N
N

N

HAL

open science

Torsors, Reductive Group Schemes and Extended Affine
Lie Algebras

Philippe Gille, Arturo Pianzola

» To cite this version:

Philippe Gille, Arturo Pianzola. Torsors, Reductive Group Schemes and Extended Affine Lie Algebras.

2012. hal-00624106v2

HAL Id: hal-00624106
https://hal.science/hal-00624106v2

Preprint submitted on 23 Feb 2012

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00624106v2
https://hal.archives-ouvertes.fr

Torsors, Reductive Group Schemes and Extended
Affine Lie Algebras

Philippe Gille! and Arturo Pianzola??

YUMR 8553 du CNRS, Ecole Normale Supérieure, 45 rue d’Ulm, 75005 Paris,
France.

2 Department of Mathematical Sciences, University of Alberta, Edmonton, Alberta
T6G 2G1, Canada.

3Centro de Altos Estudios en Ciencia Ezactas, Avenida de Mayo 866, (1084)
Buenos Aires, Argentina.

Abstract
We give a detailed description of the torsors that correspond to multiloop al-

gebras. These algebras are twisted forms of simple Lie algebras extended over
Laurent polynomial rings. They play a crucial role in the construction of Ex-
tended Affine Lie Algebras (which are higher nullity analogues of the affine
Kac-Moody Lie algebras). The torsor approach that we take draws heavily
for the theory of reductive group schemes developed by M. Demazure and A.
Grothendieck. It also allows us to find a bridge between multiloop algebras and
the work of F. Bruhat and J. Tits on reductive groups over complete local fields.
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1 Introduction
To our good friend Benedictus Margaux

Many interesting infinite dimensional Lie algebras can be thought as being “finite
dimensional” when viewed, not as algebras over the given base field, but rather as
algebras over their centroids. From this point of view, the algebras in question look
like “twisted forms” of simpler objects with which one is familiar. The quintessential
example of this type of behaviour is given by the affine Kac-Moody Lie algebras.
Indeed the algebras that we are most interested in, Extended Affine Lie Algebras (or
EALAs for short), can roughly be thought of as higher nullity analogues of the affine
Kac-Moody Lie algebras. Once the twisted form point of view is taken the theory
of reductive group schemes developed by Demazure and Grothendieck [SGA3] arises
naturally.

Two key concepts which are common to [GP2] and the present work are those
of a twisted form of an algebra, and of a multiloop algebra. At this point we briefly
recall what these objects are, not only for future reference, but also to help us redact
a more comprehensive Introduction.
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Unless specific mention to the contrary throughout this paper k will denote a field
of characteristic 0, and k a fixed algebraic closure of k. We denote k-alg the category
of associative unital commutative k—algebras, and R object of k—alg. Let n > 0 and
m > 0 be integers that we assume are fixed in our discussion. Consider the Laurent
polynomial rings R = R, = k[t;',...,t5'] and R’ = R,,, = k[tli%, . ,tf%]. For
convenience we also consider the direct limit R, = liﬂRmm taken over m which
in practice will allow us to “see” all the R, ,, at the same time. The natural map
R — R’ is not only faithfully flat but also étale. If k is algebraically closed this
extension is Galois and plays a crucial role in the study of multiloop algebras. The
explicit description of Gal(R'/R) is given below.

Let A be a k—algebra. We are in general interested in understanding forms (for
the fppf-topology) of the algebra A ®; R, namely algebras £ over R such that

for some faithfully flat and finitely presented extension S/ R. The case which is of most
interest to us is when S can be taken to be a Galois extension R’ of R of Laurent
polynomial algebras described above.

Given a form £ as above for which (1.1) holds, we say that £ is trivialized by S.
The R-isomorphism classes of such algebras can be computed by means of cocycles,
just as one does in Galois cohomology:

(1.2)  Isomorphism classes of S/R-forms of A®y R <— H fppf (S/R,Aut(A)).

The right hand side is the part “trivialized by S” of the pointed set of non-abelian
cohomology on the flat site of Spec(R) with coefficients in the sheaf of groups Aut(A).
In the case when S is Galois over R we can indeed identify H; f(S /R, Aut(A)) with
the “usual” Galois cohomology set H'( Gal(S/R), Aut(A)(S)) as in [Se].

Assume now that £ is algebraically closed and fix a compatible set of primitive m—
th roots of unity &,,, namely such that £, = &, for all e > 0. We can then identify
Gal(R'/R) with (Z/mZ)" where for each e = (eq, .. en) € Z" the corresponding
element € = (€y,--- ,€,) € Gal(R'/R) acts on R’ via /" = feltm.

The primary example of forms £ of A ®; R Whlch are trivialized by a Galois
extension R'/R as above are the multiloop algebras based on A. These are defined
as follows. Consider an n—tuple ¢ = (074, ...,0,) of commuting elements of Aut(A)
satisfying 0" = 1. For each n—tuple (iy,...,i,) € Z" we consider the simultaneous
eigenspace A;, ;. = {zx € A:oj(x) =& forall 1 < j < n}. Then A= A, .,

!The Isotriviality Theorem of [GP1] and [GP3] shows that this assumption is superflous if Aut(A)
is a an algebraic k—group whose connected component is reductive, for example if A is a finite
dimensional simple Lie algebra.



and A = @@ A;,.;, if we restrict the sum to those n—tuples (iy,...,7,) for which
0< ’ij < m;.

The multiloop algebra corresponding to o, commonly denoted by L(A, o), is de-
fined by

L(A,O'): S7) Azlzn®t%t;ﬁnCA®kR/CA®leoo

(i1,0-nin ) EZP

Note that L(A, o), which does not depend on the choice of common period m, is not
only a k—algebra (in general infinite-dimensional), but also naturally an R-algebra.
It is when L(A, o) is viewed as an R-algebra that Galois cohomology and the theory
of torsors enter into the picture. Indeed a rather simple calculation shows that

L(A,0)@r R ~ A®y R ~ (A®; R) @ R

Thus L(A,o) corresponds to a torsor over Spec(R) under Aut(A).

When n = 1 multiloop algebras are called simply loop algebras. To illustrate
our methods, let us look at the case of (twisted) loop algebras as they appear in
the theory of affine Kac-Moody Lie algebras. Here n = 1, k = C and A = g is a
finite-dimensional simple Lie algebra. Any such £ is naturally a Lie algebra over
R:=C[t*'] and L®r S ~ g®c S ~ (g ®c R) @ S for some (unique) g, and some
finite étale extension S/R. In particular, £ is an S/R—form of the R-algebra g ®c R,
with respect to the étale topology of Spec(R). Thus £ corresponds to a torsor over
Spec(R) under Aut(g) whose isomorphism class is an element of the pointed set
HY% (R, Aut(g)). We may in fact take S to be R’ = C[tEm].

Assume that A is a finite-dimensional. The crucial point in the classification of
forms of A ®; R by cohomological methods is the exact sequence of pointed sets

(1.3) H,(R, Aut’(A)) — HY (R, Aut(A)) 2 HL (R, Out(A)),

where Out(A) is the (finite constant) group of connected components of the algebraic
k—group Aut(A).2

Grothendieck’s theory of the algebraic fundamental group allows us to identify
H}, (R, Out(A)) with the set of conjugacy classes of n—tuples of commuting elements
of the corresponding finite (abstract) group Out(A) (again under the assumption that
k is algebraically closed). This is an important cohomological invariant attached to
any twisted form of A®; R. We point out that the cohomological information is always
about the twisted forms viewed as algebras over R (and not k). In practice, as the

2Strictly speaking we should be using the affine R—group scheme Aut(A ®j, R) instead of the
algebraic k—group Aut(A). This harmless and useful abuse of notation will be used throughout the

paper.



affine Kac-Moody case illustrates, one is interested in understanding these algebras
as objects over k (and not R). A technical tool (the centroid trick) developed and
used in [ABP2] and [GP2] allows us to compare k vs R information.

We begin by looking at the nullity n = 1 case. The map ¢ of (1.3) is injective
[P1]. This fundamental fact follows from a general result about the vanishing of
H?! for reductive group schemes over certain Dedekind rings which includes k[t*!].
This result can be thought of as an analogue of “Serre Conjecture I” for some very
special rings of dimension 1. It follows from what has been said that we can attach a
conjugacy class of the finite group Out(A) that characterizes £ up to R—isomorphism.
In particular, if Aut(A) is connected, then all forms (and consequently, all twisted
loop algebras) of A are trivial, i.e. isomorphic to A®y R as R—algebras. This yields the
classification of the affine Kac-Moody Lie algebras by purely cohomological methods.
One can in fact define the affine algebras by such methods (which is a completely
different approach than the classical definition by generators and relations).

Surprisingly enough the analogue of “Serre Conjecture II” for k[t t5!] fails, as
explained in [GP2]. The single family of counterexamples known are the the so-
called Margaux algebras. The classification of forms in nullity 2 case is in fact quite
interesting and challenging. Unlike the nullity one case there are forms which are not
multiloop algebras (the Margaux algebra is one such example). The classification in
nullity 2 by cohomological methods, both over R and over k, will be given in §9 as an
application of one of our main results (the Acyclicity Theorem). This classification
(over k but not over R) can also be attained entirely by EALA methods [ABP3]. The
two approaches complement each other and are the culmination of a project started
a decade ago. We also provide classification results for loop Azumaya algebras in §13.

Questions related to the classification and characterization of EALAs in arbitrary
nullity are at the heart of our work. In this situation A = g is a finite dimensional
simple Lie algebra over k. The twisted forms relevant to EALA theory are always
multiloop algebras based on g [ABFP]. It is therefore desirable to try to characterize
and understand the part of H, f%t(R, Aut(g)) corresponding to multiloop algebras. We
address this problem by introducing the concept of loop and toral torsors (with k not
necessarily algebraically closed). These concepts are key ideas within our work. It is
easy to show using a theorem of Borel and Mostow that a multiloop algebra based on
g, viewed as a Lie algebra over R,,, always admits a Cartan subalgebra (in the sense
of [SGA3]). We establish that the converse also holds.

Central to our work is the study of the canonical map

(1.4) He}t(Rn,Aut(g)) — Hét(Fn,Aut(g))

where F), stands for the iterated Laurent series field k((t1))...((¢,)). The Acyclicity
Theorem proved in §8 shows that the restriction of the canonical map (1.4) to the



subset Hy,,, (Rn, Aut(g)) C Hj(F,, Aut(g)) of classes of loop torsors is bijective.

This has strong applications to the classification of EALAs. Indeed H}, (Fn, Aut(g))
can be studied using Tits’ methods for algebraic groups over complete local fields.
In particular EALAs can be naturally attached Tits indices and diagrams, combi-
natorial root data and relative and absolute types. These are important invariants
which are extremely useful for classification purposes. Setting any applications aside,
and perhaps more importantly, we believe that the theory and methods that we are

putting forward display an intrinsic beauty, and show just how powerful the methods
developed in [SGA3] really are.

Acknowledgement The authors would like to thank M. Brion, V. Chernousov and
the referee for their valuable comments.

2 Generalities on the algebraic fundamental group,
torsors, and reductive group schemes

Throughout this section X will denote a scheme, and & a group scheme over X.

2.1 The fundamental group

Assume that X is connected and locally noetherian. Fix a geometric point a of X
i.e. a morphism a : Spec(2) — X where Q is an algebraically closed field.

Let X4 be the category of finite étale covers of X, and F' the covariant functor
from Xy to the category of finite sets given by

F(X') = {geometric points of X" above a}.
That is, F'(X’) consists of all morphisms a’ : Spec (2) — X’ for which the diagram

%l
/
Spec (2) —

commutes. The group of automorphism of the functor F' is called the algebraic fun-
damental group of X at a, and is denoted by (X, a). If X = Spec(R) is affine, then
a corresponds to a ring homomorphism R — €2 and we will denote the fundamental
group by m (R, a).

The functor F' is pro-representable: There exists a directed set I, objects (X;)ier
of X4, surjective morphisms ¢;; € Homg(X;,X;) for i« < j and geometric points

7



a; € F(X;) such that

(2.2) The canonical map f : lim Homyx(X;, X') = F(X') is bijective,

where the map f of (2.2) is as follows: Given ¢ : X; — X’ then f(¢) = F(¢)(a;). The
elements of m Homy (X;, X') appearing in (2.2) are by definition the morphisms in
the category of pro-objects over X (see [EGA TV] §8.13 for details). It is in this sense
that linmy Hom(X%,;, —) pro-represents F.

Since the X; are finite and étale over X the morphisms ¢;; are affine. Thus the

inverse limit
X% = llm %Z

exist in the category of schemes over X [EGA IV] §8.2. For any scheme X’ over X we
thus have a canonical map

def

(2.3) Homp,, x(X*,X') = m Homy(%;, X') ~ F(X') — Homg(X*°, X')

obtained by considering the canonical morphisms ¢; : X% — X,.

Proposition 2.1. Assume X is noetherian. Then F is represented by X°¢; that is,
there exists a bijection
F(X') ~ Homg (X%, X')

which is functorial on the objects X' of X 4.

Proof. Because the X; are affine over X and X is noetherian, each X; is noetherian; in
particular, quasicompact and quasiseparated. Thus, for X’/X locally of finite presen-
tation, in particular for X’ in Xy, the map (2.3) is bijective [EGA IV, prop 8.13.1].
The Proposition now follows from (2.2). O

Remark 2.2. The bijection of Proposition 2.1 could be thought along the same lines
as those of (2.2) by considering the “geometric point” a* € Jim F(X;) satisfying
a’¢+— q; for all i € I.

In computing X*¢ = m?ﬁ, we may replace (X;);e; by any cofinal family. This
allows us to assume that the X; are (connected) Galois, i.e. the X; are connected and
the (left) action of Autyx(X;) on F(X;) is transitive. We then have

F(%Z) ~ Hompm,x(%sc, %z) ~ Homx(%i, %1) = Autx(%l)



Thus m(X,a) can be identified with the group Jim Autx(X;)”. Each Autyx(X;) is
finite, and this endows 71 (X, a) with the structure of a profinite topological group.

The group (X, a) acts on the right on X*¢ as the inverse limit of the finite
groups Autyx(X;). Thus, the group m(X,a) acts on the left on each set F(X') =
Homp,,_x(X%¢,X’) for all X' € X;4. This action is continuous since the structure
morphism X’ — X “factors at the finite level”, i.e there exists a morphism X; — X’ of
X-schemes for some i € . If u : X’ — X" is a morphism of Xy, then the map F(u) :
F(X') — F(X") clearly commutes with the action of m(X,a). This construction
provides an equivalence between Xy and the category of finite sets equipped with a
continuous 7 (X, a)-action.

The right action of m(X,a) on X*¢ induces an action of m(X,a) on &(X*) =
Morx(X*¢, &), namely

Tf(z)=f(27) Vyem(X,a), [fe&XF), zeX*

Proposition 2.3. Assume X is noetherian and that & is locally of finite presentation
over X. Then &(X*°) is a discrete m (X, a)-module and the canonical map

lim H' (Autx(X;), 8(X;)) = H' (m(X, a), (X))

—
15 bijective.
Remark 2.4. Here and elsewhere when a profinite group A acts discretely on a
module M the corresponding cohomology H'(A, M) is the continuous cohomology as
defined in [Sel|. Similarly, if a group H acts in both A and M, then Hompy (A, M)

stands for the continuous group homomorphism of A into M that commute with the
action of H.

Proof. To show that &(X*°) is discrete amounts to showing that the stabilizer in
m(X,a) of a point of f € (’5(%“) is open. But if & is locally of finite presentation
then &(X*) = &(Jlim X;) &(X;) ([EGA IV] prop. 8.13.1), so we may assume

that f € QS( ;) for some i. The result is then clear, for the stabilizer we are after is

the inverse image under the continuous map m (X, a) — Autx(X;) of the stabilizer of

f in Autx(X;) (which is then open since Autx(X;) is given the discrete topology).
By definition

H' (m1 (X, 0), 6(%*)) = lim (X, )/U, &(x*)")

where the limit is taken over all open normal subgroups U of m(X,a). But for each

such U we can find U; C U so that U; = ker(m (X, a) — Autx( i))- Thus
H'(m1(X,a), 8(X*) = lim H'(Autx(X X))
as desired. O



Suppose now that our X is a geometrically connected k—scheme, where k is of
arbitrary characteristic. We will denote ¥ x; k by X. Fix a geometric point @ :
Spec(k) — X. Let a (resp. b) be the geometric points of X [resp. Spec(k)] given by
the composite maps a : Spec(k) = X — X [resp. b: Spec(k) % X — Spec(k)]. Then
by [SGAL, théoreme IX.6.1] m (Spec(k),b) ~ Gal(k) = Gal(k,/k) where k, is the

separable closure of k in k, and the sequence
(2.4) 1 = m(X,a) — m(%a) 2 Gal(k) — 1

1s exact.

2.2 Torsors

Recall that a (right) torsor over X under & (or simply a &-torsor if X is un-
derstood) is a scheme & over X equipped with a right action of & for which there
exists a faithfully flat morphism ) — X, locally of finite presentation, such that
€ xx Y > xxY = By, where Gy acts on itself by right translation.

A &—torsor € is locally trivial (resp. étale locally trivial) if it admits a trivialization
by an open Zariski (resp. étale) covering of X. If & is affine, flat and locally of
finite presentation over X, then &-torsors over X are classified by the pointed set of
cohomology H }pp f(%, ®) defined by means of cocycles a la Cech. If & is smooth, any
&-torsor is étale locally trivial (cf. [SGA3], Exp. XXIV), and their classes are then
measured by H},(X,®). In what follows the fppf-topology will be our default choice,
and we will for convenience denote H}pp s simply by H !, Given a base change ) — X,
we denote by H'(2)/%, ) the kernel of the base change map H'(X, &) — H' (), By).
As it is customary, and when no confusion is possible, we will denote in what follows
H'(Y), &y) simply by H'(, )

Recall that a torsor € over X under & is called isotrivial if it is trivialized by some
finite étale extension of X, that is,

[¢] e HY(X'/%,8) c H'(X,®)

for some X' in X;4. We denote by HJ (X, ®) the subset of H'(X,®) consisting of
classes of isotrivial torsors.

Proposition 2.5. Assume that X is noetherian and that & is locally of finite presen-
tation over X. Then

H.,(X,8) = ker (H'(X,8) —» H'(X*,®)).

180

10



Proof. Assume € is trivialized by X’ € Xy4. Since the connected components of X’
are also in %fét?’ there exists a morphism X; — X’ for some i € I. But then € xy X; =
ExXx X Xy X; = Bp Xy X; = By, so that € is trivialized by X;. The image of [¢] on
H'(X%,®) is thus trivial.

Conversely assume [€] € H'(X, &) vanishes under the base change X*¢ — X. Since
the X; are quasicompact and quasiseparated and & is locally of finite presentation, a
theorem of Grothendieck-Margaux [Mg] shows that the canonical map

lim H'(X;,8) - H'(X*, ®)

is bijective. Thus € xx X; >~ &y, for some 7 € [. O

2.3 An example: Laurent polynomials in characteristic 0

We look in detail at an example that is of central importance to this work, namely
the case when X = Spec (R,,) where R, = k[t{',... tF!] is the Laurent polynomial
ring in n—variables with coefficients on a field k of characteristic 0.

Fix once and for all a compatible set (&,,)m>o of primitive m-roots of unity in
k (ie. &, =¢,). Let {kx}aea be the set of finite Galois extensions of k which are
included in k. Let I'y = Gal(ky/k) and I' = Jim I'y. Then I' coincides with the

algebraic fundamental group of Spec (k) at the geometric point Spec (k).

Let € : R, — k be the evaluation map at ¢; = 1. The composite map R, — k < k
defines a geometric point a of X and a geometric point @ of X = Spec (R,) where
B — R[S, 2],

Let I be the subset of A X Z-( consisting of all pairs (A, m) for which k, contains
&m- Make I into a directed set by declaring that (A, ¢) < (u,n) <= ky C k, and /|n.

Each L1

R, =kti™,. . ta™]
is a Galois extension of R,, with Ga101s group Lyx = (Z/mZ)™ x Ty as follows: For

e=(eq,...,e,) € Z" we have et'” =& t'” where ~ : Z"™ — (Z/mZ)™ is the canonical
map, and the group I'y acts naturally on anm through its action on k). It is immediate

3There exists a finite Galois connected covering § — X such that § xx ¥’ 2 FU---UF (r times).
If we decompose X' =9); U --- U9Q),, into its connected components we have

X F=D1 xxFU- UV xxF=FL---UF.

It follows that each 9); xx § is a disjoint union of copies of §, hence ¥); Xz § is finite étale over §
for i = 1,..,m. Then each 9); is étale over X by proposition 17.7.4.vi of [EGA IV]. By descent, each
9); is finite over X [EGA IV, prop. 2.7.1 xv], so each 2);/X is finite étale.

11



from the definition that for v € I'y we have yey™! : tj% > ('ij)eftj%. Thus if 7¢; = ijj
then yey™! = € where € = (fieq,... fuen).

If (X, ¢) < (p,n) we have a canonical inclusion R), C Rl . Fori = (\{) eI
we let X; = Spec (RQ,Z). The above gives morphisms ¢;; : X; — X; of X-schemes
whenever i < j.

We have [GP3]
X*¢ =Jim X; = Spec(lim X;)
= Spec (Rp.00)
where R, o = li_m}ﬁn’m with R, = E[tf%, . ,tf%]. Thus
(2.5) (X, a) = im [y = Z(1)" x Gal (k).

where Z(l) denotes the abstract group Z = lim . (k) equipped with the natural
action of the absolute Galois group Gal(k) = Gal(k/k).

Remark 2.6. Consider the affine k—group scheme . = Jim p,,. It corresponds to

the Hopf algebra
. . klt]
kloop] = limy Klp,,,] = lim T

Then we have ,u(k) ~ Z and sopt(k) is equipped with a (canonical) structure of
profinite Gal(k)-module.

Remark 2.7. Let the notation be that of Example 2.3. Since Z" is the character
group of the the torus G7, ,, we have an automorphism GL,(Z) ~ Aut,, (Gp;*)®.
This defines a left action GL,(Z) on R, and a right action of GL,(Z) on the torus
G}, ;- Furthermore, by universal nonsense, this action extends uniquely to the simply
connected covering R, o, at the geometric point @. The extended action on the torus
Spec(R,,,) with character group (--Z)" is given by the extension of the action of
GL,(Z) from Z" to (=Z)" inside Q™. The group GL,(Z) acts (on the right) on
m(R,), so we can consider the semidirect product of groups GL,,(Z) x 7 (R,) which
acts then on R, o, (see §8.4 for details).

By taking the action of GL,(Z) on R, described in Remark 2.7 we can twist
the R,~module R, by an element g € GL,(Z). We denote the resulting twisted
R, ~algebra by RY.*

4The multiplication on the R,-algebras RY and R, coincide. It is the action of R, that is
different. See §4.1 for details.
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Lemma 2.8. Let S be a connected finite étale cover of R,,. Let L C S be the integral
closure of k in S. Then there exists g € GL,(Z), a1, ...,a, € L™ and positive integers
dy,...,d, such that dy | dy--- | d, and

S ®p, R ~p, ay (R, Qx L) [ WVarty, -, % ’—antn].
In particular, S is k—isomorphic to R, ®j L and Pic(S) = 0.

Proof. Note that RY and R, have the same units. For convenience in what follows
we will for simplicity denote (R,)? by Rf, (R,.m)? by R, and S ®g, R by SY.

By Galois theory there exists a finite Galois extension k’'/k and a positive inte-
ger m such that j,,(k) C k¥ and S ~g (Rpum @i k') where H is a subgroup of
Gal(Ry, . ® k' /Ry) = po, (K)" x Gal(k'/k). Hence S is geometrically connected and
S is a finite étale cover of R, ®; L. We can assume without loss of generality that
k = L. To say that L = k is to say that the map H — Gal(k'/k) is onto. We consider
the following commutative diagram

1 — p,,(K)"NH — H — Gal(k'/k) — 1

| | H

1 —— o, ()" —— Gal(Ry, @ K /Ry) —— Gal(k'/k) —— 1.

Note that the action Gal(k’/k) on u,, (k)" normalizes u,, (k)" N H. Hence p (K')NH
is the group of k’~points of a split k—group v of multiplicative type. By considering
the corresponding characters groups, we get a surjective homomorphism (Z/mZ)" =
pt — U of finite abelian groups. An element g € GL,(Z) C Auty(R,) transforms
the diagram above to yield

1 — v{kE) — H — Gal(k'/k) — 1

I

1 — p,, (K" —— Gal(R,., ® K'/R,) —— Gal(k'/k) —— 1.
e g I

I —— p, ()" —— Gal(R?,, @ K/R]) —— Gal(k'/k) —— 1.

I

1 — k) — HY — Gal(k'/k) — 1

The action of GL,(Z) on (Z/mZ)" = u@ is the left action provided by the homo-
morphism GL,(Z) — GL,(Z/mZ). By elementary facts about generators of finite
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abelian groups there exists ¢ € GL,(Z) and positive integers dy, ...,d, such that
dy | dy---|d, | m for which the following holds

(Z)mZ)" = pn.  —— v

| |

(Z)mZ)" = pr.  —— Z)(m/d)Z® ---7/(m/d,)Z.

This base change leads to the following commutative diagram

Loy, (K) X X g (K) —— HY — Gal(k'/k) ——

| l H

1 — P (K7)" —— Gal(RY,, @ k'/RY) —— Gal(k' /k) —

We claim that SY is equipped with an RJ-torsor structure under p := pg X ---py .
The diagram above provides a bijection

Gal(R} , @ K/ 1Y)/ H — p(k),

hence a map  : Gal(Rj ,,, @ k'/R}) — w(k’) which is a cocycle for the standard
action of Gal(Ry,, @ k'/R%) on (k') as we now check. We shall use the following
two facts

(I) ¢ is right HY9—invariant;
(IT) the restriction of 9 to p,, (k)" is a morphism of Gal(k’/k)-modules.

We are given 71,7, € Gal(RY,, @ k'/Rg). Since 9H surjects onto Gal(k'/k), we can
write v; = a;h; with o; € ., (K')" and h; € HY for i = 1,2. We have

1hyao hz)
a1 hl OéQh hth)

Y(ny) = Y
U(
= Ylanhraghi’) by ()]
U
U(
U

Oz) (hlaghll) [b
@1)h1¢() o

Denote by S the p—torsor over RY defined by ), that is

S = {l‘ € Rﬁ,m Rk 54 | w('y) 7(1‘) =x VvyE€ Ga](RgL,m O k//RgL) }

14
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Since 1 is trivial over HY, we have S C S9. But S and S9 are both finite étale
coverings of RY of degree | u(k') |, hence S = S9. Since Pic(RY) = 0, we can use
Kummer theory (see [M] III 4.10), namely the isomorphism

H' (RS, p) = [[ H'(RGms)~ [ RS/ (RS,

Jj=1,..,n 7j=1,...,n

for determining the structure of S. Since RI™ = k* xZ", there exist scalars ay, ..., a, €
k* and monomials 1, ..., z,, in the ¢; such that the class of S/RY in H'(R,, p) is given
by (aj 1, -+, apxy,). In terms of covering, this means that S = k;[ WarTy, dm].
Extending scalars to k', we have

§®k k= (sz,m O k,/)u(k/) _ kl[ dy e d%]

d

From this it follows that z; = t; mod ((RY ®, k’)X)di and z; = t; mod (RY*)™. We

conclude that S = k[ WVaqty, -, d{yantn}. O

2.4 Reductive group schemes: Irreducibility and isotropy

The notation that we are going to use throughout the paper deserves some com-
ments. We will tend to use boldface characters, such as G, for algebraic groups over k,
as also for group schemes over X that are obtained from groups over k. A quintessen-
tial example is Gy = G X X. For arbitrary group schemes, or more generally group
functors, over X we shall tend to use german characters, such as . This duality of
notation will be particularly useful when dealing with twisted forms over X of groups
that come from k.

The concept of reductive group scheme over X and all related terminology is that
of [SGA3|.5

For convenience we now recall and introduce some concepts and notation attached
to a reductive group scheme $) over X. We denote by rad()) (resp. corad($))) its
radical (resp. coradical) torus, that is its maximal central subtorus (resp. its maximal
toral quotient) of § [XII.1.3].

We say that a ) is reducible if it admits a proper parabolic subgroup 33 such that
B contains a Levi subgroup £ (see XXVI).% The opposite notion is irreducible. If X
is affine, the notion of reducibility for § is equivalent to the existence of a proper
parabolic subgroup P (XXVI.2.3), so there is no ambiguity with the terminology of
[CGP] and [GP2].

>The references to [SGA3] are so prevalent that they will henceforth be given by simply listing
the Exposé number. Thus XII. 1.3, for example, refers to section 1.3 of Exposé XII of [SGA3].

6The concept of proper parabolic subgroup is not defined in [SGA3]. By proper we mean that
Ps is a proper subgroup of & for all geometric points T of X.
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By extension, if an affine group & over X acts on §), we say that the action is
reducible if it normalizes a couple (3, £) where 9 is a proper parabolic subgroup of
$H and £ a Levi subgroup of 3. The action is otherwise called irreducible.

We say that $) over is isotropic if §) admits a subgroup isomorphic to G,,, x. The
opposite notion is anisotropic.

If the base scheme X is semi-local and connected (resp. normal), one can show that

$ is anisotropic if and only if §) is irreducible and the torus rad($)) (or equivalently
corad($))) is anisotropic (XXVI.2.3, resp. [Gid]).

Similarly we say that the action of & on § is isotropic if it centralizes a split
subtorus ¥ of $ with the property that all geometric fibers of ¥ are non-trivial.
Otherwise the action is anisotropic. One checks that this is the case if and only
if the action of & on ) is irreducible and the action of & on the torus rad($)) (or
equivalently to corad($))) is anisotropic.

3 Loop, finite and toral torsors

Throughout this section k will denote a field of arbitrary characteristic, X a ge-
ometrically connected noetherian scheme over k, and X% = @ X, its simply con-
nected cover as described in §2.1. Let G a group scheme over k which is locally of
finite presentation. We will maintain the notation of the previous section, and assume
that Q = k. Consider the fundamental exact sequence (2.4). The geometric point a

corresponds to a point of X(k).

3.1 Loop torsors

Because of (2.1), the geometric points a; : Spec (k) — X; induce a geometric

point a*¢ : Spec (k) — lim X; = X*¢. We thus have a group homomorphism

(3.1) G(k,) — G(F) Y Gx=).

The group m (X, a) acts on kg, hence on G(k;), via the group homomorphism
m(X,a) — Gal (k) of (2.4). This action is continuous, and together with (3.1) yields
a map

H'(m(X,a),G(ky)) = H' (71 (X, a), G(X*)),
where we remind the reader that these H' are defined in the “continuous” sense (see
Remark 2.4). On the other hand, by Proposition 2.3 and basic properties of torsors
trivialized by Galois extensions, we have

H'(m(X,0), G(X*)) = lim H'(Autx(%:), G(%:))
=lim H'(X;/X,G) C H'(X,G).
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By means of the foregoing observations we make the following.

Definition 3.1. A torsor € over X under G is called a loop torsor if its isomorphism
class [€] in H'(X, G) belongs to the image of the composite map

(3.2) H'(m(X,a),G(ky)) = H'(m1(X,a), G(X*)) C H'(X,G).

We will denote by Hy,,, (X, G) the subset of H'(X, G) consisting of classes of loop
torsors. They are given by (continuous) cocycles in the image of the natural map
Z'(m (%X, a), G(ks)) = Z'(X, G), which we call loop cocycles.

Examples 3.2. (a) If X = Spec (k) then H},
cohomology of k with coefficients in G.

(b) Assume that k is separably closed. Then the action of m1(X,a) on G(ks) is
trivial, so that

(X, G) is nothing but the usual Galois

H'(m (X, a),G(ks)) = Hom (m (X, a), G(ky))/Int G(k,)

where the group Int G(k;) of inner automorphisms of G(ks) acts naturally on

Hom (71 (X, a), G(ks)). To be precise, Int(g)(¢) :  — g '¢(z)g for all g € G(k,),

¢ € Hom (m1(%,a), G(k,)) and x € m(X,a). Two particular cases are important:
(b1) G abelian: In this case H'(m (X, a), G(k,)) is just the group of continuous

homomorphisms from 7 (X, a) to G(ks;).

(b2) 1 (X, a) = Z" : In this case H' (m1(X,a), G(k,)) is the set of conjugacy classes
of n—tuples o0 = (01, ..., 0,) of commuting elements of finite order of G(k;). That the

elements are of finite order follows from the continuity assumption.

(c) Let X = Spec (k[t*!]) with k algebraically closed of characteristic 0. If G is a
connected linear algebraic group over k then H'(X, G) = 1 ([P1, prop. 5]). We see
from (b2) above that the canonical map

H'(m(X,a),G(k,)) — H'(X,G)

of (3.2) need not be injective. It need not be surjective either (take X = P} and
(; — (;nuk>-

(d) If the canonical map G(ks) — G(X*°) is bijective, e.g. if X is a geometrically
integral projective variety over k (i.e. a geometrically integral closed subscheme of
P} for some n,) then H} (X,G) = H'(m (X, a), G(k,)).

loop

Remark 3.3. The notion of loop torsor behaves well under twisting by a Galois
cocycle z € Z'( Gal(k), G(k,)). Indeed the torsion map 7, : H'(X,G) — H'(X,.G)
maps loop classes to loop classes.
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3.2 Loop reductive groups

Let $ be a reductive group scheme over X. Since X is connected, for all x € X
the geometric fibers $z are reductive group schemes of the same “type” (see [SGA3,
XXII.2.3]. By Demazure’s theorem there exists a unique split reductive group Hy
over k such that § is a twisted form (in the étale topology of X) of £, = Hy % X.
We will call Hy the Chevalley k—form of $. The X-group $ corresponds to a torsor
¢ over X under the group scheme Aut($)), namely & = Isomygop (9o, $). We recall
that Aut($)g) is representable by a smooth and separated group scheme over X by
XXII 2.3. By definition § is then the contracted product & AAUt(%) &4 (see [DG] II1
§4 1n°3 for details.)

We now define one of the central concepts of our work.

Definition 3.4. We say that a group scheme $) over X is loop reductive if it is
reductive and if & is a loop torsor.

We look more closely to the affine case X = Spec(R). Concretely, let Hy =
Spec(k[Hp]) be a split reductive k—group and consider the corresponding R-group
$o = Hy X R, whose Hopf algebra is R[$),] = k[Hy| Q4 R.

Let $ be an R—group which is a twisted form of ), trivialized by the universal
covering R*°. Then to a trivialization £y Xz R°° = $ X r R, we can attach a cocycle
u € Z'(m (R, a), Aut($)(R*)) from which $ can be recovered by Galois descent as
we now explain in the form of a Remark for future reference.

Remark 3.5. There are two possible conventions as to the meaning of the cocycles
u of Z'(m1 (R, a), Aut($o)(R*¢)). On the one hand $)y can be thought of as the affine
scheme Spec(R[$o]), Aut($o)(R*“) as the (abstract) group of automorphisms of the
R*“—group Spec(R*“[$)y]) where R*[§)0] = R[$o] ®r R*, and 71 (X, a) as the opposite
group of automorphisms of Spec(R*¢)/ Spec(R) acting naturally on Aut($),)(R*).

We will adopt an (anti) equivalent second point of view that is much more con-
venient for our calculations. We view Aut($)o)(R*) as the group of automorphisms
of the R**~Hopf algebra R*[Hy| = R[$)o] ®r R*® ~ k[H,| ®; R*® on which the Galois
group 7 (R, a) acts naturally. Then the R—Hopf algebra R[$)] corresponding to ) is
given by

R[®] = {z € R*[Hy| : u,"z = a for all v € m(R,a)}.

To say then that §) is k-loop reductive is to say that u can be chosen so that u, €

Aut(Hy)(k) C Aut(Hy)(R*) = Aut($)(R*) for all v € m (R, a).

3.3 Loop torsors at a rational base point

If our geometric point a lies above a k-rational point z of X, then x corresponds
to a section of the structure morphism X — Spec(k) which maps b to a. This yields
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a group homomorphism x* : Gal(k) — (X, a) that splits the sequence (2.4) above.
This splitting defines an action of Gal(k) on the profinite group m;(X,a), hence a
semidirect product identification

(3.3) (X, a) ~ m (X, a) x Gal(k).
We have seen an example of (3.3) in Example 2.3.

Remark 3.6. By the structure of extensions of profinite groups [RZ, §6.8], it follows
that m (X, @) is the projective limit of a system (H, x Gal(k)) where the H,’s are
finite groups. The Galois action on each H, defines a twisted finite constant k—group

v,. We define
V= @va.

«

The v, are affine k—groups such that

v(k) = Jim v, (F) = m(X.a).

Note that v(ks) = v(k). In the case when X = Spec(R,), where as before R, =
k[t ...t with k of characteristic zero and a is the geometric point described in
Example 2.3, the above construction yields the affine k—group ,p defined in Remark
2.6.

By means of the decomposition (3.3) we can think of loop torsors as being com-
prised of a geometric and an arithmetic part, as we now explain.

Let n € Z'(m (X, a), G(k,)). The restriction nca) is called the arithmetic part of
n and its denoted by n°". It is easily seen that n*" is in fact a cocycle in Z'( Gal(k), G(k)).
If n is fixed in our discussion, we will at times denote the cocycle n*" by the more
traditional notation z. In particular, for s € Gal(k) we write z, instead of n?".

Next we consider the restriction of i to 71 (X, @) that we denote by 79%° and called
the geometric part of n.

We thus have a map

O : ZY(m(X,a),G(ks)) —— Z'(Gal(k), G(k,)) x Hom (m1(X,a), G(ks))
n — ( ,’7(17" 7 ngeo )

The group Gal(k) acts on m(X,@) by conjugation. On G(k,), the Galois group
Gal(k) acts on two different ways. There is the natural action arising for the action
of Gal(k) on kg that as customary we will denote by ®g, and there is also the twisted
action given by the cocycle % = z. Following Serre we denote this last by *g. Thus
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g = 2,°g2z,"". Following standard practice to view the abstract group G(k,) as a
Gal(k)-module with the twisted action by z we write .G (k).
For s € Gal(k) and h € m (X, a), we have

o = Nsps—t = 0" (Mhs-1) [n is a cocycle]
= % "y s =1 =z
= 2 ‘(] ze1) [n is a cocycle and h acts trivially on G (k)]
e S |

This shows that 75 : m(X,@) — .G(k,) commutes with the action of Gal(k). In
other words, 9°° € Homea) (m1(X, ), .G(ks)).

Lemma 3.7. The map © defines a bijection between Z* (w1 (X, a), G(ks)) and couples
(z,n9¢°) with z € Z* (7?1(%, a), G(l{;s)) and n9*° € Homga (71'1(?, a), zG(k;s)).

Proof. Since a 1-cocycle is determined by its image on generators, the map © is
injective. For the surjectivity, assume we are given z € Z!(m(X,a),G(k,)) and
n9¢° € Homga(k) (Wl(f, E),ZG(/’{;S)). We define then 7 : m(X,a) — G(ks) by nps =
n7°° z, This map is continuous, its restriction to 7 (X, @) (resp. Gal(k) ) is 79 (resp.
z). Finally, since 7 is a section of the projection map G (ks) x m (X, a) — m (X, a), it
is a cocycle. O

We finish this section by recalling some basic properties of the twisting bijection.
Let n € Z'(mi (X, a), G(k,)) and consider its corresponding pair ©(n) = (z,79°°). We
can apply the same construction to the twisted k—group ,G. This leads to a map O,
that attaches to a cocycle ' € Z(m(X,a), .G(ks)) a pair (2,n®*®) along the lines
explained above. Note that by Lemma 3.7 the pair (1,7%%°) is in the image of O..
More precisely.

Lemma 3.8. Let n € Z'(m(X,a), G(k,)). With the above notation, the inverse of
the twisting map [Sel]

' ZN(m (X, a), G(ky)) = Z'(m(X,a), .G(ky))
satisfies ©, o 7, 1(n) = (1,75%°).

Remark 3.9. Consider the special case when the semi-direct product is direct, i.e.
m(X,a) = m(X,a) x Gal(k). In other words, the affine k—group v defined above is

constant so that

geo s _geo _—1
nh = Zs nh Zs
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for all h € m (X, @) and s € Gal(k). The torsion map
.t ZN(m(Xa), G(ky)) = Z' (m (X, @), .G(ks))
maps the cocycle 7 to the homomorphism 7% : 7 (X, @) — .G(k,).
We give now one more reason to call 79 the geometric part of 7.

Lemma 3.10. Let v be the affine k—group scheme defined in Remark 3.6. Then for
each linear algebraic k—group H, there is a natural bijection

Homy,_, (v, H) = Homga (m1(X, ), H(k,)).

Proof. First we recall that Homga ) (71 (X, @), H(k)) stands for the continuous ho-

momorphisms from 7, (X, @) to H(k,) that commute with the action of Gal(k).
Write v = @va as an inverse limit of twisted constant finite k—groups. Since H
and the v, are of finite presentation we have by applying [SGA3] VIg 10.4 that

Homy_g, (v, H) = lim Homy,_ g, (v, H)

= liﬂI—IOInGal(k) (Voz(k:s)a H(ks)) = HomGal(k) (7T1 (%7 a)a H(ks)) .
U

This permits to see purely geometric k—loop torsors in terms of homomorphisms
of affine k—group schemes.

3.4 Finite torsors

Throughout this section we assume that G is a smooth affine k—group, and X a
scheme over k. Let Gy = G X, X be the X—group obtained from G by base change.
Following our convention a torsor over X under G means under Gy, and we write

HY(X,G) instead of H(X, Gy).

Definition 3.11. A torsor € over X under G is said to be finite if it admits a
reduction to a finite k—subgroup S of G; this is to say, the class of € belongs to the
image of the natural map H'(X,S) — H'(X, G) for some finite subgroup S of G.

We denote by Hy,...(X, G) the subset of H'(X, G) consisting of classes of finite
torsors, that is
Hiio(%,G) == | Im(H'(%,8) - H'(X,G)).
ScG
where S runs over all finite k—subgroups of G.

The case when k is of characteristic 0 is well known.
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Lemma 3.12. Assume that k is of characteristic 0. Then H}Z-mte(% G) C H},,,(%X,G).
If in addition k is algebraically closed, then H .. (X, G) = H},, (X, G).

Proof. Let S be a finite subgroup of the k—group G. Since k is of characteristic 0 the
group S is étale. Thus S corresponds to a finite abstract group S together with a
continuous action of Gal(k) by group automorphisms. More precisely (see [SGA1] or
[K] pg.184) S = S(k) with the natural action of Gal(k). Similarly the étale X-group
Sx corresponds to S with the action of 7 (X, a) induced from the homomorphism
m (X, a) — Gal(k).

By Exp. XI of [SGA1] we have

(3.4) H'(%,8) & H'Y(X,Sz) = H' (m(X,a),5) = H'(m (X, a),S(k))

which shows that H'(X,S) C H,,,,(X,G).

If k is algebraically closed any k-loop torsor € is given by a continuous group
homomorphism fg @ m(X,a) — G(k), as explained in Example 3.2(b). Then the
image of f¢ is a finite subgroup of G(k) which gives rise to a finite (constant) algebraic
subgroup S of G. By construction [€] comes from H'(X,S). O]

3.5 Toral torsors

Let k£, G and X be as in the previous section. Given a torsor € over X under Gy
we can consider the twisted X-group ¢Gx = & A®* G. Since no confusion will arise
we will denote ¢ Gy simply by ¢G. We say that our torsor € is toral if the twisted X—
group ¢G admits a maximal torus (XII.1.3). We denote by H. (X,G) Cc H'(X,G)
the set of classes of toral torsors.

We recall the following useful result.

Lemma 3.13. 1. Let T be a maximal torus of G.” Then

L,y (%, G) = Im(H' (X, Na(T)) - H'(X,G)).

2. Letl - S = G & G — 1 be a central extension of G by a k—group S of
multiplicative type. Then the diagram

H. (X,G) c H'(X,G)

toral

p*l p*l

H. (X,G) ¢ H'X,G)

toral

"We remind the reader that we are abiding by [SGA3] conventions and terminology. In the
expression “maximal torus of G ” we view G as a k—group, namely a group scheme over Spec(k).
In particular T is a k-group...
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18 cartesian.

Proof. (1) is established in [CGR2, 3.1].

(2) Consider first the case when S is the reductive center of G’, We are given an X~
torsor & under G’ and consider the surjective morphism of X—group schemes ¢ G’ —
¢ G whose kernel is S x; X. By XII 4.7 there is a natural one-to-one correspondence
between maximal tori of the X-groups ¢ G’ and ¢ G. Hence ¢ is a toral G'-torsor
if and only if & AGx Gy is a toral G-torsor. The general case follows form the fact
that G'/Z' ~ G/Z where Z' (resp. Z) is the reductive center of G. O

In an important case the property of a torsor being toral is of infinitesimal nature.

Lemma 3.14. Assume that G is semisimple of adjoint type. For a X—torsor & under
& the following conditions are equivalent:

1. € is toral.
2. The Lie algebra Lie(¢G) admits a Cartan subalgebra.

Proof. By XIV théoremes 3.9 and 3.18 there exists a natural one-to-one correspon-
dence between the maximal tori of ¢G and Cartan subalgebras of Lie(¢G). O

Recall the following result [CGR2].

Theorem 3.15. Let R be a commutative ring and G a smooth affine group scheme
over R whose connected component of the identity G° is reductive. Assume further
that one of the following holds:

(a) R is an algebraically closed field, or

(b)) R = Z, G° is a Chevalley group, and the order of the Weyl group of the
geometric fiber Gg is independent of s € Spec(Z), or

(¢) R is a semilocal ring, G is connected, and the radical torus rad(G) is isotrivial.
Then there exist a mazimal torus T of G, and a finite R—subgroup S C Ng(T), such
that

1. S is an extension of a finite twisted constant R—group by a finite R—group of
multiplicative type,

2. the natural map H}, (X,8) — Hj, (X,Ng(T)) is surjective for any R-
scheme X satisfying the condition:

(3.5) Pic(X') = 0 for every generalized Galois cover X'/ %,

where by a generalized Galois cover X' — X we understand a I'—torsor for some
twisted finite constant X—group scheme T'. U
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Corollary 3.16. Let G be a linear algebraic k—group whose connected component of
the identity G° is reductive. Assume that one of the following holds:

(i) k is algebraically closed;

(i) G is obtained by base change from a smooth affine Z—group satisfying the
hypothesis of Theorem 3.15(b);

(iii) G is reductive.
If the k—scheme X satisfies condition (3.5), then

1. H}

toral

(%7 G) - H}inite('%? G)
2. 1If furthermore char(k) = 0, we have H}

toral

(x7 G) C H}im‘te(%7 G) - Hll

oop

(X,G).

The first statement is immediate. The second one follows from Lemma 3.12. O

4 Semilinear considerations

Throughout this section & will denote an object of k—alg. We will denote by I'
a subgroup of the group Auty_q4(k). The elements of I' are thus k-linear automor-
phisms of the ring k. For convenience we will denote the action of an element v € I’

on an element A € k by 7\,

4.1 Semilinear morphisms

Given an object R of k-alg (the category of associative unital commutative k—
algebras), we will denote the action of and element A\ € k on an element r € R by
AR - 1, or simply Ag7 or Ar if no confusion is possible.

Given an element v € T, we denote by R the object of k-alg which coincides
with R as a ring, but where the k-module structure is now obtained by “twisting ”
by 7 :

)\Rw T = (WA)R'T

One verifies immediately that
(4.1) (R =R

for all v,7 € T'. It is important to emphasize that (4.1) is an equality and not a
canonical identification.

Given a morphism ¢ : A — R of k—algebras and an element v € T’ we can view
as a map ¢, : A7 — R” (recall that A = A” and R = R as rings, hence also as sets).
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It is immediate to verify that 1), is also a morphism of k—algebras. By (4.1) we have

(w’y)’r = w'yr for all v, T € T.
The map ¢ — 1), gives a natural correspondence

(4.2) Homy_,,,(A, R) — Homy,_,, (A", R7).

In view of (4.1) we have also a natural (and equivalent) correspondence

1

(4.3) Hom;halg(A, R) — Hom,;falg(A“/i ,R).
that we record for future use.

Remark 4.1. (i) Let 7,0 € I'. It is clear from the definitions that the k-algebra
isomorphism ~ : k& — k induces a k-algebra isomorphism 7, : k% — k7. If no
confusion is possible we will denote ~, simply by 7.

One checks that the k-algebras (R ®y k)? and R ®y k7 are equal (recall that both
algebras have R ®j k as underlying sets). We thus have a k— algebra isomorphism

1®7: Rk — R k"= (RQE),
or more generally
1®7,  ROpk? = R, k7 = (RQ k)

(i) If A is an object k-alg, and v € T, then the k-algebras A and A" have the same

ideals.

Given a k—functor X, that is a functor from the category k—alg to the category of
sets (see [DG] for details), and an element v € T" we can define a new the k—functor
"X by setting

(4.4) "X(R) = X(R")
and "X(¢) = X(¢,) where ¢ : R — S is as above. The diagram

X'(R) —— X(R)

736(w)l x(ww)l

"%(R) —— "%(R)

then commutes by definition, and one can indeed easily verify that 7X is a k—functor.
We call "X the twist of X by 7.
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Similarly to the case of k-algebras described in (4.1) we have the equality of
functors

(4.5) (xX)="%
for all v, 7 €T

A morphism f : X’ — X induces a morphism 7f : "X’ — 7X by setting 7 f(R) =
f(RY). We thus have the commutative diagram

(R 25 (R

TX(R) 5 OX(R)
This gives a natural bijection

(4.6) Hom;_;,, (X, X) — Hom;_,,,,("X',7X)

given by f ~— 7f. This correspondence is compatible with the action of I', this is
7("f) = 77 f. As before we will for future use explicitly write down an equivalent
version of this last bijection, namely

(47) Homfcffun (771%/7 %) - Homlgffun(xlv ’y%)

4.2 Semilinear morphisms

A k—functor morphism f : "X — 3 is called a semilinear morphism of type ~ from
X to 3. We denoted the set of such morphisms by Hom., (X, 3), and set Homp (X, 3) =
Uyer Hom, (X, 3).® These are the I'—semilinear morphisms from X to 3.

If f:7X— 9 and g : ") — 3 are semilinear of type 7 and 7 respectively, then
the map gf : 77X — 3 defined by (¢f)(R) = g(R) o f(R") according to the sequence

(4.8) “x(R) = "%(R")"E 9(r") = (R) Y 3(R)

is semilinear of type 7.

The above considerations give the set Autp(X) of invertible elements of Homp (X, X)
a group structure whose elements are called I'-semilinear automorphisms of X. There
is a group homomorphism ¢ : Autp(X) — I' that assigns to a semilinear automorphism
of X its type.

8The alert reader may question whether the “type” is well defined. Indeed it may happen that
7% and X are the same k-functor even though v # 1. This ambiguity can be formally resolved by
defining semilinear morphism of type ~ as pairs (f : YX — 3,7). We will omit this complication of
notation in what follows since no confusion will be possible within our context. Note that the union
of sets Uyer Hom, (X, 3) is thus disjoint by definition.
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Remark 4.2. Fix a k-functor ). Recall that the category of k-functors over 2
consists of k—functors X equipped with a structure morphism X — %). This category
admits fiber products: Given f; : X1 — 2) and fy : Xy — ) then X; xy X, is given
by
(X1 X9 X2)(R) = {(21,72) € X1(R) x X(R) : f1(R)(21) = fa(R)(x2)}.

Semilinearity extends to fiber products under the right conditions. Suppose f; :
X1 = Q) and fy, : X9 — ) are as above, and that the action of I' in X; and ¥)
is compatible in the obvious way. Then for each v € I" the “structure morphisms”
Vfi 0 7X; — 79) defined above can be seen to verify

(49) q/(}:1 XQJ %2) = 7961 XW{D ﬂ/xg

for all v € T.

4.3 Case of affine schemes
Assume that X is affine, that is X = Sp;A = Homy_,, (A, —). If v € T then

(4.10) X = SpAT
as can be seen from (4.3). In particular 7X is also affine. Our next step is to show
that semilinear twists of schemes are also schemes.

Assume that ) is an open subfunctor of X. We claim that 7%) is an open subfunctor
of 7X. We must show that for all affine functor Sp; A and all morphism f : Sp;A — X
there exists an ideal I of A such that f~1(7Q)) = D(I) where

D(I)(R) ={a € Hom(A, R) : Rf(I) = R}.

Let us for convenience denote Sp; A by X', and v~ by +’. Our morphism f induces
a morphism 7' f : VX’ — X by the considerations described above. Because 2) is
open in ¥ and VX = SPj_a, A7 is affine there exists and ideal I of A” such that

(" f)~1(2) = D(I). Applying this to the k-algebra R” we obtain

(A1) VSRR = {a € Homy_, (A7, B)): Ra(l) = B},

On the other hand 7 f(RY)™" = f(R)™! and Y(R") = "Y(R). Finally in the right
hand side of (4.11) we have Hom,;_alg(Avl,RV) = Homy_,,(A, R) and R'a(I) = R?
if and only if Ra(I) = R. Since I is also an ideal of the k-algebra A this completes
the proof that 79) is an open subfunctor of 7X.

If X is local then so is "X. Indeed, given a k-algebra R and and element f € R
then f can naturally be viewed as an element of RY (since R and R" coincide as
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rings), and it is immediate to verify that (Ry)? = (R”);. Using that it is then clear
that the sequence

(4.12) "X(R) = "X(Ry,) = "X(Ry,y,)

is exact whenever 1 = f; +--- + f,.

Since R is a field if and only if R is a field it is clear that if X is covered by a
family of open subfunctors ();)ics, then 7X is covered by the open subfunctors 7%);.
From this it follows that if X is a scheme then so is "X.

Remark 4.3. Let X is a k scheme defined along traditional lines (and not as a
special type of /%ffunctor), and let X also denote the restriction to the category of
affine k-schemes of the functor of points of X. If we define (again along traditional
lines) "X = X Xg, o) Spec(k?™"), then it can be shown that the functor of points of

7X (restricted to the category of affine /Efschemes) coincides with the twist by v of X
that we have defined.

Remark 4.4. We look in detail at the case when our k-scheme is an affine group
scheme . Thus & = Sp;k[®] for some k-Hopf algebra k[®] (see [DG] II §1 for
details).

Let € : k[®] — k denote the counit map. As k-modules we have k[&] = k @ I
where g 1s the kernel of eg. Let v € I'. As explained in (4.10) we have "6 =
Sp;k[®]" " = Hom; alg(k;[Qi]V —). We leave it to the reader to verify that €., : yoeg.

As an abelian group /s = I,,, but in this last the action of k is obtained through the
action of k in k[&]".

Next we make some relevant observations about Lie algebras from a functorial
point of view ([DG] II §4). Recall that the group functor Lie(®) attaches to an
object R in k-alg the kernel of the group homomorphism &(R[e]) — &(R) where
Rle] is the l;;falgebra of dual numbers of R, and the group homomorphism comes
from the functorial nature of & applied to the morphism R[e] — R in l;:—alg that
maps € — 0. By definition Lie(®) = Lie(®)(k). In particular Lie(&) C &(k[e]) =
Homl;_alg(l;:[@], k[e]). Every element z € Lie(®) is given by

(4.13) x:am ep(a) +dz(a)e

with &, € Derj(k[®], k) where k is viewed as a k[&]-module via the counit map of
®. In what follows we write z = €s + d,6. The map x + d, is in fact a k-module
isomorphism Lie(®) ~ Der;(k[®], k). In particular if A\ € k then \z € Lie(®) is such
that (5)\;,3 = )\5

Similar Con51derat10ns apply to the affine k-group "®. We have Lie(” Q5) =
Der; (k[®]7 ', k). Note that if y € Lie("®) corresponds to 6, € Dery(k[&]" k),
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then under the action of k on Lie(?®) the element Ay corresponds to the derivation
A6, and not to (YA)é,: The “y part” is taken into consideration already by the fact
that y € Lie("®) and that §, € Derg(k[&]" ", k).

4.4 Group functors

Let from now on & denote a k-group functor. If §) is a subgroup functor of & we
let

Auty(6,9) = { f € Aut,(®) | 75 = 17(9) }.
It is easy to verify then that Autp(®, $) = U,erAut, (&, 9) is a subgroup of Autp ().

Proposition 4.5. Let II; , & be the Weil restriction of & to k (which we view as a
k—group functor). There exists a canonical group homomorphism

T Autr(®) — Aut(ll; ,8).

Proof. As observed in Remark 4.1 the map 7 : k— k7 is an isomorphism of k—alg,
and for R in k-alg (R ® k)'* = R®; k7. We thus have a k-algebra isomorphism
1®7:R®, k— (R k). For a given f € Autp(®), the composite map

F(R) : (11, 8)(R) = &(R ey k) "5 & (R ey b)) =

= o(Rey k) Y 6(R @ F) = (T, 8)(R)

is an automorphism of the group (II; /kﬁ)(R). One readily verifies that the family

f=f(R) Rek—alg is functorial on R, hence an automorphism of I1; , &.

To check that = is a group homomorphism we consider two elements fi, fo €
Autr(8) of type 71 and 7, respectively. Recall that 7, induces a k-algebra homomor-
phism 1 ® 7, : R® k" - R® k™ for all o € T [see Remark 4.1(i)]. Since v will be
understood from the context we will denote this homomorphism simply by 1&® 5. By
functoriality we get the following commutative diagram [see Remark 4.1(1)]

(R ® k) 08y2), &(R® k»n)

“/1@(3@/;) M) w@(pb@)];w)
l f1(R®k) l f1(RRk2)

SRek) U9 s(Rek®)
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Since fy o f1 is of type 7271, by definition we have

Foo i(R@E) = (oo /1) (R®K) 0 B(1 @ 7om).

Thus o . B
fao ilR®E) = (foo fi)(R®k)oB(1®1201®M)

= (fao ) (R@ K)o B(1®72) 0 B(1® 1)
= fo(R® /;;) ofi(R® /;72) 0B(1®y)oB(1® )
= fo(Rok)o®(1®7) o0 fi(R® k)0 B(1® 1)
= fo(R@ K)o fi(RD k).
U

Example 4.6. (a) Consider the case of the trivial k-group e;. Each set Aut,(e;) =
Isom(7e;, e;) consists of one element which we denote by ~,. Then Autp(e;) ~ I
We have II; ,e; = ey In particular Aut(ll; ,e;) = 1 and the homomorphism
T Autp (&) — Aut(Il; /kﬁ) is in this case necessarily trivial. In affine terms e; is
represented by k and Te; by k7", Then the l;;fgroup isomorphism -, : e — e;
corresponds to the k~Hopf algebra isomorphism v~ : k— k.

(b) Consider the case when I is the Galois group of the extension C/R, and & is the
additive C—group. Then Autp(®) can be identified with the group of automorphisms
of (C,+) which are of the form z — Az or z — AZ for some A € C*. The Weil
restriction of & to R is the two-dimensional additive R-group. Thus Aut(Il; , &) =
GL2(R).

The above examples show that, even if l;:/ k is a finite Galois extension of fields
and @ is a connected linear algebraic group over k, the homomorphism f — f need
be neither injective nor surjective

Corollary 4.7. Assume that & = Sp,;l%[@] is an affine k-group. The group Autrp(®)
acts naturally on the groups &(k) and &(kle]). Furthermore the action of an element
f € Aut (&) on &(kle]) stabilizes Lie(®) C &(k[e]). The induced map Lie(f)
Lie(®) — Lie(®) is an automorphism of Lie(®) viewed as a Lie algebra over k.

This automorphism is k—semilinear, i.e., Lie(f)(\x) = ("X)Lie(f)(z) for all X € k
and x € Lie(®).

Proof. We maintain the notation and use the facts presented in Remark 4.4. Let
x € Lie(®) and write x = €p + dpe. If X € k then \z € Lie(®) is such that 0y, = \d,.

By definition (I, &) (k) = &(k) and (II;,®)(k[e]) = &(k[e]). The action of an
element f € Autp(®) on these two groups is then given by the automorphisms i
and fyq of the previous Proposition. Thus if we let 7. : k[e] — k[e]” denote the
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isomorphism of k—alg induced by v the map fk[e] is then obtained by restricting to
Lie(®) the composite map

& (k[e]) = Homy_,,, (K[®], k[d)) °% Hom;_,, (k[®), k[]") =

—1

- - - FED AP ;
= Homy,_, (k6] ", k[e]) = " (Ele]) "™ Homy_,,, (k(8]. klel) = S(F[e]).
Using the fact that 7. 0o eg =70 € = €, it easily follows that

(4.14) Lie(f)(x) = fuq(x) = [(K[]) © (6,4 + (v 0 8,)e)
Let y = e,, + (y0d,)e € Lie("®). If A € k then we have
Lie(f)(Ax) = f(k[e]) o (e, + (70 drr)e)

= (l;:[e]) o (em + (V()\(Sw)e)
= f(k[e]) o (6,4 +TA(y 0 8, )e)
= F(E[D(CNy))

where (Y\)y is the action of the element "\ € k on the element y € Lie("®), as
explained in the last paragraph of Remark 4.4. Since the restriction of f(k[e]) to
Lie("®) induces an isomorphism Lie(7®) — Lie(®) of k-Lie algebras, this restriction
is in particular k-linear. It follows that

Lie(f)(Ax) = f(k[)(("N)y) = ONf (Kl () = ON)Lie(f)(x).

This shows that Lie(f) is semilinear. We leave it to the reader to verify that Lie(f)
is an automorphism of Lie(®) as a Lie algebra over k. U

Remark 4.8. There is no natural action of Autp(®) on &.

4.5 Semilinear version of a theorem of Borel-Mostow

Throughout this section k denotes a field of characteristic 0.

Theorem 4.9. (Semilinear Borel-Mostow) Let k/k be a finite Galois extension of
fields with Galois group I'. Suppose we are given a quintuple (g,H,z/;,¢, (Hi)ogigs)
where

g is a (finite dimensional) reductive Lie algebra over k,

H s a group,

Y 1s a group homomorphism from H into the Galois group T,
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¢ is a group homomorphism from H into the group Auty(g) of automorphisms of
g viewed as a Lie algebra over k,

(H;)1<i<s is a finite family of subgroups of H for which the following two conditions
hold:

(i) If we let the group H act on g via ¢ and on T’ via v, namely "z = *Mx and
hX ="MW\ forallh € H x € g, and \ € k, then the action of H in g is semilinear,
i.e., "(Ax)h ="\,

(ii) ker(¢p) = Hy D Hy—y1 D ... D Hy D Hy = 0. Furthermore, each H; is normal
in H, the elements of ¢(H;) are semisimple,® and the quotients H;/H; 1 are cyclic.

Then there exists a Cartan subalgebra of g which is stable under the action of H.

Proof. We will reason by induction on s. If s = 0 we can identify by assumption (ii)
H with a subgroup I'y of T' via 9. Let ko = k™. This yields a semilinear action of
T on g. By Galois descent the fixed point gr° is a Lie algebra over ko for which the
canonical map p : g'° P, k ~ g is a k-Lie algebra isomorphism. If b, is a Cartan

subalgebra of g'® then p(hg R, l;;) is a Cartan subalgebra of g which is H-stable as
one can easily verify with the aid of assumption (i).

Assume s > 1 and consider a generator 6 of the cyclic group H;. As we have
already observed the action of 6 on g is k-linear. If V is a k-subspace of g stable
under 6 we will denote by V? the subspace of fixed points. Before continuing with we
establish the following crucial fact:

Claim 4.10. ¢° is a reductive Lie algebra over k. If by is a Cartan subalgebra of g°,
then zq4(h) is a Cartan subalgebra of g.

Since ¢(#) is an automorphism of the k—Lie algebra g we see that g? is indeed
a Lie subalgebra of g. Let g’ and 3 denote the derived algebra and the centre of g
respectively. Because g is reductive g’ is semisimple and g = g’ x 3. Clearly 6 induces
by restriction automorphisms (also denoted by ) of g’ and of 3. By [Bbk] Ch. 8 §1
cor. to prop. 12. (g')? is reductive, and therefore g’ = (g’)? x 3% is also reductive.

Every Cartan subalgebra b of g’ is of the form b = b’ x 3° for some Cartan
subalgebra b’ of (g')?. Clearly z4(h) = zy(h’) X 3. By [P3] theorem 9 the centralizer
zy(h') is a Cartan subalgebra of g/, so the claim follows.

We now return to the proof of the Theorem. Since H; is normal in H we have
an induced action (via ¢) of H' = H/H; on the reductive k- Lie algebra g?. We
have induced group homomorphisms ¢’ : H' — Auty(g’) and v’ : H' — T (this last
since Hy; C ker(¢)). For 0 < i < s define H, = H,;1/H;. We apply the induction
assumption to the quintuple (g%, H',¢’,¢', (H)o<i<s—1). This yields the existence of

9Because H; C ker(1)) the action of the elements of H; on g is k-linear. The assumption is that

¢(0) be semisimple as a k-linear endomorphisms of g for all € H,.
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a Cartan subalgebra b of g? which is stable under the action of H’ given by ¢'. This
means that, back in g, the algebra b is stable under our original action of H given by
¢. But then the centralizer of h in g is also stable under this action, and we can now
conclude by (4.10) . O

Remark 4.11. If ¢ is the trivial map the Theorem reduces to the “Main result (B)”
of Borel and Mostow [BM] for g. The use of (4.10) allows for a slightly more direct
proof of this result.

We shall use the above semilinear version of Borel-Mostow’s theorem 4.12 to estab-
lish the following result which will play a crucial role in the the proof of the existence
of maximal tori on twisted groups corresponding to loop torsors.

Corollary 4.12. Let l;;/k: be a finite Galois extension with Galois group I'. Let G be
a reductive group over k. Let H be a group, and assume we are given a group homo-
morphism p : H — Autr(G) for which we can find a family of subgroups (H;)o<i<s
of H as in the Theorem, that is ker(top) = Hy D Hey D ... D Hy D Hy =0
where t : Autp(G) — T is the type morphism, each H; is normal in H, the elements
of p(H;) act semisimply on the k-Lie algebra Lie(G), and the quotients H;/H;_,
are cyclic. Then there exists a mazimal torus T of G such that p has values in
Autp (G, T) C Autr(G). Namelyifh € H and (top)(h) =~y € L', thenp(h) : "G — G

induces by restriction an isomorphism 7T — T.

Proof. Let h € H. If (t o p)(h) =~ then according to the various definitions we have
the following commutative diagram.

G(v) G(];ﬂ) _ vG(lZJ) p(h)(k) G ~>

l

(
G 29 G =G LM G ()

I

Lie(G")

a(h
I

Lie(6)(7) Lie(&)(p(h))

Lie(G) Lie(G).

where we have denoted by 7. : k[e] — k[e]” the k-algebra isomorphism induced
by 7. For convenience in what follows we will denote Lie(G) by g. By Corollary
4.7 we obtain by composing p with the map ~ defined in Proposition 4.5 a group
homomorphism ¢ : H — Auty(g), namely ¢(h) = p(h), which together with the group
homomorphism @ = top: H — I' and the H; satisfy the assumptions of Theorem
4.9. Tt follows that there exists a Cartan subalgebra t of g which is stable under the
action of H defined by ¢.
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Note that by definition

(4.15) p(h) = p(h)(k) o G(v)

which is nothing but the top row of our diagram above. Similarly with the notation
of Corollary 4.7 we have

—_— o~

(4.16) Lie(p(h)) = pu(h)], = Lie(G)(p(h)) o Lie(G)()

—_~—

where p.(h) stands for the middle row of our diagram, namely p(h)(k[e]) o G(7.).
Let T be the maximal torus of G whose Lie algebra is t [XIV.6.6.c]. We have

T = Zg(t) where the centralizer is taken respect to the adjoint action of G on g.1°
Given an element g € G(k) we will denote its natural image in G(k[e]) by g..

Since we are working over a base field the k-points of T = Zg(t) can be computed in

the naive way, namely
(4.17) T(k) = {g € G(k) : gexg. ' = x for all z € t € G(k[¢])}

Since pc(h) is an automorphism of the (abstract) group G(k[e]) we obtain

= = -1

(418) T(F) = {g € G(E) : p.(0)(9)p () (@) (p. (1) (9.) ™" = pcl) () for all & € €}

But since p.(h) stabilizes t this last reads
- - > > -1
(4.19) T(k) = {g € G(k) : pc(h)(ge)z(pe(h)(ge)) = for all z € t}

Note that by the commutativity of the top square of our diagram we have (,0(~h) ( g)) =
pe(h)(ge). Thus from (4.19) we obtain that p(h) (T(l;;)) = T(k). On the other hand by

(4.15) we have p (k) (T(k)) = p(h) (k) (G(fy) (T(/%))). But by definition (G(V) (T(/%))) -
YT (k). Thus our k-group homomorphism p(h) : "G :— G is such that the two tori
p(h)("T) and T of G have the same k-points. This forces p(h)("T) = T. O

Next we give a crucial application of the semilinear considerations developed thus
far to the existence of maximal tori for certain loop groups.

19We could not find a reference for this basic fact in the literature. By [XIII 5.3] we have Ng(T) =
Ng(t). Since the natural homomorphism Ng(T)/T — Aut(t) is injective we obtain T = Zg(t).
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4.6 Existence of maximal tori in loop groups

We come back to the case of R = R, = k[ti',... ¢t where k is a field of
characteristic zero. This is the ring that plays a central role in all applications to
infinite-dimensional Lie theory. It is not true in general that a reductive R,—group
admits a maximal torus; however.

Proposition 4.13. Let & be a loop reductive group scheme over R, (see definition
3.4). Then & admits a mazimal torus.

Proof. We try to recreate the situation of the semilinear Borel-Mostow theorem.
We can assume that @& is split after base extension to the Galois covering R =
l;:[tfl/m, N fl/m] where m is a positive integers and l%/k is a finite Galois exten-
sion of fields containing all primitive m-th roots of unity of k. Recall from Example

2.3 that R is a Galois extension of R with Galois group I' = (Z/mZ)" x I as fol-
Y 1 -

lows: For e = (e1,...,e,) € Z" we have *(A\t;") = Xt/ for all A € k, where

T Z" — (Z/mZ)" is the canonical map, while the Galois group I' = Gal(k/k) acts

naturally on R through its action on £.

Let Gg be the Chevalley k—form of & (see §3.2). By assumption, we can assume
that & is the twist of 8y = Gg X R by a loop cocycle

w:T — Aut(Go)(k).

The homomorphism ¢ : T' = (Z/mZ)" T — T is defined to be the natural projection.
For convenience we will adopt the following notational convention. The elements of
T will be denoted by 7, and the image under ¢ of such an element (which belongs to
'), by the corresponding greek character: that is ¢¥(5) = .

Consider the reductive k-group G = Spec(k[Go]) where, as usual,
the k- Hopf algebra k ®j, k[Go]. Consider for each 4 the map f(7) :

defined by

[Go] denotes

k
k[G] — k[G]

(4.20) f(3) = w507,

Since each us is an automorphism of the k—Hopf algebra IE[G], it follows that f(7) is
in fact a k-Hopf algebra isomorphism k[G] — k[G]”. As such it can be thought of,
by Yoneda considerations and (4.10), as an element of Aut,(G) of type v~ which we
will denote by p(7).

Since the restriction of the action of 4 on R[G] to k[G] is given by =, the cocycle
condition on u shows that for all &, B e I we have

(4.21) plap) = p(@)p(P)



where this last product takes place in Autp(G). Thus p is a group homomorphism
and f(%) can be viewed as a k-Hopf algebra morphism from k[G] to k[G]”

From (4.21), the various definitions and the “anti equivalent” nature of Yoneda’s
correspondence it follows that the map 4 — p(7) can be viewed as a group homomor-
phism p : TP — Autp(G), where T'°PP is the opposite group of T'. Since p(7) is of
type 7! we can complete the necessary semilinear picture by defining ¢ : TP — T
to be the map 7 — v~1. The kernel of the composite map ¢ o p is precisely (Z/mZ)",
and the elements of this kernel act trivially on l;;[G], in particular their correspond-
ing action on the Lie algebra of G is trivial, hence semisimple. We can thus apply
Corollary 4.12; the role of H now being played by ['°PP.

Let T be a torus G such that p(3)(” 1T) = T for all # € . The torus T
corresponds to a Hopf ideal I of the Hopf k-algebra k:[G] representing G. Each
p(7), which corresponds to the k-Hopf algebra isomorphism f(%) described in (4.20),
induces a k- Hopf algebra isomorphism f(7) from k[T] to k[T]" where k[G]/I = k[T]
is the Hopf algebra representing T. For future use we observe that the resulting action
of T on k[T] is T—semilinear in the sense that if A € k and a € k[T] then

(4.22) FHa) = FH) Ngyry-a) = Ny (F(D) (@) = OV F(F)(a)

This follows immediately from the definition of f(7). )
Consider the reductive R—group & =G X7 R and its maximal torus € = T x xi R.

We want to define an action of I' as automorphlsms of the R—Hopf algebra R[T] =

k[T] ®; R so that the action is I'-semilinear, this is

(4.23) T(zs) =T27s

for all ¥ € f:, s € Rand = € R[Z]. By Galois descent this will show that the maximal
torus T of & descends to a torus (necessarily maximal) T of &. .
To give the desired semilinear action consider, for a given fixed 4 € I', the map

k[T] x R — k[T] ®; R = R[%]
defined by
(4.24) (a,5) = F()(a) ® 7s

for all a € k[T] and s € R. From (4.22) and the fact that 7s = s if s € k C R it
follows that the above map is k- balanced, hence that induces a morphism of k- spaces

(4.25) f(3) : k[T] ®; R = R[Z] — R[S]

satisfying

(4.26) f(3)ta®s—p(A)(a) @ s

for all a € k[T] and s € R. From (4.22) and (4.26) we then obtain an action of the
group I' on the Hopf algebra R[%] as prescribed by (4.23). O
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4.7 Variations of a result of Sansuc.
We shall need the following variantion of a well-known and useful result [Sa, 1.13].

Lemma 4.14. Assume that k is of characteristic zero. Let H be a linear algebraic
group over k and let U be a normal unipotent subgroup of H.

1. Let k'/k be a finite Galois extension of fields. Let T be a finite group acting on
k'/k. Then the map

H' (T H(K)) — H' (T, (H/U)(K))
15 bijective.
2. Let R be an object in k—-alg. Then the map
HY(R,H) — H'(R,H/U)
18 bijective.

Proof. The k—group U admits a non-trivial characteristic central split unipotent sub-
group Uy ~ G? [DG, 1V.4.3.13]. We can then form the following commutative
diagram of exact sequence of algebraic k—groups

1
1 U/U,
1 — U H H/Uy — 1
|
1—— U H HU —— 1
U/U, 1

If the Lemma holds for the morphisms H — H/Uy and H/U, — H/U, it holds for
H — H/U. Without loss of generality, we can therefore assume by devissage that
U=G].
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(1) Since by Hilbert’s Theorem 90 (additive form) and devissage H'(k’, U) = 0, we
have an exact sequence of I'-groups

1= U{) = H(E) - H/U)(K) — 1.

For each ¢ € Z'(I', (H/U)(K')), the group (U(k')) is a uniquely divisible abelian
group, so H (T, .(U(k’))) = 0 for all i > 0. By applying a basic result on non-abelian
cohomology [Sel, §1.5, corollary to prop. 41], the vanishing of these H? implies that
the map H'(I',H(k')) — H' (I, (H/U)(K')) is surjective. Similarly, for each z €
Z'(T,H(K")), the group 0 = H'(T, .(U(k’))) maps onto the subset of H'(T', H(K’))
consisting of classes of cocycles whose image in H* (I, (H/U)(k')) coincides with that
of [z]. We conclude that the map H'(I', H(K")) — H*(T', (H/U)(K')) is bijective.

(2) Let us first prove the injectivity by using the classical torsion trick. We are given
a H/U-torsor & over Spec(R). We can twist the exact sequence of R—group schemes
1 - Ugr —- Hr - Hr/Ugr — 1 by € and get the twisted sequence 1 — U — «H —
¢H/¢U — 1, where as usual we write ¢U instead of ¢Up and ¢H instead of ¢Hp.
We consider the following commutative diagram of sets [Gi, I11.3.3.4]

HY(R,H) —— HYR,H/U)

torsion T o~ torsion T o~

H1<R,@U) — Hl(R,@H) —_— H%R,@H/@U)

where the bottom map is an exact sequence of pointed sets. Indeed GL,, is the group
of automorphisms of the group scheme G/, (see Lemma 4.15 below). It follows that ¢ U
corresponds to a locally free sheaf over Spec(R). By [Grl, pp 16-17] (or [M, I11.3.7]),
we have ' (R, ¢U) = 0 for all i > 0. So the the map H'(R, ¢H) — H'(R, ¢H/¢U)
has trivial kernel and the fiber of H*(R,H) — H'(R,H/U) is only [€&].

For surjectivity, if we are given a H/U-torsor € over Spec(R) then by [Gi, IV.3.6.1]
there is a class

A([€]) € H*(R, ¢U)

which is the obstruction to the existence of a lift of [¢] to H'(R, H). Here ¢U is the
R-group scheme obtained by twisting G| by the R-torsor . Since ¢U corresponds
to a locally free sheaf, the same reasoning used above shows that the obstruction
A([€]) vanishes as desired. O

"See [GMB] Lemme 7.3 for a more general result.

12A1] the H' that we consider coincide with the corresponding H* defined in terms of derived
functors.

38



Lemma 4.15. Let X be a scheme of characteristic 0. Let £ be a locally free X—sheaf
of finite rank and let V(&) be the associated “additive” X—group scheme. Then the
natural homomorphism of fpqc sheaves

a:GL(E) = Auty_,(V(E))

is an X—group sheaf isomorphism. In particular, Autx,gr(V(é’)) 15 an X—group
scheme.

Our convention is that of [DG, §2], namely V(&)(X') = H*(X/,€ ®o, Ox) for
every scheme X' over X.

Proof. 1t is clear that « is a morphism of X—groups. For showing that « is an iso-
morphism of sheaves, we may assume that X = Spec(R) is affine and that £ = R".
This in turn reduces to the case of R = Q and £ = Q". By descent, it will suffice
to establish the result for R = Q and & = (Q)”. Now on Q-schemes the functor
S+ Aut,,(V(£))(S) is representable by a linear algebraic Q-group H according
to Hochschild-Mostow’s criterion [HM, th. 3.2]. Therefore we can check the fact
that o : GL, — H is an isomorphism on Q-points. But this readily follows from
the equivalence of categories between nilpotent Lie algebras and algebraic unipotent
groups [DG, §IV §2 cor.4.5]. Since GL(E) is an X—group scheme, « is an isomorphism
of X—group schemes. O

5 Maximal tori of group schemes over the punc-
tured line

Let G be a linear algebraic k—group. One of the central results of [CGP] is the ex-
istence of maximal tori for twisted groups of the form ¢G where [€] € H*(k[t*!], G).1?
This result is used to describe the nature of torsors over k[t*!] under G. In our present
work we are ultimately interested in the classification of reductive groups over Laurent
polynomial rings when k is of characteristic 0, and applications to infinite dimensional
Lie theory. In understanding twisted forms of G the relevant objects are torsors under
Aut(G), and not G. It is therefore essential to have an analogue of the [CGP] result
mentioned above, but for arbitrary twisted groups, not just inner forms.'* This is
one of the crucial theorems of our paper.

131f the characteristic of k is sufficiently large.

14 Aut(G) need not be an algebraic group. Even if it is, the fact that it need not be connected
leads to considerable technical complications (stemming from the fact that, unlike the affine line, the
punctured line has non-trivial geometric étale coverings). As already mentioned, these difficulties
have to be dealt with if one is interested in the study of twisted forms of G or its Lie algebra.
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Theorem 5.1. Let R = k[t*!] where k is a field of characteristic 0. Every reductive
group scheme & over R admits a maximal torus.

Corollary 5.2. Let k and R be as above. Let & be a smooth affine group scheme
over R whose connected component of the identity &° is reductive. Then

1. H}

toral

(R,®) = HY(R, ®).
2. If & is constant, i.e. & = G Xy R for some linear algebraic k—group G, then

Htloral(R7 6) = Hlloop(R7 6) = Hl(R7 Qj)
The first assertion is an immediate corollary of the Theorem while the second then
follows from Corollary 3.16.2 and Lemma 2.8. U

The proof of the Theorem relies on Bruhat-Tits twin buildings and Galois descent
considerations. We begin by establishing the following useful reduction.

Lemma 5.3. It suffices to establish Theorem 5.1 under the assumption that & is a
twisted form of a simple simply connected Chevalley R—group.'®

Proof. Assume that Theorem 5.1 holds in the simple simply connected case. By
[XI1.4.7.c], there is a natural one-to-one correspondence between the maximal tori of
&, its adjoint group &,4 and those of the simply connected covering (’~5ad of &,4. We
can thus assume without lost of generality that & is simply connected. By [XXIV.5.10]

we have
o~ 11 TIe

i=1,...0 Si/R

where each S; is a connected finite étale covering of R and each &, a simple simply con-
nected S;—group scheme. By Demazure’s main theorem, the S;—groups &, are twisted
forms of simple simply connected Chevalley groups. Since by Lemma 2.8 5; is a Lau-
rent polynomial ring, our hypothesis implies that each of the S;—groups &, admits a

maximal torus ¥;. Then our R—group & admits the maximal torus [[ [ % O
i=1,...,l S;/R

5.1 Twin buildings

Throughout this section k denotes a field of characteristic 0. We set R = k[t*!],
K =k(t) and K = K((t)). For a “survival kit” on euclidean buildings, we recommend
Landvogt’s paper [L].

15The usual algebraic group literature would use the term “almost simple” in this situation. We
adhere throughout to the terminology of [SGA3].
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Let R be a finite Galois extension of R of the form R = l;:[ti%] where k/k is a finite
Galois extension of k containing all n-roots of unity in k. Then as we have already
seen T := Gal(R/R) (k) x T where T' = Gal(k/k).

Set { = tn We let L = k(#) = k(I "), and consider the two completions L, =
k((7)) and L_ k;(( )) of L at 0 and oo respectlvely, as well as their corresponding
valuation rings A, = k[[#]] and A_ = k[[{ ']].

Let G be a split simple simply connected group over k. Let T be a maximal split
torus of G, BT a Borel subgroup of G which contains T, and B~ the corresponding
opposite Borel subgroup (which also contains T). We denote by W = Ng(T) the
corresponding Weyl group and by A, the Dynkin diagram attached to (G, B, T).

Following Tits [T3], we con81der the twin building B = By x B_ of Gy Xy, L with
respect to the two completions L+ and L_. Recall that B comes equipped with an
action of the group G(L), hence also of G(R). The split torus T X L gives rise to a
twin apartment A = A, x A_ of B. The Borel subgroups B* define the fundamental
chambers C, of A., each of which is an open simplex whose vertices are given by the
extended Dynkin diagram AL of AL

Recall that the group functor Aut(G) is an affine group scheme. The group
Aut(G)(L) acts on B by “transport of structure” [L] 1.3.4.'% This leads to an action
of G(L) on B via Int : G — Aut(G). This action coincides with the “standard”
action of G(L) mentioned before because G is semisimple. By taking into account
the natural action of T' ~ Gal(zJr / K ) on B we conclude that the twin building
B is equipped with an action of the semi-direct product Aut(G)(R) x I' which is
compatible (via the adjoint action) with the action of G(R).

The hyperspecial group G(A\i) fixes a unique point ¢4 of AL [BT1, §9.1.19.c].
Recall that the hyperspecial points of By are G(zi)—conjugate to ¢4 of BL, and can
therefore be identified with the set of left cosets

G(L+)/G(As) ~ G(Ly). ¢ C Be.

More generally each facet of the building By has a type [BT1, §2.1.1 | which is a
subset of A, and the type of a point = € By is the type of its underlying facet F,.}"
The type of the chamber C. is @ and the type of an hyperspecial point is Ay \ AL,
namely the extra vertex of the affine Dynkin diagram.

16The group in question acts on the set of maximal split tori, hence permutes the apartments
around.
1"Namely the smallest facet containing x in its closure.
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5.2 Proof of Theorem 5.1

By Lemma 5.3, we can assume that & is simple simply connected. By the
Isotriviality Theorem [GP1, cor. 2.16], we know that our R-group & is isotriv-
ial. This means that there exists a finite Galois covering S/R and a “trivialization”
f:G xS~ xgS where G is a split simple simply connected k—group. In our
terminology, G is the Chevalley k—form of &.

Because of the structure of the algebraic fundamental group of R we may assume
without loss of generality that S = R is as in §5.1, and we keep all the notation
therein. What is so special about this situation is that R and R “look the same”,
namely they are both Laurent polynomial rings in one variable with coefficients in a
field.

We have Spec(R) = P>\ {0,00} and the action of I on R extends to P since R
is regular of dimension 1.

For 4 € T consider the map z; = f~'o 7f : T — Aut(G)(R), where Aut(G)
stands for the group scheme of automorphisms of the Z-group G. Then z = (z3);r is
acocycle in Z! (T, Aut(G)(R)) where the Galois group I acts naturally on Aut(G)(R)
via its action on R. Descent theory tells us that G is isomorphic to the twisted R-
group ,G.1®

The action of I on Aut(G)(R) allows us to consider the semidirect product group

Aut(G)(R) x I'. We then have a group homomorphism
(5.1) Y. : T — Aut(G)(R) x T

given by 1.(7) = 2,y which is a section of the projection map Aut(G)(R) xT —T.
Let T be a maximal split of G. Set L = k(#), and let A, (resp. A_) be the local
ring of P} at 0 (resp. o). The composite map (see §5.1)

I 5 Aut(G)(R) x T' — Aut(B)

is a group homomorphism. The corresponding action of T on B will be referred to
as the twisted action of T on the building. We now appeal to the Bruhat-Tits fixed
point theorem [BT1, §3.2] to obtain a point p = (py,p_) € B which is fixed under
the twisted action, i.e. .(3).p = 2:5(p) = p for all ¥ € . Abramenko’s result
[A, Proposition 5] states that G(R)..A = B. There thus exists ¢ € G(R) such that
p belongs to the apartment g..4. Up to replacing zz by Int(g) ' 2z Int(Y(g)), we can
therefore assume that p belongs to A.

We shall use several times that I acts trivially on A under the standard action.

To see this one reduces to the action of I on Ap = o4 + T @z R. Firstly I stabilizes

18Recall that for convenience ,G is shorthand notation for (G x; R) = .(GRg).
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the group G(A\Jr) so it fixes ¢,. Secondly it acts trivially on T so acts trivially on
Al

Observe that since 7(p) = p, we have that z; .p = p for all ¥ € L.

Let F,, be the facet associated to py and choose a vertex g. of ', . The trans-
forms of g+ by 25 and 7 are vertices of ', , s0 9,(7).q+ belongs to A. We define

x4+ = Barycentre (1/1Z(f~y).qi, y € f) € A,

where the barycentre stands for the riemannian’s one as defined by Pansu [P, §4.2].
Let d be the integer attached to G in [Gil, §2], and set m = d |I'|. Let s € L (a
fixed algebraic closure of L) be such that s™ = . We have accordingly s™" = t. Set

R/ _ k}/[sil]

where & is a Galois extension of k which contains k& and all mn-roots of unity in k.
Then R’ is Galois over R of Galois group

I =up,,, () x Gal(k'/k).
By Galois theory the map v : IV — T given by

is a surjective group homomorphism.

We consider the twin building B = B', x B'_ of G which is constructed in
the manner described above after replacing, mutatis mutandis, the relevant objects
attached to R by those of R’ . We have a restriction map [Ro, §I1.4] p1 : By — B4
which gives rise to

p=(pt.p-): B—B.

Furthermore, if v € I and we set v(7') = 7 then the following diagram commutes
B -2 B
(*) ‘/l v’l
B % B

where the actions of I' and I are the twisted actions. If we define 2/ : TV —
Aut(G)(R') by

7y = 2, =25 € Aut(G)(R) C Aut(G)(R))
then 2’ is a cocycle and the classes [z] and [2/] in H'(R, Aut(G)) are the same.
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Lemma 5.4. p.(zy) is a hyperspecial point of B'+.

Proof. We look at the case pi(xy). We need to consider the intermediate extensions

L. =k((1)) c K((1) c K((s") c K((s)).

The map p, is the composite of the corresponding maps for the intermediate fields,
namely

1, P,
B+ — B+( 0, k (t))) P_+> B(Go,k’((f))) m) B(GO L’ (sd))) d—-; B(Go,k/((s)))6/+.

The first map does not change the type. By [Gil, lemma 2.2.a], the image under py
of any vertex is a hyperspecial point. We have

p+(x4) = py [Barycenter(wz qi,’yeF)]
,"7'/

— e [Barvonter (g o o0 € )

By [Gil, Lemma 2.3’ in the errata], we know that the image under pm , of the
barycentre of % hyperspecial points of a common apartment (namely the one attached
to the torus T) is a hyperspecial point, so we conclude that p, (z,) is a hyperspecial
point. ]

In view of diagram (*) above it follows that by replacing R by R’ we may assume
without loss of generality that the points p; € AL are hyperspecial. Note that
by construction, the points py(z4) of B’y are fixed by both actions (standard and
twisted) of IV, so that after our further extension of base ring we may assume that
p+(zy) of By are fixed by both actions of r.

Since T(R) acts transitively on the sets ¢ + (
Ay, there exists g € T(R) and a cocharacter \ €

g-(¥4,22) = (24,2-) = z.

C A, of hyperspecial points of

)
(T)° such that

where 2% := ¢_ + A (recall that we have a map (T ) — A_ = (T)° ®Z R defined
by 0 — ¢ +6). Up to replacing the cocycle z by 2’ where 2% = Int(g )2 “’Int( ),

we may assume that 1, (3).(¢4,22) = 2,.(¢4,22) = (¢4, ) for every 4 € I'. In
particular,

% € Staby )i, ) (0+) = Aut(G)(A,)

hence

2 € Aut(G)(R) N Aut(G)(AL)Aut(G)(k[f])
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for each 5 € T'. Let gy := A(f) € T(R) C G(R). We have gy.6_ = 2* and therefore
25 € Stabyyyayz) (@)
Int(gx) Staby ey ) (¢-) Int(gy) ' = Int(g,\)Aut(G)(A\,)Int(g)fl).
It follows that for each 4 € T

€y = Aut(G)(k[]) N Int(gy) Aut(G)(A_) Int(g; ")
= Aut(G)(k[f]) N Int(gy) Aut(G)(k[Z ' ]) Int(gy").

Note that for 4 € I' we have
Tgr = TA) = AE) (M) IAE)) € AEYT(R) © A)G(A) = g G(A)

From this it follows not only that the subgroup Jy of Aut(G)(R) is stable under the
(standard) action of I', but also that

2] € Im(Hl (F,Jy) — H'(T. Aut(G)(E’))).

It turns out that the structure of the group J, is known by a computation of Ra-
manathan, as we shall see in Proposition 16.2 below. We have

I = Us(k) % Zaw V() © Aut(G)(R[T]),
where U, is a unipotent k—group. Lemma 4.14 shows that the map
HY(T, Zawe) (M) (k)) — HY(T, J))
is bijective. Summarizing, we have the commutative diagram

H'(T, Zaw@ (N (k) —— H'(T, Aut(G)(k))

- |

HY(T, J,) —— HYT,Aut(G)(R))
which shows that

BE Im(Hl(f,Aut(G)(zz)) = Hl(f,Aut(G)(R))).

This means that [z] is cohomologous to a loop cocycle, and we can now conclude by
Proposition 4.13 U
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6 Internal characterization of loop torsors and ap-
plications

We continue to assume that our base field k of characteristic zero. Let R, =
k[t5!, ..., t5"] and X = Spec(R,,). As explained in Example 2.5 we have 7 (R, a) ~
AR Gal(k), where the action of Gal(k) on 7" is given by our fixed choice of compatible
roots of unity in k. For convenience in what follows we will denote 7 (R,,, a) simply
by 1 (Ry,).

Throughout this section G denotes a linear algebraic k—group.

6.1 Internal characterization of loop torsors

We first observe that loop torsors make sense over Ry = k, namely H lloop
is the usual Galois cohomology H'(k, G).

Section 3.3 shows that Z'(m(R,), G(k)) is given by couples (z,79°°) where z €
ZY(Gal(k), G(k)) and 7 € Homga (m1(X, @), .G(k)) = Homguw) (Z", .G(k)) =~
Homgax) (oolt, »G). We are now ready to state and establish the internal characteri-
zation of k-loop torsors as toral torsors.

<R07 G)

Theorem 6.1. Assume that G° is reductive. Then H}

toral

(Rn? G) = Hlloop(Rn7 G)

First we establish an auxiliary useful result.

Lemma 6.2. 1) Let $ be an R,, group of multiplicative type. Then for all i > 1 the
natural abstract group homomorphisms

H' (m1(Ry), 9(Rnoo)) = H' (R, 9) = H'(F,, ).

are all isomorphisms.

2) Let T be a k—torus. Let c € Z'(mi(R,), Aut(T)(k)) C
Z'(m1(Rn), Aut(T) (R, 0)) be a cocycle, and consider the twisted R,~torus .T =
(T xi Ry,). Consider the natural maps

H'(m1(Ry), o(T(k)) = H (m1(Rn), cT(Rpo0)) = H(Rn, T) — H'(F,, .T)

Then.

(i) If i = 1 then the first group homomorphism is surjective and the last one is an
1somorphism.

(i) If i > 1 then all the maps are group isomorphisms.
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Proof. 1) The second isomorphism is proposition 3.4.3 of [GP2]. As for the first iso-
morphism we consider the Hochschild-Serre spectral sequence

HP(m1(R,), HY (R0, 9)) => HPT(R,,$). From the fact that the group H?(R,, «, )
is torsion for p > 1 it follows that the map lim - HP(Ry 00, m$) — HP(R,, o, 9), where
m¥ stands for the kernel of the “multiplication by m” map, is surjective. By loc. cit.

cor. 3.3 HP(Ry 00, m$) vanishes for all m > 1. Hence HP(R,, o, %) = 0. The spectral
sequence degenerates and yields the isomorphisms H* (71 (R,,), $(Rn,x)) =~ H'(R,, $)
for all 7 < 1.

2) We begin with an observation about the notation used in the statement of

the Lemma. The subgroup T(k) of T(R,. ) is stable under the (twisted) action of
71 (R,) on [ T(Rp0). To view T(k) as a 7 (R,)-module with this twisted action we
write (T (k)).

The fact that the last two maps are isomorphism for all ¢ > 1 is a special case (1).
For the first map, we first analyse the 7 (R, )-module A = T(R, )/T(k). We have

A = hﬂ T(FMOO)/T(E)

= lim (T)° @z Ry, /(T)° @2k

m

= (T)° @z lim R, /k°

X

= (T)O Az m (Z™)y (where (Z"),, =7")
= (T @z Q
given that the transition map (Z"),, — (Z")mq is multiplication by d. It follows that

A, hence also A, is uniquely divisible.
We consider the sequence of continuous 7 (R,,)-modules

(6.1) 1= (T(k) = T(Rne) = A— 1.
From the fact that .A is uniquely divisible it follows that the group homomorphisms
(6.2) Hi(m(Rn), (T(k))) — H" (7T1<Rn), T(Rnoo))

are surjective for all 7 > 1 and bijective if 7 > 1.

We can proceed now with the proof of Theorem 6.1.
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Proof. Let us show first show that H}

loop

Case 1: G = Aut(Hy) where Hy is a semisimple Chevalley k—group : Let ¢ :
m(R,) — Aut(Hy)(k) be a loop cocycle. Consider the twisted R—group 4G Propo-
sition 4.13 shows that the connected component of the identity (,G)° = 4(G°) of 4G
admits a maximal R-torus. Therefore 4G admits a maximal R-torus, hence ¢ defines

a toral R-torsor.
Case 2: G = Aut(H) where H is a semisimple k—group : Denote by Hy the Cheval-

ley k—form of H. There exists a cocycle z : Gal(k) — G (k) such that H is isomorphic
to the twisted k—group ,Hy. We can assume then that H = ;Hy and G = ,Aut(H,).
The torsion bijection 7, : H'(R,G) = HY(R,  Aut(Hy)) — H'(R, Aut(H)) ex-
changes loop classes (resp. toral classes) according to Remark 3.3. Case 1 then yields
Hlloop(Rm G) - Htloml(an G)

General case. The k-group acts by conjugacy on G, its center Z(G") and then on its
adjoint quotient G?,. Denote by f : G — Aut(G?,) this action. Let ¢ : m(R,) —
G(k) be a loop cocycle. We have to show that the twisted R-group scheme G
admits a maximal torus. Equivalently, we need to show that (4G)° =, (G) admits
a maximal torus which is in turn equivalent to the fact that (;,,G)% = 1.4(GY)
admits a maximal torus [SGA3, XIL.4.7]. But f,¢ is a loop cocycle for Aut(G?,), so
defines a toral R-torsor under Aut(G") according to Case 2. Thus ;,4(G?;) admits

a maximal torus as desired.

(R,,G) C H} (R, G).

oral

To establish the reverse inclusion we consider the quotient group v = G /G, which
is a finite and étale k—group. In particular v x;, k is constant and finite, and one can
easily see as a consequence that the natural map v(k) — v(R,, o) is an isomorphism.
We first establish the result for tori and then the general case.

G is a torus T: We again appeal to the isotriviality theorem of [GP1] to see that
HY(m(R,), G(Rpoo)) — HY(R,,G). We consider the following commutative dia-

gram of continuous m (R, )—groups

1 — Tk) — Gk —— vk —s 1

| | [

1 — T(Ryo) —— G(Ryo) —— V(Ryoo) — L
This gives rise to an exact sequence of pointed sets

1 ——  H'Y(m(R.),T(k) —— H(m(R.),GE) — HY (m(R,),v(k)

| | I

1 —— H'Y(m(R,), T(Ryo)) —— H'Y(m1(Rn), G(Rne)) —— H'(m1(R,),¥(Ro)) -

9We recall, for the last time, that 4G is short hand notation for 4(Gg).
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We are given a cocycle z € Z'(m(R,), G(R,)). Denote by ¢ the image of z in
Z'(m(Ry),v(k)) = Z'(m1(Rn),¥(Rneo)) under the bottom map. Under the top
map, the obstruction to lifting [c] to H'(m(R,), G(k)) is given by a class A([c]) €
H?(mi(R,), {T(k))) [Sel, §1.5.6]. This class vanishes in H?(m(R,), cT(Rp0))), SO
Lemma 6.2 shows that A([c]) = 0. Hence clifts to aloop cocycle a € Z'(m1(R,), G(k)).
By twisting by a we obtain the following commutative diagram of pointed sets

1 — H1<7r1(Rn),a(T(E))) SN Hl(m(Rn),a(G(E))) . H1<7r1(Rn),c(1/(

| | ||

1 — Hl(m(Rn), a(T(EW))> SN Hl(m(Rn),a(G(ﬁw))) — Hl(m(Rn), V(R

1

where the surjectivity of the left map comes from Lemma 6.2, ,(G(k)) denotes G (k)
as a 7 (R,)-submodule of ,G(R, ), and similarly for .(v)(k)) = (¥(Rno)). We

consider the torsion map

Then

anoo))).

The diagram above shows that 7,'([z]) comes from H'(m(R,), {G(k)) ), hence [z]

comes from H'(m;(R,), G(k)) as desired. We conclude that H'(R,, G) is covered by
loop torsors.

7 (=) € er (H' (w1 (By), oG (Raoe) ) = H' (m1(By), (v

a

General case : Let T be a maximal torus of G. Consider the commutative diagram

}{1

loop

(R.,Ng(T)) —— H'(R,,Ng(T))

| |

(R.,G) —— H. (R, G)

toral

}{1

loop

The right vertical map is surjective according to Lemma 3.13.1. The top horizontal
map is surjective by the previous case. We conclude that the bottom horizontal map
is surjective as desired. O

Corollary 6.3. Let & be a reductive R—group. Then & 1is loop reductive if and only
if & admits a mazximal torus.
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Proof. Let G be the Chevalley k—form of &. To & corresponds a class [¢] € H' (Rn, Aut(G)).
When G is semisimple, Aut(G) is an affine algebraic k—group and the Corollary fol-
lows from H},,, (Ry, Aut(G)) = H}.,,(Ry, Aut(G)).

We deal now with the general case. We already know tby 4.13 that every loop
reductive group is toral. Conversely assume that & admits a maximal torus. Consider

the exact sequence of smooth k—groups [XXIV.1.3.(iii)]
1 = Gu — Aut(G) 2 Out(G) — 1,

where G4 is the adjoint group of G and Out(G) is a constant k—group. Since R, is
a noetherian normal domain, we know that R, —torsors under Out(G) are isotrivial

[X.6]. Furthermore by [SGA1, XI §5]
Hom (7 (R,), Out(G)(k))/ ~ — H'(R,, Out(G)).
So p.[€] is given by a continous homomorphism 7 (R,) — Out(G)(k) whose image

we denote by Out(G)*. This is a finite group so that Aut(G)* := p~1(Out(G)*) is
an affine algebraic k—group. We consider the square of pointed sets

H'(R,, Aut(G)*) SN H'(R,,Out(G)*)

| !

HY(R,,Aut(G)) —— H'(R,,Out(G)).

Since Aut(G)/Aut(G)* = Out(G)/Out(G)*, this square is cartesian as can be
seen by using the criterion of reduction of a torsor to a subgroup [Gi, 111.3.2.1]. By
construction, [p,€] comes from H'(R,, Out(G)*), hence [€] comes from a class [§] €
H' (Rn, Aut(G)ﬁ). Our assumption is that the R,—group & = G = G contains a
maximal torus, so 8,4 = §G,q contains a maximal torus and S(Aut(G)ﬁ) contains
a maximal torus. In other words, § is a toral R,—torsor under Aut(G)* From the
equality H}, ., (R,, Aut(G)*) = Hlloop (Rn, Aut(G)?), it follows that that § is a loop

torsor under Aut(G)* By applying the change of groups Aut(G)* — Aut(G), we
conclude that € is a loop torsor under Aut(G), hence that & is loop reductive. O

Lemma 3.13.2 yields the following fact.

Corollary 6.4. Let 1 -+ S — G' 5 G — 1 be a central extension of G by a k—group
S of multiplicative type. Then the diagram

loop(Rn7 G ) - H1<Rn7 Gl)

| e |

H. (R.,G) C H'(R,,G)

loop
18 cartesian.
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Remark 6.5. For a k-group G satisfying the condition of Corollary 3.16, one can
prove in a simpler way that toral G-torsors over R,, are loop torsors by reducing to
the case of a finite étale group.

Remark 6.6. Given an integer d > 2, the Margaux algebra (both the Azumaya and
Lie versions) [GP2, 3.22 and example 5.7 | provides an example of a PGLg-torsor over
C[t!, 1] which is not a loop torsor. The underlying PGLg-torsor is therefore not
toral. This means that the Margaux Azumaya algebra does not contain any (com-
mutative) étale C[ti', ¢5!]-subalgebra of rank d, and that the Margaux Lie algebra,
viewed as a Lie algebra over C[t7™,13"], does not contain any Cartan subalgebras (in

the sense of [SGA3)).

Remark 6.7. More generally, for each each positive integer d, we have H, (R, [z1, ..., 4], G) =
H}, (Rulx1, ..., 24], G). Since my(Ry[x1, ..., 24]) = m1(R,) and Ng(T)(S) = Na(T)(S[z1, ..., 7d]

for every finite étale covering S of R,,, the proof we have given works just the same
in this case.

6.2 Applications to (algebraic) Laurent series.

Let F,, = k((t1))((t2))...((t,)). In an analogous fashion to what we did in the case
1 1 1
of R, we define F,,,, = k((¢]"))((t3"))...((t")) and F, oo = lim F}y p,.

Remark 6.8. (a) If k is a field extension of k the natural map k ®y Fom —
1

1 1 1
k((t1))((t5"))...((ta*)) is injective. If the extension is finite, then this map is an
isomorphism. We will find it convenient (assuming that the field & is fixed in our

discussion) to denote l%((tﬁ))((tf))((tn%)) simply by Fjm.

— 1 1 1

(b) The field lim k((¢{"))((¢5"))...((7")) is algebraically closed. We will denote the
algebraic closure of F}, (resp. Fym, Fneo) in this field by F, (resB. Fom: F,wo)_. As
mentioned in (a) we have a natural injective ring homomorphsm k ®j, F, oo — F,.

(¢) There is a natural group morphism 7 (R,) — Gal(F},) given by considering the
Galois extensions R, ,,, = k ®j, R, m of R, and F,, ,,, of F), respectively, where k& C k is
a finite Galois extension of k containing all m-roots of unity. These homomorphisms
are in fact isomorphisms.?’ For by applying successively the structure theorem for

local fields [GMS] §7.1 p. 17, we have Gal(F,) = ,u"(k) x Gal(k). This means that

Gal(F,) = Jim Gal (E(((7) (65°)) (67 )/ F)

20Tf k is algebraically closed this was proved in [GP3] cor 2.14.
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for m running over all integers and k running over all finite Galois extensions of
k inside k containing a primitive m-root of unity. Since at each step we have an
isomorphism

Gal(k @ Ry p/Ra) 2 Gal(R((47))((55°))..-(t8))/Fy) = (k)  Gal(k/k),

we conclude that m(R,,) = Gal(F},).

(d) It follows from (c) that the base change R,, — F, induces an equivalence of
categories between finite étale coverings of R,, and finite étale coverings of F,. Fur-
thermore, if €/R,, is a finite étale covering of R,,, we have &(R,,) = €(F,). Indeed, &
is split by some Galois covering énm = L@y, R,m and €(R,) = @(Rn,m)Gal(R”’m/R") =
E ([ ) G T/ Fn) = €(F,).

Proposition 6.9. The canonical map
Hlloop(Rn, G) — H'(F,,G)
18 surjective.

Proof. We henceforth identify 7 (R,,) with Gal(F,,) as described in Remark 6.8(c).
The proof is very similar to that of Theorem 6.1, and we maintain the notation
therein. Again we proceed in two steps.

First case: G is a torus T: We consider the following commutative diagram of
continuous m (R,,)-groups

1 — T(k) — Gk) — vk) — 1

J J H

1 — T(F,) — G(F,) — v(F,) — 1.
This gives rise to an exact sequence of pointed sets

1 —— H'(m(R,), T(k)) —— H'(mi(R,),G(k)) —— H'(mi(R,),v(k))

! ! H

1 ——  HY(F,T) ——  HYF,G) —— H'Y(F,v).

We are given a cocycle z € ZH(Gal(F,), G(F,)) = Z*(m(R,), G(F,)), and consider
its image ¢ € Z'(mi(R,),v(F,)). By reasoning as in Theorem 6.1 we see that [z]
comes from H'(m(R,), G(k)) as desired. We conclude that H'(F,, G) is covered by

k-loop torsors.
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General case: Let T be a maximal torus of G.

H}o(Rn,Ng(T)) —— H'(F,,Ng(T))

| J

H (R.,.G) —— H\F, G).

loop

The reasoning is again identical to the one used in Theorem 6.1. O

7 Isotropy of loop torsors

As before G denotes a linear algebraic group over a field k of characteristic zero.
R, and m(R,,) are as in the previous section.

7.1 Fixed point statements

Let 7 : m(R,) = G(k) be a continuous cocycle. Consider as before a Galois
extension an =k ®p Ry of R, where k C k is a finite Galois extension of k
containing all m-roots of unity in &, chosen so that our cocycle n factors through the
Galois group

(7.1) Lo = Gal(Rym/Ry) = pu (k) x Gal(k/k)

We assume hencgforth that G acts on a k—scheme Y. The Galois group fnm acts
naturally on Y(R,.,), and we denote this action by v : y — 7y. By means of n we
get a twisted action of I, m on Y(Rn m) which we denote by v : y — 7'y where

(7.2) Ty=mn,"y

By Galois descent (7.2) leads to a twisted form of the R, —scheme Yg,. One knows
that this twisted form is up to isomorphism independent of the Galois extension énm
chosen through which 7 factors. We will denote this twisted form by , Y, or simply
by , Y following the conventions that have been previously mentioned regarding this
matter.

Let (z,7m9%°) be the couple associated to n according to Lemma 3.7. Thus 2z €
Z'( Gal(k), G(k)) and 9% € Homy_g,(op™, -G) by taking into account Lemma 3.10.
By means of z we construct a twisted form ,Y of the k—scheme Y which comes
equipped with an action of ,G. Via n9°°, this defines an algebraic action of the affine
k-group -op™ on . Y. At the level of k—points of ,u”, the action is given by

(7.3) n.y =n*°[n).y
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for all 7 € u"(k) = Jim pr (k) and y € . Y(k). We denote by (.Y)"" the closed
fixed point subscheme for the action of pu™ (see [DG] II §1 prop. 3.6.d). We have

()R = {y € YER) = Y(F) |y =n"(R).y Vi€ p”(R)}

and in terms of rational points

(7.4)
(-Y)"

geo geo

(k) = Y () N Y)Y 8) = {y € .Y () [y = @)y Vi€ ()},

where we recall that
Y (k) = {y eY(R) |y=2"y ¥vye Gal(k:)}.

Theorem 7.1. 1. Let G act on'Y as above, and assume that Y is projective (i.e.
a closed subscheme in P} ). Let n: m(R,) — G(k) be a (continuous) cocycle,
and , Y be the corresponding twisted form of Yg,. The following are equivalent:

(¢) (Y)(Bn) #
(b) (nY)(Kn) #
(¢c) (WY)(Fn) #
(d) (Y)" (k )

2. Let' S be a closed k—subgroup of G. Let Y be a smooth G—equivariant compact-
ification of G/S (i.e., Y is projective k—variety that contains G/S as an open
dense G-subvariety). Then the following are equivalent:

(a) Nk, € Im(H*(K,,S) — H'(K,,G)),
(b) [r, € Im(H'(F,,S) — H'(F,,G)),

(
(¢) (YY) (k) #0.

Proof. (1) Again we twist the action G XY — Y by z to obtain an action ,G x,Y —
. Y. Lemma 3.8 enables us to assume without loss of generality that z is the trivial
cocycle. We are thus left to deal with a k~homomorphism 79 : pu" — G which
factors at the finite level through p!', — G for m large enough. This allows us to

reason by means of a suitable covering R, ,, as in (7.1).
(a) = (b) = (c) are obtained by applying the base change R, C K,, C F},.

(c) = (d): Each v € fmm induces an automorphism of an ®r, Fn ~ Fm Qg k=
F,.m which we also denote by v (even though the notation v ® 1 would be more
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accurate.) Since an tfivializes » Y, the Galois extension F’mm of F, (whose Galois
group we identify with I, ,,) splits , Y ,. By Galois descent

TYY(F) {er( nm) | 77’Y y—yVWGan}

Since z is trivial, this last equality reads
DY(F) = {y € Y(Fun) | 17°(7) 7y = y %1 € Do .

where 7 is the image of v under the map T, — u” (k) given by (7.1). Hence we
have , Y(F,) C Y(F,,,) and

WY(F) =Ly € Y(F) | n7o(y) 7y =y vy € wi, (B}

Since Y is proper over k, we have

WY (F) = {y € Y(Eymllth]]) | 17°0) 7y =y 7 € ()}

Our hypothesis is that this last set is not empty. By specializing at t, = 0, we get
that

(75) e Y(Pusn) | 7).y =y Yy eu ()} #0.

We write now p@ (k) = p" ' (k) x p,,(k) which provides a decomposition of 79
into two k-homomorphisms 79* : u*»1 — G and 7,9° : pu,, - G. We define
?7/ — (1’ n/geO)’ . (1’ nngeo) and

geo

Y =Y"™ .

By [DG] II §1 prop. 3.6.(d) we know that Y’ is a closed subscheme of Y, hence a
projective k-variety. Observe that p™~! acts on Y'.

Claim 7.2. The set (7.5) is included in ,yY'(F,_1).*!

To look at the invariants under the action of u? (k), we first look at the invariants
under the last factor p,,(k), and then the first (n — 1)-factor u? ! (k) By restricting
the condition to elements of the form (1,7,) for 7, € p,,(k), we see that our set is
included in

{y EY(Fuim) | m°(Wm)y=y Y € um(E)}

21This inclusion is in fact an equality, but this stronger statement is not needed.
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because p,, (k) acts trivially on F,,_; ,,. By identity (7.4) applied to the base change of
19 to the field F;,_;, this is nothing but Y"%eo(Fn_l,m). Looking now at the invariant
condition for the elements of the form (7, 1) for 7/ € p™'(k), it follows that

{y CEY(Foim) | 0°°().y=y Vy € u”m(E)}

- {y EY™ (Fyrm) | 71°°0) . y=y ¥y € u’&‘l(E)} =Y (Fo1).

By induction on n, we get that inside (,,Y')(F,—1) we have Y (k) # . Thus
Y (k)" # () as desired.

(d) = (a): Since

GY)(B) = {y € Y(Ram) | 0°°(3) 7y =y ¥7 € Do},

the inclusion Y (k) C Y(R, ,,) yields the inclusion
(Y")(k) € (5 Y)(Rn)-

Thus if (Y")(k) # 0, then (,Y)(R,) # 0.

(2) The quotient G/S is representable by Chevalley’s theorem [DG, §I11.3.5]. The
only non trivial implication is (¢) = (a). Let X = (G/S) X\ R,. By (1), we have
2 Y (K,) # 0. In other words, the K,-homogeneous space ,X under ,G has a K,-
rational point on the compactification ,Y. By Florence’s theorem [F], ,X(k,,) # 0,
hence (a). O

7.2 Case of flag varieties

The k-group G°/R,(G) is reductive. Let T be a maximal k-torus of G’/R,(G).
This data permits to choose a basis A of the root system ®(G°/R,(G) x; k, T x; k)
or in other words to choose a Borel subgroup B of the k-group G°/R,(G) x; k. It is
well known that there is a one-to-one correspondence between the subsets of A and
the parabolic subgroups of G° X k containing B, which is provided by the standard
parabolic subgroups (Pj);ca of (G°/R,(G)) x4 k [Bo, §21.11]. We have Py =
(GO/RU(G)) X, k and Py = B. Furthermore we know that each parabolic subgroup
of (G°/R,(G)) x4 k is (G°/R,(G))(k)-conjugate to a unique standard parabolic
subgroup. This allows us to define the type of an arbitrary parabolic subgroup of
G°/R,(G). It can happen that two different standard parabolic subgroups of the
k-group (G°/ R.(G)) xj k are conjugate under G(k): There are in general fewer
conjugacy classes of parabolic subgroups. If P is a parabolic subgroup of the k—group

G°/R,(G), we denote by Ng(P) its normalizer for the conjugacy action of G on
G°/R,(G).

26



Lemma 7.3. The quotient G/Ng(P) is a projective k—variety.

Proof. We can assume that G is reductive. Since G°/P is projective and is a con-
nected component of G/P, G /P is projective as well. The point is that the morphism
G/P — G/Ng(P) is a Ng(P)/P-torsor. Since the affine k—group Ng(P)/P is fi-
nite, étale descent tells us that G/Ng(P) is proper [EGA IV, prop. 2.7.1]. But
G/Ng(P) is quasiprojective, hence projective. O

Given a loop cocycle n : m(R,) — G(k) with coordinates (z,79%°) as before, we
focus on the special case of flag varieties of parabolic subgroups of G°/R,(G).

Corollary 7.4. 1. Let I C A. The following are equivalent:
(a) The R,—group n(GO/Ru(G)) admits a parabolic subgroup scheme of type
I;
(b) The R,~group ,(G’/R,(G))
(¢) The F,~group ,(G°/R,(G))
(d) There exists a parabolic subgroup P of the k-group,(G°/R,(G)) which is

of type I and which is normalized by n°°, i.e., n9° factorizes through
N.c(P).

z

R admits a parabolic subgroup of type I;

- admits a parabolic subgroup of type I;

2. The following are equivalent:

(a) ,,(GO/RU(G))R is irreducible (i.e has no proper parabolic subgroups);
(b) ,,(GO/RU(G))K is irreducible;
(c) n(GO/Ru(G)oftype)Fn is irreducible;

(d) The k-group homomorphism n9° : . u" — .G — Aut(,G°) is irreducible
(see §2.4).

3. The following are equivalent:
(a) n(GO/Ru(G))Rn is anisotropic;
(b) n(GO/Ru(G))Kn is anisotropic;
(c) n(GO/Ru(G))Fn is anisotropic;

(d) The k-group homomorphism n9° : ou" — .G — Aut(.G") is anisotropic
(see §2.4).

27



Proof. Without loss of generality, we can factor out by R,(G) and assume that G°
is reductive. As in the proof of Theorem 7.1, we can assume by twisting that z is
trivial and reason “at the finite level”:

Claim 7.5. There exists a positive integer m such that [n] € H'(R,, G) is trivialized
by the base change Ry, /[ Ry,.

Indeed by continuity 1 : u"™ — G factors through a morphism f : u! — G
and [] = fi[€,.m] where &, ,, = Spec(R,, )/ Spec(R,) stands for the standard p!’ -
torsor. In particular, the class [n] € H'(R,, G) is trivialized by the covering R, /R,

as above.

(1) (a) = (b) = (c¢): obvious.

(c) = (d): We assume that ,G° r, admits a F,-parabolic subgroup Q of type I.
Hence
WGOFn X, Fom = G%n,m admits a F,, ,,—parabolic subgroup of type I. Since F, ,,
is an iterated Laurent serie field over k, it implies that G° admits a parabolic sub-
group P of type I (see the proof of [CGP, lemma 5.24]). We consider the R,—scheme
X := ,(G/Ng(P)) x R, which by descent considerations [EGA IV, 2.7.1.vii] is

proper since G/Ng(P) is.
Claim 7.6. X(F},) # 0.

The F,,—group nGO/Fn admits a subgroup Q such that Q x; F, is G°(F,)-
conjugate to P x; F,, C GY x, F,. Let g € G(Fn) be such that Q xpg, F, =
g(P x; F,) g7l Asin [Sel, I11.2, lemme 1], we check that the cocycle v — g~1n, 7g
is cohomologous to n and has value in Ng(P)(F,). In other words, the F,~torsor
corresponding to 7 admits a reduction to the subgroup Ng(P), i.e.

] € Im<H1 (F,,Ng(P)) — H(F,, G))_

This implies that X(F},) # 0 (ibid, 1.5, prop. 37) and the Claim is proven.

By Theorem 7.1.1, we have (X7)(k) # (), so that there exists an element z €
(X7)(k). Since H'(k,Ng(P)) injects in H(k, G) (see [Gi4, cor. 2.7.2]), we have
X(k) = G(k)/Ng(P)(k), i.e. X(k) is homogeneous under G(k).

Hence there exists g € G(k) such that x = g.zy where xy stands for the image of
1 in X (k). We have

17 (p, (k) C Stabg g ()g Stabgg (0)g ™' = gNa(P)(k)g ™' = Na(gPg ™) (k).

Thus 79 normalizes a parabolic subgroup of type I of the k-group of G,

(d) = (a): We may assume that 7 has values in Ng(P)(k). In that case, the twisted
R, —group scheme nGO admits the parabolic subgroup ,P/R,.
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(2) Follows of (1).

(3) Recall that a k-group H with reductive connected component of the identity H"
is anisotropic if and only if it is irreducible and its connected center Z(H")° is an
anisotropic torus. Statement (3) reduces then to the case where G’ is a k-torus T.

~0 —
We are then given a continuous action of m;(R,,) on the cocharacter group T (k). It
is convenient to work with the opposite assertions to (a), (b) (c)and (d), which we
denote by (@), (t') (¢) and (¢’) respectively.
(a') = (V): If the R,—torus , T :=, Ty, is isotropic, so is the K,~torus ,T xp, K,.

(b') = (¢): If the K,,~torus , T xp, K, is isotropic, so is the F,~torus , T Xp, F,.
(¢) = (d'): By Lemma 3.8 we have

HOan—gr(Gm, nTFn) = Hoan_gr(Gm’ TFn)ngeo'

If , T is isotropic, then this group is not zero and the £-group morphism 79¢° :  u" —
.G fixes a cocharacter of T = (G)°, hence (¢/).

(d') = (d'): We assume that the morphism 79 : ,u" — G fixes a cocharacter
A: G, — T. Since

HomangT<Gm7 UTKn) = HOmangr<Gm, TKn>ngeo'

it follows that A provides a non-zero cocharacter of , G, , hence (a).
O

As in the case of loop torsors [GP2, cor. 3.3|, the Borel-Tits theorem has the
following consequence.

Corollary 7.7. The minimal elements (with respect to inclusion) of the set of parabolic
subgroups of the k-group .G° which are normalized by n9¢° are all conjugate under
.GO(k). The type I(n) of this conjugacy class is the Witt-Tits index of the F,—group
W(GO/RU(G)) X Ry, Fn

7.3 Anisotropic loop torsors

For anisotropic loop classes, we have the following beautiful picture.

Theorem 7.8. Assume that G is reductive. Let 0,7’ : m (R,) — G(k) be two loop
cocycles. Assume that (,G)p, is anisotropic. Then the following are equivalent:

1. [n] =[] € H'(Rn, G),
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2. nlk, = ]k, € H'(K,,G),
8. p, =k, € H(F,, G).

We consider first the case of purely geometric loop cocycles. Note that this is the
set of all loop cocycles if k is algebraically closed.

Theorem 7.9. Letn,n' : w1 (R,) — G(k) be two loop cocycles of the formn = (1,179%°)
and 1/ = (1,1'9°°). Assume that 1 is anisotropic. Then the following are equivalent:

geo /geo

and 0" are conjugate under G(k),

1. n
2. =€ H (R, G),

3. i, = k. € H'(K., G),
4. e, = [k, € H'(F,, G).

Proof. Recall that n9¢°, 9’ : . ou — G are affine k—group homomorphisms that factor
through the algebraic group u”, for m large enough. The meaning of (1) is that there
exists g € G(k) such that 77 = Int(g) o n9*°.

The implications 1) = 2) = 3) = 4) are obvious. We shall prove the impli-
cation 4) = 1). Assume, therefore, that [n|r, = [']r, € H'(F,, G).

Let T be a maximal torus of GO and let N = Ng(T) and W = N/T. Since the
maximal tori of G° x, k are all conjugate under G°(k), the map Ng(T) — G/G°
is surjective. Let k be a finite Galois extension which contains ., (k), splits T and
such that the natural map N(k) — (G/G°)(k) is surjective. We furthermore assume
without loss of generality that our choice of m and k trivialize n and 7'

Set Ty = B (K) X Gal(k/k). In terms of cocycles, our hypothesis means that
there exists h, € G(F, ) such that

(7.6) ho'n(y) The =1'(y) Yy €T,

Our goal is to show that we can actually find such an element inside G(k). We
reason by means of a building argument, and appeal to Remark 6.8 to view ﬁ’mm as
a complete local field with residue field ﬁ’n,l,m. Note that F,, = (ﬁ’mm)r"””, and that
F,, can be viewed as complete local field with residue field F),_;.

Let C = G°/DG" be the coradical of G°. This is a k-torus which is split by k.
Recall that the (enlarged) Bruhat-Tits building B, of the F), m—group G x; I}, ,, [T2,
§2.1] is defined by

B,=Bx V
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where V' = 60 ®z R, and B is the building of the semisimple ]:ﬁn,ln—group~DGO X g
F,m. The building B, is equipped with a natural action of G(F,,,) % I By
[BT1, 9.1.19.¢] the group DG(F,_ [[ti]]) fixes a unique (hyperspecial) point ¢4 €
B(DG® x Fy) and Stabpgo s, y(6a) = DG (Fu_ym[[t2]]).
Since the bounded group G(Fp_1m[[ti]]) % Ty fixes at least one point of the
building B(DG® x F,.m); such a point is necessarily ¢, which is then fixed under
~ 1 ~
G<Fn71,m[[t7€n“) X Fm,n-

Claim 7.10. There ezists a point ¢ = (¢q,v) € B,, such that

1. fm,n fixes ¢;
- 1
We use the fact that Go(ﬁ’mm) acts on V' by translations under the map
0/ 1 q - ~0 ~ . —ordg, =0
G (Fom) — C(Fom) =C @z F,, —"C.

It follows that for each v € V', we have
(*) StabGO(Fn’m)(U) — StabGO(ﬁnym)<V) - qil (C(anLm[[tnE]]))

Since ¢ maps GO(F’n_Lm[[tni]]) into C(F’n—Lm[[tn%]]), it follows that GO(F’n_Lm[[tni]])
fixes pointwise ¢4 x V.

Let us choose now the vector v by considering the action of the group N(l;;) X fmm
on V. Since this action is trivial on T(l;:), it provides an action of the finite group
W (k) % T on V. But this action is affine, so there is at least one v € V which is
fixed under N(k) x I',y,,. The point ¢ = (@g,v) is Ty p-invariant, hence (1). We now
use that N(k) surjects onto (G/G%)(k) = (G/GO)(Fn_l,m[[téﬂ) = (G/G")(Fpm),
hence that

G(Fyr 7)) = GO (Pl N(E), G(F) = GOy ) N(F).
Since N(l;;) fixes ¢, we have

and it remains to show that G°(E,_y . [[ti']]) = Stabgo(, ,.)(#). Since T X1,k is split,

the map T xj, k — C X k is split and we have the decompositions

~ 1

GO(By 1 l[t7])) = DGO(Fy 1 l[t0])) - T(Bo 1 l[t]])
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and . .
GO(Fn,m) = DGO( ) T( nM)
- 1 1
The first equality shows that G°(F,_y ,[[ti]]) fixes ¢ hence that GO(F,_1.[[ti]]) C
As for the reversed inclusion consider an element g € Stabg, Fn,m)(¢)' Then ¢(g) €
. 1 - 1 - 1
C(E,_1m[[t7]]). The map G(F,_1m[[ti]]) —= C(F,_1m[[ti']]) is surjective, hence
we can assume that g € DG°(F, ,,,). Since g.¢q = b4, g belongs to DG (ﬁ’n,lm[[t,ﬂ])

as desired. This finishes the proof of our claim.

We consider the twisted action of f‘nm on B, defined by

v xx=n(y). "z

The extension of local fields (with respect to t,,) ﬁ’n,m /F,, is tamely ramified. The
Bruhat-Tits-Rousseau theorem states that the Bruhat-Tits building of (,G°)p, can be

identified with By™™ , 1.e. the fixed points of the building B,, under the twisted action
([Ro] and [Pr]). But by Corollary 7.4.3, the F,,_1((t,))-group ,G° xx, F,_1((t,)) is
anisotropic, so its building consists of a single point, which is in fact ¢. Indeed since
our loop cocycle has value in G(k) X I'n, ¢ is fixed under the twisted action of T, .
This shows that

B = 9}
We claim that h,.¢ = ¢. We have
# (h. @) = n(y) "(ha) .79
= (7) T(hy) . ¢ [¢ is invariant under T, ]
= n'(v) ¢ [relation 7.6]

= hn.gb [ (7) € G(k)] and claim 7.10]

for every v € an Hence h,,.¢ € By and therefore h,, . ¢ = ¢ as desired.

It then follows that h, € G(Fn l,m[[tn 1]). By specializing (7.6) at t, = 0, we
obtain an element h,,_; € G(Fn 1.m) such that

(7.7) holin(y) Thaoi=n'(7) Yy € Dy

Since n and 7’ have trivial arithmetic part, it follows that A, ; is invariant under
Gal(k/k). We apply now the relation (7.7) to the generator 7, of Gal( ) Fn 1 (t n)))-
This yields

(7.8) h,, 11 N(7n) hn1 =1 (),
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where 1(7,,), 77(1,) € G(k) and hy,_1 € G(Fyy_1.m) = G(F’n_lvm)Gal(’;/k). If we denote
by u&? ) the last factor of pr then (7.8) implies that ngwlu(") and n/geo‘“(n) are conjugate
under G(F,—1,m)-

Claim 7.11. 7% and 77/960‘“53) are conjugate under G(k).

The transporter X := {h € G | Int(h) o 1% o = 77’960‘“%”)} is a non-empty k-
variety which is a homogeneous space under the group ZG(ngeOMn)). Since X(F—1m) #
) and F,,_1 ,, is an iterated Laurent series field over k, Florence’s theorem [F, §1] shows
that X (k) # (0. The claim is thus proven.

Without loss of generality we may therefore assume that 77960‘“5:;) = n/geolu%’f)' The

finite multiplicative k—group ugff) acts on G via 9%, and we let G,_; denote the k-
group which is the centralizer of this action [DG, II 1.3.7]. The connected component
of the identity of G,_; is reductive ([Ri], proposition 10.1.5). Since the action of
u%ﬁl) on G given by 79 commutes with that of ,ufﬁ), the k—group morphism 79 :
p — G factors through G,_;. Similarly for 9%, Denote by n7%°, (resp. 1'9°,) the
restriction of 79 (resp. 19’ to the k—subgroup p* 1 = ) xoxpd Y of ur . Set
L1 = p 1 (k) x Gal(k/k) and consider the loop cocycle 1,1 : Tp_1.m — Gp_1(k)
attached to (1,72°), and similarly for ', .

The crucial point for the induction argument we want to use is the fact that
79 : u' — G,_; is anisotropic. For otherwise the k-group G°_, admits a non-
trivial split subtorus S which is normalized by p” . But then S is a non-trivial
split subtorus of G” which is normalized by u”,, and this contradicts the anisotropic
assumption on 7.

Inside Gy,—1(F—1.m), relation (7.7) yields that

hity 1 (7) "Ry =11'(7) Yy € Ty

which is similar to (7.6). By induction on n, we may assume that n?*% is G, _1(k)-

n—1
conjugate to 0", . us 17 18 —conjugate to n as desired.
j /92, Thus 7*° is G(k)-conj 9% as desired O

Before establishing Theorem 7.8, we need the following preliminary step.

Lemma 7.12. Let H be a linear algebraic k-group. It two loop classes [n], ['] of
H'(m1(R,), H(k)) have same image in H*(F,, H), then [n°"] = [g'*"] in H'(k,H).

Proof. Up to twisting H by n®", the standard torsion argument allows us to assume
with no loss of generality that n®" is trivial, i.e. that 7 is purely geometrical. We
are thus left to deal with the case of a k—group homomorphism 79 : . u — H that
factors through some p!’, — H for m > 0 large enough. Hence [n] is trivialized by
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the extension an/Rn and its image in H'(F},, H) by the extension me/Fn, where
Rn,m and an are as above.

By further increasing m, the same reasoning allows us to assume that the image
of n in H* (Rn,m, H(E)) is purely arithmetic. More precisely, that the map

ZN(m(Ry), H(k)) = Z' (m1(Rm), H(K))
maps (77 n o (1,7""") where the coordinates are as in Section 3.3. But our
hypothesis implies that the image of [/] in H'(F,, ,, H) is trivial, hence
o™ € ker (H'(k, H) — H'(F,, H)).
Since F), is an iterated Laurent series field over k, this kernel is trivial (see [F, §5.4]),
and we conclude that [p'*"] =1 € H*(k, H).

1geo /ar> t

O
We are now ready to proceed with the proof of Theorem 7.8.

Proof. The implications 1) = 2) == 3) are obvious. We shall prove the implication
3) = 1) by using the previous result. By assumption [n]g, = []r, € HY(F,, G). Tt
is convenient to work at finite level as we have done previously, namely with cocycles

77,77, : fnm — G(l;:)

with Ty, := p (k) x Gal(k/k) where m > 0 large enough and k/k is a finite Ga-
lois extension extension containing all m-roots of unity in k. We associate to n its
arithmetic-geometric coordinate pair (z,79¢) where z € Z'(Gal(k/k),G(k)) and
n9 . p' — .G is a k-group homomorphism. Similar considerations apply to 7/,
and its corresponding pair (2/,7?*’). By Lemma 7.12, we have [z] = [2/] € H'(k, G).
Without lost of generality we may assume that z = z’. Consider the commutative
diagram

Hl(fn,mazG(k)) — Hl(rn,mazG(Fn,m))

Tzlz T{z
HY(Tpn, G(K)) —— HY(Toyn, G(Fom)).

where the vertical arrows are the torsion bijections. Thus 7, [n] = 7, [r] € H! (fn,ma ZG(F’nm))
By Corollary 7.4.3, n9¢° : u — .G is an anisotropic k-group homomorphism. We
can thus apply Theorem 7.9 to conclude that n9° and 19’ are conjugate under G( )
hence 7, '[n] = 7. '] in H' (T, -G (K)), and therefore [n] = [1] in H' (T, .G (k))
as desired. 0

’ G ))an
denote the preimage of H'(F,, G)., under the composite map H'(m1(R,,), (E)) —
U

HY(R,,G) = H'(F,,G). Then H'(mi(R,), G(k))_ injects into H'(F,,G).

Corollary 7.13. Let the assumptions be as in the Theorem, and let H* (7r1
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8 Acyclicity
We have now arrived to one of the main results of our work

Theorem 8.1. Let G be a linear algebraic group over a field k of characteristic 0.
Then the natural restriction map H'(R,,G) — H'(F,, G) induces a bijection

Hp,o(Ru, G) — H'(F,,G).

In particular, the inclusion map H. (R,,G) — H'(R,,G) admits a canonical sec-

loop
tion.

8.1 The proof

For any k—scheme X, we denote by H'(X, G);,, C H'(X, G)* the subset consisting
of classes of G—torsor & over X for which the twisted reductive X-group scheme
G(GO / Ru(GO)) does not contain a proper parabolic subgroup which admits a Levi
subgroup.”® Set Hy,, (X,G)ir = Hy,,(X,G) N H'(X,G);rr. We begin with the
following special case.

Lemma 8.2. H}!

loop

(R,, G)ir, injects into H*(F,, G).

Proof. By Lemma 4.14, we can assume without loss of generality that G° is reductive.
We have an exact sequence 1 — G° — G -5 v — 1 where v is a finite étale k-
group. We are given two loop cocycles 1, ' in Z'(R,,, G) which have the same image
in H(F,,G), and for which the twisted F,~groups ,G", ,,G" are irreducible. Since
H'(m1(Ry),v(k)) — HY(F,,v), it follows that p.[n] = p.[n] in H'(m1(R,),v(k)).
We can thus assume without loss of generality that p.n = p.n/ in Z'(m1(R,),v(k)).
Furthermore, as in the proof of Theorem 7.8 the standard twisting argument reduces
the problem to the case of purely geometric loop torsors. In particular, the group
actions of 9¢° and 7'?* are irreducible according to Corollary 7.4.3.

Let C be the connected center of G°. Then C is a k-torus equipped with an action
of v. We consider its k-subtorus C* := (CP*"")° and denote by Cy its maximal k-

_ —0
split subtorus which is defined by COO = C* (k). By construction, 79 : u"* — G
centralizes C* and Cy. Similarly for 7/9°°. The k-torus Cy is a split subtorus of C
centralized by 77¢° and maximal for this property. We consider the exact sequence of
k—groups
15Cy—-G -5 G/Cy—1

22We remind the reader that H'(X, G) stands for H(X, Gx).
23Recall that the assumption on the existence of the Levi subgroup is superfluous whenever ¥ is
affine.
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Claim 8.3. The composite q o9 : " — G/Cy is anisotropic.

Let us establish the claim. We are given a split subtorus S of the k-group G°
which is centralized by g o 9°°. Since q o 79 is irreducible, S is central in G"/C,.
We consider M = ¢~1(S), this is an extension of S by Cjy, so it is a split k—torus. By
the semisimplicity of the category of representations of ", we see that . u" acts
trivially on M. Then M = Cj and S = 1, and the claim thus holds.

Next we twist the sequence of R,—groups

15Ci—»G-5LG/Cy—1

by 1 to obtain
1—=Cy—,G—,(G/Cy) — 1.

This leads to the commutative exact diagram of pointed sets

0=HY (R, Cy)) — HY (R, G) —*-» HYR, G/Cy)

TnTZ TnTZ

O:Hl(RmCO) B— H1<Rn7nG> B Hl(RnH?(G/CO))

where the vertical maps are the torsion bijections. Note that H'(R,,Cy) vanishes
since Pic(R,) = 0. By diagram chasing we have [n] = [¢/] in H'(R,, G) if and only
if ¢.[n] = ¢.[n'] in HY(R,, G/Cy). Since ¢.[n]r, = ¢[7]r, in H(F,, G/Cy) it will
suffice to establish the Lemma for G/Cy. The claim states that ¢.n9¢° is anisotropic,
therefore ¢.[n] = ¢.[n] in H'(R,, G/Cy) by Theorem 7.9. O

We can now proceed to prove Theorem 8.1.

Proof. The surjectivity of the map Hj,,,(R.,G) — H'(F,,G) is a special case of
Proposition 6.9. Let us establish injectivity. We are given two loop cocycles n, 7" €
Z'(m(Ry), G(k)) having the same image in H'(F,,G). Lemma 7.12 shows that
] = [7*] in H'(k,G). Up to twisting G by 7%, we may assume that  and n’
are purely geometrical loop torsors. The proof now proceeds by reduction to the
irreducible case, i.e. to the case when 77GO X g, I, is irreducible.

Let Q be a minimal F,,—parabolic subgroup of 77GO X g, Fy. Corollary 7.4 shows
that the kgroup G admits a parabolic subgroup P of the same type as Q which is
normalized by 7. The same statement shows that 7’ normalizes a parabolic subgroup,
say P’, of the same type than P. Since by Borel-Tits theory P’ is G°(k)-conjugate

to P we may assume that ' normalizes P as well. Furthermore, P is minimal for
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n (and n') with respect to this property. We can view then 7, ' as elements of
Z} o (R, Nc;(P))W. We look at the following commutative diagram

loop
H},,,(R.,Ng(P)), —— H'Y(R,,G)

J |

H'(F,,Ng(P)), — H'(F,G)

Since the bottom map is injective (see [Gi4, th. 2.15]), it will suffice to show that
H} o (Ra, Ng(P))W injects in H'(F,,Ng(P;)). Since the unipotent radical U of P
is a split unipotent group, we have

H'(R,,Ng(P)) ~ H'(R,,Ng(P)/U),

and similarly for F,, by Lemma 4.14. So we are reduced to showing that H\!, (R, Ng(P)/U)

injects in H'(F,,Ng(P)/U), which is covered by Lemma 8.2. This completes the
proof of injectivity. O

8.2 Application: Witt-Tits decomposition
By using the Witt-Tits decomposition over F), [Gi4, th. 2.15], we get the following.

Corollary 8.4. Assume that G is a split reductive k—group. Let Py, ... , P; be
representatives of the G(k)-conjugacy classes of parabolic subgroups of G°. Let Ly, be
a Levi subgroup of Py, for j =1,...1. Then

| | Hiop(RoNe(Py, Ly)),, ~ H,

loop

(R,,G) ~ H\(F,,G).

irr

Remark 8.5. It follows from the Corollary that we have a “Witt-Tits decomposi-
tion” for loop torsors. Furthermore, if we are interested in purely geometrical irre-
ducible loop torsors, then we have a nice description in terms of k—group homomor-
phisms . — G as described in Theorem 7.9. This corresponds to the embedding of
Homy g, (oottly, G)/G(k) in H(Ry, G).

For future use we record the connected case.

Corollary 8.6. Assume that G is a split reductive group.

1. Let Py, ... , Py, be the standard k—parabolic subgroups containing a given Borel
subgroup of G/k. Then

|_| Hlloop(Rn’PIj)iTT = Hlloop(Rn’G)zHl(FnaG)'

j=1,...,0

67

irr



2. If k is algebraically closed
Homy_gp irr(sot”, G)/G(k) Hllwp(Rn, Girr ~ HY(F,, G)ipr.

Using our choice of roots of unity (2.3), we have p ~ Z. So the left handside
is Homg, (Z", G(k)), /G(k), namely the G(k)-conjugacy classes of finite order ir-
reducible pairwise commuting elements (gy, ..., g,) (irreducible in the sense that the
elements do not belong to a proper parabolic subgroup).

8.3 Classification of semisimple k—loop adjoint groups

Next we discuss in detail the important case where our algebraic group is the group
Aut(G) of automorphisms of a split semisimple group G of adjoint type. This is the
situation needed to classify forms of the R,—group G x; R,, and of the corresponding
R,~Lie algebra g ®; R, where g is the Lie algebra of G. Indeed it is this particular
case, and its applications to infinite- dimensional Lie theory as described in [P2] and
[GP2] for example, that have motivated our present work.

We fix a “Killing couple” T C B of G, as well as a base A of the corresponding
root system. For each subset I C A we define as usual

T, = (ﬂ ker(a))o.

Since G is adjoint, we know that the roots define an isomorphism T ~ (G,,)?!, hence
T; ~ (G,,)*MI. The centralizer L; := Cg(T;), is the standard Levi subgroup of the
parabolic subgroup P; = U; x L; attached to I. Since G is of adjoint type, we know
that L;/T; is a semisimple k—group of adjoint type.

We have a split exact sequence of k—groups

1 -G — Aut(G) - Out(G) — 1

where Out(G) is the finite constant k—group corresponding to the finite (abstract)
group Out(G) of symmetries of the Dynkin diagram of G. [XXIV §3].2* For I C A,
we need to describe the normalizer Nawyq)(L;) of L;. Following [Sp, 16.3.9.(4)], we
define the subgroup of I-automorphisms of G by

Allt[(G) = Allt(G, P[, L])

where the latter group is the subgroup of Aut(G) that stabilizes both P; and Lj.
There is then an exact sequence

1 - L; = Aut;(G) = Out;(G) — 1,

241n [SGA3] the group Out(G) is denoted by Aut(Dyn).
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where Out;(G) is the finite constant group corresponding to the subgroup of Out(G)
consisting of elements that stabilize I C A. Then the preceding Corollary reads

|| Hibp(Ba Aut(G)),  ~ Hj, (R, Aut(G)) ~ H'(F,, Aut(G)).
[[]CA/Out(G)

By [Gi4, cor. 3.5], H.,,(Rn, Aut;(G)), ~ H'(F,, Aut;(G)), can be seen as a
subset of Hy,, (Rn, Aut;(G)/T;) =~ H'(F,, Aut;(G)/T;) . We come now to

another of the central results of the paper. -

Theorem 8.7. Assume that k is algebraically closed and of characteristic 0. Let G
be a simple k—group of adjoint type. Let T C B, I, and A be as above. On the set
Homy,_g, (Oou",AutI(G)) define the equivalence relation ¢ ~; ¢’ if there exists g €
Aut;(G)(k) such that ¢ and g¢'q~" have same image in Homy,_g, (op”, Aut;(G)/T)).
Then we have a decomposition

| | Homi_gp(ots”, Aut;(G))an/ ~1 = Hjpp(Rn,G) — H'(F,, G).
[I]CcA/Out(G)

where Homy,_ g, (Oop,”, Aut[(G)/T[)an stands for the set of anisotropic group homo-
morphisms sopu”™ — Aut;(G)/T;.

Remark 8.8. As an application of Margaux’s rigidity theorem [Mg2], the right hand-
side does not change by extension of algebraically closed fields. Hence H, lloop(Rn, G)
does not change by extension of algebraically closed fields. This allows us in practice

whenever useful to work over Q or C.

Proof. The group (Aut;(G)/T;)(k) acts naturally on the set Homy_g, (copt”, Aut;(G)/T)
by conjugation, and we denote the resulting quotient set by Homy,_, (oop,", AutI(G)/TI)an.
The commutative square

n

Homy_g, (wu",AutI(G))m — Homk,gp(oou",AutI(G)/TI)Um

! !

Hjpo(Br, Aut (G)), ~ ——  H, (R, Aut;(G)/T;)
is well defined as one can see by taking into account Corollary 7.4. Since k is al-
gebraically closed, loop torsors are purely geometric, hence the two vertical maps
are onto. As we have seen, the bottom horizontal map is injective; this defines an

equivalence relation ~; on the set Homy_g, («op”, Aut;(G)) such that
Homk_gp (Oop'n’ AUtI(G))@mﬂ/ NII ; Hlloop(R7H AUtI(G))
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It remains to establish that the equivalence relations ~ and ~; coincide, and we do
this by using that the right vertical map in the above diagram is injective. (Theorem
7.9). We are given ¢, ¢ € Homy,_g, (Oo,u", AUtI<G))irr' Then ¢; ~ ¢5 if and only
if the image of ¢; and ¢ in Homy_g, (Oou”,AutI(G)/TI)an are conjugate by an
element of (Aut;(G)/L;)(k). Since the map Aut;(G)(k) = (Aut;(G)/L;)(k) is
onto, it follows that ¢, ~/ @9 if and only if ¢; ~; ¢y as desired. O

Corollary 8.9. Under the hypothesis of Theorem 8.7, the classification of loop torsors
on R, “is the same” as the classification, for each subset I C A, of irreducible
commuting n—uples of elements of finite order of Aut;(G)(k) up to the equivalence
relation ~7g.

8.4 Action of GL,(Z)

The assumptions are as in the previous section. We fix a pinning (épinglage)
(G,B, T) [XXIV §1]. This determines a section s : Out(G) — Aut(G).
The group GL,(Z) acts on the left as automorphisms of the k-algebra R, via

(81) g = (aij) S GLn(Z) c ttlllitg% C. tflm

We denote the resulting k—automorphism of R,, corresponding to g also by g since no
confusion will arise. By Yoneda considerations g (anti)corresponds to an automor-

phism g¢* of the k—scheme Spec(R,,).
Applying (8.1) where we now replace t; by ti/ "™ and k by k gives a left action
of GL,(Z) as automorphisms of Ry, = k[t=}/™ .. tX'/™]. If we denote by g,, the

automorphism corresponding to g then the diagram

R, —X> R,

! l

Roym 2 Rum
commutes. Passing to the direct limit on (8.4) the element g induces an automorphism
Goo Of Ry oo = Mg[til/m, e fl/m]. If no confusion is possible, we will denote g,
and g, simply by g.
Recall that m (R,) = Z(l)" x Gal(k). Our fixed choice of compatible roots of unity
(&m) allows us to identify m (R,) with Z" % Gal(k) where the left action of Gal(k) on
each component 7 = HmZ/mZ is as follows: If a € Gal(k) and m > 1 there exists

a unique 1 < a(m) < m — 1 such that a(&,) = “m) This defines an automorphism

a,, of the additive group Z/mZ. Passing to the limit on each component yields the
desired group automorphism a of Z".
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View (Z/ mZ)n as row vectors. Then GL,(Z) acts on the right on this group by

right multiplication
gien—el =eng

where (Z/mZ)n is viewed as a Z-module in the natural way. By passing to the
inverse limit we get a right action of GL,,(Z) as automorphisms of Z™ that we denote
by e — e9. We extend this to a right action on 7 (R,) = Z" x Gal(k) by letting
GL,(Z) act trivially on Gal(k). Thus if v = (e,a) € 7" Gal(k) and g € GL,(Z),
then 9 = (9, a).?

By taking the foregoing discussion into consideration we can define the (right)
semidirect product group GL,(Z) x m (R,) with multiplication

82 (h(ea) (. () = (b (¢%.0)(E.) = (hg. (4a(1).ab))

for all h,g € GL,(Z), e,f € 7" and a,b € m(R,). For future use we point out that
under that under the natural identification of GL,(Z) and m(R,,) with subgroups of
GL,(Z) x m (R,,) we have

(8.3) vg = gy’

for all g € GL,(Z) and v € m(R,,). B
By definition m(R,,) acts naturally on R, . Under our identification m(R,) =
Z™ x Gal(k) the action is given by

(8.4) (e,a) : AL/™ — a(A)Eemitl/™

where e = (eq,...,e,) € Zn, e; = (emyi),,>g With 0 < ep,; < m, and A € k. Using (8.2)
and (8.4) it is tedious but straightforward to check that the group GL,(Z) x m(R,,)
defined above acts on the left as automorphisms of the k-algebra R,, o, in a way which
is compatible with the left actions of each of the groups, i.e.

(8.5) (97).x = g.(y.x)

for all g € GL,(Z), v € m(R,) and 2 € R,, o.

In the reminder of this section we let H denote a linear algebraic group over k.
Each element g € GL,,(Z) viewed as an automorphism ¢* of the k—scheme Spec(R,,)
induces by functoriality a bijection, also denoted by g*, of the pointed set H'(R,, H)
onto itself. This leads to a left action of GL,(Z) on this pointed set which we

25 After our identifications, this is nothing but the natural action of ¢* on m; ( Spec(Rn)).
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called base change. Our objective is to have a precise description of this action.?
The isotriviality theorem [GP3, th. 2.9] shows tha it will suffice to trace the base
change action at the level of 1-cocycles in Z*(m(R,), H(Rn,)). Following standard
conventions for cocycles we denote the action of an element v € 7 (R,,) on an element

h € H(R, ) by "h. Then (8.5) implies that
(8.6) ~v.h="h.

Lemma 8.10. The base change action of GL,(Z) on H'(R,,H) is induced by the
action n = 9n of GL,(Z) on Z'(m(R,), H(Rne)) given by

n(y) = gn(v’)
for all v € m(R,) and g € GL,(Z).
Proof. For all a, 8 € m(R,,) we have
In(af) = g.n((aﬁ)g)) [definition)]
g-n(a?B)
= g.(n(@*)*'n(B%) [n a cocycle]
= g.(n(a) (a%n(87)) Dby (3.6)

= (9.(n(a?))(g.02.n(5)) [by action axiom]
= (9-(n(a?))(c.gn(B%)) [by action axiom and (8.3)]

n
In

(a) (a.9n(B)) [by definition ]
(@)*(“n(B))  [by (8.6) ].

This shows that 97 is a cocycle (which is clearly continuous since 7 is). That this
defines a left action of GL,(Z) on Z'(m(R,), H(Rn)) is easy to verify using the
definitions.

Next we verify that the action factors through H'. Assume p is a cocycle coho-
mologous to 1, and let h € H(R,, o) be such that u(y) = h=ny7h for all v € m(R,).
Then

260ur main interest is the case when H = Aut(G) with G simple. The reason behind the
importance of this case lies in the applications to infinite-dimensional Lie theory.
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‘u(y) = g.u(®y) [definition]
A COND)
= g.h'gn(19) g h |action axiom]
= (g.h)"'9n(y)7g7h [action axiom, definition, and g = 7g]
= (g:0)7"n(7)"(g.h).

Thus 9u and 97 are cohomologous.

It remains to verify that the action we have defined on H'(m(R,), H(R,)) =
HY (Rn, H) coincides with the base change action. To see this we consider a faithful
representation H — GL, and the corresponding quotient variety Y = GL4/H. Since
H'(R,,GL,) = 1 by a variation of a theorem of Quillen and Suslin ([Lam] V.4), we
have a short exact sequence of pointed sets

1 = H(R,) — GLy(R,) = Y(R,) > HY(R,,H) — 1.

Therefore it is enough to verify our assertion for the image of the characteristic map
. Given y € Y(R,,), by definition ¢(y) is the class of the cocycle

T=n() =YY =Y Ty

where Y € GL4(R, ) is a lift of y [the last equality holds by (8.6)]. If g € GL4(Z)
we have

9:(p(y)) = ©(9.y)

by the equivariance of the characteristic map relative to k—schemes. Since ¢.Y is a
lift of g.y, we conclude that ¢(g.y) is the class of the cocycle (¢.Y)™17(g.Y). Using
identities and compatibility of actions that have already been mentioned, we have

(0.Y) 7 (gY) = (9.Y) ".(gY) =gY 1 g?Y =

=g Y gyY = g.(YWY) = gn(v?) = n(y)
as desired. .

Remark 8.11. The action of GL,(Z) on Z*(m(R,), H(R, «)) stabilizes Z* (m (R,,), H(k)).

In particular, it preserves loop cocycles.

We pause to observe that the decomposition 8.4 is equivariant under the action

of GL,(Z) on R,,. Thus
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Corollary 8.12. With the assumptions and notation as above

irr

| | GL.(Z)\H.,, (R, Aut(G,Py)), ~ GL.(Z)\H},,(R., Aut(G))

In particular, if € is a loop R,~torsor under Aut(G), the Witt-Tits index of the loop
group scheme ¢G/R,, depends only of the class of € in GLn(Z)\Hlloop (Rn, Aut(G)).

Remark 8.13. Assume 7 is a loop cocycle. Since GL,,(Z) acts trivially on H(k) we
have (90)(y) = n(y9) for all v € m1(R,,) and g € GL,(Z).

Lemma 8.14. Assume that H acts on a quasi-projective k-variety M. Let n €
Z'(m(R,), H(k)) be a loop cocycle. Let A,y C GL,(Z) be the stabilizer of n for the
(left) action of GL,(Z) on Z*(m (R,), H(k)).

(1) Ay = { 9 € GL.(@) | n(?) = (1) ¥y € m(R) }.
(2) The map

(GLn(Z) X 7Tl(Rn)) X M(FMOO) — M(Rn,OO)v ((g, '7)7 :E) = 9-77(7)-7-90

defines an action of A, x m(Ry,) on (,X)(Rp.co)-

(8) Assume that M is a linear algebraic k—group on which H acts as group auto-
morphisms. Let g € A, and ¢ € Z'(m1(Ry), M (Rp,0)), and set

IC(y) = g.C(v7).

This defines a (left) action of A,y on Z'(m1(Ry), yM(Ry ) which induces an action
of A, on H'(R,,,M). The action is functorial in M. If H = M, the diagram

Hl(RnanH) %) H1<RH7H)
g*ll g*ll
Hl(RnanH) %) H1<RH7H)

commutes for all g € GL,,(Z), where T, is the twisting bijection.

(4) Assume that in (3) H is finite and that M is of multiplicative type. For g € A,
and an inhomogeneous (continuous) cochain y € C'(m1(R,),,M) of degree i > 0, set

Gy (s m) =2y, ))).
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This defines a left action of A, on the chain complex C* (m1(Ry), yM(Rn.o0)) of (cont-
nuous) inhomogeneous cochains and on H*(m1(Ry,), yM(Ry.0)) = H*(R,, yM) which
s functorial with respect to short exact sequences of H—equivariant k—groups of mul-
tiplicative type.

(5) Assume that H is finite and let 1 — M; — My — M3 — 1 be a an ex-
act sequence of linear algebraic k—groups equipped with an equivariant action of H
as group automorphism. The action of A, commutes with the characteristic map
ZM,(R,) — HY(R,,,M,). If My is central in My, then the action of A, commutes
with the boundary map A : H'(R,, ,M,) — H?*(R,, ,M;).

(6) Assume k is algebraically closed and let d be a postive integer. The base change
action of GL,,(Z) on H*(Ry,u) and on Br(Ry) is given by g.a = det(g).a.

Proof. (1) is obvious by taking into account Remark 8.13.

In what follows we take the “Galois” point of view and notation: ,M(Ry )

coincides with M(R,, ) as a set, but the action of m(R,) is the twisted action,

which we denote by *:
v*x=n(7).(7.2)

(2) The groups GL,(Z) and 71(R,) act on X ([, ) and H(R, o) via their natural
action on R, . We will denote these actions by z — g¢.z, and z — ~.x for all

g € GL,(Z), v € m(R,) and © € X(R,, ). It follows from (8.5) and (8.6) that for
all v € m(R,,) we have

v.g.x = gy.x
One also verifies using the axioms of action that

7v-(h.z) = (7-h).(7.2)

for all h € H(R,, ). The content of (2) is that

(8.7) (g,7)*x=g.(y*x)

defines an action of A, x 71 (R,,) on (,X)(R, ). Write for convenience g.y*z instead
of g.(y * x) since no confusion is possible. Then
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a.g.n(p).b.x [deﬁnition of the twisted action]
g-a’.n(B).p

= f.gn(a).a?.n(p).p [n is a loop cocycle]

= f.gn(a).(a’n(B ))-Oég-(ﬁ-x)

= fgn(a?).(a?.n(B)).a?.(B.x) g€ Ay

= fgn(a?B).a?.(6.z) [n a cocycle]

= (fg,a"B)

= ((f,a)(g,8)) xz.

(f; ) x (g9, B)xx = f(e).
)-

= (a

(3) One checks that 97 is a cocycle and that two equivalent cocycles remain equivalent
under this action along the same lines as for the proof of Lemma 8.10.

The commutativity of the diagram takes place already at the level of cocycles.
Indeed. Consider the square

A (771 (Rn), UH(FmOO)) % z! (771 (Rn), H(En,OO))

Q*JVZ Q*J(l

ZM(mi(Rp)s yH(Rnoo)) —— Z'(m1(R,), H(

=]

n,oo))
Given a cocycle ¢ € Z' (m1(R,), yH(R,, o)) recall that (7,6)(v) = ¢(7) n(7), hence

(7)) () = g- (7 (@) (7)) = 9-((@) () n(v?)) v € Ay

g-(0)(v)g - n(v?) = 2é(v)g - n(v?) = (7)) n(v)

since g.n(79) = n(79) because 7 is a loop cocycle, and n(v9) = n(7) because g € A,,.
On the other hand by definition of the twisting map

(%) () = 9(v) n(v)

so that the diagram above commutes.

(4) The continuous profinite cohomology is the direct limit of discrete group coho-
mology of finite quotients. Hence it is enough to establish the desired results at the
“finite level”, namely for a group I' = Gal( ~nm/R ) where an =k R Rpm is a
finite Galois covering of R, through wich 7 factors, and such that H(k) = H(k).
Recall that the action of GL,,(Z) on R, - preserves k ®p Ry, m, so that GL,(Z) acts
on I
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We need to check that the given action of A, on C*(I',,;A) commutes with the
differentials. We are given g € A,, and y € C(T', ,A). Recall that the boundary map
9 : CH(T',,A) — C"1(T, ,A) is given by

(az‘(y))(%a e ,%+1) =

i

Yi-n(y) Yy Yir) + Z (=17 g, Vi Vv - - Yern) + (DT (o,

J=1

Thus

(@) 0n- ) = 2 OGO 2%)
EACCHRCITEEY)

(=17 yOd s e e - ))

(1) y(+f,...,9)
)Ty, vi) g €AY

+ (—1)j gy(%a e V=1 VY41 V2, - - -%’+1)

(=) 9y (v, v)
= (8i<gy))(717 e Yig)-

This shows that the action of A, on C(T',,,A) commutes with the boundary maps
as desired.
(5) We are given an exact sequence of linear algebraic groups 1 — M; — My —
M3 — 1 equipped with an action of H. We twist it by n to obtain 1 — ,M; —
My — M3 — 1, and look at the characteristic map

Y, Ms(R,) — H' (R, ,My).

Let z3 € ,M3(R,) C M;3(R, o). Lift 23 to an element zo € My(R,, ). Then
Y(x3) = [2,] with 2, = 25" (n(7) "22). Now if g € A, the element 9z lifts 925, hence
1 (9x3) is represented by the 1-cocycle

(gfb’z)il (77(7)7<g552)) = ngz_l('f?(’Y) 79372) = g-(l’zfl(??(’Y) 79552)) = (gz)v

by using again 7(v?) = n(y) and the fact that g acts trivially on H(k). This shows
that 1 (9z2) = 99 (22).

7
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Assuming that M; is central and of multiplicative type, we consider the bound-
ary map A : HY(R,,,M;) — H?*(R,,,M;). By isotriviality, the precise nature
of this map can be computed at the “finite level” by means of Galois cocycles.

Let (a,) be a cocycle with value ,M3(R, ) = Ms(R, o) and choose a lifting

(by) in My(R,, ) which is trivial on an open subgroup of m(R,). Recall that
A(la,]) € H*(m1(Ry), yMi(Ry,00)) is the class of the 2-cocycle [Sel, 1.5.6]

Cyr = by (0(7).707) b3
Similarly, the (90,s) lift the (Ya,s), so A(g.]a,]) is the class of the 2-cocycle

%o (0(3) b)) Pbdo = 9.(by (0(2)78) b5, ) = 9.A([a,)

as desired.
6) Since H?(Ry,p,) injects in Br(Ry) = Q/Z [GP2, 2.1], it is enough to check the

formula on Br(Ry). Since GLy(Z) is generated by the matrices <_01 _01) : <(1) _01)

((1) 1) and <(1) (1)), it is enough to show that the desired compatibility holds when
g is one of these four elements. Consider the cyclic Azumaya Ry-algebra A = A(1,d)
with presentation T = t,,T¢ = t,, TyT} = (4T1T>. Then for g in the above list we
have g.[A] = [A] (resp. —[A], [A], —[A]) respectively, so that g.[A] = det(g).[A]. Since

the classes of these cyclic Azumaya algebras generate Br(Rs) the result follows. [

Remark 8.15. (a) In (4), we have H*(m(R,), \M(Ry)) — H*(R,,,M) [GP3,
prop 3.4], hence we have a natural action of A, on H*(R,,,M). We have used an
explicit description of this action in our proof, but the result can also be established
in a more abstract setting. For g € A,, we claim that the map g, : A = A,a — g.a
applies H°(T', ,A) into itself. Indeed for a € H(T,,A) and v € T, we compute the

twisted action just as we did in (2) of the Lemma.

v * (9-a) (n(v)v9) .a
= (n(v)gv?).a [definition of 9] )
= (gn(y)7?).a [GL,,(Z) commutes with H(k)]
= (gn(v)7?).a g€ Ay

ga [a€ HT,,A)].

We get then a morphism of functors g, : ' — F which extends uniquely as a mor-
phism of J-functors [W, §2.5]. This then yields the desired natural transformations
g« : H(T,,A) = H(T,, A) for each GL,(Z)x (H(k) x I')-module.

(b) There is an analogous statement to (5) for homogeneous spaces.

78



For each class [¢] € H'(R,, Out(G)), we denote by H'(R,, Aut(G))m the fiber

at [€] of the map H'(R,, Aut(G)) — H*(R,,Out(G)). We then have the decom-
position

(8.8) H'(R,, Aut(G)) = | ] H'(R,, Aut(G))
[€]€HY(R,,0ut(G))

(€]

The group GL,(Z) acts on H' (R,, Out(G)) and on H'(R,, Aut(G)) by base change
(see Lemma 8.10). It follows that GL,(Z) permutes the subsets of the partition
(8.8), and that for each class [€] € H'(R,, Out(G)), its stabilizer under the action
of GL,(Z) preserves H'(R,, Aut(G))m

Let Out(G) = Out(G)(k). The (abstract) group Out(G) acts naturally on the
right on the set of (continuous) homomorphisms Hom (1 (R, ), Out(G)). This action,
which we denote by int, is given by int(a)(¢)(7) = ¢*(7) = a~ ! ¢(7)a. We have
H'(R,,Out(G)) = Hom (m(R,), Out(G)) /int (Out(G))

We consider a system of representatives ([¢;])jes of the set of double cosets
GL,(Z) \ Hom (m;(R,), Out(G)) /int(Out(G)). Consider a fixed element j € J. De-
note by A; C GL,(Z) the stabilizer of [¢;] € H'(R,,Out(G)) for the base change
action of GL,,(Z) on Spec(R,). An element g € GL,(Z) belongs to A; if and only if
there exists a, € Out(G) such that the following diagram commutes

6, m1(Ry) —— Out(G)

B

¢; : m(R,) —— Out(G)
Note that Ay, C I';. We have

(8.9) GL,(Z)\H"'(R,,Aut(G)) = |] A\H'(R,, Aut(G))

i) (651

Recall that our section s : Out(G) — Aut(G) is determined by our choice of
pinning of (G, B, T). This allows us to trace the action of A;. Indeed [s.(¢;)] €
H! (Rn,Aut(G))[qb_}, so that the classical twisting argument (see [Gi4, lemme 1.2])

J

shows that the map
H' Ry, 1. (0)G) = H' (B, o0 Aut(G)) 5 HY(R,, Aut(G))

induces a bijection

~

(8.10)  H'(Ru, s.(6)G)/H*(Rny 5,0ut(G)) = H'(Ry, Aut(G)), .
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Note that the action of an element a € H°(R,, 6,0ut(G)) on H' (Ra, 56 G) Is
given by
(5,54)(@)

~

H1<Rn7 s*(¢)G> — H1<R”7 5*(¢j)G>'

where (y,;s.) is the twist of s, by the cocycle ¢;. Furthermore the map (8.10) pre-
serves toral or, what is equivalent, loop classes. Feeding this information into the
decomposition (8.9), we get

(8.11)
GL,(Z)\H'(R,, Aut(G)) = | | Aj\<H1(Rn,S*(@)G)/HO(RH,¢j0ut(G))>.

jeJ

At least in certain cases, the action of Aj on H'(Ry, s,(s,)G)/H°(Ry, ¢, Aut(G))
can be understood quite nicely (see Remark 8.17 below).

Lemma 8.16. (1) For each g € Ay, , the following diagrams

Tsx(05)
7,

HY Ry, 5.6,)G) —— H'(Rn, s.(6)Aut(G)) H'(R,, Aut(G))

g*l g*l g*l

HY(Rpy 0 (0)G) —— HY(Rn, o (0) Aut(G)) —5 HY(R,, Aut(G))

[65]

830"
H'(Rp, .(6)G) X HO(Rp, 5, 0ut(G)) —— H'(Ry, 1.(6)G)

g{ idl g*l
H'(Rp, .(6)G) X HO(Rp, 5, 0ut(G)) —— H'(Ry, 1.(6)G)

commute where the maps g. are the base change maps defined in Lemma 8.14.

(2) The map (8.10)

Hl(Rna 8*(¢j)G) — H' (Rn’ Aut(G))W)ﬂ

is Ny, x HY(R,, ,0ut(G))” —equivariant and

Ay, x H*(Rp, ,0ut(G))*" \ H'(Ry, 5.6)G) — Ay, \ H' (R, Aut(G)) , .

Remark 8.17. Of course (2) is useful provided that Ay, = I';. This is the case for
simple groups which are not of type Dy since Out(G) =1 or Z/27Z.
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Proof. (1) We are given g € Ag,. The left square of the first diagram commutes by
the functoriality of the base change map g,. The commutativity of the right square
follows from Lemma 8.14.(3) applied to the k-group Aut(G) and the cocycle s,(¢;).
The commutativity of the second diagram follows from the action on cocycles given
in Lemma 8.10.

(2) By (1), the left action of A4, and the right action of H°(R,,, Out(G)) on
HY(R,,.(4,)G) commute. Hence

A\ (H (B 1.6 G)HO (s .0 AUb(G)) ) =
A@. X HO(Rn,S*(¢j)Out<G))Op \ H1<Rn,5*(¢j)G)
and this set maps bijectively onto A¢j\H1(Rn, Aut(G))(g,- O

9 Small dimensions

9.1 The one-dimensional case

By combining Theorem 8.1, Corollary 5.2 and Lemma 4.14 we get the following
generalization (in characteristic 0) of theorem 2.4 of [CGP].

Corollary 9.1. Let G be a linear algebraic k—group Then we have bijections
Hl

toral

(K[t G) = Hypo (k[t*'], G) — H'(K[t*], G) — H'(k((1)), G).

In the case when k is algebraically closed, we also recover the original results of
[P1] and [P2] that began the “cohomological approach” to classification problems in
infinite-dimensional Lie theory.

9.2 The two-dimensional case

Throughout this section we assume that k is algebraically closed of characteristic
0 and G a semisimple Chevalley k—group of adjoint type. We let G** — G be its
simply connected covering and denote by p its kernel.

9.2.1 Classification of semisimple loop R,-groups.

Serre’s conjecture II holds for the field Fy by Bruhat—Tits theory [BT3, cor. 3.15],
i.e. HY(Fy,H) = 1 for every semisimple simply connected group H over F,. Fur-

thermore, we know explicitly how to compute the Galois cohomology of an arbitrary
semisimple I, group [CTGP, th. 2.1] and [GP2, th. 2.5]. We thus have.
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Corollary 9.2. We have a decomposition

Hipop (B2, Aut(G)) || cOut(G)(Ry) \H?(Ry, ep)
[€]eH (R2,0ut(G))

and the inner Ro—forms of G are classified by the coset Out(G)(Ry) \H?*(Ry, ).

Note that the case when Out(G) is trivial recovers theorem 3.17 of [GP2]. We
can thus view the last Corollary as an extension of this theorem to the case when the
automorphism group of G is not connected.

Proof. Our choice of splitting s : Out(G) — Aut(G) of the exact sequence
1 -G — Aut(G) —» Out(G) — 1

easily leads to the decomposition (see [Gi4, lemme 1.2])

o' (F, Aut(G)) — | ] HY(Fy, ¢G)/eOut(G)(F)
[€]e H1(Fy,0ut(G))

with respect to the Dynkin-Tits invariant. On the other hand, the boundary map
HY(Fy, ¢G) — H?*(Fy, ¢p) is bijective by [CTGP, th. 2.1] and [GP2, th. 2.5]. The
right action of ¢Out(G)(F},) can then be transferred to H?(Fb,¢ ), and is the opposite
of the natural left action of ¢Out(G)(Fy) on H?(Fy,e p). Hence

H'(Fy, Aut(G)) = | ] cOut(G)(Fy) \H?(Fy, ept).
[€]eH1(F>,0ut(G))

But ¢Out(QG) is finite étale over R, hence ¢Out(G)(Ry) = ¢Out(G)(F3z) by Remark
6.8.(d). On the other hand, we have H?(Ry, ¢pu) — H?(Fy, ¢p) since g is an Ry
group of multiplicative type [GP3, prop. 3.4]. Taking into account the acyclicity
theorem for Aut(G) and Out(G), we get the square of bijections

H'(F, Aut(G)) —— L] cOut(G)(Fy) \H?(Fy, ept).
(€] H1 (F,,0ut(G))

[ [
(B2, Aut(G)) —— L ¢Out(G)(Ry) \H*(Ry, ¢p),
[€]€H(Ry,0ut(G))

Hl

loop

and this establishes the Corollary. O
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Next we give a complete list of the isomorphism classes of loop Ry—forms of G in
the case when G is simple of adjoint type. We have Out(G) = 1 in type 4; B, C,
E;, Es, Fy and G, Out(G) = Z/2Z in type A, (n > 2), D, (n > 5) and FEjg, and
Out(G) = S3 in type Dy. **

In the case Out(G) = 1, then by theorem 3.17 of [GP2] we have

H},p(Ro, Aut(G)) — H?(Ry,p). But p = p, forn =1 or2. We have H*(Ry, py) =

7,/27 |GP2, §2.1].Thus

Corollary 9.3. (1) If G has type Ay, then H, (R, Aut(G)) ~ Z/2Z.
(2) If G has type B, C' or Er, then H, (Ry, Aut(G)) ~ Z/2Z.

(3) If G has type Es, Fy or Gy, then H} (Rg,Aut(G)) = 1. O

loop

Remark 9.4. In Case (1) and Case (2) the non-trivial twisted groups are not qua-
sisplit (because their “Brauer invariant” in H?(Ry, ) is not trivial.) In Case (1) the
non-trivial twisted group is in fact anisotropic (see [GP2| for details).

In the case Out(G) = Z/2Z, we have H'(Ry,Z/27) = 7/27 @ Z/2Z. The
7./]27Z-Galois extensions of Ry under consideration are Ry X Ry, Ra[v/t1], Ra[v/t2]
and Ry[y/t1t2] which correspond to the elements (0,0), (1,0),(0,1) and (1, 1) respec-
tively. These can also be thought as Z/2Z-torsors over Ry that we will denote by
0.0, €10, €1 and & ; respectively. In the first case the generator of the Galois group
acts by permuting the two factors, while in the other three is of the form /z — —y/x.

Since ¢Out(G) = Out(G) = Z/2Z, for any of our four torsors we have

Hp(Ro, Aut(G)) —> Z/2Z\H*(Ry,p) | ] Z./27.\H?(Ry, ept)-
¢=¢€10,€0,1,¢1,1

This leads to a case by case discussion.
Corollary 9.5. (1) For G of type Ay, (n > 1)
Hi(Ro, Aut(G)) = (#1}\(2/Cn+ 1)Z) || {G}.
¢=¢€10,€0,1,¢1,1

There are n + 1 inner and three outer loop Rs—forms of G. All outer forms are
quasisplit.

(2) For G of type Agyq (n>2)

HY, (Ry, Aut(G)) ~ {+1} \(Z/znz) || {G*)

¢=¢€1,0,&0,1,¢11

2T0f course here 1,7/27 and S3 are here viewed as constant Ry groups or finite (abstract) groups
as the situation requires.
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There are n + 1 inner and six outer loop Ry—forms of G. The outer forms come in
three pairs. Each pair has one form which is quasisplit and one which is not.
(8) For G of type Doy (n > 3)

iy (Ro AUb(G)) = {(£11\(2/42) || {G*}.

There are three inner and six outer loop Re—forms of G. The outer forms come in
three pairs. Each pair has one form which is quasisplit and one which is not.
(4) For G of type D, (n>3)

HY, (Ry, Aut(G)) ~ switch \ (Z/ZZ @ Z/QZ) ] {eG%).

€=¢1,0,€0,1,€1,1

There are three inner and siz outer loop Rs—forms of G. The outer forms come in
three pairs. Each pair has one form which is quasisplit and one which is not.
(5) For G of type Eg
HL,,(Ro, Aut(G)) = =11\ (2/32) || {<G}.

€¢=¢1,0,€0,1,¢1,1

There are two inner and three outer loop Ry—forms of G. All outer forms are quasis-
plit.

Proof. (1) We have p = p,,, ., = ker(p,,,, 1 Mon 1) and the action of Z/27Z switches
the two factors. We have H?(Ry,pu) ~ Z/(2n + 1)Z and the outer action of Z/27Z is
by signs.?®

Let € = € ). It follows that ¢p =ker( [  Mopyr = Hopyr)- Since 2n + 1

Ro[v/t1]/Ra
is odd, the norm is split and Shapiro lemma yields

Cores
HQ(RZa ) = ker(HQ(Rg[\/E],u%H) — HQ(R27I‘I‘27L+1))'

This reads ker(Z/(2n + 1)Z RS Z/(2n + 1)Z) = 0 by taking into account proposition
2.1 of [GP3]. The same calculation holds for E 1) and E( 1y and we obtain the desired
decomposition. In particular there are n + 1 inner forms and three outer forms. The
outer forms are all quasiplit.

28Strictly speaking we are looking, here and in what follows, at the action of Out(G) on Ry
groups or cohomology of Re—groups which are of multiplicative type. Since we have an equivalence
of categories between Ry and Fy groups of multiplicative type [GP3]. By Remark 6.8(d)) we can
carry all relevant calculations at the level of fields, in which case the situation is well understood.
See for example the table in page 332 of [PR].
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(2) We have p = p,, = ker(p3, 1 Ms,) and the action of Z/2Z switches the two
factors. The coset Z/2Z\H?*(R,p,,) is as before {1} \(Z/2nZ). However, the
computation of H?(Ry, ¢p) is different. The exact sequence

norm

L= ety =[] #on "5 gy — 1
Ra[vt1]/R2

gives rise to the long exact sequence of étale cohomology

g H1<R2[\/E]7”'2n) ”z}m H1<R27Il'2n) i> H2<R27 Gl‘l‘) — H1<R2[\/E]7Il'2n) nﬁ)m H2<R27y’2n)'

The norm map appearing on the righthand side is the identity map id : Z/2nZ —
Z/2nZ, so 0 is onto. By the choices of coordinates /f; and ¢, on Rs[v/t1] and ty, t5
on Ry, the beginning of the exact sequence decomposes as

2/)2nZ & /202 XY 7./207 © 7,/207.

So H?(Ry, ¢p) ~ Z/27 and the action of Z/2Z on H?(Ry, ¢p) is therefore necessarily
trivial. Thus € leads to two distinct twisted forms ¢G*. More precisely (G =
¢G (which is quasiplit), while ¢G~ is not quasiplit (since its “Brauer invariant”
in H%(Ry, ¢u) is not trivial). Similarly for €(,1) and €& ). This gives the desired
decomposition. There are n + 1 inner forms and six outer forms (three of which are
quasisplit).

(3) In this case g = p,. The computation of the H? are exactly as in case (2) for
n = 2. There are three inner forms and six outer forms (three of which are quasisplit).

(4) This case is rather different since p = py, X p, where Z/27 switches the two
summands. We have H?(Ry,p) ~ Z/27 @ 7/27Z where again Z /27 acts by switching
the two summands

Given that ¢ = ]  po, we have H*(Ry, ¢pp) — H?(Ro[\/t1], o) = Z/27Z.
Ro[Vh]/Re

Similarly for E(y;y and E ), whence our decomposition. Again we have three inner
forms and six outer forms (three of which are quasisplit).

(5) This is exactly as in case (1) for n = 1. There are two inner forms and three outer
forms (all three of them quasisplit). O

It remains to look at the case when G is of type Dy. The set H'(Ry, S3) classifies all
degree 3 étale extensions S of Ry. Then S is a direct product of connected extensions.
There are tree cases: S = Ry X Ry X Ry (the split case), S = S x Ry with S’/ Ry of
degree 2, and the connected case.

The case of S’ X Ry is already understood: They correspond to a 1-cocycle ¢ :
m(R,) — Z/2Z C Ss, where we view Z/2Z as a subgroup of S3 generated by a
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permutation. Note that up to conjugation by S5, there are exactly three such maps
¢. These are three non-isomorphic quadratic extensions which were denoted by & ;)
above for (i,7) # (0,0). We shall denote them by Qfg’j) in the present situation to
avoid confusion.

In the connected case there are four cubic extensions of Rs. They correspond to
adjoining to Ry a cubic root in Ry of 11, t2, t1t2 and t2ty respectively. We will
denote the corresponding four Ssz—torsors by @gf’j ) with the obvious values for (,7).
The cubic case, which a priori appears as the most complicated, ends up being quite
simple due to cohomological vanishing reasons, as we shall momentarily see.

According to Corollary 9.2 we have the decomposition

(9.1) Hiypop(Ro, Aut(G)) =~ S5\H*(Ro, p)

L] (e S3)(Ro) \H?(Ra g0 1)
e(d)

|_| (egi’j)sff)(R?) \HQ(R%@:(%M) 1)

€id)

The centre is p = py X p, = ker (,ug 2 ,u2) and S3 acts by permutation on p3.
Hence H?(Ry, ) = ker (H?(Ry, pty)* — H?(Ra, py)) C H?(Ra, piy)* ~ (Z/27)*. There
are two orbits for the action of S3 on H?(Ry, ), namely (0,0,0) and (1,1,0).

For simplicity we will denote Qfél’o) by &, and @5}’0) by &3. Since the group GL3(Z)
acts transitively on the set of quadratic and cubic extensions of Ry we may consider
only the case of €, := @é’o [resp. €3 := @é’o] for the purpose of determining the coset
(Géi’j)53)(R2)\H2(R2’ eéi,j)ﬂ) [resp. (egi,j)53)(R2)\H2(R2, egi,j)/l/)]. that all the twists of
1 and S3 by quadratic or cubic torsors are of the form ¢p and ¢, S3 for i = 2 (resp.
i = 3) in the quadratic (resp. cubic) case.

We have ¢,p = ker(  []  py X py normad 1), hence

Ra[Vti]/Ra

H*(Ry, e;) = ker (H? (Re[vVta], o) H*(Ra, py) — H*(Ry, pp)) = H*(Re[V], py) = Z/2Z.

Since Z /27 has trivial automorphism group, we get three copies of Z/27Z in the second
summand of the decomposition (9.1).
In the cubic case we have ¢,pu = ker( I w =" ;LQ). Since 2 is prime to 3,

Ro[¥t1]/ Ry
the norm is split and

H?(Ry, ,pt) = ker (H*(Ro[ V1], pty) =5 H?(Ro, py)) = ker(Z/22 4 7,/22) = 0.
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Finally we observe, with the aid of Remark 6.8(d), that (¢,53)(R2) = Z/27Z and
(e555)(Re) = Z/3Z.
Looking at (9.1) we obtain.

Corollary 9.6. For G of type D, there are twelve loop Rs—forms, two inner and
ten outer. Six of the outer forms are “quadratic”, and come divided into three pairs,
where each pair contains exactly one quasiplit group. The remaining four outer forms
are “cubic” and are all quasiplit. 0]

9.2.2 Applications to the classification of EALAs in nullity 2.

The Extended Affine Lie Algebras (EALAs), as their name suggests, are a class
of Lie algebras which generalize the affine Kac-Moody Lie algebras. To an EALA &
one can attached its so called centreless core, which is usually denoted by &.. This
is a Lie algebra over k (in general infinite-dimensional) which satisfies the axioms of
a Lie torus.?? Neher has shown that all Lie torus arise as centreless cores of EALAsS,
and conversely. He has also given an explicit procedure that constructs all EALAs
having a given Lie torus £ as their centreless cores. To some extent this reduces many
central questions about EALAs (such as their classification) to that of Lie tori.

The centroid of a Lie tori £ is always of the form R,. This gives a natural R,—Lie
algebra structure to L. If £ as an R,—module is of finite type, then L is necessarily
a multiloop algebra L(g,o) as explained in the Introduction. Let G be a Chevalley
k—group of adjoint type with Lie algebra g. Since Aut(g) ~ Aut(G) the n—loop
algebras based on g (as R,—Lie algebras) are in bijective correspondence with the
loop R,—forms of G. Indeed, they are precisely the Lie algebras of the loop R,—
groups. The subtlety comes from the fact that in infinite-dimensional Lie theory one
is interested in these Lie algebras as Lie algebras over k, and not R,. In the present
context the “centroid trick” (see [GP2, §4.1]) translates into the GL,(Z) action on
HY (Rn, Aut(g)) we have defined. This allows us to describe, in terms of orbits, all
the isomorphism classes of R,—multiloop algebras L(g,o) that become isomorphic
when viewed as Lie algebras over k.

In what follows “loop algebras based on g” will be though as Lie algebras over k.
In the case Out(G) = 1 we have scen that H}, (Ry, Aut(G)) ~ H?*(Rs,p),

loop

and this latter H? is either trivial or Z/2Z. In both cases the action of GLy(Z) on
H},, (R, Aut(G)) is necessarily trivial. In particular.

loop

29This terminology is due to Neher and Yoshii. It may seem strange to call a Lie algebra a Lie
torus (since tori have already a meaning in Lie theory). The terminology was motivated by the
concept of Jordan tori, which are a class of Jordan algebras.
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Corollary 9.7. (1) If g has type Ay B, C or Ez, there exists two isomorphism classes
of 2-loop algebras based on g denoted by go (the split case) and g;.>°

(2) All 2-loop algebras based on g of type Es, Fy or Gy are trivial, i.e isomorphic
as k—Lie algebras to go = g Qi Ro.

In the case Out(G) = Z/2Z, we have H'(Ry,Z/27) = 7./27 @ 7/27 and the
action of GLy(Z) on H'(Ry,7Z/2Z) is given by the linear action mod 2. Since
SLo(Z/2Z) = GLy(Z/27Z) and SLy(Z/27) is generated by elementary matrices, the
reduction map GLy(Z) — GLy(Z/27Z) is onto. Hence there are two orbits for the
action of GLy(Z) on H'(Ry,Z/27), namely the trivial one and H'(Ry,Z/2Z) \ {0}.
The last one is represented by the quadratic Galois extension Rs[v/f1]/R2, denoted
by &1,0) in the previous section, which we will again denote simply by € in what
follows The action of GLy(Z) we have just described shows that in all cases the
outer forms, which came in three families (each with one or two classes) in the case
of loop Rs—groups, collapse into a single family. This single family consists of either
a single class, namely the quasi-split algebra ¢g = ¢g", or two classes ¢g" and ¢g~.
The algebra ¢g~ is not quasisplit.

Corollary 9.8. If Out(G) = Z/27Z the classification of isomorphism classes of 2—
loop algebras based on g s as follows:
(1) In type Az, (n > 1)

GLa(Z) \Hiy Rz, Aut(g)) = {(£1}\(Z/(20 + 1)Z) | ] {es}.
There are n + 1 inner forms, denoted by g, with 0 < g < n, and one outer form
(which is quasisplit).
(2) In type Agp—q (n>2)

GLa(Z) \Hpyy (B, Aut(g)) = {£1}\(2/202) | ] {eg*} | | {eo™}

There are n+ 1 inner forms, denoted by g, with 0 < q < n, and two outer forms (one
of them quasiplit, the other one not).

(3) In type Do, 1 (n>3)

GLo(Z) \Hpyy (R, Aut(g)) = {+1}\(2/42) | | fea™} | ] {es )

30As pointed out in [GP2], the case of F7 has an amusing story behind it. The existence of a
k—Lie algebra L(g,01,02) which is not isomorphic to g ®j Re was first established by van de Leur
with the aid of a computer. In nullity 1 inner automorphisms always lead to trivial loop algebras.
van de Leur’s example shows that this fails already in nullity two.
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There are 3 inner forms, denoted by go1.2, and two outer forms (one of them quasiplit,
the other one not).

(4) In type Ds, (n > 3), we have

GLo(Z) \H}yy (B, Autt(g)) = switch\ (2/22 0 Z/2Z) | | {eg*} || fea }.

There are 3 inner forms, denoted by go12, and two outer forms (one of them quasiplit,
the other one not).

(5) In type Eg

GLa(Z) \Hpy (2 Aut(g)) = {£1}\(2/32) | | {ea}.
There are 2 inner forms, go and g1, and one outer form (which is quasisplit).

Proof. The nature of the collapse of outer forms when passing from R, to k was
explained before the statement of the Corollary. It remains to understand the inner
cases. According to Corollary 9.2 and (8.9), we need to trace the action of GLy(Z)
on Z/2Z\H?*(Ry, u) and use the fact that this action lifts to an action of GLy(Z) on
H?(R,,p) which commutes with that of Z/2Z.

(1) We have p = p,,,,, = ker(p3, 1 HPoni1) and the action of Z/27Z switches the two
factors. We have H?(Ry, ) = Z/(2n + 1)Z and the action of GLy(Z) on H?*(Ry, p)
is given by the determinant (Lemma 8.14.6), that of Z/2Z is given by signs. Thus
GLy(Z) acts trivially on Z/2Z\ H?(Rs, p) and the result follows.

(2) We have p = p,, = ker(p3, 1 Ms,) and the action of Z/2Z switches the two
factors. The action of GLy(Z) on H?(R, p) is given by the determinant, hence the set
of cosets (GLo(Z) x Z/27Z)) \H*(R, p,,,) can still be identified with {1} \(Z/2nZ).

(3) In this case p = p,. The computation of H? and reasoning are exactly as in (2)
above for n = 2.

(4) This case is rather different since g = py, X p, where Z/27 switches the two
summands. We have H?(Ry,p) = Z/27 & Z/27 with respect to the switch action.
Again GLy(Z) acts by g.a = det(g).«, hence trivially.

(5) This is exactly as in case (1) for n = 1. O
It remains to look at the case when G is of type Dy.

Lemma 9.9. There are three orbits for the action of GLy(Z) on H'(Ry, S3) :
- the trivial class;

01 1,0 o1,1).
-{@2 el ¢l }
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L0 0,1 1,1 421
- {63 ) 63 ) 63 ) 63 }
where the notations is as in Corollary 9.6 supra.

Proof. The three classes above correspond to case of the split étale cubic Rs-algebra,
the case S’ x Ry where S’/Ry is quadratic and the cubic case. Obviously each of
the above sets is GLy(Z)-stable, so we need to check that there is a single orbit.
The quadratic case was dealt with in Corollary 9.8. In the cubic case, we have

¢, = Ro[¥/1;]. By applying the base change corresponding to <é (1]), (1 (1)),

(? g) we obtain €', &' and €5 respectively. -

Corollary 9.10. Up to k-isomorphism there are five 2-loop algebras based on g of
type Dy: two inner forms, denoted by go and gi; two “quadratic” algebras, e§’°9+
(which is quasisplit) and elog” (which is not quasiplit); and one “cubic” algebra ¢10g
( which is quasisplit).

Proof. By Lemma 9.9, the quadratic (resp. cubic) classes of Corollary 9.6 are in
the GLy(Z)-orbit of those having Dynkin-Tits invariant €% (resp. €3°). So the
cubic case is done. In the quadratic case, there are then one or two non-isomorphic
“quadratic” 2-loop algebras. Since one of these Rs—algebras is quasisplit and the
other one is not, Corollary 8.12 shows that they remain non-isomorphic as k—algebras.
Finally, there are two orbits for the action of S3 on H?(Rs,p), namely (0,0,0) and
(1,1,0), and these correspond to the two inner Ro-forms. The action of GLy(Z) is
trivial in this set, so the algebras remain non-isomorphic over k. O

9.2.3 Rigidity in nullity 2 apart from type A.

The following theorem extends results of Steinmetz from classical types [SZ, th.
6.4] (which involves certain small rank restrictions) to all types. This establishes
Conjecture 6.4 of [GP2].3!

Theorem 9.11. Let g be a finite dimensional simple Lie algebra over k which is
not of type A. Let L and L' be two 2-loop algebras based on g. The following are
equivalent:

(1) L and L' are isomorphic (as Lie algebras over k);
(2) L and L' have the same Witt-Tits index.

31 An even stronger version of this Conjecture will be established in the next section.
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Proof. Of course, we use that £ (resp. L') arise as the Lie algebra of Rs—loop adjoint
groups H (resp. H') which are forms of G = Aut(g)°.** Then condition (1) reads
that [H] = [H'] in GLy(Z) \ H},,,(R2, Aut(g)) and condition (2) reads that H x p, K>
and H' xp, K5 have the same Witt-Tits index.

(1) = (2) : This is is the simple part of the the equivalence (and it is not necessary to
exclude type A). Let G be the corresponding adjoint group. If [H] and [H'] are equal
in GLy(Z) \H}.,,(R2, Aut(G)), it is obvious that their Dynkin-Tits invariant coincide
in GLy(Z)\H}.,,(R2,Out(G)), and also that their Tits index over K coincide by
Corollary 8.12.

(2) = (1) : Without loss of generality we can assume that H and H' have same
Dynkin-Tits invariant in H* (RQ, Out(g)). The proof is given by a case-by-case dis-
cussion. The cases of type Eg, Fy and G4 follow directly from Corollary 9.7.2. Types
B, C' and E7 are also straightforward since (over Ry) there is only one class of non-split
2-loop algebras. For obvious reasons, this non-split Lie algebras necessarily remain

non-isomorphic to the split Lie algebra g ®; Ry when viewed as Lie algebras over k.

Type Doy, n > 3 : If the Dynkin-Tits invariant is non-trivial, then the summand of
GLy(Z) \H,,,(R2, Aut(g)) corresponding to [€;] has only one non quasi-split class,
so [H] and [H'] are equal in GLy(Z) \H}.,,(R2, Aut(g)). Corollary 9.8 states that the

loop

inner part of GLy(Z) \Hy,,,(Rs, Aut(g)) is Z/2Z & 7,/27Z modulo the switch action,
so is represented by (0,0), (1,0) and (1,1). It has then three elements, the split one
and two others. It is then enough to explicitly describe these two other elements and
distinguish them by their Witt-Tits index by means of Tits tables [T1]. The first one
is the Ry-loop group PSO(q) with g = (1,1, 29, t1t2) L (2n—1)(1, —1). Its Witt-Tits

Ks-index is

a1 Qo Qop—1
(9.2) & —6%@6%@(2
Qap,

The other one is PSU(A, h) where A = A(2,1) is the Ry-quaternion algebra T2 = ¢y,
T} = ty, TYTy + ToTy = 0 and h is the hyperbolic hermitian form over A" with
respect to the quaternionic involution ¢ +— g. Indeed PSU(A, h) is an adjoint inner
loop Rs-group of type Do, and its Witt-Tits Ko-index is

a1 Qo Qon—1
(9.3) oo o e
Qop,

So [H] and [H'] are equal in GLy(Z) \H,,,,
these two forms.

(R2, Aut(g)) to the split form or one of

)

32Strictly speaking “...the Lie algebra...’
as a k-Lie algebra.

is an Ry-Lie algebra, but we view this in a natural away
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Type Do, 1, n > 3 : As in the preceding case, we need to discuss only the inner
case and it is enough to provide two non-split Rs-loop groups with distinct Ko-Witt-
Tits index. The first one is the Ry-loop group PSO(q) with ¢ = (1,t1,1s,t1ts) L
(2n —2)(1, —1). Its Witt-Tits Ky-index is

a1 Qo Qop 2
(94) SRS —6%@@—@(2
Mop—1

The other one is PSU(A, k) where h is the hyperbolic hermitian form over A?"~!
which is the orthogonal sum of (1) and the hyperbolic form over A?*~2. Tts Witt-Tits
Ks-index is

a1 Q9 Qop—2
95) S e e
Qop—1

Type D,: Follows from Corollary 9.10.

Type Eg: This case is straightforward because there is only one class of 2-loop algebras
which is not quasi-split. O

Remark 9.12. There is some redundancy in the statement of the Theorem. It is
well known, by descent considerations, that if £ and £’ are isomorphic as Lie algebras
over k, then their absolute type coincide, i.e. they are both 2-loop algebras based
on the same g (see [ABP2.5] for further details). It will thus suffice to assume in the
Theorem that neither £ nor £’ are of absolute type A.

9.2.4 Tables

The following table summarizes the classification on 2-loop algebras. The table
includes the Cartan-Killing (absolute) type g, its name, the Witt-Tits index (with
Tits’ notations) of an R,-representative of the k-Lie algebra in question, and the
type of the relative root system. For example, van de Leur’s algebra has absolute
type E7, Tits index E% 4 and relative type Fy. The way in which the Witt-Tits index
are determined was illustrated in the previous section. The procedure of how to
obtain the relative type from the index is described by Tits.

In all cases the “trivial” loop algebra g ® k[ti, 5] is denoted by go. When the
relative type is Ag, the loop algebra in question is anisotropic. For example, in
absolute type A; the Lie algebra go is sly([t7, t5]). The Lie algebra g; is the derived
algebra of the Lie algebra that corresponds to the quaternion algebra over k[t 5]
with relations 717y = —TT} and T7? = t;. This rank 3 free Lie algebra over k[t 5]
is anisotropic, and is a twisted form of sly ® k[t, t5] split by the quadratic extension
kj[tit’ tét] (Tl)
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Cartan-Killing type g | Name Tits index Relative root system
Ay Jo 1Aﬂ A
Ay g1 114&?()) Ao
Agp (n>1) e 1Agin;+_1£ r = ged(q,2n + 1) A,
Agy (n > 1) e 2 Ay BC,
Agpr (n>2) e 1AQZTH_)LT_1 r = ged(q, 2n) A
Agn1 (n 2> 2) eg’ 2A(2}1)71,n Ch
Agp1 (n>2) g 214&2—1 n—1 BC,—
B, (n > 2) Jo B, B,
B, (n>2) o Bon Bt
Co (n>3) 9o Cron C,
Congr (n>1) g1 Céi)ﬂ n BC,
Cyy (n > 2) g1 Céi)n Cr
Dy dJo 1Dz(12 Dy
Dy 91 1Dz(1,% By
D, 0" 2D4(1,1?2 B
D, 0 szf BC,
Dy ¢ 9 3Di2 Go
Doy (n > 3) 90 1Dé111)71,2n71 D
Doy (n > 3) g1 1D§z)—1,2n—3 Bon—s
D,y (n>3) 92 1D$¢)—1 n—2 BCh—
Dy, (n > 3) €9+ 2Dé111)71,2n72 Bon—2
Doy (n>3) ¢d 2D§3—1 n—2 BCh s
Dy, (n > 3) go 1Dé11),2n Don
Dy, (n > 3) g1 1D§1L)2n72 Bon—2
Do, (n > 3) 92 ‘DY) Chn
Ds,, (n > 3) eg” 2D§32n—1 Bon—1
Dy, (n > 3) g 2Dé121),n71 BCyn_1
FEg 9o "B L
FEg 41 1Eé62 Go
Es ¢d 2E§4 Fy
Ly 90 Els Fr
Fr g1 E2 Fy
Eg 9o Egs Ly
Fy do F£4 Fy
G dJo Gg,Q Go
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By taking Remark 9.12 into consideration, an inspection of the Table shows that
a stronger version of Theorem 9.11 holds.

Theorem 9.13. Let L and L' be two 2-loop algebras neither of which is of absolute
type A. The following are equivalent:

(1) L and L' are isomorphic (as Lie algebras over k);
(2) L and L' have the same absolute and relative type.

Remark 9.14. This result was established, also by inspection, in Cor.13.3.3 of
[ABP3]. In this paper the classification of nullity 2 multiloop algebras over k is
achieved by considering loop algebras of the affine algebras. More precisely, it is
shown that every multiloop algebra of nulllity2 is isomorphic as a Lie algebra over k
to a Lie algebra of the form L(g ® k[ti'], ) where 7 is a diagram automorphism of
the untwisted affine Lie algebra g®k[tf1]. For example, van de Leur’s algebra appears
by taking g of type E7 and considering the diagram automorphism of order two of
the corresponding extended Coxeter-Dynkin.

Note that in the present work we have outlined a general procedure to classify
loop adjoint groups and algebras over R,, and that the classification of multiloop
algebras over k follows by GL,,-considerations from that over R,,. This is not the case
in [ABP3]. The nullity 2 classification relies on the structure of the affine algebras
and only yields results over k.

10 The case of orthogonal groups

These groups are related to quadratic forms, which allows for a very precise un-
derstanding of their nature based on our results.

We consider the example of the split orthogonal group O(d) for d > 1. If d = 2m
(resp. d = 2m + 1), this is the orthogonal group corresponding to the quadratic

form Z X Xomy1-i (resp. Z X Xomi1-i + X3,.1). Since R,-projective modules of

finite type are free, we know that H! (Rn, O(d)) classifies regular quadratic forms over

R? K, §4.6]. We have H. (R, O(d)) — H'(F,,0(d)). By iterating Springer’s
theorem for quadratic forms over k((t))) [Sc, §6.2], the classification of F),-quadratic
forms reads as follows: For each subset I C {1,...,n}, we put ¢{; = [],., ¢; with the
convention 1 = t3; we denote by H the hyperbolic plane, that is the rank two split

form. The isometry classes of d-dimensional R,,—forms are then of the form

Lricgmy trqg L HY
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where the ¢;’s are anisotropic quadratic k-forms and v a non negative integer such
that > dimg(qr) + 2v =d.

Corollary 10.1. The set H}! (Rn, O(d)) 1s parametrized by the quadratic forms

oop

where the q; are anisotropic quadratic k-forms and v a non-negative integer such that
> dimg(qr) + 2v = 2d. O

We denote by P(n) the set of subsets of {1,...,n} and by P} (n) C P(n) the set
of subsets of {1,...,n} of even cardinal < d. In a similar fashion we define P24 (n).

Corollary 10.2. Assume that k is quadratically closed.
(1) If d = 2m, then the map

git(n) ——  Hy,,(R,, O(d))
S = Lies () L H™Z
s a bijection.
(2) If d = 2m + 1, then the map
Pei(n) — Hioop, (R, O(d))
1- 5]

S —  lics <t[> 1 H™t—=
s a bijection.
Corollary 10.3. Assume that k is quadratically closed. Inside Ol = O((1,...,1)) =~
Oy. there is a single O)(k)-conjugacy class of maximal anisotropic abelian constant

subgroup of O'(d), that of the diagonal subgroup u$. In particular anisotropic abelian
subgroups of O'(d) are 2-elementary.

Proof. Let A be a finite abelian constant group of Q. There exist an even integer
m > 1 and a surjective homomorphism ¢ : (Z/mZ)" — A(k). Then the corre-
sponding loop torsor [¢] € H*(R,, O)) is anisotropic. Indeed the map H'(R,,ud) —
HY(R,, Q) is surjective. Hence there exists ¥ : (Z/mZ)" — p4 such that [¢] = [¢] €
HY(R,,0)). Theorem 7.9 shows that ¢ and 1 are O)(k)-conjugate. By considering
their images, we conclude that A (k) is O(k)-conjugate to a subgroup of pd(k). O

Remark 10.4. (1) All anisotropic abelian constant subgroups of O/, are related to
codes, and these are not explicitly enumerated (see [Gs| for details).

(2) Under the hypothesis of the Corollary, let f : Spin/, — SO/, be the universal
covering of OJ;. Since the image of a finite abelian constant anisotropic subgroup of
Spin); in O is still anisotropic, it follows that an anisotropic finite constant abelian
subgroup of Spin) is of rank < d and has 4-torsion.

95



11 Groups of type G5

We denote by G the split Chevalley group of type Gy over k. If F'is a field
of characteristic zero containing k, we know that H'(F,, Gs) classifies octonion F-
algebras or alternatively 3-Pfister forms [Se2, §8.1]. This follows from the fact that
the Rost invariant [GMS]

rp . HY(F,Gy) — H3(F,7./27)

is injective and sends the class of an octonion algebra to the Arason invariant of its
norm form.

Consider the standard non-toral constant abelian subgroup f : (Z/27Z)* C Go.
Then the composite map

(F*/F**Y = HY(F,(Z/22)%) L HY(F,Gy) -5 H3(F,Z/27).

sends an element ((a), (b), (¢)) to the cup product (a).(b).(c) € H3(F,Z/2Z) [GiQ,
§6]. For n > 0, we consider the mapping

(R /R ~ H'(Ry, (Z/22)%) 5 H'(R,, Gy).

For a class ((z), (), (2)) € (/71’;/(1’%;)2)3 we write only (z,y, 2).

Corollary 11.1. The map above surjects onto H. (R,,G3).

loop

Proof. By the Acyclicity Theorem, it suffices to observe that the analogous statement
holds for H. (F,,Gs). O

loop

By using the Rost invariant, we get a full classification of the multiloop algebras
based on the split Lie algebra of type Gs.

Corollary 11.2. Assume that k is quadratically closed. Assume that n > 3.

1) Hy,,,(Rn, G2) \ {1} consists in the images by f. of the (th,tlg,tlg) where I,
I, I3 are non-empty subsets of {1,..,n} such that iy < iy < i3 for all (i1,is,13) €
I x Iy x I5.

2) GL,(Z)\ (H}

loop

(R, G2) \ {1}) consists of the image by f, of (t1,12,t3).

Proof. (1) Again by aciclicity it suffices to establish the analogous result over F,,.
Since k is quadratically closed, we have RX /(R))*? = F*/(FX)*? = (Z/2Z)". Hence
H(F,,Gs) consists of the image of f,(tr,,t1,,tr,) for Iy, I, I3 running over the sub-
sets of {1,..,n}. The Rost invariant of such a class is (t1,).(t,).(tr,) € H*(F,,Z/2Z).
Since (t;).(t;) = 0 and (t;).(¢;) = (¢;)(t;) € H*(F,,Z/2Z), it follows that H'(F,, G2)
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consists of the trivial class and the images by f, of the (t Iy tn,t 13) where I, I, I3 are
non-empty subsets of {1,..,n} such that i; < iy < i3 for each (i, ia,13) € I X Iy X I3.
The last classes are non-trivial pairwise distinct elements since the (¢1,).(¢5,).(t1,) €

H3(F,,Z/27) are distinct pairwise elements by residue considerations (see for exam-
ple prop. 3.1.1 of [GP3]).

(2) Follows easily from (1). O
The following corollary refines Griess’ classification in the Gy-case [Gs].

Corollary 11.3. Assume that k is algebraically closed. Let A be an anisotropic
constant abelian subgroup of Go. Then A is Go(k)-conjugate to the standard non-
toral subgroup (Z/27.)3.

Proof. Let A be a finite abelian constant anisotropic subgroup of G,. We reason
as before. There exist an even integer m > 1 and a surjective homomorphism
¢ : (Z/mZ)" — A(k) so that the corresponding loop torsor [¢| € H'(R,,Gs) is
anisotropic. By part (1) of Corollary 11.1 there exists ¢ : (Z/mZ)" — (Z/2Z) such
that [¢] = [¢] € HY(R,,, G). Theorem 7.9 shows that ¢ and ¢ are Gy(k)-conjugate.
By taking the images, we conclude that A(k) is Go(k)—conjugate to the standard
(Z)27)3. O

12 Case of groups of type [, Fs and simply con-
nected [F; in nullity 3

In this section, we assume that k is algebraically closed. We denote by F,, and
Eg the split algebraic k—group of type Fy and Eg respectively, and by E; the split
simply connected k—group of type E-. For either of these three groups we know that
G = Aut(G) and that H'(R,,G) = 1 [GP2, th. 2.7]. The goal is then to compute
H},,,(Rs,G), or at least the anisotropic classes.

Since we want to use Borel-Friedman-Morgan’s classification of rank zero (i.e.
with finite centralizer) abelian subgroups and triples of the corresponding compact
Lie group [BFM, §5.2], we will assume that & = C. Note that there is no loss of
generality in doing this as explained in Remark 8.8.33

Denote by Gy the anisotropic real form of G (viewed as algebraic group over R)
and let K = Gy(R). This is a compact Lie group.

In the Fj and E; case K has a single conjugacy class of rank zero abelian subgroup
of rank 3. In the Eg case, K has two conjugacy classes of rank zero abelian subgroup

33All the results that we need about rank zero abelian groups and triples can also be found in
[KS].
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of rank 3, (Z/5Z) and (Z/6Z)3. To translate this to the complex case we establish
the following fact.

Lemma 12.1. Let H be a complex affine algebraic group whose connected component

of the identity is reductive. Denote by Hy its anisotropic real form, viewed as algebraic
group over R (see [OV, §5.2, th. 12]). Set Ky = Hy(R).

(1) Let A is a finite abelian subgroup of Ky and denote by A the underlying
constant subgroup of the algebraic R-group Hy. Then A is a rank zero subgroup of
Ky if and only if A xg C is an anisotropic subgroup of H.

(2) Let A be an anisotropic abelian constant subgroup of H and put A = A(C).
Then there exists h € H(C) such that "A C Ky and Nk, ("A) = Ng("A)(C), both
groups being finite. Furthermore Zg,, ("A) = Zu("A)(C).

Recall that K is a maximal subgroup of H(C) and that maximal compact sub-
groups are conjugate under H°(C).

Proof. (1) Let C denote the connected component of the identity of the centralizer
Zy,(A). It is a real reductive group [BMR, 10.1.5]. If A is an anisotropic subgroup
of H, then the maximal tori of Zg(A) are trivial and C = 1. Hence C(C) is finite and
Zk,; (A) is finite, i.e. A is a rank zero subgroup of Kp. Conversely, if A is a rank zero
subgroup of Ky then C(R) is finite. Since C(R) is Zariski dense in the connected
group C, we see that C = 1, and A xg C is an anisotropic constant abelian subgroup
of H.

(2) We are given a finite anisotropic constant subgroup A of H. Since 1 = Zg(A)
Ngu(A)% Nyg(A) is a finite algebraic group and Ngg(A)(C) is finite. Since Ng(A)(C)
is included in a maximal compact group of H(C), we know that there exists h € H(C)
such that A € Ng(A)(C) € *'Kpy. We have then "4 ¢ Ng(*A)(C) C Ky, hence
Ng, ("A) = Ng("A)(C). Tt follows that Zx, ("A) = Zu("A)(C).

0:

O

Lemma 12.2. (1) The group ¥y has a single conjugacy class of anisotropic finite
abelian (constant) subgroups of rank 3, denoted by f3: (Z/3Z)* C Fy. Furthermore

Nr, ((Z/3Z)°) /Ze, ((Z/3L)*) ~ SLy(Z/3L).

(2) The group E; has a single conjugacy class of anisotropic finite abelian (con-
stant) subgroups of rank 3, denoted by fy : (Z/AZ)* C E;. The finite group fy is a sub-
group the mazimal subgroup SLg /p,. Furthermore Ng, ((Z/4Z)?) ) Zx, ((Z/AZ)?) ~
SL3(Z/AZ).

(8) The group Eg has two conjugacy classes of anisotropic finite abelian (constant)
subgroups of rank 3, denoted by fs and fs. We have:
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(a) f5: (Z/5Z)? C Eg and Ng, ((Z/5Z)%) ) Zg,((Z/5Z)*) ~ SL3(Z/5Z).
) fo : (Z)6Z)* C Eg is a subgroup of the subgroup
(SLy x SLs x SLg) /. Furthermore N, (Z/6Z)*) | Zg, ((Z/6Z)*) ~ SL3(Z/6Z).

Remark 12.3. The finite subgroups (1) and 3 (a) are described precisely in [GiQ,
§6]. That the third one, namely that fs : (Z/6Z)> C Eg sits inside the subgroup
(SLy x SL3 x SLg) /g, follows from its very construction (see the proof of lemma
5.1.1 [BFM] for details).

Proof. As explained above we may assume that k = C. The previous Lemma 12.1
shows that any rank 0 finite abelian constant subgroup A of G arises from rank 0
abelian subgroup A of K, so the list of Borel-Friedman-Morgan [BFM, §5.2] provides
all relevant conjugacy classes, and this yields the inclusions f3, fi, f5 and fg described
above. Given two rank 0 finite abelian constant subgroups A and A’ of G arising
respectively from rank 0 abelian subgroups A, A’ of K, it remains to check that A(C)
and A'(C) are G(C)-conjugate if and only if A and A" are K-conjugate. But this is
obvious since the subgroups from the list are distinct as groups. We investigate now
the normalizers and centralizers.

Claim 12.4. Let A C K be a rank zero subgroup. Then Nk(A) = Ng(A)(C), Zk(A)
Za(A)(C),

Indeed Lemma 12.1.(2) shows the existence of an element g € G(C) such that
9A C K and
Nk(?A) = Na("A)(C), Zk(A) =Za("A)(C).

But A and 9A are K—conjugate by Borel-Friedman-Morgan’s theorem, so the same
fact holds for g = 1.

It is then enough to know the quotient “normalizer/centralizer” in the compact
group case. For each relevant d, we have an exact sequence of groups

1 = Zi ((Z)dZ)®) — N (Z/dZ)?) 2 GLy(Z,/dZ)

and we want to determine the image of 6. Denote by S; the set of K-conjugacy
classes of rank zero triples of K of order d. Since such a triple generates a rank
zero abelian subgroup of order d® of K, the set S; is covered by rank zero triples
inside (Z/dZ)?, namely GL3(Z/dZ)-conjugates of the standard triple (1,1,1). So
we have GL3(Z/dZ)/Im(f) = S;. Proposition 5.1.5 of [BFM] states that the K-
conjugacy classes of rank zero triples of K of order d consists of the classes f;(1,1,1)
for i = 1,..,d — 1 with ¢ prime to d. Hence the image of 6 in GL3(Z/dZ) is exactly
SL3(Z/dZ) as desired. O
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Given fy:(Z/dZ)*> — G as above consider the map
fax o (R/(RN)Y)’ ~ H'(Rs, (Z/dZ)*) — H'(Rs, G).

A cass ((z),(y),(z)) € (R;/(R?)X)d)3 will for convenience simply be written as
(z,y, 2).

Corollary 12.5. (1) The set Hy,,,
(an f37* (tl, tg, t%)

(2) The set Hy,,,(Rs, Eq)an consists of the classes of fy.(t1,t2,t3), fax(ti,t2,13).
(8) The set Hlloop(Rg, Esg)an consists in the classes of fs.(t1,ta, ty) fori=1,2,3,4,
fG,*(tla ta, t3) and fﬁ,*(tlv ta, tg)

Proof. We do in detail the case of Fy, the other cases being similar. The set H},, (Rs3, Fy4)an
is covered by the image of the anisotropic loop cocycles ¢ : w1 (R3) — F4(C). The
image of such a ¢ is an anisotropic finite abelian subgroup of F4, so Lemma 12.2.1
allows us to assume that its image is the subgroup (Z/3Z)3. Furthermore, we know
that two such homomorphisms ¢ and ¢’ have the same image in H lloop(Rg, Fy)an if
and only if there exists g € F4(C) such that ggpg—! = ¢/, or equivalently if there exists

g € N, ((Z/3Z)3) (C) such that g¢g—! = ¢'. Note the importance of the isomorphism

N (Z/32)°)/Ze (Z/3)) ~ SLy(Z/37)

Rephrasing what has been said in terms of the mapping fs ., we see that H, llwp(Rg, Fi)an
is the image under f5, of the classes (z,y, z) where z,y, z € R are such that (x,y, 2)
generates R} /(R3)?; furthermore, two such classes (z,y,2) and (2/,1/, 2') have the
same image in Hy,, (Rs, Fy)an if and only if there exists 7 € SL3(Z/3Z) such that
(,y',2") = 7 ((2,y,2)). We conclude that H},,,(R3,Fy)ay consists of the classes of
f3,*(t1,t2,t3) and f37*(t1,t2,t§). ]
Corollary 12.6. (1) The set GL3(Z)\H,,,,(Rs, F4)an consists of the class of fs.(t1,t2, ts).

(2) The set GLg(Z)\H},,,(Rs, Eq)an consists of the class fu.(t1,t2,t3).

(8) The set GL3(Z)\H,,,,(Rs, Eg)an consists of the classes of f5.(t1,t,t3) and
fox(ti ta,t3).

Remark 12.7. The above Corollary gives the full classification of nullity 3 anisotropic
multiloop algebras of absolute type Fj or Eg.

(Rs, Fy)an consists of the classes of f3.(t1,t2,13)

13 The case of PGL,

13.1 Loop Azumaya algebras

For any base scheme X, the set H'(X, PGLy) classifies the isomorphism classes
of Azumaya Ox-algebras A of degree d, i.e. Ox-algebras which are locally isomorphic
for the étale topology to the matrix algebra My(Ox) [Gr2] and [K, §III].
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The exact sequence 1 — G,, = GL4 25 PGL,; — 1 induces the sequence of
pointed sets

Pic(X) — H'(X,GL,) — H'(X,PGL,) - H*(X,G,,) = Br(%).

We denote again by [A] € Br(X) the class of §([A]) in the cohomological Brauer
group.

By [GP3, 3.1], we have an isomorphism Br(R,) = Br(F,). We look now at the
diagram

(R,,PGL,) —— Br(R,)

| |

HY(F,,PGL;) —2— Br(F,)

where the bottom map is injective [GS, §4.4] and the left map is bijective because of
Theorem 8.1. We thus have

Hl

loop

Corollary 13.1. The boundary map H,,, (R, PGLg) — Br(R,) is injective. O

Azumaya R, -algebras whose classes are in Hy,,,(R,, PGLg) are called loop Azu-
maya algebras. They are isomorphic to twisted form of My by a loop cocycle. One
can rephrase the last Corollary by saying that loop Azumaya algebras of degree d are
classified by their “Brauer invariant”.

Similarly, Wedderburn’s theorem [GS, 2.1] for F,,—central simple algebras has its

counterpart.

Corollary 13.2. Let A be a loop Azumaya R,—algebra of degree d. Then there exists
a unique positive integer r dividing d and a loop Azumaya R,—algebra B (unique up
to Ry, —algebras isomorphism) of degree d/r such that A ~ M,(B) and B ®g, F, is a
division algebra. O

This reduces the classification of loop Azumaya R,,-algebras to the “anisotropic”
case, namely to the case of loop Azumaya R,—algebras A such that A ®p, F, is a
division algebra.

In the same spirit, the Brauer decomposition [GS, 4.5.16] for central F,,—division
algebras yields the following.

Corollary 13.3. Write d = pi™ ---p;". Let A be an anisotropic loop Azumaya R,,-
algebra of degree d. Then there exists a unique decomposition

A~ A ®g, - ®r, A

where A; is an anisotropic k—-loop Azumaya R,,-algebra of degree p;** fori=1,..,1. O
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The two previous Corollaries show that the classification of loop Azumaya R,—
algebra reduces the classification of anisotropic loop Azumaya R,,-algebras of degree
p™. Though the Brauer group of R, and F;,, are well understood, the understanding
of H. (R,,PGLy)a, is much more delicate.

loop
We are given a loop cocycle ¢ = (¢9°°, z) with values in PGLgy(k). Set A = ,(Mj).
This is a central simple k—algebra such that , PGL; = PGL;(A). Recall that ¢9°
is given by a k—group homomorphism ¢9° : u? — PGL;(A). To say that ¢ is
anisotropic is to say that ¢9¢° : u'’ — PGL;(A) is anisotropic.
We discuss in detail the following two special cases : the one-dimensional case,
and the geometric case (i.e. k is algebraically closed).

13.2 The one-dimensional case

If k is algebraically closed H'(R;, PGLy) is trivial. The interesting new case is
when k is not algebraically closed, e.g. the case of real numbers. Since the map
H'(F,,PGL,;) — Br(Fy) is injective, as a consequence of Corollary 9.1, we have
HY(R,,PGL,) ~ H'(F,,PGL,) and the map

(13.1) H'(R;,PGL,) — Br(R,) = Br(k) ® H'(k,Q/Z)
is injective.
Theorem 13.4. The image of the map 13.1 consists of all pairs [Ag] @ x where Ay is

a central simple algebra of degree d and x : Gal(ks/k) — Q/Z a character for which
that there exists an étale algebra K/k of degree d inside Ay such that xx = 0.

Remark 13.5. The indices of such algebras over F; are known ([Ti, prop. 2.4] in
the prime exponent case, and [F'SS, Lemma 4.6] in the general case). The index of a
Fy—algebra of invariant [Ao] @ x is deg(x) x indy, (A ®y ky) where k, /k stands for the
cyclic extension associated to .

The proof needs some preparatory material from homological algebra based on
Cartier duality for groups of multiplicative type. More precisely, the dual of an
extension of k—groups of multiplicative type

1-G, -E—=p, —1

is the exact sequence R
0—Z/mZL—FE —7Z— 1.

We have then an isomorphism

Eaty_y,(ty,, Gr) = Exté (2, Z/mZ) = H' (k, Z/mZ)
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which permits to attach to the first extension a character. Up to isomorphism, there
exists a unique extension E, of u,, by G,, of class [x].

Lemma 13.6. Let x : Gal(k) — Z/mZ be a character for some m > 1.
1. The boundary map
EXJ(B)™ = H'(k,p,,) — H*(k,G,,) = Br(k)
is given by (z) — x U (x).
2. Let K/k be an étale algebra. The following are equivalent:

a) There exists a morphism of extensions E, — Ry (G,,) rendering the
X /
diagram

1 — G, —— E, — K, — 1
commutative.

(b) xx =0.

Proof. (1) The cocharacter group Ex is Z/mZ & 7Z together with the Galois action
v(a, B) = (a + x(7), B). The Galois action on E, (k) ~ k" x p, (k) is then given by

19.0) = (1) ()

for every v € Gal(k). The class (z) € H'(k,p,,) is represented by the cocycle
¢y =v(%/x)/ ¥/z. The element b, = (1,¢,) € E, (k) lifts ¢,. The boundary 9((z)) €
H?(k, EX) is then represented by the 2—cocycle

Ay + = bﬂ/ X V(b'r) b;} = Cz(ﬂ/)X(’Y) -Cr .

(2) We decompose K = ky X --- x k; as a product of field extensions and denote by
Mj the cocharacter module of Ry, /i(Gy,). Then the character module of Ry /(Gy)
is M = @©M;. By dualizing we are interested in morphism of extensions

0O —— I > M L > 0
0 —— Z/mZ N Z > 0.
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By Shapiro’s lemma Ext!(M;, Z/mZ) = H'(k;, Z/mZ) and the map Ext'(Z,Z/mZ) —
Ext'(M;,Z/mZ) yields the restriction map H'(k,Z/mZ) — H'(k;,Z/mZ). Tt fol-
lows that the bottom extension above is killed by the pull-back M; — Z, and therefore
that xx, = 0 for j = 1,..,1. This shows that (a) = (b).

(b) = (a): We assume that xx = 0, namely xx, = 0 for j = 1,..,l. Hence Ex
belongs to the kernel of Ext*(Z,Z/mZ) — Ext*(M;,Z/mZ) for for j = 1,..,1 so Ex
belongs to the kernel of Fxt'(Z,Z/mZ) — Ext'(M,Z/mZ). This means that the

~

map M — Z of Galois modules lifts to E, — Z as desired. O
We can proceed now with the proof of Theorem 13.4.

Proof. We show first that the image of 0 consists of pairs with the desired proper-
ties. Again by Corollary 9.1, we have H. (R;,PGL,;) = H'(R;,PGL,) and we

loo,
are reduced to twisted algebras given by lof)p cocycles ¢ = (¢9°°, z) with value in
PGL,(k). Recall that Ay = .(My) and that we have then a k—group homomorphism
¢9° : p,, — PGL;(Ap). We may assume that ¢9¢ is injective. We pull back the
central extension 1 — G, — GL;(Ay) == PGL(Ay) — 1 by ¢9°° and get a central

extension of algebraic k—groups

135G oE2p, —1

such that E is a k-subgroup of GL;(4,). By extending the scalars to k, we see that
E is commutative, hence is a k—group of multiplicative type. Then E is contained in a
maximal torus of the k-group GL;(4y) and is of the form Ry /;(G,) where K C Ay
is an étale algebra of degree d. We have then the commutative diagram

1 G, E E— 7. — 1

Lemma 13.6.2 tells us that xyx = 0. We compute the Brauer class of this loop algebra
by taking into account the commutative diagram

HY(F;,PGL;) —— Br(F)

Tsz ZT?Jr[Ao}

H'(F,,PGL(A)) —2— Br(F)

I I

HY(Fi,p,)  —2 Br(F).
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The commutativity of the upper square is that of the torsion map [Sel, §1.5.7], while
that of the bottom square is trivial. The image of (t1) € F{*/(F{)* is x U (t1) by
Lemma 13.6.1. The diagram yields the formula 9([¢]) = [Ao] @ x which has the
required properties.

Conversely, let K/k be an étale algebra of degree d inside Ay and let x be a
character such that xx = 0. Let m be the order of x; by restriction-corestriction
considerations m divides d. Lemma 13.6.2 shows that there exists a morphism of
extensions Fy — Rg/x(Gy,). This yields a morphism ¥9°° : p,, — Rg/1(Gp) /G —
PGL;(Ap). The previous computation shows that the loop torsor (¢9¢°, z) has Brauer
invariant [Ao] & x.

O
As an example, we consider the real case.
Corollary 13.7. Assume that k = R. Then the image of the injective map
H'(R,,PGL,) — Br(R,) = Br(R) ® H'(R,Q/Z)
1s as follows:
1. 060 if d is odd;
2.000,0® xe/mr, [(—1,-1)] @0 and [(—1,—-1)] & xc/r if d is even. O

Remark 13.8. In the case d = 2, the four classes under consideration corresponds
to the quaternion algebras (1,1), (1,t), (—1,—1), (=1,¢).

13.3 The geometric case

We assume that k is algebraically closed. According to Corollary 8.6.2, our goal
is to extract information from the bijections

Homyg, (Z", PGLd(k))irr/ PGLy(k) — Hllwp(Rn, PGLy)iy — H'(F,,PGLg) .

The right hand set is known from the work of Amitsur [Am], Tignol-Wadsworth [TiW]
and Brussel [Br],3* the left hand-side is known by a classification due to Mumford
[Mu, Prop. 3]

34See also [L], [Ne], [RY1, §8] and [RY2]. These last two references relate to finite abelian constant
subgroups of PGL,; which have been investigated by Reichstein-Youssin in their construction of
division algebras with large essential dimension. [Ne] is more interested in the “quantum tori” point
of view and its relation to EALAs of absolute type A.
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As a byproduct of our main result, we can provide then a proof of Mumford’s clas-
sification of irreducible finite abelian constant subgroups of PGL,; from the knowledge
of the Brauer group of the field F),. Let us state first Mumford’s classification. If
d = s1...5/8 with s1 | so--+ | s; and s; > 2, we consider the embedding

PGL;, x--- x PGL;, = PGL,

and define the subgroup H(sy, ..., s;) to be the image of the product of the standard
anisotropic subgroups H(s;) = (Z/s;Z)* of PGL,, for j = 1,..,1 defined by the
generators

00 -~ 0 1 1 0 --

B 0 0 0 ]o ¢, 0 -0

(132) a;= |, | ol =0 0
1 0 0 0o ¢!

Remark 13.9. The way of expressing the group H(sy, s2) in the form H(s;) x H(s2)
is not unique when s; and s, are coprime. There is then a unique way to ar-
range such a group H as H(s},...,s,) with s} | s5--- | s; and s} > 2. Note that
rank (H(s}, ..., s)(k)) = 20

We can now state and establish the classification of irreducible finite abelian groups
of the projective linear group.

Theorem 13.10. [Mu, Prop. 3] (see also [BL, §6], [GM, Th. 8.28]).
1. d=s1 X ... x s if and only H(sy, ..., s;) is irreducible in PGLy.

2. If H is an irreducible finite abelian constant subgroup of PGLgy, then H is
PGL,(k)-conjugate to a unique H(sy, ..., s;) with d = sy...s;, $1 | sa--- | si and
S1 Z 2.

As mentioned above, our proof makes use of Galois cohomology results over R,
for n > 1 (or equivalently F,,) collected from our previous paper [GP3].

Our convention on the cyclic algebra (;,t;)7 is that of Tate®® for the Azumaya
R,—algebra with presentation

X=1;, YI=1" YX = (XY

35This is the opposite convention than that of [Br] and [GP3], but consistent with that of [GS]
which we use in the proof.
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Let us consider now Brussel R,—algebras. Given sequences of length [ < [%]
2§81"‘§$[, 1,571

we define
A(ry, 81,0, 11581) = (1, t2) o) ®r, -+ g, (ta—1, tar)s

Lemma 13.11. With the notation as above, set d = sy...s; and define
¢ Z" — H(sy)(k) x - x H(s))(k) = H(sq, ..., s1)(k) C PGLy(k),
(e1,€, ..., €21_1, €91) =+ (—ay, —r1by, ..., —ay, —71b;)
1. Then 4(My) — A(r1, s1,...,71, 1) as R, —algebras.
2. The following are equivalent:

(a) A(ry, s1,...,11,8) Qr, Fy is division F,—algebra;
(b) ¢ is irreducible;
(¢c) H(sy,...,s1) is irreducible in PGLy and (rj,s;) =1 for j =1,....L

Proof. (1) This is done for Ry and each H(s;) in [GP2, proof of Th. 3.17]. This
“extends” in an additive way to yield the general case.

(2) The equivalence (a) <= (b) is a special case of [GP3, 3.1].

(b) = (c¢): Since ¢ is irreducible, its image Im(¢) is an irreducible subgroup of PGL,.
This image is a product of the Im(¢;) which are then irreducible in PGL;,. According
to [GP3, 3.13], we have then (r;,s;) =1 for j = 1,...,{. Hence Im(¢) = H(s1, ..., 5)
is irreducible in PGL,.

(¢) = (a): Since H(sy,...,s;) is irreducible in PGL,, we have d = s;....s;. The
condition (rj,s;) = 1 for j = 1,...,] implies that the algebra A(ry, s1,...,7;,5) ®r, F,
is division [Am, th. 3. O

We can now proceed with the proof of Theorem 13.10.

Proof. (1) If d = s;...s; then A(1, s1,...,1,8) ®g, F, is a division F,—-algebra [Am,
th. 3], so Lemma 13.11 shows that H(sy, ..., s,,) is irreducible in PGLy. If d # s;...s;,
then this algebra is not division and H(sy, ..., s,,) is reducible.

(2) If H(sy, ..., s;) is PGLy(k)-conjugate to some H(s], ..., s)), then H(sy,...,s;) is
isomorphic to H(s, ..., s},) as finite abelian group. So the divisibility conditions yield
=10 and s; =5, for j=1,..,1.

The delicate points are existence and conjugacy. Let H be a finite abelian constant
irreducible subgroup of PGL,. Denote by n the rank of H(k) and by m its exponent.
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Let us prove first that H is PGL,(k)—conjugate to some H(s1, ..., s;). We view
H(k) as the image of an irreducible group homomorphism v : (Z/mZ)" — PGL4(k).
Since k is algebraically closed v is a cocycle. The loop construction then defines
an Azumaya R,—algebra of degree d such that A ®g, F, is division (i.e. the group
PGL;(A)g, is anisotropic). Up to base change by a suitable element of GL,(Z),
Theorem 4.7 of [GP3] provides an element g € GL,(Z) such that

g*(A) = A<7“17 S1y -0 TLy Sl)

with (rj,s;) =1for j=1,..,1.
By Lemma 6.1.1, A(ry,sq,...,7,5) is the loop Azumaya algebra defined by the
morphism

¢ 2" — H(s)) (k) x - - x H(s))(k) = H(s1, ..., s;)(k) € PGLy(k),

(61, €2,...,691_1, 621) —> (—CLl, —bl, cey, —aQy, —lel).

which is then irreducible by the second statement of the same lemma. Theorem 7.9
tells us that ¢ and ¢ are PGL4(k)—conjugate, hence H(k) is PGL4(k)—conjugate to
H(sq, ..., s1)(k) = Im(¢)). Since n = rank(H(s1, ..., s;)(k)), we have s; | sg... | 5. O

We can now go back to Azumaya algebras.
Theorem 13.12. Let A be an anisotropic loop Azumaya R,—algebra of degree d.

1. There exists a sequence s, ..., S, and an integer r1 prime to sy satisfying
sile|s, 2>s, d=si---s, (r,s)=1
and an element g € GL,(Z) such that
g (A) = A(ry, 81,1, 89, 1,83, -+, 1,8) = A(—ry1, 81,1, 82,1, 83,- -, 1,8).
Such a sequence Sy, ..., S; 1S unique.
2. If n = 2l, +ry is unique modulo s.
3. Ifn >2l, g"(A) =2 A(1, 81,1, 89,1, 83,---,1,5).

Proof. (1) By definition, A is the twist of My(k) by a morphism ¢ : (Z/mZ)" —
PGL,(k). Since A®p, F, is division, ¢ is irreducible [GP2, th. 3.1]. Theorem 13.10
shows that there exists a unique sequence sy, ..., s; such that sq | -+ | s, 2 > s
and Im(¢) is PGLy(k)-conjugate to H(s1, ..., s;) := H(sy, ..., s;) (k). Without lost of
generality, we can assume that Im(¢) = H(sq, ..., ).
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Recall that ay, by, ..., a;, b stand for the standard generators of H(sy,...,s;). We
shall use that A'(H(s1, ..., s;)) ~ Z/s1Z generated by a; A by ---a; Ab [RY2, Lemma
2.1], as well as the following invariant of ¢ (ibid, 2.5)

0(¢) = dler) Ndlea) A+ Adlen) € A" (H(si, ..., s1)(k))

This invariant has the remarkable property that a homomorphism ¢ : (Z/mZ)" —
H(sy, ..., s1)(k) is GL,(Z)-conjugate to ¢ if and only if §(¢) = £(¢').
We shall prove (1) together with (2) [resp. (3)] in the case n = 2[ (resp. n > 2I).

First case. n = 2l: The family (¢(eq), ..., ¢(e,)) generates H(sy,...,s;), and we con-
sider the class

(] == d(er) A dlea) A+ A dlen) € (Z/51Z).
Let r; be an inverse of r% modulo s;. We have

o(rier) Ap(eg) -+ Aole,) =ay ANby---a; A

so there exists g € GL,(Z) such that (ibid, 2.5)

w(rlel) = aluw(€2) = b27 ) (]5(6”,1) = ay, (b(en) = bl
where ¢ = ¢ o g. In terms of algebras, this means that
g*(A) = A(Th S1, ]-7 S2, 15 83,1, ]-7 Sl)-

Let us first prove the uniqueness assertions The uniqueness of (si, .., s;) follows from
Theorem 13.10, hence (1) is proven. For (2), we are given then ] € Z coprime to $1,
and an element h € GL,(Z) such that

h*(A<T1,Sl, 1,82, 1,83, cee ,1,81)) >~ A(Tll,Sl, 1,82, 1,83, cee ,1,81).

Denote by ¢ : (Z/mZ)" — H(s1, .., s,) the group homomorphism defined by ¢/'(e;) =
riar, ¥'(ea) = by, -+ ,¥(e,) = by. Since the (F,—anisotropic) loop algebras attached
to h*) and v’ are isomorphic, Theorem 7.9 provides an element u € PGLy4(k) such
that

Yoh=muo

Since H(s1,...,s) = Im(¢) = Im(¢’), it follows that u € Npgr,w (H(s1,...51))-
But the map u : H(sy,...,s)(k) — H(sy,...s;)(k) preserves the symplectic pairing
H(sy,...,s1)(k) x H(sy, ..., s)(k) — k* arising by taking the commutator of lifts in
GL,(k). It follows that A™(u) = id (ibid, 2.3.a) hence

d(¢p) = +0(poh) =+0(uot)') =+6(uo)).
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Thus r; = +r} € Z/s1Z as prescribed in (2) .

Second case. m > 2l: Fori =21+ 1,....n we set ¢; = 0 € H(sy,..,s;). Both fam-
ilies ((b(el), . qb(en)) and (ryay,by -+ ,a;, by, 01, Cy) generate H(sy,...,s;) and
satisfy

pler) Ag(ez) - --Ag(en) = (rrar) Aby -~ arAb Aegra A -Aey € A (H (51, ..., 51)) = 0.

The same fact [RY2, Lemma 2.5] shows that there exists ¢ € GL,(Z) such that
(g70)(e1) = riay, (g°d)(e2) = by, (97¢)(e2i-1) = a; and (g"P)(ez;) = b; for i = 2, .1
and (g*¢)(e;) = ¢; for i = 21+ 1,...,n. Therefore the preceding case with 2/ variables
yields the existence and the uniqueness of the s;’s. It remains to prove (3), namely
that we can assume that ;1 = 1. But this follows along the same lines of the argument
given above since (11 a1)Aby -+ - i AbAcoriy + - - A = (1) Aby - - - ay AbyAegiq -+ Aey, €
A™(H(s1, ..., 51))- O

13.4 Loop algebras of inner type A

To the Azumaya R,—algebra A(ry, sy, ...,7, s;) we can attach (using the commu-
tator [z,y] = xy — yx) a Lie algebra over R,. We denote by L(ri,si,...,r,5) the
derived algebra of this Lie algebra. It is a twisted form of sly(R,) where d = s; ... s;.

Corollary 13.13. Let d be a positive integer. Let L be a nullity n loop algebra of
inner (absolute) type Aq_1.

1. If L is not split, it is k—isomorphic to L(ry, s1,1, 82, ,1,s;) where
n

si|-|s, 2>s, d=s1--5, (r,s)=1 and lg[g}

and such a sequence Sy, ..., S; 1S UNique.
2. If n =21, ry is unique modulo s; and up to the sign.
3. If n > 2l, L is k—isomorphic to L(1,s1,1, 89, ,1,5)

Proof. The classification in question is given by considering the image of the natural
map

Hj,pp(Ro, PGLg) — GL,,(Z)\H'(R,,, Aut(PGL,))

The image can be identified with (Z/2Zx GL,(Z))\ H},,,(R., PGLq) where Z/27 acts
by the opposite Azumaya algebra construction. Corollary 8.6 reduces the problem to
the “anisotropic case”. Theorem 13.12 determines the set GL,(Z)\H.,, (R., PGLy),

oop

and as it turns out the action of Z/27Z is trivial. Therefore the desired classification
is also provided by GL,(Z)\H}.,  (R,,PGL,) and we can now appeal to Theorem

oop

13.12 to obtain the Corollary. O
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14 Invariants attached to EALAs and multiloop
algebras

Both the finite dimensional simple Lie algebras over k (nullity 0) and their affine
counterparts (nullity 1) have Coxeter-Dynkin diagrams attached to them that contain
a considerable amount of information about the algebras themselves. It has been a
long dream to find a meaningful way of attaching some kind of diagram to multiloop,
or at least EALAs of arbitrary nullity (perhaps with as many nodes as the nullity).
Our work shows that this can indeed be done and in a very natural way.

Let us recall (see the Introduction for more details) the multiloop algebras based
on a finite dimensional simple Lie algebra g over an algebraically closed field k of char-
acteristic 0. Consider an n—tuple ¢ = (074, ...,0,) of commuting elements of Aut(g)
satisfying 0" = 1. For each n—tuple (iy,...,i,) € Z" we consider the simultaneous
eigenspace g;, i, = {x € g : 0;(z) = & for all 1 < j < n}. The multiloop algebra
L(g,0) corresponding to o is defined by

(41,550 ) ELT
Recall that L(A,e), which does not depend on the choice of common period m, is
not only a k—Lie algebra (in general infinite-dimensional), but also naturally an R—
algebra. It is when L(g,0) is viewed as an R-algebra that Galois cohomology and
the theory of torsors enter into the picture. Indeed a rather simple calculation shows
that
L(g70> ®Rn an ~g Xk Rn,m = (g Xk Rn) ®Rn Rn,m-

Thus L(g,0) corresponds to a torsor &, over Spec(R) under Aut(g). It is, however,
the k—Lie algebra structure that is of interest in infinite-dimensional Lie theory and
Physics.

Let G be the k—Chevalley group of adjoint type corresponding to g. Since Aut(QG)
and Aut(g) coincide we can also consider the twisted R,—group ¢Gg,. By functori-
ality and the definition of Lie algebra of a group functor in terms of dual numbers we
see that Lie(¢Gpr,) = L(g,0). By the aciclicity Theorem to ¢Gpg, we can attach a
Witt-Tits index, and this is the “diagram” that we attach to L(g, o) as as Lie algebra
over k. Note that by Corollary 8.12 this is well defined. The diagram carries the
information about the absolute and relative type of L(g,a).3

36The relative type as an invariant of L(g, ) is defined in in §3 of [ABP3] by means of the central
closure. If C' is the centroid of L(g,o) and C denotes its field of quotients, then L(g,o) ®¢ C is a
finite dimensional central simple algebra over C. As such it has an absolute and relative type. This
construction applies to an arbitrary prime perfect Lie algebra which is finitely generated over its
centroid.
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To reassure ourselves that this is the correct point of view we can look at the
nullity one case. EALAs of nullity one are the same than the affine Kac-Moody Lie
algebras. If one uses Tits methods to compute simple adjoint algebraic groups over
the field k((f)) one obtains precisely the diagrams of the affine algebras.

15 Appendix 1: Pseudo-parabolic subgroup schemes

We extend the definition of pseudo-parabolic subgroups®” of affine algebraic groups
(Borel-Tits [BoT2], see also [Sp, §13.4]) to the case of a group scheme & which is of
finite type and affine over a fixed base scheme X. We begin by establishing some
notation.

We will denote by G, x and G, x the multiplicative and additive X-groups. The
underlying schemes of these groups will be denoted by A% and Ay respectively. After
applying a base change X — X’ we obtain corresponding X'-groups and schemes that
we denote by Gy, x1, Goxr, AY and Ay

The structure morphism of the X’-scheme A, gives by functoriality a group ho-
momorphism

Let A : G, x — & be a cocharacter. By applying Ay to the identity map id,x €
x/
G2 (A%,) we obtain an element of Ay (id,x ) € G(AY).
i‘/
We have a natural group homomorphism &(Ay) — B(AL). Given an element
' € &(A%,) we will write 2’ € &(Ay) if 2 is in the image of this map.

After these preliminary definitions we are ready to define the three group functors
that are relevant to the definition of pseudo-parabolic subgroups.

Let Zg(\) denote the centralizer of A\. Recall that this is the X-group functor that
to a scheme X’ over X attaches the group

(15.2) Zs(\)(X') = {2/ € (X') : 2" commutes with \(G,, x(X")) C &(X")}

where X" is a scheme over X’ and z” denotes the image of 2’ under the natural group
homomorphism &(X') — &(X”).
We consider the two following X—functors

POVX) = {9 € 8&) | Awlidyz ) ne(s) (Awlid,y,) ™ € G(Ae) }

37In [CoGP] the groups that we are about to define are called limit subgroups. We have decided,
since we are only dealing with analogues of pseudo-parabolic subgroups over fields, to abide by this
terminology. This material can in part be recovered from their work, but we have decided to include
it in the form that we needed for the sake of completeness.
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and
UN@) = {g€ 6(X) | Aelidy ) n(g) (hoidy 1)) ™ € ker (8(Az) (X)) }

for every X-scheme X'. The centralizer Zg () is an X—subgroup functor of P(\) which
normalizes U(\).

We look at the previous definitions in the case when X = Spec(R) and X' =
Spec(R') are both affine.®® We have Ap = Spec(R'[z]) and A}, = Spec(R'[z*!]).
Then = € R'[z*])* = Gy, g (R'[2F]) = G, r(A}), and by applying our cocharacter
we obtain an element A\p () € &(R’). Under Yoneda’s correspondence G,, g (R'[zF!]) ~
Homp (R'[x*!], R'[z*']) our element z corresponds to the identity map, namely to
the element id ax, € G, r (A% ) if we rewrite our ring theoretical objects in terms of

schemes. We thus have
PO(R) = {g € (R | Aw(@)nw(g) (Ar(@) " € SR }
and
UN(R) = {g € B(R) | Ap(@) () (A (2) " € ker (B(Ra]) — &(R) }

where ng/(g) is the natural image of g € &(R') in &(R'[z*!]), and the group homo-
morphism &(R'[z]) — &(R') comes from the ring homomorphism R'[x] — R’ that
maps z to 0.

15.1 The case of GL, 7.

Assume S = Spec(Z) and let G denote the general linear group GL,, 7z over Z.
We let T denote the standard maximal torus of G. Let A : G,z = T — G be
a cocharacter of G that factors through T. We review the structure of the groups
Zs(N), P(A) and U(N).

After replacing A by int(#) o A for some suitable § € G(Z) we may assume that
there exists (unique) integers 1 < ¢ </l <--- <{; <n andey,...,e, such that

ei=¢; if 0y, <1, j <{lpy for some k
er41 > € forall 1<k<j

so that the functor of points of our map A : G,z — T is given by

>\R : sz(R) — T(R)

38 As customary we write Gy, g instead of Gy, x...
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(%) e

for any (commutative) ring R and for all r € G,,, z(R) = R*.
At the level of coordinate rings if G, 7 = Spec (Z[z*!]) and T = Spec (Z[t", ..., tF]),
then A corresponds (under Yoneda) to the ring homomorphism

N ZE ] — Z[aT

given by
D PR
From this it follows that Zg(\)(R) consists of block diagonal matrices inside
GL,,(R) of size {1, ..., ;. Note that one “cannot see” this by looking at the centralizer
of \(Gy,z(R)) inside G(R). This is clear, for example, if n =2, R=27,j=1,(, =1
and 1 = e; < ey = 3. The easiest way to eliminate “naive” contralizers in Zg(\)(R)
is to look at their image in G (R[z*']). In fact

Lemma 15.1. With the above notation we have
Zc(\)(R) = { A € G(R) C G(R[z*"]) : A commutes with A\g (G z(R[z*'])) }.

Proof. The inclusion C follows from the definition of Zg (). Conversely suppose that
A € G(R) is not an element of Zg(A)(R). Then there exists a ring homomorphism
R — S and an element s € S* such that the image of A in G(S) does not commute
with the diagonal matrix

But then A, viewed now as an element of Q5(R[xi1]) cannot commute with

x4

)\R[mil}(x) =

e

For if it did, we would reach a contradiction by functoriality considerations applied
to the (natural) ring homomorphism R[z*!] — S that maps x to s. O
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Returning to our example we see that there are two extreme cases for Zg(\). If
j=1and ¢; = n then Zg(\) = G. At the other extreme if j = n then A is regular
and Zg(A) = T. In all cases we see from the diagonal block description that Zg(\)
is a closed subgroup of G (in particular affine).

We now turn our attention to P(\) and U(A). By using (*) one immediately sees
that

P()\)(R) = {A = (aij) € ®(R) TS 0 if e; > ej}.

Thus the P(\) are the standard parabolic subgroups of G.

Example 15.2. We illustrate with the case n = 5 with j = 2 and ¢, = 2, {, =
5, e =1, e = 3. Then A = (a;;) € GL5(R) is of the form

A:(j g).

We have two blocks, the top left of size 2 and the bottom right of size 3. Given
A = (a;;) € GLs(R) C GL35(R[2z*!]) define P by

that is
Mz)ANz) ' =P

where P = (p;;) and p;; = > pijxa® € R[z*!]. To belong to P()) the element A must
be such that p;jr = 0 for £ < 0. This forces all entries in the 3 x 2 block marked with
a — to vanish. For the elements in Zg(A\)(R) both blocks — and + must vanish.

It is easy to determine that if A € P(\) the matrix P is such that the p;; = a;; € R

whenever 1 < ¢, j < 2or 2 <14, 5 < 5. 1If on the other hand, i < 2 < j then

— 2
Pij = Qi

This makes the meaning of U(\) quite clear in general. If A(x)AN(z)~! € G(R[z])
is mapped to the identity element of G(R) under the map R[z] — R which sends
x + 0 then a; = 1 and a;; = 0 if ¢; > ¢;. That is

UM (R) ={A=(a;;) e P(N) :a;; =1 and a;; = 0if e; > e;}.

In particular U(A) is an unipotent subgroup of P(\).
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15.2 The general case

Lemma 15.3. Assume that there exists locally for the fpqc-topology a closed embed-
ding of & in a linear group scheme.® Then

1. the X—functor U(N) (resp. P(N), resp. Zg(N)) is representable by a closed
subgroup scheme of & which is affine over X.

The geometric fibers of U(\) are unipotent.
P(\) = U\) x Zs()).

Zs()\) = P(\) xs P(—\).

P(\) = Ng(P())).

GvoB o e

Proof. The case of GL,, s: The question is local with respect to the fpgc topology,
so we can assume then that X is the spectrum of a local ring R. Since all maximal
split*® tori of the R-group GL, x are conjugate under GL,,(R) [SGA3, XXVL.6.16],
we can assume that A : G,, p = Tr < GL,, g where T is the standard maximal torus
of GL,, z. Since Homy(G,,,, T) ~ Hompg(G,, g Tr), we can reduce our problem to the
case when R = 7Z, which has been already done in Example 15.1.

General case:

By fpgc-descent, we can assume that X is the spectrum of a ring R, and that we
are given a R-group scheme homomorphism p : & — &' = GL,, g which is a closed
immersion.

(1) Denote by P’(\) and U’(\) the R-subfunctors of &’ attached to the cocharacter
po . The identities P(\) = P'(\) xe & and U(\) = U’()\) xe & can be established
by reducing to the case of & = GL,, . This reduces the representability questions
to the case when & = GL,, p considered above.

(2) This follows as well from the GL,,  case.
(3) We know that the result holds for &’. Let R’ be a ring extension of R and let

g € &(R'). Then g = uz with u € U'(N\)(R') and z € P'(\)(R’). We have
Mz) g Mx) AN @) ulz) ' 2 € B(AR).
By specializing at 0, we get that z € &(R’). Thus g € Zg(A)(R') and u € UN)(R).
We conclude that P(\) = U(X) x Zg(A).
(4) and (5) follows from the GL,, p case. O

39This condition is satisfied if X is locally noetherian of dimension < 1 [BT2, §1.4], and also for
reductive X—group schemes.
40Trivial, in the terminology of [SGA3].
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Definition 15.4. An X—subgroup of & is pseudo-parabolic if it is of the form P(\)
for some X-group homomorphism G,, x — &.

Proposition 15.5. Let & be a reductive group scheme over X.

1. Let A : Gpx — 6 be a cocharacter. Then P(X) is a parabolic subgroup scheme
of 8 and Zg(N) is a Levi subgroup of the X—group scheme P(\).

2. Assume that X is semi-local, connected and non-empty. Then the pseudo parabolic
subgroup schemes of & coincide with the parabolic subgroup schemes of &.

We shall use that this fact is known for reductive groups over fields [Sp, §15.1].

Proof. We can assume that X = Spec(R) is affine.

(1) The geometric fibers of P(\) are parabolic subgroups. By definition [SGA3,
§XXVI.1], it remains to show that P()\) is smooth. The question is then local with
respect to the fpgc topology, so that we can assume that R is local and that & is
split. By Demazure’s theorem [SGA3, XXIII.4], we can assume that & arises by base
change from a (unique) split Chevalley group &, over Z.

We now reason along similar lines than the ones used in studying the GL,, 7 case
above. Let T C & be a maximal split torus. Since all maximal split tori of & are
conjugate under &(R), we can assume that our cocharacter A factors through Tg.
Since Homz (G, z, %) = Hompg(G,, g, Tr), the problem again reduces to the case
when R = Z and of & = &, and A : &,,7z — T. By the field case, the morphism
P(\) — Spec(Z) is equidimensional. Since Z is a normal ring and the geometric
fibers are smooth, we can conclude by [SGA1, prop. 11.2.3] that P()) is smooth and
is a parabolic subgroup scheme of the Z—-group &.

The geometric fibers of P(A) xg P(—\) are Levi subgroups. By applying [SGA3,
th. XXVI1.4.3.2], we get that Zg(\) = P(A) xg P(—A) is a Levi S-subgroup scheme
of P(\).

(2) Using the theory of relative root systems [SGA3, §XXVI.7], the proof is the same
as in the field case. O

16 Appendix 2: Global automorphisms of G—torsors
over the projective line

In this appendix there is no assumption on the characteristic of the base field k.
Let G be a linear algebraic k-group such that G° is reductive. One way to state
Grothendieck-Harder’s theorem is to say that the natural map

Hotyy(Grn, G) /G(k) — H}, (P!, G)
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which maps a cocharacter A : G,,, — G to the G-torsor €, := (—\),(O(—1)) over P}
where O(—1) stands for the Hopf bundle A% \ {0} — P}, is bijective.!

We fix now a cocharacter \ : G,, — G. We are interested in the twisted P}—group
scheme €,(G) = Isomg(€y, €)), as well as the abstract group €,(G)(P;). This group
is the group of global automorphisms of the G-torsor &, over P,. Tt has a concrete
description.

Lemma 16.1. &,(G)(B}) = G(k[t]) N A)G ([t ])AEY).

Proof. We recover P}, by two affine lines Uy = Spec(k[t]) and U; = Spec(k[t™']). The
Hopf bundle is isomorphic to the twist of G, by the cocycle z € Z'(UgUU,;/P;, G,,)
where zo0 =1, 201 =t 71, 210 =1, 211 = 1. Then \(z) € Z'(Uy LU U, /P}, G,,) is the
cocycle of €,. Hence

ENG)PY) = {(90.91) € G(Uo) x G(UL) | A7 (z20)91 = 90 |
= Gk NAOGREDAE).
U

In the split connected case, this group has been computed by Ramanathan [Ra,
prop. 5.2] and by the first author in the split case (see proposition 11.2.2.2 of [Gi0]).
We provide here the general case by computing the Weil restriction

H, = [] ¢.(G).

P! /k

which is known to be a representable by an algebraic affine k—group. Let P(\) =
U(A\) x Zg(A) € G be the parabolic subgroup attached to A (lemma 15.3).

Denote by Z(A) the center of Zg(A). Then A factors through Z(\) and this
allows us to define the Z(X)—torsor Sy := (—=\).(O(—1)) over P}. We can twist the
morphism Zg(\) — G by S,, so we get a morphism Zg(\) x;, P}, — €,(G) and then
a morphism Zg(\) — H,.

Proposition 16.2. The homomorphisms of k—groups

(H SA(U()\))> «Za(\) = [[ S\(P(V) — Hu.
Pi/k

Pi/k

are isomorphisms. Furthermore, [ SA(U(N)) is a unipotent k—group.
Pl/k

41 This is not the usual way to state the theorem (see [Gi0, I1.2.2.1]), but it is easy to derive the
formulation that we are using.
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Proof. Write P, U for P(A), U(M\).

H SA\(P) = H SA(U) H Za(N) = H SA(U) % Zg(N)
Pl /k PL/k PL/k PL/k

so it remains to show that [[ SA(P) — H,. Consider a faithful representation
Pi/k

p: G — G’ = GL,. Denote by P’ the parabolic subgroup of G’ attached to . We

have P = G x g P’, hence S\(P) = €,(G) x¢, () SA(P’). It follows that

[18:P) = [T &(G) x 1 exer [] S2(P)
P /k Pl /k PL/k PL/k

as can be seen by reducing to the case of GL,, already done in Example 15.1. This

case also shows that [[ SA(U())) is a unipotent k—group. O
Pl /k
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