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Abstract. Thispaperis concernedwith parameterdependentproblemsfor structural insta-
bility. Theaim is thedirectdeterminationof thesocalledfold curveconnectingthelimit points
of theequilibriumpathfor a structuresubjectedto a variableimperfection.Thisis traditionally
achievedby addinga well-chosenconstraint equationrequiringthecriticality of theequilibri-
um.Thecrucial featureof thepaperlies in thenumericalresolutionof theobtainedaugmented
system.Indeed,it is solvedusing the AsymptoticNumericalMethod(A.N.M.) which is well-
knownfor its robustness.Thetheoretical framework uponwhich theA.N.M.and theextended
systemarebasedarepresented.Froma numericalpointof view, it leadsto anefficienttreatment
which takesthe singularity of the tangentstiffnessmatrix into account.Emphasisis givenon
twospecifictypesof geometricalimperfections.Eventually, thenumericalisolationof an initial
startinglimit point is discussed.
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1 Intr oduction

As slenderstructurestendto bemoreandmorewidely-used,stability analysishasbecomean
essentialpoint in structuraldesigntoday. This typeof analysisis basedon two mainproblems.
Themostcommononeconcernsthedeterminationof critical statesandin particularthecalcu-
lationof themaximalloadthatthestructurecanhandlebeforelossof stabilityor snap-through.
Thesecondoneis relatedto thestudyof thesensitivity of thestructureto geometricalor mate-
rial variations.Manufacture,externalloadingscombinedwith materialpropertiescanaffect the
perfectstructureandinducesuchimperfections.How thendoesthestructurebehavein presence
of theseimperfectionsandhow aremodifiedthecritical states?

In thecaseof quasi-staticlinearelasticity, thegoverningequationsof thefirst problemcanbe
representedasaone-parametersystemof theform���������
	��������	���������	����

(1)

where
�

standsfor the internal forces,
������	

for the externalappliedloadsand
�

for the load
parameter. Thecalculationof thefundamentalequilibriumpathof theperfectstructureandthe
detectionof the critical statesalong this patharecommonlyachieved usingan incremental-
iterativealgorithm(Newton-likemethods).
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Figure1: Perfectandimperfectequilibriumpathsandlimit pointsbranch.

Thesecondproblemimpliesthedeterminationof thecritical statesfor differentvaluesof anim-
perfectionamplitude� . Indeed,whenageometric(eitherstructuralor relative to thethickness)
or materialimperfectionis introducedwithin theoriginalperfectstructure,thecritical statecan
be significantlyaffected.Fig. 1 shows a bifurcatingpoint becominga limit (or turning) point
with differentvaluesof � . As aresult,thisamplitudemustbecomeanadditionalparameterand
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thesystem(1) becomesa two-parametersystemof theform����������� � 	��������� � 	������ �
	��!�
(2)

A simpleandratherdirect analysiswould consistin successively fixing the imperfectionam-
plitude and tracing the full fundamentalpath of the obtainedperturbedstructurein order to
determinethecritical states.Thiskind of analysisis all themorecostlyasonly theinformation
concerningthecritical statesis needed.Furthermore,it providesinformationonly for the few
amplitudevaluesthathavebeenfixed.In practice,it is not judiciousto calculateall thedifferent
equilibriumpaths.It is moreadvisableto determinepreciselya startingcritical statefor given
valuesof theadditionalparameters� , andthento follow directly thebranch" of limit points
when � varies.By this way, it is not necessaryto computeall theequilibriumpaths.Only the
curve (calleda fold curve) connectingthecritical pointsis computed.This is accomplishedby
appendingto the systemof the nonlinearequilibrium equations

���������#� � 	$�%�
a constrain-

t equationthat characterizesthe studiedcritical state.Doing so, the system(2) becomesan
augmentedsystemwhich reads& ������'(���#� � 	��*) �+�����,��� � 	- ������'(� � 	$. ���

(3)

Thus, the full imperfectionanalysiswith respectto additionalparameterscan be performed
throughtwo distinctstepsexpressedasfollows :

1. On theperfectstructure,for afixedvalueof theextraparameters,solve thebasicequilib-
rium problem,i.e.evaluatethefundamentalpathandisolatetherequiredcritical state

2. Startingfrom this critical state,follow thepathdescribedby theaugmentedsystemmade
of the basicequilibrium equationsandtheadditionalconstraintequation.It hasalready
beenaddressedby JepsonandSpence[1] , WagnerandWriggers[2], andEriksson[3]
usingincremental-iterativestrategies.

In this paper, theimperfectionanalysisis reconsideredusingthesocalledAsymptoticNumeri-
calMethodasanalternativeto incremental-iterativemethods.This techniquewhich is basedon
high orderTaylor seriesrepresentationsof thecurves,providescrucialadvantagesfor making
thecontinuationof a pathanddetectingcritical points.In Section2, we begin with a review of
theA.N.M. for tracingthefundamentalpath.Section3 is devotedto thedeterminationof a fold
line usingtheA.N.M. concept.Wemakearathergeneralpresentationof theperturbationseries,
of thelinearsystemto besolvedandof thespecificsolutionprocedure.More detailsaregiven
in Section4 for two kindsof imperfections: astructuralgeometricimperfectionandathickness
imperfection.Finally, thedetectionof acritical stateon apathis addressedin Section5.

2 The basicequilibrium problemand the A.N.M.

Themainpurposeof this Sectionis to settheprincipleof theA.N.M., to outlineseveral inter-
estingadvantagesof the methodover the incremental-iterative strategiesandto introducethe
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notationsthatwill beusedin thesequel.Thismethodis inspiredby theperturbationtechniques
developedby ThompsonandWalker [4] andusedby Noor et al. [5] for designing”reduced
bases”algorithms.They have beenrevisitedandefficiently solvedby Damil andPotierFerry
[6]. A continuationmethodhasbeenproposedby Cochelinandis describedin detail in [7].

2.1 Basicequilibrium problem

In this Section,all the parametersaresupposedto be constant,exceptedthe load parameter.
It canbeseenasa particularcaseof themulti-parameterproblem.Assumingthat theexternal
forces

��� �
	
areproportionalto theexternalload

�0/
, thesystemto solve takestheform�������,��	�������1	2�3�
�0/4�!�

(4)

where
�

standsfor thedisplacementand
�

for the internalforcesvector. At a regularpoint, a
tangentdirection

����5,���657	
is obtainedfrom thedifferentiationof theresidualequation(4)��8 9�:;��52�3�0/��65��!�

(5)�
8 9
is thetangentoperator, alsocommonlyknown asthetangentstiffnessoperator.

2.2 A.N.M. for the calculation of the fundamental equilibrium path

2.2.1 Quadratic formulation

In the caseof geometricalnonlinearelasticity, Eq. (4) is cubic with respectto
�

. This cubic
expressionis not very suitablefor asymptoticexpansions.A quadraticexpressionis preferred.
It is achievedby introducingthestress-strainrelationasanadditionalequation.Eq.(4) canthus
bereplacedby thefollowing equivalentsystem���������
	�� <=> =?

@BADC�E ���1	
FHGJI3�K�
�0/4�!�
where

FL�!M N CPORQ 5S CUTVO ���1	XWY� (6)

We have usedtheclassical
C

operatordefinedby
C ����	 � CZO[Q\CUTVO ���1	

.
F

is thestressoperator
and

M
is theclassicalelasticityoperatorfunction.Thefirst equationstandsfor equilibrium.It

is quadraticwith respectto thesetof variables
�����]F�	

. Theconstitutivelaw hasbeenintroduced
in orderto makebothequationsquadratic.

CZO
and

CZT^O ����	
aretheclassicaloperatorsexpressing

thelinearandnonlinearpartsof theGreen-Lagrangestrain[8].

2.2.2 Asymptotic expansions

Assumingthat a a regular point
���`_^���D_,	

is known, the basicideaof the A.N.M. consistsin
seekingthesolutionbranch

�������
	
in atruncatedpowerseriesform with respectto awell chosen
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pathparameter”a”. For convenience,an expansionof the variable
F

is alsointroduced,withF4_`�M C ���`_�	B�0_ �a��bJ	��c�`_ Q b0��5 Q b S � S Q :V:V: Q b T � TF(��bJ	d�eF4_ Q bfF15 Q b S F S Q :V:V: Q b T F T����bg	2�H�d_ Q b`�65 Q b S � S Q :V:V: Q b T � T (7)

Introducing theseexpansionsinto the nonlinearproblem(6) and identifying the power-like
termsleadsto asuccessionof linearproblemswith theform

order h <==> ==?
@BADC�E ���0_�	
F15 QiC�ETVO ����5X	
F4_0GjIk��l5X�0/F15��M C ���`_�	B�f5

order m <==> ==?
@ A C E ���0_�	
F S QiC ETVO ��� S 	
F4_0GjIk�� S �0/2� @ A C ET^O ����5n	
F15�GjIF S �M C ���`_�	B� S Q 5S M CUTVO ���f57	B��5

...
...

order
� <====> ====?

@ ADC E ���0_�	
F�o QiC ETVO ����op	
F4_0GjIH��qor�0/�� @ A oVsd5t uwv 5 C ETVO ��� u 	
F#oxs u GJIF�o��M C ���`_y	B�2o Q 5S M oVsd5t uwv 5 CZT^O ��� u 	B�2oVs u (8)

Introducingthenotation F TVOo � hm M oVsd5t uwv 5 CUT^O ��� u 	B�2oVs u
(9)

thesecondequationof (8) canberewrittenasF�oa��M C ���0_y	B�2o Q F T^Oo
(10)

The problem(8) at order
�

is a classicallinearizedelasticityproblemwhere
F T^Oo

standsfor a
pre-stresstermand z A|{ C ETVO ��� u 	
F�oVs u

for aprescribedload.Thereis still oneunknown (
�qo

) at
this stage.It will disappearwith thechoiceof ”a”. Thepathparameter”a” canbechosensuch
as b$� h} S�~ �����e�`_y	 E :7��5 Q �����K�D_,	d�65��

(11)

This choicewhich is inspiredby thearc-lengthcontinuationmethodidentifies
b

astheprojec-
tion of theincrements

�K�3�0_
and

���i�d_
on thetangentdirection.At order1 Eq. (7) and(11)

leadsto � E 5 :7��5 Q �l5��65�� } S (12)
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where } is a given valuethat fixesthe lengthof the tangentvector. It mustbe noticedthat it
doesnot setthesteplength.This oneis basedon a residualcriteriumthatwill bediscussedin
Section2.2.4.At order

�
, therelationreads� E 5 :;�2o Q �l5��jo����

(13)

Thesystem(8) and(13)uniquelydetermine
��o

,
F�o

,
�qo

.

2.2.3 Finite elementmethod

Theprevious linearsystemscanbeefficiently solvedby a F.E.M. Eachof thesesystemscon-
tainsanequilibriumequationin

�
and

F
anda constitutiveequation.SinceclassicalFEM are

basedon a displacementformulation,it is necessaryto transformthefirst equationinto a pure
displacementproblem.This canbe easilydoneby replacingthe expressionof

F
in the equi-

librium. Thus,eachlinearproblem(8) is transformedinto into a puredisplacementproblemin�2o
anda stress-strainrelationwhich givesthestress

F�o
. After discretization,thedisplacement

problemat order
������� m 	 reads � E �2o���qo2��/ Q � T^Oo� E 5 �2o Q �l5��jo|��� (14)

where

� E � � E ���0_x�]F4_�	
is theclassicaltangentstiffnessmatrix at thestartingpoint

���0_x���D_,	
.�

is thevectorof externalloadsand
� T^Oo

is a loadvectorwhich dependsonly on theprevious
ordersandreads � TVOo ��� @�ADC ���0_�	
F TVOo � oVsd5t uwv 5 C�ET^O ��� u 	
F�oVs u GjI

(15)

At thisstage,many remarkscanbemade:

- All the linearsystemshave thesame

� E
matrix, henceonly onematrix decompositionis re-

quiredto computethetermsof theseries.It allows to computetheseriesup to high orders(20
or 30 in practice)sincetheextra calculationcostconsistsonly in theassemblyof thesupple-
mentary

� TVOo
vectorsandin aback-substitutionfor eachorder.

- Theproblematorder1 givesthetangentdirection
���f5y���65n	

. It correspondsto thepredictorstep
in theincremental-iterativeNewton-Raphsonalgorithm.Thenext problemscanthenbesolved
recursively sincethey aresimplelinearizedelasticityproblemsdependingon thepreviousor-
ders.Thisalgorithmis thusveryeasyto implement.

- The series(7) generallyallows to computea large part of the solutionbranchthat startsat���0_V���d_�	
[9].

2.2.4 The continuation method

Becauseof thelimited radiusof convergenceof theseries,this processmustbeappliedseveral
times,quitein thesamewayastheclassicalcontinuationmethods.Thelengthof eachstepcan
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be determinedby a residualcriterium (seeCochelin[7]). For seriestruncatedat order � , the
maximalvalueof

b
for which thesolutionsatisfiesa requestedprecision� is givenbybj��� ) �� � TVO��� 5 � . ��g� � (16)

By applyingthe methodfrom a successively updatednew startingpoint, we candeterminea
complex solutionbranchin astepby stepmanner. Thisprocedureis veryrobustandcompletely
automaticfrom theuser’spoint of view. Moreover, thesteplengthis alwaysoptimal.

To illustratethecapabilitiesof this method, anexampleis provided in Fig. 2. It is a classical
buckling casewhich involveslimit pointsandsnap-throughphenomenon.Thegeometricaland
materialpropertiesof the cylindrical panelaregiven in Fig. 2. For symmetryreasons,only a
quarterof thepanelwasdiscretized,usingameshwith 200triangularDKT shellelementsand
726degreesof freedom.With seriestruncatedatorder30andanaccuracy � � h � sJ�

monitored
by Eq.(16), theinterestingpartof thecurve is fully describedwith only four steps.
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Figure 2: Cylindrical panel: problemdefinition and load-deflectioncurves for the basicequilibrium
problemwith seriestruncatedatorder30and ���k�,� sJ�

.

3 Dir ect computation of critical paths

Wenow considerthemulti-parameternonlinearsystem����������� � 	��������� � 	������ �
	��!�
(17)

We intendto computethefold curve connectingthesingularpointsof
�

. To do so,additional
informationcharacterizingthesesingularpointsmustbeprovided,yieldingasocalledextended
or augmentedsystem.
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3.1 The augmentedproblem

3.1.1 The constraint equation

Many alternatives have beenproposedin the literatureto definethe criticality, the simplest
of them lying on the study of the determinantof the tangentstiffnessmatrix. However, this
criterium is not well suitedfor a numericalstudy. The methodpresentedherehasbeenfirst
introducedby KeenerandKeller [], subsequentlyusedby MooreandSpence[10], Jepsonand
Spence[1], andnumericallyinvestigatedby WriggersandSimo [11] andEricksonet. al [12]
amongothers.It is basedon theappearanceof anull eigenvaluefor thetangentoperator

��� ��f8 9
at simplecritical states.Thecorrespondingextendedsystemreads& ������'Y� � ���
	�� �� �+����� � ���
	�f8 9������ � ���
	��r'� ' � � h

 ¡ ���
(18)

where
'

is theeigenvectorassociatedwith thenull eigenvalue.Thelastnormalizationcondition
ensuresits uniqueness.

For afixedvalue � � � _
of theadditionalparameters,thisaugmentedproblemgivesasingular

point of
�

, eithera bifurcatingpoint or a turning point with respectto
�
. When � varies,it

providestheentirefold curve connectingthesingularpointsof
�

, bothbifurcatingor turning
pointswith respectto

�
and � .

3.1.2 The augmentedtangent operator

Using(4), theprevioussystemcanberewrittenas& ������'(� � ���
	�� �� ������� � 	��K�
�0/��8 9a����� � 	2�p'� ' � � h
 ¡ �!�

(19)

A tangentdirection
����5���' 5 � � 5��,�65X	

is givenby& 8 9a:;��5 Q & 8 ¢(:�' 5 Q & 8 £�: � 5 Q & 8 ¤4:��l54�¥�
(20)

whichcanbeexpressedasfollows in a matrix form¦§ �
8 9 � �
8 £ ���0/��8 9R9�:�' _ ��8 9 �
8 9R£a:�' _ �� ' E _ � � ¨© <==> ==?
��5' 5� 5�65

ª ==«==¬ ���
(21)

Propertiesconcerningtheregularityof
&

canbeexhibitedfrom theinvestigationof this tangent
extendedsystem,seeJepsonandSpence[1], WagnerandWriggers[2]. Recallingthatall the
solutionpointsof

&
aresingularpointsof

�
, the regularpointsof

&
appearto correspondto

thelimit pointsof
�

with respectto
�

i.e. with � fixed.Singularpointsof theextendedsystem&
canarisefor

��' E _ ��/4�!���D' E_ � R8 9R9�' _ ' _ 	a®���R	
or

��' E _ �0/a®�!���
' E_ ��q8 9R9�' _ ' _ 	��¥�q	
.
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3.2 Asymptotic Numerical Method

In this Sectionwe solve the previous extendedsystem(18) using the AsymptoticNumerical
Methodintroducedin Section2.2.

As previously stated,it is moreconvenientto turn thebasicequationsinto a quadraticformu-
lation in order to apply the asymptoticexpansions.This stageis probablythe mostcomplex
oneof theprocedure.Thedifficulty lieson thenumberof additionalvariableswhichneedto be
introducedto reducethedegreeof theequationswith respectto thedifferentunknowns

�
,
'

,�
and � . This procedurewill be detailedin Section4 in thecasesof a geometricalshapeim-

perfectionandof a thicknessimperfection.Here,wedonotenterinto thesedetails.Weassume
thatthefold line canberepresentedby a powerseriesof theform�a��bg	��e�`_ Q b���5 Q b S � S Q :V:V: Q b T � T'$��bJ	d�¯' _ Q b1' 5 Q b S ' S Q :V:V: Q b T ' T����bJ	��°�D_ Q b1�l5 Q b S � S Q :V:V: Q b T � T� ��bg	�� � _ Q b � 5 Q b S � S Q :V:V: Q b T � T (22)

where
���0_x��' _ � � _V���d_�	

is supposedto be a regular initial solutionpoint of
&

. Replacing(22)
into thenonlinearproblem(18)andapplyingthetechniquedescribedin Section2.2leadsto the
final discretizedlinearproblemat order

�¦±±§ ��� � �f5²�|�0/� ¢ �e� � S �� ' E _ � �� E 5 � � 5 �l5 ¨�³³©
¦±±§ �2o' o� o�jo ¨�³³© � ¦±±§ � TVOo- TVOo´ TVOo� ¨�³³© sizen

sizen

size1
size1

(23)

Thetwo vectors
�f5

,
� S andthematrix

� ¢
areintroducedto shortenthenotations.

��5
and

� S
standfor

q8 £
and

q8 9R£a:,' _
of Eq. (21) and

� ¢
is thematrix

R8 9R9a:�' _ � ��� 8 9 �0'
. The r.h.s.

vectors
� TVOo

and
- TVOo

andthescalar
´ T^Oo

resultof summationsof quadraticproductsdepending
only on thesolutionsat previousorders.The µ6¶ subscriptis usedto easilydistinguishthis r.h.s
from theotherterms.Thematrix

� ¢
is thesamewhatever theimperfection.Theexpressionof

thevectors
��5

and
� S andther.h.s.dependson thetypeof imperfectionintroducedwithin the

structure.Their expressionswill be detailedin Section4 for two typesof imperfections.The
lastequationof thesystem(23) is anextendedversionof Eq. (13).

3.3 Procedure to solve the augmentedmatrix system

In practice,agauss-likeeliminationis usedto solvetheextendedsystem(23)in orderto consid-
eronly subsystemsof size µ involving the

���
matrix.Suchablock-eliminationschemecanbe

foundin WriggersandSimo[11]. Its maininterestrelieson thefactthatonly theclassical

���
matrix needsto bedecomposed,thussaving a largeamountof calculationtime.Theprocedure
presentedhereis inspiredby this one.

Besidesthis particularprocedure,anothernumericaldifficulty mustbe pointedout. Sinceall
thesolutionpointsof

&
aresingularonesof

�
, the

�e�
matrix is singularall alongthefold line

9
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connectingthe computedsolutionpoints.That meansthat the classicalmatrix decomposition
techniquescannotbeused.A specialprocedure,basedon Lagrangemultipliers, is introduced
to bypassthisproblem.

3.3.1 Block-elimination schemeat order 1

At order1, thesystem(23) reads¦±±§ ��� � �f5·���0/� ¢ ��� � S �� ' E _ � �� E 5 � � 5 �l5 ¨ ³³©
¦±±§ �f5' 5� 5�l5 ¨ ³³© � ¦±±§ ���} S ¨ ³³© (24)

Premultiplyingthefirst equationof (23)by
' E _

yieldsacompatibilityrelationbetween� 5
and

�l5
� 54��¸x5��l5

with
¸V54� ' E _ �0/' E _ ��5 (25)

ReplacingEq.(25) in thefirst equationof (23) leadsto thelinearsystem�e� ��5���l5�¹15
with

¹15��!�0/2�3¸x5��f5
(26)

It canbenoticedthat thevector
¹`5

is orthogonalto
' _

. Becauseof thesingularityof

���
, the

linearsystem(26) is solvedasfollows.Thesolutionvectoris decomposedinto its projectionon' _
andits orthogonalpart�f54�¥º\' _ Q �l5B»�¼5

,
ºe½�¾ ¿(�0' E_ »�¼5 ���

(27)

Theorthogonalityconditionis thenenforcedthroughtheuseof aLagrangemultiplier À andthe
orthogonalpartof Á 5

is obtainedbyÂ �e� ' _' E _ �*Ã Â » ¼5À Ã � Â ¹`5�ÄÃ (28)

IntroducingEq. (27) in the secondequationof (23) andpremultiplyingby
' E _

yields another
compatibilityrelation1 ºc��¸ S �65

with
¸ S ��� ¸x5d' E_ � S Q ' E _ � ¢D» ¼5' E _ � ¢6' _ (29)

replacingthisexpressionin thesecondequationof (23) leadsto��� ' 5 ���65�¹ S (30)
1Theassumedregularityof Å at thestartingpoint ensuresthatthatthedenominatorsof ÆXÇ and ÆwÈ arenot null.

Indeed,they exactlycorrespondto É#ÊË
ÌÎÍ^Ï ÐpÐ�É#Ë�É#Ë7Ñ and É�ÊËBÒÓÏ Ô (seee.g.WagnerandWriggers[2]).

10
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where ¹ S �¥¸ S � ¢6' _ � � ¢
»�¼5 �3¸V5�� S � ' E _ ¹ S �P�
(31)

Again, thesolutionvector
'

is decomposedinto' 5 �°ÕÖ' _ Q �l5Ø×4¼5
,

Õe½�¾ ¿��0' E_ ×4¼5 ���
(32)

with theorthogonalpart
× ¼ 5

obtainedbyÂ �e� ' _' E _ �*Ã Â × ¼ 5À Ã � Â ¹ S�ÄÃ (33)

Then,thethird equationof (23)gives ÕÙ�¥�
(34)

andthe fourth equationprovidesan expressionfor
�65

. At this stage,the termsat order1 are
fully determined �65*� }Ú G with

G$� h Q ¸ S 5 Q ¸ SS Q »�¼5 E »�¼5� 5*� ¸V5d�l5
(35)��5*� ¸ S ' _ Q �65g»�¼5' 5 � �l5Ó×4¼5

3.3.2 Block-elimination schemeat order p

The resolutionis slightly differentthanbeforebecauseof the r.h.s.termsof the system(23).
Nevertheless,the block-eliminationprocedureremainsthe same.That is why the resolution
will notbedetailedhere.Despitetheadditionalr.h.s.terms,theglobalcalculationcostremains
thesame.Indeed,thesolutionscanbeexpressedasthesumof a termwhich is proportionalto
thesolutionsatorder h andatermwhichcomefrom thenew r.h.s.vectors.As aresult,only two
systemresolutionsareneededto computeall thetermsat order

�
.

4 Two specifictypesof imperfections

In section2.2.1,emphasishasbeenput on the fact that the transformationof the governing
equationsinto a quadraticform wascrucial for theasymptoticexpansions.Themain purpose
of this sectionis to provide a generalprocedurefor theobtainingof sucha formulation.This
procedureis basedon the introductionof well chosenextra variables,thus augmentingthe
numberof equationsto besolvedbut reducingthedegreeof eachof thegoverningequations.
This requiredproceduredoesnot restrict the rangeof problemswhich canbe treatedby the
A.N.M. It is detailedherefor two commontypesof imperfections.Theexpressionof thevectors�f5

,
� S , � TVOo

and
- T^Oo

of thediscretizedaugmentedsystem(23)will alsobegivenfor eachstudied
case.

11
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4.1 Geometrical shapeimperfection

A simplifiedstructurewith ageometricalshapeimperfection
�4Û

is presentedin Fig.3.Theblack
color is usedfor the perfectstructurein its initial state,the greencolor denotesthe imperfect
structurein its initial stateandthebluecolor indicatesthe imperfectstructurein its deformed
state.

F

u

u*

Figure3: Structurewith ageometricalshapeimperfection

Thestrain Ü of thedeformedimperfectstructureis deducedfromÜ �����;� Û 	4� Ü ��� Q � Û 	�� Ü ��� Û 	
(36)

whereÜ is theclassicalGreenLagrangestraindefinedasÜ ����	�� hm � Ý\� Q Ý E �1	 Q hm ��ÝÞ��Ý E ��	�� Ü O ����	 Q Ü T^O �����7��	
(37)

Combinedwith (37), (36)becomesÜ �����;� Û 	�� Ü O ����	 Q Ü TVO �����;��	 Q m2Ü TVO �����;� Û 	
(38)

Comparedto theclassicalexpression(37)of thestrain,thereis anew term Ü TVO �����;�4Û^	
which is

bilinearwith respectto
�

and
��Û

. In orderto geta scalarextra parameter, the imperfectionis
writtenas � Û �°ß1� Û _

(39)

where
�4Û _

is a fixeddisplacementwhich givestheshapeof theimperfectionand
ß

is its ampli-
tude.Usingthenotationsintroducedin Section2, thegoverningequationscanthenbeexpressed
as �������;ß
����	2� <==> ==?

@ ADC�E ����	
F Q ß C�ETVO ��� Û _ 	
FkGJI3�K�
�0/4���F°�!M N CZOjQ 5S CUTVO ���1	 Q ß CUT^O ���4Û_ 	 W � (40)

andtheconstraintequationreads�f8 9������7ß����
	��r'¥� <==> ==?
@ ADC�E ���1	
à Q ß C�ETVO ��� Û _ 	
à QiC�ETVO ��'|	
FLGjIH���àá�!M � CPORQiCUTVO ���1	 Q ß CZT^O ���4Û_ 	7	f' (41)

12
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where
à

is thestressassociatedwith thenull eigenvector
'

. Eq. (40) is quadraticwith respect
to thevariableset

�����]Fa�;ß��,��	
and(41) is quadraticwith respectto

�����]F��,'(�]àâ�;ß��,��	
.

Thenext stepconsistsin developingeachof thevariablesin a power seriesform. Introducing
themixedvariable ã ��äp���yF���'(�]àâ�;ß
���6å E

, theseriesexpansionreadsã ��bJ	4� ã _ Q b ã 5 Q b S ã S Q :^:V: Q b T ã T
(42)

where
���`_V�]F�_V��' _ �]à�_x�;ßØ_V���d_�	

is supposedto bearegularinitial solutionpoint.Theintroduction
of theseriesinto (40)and(41) leadsat order

�P�æ�ç� m 	 to<================> ================?

@ AÙèC E_ F#o QKC ET^O ���2ox	
F4_ Q ß^o C ETVO ��� Û _ 	
F4_0GjIk�!�qor�0/�� @ A oVsd5t uwv 5 C ETVO ��� u Q ß u � Û _ 	
F#oxs u GjIF�o��!M é èC _D�2o Q ß^o CUTVO ���`_y	B� Û _7ê Q F TVOo@BA èC�E_ à$o QiC�ETVO � ' o 	
F4_ QiC�ETVO ����or	
àU_ Q ß^o C�ET^O ��� Û _ 	
àU_ Q ß]o C�ET^O ��' _ 	
F�o�GjI��� @ A oVsd5t uwv 5 C�ET^O ��' u 	
F#oxs u GjI3� @ A oVsd5t uwv 5 C�ETVO ��� u Q ß u � Û _ 	
à$oVs u GjIàÖo��M é èC _�' o QiCUTVO � ' _ 	#���2o Q ß^o��4Û_ 	 ê Q à T^Oo
(43)èC _

hasbeenintroducedto shortenthenotationsandstandsfor
C ���0_ Q ßØ_
��Û_ 	

. Becauseof the
introductionof theimperfection,theexpressionsof

F TVOo
and

à TVOo
areslightly morecomplicated

thanin Section2.2.They will notbeendetailedhere.In orderto performanF.E.M.,
F�o

and
à$o

arereplacedin the theequilibrium andthe constraintequations.After discretization,it yields
thetwo following displacementproblems� E �2o Q ß^o��f5��!�qo2� Q � TVOo� ¢���o Q �e� ' o Q ß^o�� S � - TVOo (44)

where

� E � � E ���`_ Q ßØ_;� Û _ �]F�_�	
is thetangentstiffnessmatrix at thestartingpoint

���0_V�;ßØ_x���D_,	
.

Thevectors
� TVOo

and
- T^Oo

dependonly on thepreviousorders.They caneasilybeinferredfrom
(43).Theexpressionsof thetwo vectors

�f5
and

� S dependon thetypeof imperfection.In the
presentcase,they read�f5�� @ A é èC�E_ M CUT^O ���`_�	 Q - E$ëF4_ - ê � Û _ GJI� S � @ A é èC�E_ M CUT^O ��' _ 	 QiCUT^O ��' _ 	dM CUT^O ���`_�	 Q - EaëàU_ - ê � Û _ GjI (45)

The matrices
ëF�_

and
ëà�_

containcomponentsof the stressvectors
F4_

and
àU_

, and
-

is the
gradientmatrixof theshapefunctions.

13
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Two additionalequationsareyet missing.Thefirst oneis thenormalizationconditionon
'

. It
is exactly thesamethanin thegeneralcase.Thesecondonefixesthepathparameter”a” of the
fold line. It is chosensuchas � E 5 �2o Q ßJ5gß]o Q �65��qo|�!�

(46)

Puttingtogetherthesetwo additionalequationsandthesystem(44)yieldsanaugmentedsystem
with thesameform as(23).Theprocedureintroducedin Section3.3canthenbeusedto solveit.

4.2 Thicknessimperfection

Takinga thicknessimperfectioninto accountis morecomplex. Indeed,it dependson the type
of finite elementusedfor the analysis.In this section,the studywill be carriedout with the
DKT18 shellelement.Its descriptioncanbefoundin []. In theformulationof this element,the
thicknesś appearonly in theelasticitymatrix

M
which is givenby

Mì�
¦±±±±±±±±±§

í ´h �Kî S ¦±§ h h �h h �� � h �Kîm ¨�³© �
� í ´dïhxm � h �3î S 	 ¦±§ h h �h h �� � h �Kîm ¨�³©

¨ ³³³³³³³³³©
(47)

The tensilepartof
M

is linearwith respectto
´

andthebendingpart is cubic.
M

canthusbe
rewrittenas Mì�!M 5 ´ Q M ï ´ ï

(48)

Accordingto (37) and(48), theconstitutive law
F��|M Ü ����	

is quadraticwith respectto
�

and
cubicwith respectto

´
. Someadditionalvariablesneedto beintroducedin orderto reducethe

orderof theequationsandto turn theminto aquadraticform. This is achievedasfollows

������� ´ ���
	�� <========> ========?

@BADC�E ���1	
FkGjI3�K����/4�!�F°��M ÜÜ � N CZOjQ 5S CUTVO ���1	 W �M²�!ð 5 ´ Q M ï�ñ ´ñ � ´ S (49)

Throughtheintroductionof
F

, theequilibriumequationbecomesquadratic.Then,
M

is made
quadraticwith respectto

´
andtheadditionalvariable

ñ
. Theconstitutiveequationis quadratic

in
M

and Ü . In this way, eachequationof theprevioussystemis quadratic.It will significantly

14
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reducethenumberof productsto form whenintroducingtheseries.Thesamework is donewith
theconstraintequationby addingthevariables

à
and ò .

�f8 9Y����� ´ ���
	��r'�� <========> ========?

@ ADC E ����	
à QKC ETVO � '|	
FkGjIk�¥�àá�M òò �ó� CZOjQiCUTVO ����	7	f'Mì��M 5 ´ Q M ïlñ ´ñ � ´ S (50)

Eachof thevariablesis thenexpandedinto apowerseriesform which canbeexpressedasã ��bJ	�� ã _ Q b ã 5 Q b S ã S Q :V:V: Q b T ã T
(51)

wherethemixedvariable ã standsfor
äp���]Fa� Ü ��'(�]àâ� ò ��Mk� ñ � ´ ���6å E

., andthe term ã _
refers

to a regularstartingsolutionpoint. Introducingthedevelopment(51) into thesystems(49) and
(50)andidentifyingthepower-like termsprovidestheexpressionsof theadditionalvariablesat
order

�����â� m 	 ñ o�� m ´ _ ´ o Q ñ TVOoÜ o � C ���`_�	B��o Q Ü TVOoò o�� C ���0_�	d' o QiCUTVO ��' _ 	B�2o Q ò TVOo (52)

wherethetermswith the µ6¶ subscriptinvolveproductsat previousorders.Usingtheexpression
of

ñ o
andintroducingthenotation

èM
leadstoM�o|�ó� M 5 Qiô ´ S_ M ï 	 ´ o Q M T^Oo � èM ´ o Q M T^Oo

(53)

The equilibrium and the constraintequationsand their associatedconstitutive equationscan
be expressedat the order

�
using the previous expressions.The additionalvariablesarethen

eliminatedin order to keeponly the variables
�

and
´
. In fact, they have beenuseful only

becausethey havemadetheseriesexpansionprocedureeasier. Theremainingequationsread<===============> ===============?

@�ADC�E ���0_y	
F�o QiC�ETVO ����or	
F4_�GjIk��qop�0/�� @BA oVsd5t uwv 5 C�ETVO ��� u 	
F#oxs u GjIF�o|�!Mc_ C ���0_�	B�2o Q èM C ���`_y	B�0_ ´ o Q F TVOo@�ADC�E ���0_y	
à$o QiC�ET^O ��' o 	
F4_ QiC�ETVO ���2op	
à�_`GjI�+� @ A oVsd5t uwv 5 C�ET^O ��' u 	
F#oxs u GjI3� @ A oVsd5t uwv 5 C�ETVO ��� u 	
à$oVs u GjIà$oa�!MÙ_ C ���`_�	d' o Q MÙ_ CZT^O ��' _ 	B��o Q èM é C ���0_y	d' _ QiCUTVO ��' _ 	B�`_ ê ´ o Q à TVOo
(54)
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After aF.E.M. discretization,this correspondingmatrix systemreads� E ��o Q ´ o2��54���jo2�0/ Q � TVOo� ¢��2o Q ��� ' o Q ´ o2� S � - TVOo (55)

�f5�� @ ADC E ���0_�	 èM C ���0_�	B�`_0GjI� S � @BADC�E ���0_�	 èM C ���0_�	d' _ QiC�E ���0_�	 èM CUT^O ��' _ 	B�`_ QKC�ETVO � ' _ 	 èM C ���`_y	B�0_�GJI (56)

Augmentedwith the two additionalequationsrelatedto the normalizationof
'

andthe path
parameter

b
, thesystem(55)canberecursivelysolvedusingtheprocedureintroducedin Section

3.3.

5 Detectionof critical stateson the equilibrium path

Beforefollowing the fold curve, a startinglimit point mustbe preciselydetectedon the fun-
damentalpath.Standardmethodsfor determiningsucha singularpoint have beenpresentedin
Section3.1.1.Themethodpresentedhereconsistsin detectingthecritical statesby themeanof
a perturbedequilibriumproblemthatwill besubsequentlysolvedwith theA.N.M. It hasbeen
first introducedby Boutyour[13] andusedby Vannucciet al. [14].

5.1 The bifur cation indicator

Thesingularpoint is searchedontheequilibriumpathdefinedby (17)for givenvalues� _
of the

additionalparameterswhich definetheinitial imperfection.Theresultinggoverningequation������� � _V�,��	��������� � _,	2�â��� �
	4���
(57)

canbeseenasaparticularcaseof thebasicequilibriumproblem(4). Thus,theproceduregiven
in Section2 canbeappliedfor thecalculationof theequilibriumpath.

Thedetectionof thecriticality is madethroughthe introductionof a perturbationinto thesys-
tem.Thisperturbedproblemis describedby�
8 9|:�õc�K�!ö À ��/

(58)

where
õÙ�

is thedisplacementresponseof thestructureto theloadperturbation
ö À ��/

. Focus-
ing on theevolution of

��õc���;ö À �4	
while following the fundamentalpath,a critical statecan

becharacterizedasfollows

i) It is a point on the fundamentalpathwherethe tangentoperator

��� �Ù�
8 9
is singular.

Standardmethodsarebasedon this criterium.
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ii) For a fixed load perturbation
ö À , it is the point wherethe displacementresponse

õc�
tendsto infinity. Becauseof theseinfinite valuesof thedisplacement,thiscriteriumis not
suitablefor anumericaluse.

iii) For a fixed displacementperturbation
õc�

, it is the point wherethe load response
ö À

tendsto zero.When
õc�

is fixed,
ö À canbeseenasastiffnessmeasurement.

The last criterium will be usedhere.Hence,the singularpointscorrespondto the null values
of the bifurcation indicator

ö À . The system(58) consistsof µ equationsand involves µ Q h
unknowns, the µ componentsof

õÙ�
and

ö À . An additionalconditionmustbe provided for
(58) to admita uniquesolutionfor eachregularpoint of the fundamentalpath.Sincewe have
decidedto fix the displacementperturbationratherthan the load perturbation,this condition
will bechosensuchas � õ¯� � � h (59)

Equations(58)and(59) form awell-posedsystemwhich will besolvedusingtheA.N.M.

5.2 Determination of the bifur cation indicator with the A.N.M.

We assumethat an analyticalexpressionof the equilibrium pathhasbeenobtainedusingthe
procedureof Section2 �|��bJ	d�Ù�0_ Q b���5 Q b S � S Q :V:V: Q b T � T����bJ	#�H�d_ Q b1�l5 Q b S � S Q :V:V: Q b T � T

(60)

Theperturbations
õ¯�

and
ö À arethendevelopedwith regardto thesameparameter

bõc�|��bJ	d�¯õÙ�`_ Q b`õc�f5 Q b S õÙ� S Q :V:V: Q b T õc� Tö À ��bJ	4��ö À _ Q b0ö À 5 Q b S ö À S Q :V:V: Q b T ö À T
(61)

where
õ¯�`_

is theresponseof thestructureto theperturbationatthestartingpoint
���`_^���D_,	

. After
theintroductionof theseseriesinto Eq. (58) and(59) andwith theF.E.M. notationsintroduced
in Section2.2.3,thelinearsystemto solveat order

�P�æ�ç� h 	 reads� E õÙ�2o��!ö À o ��/ Q õ�� T^Ooõc� E_ õÙ�2o�� oVsd5t uwv 5 õc� u õ¯�2oVs u �¥º
o (62)

Thevectors
õ�� T^Oo

dependonly on
� u

and
õc� u

atpreviousorder. Here,these
� u

termsandthe
tangentstiffnessmatrix

���
areexactly the sameasthosepreviously calculatedin Section2

for thefundamentalpath.As a result,this procedurecanextremelyeasilybesuperposedon the
algorithmfor thefundamentalpath.Theextracalculationcostlies in theassemblyof the

õ¯� TVOo
vectors,thecalculationof thescalars

ºDo
andtheresolutionof a few linearsystemswith a

���
matrixalreadydecomposed.
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The critical points correspondto the values
bq÷

of the parameter
b

for which
ö À ��bg	

is zero
andthecorrespondingcritical loadis obtainedby

����bq÷n	
. It mustbenoticedthat this procedure

doesnot only provide the critical load. The associatedeigenvector is alsogiven by
õc�a��bq÷n	

.
As a result,all the initial informationthat is requiredfor the calculationof the fold curve of
Section3 is suppliedby this procedure.Moreover, thenumericalprecisionof this information
canbemonitoredthroughtheuseof a residualcriteriumin orderto satisfya givenprecision� .
A veryaccuratestartingpoint for thefold curvecanthusbeobtained.

5.3 A numerical example: the cylindrical panel

Theexamplepresentedin Fig.4demonstratesthecapabilitiesof thisalgorithmtodetectsingular
pointsaswell aslimit points.Thegeometryof thepanelis thesameasin Fig.2,exceptedfor the
thicknesswhich is now

´ �ùøB: ôRúØûZû
. This valueleadsto a far morecomplicatedequilibrium

path.Onehalf of the panelwasdiscretizedin orderto get the bifurcatedpath.For symmetry
reasons,it doesnot appearif only one quarteris considered.Serieswere truncatedat order
30.Two limit pointsandtwo bifurcationpoints,connectedby abifurcatedpath,weredetected.
Both singularpointsandtheir associatedeigenmodeswereobtainedwith a requiredaccuracy� � h � sJü

. Any of thelimit point canthenbeusedasastartingpoint for thecomputationof the
fold curve,asdescribedin Section3.
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Figure4: Cylindrical panel: problemdefinitionanddetectedsingularpointson thefundamentalpathof

thebasicequilibriumproblem

6 Conclusions
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