basic physical
concepts. Noether currents supply the conservation equations useful to a
further study.

4) The framework used to describe particles and fields provides a good
basis to study symmetries, and give hints for a better understanding of some
"paradoxical quantum phenomenon”.

The main outcome of this paper is probably pedagogical, as it covers a
great deal of concepts in theoretical physics, using the tools of the trade. But
beyond this, several issues would be worth of further studies.

1) Is it possible to implement the machinery in the pure gravitational case
? So far General Relativity has suffered both from intractable calculations,
and the metric obsession. It would be immensely useful to have manageable
models, pertinent for the hottest topics such as the movements of large sys-
tems (galaxies notably) which are, after all, at the core of the ”dark matter
issue”.

2) That is good to be able to model the individual movements of particles,
but of course it is mostly theoretical. So the next step is to introduce some
probabilistic particles distributions, this should be easy using the initial state
represented by the f function. In the thermodynamic picture it would be of
great interest to find a link between the moments and the ”function of state”
of the whole system.
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3) If this construction makes any sense, does it provide us with a better
understanding of the fundations of quantum mechanics ? 1 think so, and it
will be the topic of a next paper.

Some last words on more technical issues :

1) Introduce the velocity in the lagrangian is possible, even in the General
Relativty picture, and probably mandatory. It clearly enhances the under-
standing of the interactions, showing the crucial and distinctive role of the
kinematic and dynamic parts. From this point of view the Dirac operator, as
essential as it is, is not enough as it emphasizes the first part. The solution
implemented here can certainly be improved.

2) Complex fields are mandatory, and they deserve the full treatment,
even if it is cumbersome. Any shortcut is hazardous.

3) The issue of the signature of the metric is still open...
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