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Abstract

In this article, we propose an analytical approximation for the pricing of European op-
tions for some lognormal stochastic volatility models. This approximation is a second-order
Taylor series expansion of the Fourier transform with respect to the "volatility of volatility".
We give, using these formulas, a new method of variance reduction for the Monte-Carlo

simulation of the trajectories of the underlying.

1 Introduction

Following the rejection of the assumption of constant volatility by empirical studies, a large num-
ber of models have been proposed in the literature such as generalized Lévy processes, fractional
Brownian motion, the diffusions with jumps and stochastic volatility models. Melino and Turn-
bull have shown in [22] that the assumption of stochastic volatility leads to a distribution of the
underlying asset that is closer to the empirical observations than the log-normal distribution.
The issue of stochastic volatility and its effects on prices of options have been widely studied in
the literature (see, e.g., Johnson and Shanno [18], Hull and White [17], Scott [25], Wiggins [27]).
The models developed by these authors require either the use of Monte Carlo simulation or the
numerical solution of partial differential equation (parabolic in most cases) with dimension larger
than 2 for the price of conventional options. Some of these models require the "questionable" as
assumption of zero correlation between the underlying and its volatility. Under this assumption,
Hull and White [17] gave an approximation of the price of a European option as a Taylor series

expansion, Stein and Stein [26] provide a solution for option prices that can be obtained using



numerical integration in two variables. Heston [16] developed a semi-analytical solution for
pricing European options in a model with correlated stochastic volatility.

More recently, there has been an explosion of literature on approximation methods for the
pricing of European options. Alos et al. [1] studied the short-time behavior of implied volatility
in a stochastic volatility model using an extension of Ito’s formula. Some authors have proposed
analytical techniques to calculate the asymptotic expansion of implied volatility for very short
or very long maturities, include Hagan et al. [13] , Berestycki et al. [3], [4], Henry Labordére
[14], [15] and Laurence [20], or more recently, the work of Forde, Jacquier and Mijatovic [9],
[10] on the asymptotic expansion of implied volatility in the Heston model for short and long
maturities. Other studies are based on an asymptotic expansion of prices with respect to the
Drift of the volatility process for short maturities. For example, in [11] , Fouque et al propose an
asymptotic expansion with respect to the parameter of mean reversion. Lewis [21], Benhamou
et al [2| propose approximation methods based on the asymptotic expansion with respect to the
volatility of volatility. In all the works cited above, the scope is often limited and the results can
only be applied in a specific context, outside which we lose either the analytical formulas or the
quality (accuracy) of these formulas.

This work belongs to the latter category. We first consider a lognormal stochastic volatility
model (Scott model [25] with time-dependent parameters). We propose an approximation method
based on a second-order Taylor expansion of Fourier transform of the joint distribution of the
underlying and its variance by solving the Fokker-Planck equation with respect to the "volatility
of volatility" parameter. We obtain an approximation of the density of the underlying as a sum
of successive derivatives of the Gaussian density. In addition, thanks to the particular shape
of the approximate density, we obtain easily a similar formula for prices of European options
as well as that of the implied volatility. Our approach extends to models where the variance is
an exponential of a sum of Ornstein-Uhlenbeck processes. It therefore allows to approach the
density of the underlying asset in Bergomi’s model(s) ([5], [6], [7]). Our results are similar to
those obtained recently Bergomi and Guyon [8] who derive the second order Taylor expansion
of European options in some stochastic volatility models, including 2 factor Bergomi’s model,
using some perturbation techniques.

The formulas we obtain, especially those giving an approximation of the density function of
the underlying asset, can also be used to reduce the variance of a Monte-Carlo simulation. In
[12], Fouque and Han use the approximations of European option prices obtained by perturbation
techniques to build variance reduction methods such as "importance sampling" and Control
Variate. In this work we propose a new method of variance reduction of type "Control Variate"
which uses the explicit approximation we obtain for the distribution function of the underlying.

The idea is to build a new process whose the density is given by the approximated denisty of



the underlying and strongly correlated with the trajectories of the underlying asset. We give
an estimate of the gain in variance in terms of the volatility of volatility. Several numerical
experiments are provided to prove the performance of this method of variance reduction.

This paper is organized as follows: Section 2 deals with the case of a one factor lognormal
stochastic volatility model (time-dependent Scott model). We give the second-order Taylor
expansion of the Fourier transform of log-returns with respect to the volatility of volatility
parameters. We deduce the second-order Taylor expansion of the density of log-returns with
respect to the volatility of volatility as well as the implied volatility and the skew. In section
3 we generalize the results of Section 2 to the multidimensional case. In section 4 we present
a new method of variance reduction of the Monte-Carlo simulation. In section 5 we give some

numerical results.

2 One Factor Case : Time Dependent Scott Model

In this section we consider a generalization of the model proposed by Scott [25]. Under this

model, the dynamics of the underlying is given by the SDE

{ G = 8,V 21)

AV = —bVidt + wo dWY | d(WS, WV, = pidt,

where f2(t,v) = mye’, m, p and o are deterministic continuous functions of time. Assume
w, 0 > 0. Assume also that V5 = 0 (Otherwise, we replace m; by m; Vo™ and V by V — ).

Denote by p(t, z,v) the joint density of the pair of random variables (X; = log(Sy/So), V4).
This density satisfies the following Fokker-Planck equation :

29%p 1 op 1 0? 0?
L e S CE)

O = Ou[bup] + 2 Ov? Oz 0x2 OxOv

with the boundary condition p(0, z,v|0) = do(x)do(v).

Consider the Fourier transform of p defined as

Pt 6, Cw) = / dzei*S / doe™p(t,z,v), C,€ER.

—00 —00

The function ¢ is solution of the equation

Lo(t, &, CGw) =0, V(tEC) €]0,00[xR x R, (2.3)



where L is the operator defined by

2
Lh(t.E,Gw) = BLh(t,&,Ciw) + 6P ZC h(t, € Gw) + Bt €, Giew) +

&+ i€
2

R(1,6,C — i) + EGopon/my bt 6, C— siw). (24)

my

In this section, we propose to approximate this Fourier transform by its second order Taylor
expansion with respect to the parameter w, which measures the volatility of volatility. Our ap-
proach is inspired by the work of Perello et al [24] giving an approach to approximate the Fourier
transform in the case of constant parameters. Note that our method is not a generalization of
[24] to the case of time-dependent parameters. Indeed, our approach is based on solving the
equation ¢(t,&€,¢) = ¢(t, &, w) for all £, ¢ € R by writing its second order Taylor expansion
with respect to w, while the approximation of [24] is obtained by rescaling the equation and then
truncating the terms of order higher than 2 with respect to . We will compare both methods
by giving some numerical examples.

To calculate the Taylor expansion of the solution of (2.4) with respect to w, we differentiate
it successively with respect to w. We obtain that ¢ can be written in terms of its Taylor series

expansion with respect to w as follows:

2
Pt €, Ciw) = g0t €, €) + wpr(t,€,0) + S-pa(t,€,C) + .. (2.5)

where ¢; is solution of
Lipi(t,€,¢) =0, ¥(t,€,¢) €]0,00[xR x R,

and

& +i€ ,

coh(taéaC) = ath(tagaC) +b<—8<h(t7§7<) + my 92 h(tafvg _Z)a (26)
Lih(6,6,0) = Loh(t,6,) + ECpony/imy po(t,6,C — 2), 2.7
£2h(ta§aC) = ﬁoh(tafaC) + 2£<ptat\/rzt Sol(taé)( - %) +O-t2<2 900(7575,() (28)

Definition 2.1. Let h € CH?2"TH R, x R x R x Ry). We say that h is a n-order w-equivalent
of v, we denote h = ¢ [n], if for all (t,£,¢) €]0,00[xR x R, we have

O'h

o (BEG0) = @it 6,0, Visn. (2.9)



The main result of this section is the following result, whose proof can be found in the
appendix. It gives the second order w-equivalence of the Fourier transform of the joint density
of (Xt7 ‘/t)

THEOREM 2.2. Let’s denote by

B(t,€,¢) = e*(Ao(tvé;w)erAl(t7€;w)C+w2A2(t)C2)’ (2.10)
where Ag, A1 and Ay are given by

t
Ap(t,€) = % /0 ole =0)ds,

t
At &w) = / (ns(€) + 2iwps A (s, €))e (HE=1E) g g,
0

t w2
Ap(t,§w) = /0 ws(€)(1 4+ wQAg(s) + (iwAq(s, & w) — ?A%(s,f’;())))ds,

with p(§) = mt”ﬂ;ig, (&) = Epror/my, and

t
V(&5 w) thi;/o ns(&)ds.

Then, we have
o= [2] (2.11)
Approximating the density of X,

We now consider the approximation of the Fourier transform of the joint distribution of (X, V4)
given by (2.10). Taking the particular case ¢ = 0, we deduce an approximation of the Fourier

transform of X;. This approximation is given as
(ﬁ(ta fa 0; w) = e_AO(tf;w).

We can write the second order Taylor series expansion of Ay(t,&,w) with respect to w, which is

obtained by calculating the first order Taylor expansion of A;(¢,&,w) with respect to w:

mege) = [ @0 +is [n@ais i [ ) [ ottt aus
+0(w?)



and A3(t,&;0):
t 2
A2(t,6:0) = ( / ns<s>e—b<t—8>ds> |
0

It follows that ¢(t,&,0;w) can be written as

Pt €, 0w) = exp (—ipn(t;w)€ — pa(t;w)€2 +ips(t;w)€ + pa(t;w)é + O(w?))
where

1 t w2 t s
p(t;w) = / msds—i—Z ms [ o2e P duds,
0 0

2 t
pa(t;w) = pi(t w)—f—w/ mT/ ms/ a e b(r+s—2u) dudsdT—/ mT/ ns(1 (r— S)deT
0 0 0

4
t
pus(t;w) = —UQJ/O mT/O ns(1)e P~ sdsd7+/ mT/ ns(1)e b= / Nu(1)dudsdr

2 t T

WZ mT( ns(l)e*b(ffs)ds) dT+2/ mT/ ms/ 0364’(7“721‘)dudsdT7
0 0 0 0 0

w t T S w2 t T 9
pa(t;w) = mT/ M aieb”“%)dudsdT—i—/ mT(/ ns(l)e*b(T*S)ds) dr
0 0 0 4 Jo 0

OJ2 t

— mT/ ns(l)eb(fs)/ Nu(1)dudsdr.
4 0 0 s

_l’_

Similarly, writing that e® =1+ 2 + 22/2 + ..., we can write @¢(¢,£,0;w) as

6
B(t,€,0;w) = T )= 5e (1 3 (i)l w)e + O(w3>> L 1)

n=1

where v(t) = f(f msds and

wQ t s
vi(tw) = 4/ ms/ ole 2 dyds,
0 0
2 t T S t T
v(tw) = 1/1+(1/ mT/ mS/ aZeb(T“Z“)dudsdT—w/ mT/ ns(1)e ") dsdr,

v3(tw) = us(t;w), 4(tw) = pa(t;w) +— /mT/ ns(1)e 0~ sdsdr),

2
vs(tw) = / mT/ Ns(1 b(r— s)deT) , vg(t;w) % / mT/ ns(1 e b(r—s deT) .

We then obtain the next result



THEOREM 2.3. Let’s denote ox(t,&;w) := E X, Consider the function 1 defined by

6
(t, & w) = el (1+Z ) (£ w)E >

Then we have
v = px (2]

Furthermore, if we denote by px(t,z;w) = P(X; € dx) and by px(t,7;w) := F L (¥)(t, z;w),
then we have
ﬁX = pPXx [2], (213)

where px 1s "explicitly” given by

1 _ (wtpy (w)?

px(t,z;w) = me 20(1) (1 + Z nVZE;é;)Hn(x + Myl((;f,w))> 7 (2.14)

where the Hy’s are the Hermite polynomials.

Proof: First, from the way we obtained the expression of ¥ (¢, &;w) from that of $(t, €, 0;w), it
is easy to see that ¢ = ¢x [2], where ¢x(t,&w) = ¢(t,§,0;w). It follows that v = px [2]
(because ¢x = ¢x [2]). Now, to show that F1(px) = F1(¢) [2], it suffices to show that

we can differentiate under [ with respect to w. i.e.

& [ / h 6—iz€w(t,f;w)d£} -/ T (et s, )t =12 (215)

—0o0 w=0

and
o [/ e_i$§¢X(t7§;w>d§:| =/ (e—ixéaﬂgox (t, & w)l 70> e, j=1,2. (2.16)
- w=0 —00
The first equality holds since v is given as
v(t) g2 6
Pt w) 1= O (14 S iy, (e )
n=2

where v(t) > 0 and the v, (t)’s are polynomial functions of w. We write that for any £ € R and



for any j € N, w — 9(t, &;w) is differentiable and its derivative can be written as

j _v(t
LU E ) = QL1 MO vy
W

where (7, (t,.) is a polynomial function. It follows that we can write

oI

Quwi

/ eITE(E, € ) dE = / —”fa p(t,Ew)dE, V€ N.

—0o0

On the other hand, we have

Voxh&w), OB & PY&w), s
doi 0T T g W0 T T s e TS

So for any M > 0 there exists § > 0 such that

sup

£€[—M, M) Ow? Ow?

£ ((’J”cpx(t,ﬁ;w) PEw)

>'<1, Yw <9, Vj=1, 2.

For the big values of £, we apply Hélder’s inequality as follows

p=1
p
0upx (t, & w)| < (€] 00 Xellp |0x (2, Eé;w) , Vp>1
It follows that, for any p > 1, we have
p—1
j p T
‘ SOX t 57 ‘ < Cp|€’ @X(ta Zflgaw) y J = 172

As |ox(t,§;w)| — 0, we get supjgsa [px (& w)| < lox(t, Mo;w)|, where My > M. On the

other hand, we have
lpx (t, Mo;w)| < [px(t, Mo; 0)| + w [Oupx (t, Mo; 0)], Vw € [0, wo.

We finally obtain that

7 . . v
% ox (6 >’ < PY(t,€) e, e e R Vo Swo, j = 1,2



where PJ(t,.) is a polynomial function. This allows us to write

o1 [ . o oY .
. / e o (1, € w)dE = / e ox (G w)dE, Vi <2

owl oo
Thus
¥ px 1, P x & .
= 4 = <
5 (t,z,0) FH( Dol )(t,z,0) = F~ ((%JJ)(t z,0) = p(t,z,0), Vj<2 O

Corollary 2.4. Consider the function C: (t,K;w) € RY —— E(eXt — K)4. Then, we have

C =C [2],

where C t, K;w fR e’ — K)ypx(t,z;w)dx. Furthermore, C is explicitly given by

N K 4 Z

C(t,K;w) = Cps(1, K, /v) + WN’(dQ)(Z V—%Hn(—dg)), (2.17)

n=0
. . _log(E)+Ei1? _ log(&)—L1? . .

where Cps(t, K,I) = N(d1) — KN(dz), with dy = —5—2—, dy = —F552—, 2z = 15, 23 =
—Us+ 24, 2o =Va+ 23, 21 = —Vs+ 2, 20 =12+ 21 =11."

Implied volatility

Denote by X the implied volatility defined as

ke EY2(4 ke w k20t ke
Ot kyw) =K (Xt —eF) | = N< k\;;(zt l(:’o]j)’ )> —ekN( \/{522(2; I(f’f; )) . (2.18)

Note that the dependence of C' with respect to w is only through 3. So the second order Taylor
series expansion of C' with respect to w is given in terms of the Taylor expansion of ¥ with

respect to w as

C(t, k;w) = Cps(t,k, So) + " N'(d) V1w + " N'(d) <(gz — )X + f22> “;2 + O(w?),
(2.19)
where d = (k + 533(t, k)) / (VtZo(t, k)) and
Y= Nt k) = W'“ZO' (2.20)

'Note that 11 —ve +vs —va +vs — g = 0.



Now, we can easily check that (2.17) can be written as

. KN'(d) KN'(d)
C = Cgs+ SN x1d w + NG X
d -1 1 d*—6d>+3 d3—3d
(2X0—X2$+(X2+X3+X4) ” +§(X1)2( 2 N )) @21)

where

t
Xo = / s/ o2e 2" duds, 1 - /mr/ ns(1)e” "7 dsdr,
0 0
t t T
o = / 7—/ ms/ —b(T4s— 2“)dudsdT, X3 ;_/ mT(/ ns(l)e—b('r—s)ds)sz,
0 0 0 0

t
X4 = / - 775 e b(T— 5)/ Ny (1)dudsdr. (2.22)
0 0

3

3

3

Identifying (2.21) and (2.19) we obtain the following result

Corollary 2.5. Fort >0 and k € R, we have

SRy o

1 z+ 122
Yi(t, k) = 2\/ 23 / mT/ psosy/mse ") dsdr, (2.24)
d d? -1 3d 3 — 6d?
ot k) = - +(x2 +x3+ + (x1)? + . (225
2(t, k) \/EEO X22t2(2) (x2 + x3 + x4) S (x1) (4t224 s ). (2.25)

k+L1523(t,k)

where the x’s are given by (2.22) and d = NN

In particular, we have the following expansion of the skew with respect to the volatility of

volatility (see [8] for similar result)

<2X2+X3+X4 3()(1)2) . (2.26)

Sr = —zx1 + =
T~ gpy3Xt 12573 4353

2

3 Multi-factor case : Bergomi’s model

In this section we consider a N-dimensional model defined by the stochastic differential equations

{ = rdt+ (8, .. VY)W, (3.1)

AV = (an(t) — K Vp)dt 4 o (O)dW., d(WS, W™, = pSdt, n=1, ..., N,

10



where d(W™, W™); = ppmdt = 0, Ym,n < N, ay, o,, n < N, are deterministic continuous

functions of time and the function f is defined by

N
PRV VY)Y = myexp (wZHﬂQ") . (3.2)
n=1

This model is a generalization of the Bergomi model ([5], [6], [7]). It corresponds also to another
version of Bergomi’s model we proposed in [23]. These models are driven from a Markovian
modeling of the forward variance curve. The "factors" V1, ...,V allow to control the volatility
dynamics by calibrating the so-called volatility derivatives (futures and options on VIX in the
case of the S&P 500, options on realized variance ...etcetera). The number of factors N is
the number of degrees of freedom we need to calibrate both the "VIX smiles" and the implied
volatility of the underlying. Although these models allow a good calibration of the volatility of
volatility, they have a large defect that is the cost of the evaluation of European options since
the only available method is the Monte Carlo simulation.

In this section, we extend the results of the previous section to the multidimensional case.
We will give an approximation of the Fourier transform of the joint distribution of (X; :=
log S;/So, Vi1, ..., V;¥), which appears as its second order Taylor series expansion with respect
to w. Let’s set

N
o(t,&,Cr,. .., Cviw) ==K exp (z‘th +iy gnvt"> :
n=1

We keep the notations of the previous section. The following result gives an approximation of ¢

Proposition 3.1. Assume for all n,m < N, py , = 0. Consider the function ¢ defined as

N N
B(,€,C1, -, (v w) == exp <A0<t, &w) = Y Anl(t,&w)ln — Y Cult, & wm%) . (33)
1 1

where, form=1,..., N,

t§7 Qf() n _2ﬂn(t_s)d37
n(t, & w) = [ (€050 (s)y/ms — ias + 2iwpsC(s, €))e O =m(58) s,

Aou,s;w)=f$us(1+iwz£1An<s,5>—%%anzlAn( €)2 +w? aL, Culs,€) ) ds,

,Ut(g) = mté%i&> ’Yn(taé) = Knl — prnQ 0 ( )\/7 ds.

11



Then, we have
¢ =9 [2. (3.4)

The proof of this proposition is very similar to the 1 factor case. As a result of this, if we set
px(t,6w) = B, (3.5)
and px(t,&§w) = e~ A0(tEw) we obtain

Writing C(t, & w) = Zivzl Cn(t, & w) and

Alt, & w Z / (EpSon(s)y/ms — ioum(s) + iwps /0 o (r,&)e 2 dr)em Onlb=m(50) g

we obtain that Ag can be written as

t W2
Aot 5) = [ @)1+ 1A (s,6) = GA(5,) +62C(s.€)) s

Now writing the second order Taylor expansion of A(t,&;w) with respect to w, we have
i t

Z/ zpS (s — i (s))e ) (1 — 2wp;?:1:/ on(u)v/m,du)ds
S

+zw2/ us/ (r,z)e =2 grds + O(w?).

It follows that ¢x (¢, z;w) can be written as
px(t,wiw) = exp (—ip(t,w)r — pa(t,w)a® + ips(t, w)r® + pa(t,w)z* + O(w?)),
where the mpu;’s are given by (C.3). Also, we can write ¢x as

6
P (t,z) = el—ima=25"a) (1 + ) (=) "vn(tw)a" + O(w3)> , (3.7)

n=1

12



where v(t) := 2pu;(t) and

n(tw) = p(tw) - mtw), vtw)=pst;w),

2
V4(t;w) = N <an/ mu/ Un s Nn(us)deu> )
2
<2Pn/ m’u/ Jn _Kn(u S)deu) ’
T t 2
ve(tiw) = 3 Zpﬁ/ mt/an(s)\/mse””(t‘g)ds :
n=1 0 0

We obtain the next result

ux‘sw

vs(tiw) =

S
[

Proposition 3.2. Let’s set px (t,z;w) = P(X; € dx). We have

px = P [2], (3.8)
where P 1is defined as
Ly L -k (t x + p(t)
O (HZ P >> 3.9)

and the H,’s are the Hermite polynomials. In particular, if we set C(t, K;w) :=E (eXt - K)

+7
we obtain
c=cC 2, (3.10)
where C is defined by
~ 6 K 1 z
C(tv K7 w) = CBS(t7 K7 \/;) + (Z Vn)N(dl) + WN%CZQ) ( Z V%Hn<_d2))a (311)
n=2 n=0

1yt oe( L)t
with Cps(t, K, 5) = N(dy) — KN(dy), dy = B2 g, = s3>

Rn = Z?:n—i—Q (_1)iyi'

and forn =20, ..., 4,

4 Application : Variance Reduction

The formulas given in the previous section, including those that give the approximation of the
density and the price of European call options, can also be used otherwise. We can use these

formulas as a tool to reduce the variance for the simulation of the trajectories of the underlying

13



asset via the Monte Carlo method. In this section, we propose a control variate for the variance
reduction of Monte Carlo simulations for pricing Furopean options. Our method is based on the
use of the approximation of the distribution function of log S; (when it is available) in a general
stochastic volatility model. The idea is to construct a process S having as density (or distribution)
the approximate density and strongly correlated with the trajectories of the underlying asset,

then we write for a bound function H
E H(S;) =E H(S;) —E H(S;) + E H(S;).

As the law of Sy is known, we have just to simulate H(S;) — H(S;) whose variance will be very

small compared to the variance of H(S;).

4.1 The Method

We consider a general one factor stochastic volatility model, where we assume that the dynamics
of the underlying is modeled by the SDE

dS¢
oL =\ FVE) (pdWi + /1= p2an?). (4.1)
t

where V¢ is the unique strong solution to the SDE
dVE = alt, VE)dt + eo(t, V) dW}, (4.2)

with (W1, W?2);, = 0 and «, o are satisfying sufficient conditions which ensure the existence

of a strong solution to the stochastic differential equation in (4.1).

Proposition 4.1. Fort > 0, denote by Fy(.) the distribution function of X{ :=log(S5). Denote
by VO the unique solution starting from v of the ODE

dv? = a(t,V;)dt.

Then the random variable

K= (F)tonN [N [ pvaawt 2 [ Jrv0awt | 43)
o f(Vi)ds 70 Jo F(V0)ds /o

has the same law as Xf.

Proof: As V' is deterministic, the random variable fg V (VO dW! is Gaussian. On the other

14



hand, since V¢ is a strong solution of (4.2), then V¢ is FYV' measurable, with FV' is the

filtration generated by the Brownian motion W!. Thus V¢ is independent of W? and there-
fore the random variable \/ﬁ% fot Vf(VE)AW? is a standard normal Random Variable
VE
0

N(0,1). Now we can easily check that, conditionally on fg V (V) aﬂ/V1 the random variable

N S p 9 6 \
\/mfo VF(VE)AW? is N'(0,1). Then, the random variable —Y—""_ [ /f(VE)dW2 +

fo f(Vf)d

p fo VI(VO)dW is N(0,1), which implies that N( fo VIVOAW? +

f() f(V6 )ds
fo V (VI dW1> is uniformly distributed on [0,1]. Thus X{ has the same law as X{.

S| Ss=
= =
S S
O O

Proposition 4.2. Let G be C?, with bounded derivatives. We have
. . 2
B | (G - GOx7) - BG(ED - 6oy | = 0@ (44

Remark 4.1. Note that the variance of G(X;) is of order 0 in e. This method of variance
reduction makes possible to get rid of terms of order 0 and 1 in €. As we can see in the next
numerical examples, the second order Taylor series expansion of price with respect to € was very
close to the real price, we believe that the remaining variance will be very negligible compared

to the total variance.

Proof: We first note that X = X? Indeed, V; is deterministic, which means that X} is

Gaussian with mean —3 f(f f(V9)ds and variance fot f(V9ds. So

T+ 35 fo VO ds
fo f(V9)ds

F)(z) =N

Its inverse is given by

Oy—1/,3\ _ nr—1 ! 8_} ! 0\ ds
(P ) = N x| [ 1 vas =3 [ rha

/¢xwmﬂ

Therefore

X0 = (F9'onN / VIV AW? +

wj?a; 777::
_ M/OtdeS?er/o \/T‘/;O)dwsl—2/0f(vso)d8:XtO.
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We now write the Taylor expansion of X; and X, with respect to e. We obtain
{ Xe= X0+ eX}+SX2+...,

Kf= X0 Xl X241

where X0 = X?. Similarly, we can write

Note that since X} and Xf have the same law, we have
A A 2 A
B | (GOX0) - 6x7) ~ B(G(X0) - 6(x0))’| =28 [62 (x1) - 6 0 G40
On the other hand, by writing that E [G*(X{)] = %E [GQ(XE) + GQ(X,?)], we obtain

E[62(x7) - Gy = ;]E[GQ (X0 +ex!) + G (X4 XY + 0()] -
E [(G(Xto) + e (X0)XY) (G(XO) + eG’(XO)Xl) + 0(62)]
_ ;E[G (X0) + 2666/ (XO)X + G3(X°) + 2:GG' (X)X
E [(G(XO)G(XO) + G (XO)G(XO)XT + €G(XO)G' (X)X )}

+0(é%)
= 0O().

Because X0 = X°. We have finally

E|G2(x¢) - G(X;)G(X;)} - 6221@ [(G’)Q(XO) (Xl - Xlﬂ +O®d).

4.2 Application

In the case where the instantaneous variance is given as a sum of exponential Ornstein-Uhlenbeck
processes, we can use the approximation of the distribution function of the underlying obtained
in the previous section to construct the control variate. For example, consider the case of one
factor model with parameters ¢ = 1 month, 1 year, r = 0, m = 0.1 x e_%t, b=3,0=1,
- %)

and p = —0.75. In the following tables, we compare the variance of the price of (K +

and (K — eXt), — (K — ef) for several strikes. We also compare the variance of eX* with the

16



variance of eXt — Xt for w = 100%

t = 1 month t =1 year
Strike | Var | VarDif | 2765 | Var VarDif | 9
var S | 0,8% | 0,002% | 344 6,17 % | 0,10% | 59
90% | 0,04% | 0,001% | 54 1,05% | 0,02% | 45

100% | 0,28% | 0,002% | 176 1,90% | 0,03% | 65
110% | 0,64% | 0,002% | 394 2,92% | 0,03% | 85
120% | 0,79% | 0,002% | 407 3,94% | 0,04% | 98

Remark 4.2. Note that the random variable eXt is square integrable, since p = —0.75 < ——

S

(cf. [19]) and eXt defines a true martingale.

5 Numerical results: Comparison with Perell6 et al (cf [24])

We study the error of this approximation by comparing our results with those obtained with the
Monte Carlo and Perell6, Sircar and Masoliver [24]. We consider the case of a European Put with
several strikes and several maturities. We consider the case of constant parameters and we choose
the following values for the model parameters: Sy = 100, r =0, m = 0.1 x e_%T, b=3,0=1,
p = —0.6 and compare the results for w = 100%, 200% and T = 1 month, 2 ,months, 1 year.
We see that for short maturities and low levels of volatility the volatility, both methods (our
approximation method and PSM) are almost identical and give the real price, while for long

maturities and/or high levels of w the error in our method is stable and does not exceed 1-2 %.

w = 100%

2 months 1 year

Strike MC Proxy| PSM MC Proxy| PSM
80 0,26 +0.003 0,26 | 0,23 2,65 +0.009 2,65 | 2,28
90 1,46 +0.005 1,46 | 1,38 5,53 £0.011 5,53 | 5,03
100 4,96 +0.005 4,97 | 4,86 9,96+0.013 9,96 | 9,42
110 11,52 +0.005 | 11,52| 11,45 | 15,96 +0.012 | 15,96 | 15,47
120 20,32 4+0.006 | 20,31 | 20,28 | 23,33 +0.013 | 23,33 | 22,94
130 30,05 £0.005 | 30,05 | 30,03 | 31,74+0.014 | 31,75 | 31,46

In terms of impled volatility
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2 months 1 year
Strike MC Proxy| PSM MC Proxy| PSM
80 33,5 £0.004 | 33,45 | 32,66 | 26,6 £0.010 | 26,57 | 25,13
90 31,89 +0.005 | 31,89 | 31,23 | 25,76 +0.012 | 25,76 | 24,34
100 30,50 +0.005 | 30,51 | 29,83 | 25,02 +0.014 | 25,03 | 23,66
110 29,35 £0.000 | 29,34 | 28,73 | 24,39 +0.000 | 24,40 | 23,09
120 28,43 +0.000 | 28,40 | 27,68 | 23,85 4+0.000 | 23,85 | 22,58
130 27,76 £0.000 | 27,83 | 25,93 | 23,38 £0.000 | 23,39 | 22,05
w = 200%
1 month 1 year
Strike MC Proxy| PSM MC Proxy| PSM
80 0,05 +0.002 0,05 | 0,03 | 0,05 +0.009 | 0,45 | 0,3
90 0,59 +0.005 0,59 | 0,53 1,8 +0.013 1,76 | 1,33
100 3,41 +0.006 3,41 | 327 | 5,08 +0.016 5,06 | 4,35
110 10,45 +0.006 | 10,45| 10,39 | 11,40 +0.014 | 11,39 10,92
120 20,02 +0.006 | 20,03 | 20,00 | 20,29 +0.016 | 20,27 | 20,07
130 30 +0.007 30,01 30 30,04 +0.018 | 30,10 | 19,99
In terms of implied volatility :
1 month 1 year
Strike MC Proxy| PSM MC Proxy| PSM
80 36,240.004 35,31 | 33,36 16 +0.012 15,36 | 14,12
90 32,69 +0.006 | 32,64 | 31,62 | 14,25 +0.014 | 14,11 | 12,55
100 29,59 +0.007 | 29,6 | 28,39 | 12,73 +0.018 | 12,70 | 10,9
110 27,29 +0.000 | 27,26 | 26,14 | 11,59 4+0.014 | 11,55 | 9,88
120 26,19 +0.000 | 27,13 | 21,74 11 40.000 1124 8,74
130 29,35 +0.000 | 31,62 | 30 11,114+0.000 | 12,58 | -

Remark 5.1. In Monte Carlo simulations, we used the method of variance reduction introduced

in section 3.4.

Remark 5.2. One must be careful when we simulated pay-off that are unbounded (Calls for
example) because the random variable e** is not necessarily square-integrable, in which case the

variance is infinite. However, there are cases where we are sure that eX* is square-integrable, for
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example when p < —% (see Jordain [19]). On the other hand, according to [19], the process
eX is a martingale if and only if p < 0. In particular, the Call-Put parity is not satisfied when

p > 0.

A Scott model with constant parameters:

We give here the results of our approximation for Scott model when parameters are constant. It
might be useful for for practical purpose.
Let’s denote by

2t — 1 — e 20t
I = / ms/ 202604 gy ds = mo? — ‘ )
t ot — 3+ 4 —bt __ _—2bt
I, = /mT/ ms a et =20) gy dsdr = m2o? + 63 ¢ ,
0 0 0 2b
t 1 —bt
I3 = /mT/ 173(1)6 (= sdsdT—pom\ﬁ %,
0 0
t T bt(1 —bt —92(1 — —bt
Iy = / mT/ ns(1)e —b(r— S)/ nu(l)dudsdrzp202m2 (Lte )b3 ( € ),
0 0 s
t T —bt _ —2bt
Cb(r— 2 20t — 3 +4e " —e
Iy = /0 mT(/O ns(1)e S)ds) dr = p*o®m? 553 . (A1)
The v’s are given by
2
w
Vl(t;w) = ZIIa
w? w
I/Q(t;w) = 1+ ZIQ - 513,
w w? w? w?
tw) = L+ L+ ST
v3(t;w) 23+44+45++22
w? w? w? w?
1/4(t;w) = ZIQ + ZLL + ZL; + +§[§,
2 2
vs(tw) = %Ig, ve(t;w) = %Ig

B Proof of Theorem 2.2

We can easily proof the theorem by writing ¢ as @(t,&,(;w) = @o(t,&,C) + wpi(t,€,¢) +
5P2(t,€,¢) + O(w?) and showing that for i = 0, 1, 2,

Ligi(t,€,¢) =0, V(t,€,¢) €]0,00[xR x R.
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This approximation is obtained as follows:

We set V; = %V} In particular, V is the unique solution (starting from 0) to the SDE
dV; = —bVidt + o, dWY
Denote by p(t, z,v) the joint density of the pair of random variables (X; = log(S;/Sp), V;). This
density satisfies the following Fokker-Planck equation :

2 92 ~ 2= 2=
5— 500D Loy 0D L, OD 0°p
8tp - 8v[bv p] + 9 a 2 + f (t7wv) al’ + 2f (t wv)a 2 + ptatf(t (J.)U) 8x6U

(B.1)

With p(0, z,v|0) = do(x)do(v).

Consider the Fourier transform of p, defined as

p(t.6:0) = [ dact [ vyt .0,

—00

Note that ¢(¢,£,() == E ei(€Xi+CV0) and since V' is Gaussian (in particular V; admits exponential
moments of all orders), then ¢(¢,&,.) is well defined and analytic over C. The function ¢ is then

solution of the following equation

2 2 .
~0p = TEC P60+ 0P+ m (1,6, C i)

ECpor/my B(1,€.C — i). (B.2)

With initial condition $(0,&,¢) = 1.

We seek a solution of (B.2) given as

B(t.€.) =exp | = D An(t.€)C

n>0
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So, the equation (B.2) becomes

2
D 0L = T =Y nA(tEC" +

n>0 n>1
2 .
b e | Y A, 9)1C" — ()] | +
n>0
&por/my exp | S An(t.9) [ = (C—ip)"| | (B3
n>0

As we focus only on the distribution of X; and not necessarily that of pair (X, V;), we will solve
this equation for ¢ around 0. So we perform the scaling ( = wA, where we assume that A € R.

In particular, we have

D At [CM = (¢ — iw)"] = iwAy (t,€) + w? Aa(t,€) 20X + 1] + O(w?). (B.4)

n>0
Also, we obtain a similar development for -, An(t,§) [C" —(¢— z%)"] Therefore, the equa-
tion (B.2) can be written as

2
O Ao + wh AN + w20 As)? = —bwAIN + ﬁ‘% — 2bA2)A + O(w?) +

e (§) exp (iwAl + w?(1 4 20N Ay + O(w3)) +
3

one(§) exp (igAl + wQ(i +i\)Ag + @(%))

where (&) == my 524;‘5 and n:(§) = {pror/m,. So the previous system becomes, by writing

ef=1+r+%5+...,

M)

2
OiAo + WO AN + w20 AsNE = —bwAA + wQ(%f — 2 AN +

2
s (1 FiwAy + wAy — %A% + 2iw2A2)\> +

(1 +z§A1)wA + O

The solution of the truncated system (without O(w?)) is given by the triplet (Ag, A1, A3), solution
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of the system

0 Aa(t,€) = % — 2bAs(1,€),

At €) = —(b—igm(§)) A (L, €) + inﬂt(f)Az(t &) + m(
BuAo(t,€) = pa(€) (1 -+ iwAr(t,€) +wPAa(t,€) — 5 AH(E,))
Ap(0,€) = A1(0,&) = A2(0,¢) = 0.

mm

);

N——

The solution of this system is given by

2 —2b(t S)dS

AQ(t’g) AQ(t 57 ) =

Ai1(t,€) = A1(t, §w 775 + 2iwpsAa (s 5))6_(7(15’5)_7(5’5))(15’

\\ DO =

Ao(t, &) = Ao(t, §w us (1+iwA +w 2A5 — —AQ)( ,€)ds,

where

t
1(6,6) = bt — i€ /0 psosv/myds.

We then obtain an approximation of @(t, &, w\) which can be written as

P(t, &, wA) = exp (— (Ao(t,é”;w) + Ay (t, & w)(w) + Ag((t,f;w)(w)\)g)) .

We now consider the Fourier transform of the pair (X, V), defined as
P(t,€,0) = E XV = 5(t, €, wC),

then ¢ can be approximated by

5(1,€,¢) = e~ (Ao(tew)twAItEw)C+o Aa(tEw)C?)

C Proof of Proposition 3.1

(B.5)

(B.6)

(B.7)

(B.8)

Let p(t,z,v1,...,vn) be the density of the vector (X, Vi(t),...,Vn(t)). This density satisfies

the following Fokker-Planck equation:

Op = Za”” Unp) +—Z f2tv)(8 +8mp+z,onanftv)
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Consider the Fourier transform defined as
o(t, &, ¢y - CN) :—/ d:remg/ d(lelc“’l.../ d(NeZCN“Np(t,x,vl,...,UN).
— o0 — 0o — 0
The function ¢ is solution of the following equation
2

—0p = Y (ZC a6t E Q) + D kGl ¢

n

L
ST e G Gy i)+

g\/Et pro-n(t)gl Sp(tagv Cl» R <n717 Cn - Z%a CnJrl? cee CN) (C]')

Note that we are only interested in the Fourier transform of X; corresponding to ¢(t,¢,0,...,0).
One then proceeds as in one-dimensional : at the order 3 with respect to w and for (¢1,...,(y) €
D(0,w)", we have

p(t,25C1, .- () = exp AO—ZA (t:)n Z Br,m(t,€)nGm — Zc (t, )¢

n#m=1
In this case, the equation (C.1) becomes
M M
Ay + D A+ Z Bl nlnlm + Y Crin = O( +Z 902 nn(t)C,)
n=1 n#m=1 n=1
N M
- Z ’inAnCn - Z Kn(n( Z Bn,mCm) -2 Z /{ncn(ta f)CEL
n n m=1,m#n n=1
M M M
+up exp | iw Z A, + Z Bmm(w2 +iw(Cn + Cm)) + Z Cn(w2 + 2iwCy)
n=1 n#Em=1 n=1
VI Y P (t)nexp | in Ay + i Z BG4+ Ch 2—|—sz)
t . non n 2 n 9 e n,m&m n
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On the other hand, we have

exp | iw % An + % Bpm(w? +iw(Cn + Gn)) + % Cr(w? + 2iwé,) | = OW?) +
n=1 n#Em=1 n=1
1+ iw %An - wz(f A,)% + f By (w? + iw(Cn + Gn)) + i Cr(w” + 2iw(n)
n=1 2 n=1 n#Em=1 7 n=1
and
w R w? w
Zn: ngn €xXp Z§An + Za m_lz;n#n Bn,mCm + Cn(z + ZCUCn) - zn: p;j(n (1 + ZaAn)

Solving equation (C.1) is equivalent to solve the system

2
M O~ % 4 26,0, = 0,
Z%Am:l B;z,m + kpBrm =0,

M (AL i (t) 4 KnAn + 2ipwCh — y/mipSon(t)(1 + i5A,) =0,

. 2
Ap = pu (1 +iw o0l A — % (Cal; An)? +w? 3L, Cn)~
We can immediately deduce that for all n, m, we have B, ,, = 0. This gives the following system

Cl — % 4 26,C, =0, Yn=1,..., N,
Al 4 ian(t) + (kn — i58/Mmupton(t)) An — 2ipwCy, — E/mephon(t) = 1,¥n > 1,
Ay = (14w 0 Ay — (00 A%+ I, ).

This is equivalent to

Cp(t) = %fg o2(s)e 2n(t=5)ds Yn=1,...,N,

Ay = [ (EpSon(s)y/Mms — ias + 2iwpsCr(s, €))e~ MmO =M (58 gs,

A0(t,) = fi a1+ 0 0Ly Au(s,6) = 5 (0L, Auls. )% +w? 20, Culs, ) )ds,
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where

00.8) = sat — 95 [ ou(s)Vimds ©2)
2 Jo

It follows that
wX (T7 5) = EeleT = efAO(tyf)'

Let’s set A(t,x) := 27];/[:1 Ap(s,€). Writing A as a first order Taylor series expansion with

respect to w, we obtain
N t s
Are) = Y / (205 0 (5) Ttz — icun(8) + itpis / 02 (1, )= 2n (5= ) On (L) =1m(58)) g,
n=1"0 0
N o i t
= 3 [ @olonls)vim — dan(e)e N1 e [ onu)yimduds,
n=1"0 s
N t s
+iw2/ us/ o2(r,&)e =2 drds + O(w?).
n=170 0

Similarly, we have

N 2
A%(1,€) = (Z | (€nionts)vim: - ian<s>>e‘“"“‘8)d5> +0().
n=1"0
It follows that ¢ x(7,€) can be written as

ex(T,6) = exp (—ip(T)€ — pa(T)E* +ips(T)E* + pa(T)E + O(w?))
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where

p(T)

p2(T)

ps(T)

pa(T)

T t
/ msds—l—w— my O' e 2mn(t=5)gg 4 = Z/ mt/ an (s e~ fin(t=5) g

0 0
N

t
/ me (Z/ an(s e fin(t=— S)ds> dt,
0

an/ mt/ on(s e~ rn(t=9)gs 4
CU N
ZZ S/ mt/ an (s / (r)y/mydrds +

FE [ [0

= |

w2
/ mt/ pnan Wm /am —tm(=5) gsdt

n,m=1

_an/ mt/ on(s)y/mse ) ds +

2

N t
ZZ(PE)Q/ mt/ Jn(s)«/mse_"”(t_s)/ on(r)vm,drds
n=1 0 0 S
w2 N T t s
+—= / my | ms [ o2(s)e” 20 dudsdt
0 0 0

Ojl / / ms/ e~ rin(t+5=2u) o, d s it
N t
N | [ ontshvime =) [ o )i, duds

2 T N ot 2
—l-a:l/ my (Z/ pgan(s)\/mse_”"(t_s)ds> dt. (C.3)
0 —1J0
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