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Abstract We study the boundary value problem with measures for (E1) —Au + g(|Vul|) =
0 in a bounded domain Q in R satisfying (E2) u = p on 95 and prove that if g €
L(1, 00;t~@N+D/Ngt) is nondecreasing (E1)-(E2) can be solved with any positive bounded
measure. When g(r) > r? with ¢ > 1 we prove that any positive function satisfying (E1)



admits a boundary trace which is an outer regular Borel measure, not necessarily bounded.
When g(r) =72 with 1 < ¢ < g. = % we prove the existence of a positive solution with a
general outer regular Borel measure v Zo0o as boundary trace and characterize the boundary
isolated singularities of positive solutions. When ¢(r) = r? with ¢. < ¢ < 2 we prove that
a necessary condition for solvability is that p must be absolutely continuous with respect
to the Bessel capacity C2—q 7 We also characterize boundary removable sets for moderate
and sigma-moderate solutqions.
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1 Introduction

Let Q C RY be a bounded domain with C? boundary and g : Ry — Ry a nondecreasing
continuous function vanishing at 0. In this article we investigate several boundary data
questions associated to nonnegative solutions of the following equation

—Au+g(|[Vul) =0  inQ, (1.1)
and we emphasize on the particular case of
—Au+|Vu/?=0  in Q. (1.2)

where ¢ is a real number mainly in the range 1 < ¢ < 2. We investigate first the generalized
boundary value problem with measure associated to (1.1)

{ —Au+ g(|Vu|) = in Q

0
1.3
I on 02 (13)

u

where p is a measure on 0f2. By a solution we mean an integrable function u such that
g(|Vul) € LL(Q) where d = d(z) := dist (z, Q) satisfying

Xy

/Q (—ulA¢ + g(|Vul)C) de =

for all ¢ € X(Q) := {¢ € CL(Q) : Ap € L°(Q)}, where n denotes the normal outward unit
vector to 0f). The integral subcriticality condition for g is the following

/ g(s)s_mf\f+1 ds < oo. (1.5)
1

When g¢(r) < r?, this condition is satisfied if 0 < g < g := % Our main existence result
is the following.

Theorem 1.1 Assume g satisfies (1.5). Then for any positive bounded Borel measure p on
0Q there exists a mazimal positive solution T, to problem (1.3). Furthermore the problem
is closed for weak convergence of boundary data.



Note that we do not know if problem (1.4) has a unique solution, except if g(r) = r?
with 0 < q < q. and p = by in which case we prove that uniqueness holds. A natural
way for studying (1.1) is to introduce the notion of boundary trace. When g(r) > r¢ with
q > 1 we prove in particular that the following result holds in which statement we denote
Ys={zxeQ:d(x)=0}for § >0:

Theorem 1.2 Let u be any positive solution of (1.1). Then for any xo € I the following
dichotomy occurs:

(i) Either there exists an open neighborhood U of xg such that

/ 9(|Vul)d(z)dz < oo (1.6)
QNU

and there exists a positive Radon measure pgr on OQLNU such that u|25w converges to py
in the weak sense of measures when § — 0.

(i) Or for any open neighborhood U of xq there holds

[ s(iuhdta)de = o, 1.7)
QnuU
and
lim udS = oco. (1.8)
6—0 SsNU

The set S(u) of boundary points o with the property (ii) is closed and there exists a
unique Borel measure p on R(u) := 99\ S(u) such that ul,,  converges to u in the weak
sense of measures on R(u). The couple (S(u),n) is the boundary trace of u, denoted by
trog(u). The trace framework has also the advantage of pointing out some of the main
questions which remain to be solved as it was done for the semilinear equation

—Au+h(u) =0 in Q. (1.9)

and the associated Dirichlet problem with measure

(1.10)

—Au+h(u)=0 inQ
U= p on 01,

where i : R — R is a continuous nondecreasing function vanishing at 0. Much is known
since the first paper of Gmira and Véron [16] and many developments are due to Marcus
and Véron [27]-[30] in particular when (1.9) is replaced by

—Au+u/T"u=0 inQ (1.11)

with ¢ > 1. We recall below some of the main aspects of the results dealing with (1.9)—(1.11),
this will play the role of the breadcrumbs trail for our study.

- Problem (1.10) can be solved (in a unique way) for any bounded measure y if h satisfies



/100(11(3) +h(=s))s~ P ds < oc. (1.12)

If h(u) = |u|* " u the condition (1.12) is verified if and only if 1 < ¢ < ¢s, the subcritical
range; qs = % is a critical exponent for (1.11).

- When 1 < ¢ < g5, boundary isolated singularities of nonnegative solutions of (1.11)
can be completely characterized i.e. if u € C(Q\ {0}) is a nonnegative solution of (1.11)
vanishing on 9§\ {0}, then either it solves the associated Dirichlet problem with p = cd
for some ¢ > 0 (weak singularity), or

u(x) =~ d(z)|z|_% as x — 0. (strong singularity) (1.13)

- Always in the subcritical range it is proved that for any couple (S, ) where S C 9
is closed and p is a positive Radon measure on R = 92\ S there exists a unique positive
solution u of (1.11) with boundary trace (S, p) (in the sense defined in Theorem 1.2).

- When ¢ > gs, i.e. the supercritical range, any solution u € C(Q\ {0}) of (1.11)
vanishing on 90 \ {0} is identically 0, i.e. isolated boundary singularities are removable.
This result due to Gmira-Véron has been extended, either by probabilistic tools by Le Gall
[19], [20], Dynkin [10], Dynkin and Kuznetsov [12], [13], with the restriction ¢; < ¢ < 2, or
by purely analytic methods by Marcus and Véron [27], [28] in the whole range gs < ¢. The
key tool for describing the problem is the Bessel capacity C% o in dimension N —1 (see [1]

for a detailled presentation of capacities). We list some of the most striking results. The

associated Dirichlet problem can be solved with p € 9T (9Q) if and only if p is _absolutely

continuous with respect to the C ,-capacity. If K C 99 is compact and v € C(Q\ K) is a
2,

solution of (1.11) vanishing on 92\ K, then u is necessary zero if and only if C2 ,,(K) = 0.

The complete characterization of positive solutions of (1.11) has been obtained by Mselati
[26] when ¢ = 2, Dynkin [11] when ¢; < ¢ < 2, and finally Marcus [25] when ¢s < ¢; they
proved in particular that any positive solution u is sigma-moderate, i.e. that there exists
an increasing sequence of positive measures u, € 9T (9Q) such that the sequence of the
solutions u = u,,,, of the associated Dirichlet problem with p = u,, converges to .

Concerning (1.2) we prove an existence result of solutions with a given trace belonging
to the class of general outer regular Borel measures (not necessarily locally bounded).

Theorem 1.3 Assumel < g < q. and S C 09 is closed and p is a positive Radon measure
on R := 00\ S, then there exists a positive solution u of (1.2) such that troq(u) = (S, p).

When 1 < ¢ < ¢. we prove a stronger result, using the characterization of singular
solutions with strong singularities (see Theorem 1.6 below). When ¢. < ¢ < 2 we prove that
Theorem 1.3 still holds with u = 0 if S = G where G C 95 is relatively open, OG satisfies an
interior sphere condition. Surprisingly the condition S C 9 is necessary since there cannot
exists any large solution, i.e. a solution which blows-up everywhere on 9f).



In order to characterize isolated singularities of positive solutions of (1.2) we introduce
the following problem on the upper hemisphere S iv ~1 of the unit sphere in RN

2 3
“Aw+ ((%) W+ |V’w|2> ~ 2y (Fql - N) w=0 in SN

(1.14)
w=0 on asf*l,

where V' and A’ denote respectively the covariant gradient and the Laplace-Beltrami oper-
ator on SV~1. To any solution w of (1.14) we can associate a singular separable solution u
of (1.2) in RY = {z = (21,2, ...,2x) = (¢/,2n) : zxy > 0} vanishing on ORY \ {0} written
in spherical coordinates (r, o) = (|z, 7e7)

2

us(z) = ug(r,o) = r~ 1 w(o) VxE@\{O}. (1.15)

Theorem 1.4 Problem (1.14) admits a positive solution if and only if 1 < q¢ < q.. Further-
more this solution is unique and denoted by ws.

This singular solution plays a fundamental role for describing isolated singularities.

Theorem 1.5 Assume 1 < ¢ < q. and u € C*(Q)NC(Q\ {0}) is a nonnegative solution of
(1.2) which vanishes on O\ {0}. Then the following dichotomy occurs:

(i) Either there exists ¢ > 0 such that u = ucs, solves (1.3) with g(r) =r?, up = cdp and
u(z) = cP%(z,0)(1 + o(1)) asx — 0 (1.16)

where P is the Poisson kernel in Q.

(i) Or u = lim.— o0 Ues, and

lim |x|%u(a}) = ws(0). (1.17)
Q3z—0
ﬁ =o€ 5571

We also give a sharp estimate from below for singular points of the trace

Theorem 1.6 Assume 1 < q < q. and u is a positive solution of (1.2) with boundary trace
(S(u), u). Then for any z € S(u) there holds

w(x) > Uoos, () := lim ues, () Vo € (. (1.18)

c— 00
The description of uees, is provided by us defined in (1.15), up to a translation and a rotation.

The critical exponent ¢, plays for (1.2) a role similar to that of ¢, plays for (1.11) which
is a consequence of the following theorem

Theorem 1.7 Assume q. < q < 2, then any nonnegative solution u € C*(Q) N C(Q\ {0})
of (1.2) vanishing on 0\ {0} is identically zero.



The supercritical case for equation (1.2) can be understood using the Bessel capacity
Cz2-q g dimension N — 1, however we can only deal with moderate and sigma-moderate
=L

solutions. Following Dynkin [11], [14] we define

Definition 1.8 A positive solution u of (1.2) is moderate if there exists a bounded Borel
measure p € MT(IQ) such that u solves problem (1.3) with g(r) = r?. It is sigma-moderate if
there exists an increasing sequence of solutions {u,,, }, with boundary data {p,} € MT(9Q),
which converges to u when n — oo, locally uniformly in §2.

Notice that the boundary trace theorem implies that the sequence {u,} is increasing.
Equivalently we shall prove that a positive solution w is moderate if and only if it is integrable
in @ and |Vu| € L1(Q).

Theorem 1.9 Assume q. < q < 2 and K C 09 is compact and satisfies sz_qu, (K) =0.

Then any positive moderate solution u € C*(Q) N C(Q\ K) of (1.2) vanishing on 0Q\ K is
identically zero.

As a corollary we prove that the above result remains true if u is a sigma-moderate
solution of (1.2). The counterpart of this result is the following necessary condition for
solving problem (1.3).

Theorem 1.10 Assume q. < g < 2 and u is a positive moderate solution of (1.2) with
boundary data p € MT(ON). Then p is absolutely continuous with respect to the Cz-q o
Pt
capacity.
For the sake of completeness we give, in Section 5, the results corresponding to the
two extreme cases, ¢ = 2 and ¢ = 1 for equation (1.2). If ¢ = 2 the Hopf-Cole change of

unknown u = Inv transforms (1.2) into a Poisson equation. When ¢ = 1, equation (1.2) is
homogeneous of order 1 and the equation inherits many properties of the Laplace equation.

We end this article with a result concerning the question of existence and removability
of solutions of
~Au+g(|Vu))=p  inQ (1.19)
where € is a bounded domain in RY and u a positive bounded Radon measure on 2. We
prove that if g is a locally Lipschitz nondecreasing function vanishing at 0 and such that

/ g(s)s_zhjfvjl1 ds < 0o (1.20)
1
then problem (1.19) admits a solution. In the power case

—Au+|Vulf=p inQ (1.21)

with 1 < g < 2, the critical exponent is ¢* = % We prove that a necessary condition
for solving (1.21) with a positive Radon measure y is that u vanishes on Borel subsets E
with Cy 4-capacity zero. The associated removability statement asserts that if K a compact
subset of Q such that C; o (K) = 0, any positive solution of

—Au+|Vul/?=0 inQ\K (1.22)

is bounded and can be extended as a solution to the whole €.



2 The Dirichlet problem and the boundary trace

Throughout this article 2 is a bounded domain in RY (N > 2) with a C? boundary 99 and
¢ will denote a positive constant, independent of the data, the value of which may change
from line to line. When needed the constant will be denoted by ¢; or C; for some indices
1 =1,2,..., or some dependence will be made explicit such as c¢(a,b,...) for some data a,
b..For r > 0 and z € RY, we denote by B,.(x) the ball with radius r and center x. If z = 0
we write B, instead of B,(0).

2.1 Boundary data bounded measures

We consider the following problem where u belongs to the set 9(9€2) of bounded Borel
measures on 0f)

{ —Au+g(|Vul) =0 in @)

U= [ on 0f.

We assume that g belongs to the class Gy which means that ¢ : Ry — Ry is a locally
Lipschitz continuous nonnegative and nondecreasing function vanishing at 0. The integral
subcriticality condition is the following

/ g(s)sizNN+1 ds < oo. (2.2)
1

If g(r) = r? the integral subcriticality condition is satisfied if 0 < ¢ < ¢, := %

Definition 2.1 A function u € L'(2) such that g(|Vu|) € LL(Q) is a weak solution of (2.1)

if
ac
Lom

/ (—ulA¢ + g(|Vul)C) do = — /
Q 1ol
for all ¢ € X(Q) == {¢ € CLQ) : Ap € L=(Q)}.

(2.3)

If we denote respectively by G and P the Green kernel and the Poisson kernel in ,
with corresponding operators G and P it is classical from linear theory that the above
definition is equivalent to

u = P[] — G%g(|Vul)]. (2.4
We recall that M} () denote the Marcinkiewicz space (or weak L space) of exponent
p > 1 and weight h > 0 defined by

MFP(Q) = {v €L, (Q):3C>0s. t. /E|v|hdz < C’|E|,1;5,VE COE Borel} . (2.5)

where |E|, = [X,hdz. The smallest constant C' for which (2.5) holds is the Marcinkiewicz
quasi-norm of v denoted by ||v|| m? (g and the following inequality will be much useful:

Hx :o(z)| > A} < A7P Hv||§”w},:(9) YA > 0. (2.6)

The main result of this section is the following existence and stability result for problem
(2.1).



Theorem 2.2 Assume g € Gy satisfies (2.2), then for any u € MT(9Q) there exists a maz-

N+1
imal solution @ = @, to problem (2.1). Furthermore @ € M%(Q) and |Va| € MdT+ Q).
Finally, if {un} is a sequence of positive bounded measures on 9 which converges to u in
the weak sense of measures and {u,, } is a sequence of solutions of (2.1) with boundary data
fn, then there exists a subsequence such that {uy,, } converges to a solution u, of (2.1) in

L) and {g(|Vuy, )} converges to g(|Vuyl) in Ly(2).
We recall the following estimates [8], [16], [35] and [36].

Proposition 2.3 For any a € [0,1], there exist a positive constant ¢1 depending on «, €
and N such that

HGQ[V]HU(Q) + HGQ[V]HM—“’—NLL(Q) < [l e o) (2.7)
do
"VGQ[V]H dzfiti1 5 sa Hyllmda (@) (2'8)
where
[Vllon o () = /Qdo‘(z)d|1/| Vv € Mga (), (2.9)
1Pl oy + P20 s g + BP0 ) = et Tllomons (2.10)
HVPQ[M]HM(%*V'—I(Q) < a lullanon) - (2.11)

for any v € Mga () and any p € M(ON).

Since 0N is C2, there exists 6* > 0 such that for any § € (0,0*] and 2 € Q such
that d(x) < J, there exists a unique o(z) € 9Q such that |z — o(z)| = d(x). We set
o(x) = Proj,,(x). Furthermore, if n = n,(,) is the normal outward unit vector to 92 at
o(x), we have x = o(x) — d(z)ny(,). For ¢ € (0,6%], we set

Qs ={z € Q:d(x) <0},

Q5 ={z € Q:d(z) > 6},

Y5 =00 = {x € Q:d(z) =6},
E:E():aﬂ

For any ¢ € (0,6*], the mapping = — (§(x),0(z)) defines a C! diffeomorphism from €5 to
(0,8) x . Therefore we can write = o(z) — d(x)n,(y) for every z € Q5. Any point € Qg-
is represented by the couple (6,0) € [0,0*] x ¥ with formula x = ¢ — dn,. This system of
coordinates which will be made more precise in the boundary trace construction is called
flow coordinates.

Proof of Theorem 2.2. Step 1: Construction of approzimate solutions. Let {u,} be a
sequence of positive functions in C*(9€2) such that {u,} converges to u in the weak sense of



measures and ||Mn||L1(aQ) < c ||,u||5m(39) for all n, where ¢ is a positive constant independent
of n. We next consider the following problem

(2.12)

{ —Av+g([V(0 +P[ua])]) =0 in Q
v=20 on 0f).

It is easy to see that 0 and —P**[j,] are respectively supersolution and subsolution of (2.12).
By [18, Theorem 6.5] there exists a solution v, € W?P(Q) with 1 < p < co to problem
(2.12) satisfying —P[u,] < v, < 0. Thus the function u,, = v, + P*[u,] is a solution of

{ —Aup + g(|Vu,|) =0 in Q

Uy = on J9). (2.13)

By the maximum principle, such solution is the unique solution of (2.13).

Step 2: We claim that {u,} and {|Vuy|} remain uniformly bounded respectively in M~ Q)
N+1
and M~ (§2). Let £ be the solution to

A =1 in Q
{ £E=0 on 01}, (2.14)
then there exists a constant ¢z > 0 such that
1 d
— < _% < c3 and d(z) <€ < cgd(z). (2.15)
c3 on c3

By multiplying the equation in (2.13) by ¢ and integrating on {2, we obtain
23
updr + g(|vun|)€dx = pn 7= dS,
Q Q oo On

e+ | dt@)aVual)ds < e liloon (2.16)

where ¢4 is a positive constant independent of n. By Proposition 2.3 and by noticing that
U < Ppy], we get

which implies

Q
il s gy < B al [ ) S €1 Mbinllr oy < 162 lilomomy - (2:17)

Set f, = —g(|Vuy,]|) then f, € LL(Q) and u, satisfies

0
/(*unAC = [nQ)dz = 7/ un—cds (2.18)
Q pa  On
for any ¢ € X(Q). From (2.4) and Proposition 2.3, we derive that
”Vun”MdN;l(Q) sa (”anL(li(Q) + ||MHHL1(BQ)) ) (2.19)



which, along with (2.16), implies that

IVunl, 2 < 05 Dilancon (220)

where c5 is a positive constant depending only on 2 and N. Thus the claim follows from
(2.17) and (2.20).

Step 3: Ezxistence of a solution. By standard results on elliptic equations and measure
theory [9, Cor. IV 27], the sequences {u,} and {|Vuy,|} are relatively compact in L}, ().
Therefore, there exist a subsequence, still denoted by {u,}, and a function u such that {uy }
converges to u in L, () and a.e. in Q.

(i) The sequence {u,} converges to u in L'(Q): let E C Q be a Borel subset, then

MN]X1 (Q) S 0102|E|W HMH{m(GQ) . (2.21)

[ unde < BV ]
E

The convergence of {u,} in L'(2) follows by Vitali’s theorem.

(ii) The sequence g(|Vuy,|) converges to g(|Vul|) in L}(2): consider again a Borel set E C (,
A > 0 and write

[ d@a(vunlyiz < [ d@)glVual)do + [ @)y Vo )do
E En{z:|Vuy(z)| <A} {z:|Vup ()| >}

First

/ d(@)g(|Vun|)dz < g(A)|Ela. (2.22)
En{z:|Vuy,(z)|<A}

Then

/ dw)g(Vunl)dz <~ [ g(s)dn(s)
En{z:|Vup(z)|>X\} A

where wy,(s) = |[{z € Q : |Vuy(z)| > s}|a. Using the fact that ¢’ > 0 combined with (2.6)
and (2.20), we get

t

- / 9(8)dwn(3) = g(\wn (N) — g(E)wn(t) + / wn(s)g/ (s)ds

A

N1 ¢
< g(Nwn (V) — g(Em(®) + 5 el ooy A 5 g (s)ds

N+1

N1 N+1
< (wnN) = e lllafom A=) 9O) = (wn() = s llainy

)g(t)

+1 t 2N41
oo lulaony [ o(s)s s

N1
We have already used the fact that w,(\) < cg HMHDJTAEBQ) A~"%", and since the condition
N+1

(2.2) holds, liminf, , t~ "~ ¢(¢) = 0. Letting t — oo we derive

2N+1

(2)g (|Vun|)dx<c6N+1 Il ae /:Og(s)s— Wlas. (2.23)

/Eﬁ{m:|Vun(z)|>)\}

10



For € > 0 we fix A in order that the right-hand side of (2.23) be smaller than §. Thus, if

|E|q < T500FT, We obtain
/d(:z:)g(|Vun|)dx <e (2.24)
E
The convergence follows again by Vitali’s theorem. Next for any ¢ € X(Q), we have
0
[ uact gvuOts = = [ puas (2.25)
Q on

By taking into account the fact that |{| < ¢d in 2, we can pass to the limit in each term
n (2.25) and obtain (2.3); so u is a solution of (2.1). Clearly u € M%(Q) and |Vu| €

N+1
M,~ () from (2.4) and Proposition 2.3.
Step 4: Existence of a mazimal solution. We first notice that any solution u of (2.1) is
smaller than P[y]. Then u < P[y] in Qf and by the maximum principle u < us which
satisfies

—Augs + g(|Vug|) =0 in
{ 5 g(| 5|) 5 (2.26)

us = P[] on Ys.
As a consequence, 0 < § < &' = us < uy in Qf, and us | @, which is not zero if y is so,
since it is bounded from below by the already constructed solution u. We extend us, |Vus]

and g(|Vus|) by zero outside ﬁg and still denote them by the same expressions. Let E C 2
be a Borel set and put E5 = E N then (2.21) becomes

< 0102|E5| ¥ HPQ

/ usdz < | Es|% [lus]
Es

M= 1(Q) |26 L1(Zs)

(2.27)
1
< creaer B [ullgnesy -

Set ds(x) := dist (z,Qs) (= (d(z) — )+ if z € Qs :=Q\ Q5.), we have

/ da(@)g[Vushis < — [~ g(s)dn(s),
Esn{z:|Vus|>\} A
where w;(s) = [{z € Q : |Vus(x)| > s}|a;. Since HIP’Q s, 5 < cr||pllon(sy. (2-22) and
(2.23) become respectively
/ ds(z)g(|Vus|)dz < g(N)|Es|a;- (2.28)
Bsn{@:|Vus (z)| <A}
and
N +1 Ny1 € _2N41
/ ()| Vus)ds < o™= ulaf [ ale)sds (220)
Esn{z:|Vus(z)|>\} A

Combining (2.28) and (2.29) and noting that |Es|s, < |E|4, we obtain that for any e > 0
there exists A > 0, independent of ¢ by (2.28), such that

[E ds(2)g(|Vus|)da < e (2.30)

11



provided |E|q < CTIONESR
Finally, if ¢ € X () we denote by (s the solution of

{ CACs = —AC in
(2.31)
(=0 on Xs.
Then ac
s aVushyie = — [ e (2.32)

Clearly |(5| < Cds and (sx,, — ¢ uniformly in Q by standard elliptic estimates. Since the
s

right-hand side of (2.32) converges to — faﬂ %d,u, it follows by Vitali’s theorem that ,
satisfies (2.3).

Step 5: Stability. Consider a sequence of positive bounded measures {u,} which converges
weakly to p. By estimates (2.17) and (2.20), wu,, and g(|Vu,,|) are relatively compact in
L},.(9) and respectively uniformly integrable in L'(2) and L}(£2). Up to a subsequence,
they converge a.e. respectively to u and g(|Vul) for some function w. As in Step 3, u is a
solution of (2.1). O

A variant of the stability statement is the following result which will be very useful in the
analysis of the boundary trace. The proof is similar as Step 4 in the proof of Theorem 2.2.

Corollary 2.4 Let g in Gy satisfy (2.2). Assume {d,} is a sequence decreasing to 0 and
{un} is a sequence of positive bounded measures on X5, = 8an which converges to p in the
weak sense of measures and let u,, be solutions of (2.1) with boundary data pi,,. Then there
exists a subsequence {uy,, } of solutions of (2.1) with boundary data pn, which converges to
a solution u, with boundary data p.

2.2 Boundary trace

The construction of the boundary trace of positive solutions of (1.1) is a combination of
tools developed in [27]-[29] with the help of a geometric construction from [3].

Definition 2.5 Let us € M(Xs) for all 6 € (0,6*) and p € M(X). We say that us — p as
0 — 0 in the sense of weak convergence of measures if

Jim /Z (0(2))dus = /E sdu Yo e Cu(%). (2.33)

§—0

A function u € C(Q) possesses a measure boundary trace p € M(X) of

§—0

lim /E (0(2))u(z)dS = /E ddu Vo€ Cux). (2.34)

Similarly, if A is a relatively open subset of 33, we say that u possesses a trace p on A in the
sense of weak convergence of measures if u € M(A) and (2.34) holds for every ¢ € C.(A).

We recall the following result [30, Cor 2.3], adapted here to (1.1),
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Proposition 2.6 Assume g : R — Ry and let u € C%(Q) be a positive solution of (1.1).
Suppose that for some z € 0N) there exists an open neighborhood U such that

/ 9(|Vul)d(z)dz < occ. (2.35)
UunQ

Then u € L*(KNQ) for every compact set K C U and there exists a positive Radon measure
v on XNU such that

lim ¢(o(z))u(r)dS = ¢dv Vo e Co(ENT). (2.36)
=0 JxsnU U

Definition 2.7 Let u € C%(Q) be a positive solution of (1.1). A point z € O is a regular
boundary point of u if there exists an open neighborhood U of z such that (2.35) holds. The
set of regular points is denoted by R(u). Its complement S(u) = 9N\ R(u) is called the
singular boundary set of u.

Clearly R(u) is relatively open and there exists a positive Radon measure p on R(u)
such that v admits p := u(u) as a measure boundary trace on R(u) and p(u) is uniquely
determined. The couple (S(u), u) is called the boundary trace of u and denoted by traq(u).

The main question is to determine the behaviour of « near S(u). The following result
is proved in [30, Lemma 2.8].

Proposition 2.8 Assume g : Ry — Ry and u € C?(Q) be a positive solution of (1.1) with

the singular boundary set S(u). If z € S(u) is such that there exists an open neighborhood
U’ of z such that uw € LY(U' N Q), then for every neighborhood U of z there holds

lim u(z)dS = 0. (2.37)
6—0 SsNU

Corollary 2.9 Let u € C*(2) is a positive solution of (1.2) with 3 < q < 2. Then (2.37)
holds for every z € S(u).

Proof. This is a direct consequence of Lemma 3.2 since g:—? > —1 implies u € L(Q). O
We prove below that this result holds for any 1 < g < 2.

Theorem 2.10 Assume g: Ry — Ry is continuous and satisfies

lim inf &:) >0 (2.38)

r—oo T

where 1 < q¢ < 2. If u € C?(Q) is a positive solution of (1.1), then (2.37) holds for every
z € S(u).

13



Proof. Up to rescaling we can assume that g(r) > r? — 7 for some 7 > 0. We recall some
results from [6] in the form exposed in [3, Sect 2]. There exist an open cover {3;}4_; of X,
an open set D of R¥~1 and C? mappings 7} from D to ¥; with rank N — 1 such that for
each 0 € ¥; there exists a unique a € D with the property that ¢ = T;(a). The couples
{D, ijl} form a system of local charts of X. If we set Q; = {z € Qs+ : 0(z) € £,} then for
any j = 1, ...,k the mapping

Il : (6,a) —» x =Tj(a) — on

where n is the outward unit normal vector to ¥ at Tj(a) = o(z) is a C* diffeomorphism
from (0,0%) x D to ;. The Laplacian obtains the following expressions in terms of this
system of flow coordinates provided the lines o; = ct are the vector fields of the principal
curvatures k; on X

A=As+ A, (2.39)
where e p
As=—=—(N-1)H—= 2.40
5= o~ (N 1)H— (2.40)
with H = H(6,.) = 5= Z o += being the mean curvature of ¥5 and

q

NE - ( VIAl i) : (2.41)

Aii(1 — 0R; + K44:02) Doy

In this expression, A = (A; )_ is the metric tensor on ¥ and it is diagonal by the choice of
coordinates and |A| = ITY 7' Ay (1 — 67;)2. In particular
\%3k 2 2.42
Vel = ZA 5mﬁ”52)+55 (242)
and
oMoy
VEVD = — = V&V, . 2.43
§.Vn = Z N1 = 0F; + 7d®) + &5 §-Von + &sns (2.43)

If z € S(u) we can assume that Uy := U N ¥ is smooth and contained in a single chart
Y;. Let ¢ be the first eigenfunction of A, in WO1 2 (Uy) normalized so that max, ¢ = 1and

a > 1 to be made precise later on. From —Asu — Aju + 3(|Vul? — 7) + 2g(|Vu|) <0, we
obtain by multiplying by ¢* and integrating over Us,
d2
——2/ up®dS + (N — 1) qﬁaHdS—i—a/ ¢ 'V,u.V,¢dS
40% Jus vs 00 v (2.44)

1 1
¢*(|Vul? — 7)dS + 5/ ¢ g(|Vu|)dsS < 0.
Us

+ —
2 Jus
Provided o > ¢/ — 1 we obtain by Hoélder inequality

/ qsa—lvgu.vgqde’ < ( IVUI%adS)q ( Vadl? §*~ dS)
Us Us; Us,

(2.45)
/ |vu|q<z>ads+eﬁ/ IV, 6|7 29 ds,
Us;
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and

u
U, 00

wﬂds‘ < e|H| / Vul?6dS + ™7 | H| . [ ¢7dS (2.46)
Uz UZ

with € > 0. We derive, with € small enough,

2

d 1 1
—/ up®dS > | = — cge / [Vu|?¢*dS + —/ »*g(|Vul|)dS — (2.47)
dé? Us, 2 Us, 2 Jus

where cg = ¢s(q, H) and ¢§ = ¢4(N, g, H). Integrating (2.47) twice yields to

1 o 1
/ u(,.)p%dS > | = — cge / [Vuli¢®dS (T — §)dr + —/ ¢*g(|Vul|)dS — c§.
Us 2 g Us 2 Us

(2.48)
Since z € S(u), the right-hand side of (2.48) tends monotically to oo as § — 0, which implies
that (2.37) holds. O

Remark. Tt is often usefull to consider the couple (S(u), ) defining the boundary trace of
u as an outer regular Borel measure v uniquely determined by

B =LA RS s (245)

for all Borel set E C 99, and we will denote traq(u) = v(u).

The integral blow-up estimate (2.37) remains valid if g € Gy and the growth estimate
(2.38) is replaced by (2.2).

Theorem 2.11 Assume g € Gy satisfies (2.2). If u € C?(Q) is a positive solution of (1.1),
then (2.37) holds for every z € S(u).

Proof. By translation we assume z = 0 € S(u) and (2.37) does not hold. We proceed by
contradiction, assuming that there exists an open neighborhood U of z such that

liminf/ udS < oo. (2.50)
6—0 $sNU

By Proposition 2.8, for any neighborhood U’ of z there holds

/ udzr = 00, (2.51)
anu’
which implies
Hmsup/ udS = oo. (2.52)
§—0 YsNU’

For n € N,, we take U’ = B1; there exists a sequence {0y, i} ren satisfying limy_, oo dp . = 0
such that '
lim udS = oo. (2.53)

k— oo Z5n,kmB

1
n
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Then, for any ¢ > 0, there exists k¢ := ky ¢ € N such that

k> ky = udS > ¢ (2.54)

Esn,kmB

1
and ky ¢ — oo when n — co. In particular there exists m := m(¢,n) > 0 such that

/ inf{u, m}dS = ¢. (2.55)
)

nB

) 1
n,ky %

By the maximum principle u is bounded from below in an,kl by the solution v := vs,, ,, of

—Av+g(|Vo]) =0 in €
{ Onke (2.56)

v = inf{u,m} on s, -

When n — oo, inf{u, m(¢,n)}dS converges in the weak sense of measures to £dy. By Corol-
lary 2.4 there exists a solution wugs, such that V5,5, — Ueso when n — oo and consequently
u > ugs, in €. Even if uys, may not be unique, this implies

1iminf/ uC(x)dS > lim/ s, C(x)dS =4 (2.57)
=0 Jyn; =0 Jx;

for any nonnegative ¢ € C°°(RY) such that ¢ = 1 in a neighborhood of 0. Since ¢ is arbitrary
we obtain

liminf/ u((z)dS = oo (2.58)
0—0 o)

which contradicts (2.50). O

3 Boundary singularities

3.1 Boundary data unbounded measures

Since the works of Keller [17] and Osserman [31], universal a priori estimates became classical
in the study of nonlinear elliptic equations with a superlinear absorption. Similar results
holds for posiitive solutions of (1.2) under some restrictions. We recall that for any ¢ > 1,
any solution u of (1.2) bounded from below satisfies [21, Th A1] the following estimate: for
any € > 0, there exists C. > 0 such that

sup |Vu(z)| < C.. (3.1)
d(z)>e

Later on Lions gave in [24, Th IV 1] a more precise estimate that we recall below.

Lemma 3.1 Assume q > 1 and u € C%() is any solution of (1.2) in Q. Then

[Vu(z)| < CL(N, q)(d(ac))fq%l Vr € Q. (3.2)
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Similarly, the following result is proved in [24].

Lemma 3.2 Assume q > 1 and u € C%(Q) is a solution of (1.2) in Q. Then

u(z)| < 022(7qu) ((d(:c))‘é%? - 5%) tmax{lu(z)|:z €5} VeeQ  (3.3)
if g £ 2, and
|u(z)| < C5(N) (Ind* —Ind(z)) + max{|u(z)|: z € X5« } Vo € Q (3.4)

if ¢ =2, for some Ca(N,q),C5(N) > 0.
Proof. Put Ms- := max{|u(z)| : z € ¥s-} and let x € Qs-, x = o(x) — d(z)n,(,), and

xg = 0(x) — 0*Ny(y). Then, using Lemma 3.1 and the fact that o(z) = o(xo),

lu(z)| < Mj- +/ | Lute + (1 — t)zo)| dt
0 1
< My +Ci(N, q) /0 (td(x) + (1 — £)0%) 77 (6 — d(x))dt.

Thus we obtain (3.3) or (3.4) according to the value of g. O

If ¢ = 2 and w solves (1.2), v = e" is harmonic and positive while if ¢ > 2, any solution
remains bounded in €. Although this last case is interesting in itself, we will consider only
the case 1 < q¢ < 2.

Lemma 3.3 Assume 1 < q<2,0€ 90 and u € C(Q\ {0}) N C?(Q) is a solution of (1.2)
in  which vanishes on 9Q\ {0}. Then

u(@) < Cilg)la| = Veeq (3.6)
Proof. For ¢ > 0, we set
0 ifr<e
P(r)=1¢ 3o +3 6% p50 3 ife<r<2e
r— 35 if > 2e

and let u. be the extension of P.(u) by zero outside €. There exists Ry such that Q C Bg,.
Since 0 < P/(r) < 1 and P. is convex, u, € C*(RY) and it satisfies —Auc + |Vu|? < 0.
Furthermore u, vanishes in BCR()' For R > Ry we set

a—=2 a—=2
Uer(@) = Calg) (o] = 9 = (R=9FF) Vo€ Br\B.,
where C4(q) = (g — 1)2%f (2—q)1, then —AU, g+ |VU, g|? > 0. Since u, vanishes on B

and is finite on 9B it follows u. < U, g in Br\ B.. Letting successively € — 0 and R — oo
yields to (3.6). O

Using regularity we can improve this estimate
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Lemma 3.4 Under the assumptions of Lemma 3.3 there holds

V()| < Cs(q, Q)| 77 Vze. (3.7)
and )
u(z) < Ce(q, Q)d(x)|z|” a1 Vo € Q. (3.8)
Proof. For ¢ > 0, we set
2—g 1
Tylu)(x) = bt u(le) Vo e Qf = 7% (3.9)

If x € Q, we set |z| = d and uq(y) = Tylu(y) = d%u(dy). Then wug satisfies (1.2) in
Q? = 10, Since d < d* := diam(9Q), the curvature of 90 is uniformly bounded and
therefore standard a priori estimates (see e.g. [15]) imply that there exists ¢ depending on
the curvature of Q% and max{|ug(y)| : 3 < |y| < 2} such that
)

|Vug(z)| <c¢ Ve Q4 = <z < T (3.10)
By (3.6), ¢ is uniformly bounded. Therefore |Vu(dz)| < cd~ T which implies (3.7). Finally,
(3.8) follows from (3.6) and (3.7). O

In the next statement we obtain a local estimate of positive solutions which vanish only
on a part of the boundary.

Proposition 3.5 Assume 1 < g < 2. Then there exist 0 < r* < §* and C7 > 0 depending
on N, q and 2 such that for compact set K C 052, K # 02 and any positive solution
u € C(Q\ K)NC?(Q) vanishing on 00\ K of (1.2), there holds

w(z) < Crd(x)(di (z))" 77 VYo eQ st dz) <r*, (3.11)

where di (z) = dist (z, K).

Proof. The proof is based upon the construction of local barriers in spherical shells. We fix
x € Q such that d(z) < 6* and o(z) := Projyq(z) € 9N\ K. Set r = dx(z) and consider
%r <7r < %r, 7 < 274" and w, = o(z) + T™n,. Since 9N is C?, there exists r* < §*,

depending only on € such that dx (w,) > Zr provided d(z) < r*. For A, B > 0 we define

the functions s — 0(s) = A(r' — s)% — B and y — v(y) = 9(]y — wx|) respectively in [0, ")
and B,/ (w,). Then

—5(s) = T Lt (s) + [ (5)|
s
_ B _ r_ - g—1
L PO < 1 (V-1)(r s>+<<2 q)A) )
qg—1 qg—1 s qg—1
We choose A and 7 > 0 such that
. / . q—1
. —1+N+<N Lr S((Q q)A) (3.12)
q—1 T q—1

18



so that inequality —Av + |Vo|? > 0 holds in By (w;) \ Br(wz). We choose B so that
q—2

v(o(x)) =0(r) =0, i.e. B=A(r" —7)a1. Since 7 < ¢*, B (wy) C Q° therefore v > 0 on

0N By (wy) and v > w on QN IB,(w,). By the maximum principle we obtain that u < v

in QN B,/ (wy) and in particular u(z) < v(z) i.e.

u@)gAQw—T—ﬂ@ﬁ%>4w—Tﬁ%)géglfhw—f—ﬂ@yfﬁa@.(&w)

If we take in particular 7 = % and d(z) <

u(z) < 09r’7ﬁd(9€). (3.14)

where ¢g = co(N, q). If we let 7' — Zr we derive (3.11). Next, if 2 € € is such that d(x) <
6* and d(z) > 1dk(x), we combine (3.11) with Harnack inequality [34], and a standard
connectedness argument we obtain that u(z) remains locally bounded in €2, and the bound
on a compact subset G of Q depends only on K, G, N and ¢. Since dg () > d(z) > 1dg(z)
it follows from Lemma 3.2 that (3.11) holds. Finally (3.11) holds for every = € Q satisfying
d(z) <r*. O

As a consequence we have existence of positive solutions of (1.2) in Q with a locally
unbounded boundary trace.

Corollary 3.6 Assume 1 < q < q.. Then for any compact set K C 0N, there exists a
positive solution u of (1.2) in Q such that traa(u) = (S(u), u(uw)) = (X,0).

Proof. For any 0 < €, we set K. = {x € 00 : dg(x) < €} and let 1 be a sequence of smooth
functions defined on 99 such that 0 < ¢ <1, ¢ =1 on K, 1 = 0 on 9N\ Kz, (€ < €p s0
that 9Q \ K # 0). Furthermore we assume that € < ¢’ < ¢y implies ¥, < 9. For k € N*
let u = uy, be the solution of

—Au+ [Vu|?=0 in Q
(3.15)

u = k. on Of).

By the maximum principle (k, €) — ug, . is increasing. Combining Proposition 3.5 with the
same Harnack inequality argument as above we obtain that uy (z) remains locally bounded
in Q and satisfies (3.11), independently of k& and e. By regularity it remains locally compact
in the C'-topology of 0\ K. If we set Uoo, = limg_00 Ug ¢, then it is a solution of (1.2) in
Q which satisfies

lIm  weo () =00 Vye K,
r—yeK.

locally uniformly in K.. Furthermore, if y € K, is such that By(y) N 9Q C K. for some
0 > 0, then for any k large enough there exists 0; < € such that

_ 1.—1
Afmmm“*k'
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For any £ > 0, uge,. is bounded from below by u := Uke, By, (y)NOS which satisfies

—Au+ |[Vu|?=0 in Q

3.16
u=klx— _ on Of). ( )

By, (1)NOQ

When k£ — oo, Uk, By, (y) CONVerges to ugs, by Theorem 2.2 for the stability and Theorem 3.17
for the uniqueness. It follows that uee e > ugs,. Letting € — 0 and using the same local
regularity-compactness argument we obtain that ug = Uco,0 = lime0Uco,c iS5 @ positive
solution of (1.2) in © which vanishes on 0Q \ K and satisfies

UK > Ups, = lim ug(x)dS > ¢,
v 0—0 EJOBT(Q)

for any 7 > 0. Since 7 and ¢ are arbitrary, (2.37) holds, which implies that y € S(uk).
Clearly p(ug) =0 on R(ug) = 02\ S(ugk) which ends the proof. O

In the supercritical case the above result cannot be always true since there exist re-
movable boundary compact sets (see Section 4). The following result is proved by an easy
adaptation of the ideas in the proof of Corollary 3.6.

Corollary 3.7 Assume q. < ¢ <2 and let G C 02. We assume that the boundary 0,,G C
0N) satisfies the interior boundary sphere condition relative to OS2 in the sense that for any
Yy € 0,qG, there exists €, > 0 and a sphere such that B, N 0Q C G and y € B.,. If
S := G # 0N there exists a positive solution u of (1.2) with boundary trace (S,0).

Remark. It is worth noticing that the condition for the singular set to be different from all
the boundary is necessary as it is shown in a recent article by Alarcén-Garcia-Melidn and
Quass [2]. When ¢. < ¢ < 2 and © C 99 it is always possible to construct a positive solution
ue (€ > 0) of (1.2) with boundary trace (0¢,0), where ©, = {x € 9Q : do(x) < €} and the
complement is relative to 0€2. Furthermore € — u, is decreasing. If © has an empty interior,
Proposition 3.5 does not apply. We conjecture that lim._ou. depends on some capacity
estimates on O.

The condition that a solution vanishes outside a compact boundary set K can be weak-
ened and replaced by a local integral estimate. The next result is fundamental for existence
a solution with a given general boundary trace.

Proposition 3.8 Assume 1 < q¢ < 2, U C 09 is relatively open and p € MU) is a
positive bounded Radon measure. Then for any compact set © C ) there exists a constant
Cs = Cs(N,q,H,0, |[pllonr) > 0 such that any positive solution u of (1.2) in Q with
boundary trace (S,u') where S is closed, U C 90\ S := R and ' is a positive Radon
measure on R such that p'|y = u, there holds

u(z) < Cs Ve o. (3.17)
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Proof. We follow the notations of Theorem 2.10. Since the result is local, without loss of
generality we can assume that U is smooth and contained in a single chart ¥;. Estimates
(2.44)-(2.48) are still valid under the form

/Uu((s,.)qsads—/Uu((s*,.)qsads

.
>(1- cloe)/6 /U|Vu|qq§°‘d8’(7' — §)dr — (6" — 5)/(}%(5*, )69dS — ¢

(3.18)
where ¢19 = ¢10(gq, H) and ¢}y = ¢}o(N, g, H). Since the second term in the right-hand side
of (3.18) is uniformly bounded by Lemma 3.1, it follows that we can let § — 0 and derive,

.
Jutrgoras+1-cno) [ [ |valrgrrdsar < [ oducly <l +lor (3:19)
U 0 U U

where ¢/, depends on the curvature H, N and ¢. This implies that there exist some ball
B,(a), @ > 0 and a € U such that B,(a) N9 C U and

[ e < o, + o (3.20)
Ba(a)N$2

Thus, if Bg(b) is some ball such that Bg(b) C Bs(a) N, we have
[, 7l < @0 =97 (Il + o) (321)
5

If in (3.18) we let § — 0 and then replace 6* by § € (61, %] for §; > 0 we obtain

au "

/U 6dp > /U (5. )67 dS = (5 =) [ Tr(6. 00005 i (3.22)

/11 i

where cfy = ¢1(N, ¢, H, || tllon(rry)- By Lemma 3.1 the second term in the right-hand side
remains bounded by a constant depending on 41, H, N and g. Therefore fU}: u(0,.)p*dS
remains bounded by a constant depending on the previous quantities and of [|uloy () and
consequently, assuming that d(x) > 6, for all x € Bg(b) (i.e. d(b) — 5 > &1)

1
u = udx < c 3.23
B0 = B0 g = (3.23)

where c11 depends on 61, H, N, q and ||:“||£m(U)- By Poincaré inequality

(/ uqdz> <y (/ |Vu|qdz> +|B5(b)|%u3B(b) . (3.24)
Bs(b) Bs(b)

Combining (3.21) and (3.23) we derive that Hu||W1,q(Bﬁ(b)) remains bounded by a quantity
depending only on 01, H, N and ¢ and HMHW(U). By the classical trace theorem in Sobolev
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spaces, ||[ull a5, (p)) remains also uniformly bounded when the above quantities are so. By
the maximum principle

u(z) < PBs(®) [U|aBﬁ(b)]($) Vx € Bg(b), (3.25)

where PB2() denotes the Poisson kernel in Bg(b). Therefore, u remains uniformly bounded
in B (b) by some constant ¢/; which also depends on HMHW(U), N, q, ©, b and 3, but not

on u. We end the proof by Harnack inequality and a standard connectedness argument as
it has already be used in Corollary 3.6. O

The main result of this section is the following

Theorem 3.9 Assume 1 < q¢ < g, K C 08 is closed and p is a positive Radon measure
on R := 00\ K. Then there ezists a solution of (1.2) such that troq(u) = (K, u).

Proof. For ¢ > € > 0 we set ve o = kx7 ST X and denote by we . k,, the maximal
solution of ‘

—Au+ |Vu|? =0 in Q
(3.26)

U= Ve e on Of).

We recall that K. := {z € 00 : dx(x) < €}, so that v, is a positive bounded Radon
measure. For 0 < e < ¢ there exists y € R and v > 0 such that B,(y) C ?20. Since

is uniformly bounded, it follows from Proposition 3.8 that uc . i, remains

HXF?M ‘m(n)
locally bounded in 2, uniformly with respect to k, € and €. Furthermore (k, €, €') — tc e k.
is increasing with respect to k. If e ¢/ 00, = liMp 00 Ue e,k p, it is @ solution of (1.2) in Q.
By the same argument as the one used in the proof of Corollary 3.6, any point y € K is
such that ue e oo u > ugs, for any £ > 0. Using the maximum principle

(62 S €1, 6/1 S 6/2; kl S k2) = (uel,ei,kl,p S uez,eé,kwu) (327)

Since e e/ 00,, remains locally bounded in € independently of € and €', we can set uk , =
lime 50 lime0 Ue e 00, then by the standard local regularity results ug,, is a positive so-
lution of (1.2) in Q. Furthermore ug,, > ues,, for any y € K and ¢ > 0; thus the set of
boundary singular points of ug , contains K. In order to prove that troq(ur,c) = (K, 1)
consider a smooth relatively open set U C R. Using the same function ¢ as in Proposi-
tion 3.8, we obtain from (3.19)

5
/uKm(é*, Jo*dS + (1 — cloe)/ / [Vug, col|l¢p*TdSdr < /du + - (3.28)
U o Ju U

Therefore U is a subset of the set of boundary regular points of ug o, which implies
troa(u) = (K, 1) by Proposition 2.6. O

Remark. If g. < ¢ < 2, it is possible to solve (3.26) if p is a smooth function defined in R
and to let successively k — oo; € — 0 and € — 0 using monotonicity as before. The limit
function u* is a solution of (1.2) in Q. If troq(u*) = (§*, u*), then S* C K and p*|r = p.
However interior points of K, if any, belong to S* (see Corollary 3.7).
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3.2 Boundary Harnack inequality

We adapt below ideas from Bauman [5], Bidaut-Véron-Borghol-Véron [7] and Trudinger
[33]-[34] in order to prove a boundary Harnack inequality which is one of the main tools for
analyzing the behavior of positive solutions of (1.2) near an isolated boundary singularity.
We assume that Q is a bounded C? domain with 0 € 99 and 6* has been defined for
constructing the flow coordinates.

Theorem 3.10 Assume 0 € 90, 1 < q < 2. Then there exist 0 < 19 < §* and Cy > 0
depending on N, q and Q such that for any positive solution u € C(QU((02\{0})NBay,))N
C?(Q) of (1.2) vanishing on (02 \ {0}) N Bay, there holds

u(y) u(x) _ Cou(y)
Cod(y) = d(z) = dy)

(3.29)

for every x,y € Bz% N Q satisfying |g—| < |z <2yl

Since € is a bounded C? domain, it satisfies uniform sphere condition, i.e there exists
ro > 0 sufficiently small such that for any x € 9 the two balls B, (z — ron,) and By, (z +
rong) are subsets of Q and Q° respectively. We can choose 0 < 79 < min{§*,3r*} where r*
is in Proposition 3.5.

We first recall the following chained property of the domain €2 [5].

Lemma 3.11 Assume that Q € 02, 0 < r < rg and h > 1 is an integer. There exists an
integer No depending only on ro such that for any points x and y in QN B%r (Q) verifying

min{d(z),d(y)} > r/2", there exists a connected chain of balls By, ..., B; with j < Noh such

that
r€Bi,ye€Bj, BiNBi1#0 for1<i<j—1

and 2B; C By, (Q) N Q for 1 <i < j. (3.30)

The next result is an internal Harnack inequality.

Lemma 3.12 Assume Q € (0Q\ {0}) N B2r, and 0 < r < |Q| /4. Let u € C(Q U ((0Q \
{0}) N Bay,)) N C?(Q) be a positive solution of (1.2) vanishing on (02 \ {0}) N Ba,,. Then

there exists a positive constant c1o > 1 depending on N, q, 6* and ro such that
u(z) < duly), (3.31)
for every z,y € Bar (Q) N Q such that min{d(z),d(y)} > r/2" for some h € N.

Proof. We first notice that for any ¢ > 0, Ty[u] satisfies (1.2) in Q¢ where T} is defined in
(3.9). If we take in particular £ = |@Q|, we can assume |@Q| = 1 and the curvature of the
domain Q9! remains bounded. By Proposition 3.5

u(z) < C% Vo € By (Q)NQ (3.32)

where C} depends on N, ¢, 6*. By Lemma 3.11 there exist an integer Ny depending on 7
and a connected chain of 7 < Nyh balls B; with respectively radii r; and centers x;, satisfying
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(3.30). Hence due to [33, Corollary 10] and [34, Theorem 1.1] there exists a positive constant
¢}, depending on N, ¢, 6* and 7 such that for every 1 < i < j,

supu < ¢} inf u, (3.33)

B; B;

which yields to (3.31) with ¢1o = ¢/5°. O
By proceeding as in [5] and [7], we obtain the following results.

Lemma 3.13 Assume the assumptions on Q and w of Lemma 3.12 are fulfilled. If P €

NN B.(Q) and 0 < s < r, there exist two positive constants & and c13 depending on N, q

and Q) such that
o — PP°

u(z) < 13 M; p(u) (3.34)

for every x € Bs(P) NQ, where My p(u) = max{u(z) : z € Bs(P) N Q}.

Corollary 3.14 Assume Q € (0Q2\ {0}) N Bz, and 0 <7 < |Q| /8. Let u € C(QU ((022\

{0}) N Bay,)) N C?(QQ) positive solution of (1.2) vanishing on (0Q\ {0}) N Ba,,. Then there
exists a constant ci4 depending only on N, q, 6* and ro such that

u(z) < ergu(Q — gnQ) Vz € B, (Q)N Q. (3.35)

Lemma 3.15 Assume Q € (002 \ {0}) N B2y and 0 < r < |Q| /8. Let u € C(QU ((092\
3

{0}) N Bay,)) N C?(QQ) positive solution of (1.2) vanishing on (02 \ {0}) N Ba,,. Then there

exist a € (0,1/2) and ¢15 > 0 depending on N, q, 6* and ro such that

11 P—-t t
—=< WP = m,) < c15- (3.36)
T

for any P € B.(Q)NJQ and 0 <t < gr.

Proof of Theorem 8.10. Assume x € B2y, N and set r = %.
3

Step 1: Tangential estimate: we suppose d(x) < §r. Let @ € 02\ {0} such that |Q| = |z|
and z € B,(Q). By Lemma 3.15,
iu(Q —n,) - u(x) u(@ — §n,)
15 || ~ d(x) '

(3.37)

We can connect Q — §n,, with —2rn; by m; (depending only on N) connected balls B; =
B(x;, ) with z; € Q and d(z;) > § for every 1 < i <m;. It follows from (3.33) that

¢l u(=2rm,) < u(Q - $n,) < 3 u(~2rm,),

which, together with (3.37) leads to

8 wu(—2rn,)

dytas

u(z)

u(—2rn,)
d(x) '

||

<83 ers (3.38)

<
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Step 2: Internal estimate: d(x) > §r. We can connect —2rn, with 2 by my (depending only

on N) connected balls B = B(xj, $r) with x} € Q and d(x]) > §r for every 1 < i < my.
By applying again (3.33) and keeping in mind the estimate ¢ |z| < d(z) < |z|, we get

a u(—2rn,) < u(x) < 4c’1’g2 u(—2rn,) (3.39)
4 a T d@) T a || .

Step 8: End of proof. Take % < s < 2|z|, we can connect —2rn,, with —sn, by ms3

(depending only on N) connected balls Bf’ = B(x, §) with ] € Q and d(z]) > r for every
1 <4 < mg. This fact, joint with (3.38) and (3.39), yields

1 u(—sny) _ u(z) _ ., u(—sn,)
G Bl S dw SO (3.40)

where C§ = C§(N, ¢,Q). Finally let y € B2, N satisty % < |yl £ 2|z|. By applying twice
3
(3.40) we get (3.29) with Cy = C§. a

A direct consequence of Theorem 3.10 is the following useful form of boundary Harnack
inequality.

Corollary 3.16 Let u; € C(QU ((02\ {0}) N Bay,)) NC?(Q) (i = 1,2) be two nonnegative
solutions of (1.2) vanishing on (0Q\{0})N Ba,. Then there exists a constant C1o depending
on N, q and Q such that for any r < 2%

sup (ul(ac) rx € QN (B, \ Bx)
u2(2) () (3.41)
< Cjginf (m x e QO(BT\B%)) .

3.3 Isolated singularities

Theorem 2.2 assert the existence of a solution to (2.1) for any positive Radon measure p if
g € Go satisfies (2.2), and the question of uniqueness of this problem is still an open question,
nevertheless when p = 6, with z € 99, we have the following result

Theorem 3.17 Assume 1 < q < q., z € 0Q and ¢ > 0. Then there exists a unique solution
U 1= Ues, L0

—Au+ |Vu|? =0 in Q
{ u=co, on OX) (3.42)
Furthermore the mapping ¢ — ucs, is increasing.
Lemma 3.18 Under the assumption of Theorem 3.17, there holds
Vu(z)| < Cricle — 2™ Vze (3.43)

with C11 = C11(N, q, k) > 0 where k is the supremum of the curvature of 0.
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Proof. Up to a translation we may assume z = 0. By the maximum principle 0 < u(x) <
cP%(x,0) in Q. For 0 < ¢ < 1, set vy = Ty[u] where T} is the scaling defined in (3.9), then
vy satisfies

—Avg + [Vog|! =0 in Q°
vg + [V P m , (3.44)
vp =Afa1 cdg on 0N
where Qf = %Q and by the maximum principle
0 < ve(z) < LT Nep(2,0) Vel
Since the curvature of 9Q remains bounded when 0 < ¢ < 1, there holds (see [22])
sup{|Vue(x)| : z € QN (B \ B1)}
< Cfy sup{ve(x) :xGQZﬂ(Bg\B%)} A
< O 0 suplu(la) @ € Q4N (Bs\ By)} (345)
< 01105‘2’%“_1\[
where Cy; and C7; depend on N, ¢ and . Consequently
paitt |Vu| (bz) < C11(N,q, fs)cﬂgJﬂ*N Ve e QN (By )\ By), V>0
Set lx =y and |z| = 1, then
IVu(y)l < Culyl™  vyeq.
]
Lemma 3.19 ] N
G|z ~™]
lim ————— =0. 3.46
\zl\glo P(z,0) ( )
We recall the following estimates for the Green fuction ([7], [16], [35] and [36])
G (z,y) < cred(@) lr =y~ VeyeQa iy
and
GQ(‘rEa y) < Cl6d(‘r)d(y) |‘T - y|7N Vm,y € an 7é Y.
where c16 = c16(V, ). Hence, for o € (0, N + 1 — Ngq), we obtain
o -«
G a,y) < (ewsd() o=y ™) (crsd(@)dy) o -y 7) (3.47)
= capd(@)d(y)' o —y*"" Yoy €Qa#y,
which follows that
GQHSCFN(]] N —N | |1-Ng—
——— < —y|* =g 3.48
gy < calel™ [ eyl Nl T (3.48)
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By the following identity (see [23, p. 124]),

a—N —Ng—« -N
[ ool Ny = el Y (3.49)
R

where ¢jg = ¢j4(V, @), we obtain

G| ™) N+1-N
W S 0160/16 |.’L'| a . (350)
Since N +1— Ng > 0, (3.46) follows. O
Proof of Theorem 3.17. Since u = cP%[§y] — G*[|Vul’],
o u(x)
1 ——— =c 3.51
|xl|glo P(z,0) ¢ (3.51)

Let u and @ be two solutions to (3.42). For any & > 0, set u. = (1 + €)u then u. is a
supersolution. By step 3,

Therefore there exists 6 = d(e) such that u. > @ on Q N IBs. By the maximum principle,
ue > @in Q\ Bs. Letting ¢ — 0 yields to v > @ in © and the uniqueness follows. The
monotonicity of ¢ +— ucs, comes from (3.51). O

As a variant of the previous result we have its extension in some unbounded domains.

Theorem 3.20 Assume 1 < q < q., and either Q@ = RY := {z = (2/,zn) : zy > 0} or 9Q
is compact with 0 € Q. Then there exists one and only one solution to problem (3.42).

Proof. The proof needs only minor modifications in order to take into account the decay of

the solutions at co. For R > 0 we set Qg = QN Bgr and denote by u := ufgo the unique
solution of Tl
—Au+|Vul* =0 in Qg
{ u = cdp on 0Ng. (3.52)
Then
uls,(x) < cPP(2,0) V€ Qg (3.53)

Since R + P&(..0) is increasing, it follows from (3.51) that R uff, is increasing too
with limit «* and there holds

u*(z) < cP%(z,0) Vo € Q. (3.54)

Estimate (3.43) is valid independently of R since the curvature of 9Qr is bounded (or zero
if Q= Rf ). By standard local regularity theory, V_uf:;o converges locally uniformly in Q\ B,
for any € > 0 when R — oo, and thus u* € C(Q2\ {0}) is a positive solution of (1.2) in
) which vanishes on 99\ {0}. It admits therefore a boundary trace tragq(u*). Estimate
(3.54) implies that S(u*) = ) and p(u*) is a Dirac measure at 0, which is in fact ¢dy by
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combining estimates (3.51) for Qg, (3.53) and (3.54). Uniqueness follows from the same
estimate. 0

We next consider the equation (1.2) in RY. We denote by (r,0) € Ry x S¥~! are the
spherical coordinates in RY and we recall the following representation

SNt = {(sinqﬁa',cosqb) o' e SN2 pe [O,g)},
-1

r

N
Av = vy +

1
vy + = A
r
where A’ is the Laplace-Beltrami operator on SN ~1,
1 !
Vv =v.e+ -V
r

where V' denotes the covariant derivative on SV~ identified with the tangential derivative,

1

1
W ((Sin ¢)N_2U¢)¢ + 7A”’U

(sin ¢)2

where A" is the Laplace-Beltrami operator on SV ~=2. Notice that the function ¢;(c) = cos ¢
is the first eigenfunction of —A’ in W&’Q(Sffl), with corresponding eigenvalue \y = N — 1

Av =

and we choose 6 > 0 such that ¢;(c) := 0 cos ¢ has mass 1 on SY .
We look for a particular solution of

_ q_ N
Au+|Vul' =0 in R+N N (3.55)
u=0 on ORY \ {0} =R \ {0}
under the separable form
u(r,o) = rPuw(o) (r,o) € (0,00) x SY¥1. (3.56)
It follows from a straightforward computation that 5 = % and w satisfies
_ 2\ 3 _ . _
L= —Aw+ (2922 + |Vel*) " = 245~ Nw =0 in s} (3.57)
w =0 on 885_1
Multiplying (3.57) by ¢1 and integrating over Siv_l, we get
9 _
[N—l——q(L—N)]/ wprdx
q— 1 q— 1 SJ+V—1
9 o\ 2 3
+/ <—q) w? + [V'w]? | @idz = 0.
N-1 —1
sy q

Therefore if N —1 > % (# — N) and in particular if ¢ > qc, there exists no nontrivial
solution of (3.57).
N+1

In the next theorem we prove that if N —1 < 3:'17 (qfil — N), or equivalently ¢ < =3,

there exists a unique positive solution of (3.57).
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Theorem 3.21 Assume 1 < q < q.. There exists a unique positive solution ws := w €
W2P(SY™1) to (3.57) for all p > 1. Furthermore ws € C=(SY ).

Proof. Step 1: Ezistence. We first claim that w := ~,4]? is a positive sub-solution of (3.57)
where v; (i = 1,2) will be determined later on. Indeed, we have

2—-q( q 2-q\" 41 (1)
Lw) <me? |[((N=1)ypo———|——-N|+2 q=1 (a=1)72
(W) <me] [( )72 ql(ql )+ (ql) e

1
= 1192 L1 — 719> *La + Ls.

2—q\* _ _
-2 q -1 1)vy2+2 2 1
— 197" [(q—) TR 4 o (e — 1) [V } + 1tV |V |7

Since ¢ < q., we can choose

(N+q—Nq)(2—q)
(N—=1)(g—1)

1<y <

Since ¢1 < 1, we can choose 73 > 0 small enough in order that L; < 0 and 771¢¥272L2 +
L3 < 0. Thus the claim follows.
Next, it is easy to see that @ = 74, with 74 > 0 large enough, is a supersolution of (3.57)

_N—
and W > w in S ' Therefore there exists a solution w € W2P(SY 1) to (3.57) such that
0<g§w§win5iv_1.

Step 2: Uniqueness. Suppose that w; and we are two positive different solutions of (3.57)
and by Hopf lemma V'w; (i = 1,2) does not vanish on Sivfl. Up to exchanging the role of
wy and we, we may assume MaXgn-—1 W > maxgy-1 W and

Ar=1nf{c>1:cw; >wsyin Sivfl}> 1.

Set wy,x = Awi, then wi  is a positive supersolution to problem (3.57). Owing to the
definition of w; x, one of two following cases must occur.

Case 1: Either 3o € ST " such that wi \(09) = wa(d0) > 0 and V'wy \(09) = V'wa(0y).

—N-1
Set wy :=wix —wz then wy >0in S, , w(og) =0, V'wx(og) = 0. Morevover,

2 —
_A/WA + (H(CULA, VICULX) — H(wQ,V/wQ)) — ﬁ (qil — N)CU)\ Z 0. (358)

where H(s,§) = ((3—:‘11)2324— €)%, (s,€) € RxRN. By the Mean Value theorem and (3.58),
we may choose v5 > 0 large enough such that

7AICU)\ + —(E,E)V/CU)\ + |:’)’5 - <— — N>:| wy >0

where 5 and ¢; are the functions with respect to o € S iv ~!. By the maximum principle, wy
cannot achieve a non-positive minimum in S iv ~1. which is a contradiction.
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Case 2: or wy y > wy in Sfrv*l and Jdog € asf*l such that

8w17>\
on

(00) = —n(UO)- (3.59)

Since w1 z(00) = 0 and wy \ € C! (Sivfl), there exists a relatively open subset U C Sfrv*l
such that og € OU and

L g1 T
maxwy y < ¢ a1t 1 4 _N . (3.60)
[ 2—4q

We set w)y 1= wi,\ —ws as in case 1. It follows that

OH _ — 2 — 2-¢\""
7A/CU)\ + a_f(g, 5)807_.(@ > thll [qz—l — N — q <q_—(i) w‘ll,/\ll wy > 0 (361)

in U owing to (3.60). By Hopf lemma %3(00) < 0, which contradicts (3.59). The regularity
comes from the fact that w? +|Vw|? > 0 in S 1. O

When Rf is replaced by a general C? bounded domain €, the role of w, is crucial for
describing the boundary isolated singularities. In that case we assume that 0 € 99 and the
tangent plane to 9 at 0 is ORY ™' := {(2/,0) : 2/ € RV~!}, with normal inward unit vector

ey. lfue C(@\ {0}) is a solution of (3.55) then so is Ty[u] for any ¢ > 0. We say that u
is self-similar if Ty[u] = u for every £ > 0.

Proposition 3.22 Assume 1 < ¢ < q. and 0 € 0. Then

Clglgo Uesy = Uoo,0 (3.62)

where us o is a positive solution of (1.2) in 2, continuous in Q \ {0} and vanishing on

00\ {0}. Furthermore there holds

lim |z|%um70(x) = ws(o), (3.63)
Q3z—0
Z =0c€ Sf71

E
locally uniformly on Si_v_l.

Proof. If w is the solution of a problem (3.42) in a domain © with boundary data cd.,
we denote it by u%z. Let B and B’ be two open balls tangent to 92 at 0 and such that

B C Q c B*. Since PB(z,0) < P%(z,0) < PB"(x,0) it follows from Theorem 3.20 and
(3.51) that
ul, <uf, < uB’ (3.64)

650 — 650 :

Because of uniqueness and whether © is B,  or B, we have

To[u$,] = uSes,  VE> 0, (3.65)
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with ©¢ = 1@ and § := == +1 — N. Notice also that ¢ u®5 is increasing. Since
uSy, (x) < Culg )| = (= by (3.6), it follows that uS;, 1 uoo;O‘ As in the previous constructions,

?070 is a positive solution of (1.2) in ©, continuous in O \ {0} and vanishing on 90 \ {0}.
Step 1: © := RY. Then ©f = RV. Letting ¢ — oo in (3.65) yields to

N N
RY RY

Teluog o] =u Ve > 0. (3.66)

000

N
Therefore U]i;o is self-similar and thus under the separable form (3.56). By Theorem 3.21,
N g—2
uado(®) = Jol s, (3.67)
: x

Step 2: © := B or B'°. In accordance with our previous notations, we set B¢ = %B and
Bt = %B’C for any £ > 0 and we have,

) [UOB;,O] = uOB; o and Tg[ B’ ol = ugf; (3.68)
and )
uB < uBy <ulT < uBY <uBY vo<e< <, (3.69)

Blet RY RY _RY
When ¢ — 0 uoo ot u s and uoo 0+ T o0 Where u o and u_, are positive solutions of

(1.2) in RY such that

N
uBy <ot <t <d <l vo<r<1. (3.70)

RY _RY
This combined with the monotonicity of uZ 0 and uZ OE implies that u 0 and u, 0 vanish

on ORY \ {0} and are continuous in Rf \ {0}. Furthermore there also holds for ¢, ¢ > 0,

Y7 rcee’
Toe[ul o) = To[Teull o] = uio and Ty e[uZ ] Ty [Ty[u? ]] =uB . (3.71)

00,0

Letting ¢ — 0 and using (3.68) and the above convergence, we obtain

RY RY _RY _RY
go(;o =Ty [Qooto] and uo(;o =Ty [uo(;o]. (3.72)
RY _RY
Again this implies that u ", and T} are separable solutions of (1.2) in RY vanishing on

N

ORY \ {0} and continuous in Rf \ {0}. Therefore they coincide with uoo+0
Step 3: End of the proof. From (3.64) and (3.68) there holds

B < Tl ) <uly  Yo<i<1. (3.73)

Since the left-hand side and the right-hand side of (3.73) converge to the same function
N

u]iio(z), we obtain

lim (=1 oy ollx) = |:L'|‘ql:_§w5(£

=0 |x|) (8.74)
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and this convergence holds in any compact subset of Q. If we fix |z| = 1, we derive (3.63).
(]

Remark. Tt is possible to improve the convergence in (3.63) by straightening 92 near 0 (and
thus to replace u%o by a function 11?0,0 defined in B, NRRY) and to obtain a convergence in

crsy .
Combining this result with Theorem 2.11 we derive

Corollary 3.23 Assume 1 < g < ¢, and 0 € IQ. If u is a positive solution of (1.2) with
boundary trace traon(u) = (S(u), p(u)) = ({0},0) then u > u'l

The next result asserts the existence of a maximal solution with boundary trace ({0}, 0).

Proposition 3.24 Assume 1 < q¢ < q. and 0 € 9. Then there exists a mazximal solution
U:= Uo%,O of (1.2) with boundary trace traq(U) = (S(U), u(U)) = ({0},0). Furthermore

lim |x|q U 0(®) = ws(o), (3.75)

locally uniformly on Si_v_l.

Proof. Step 1: Existence. Since 1 < ¢ < ¢, <
solution of (1.2) in RV \ {0},

Us(x) = Anglz| ™7 with Ayg = (%)q ((2 — q)((];[_l()];[ — 1)‘1)) m . (3.76)

By Lemma 3.3 there exists C4(g) > 0 such that any positive solution u of (1.2) in © which

q—2 q—2
vanishes on 90 \ {0} satisfies u(x) < C4(g)|z|«=T in Q. Therefore, U*(x) = A*|z|+T with
A* == A*(N,q) > max{An 4, Ci(q)} is a supersolution of (1.2) in R" \ {0} and dominates
in  any solut1on u vanishing on 9Q \ {0}. For 0 < e < max{|z| : z € Q}, we denote by u,
the solution of

N 7, there exists a radial separable singular

—Auc + [Vu|? =0 in Q\ B
ue =0 on 90\ B, (3.77)
U :A*eg:_? on QN IB..
If € <€ uerlygp,) < Uelyo ., therefore
u < ue <ue <U*(x) in Q. (3.78)

Letting € to zero, {uc} decreases and converges to some U , which vanishes on 9Q \ {0}.
By the the regularity estimates already used in stability results the convergence occurs
in CL.(Q\ {0}), UL, € C(©\ {0}) is a positive solution of (1.2) and it belongs to
C?(Q); furthermore it has boundary trace ({0},0) and for any positive solution u satis-

fying traq(u) = ({0},0) there holds

LoSusUL < U (). (3.79)
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Therefore U ol the maximal solution.
Step 2: Q =RY. Since

U, . = U, . ve>0, (3.80)
there holds
Tg[ug] = u% (3.81)
. . RY RY
Letting € — 0 yields to Ty[U_'o] = U_'y. Therefore U o is self-similar and coincide with
Y
Usg -

Step 3: Q = B or B’“. We first notice that the maximal solution is an increasing function
of the domain. Since T;[u®] = u 9 where we denote by u® the solution of (3.77) in © \ B,

for any £,¢ > 0 and any domain @ (with 0 € 90), we derive as in Proposition 3.22-Step 2,
using (3.81) and uniqueness,

£ rc 1cl
Té[UOB;,O] = Uofé,o and TZ[U£,0] = U£,0 (3.82)
and
UL < UB') <l R < ury <uBy vo<e<e <. (3.83)

As in Proposition 3.22, U2, 1 Qooﬁo < Uoofo and UB'y L U BosU +0 where U +O and
N

—R

U, are positive solutions of (1.2) in R which vanish on GRf \ {0} and endow the same
RN

scaling invariance under Ty. Therefore they coincide with uoo+,0'

Step 8: End of the proof. It is similar to the one of Proposition 3.22. O
Combining Proposition 3.22 and Proposition 3.24 we can prove the final result
Theorem 3.25 Assume 1 < q < q. and 0 € 9. Then US} 0= =

00,0
Proof. We follow the method used in [16, Sec 4].

Step 1: Straightening the boundary. We represent 0§ near 0 as the graph of a C? function
¢ defined in RVN~1' N Bg and such that ¢(0) = 0, V¢(0) = 0 and

NN Br={z= (v on): 2’ e RN N Bg,xy = ¢(z')}.

We introduce the new variable y = ®(z) with ¢’ = 2’ and yy = xn — ¢(a’), with corre-
sponding spherical coordinates in RY, (r,o) = (|y|, ‘—z‘) If u is a positive solution of (1.2)

in  vanishing on 99 \ {0}, we set t(y) = u(z), then a technical computation shows that @
satisfies with n = %

r2iiy, (1= 26, (n.en) + Vol (n,en)?)

ity (N =1 =r(n,ex)A¢ —2(V'(n,en), Vo) + 7 |V9[* (V'(n,en), en))
HY'ew) (20— VoI (n,ex) — rAo)

(Vi ex) (20n,ex) Vol —26,) — 2(Vi;, V'6) (n, ex)

+[Vo* (V/(V'i,en),en) — 2(V/(V'i,en), V') + At

+r?|in+ 1V'i — (¢n + V') (@n + 1V'G,en)|” = 0.

(3.84)
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Using the transformation ¢t = Inr for ¢ < 0 and a(r,o) = rg%?v(t, o), we obtain finally that
v satisfies

(I1+e1)ve + (N — % +62) v+ (Ang +ez)v+ Alv

+ (Vv &) + (Vv &) + (V/(V'v,en), &) (3.85)
q
- ‘(Z%?U—i—vt)n—l—V'ﬁ—l—((Z%?U+vt)n+V'ﬁ,eN)?7‘ =0,

on (—oo,InR] x S¥ ™! := Qr and vanishes on (—oo,In R] x 9SY !, where

2—q q
=(=—)(—=2—-N]).
wa= (2=1) (75 -)

Furthermore the €; are uniformly continuous functions of ¢t and o € SN¥=1! for j = 1,...,7,
C! for j = 1,5,6,7 and satisfy the following decay estimates

lej(t,.)] < Cet for j=1,...7 and |e;¢(¢,.)] + |V'ej| < cizet for j=1,5,6,7. (3.86)

Since v, v and V'v are uniformly bounded and by standard regularity methods of elliptic
equations [16, Lemma 4.4], there exist a constant ¢}, > 0 and T' < In R such that

H’U(t, ')HCQW(F) + H’Ut(t, -)”CL’Y(F) + Hvtt(t’ .)HCO'W(F) < Cl17 (387)

for any v € (0,1) and t < T — 1. Consequently the set of functions {v(¢,.)}i<o is relatively
compact in the C? (F) topology and there exist n and a subsequence {t,} tending to
—oo such that v(t,,.) — n when n — oo in CQ(F).

Step 2: End of the proof. Taking u = U&,O or u = U

6.0+ With corresponding v, we already

know that v(t,.) converges to wg, locally uniformly on S iv ~1. Thus w, is the unique element

in the limit set of {v(t,.)}s<o and lim;,_ocv(t,.) = ws in C2(SY~"). This implies in
particular
lim, o tee® _ (3.89)
z Uao,[)(x)

and uniqueness follows from the maximum principle. O

As a consequence we have a full characterization of positive solution with an isolated
boundary singularity

Corollary 3.26 Assume 1 < q < g., 0 € 9Q and u € C(Q\ {0}) N C?(Q) is a nonnegative
solution of (1.2) vanishing on O\ {0}. Then either there exists ¢ > 0 such that u = ucs,,
oru = U?o,o = lime—s 00 Ucs, -

4 The supercritical case

In this section we consider the case q¢. < ¢ < 2.
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4.1 Removable isolated singularities

Theorem 4.1 Assume q. < q¢ < 2,0 € 9Q and u € C(Q\ {0}) NC%(Q) is a nonnegative
solution of (1.2) vanishing on OQ\ {0}. Then u = 0.

Proof. Step 1: Integral estimates. We consider a sequence of functions ¢, € C*°(R¥) such
that gn(‘r) =0if |‘T| S %a Cn(w) =1if |$| Z %a 0 S Cn S 1 and |an| S Cc18M, |A€n| S 018712
where c¢15 is independent of n. As a test function we take £(, (where £ is the solution to
(2.14)) and we obtain

/ (IVul%€¢, — uCpAL) da = /u (EACn 4+ 2VENC) do =T + 11 (4.1)
Q

Q

Set Q, = QN {z: L <|z] <2}, then Q] < cjg(N)n™, thus

2-a 2-a,9 1_ 11
[S 01804((])/ nq—1+2€dl_ < clllgnq,1+2 1-N _ 61/8an1 qc—1
Q'Vl

since £(x) < csd(z). Notice that qu1 - qc—l_l <0.

1

2— 2— 1
1T < 01804(q)/ nﬁHWﬂd?ﬁ < cpnat TN — g gpTTw T

n

Since the right-hand side of (4.1) remains uniformly bounded, it follows from monotone
convergence theorem that

/ (IVu]?€ + u) dz < oo. (4.2)
Q

More precisely, if ¢ > g., I + II goes to 0 as n — oo which implies
/ (|IVul?€ + u)dx = 0.
Q

Next we assume g = g.. Since |Vu| € L% (Q), v := G?[|Vu|%] € L}(2). Furthermore,
u + v is positive and harmonic in 2. Its boundary trace is a Radon measure and since the
boundary trace Tr(v) of v is zero, there exists ¢ > 0 such that T'r(u) = ¢dg. Equivalently, u

solves the problem
e =0 in Q

u = cdy in 09).

{ —Au+ |Vu
(4.3)

Furthermore, since u € L'(Q), u(z) < cP(z,.) in Q. Therefore, if ¢ = 0, so is u. Let us
assume that ¢ > 0.

Step 2: The flat case. Assume Q = By = B N Rf. We use the spherical coordinates
(r,0) € [0,00) x SN¥~1 as above. Put

P= [, s
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then
N -1 N -1

Wy + " Uy — = u = |Vul? (4.4)
Set v(r) = r¥~1%(r), then
1-N —
Uy + vy = N V). (4.5)
and )
v (r) = rV (1) — erl/ |Vu|®(s)ds. (4.6)
Since
1 1 1 1t
/ erl/ |Vu|?(s)ds = —/ N V| (s)ds < oo (4.7)
0 T N 0

it follows that there exists lim,_ov(r) = a > 0. By arguing by contradiction, we deduce
that o = 0. Hence

lim erl/SNilu(r, 0)@1(o)dS = 0. (4.8)
+

r—0

By Harnack inequality Theorem 3.10, we obtain
RGO (4.9)

By standard regularity methods, (4.9) can be improved in order to take into account that u
vanishes on ORY \ {0} and we get

lim |x|N? S tim ) (4.10)

@0 () 2=0 PRY (. 0) ’

where PRY (x,0) is the Poisson kernel in Rf with singularity at 0. Since PRY (.,0) is a super
solution and u = O(P]Rf (.,0)), the maximum principle implies u = 0.
Step 3: The general case. For £ > 0, we set

ve(z) = Tyul(z) = N " Lu(lz).

Then v, satisfies
de =0 in Q°

ve=0  ondQ\{0}
Furthermore, T;[P?] = P® with P2 := P2 and

{ —Auvy + [V (411)

u(z) < cP%(z,0) Vze Q= v(z) < P (z,0) Vz e Q.

By standard a priori estimates [22], for any R > 0 there exists M (N, g, R) > 0 such that, if
I'r = Bar \ Bk,

sup {|ve(z)] + [Voe(a)| : 2 € TR N Q)
(4.12)

+ sup { WM?_;W(?J” t(v,y) €TRN Q“} < M(N,q, R),
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where v € (0,1) is independent of ¢ € (0,1]. Notice that these uniform estimates, up to the
boundary, hold because the curvature of Q¢ remains uniformly bounded when ¢ € (0, 1].
By compactness, there exist a sequence {/,,} converging to 0 and function v € C*(RY \ {0})
such that

sup {|(v4n —v)(@)| + |V(veg, —v)(z)| : x € TN QZ"} —0

Furthermore v satisfies

—Av + |Vo|%e =0 in RY
{ v=20 on ORY \ {0}. (4.13)
From step 2, v =0 and
sup {|ve, ()| + |V, ()| 12 € TR N Q") — 0;
therefore
lim |z tu(z) =0 and lim lz|N | Vu(z)| = 0. (4.14)
Integrating from 0f2, we obtain v
ii_}mo %u(m) =0. (4.15)
Equivalently u(z) = o(P*(x,0)) which implies u = 0 by the maximum principle. O
4.2 Removable singularities
The next statement, valid for a positive solution of
—Au=f in Q (4.16)

where f € L}, is easy to prove:

Proposition 4.2 Let ¢ > 1 and u be a positive solution of (1.2). The following assertions
are equivalent:

(i) w is moderate (Definition 1.8).
(ii) w e LY(), |Vu| € LL(Q).

(iii) The boundary trace of u is a positive bounded measure u on 9.

Let ¢ be the first eigenfunction of —A in W,**(€2) normalized so that supg, ¢ = 1 and A
be the corresponding eigenvalue. We start with the following simple result.

Lemma 4.3 Let Q be a bounded C? domain. Then for any ¢ > 1,0 < a <1, v € [0,5*)
and u € C*(Q), there holds

/ (d(z) — 7)=° u]tdz
y<d(z)<*

< ((5* o / (6%, 0)|9dS + / (d(z) — 7)1Vl dz
b} y<d(z)<*
(4.17)
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where C12 = Cr2(a, ¢, Q). If 1 < ¢ < 2 and u is a solution of (1.2), we obtain, replacing d

by ¢,
/gpl—q|u|de < O3 (1 +/<,0|Vu|qdz> (4.18)
Q Q
where C13 = C13(q,Q).

Proof. Without loss of generality, we can assume that w is nonnegative. By the system of
flow coordinates introduced in section 2.1, for any = € Qs-, we can write u(x) = u(4,0)
where § = d(x), 0 = o(x) and © = o — dn,, thus

o % ou
u(d,0) —u(d*,0) = f/ Vu(o — sny).nyds = —/ —(s,0)ds,
Fy Fy 0s

from which it follows 5-
u(d,0) <u(d*, o) — / %(s, o)ds.
Fy 0s

Thus, multiplying both sides by (6 — v)~® and integrating on (v, §*),

5
/ (6 — ) *u(d,0)dd

G a o
< ———u(8",0) +/ (0 — 7)‘”‘/ \Vu(s,o)| ds ds (4.19)
l1-a v s
_ (5* — 7)1ia * 1 o AN\ l—a
==, uldho)+ — A (s =) |Vu(s,0)| ds.

Integrating on ¥ and using the fact that the mapping is a C*! diffeomorphism, we get the
claim when ¢ = 1. If ¢ > 1, we apply (4.19) to u? instead of u and obtain

.
/ (6 — 4)-2ud(5, 0)do

(5* 7,7)17a /6* B .
P — T _ l—a,,q—1 \v4 d
<@t [ =) e Bl o)l ds
(6% — ,y)lfa q /6* B a’ /6* - q
< ——u9(6* 0 — “uld 0—y)—« “d
S o, () 7( v) " “ulds 7( ) [Vul" ds
(4.20)
Since the following implication is true
(A>0,B>0,M>0,A9< M?+ A9 'B) = (A< M + B)
we obtain
5 a
/ (6 — )" *ui(d,0)dd
! L (421)

(5* . )17a % q /6* B . q
< J A q(5* qg—o )
< ] u(5,o)+1 A 6—7) |Vu|? ds
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Inequality (4.17) follows as in the case ¢ = 1. We obtain (4.18) with v =0, « = ¢ — 1 and
using the fact that c;;'d < ¢ < o1 d in Q with co; = co1(N). O

Theorem 4.4 Assume q. < q < 2. Let K C 99 be compact such that C2—q o (K) = 0.
Then any positive moderate solution u € C*(Q)NC(Q\ K) of (1.2) such that |Vu| € LL(S)

which vanishes on OQ\ K is identically zero.

Proof. Let n € C*(X) with value 1 in a neighborhood U, of K and such that 0 < n < 1,

consider ¢ = o(P?[1 —75)])2¢. It is easy to check that ¢ is an admissible test function since
C(x) +|V¢(z)] = O(d?? t1(z)) in any neighborhood of {z € 9 : n(x) = 1}. Then

/Q|Vu|q§dz = /QuAgdx = f/QVu.VCd:c.

Next )
V¢ = (P21 — ) Vi — 2¢/(P[1 — ])*7 Lo VP[y)],
thus
/|Vu|q§dac = —/ (P21 — 1)) V. Vudz + 2q’/ (P21 — 7))%7 ~ VP ). Vu pdx
Q Q Q
= /W((Pﬂu —n])29' V) dx + 2q’/ (P21 — n])2¢ ~'VP[n].Vu edz.
Q Q
Therefore

/()\u + |Vul?)¢dx
Q

= —2q’/ (P21 — )27~ uV . VP[] dz + 2q’/ (P21 — )% 1 oVu. VP[] de.
Q

Q
(4.22)
Since 0 < P[1 —n] < 1, |Vy| < c22 in © and by Holder inequality,
: %
P R e s g R N e U
Q Q Q
(4.23)

Using (4.18) and the fact that |Vu| € L%(Q), we obtain

1
7

q @ Q ’ ?
< c23 (1 + ||VuHL3(Q)) </Qd|VP [n]|4 dz> ,
(4.24)

where ca3 = ¢a23(V, ¢, ). Using again Holder inequality, we can estimate the second term
on the right-hand side of (4.22) as follows

/Q (P21 — 5))24 ~2u V. VP ] dx

1 1
7

(P21 — )2 LoV VB de < ( [ [Vultpdz ) ( [ ol VB[] da )’
Q Q Q

< en [Vl ([ arve?iias )

(4.25)

=
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Combining (4.22), (4.24) and (4.25) we derive

=

q

09l 4 ) e < i (14 19l ye)) ([ avPppas) " (4.26)

By [32, proposition 7> and Lemma 4’],

/ dVE ) dr < coa |l , 2, =calln]® e, (4.27)
Q w7 () wa ()
which implies
1
q q a
[ 9ult 3w e < s (14 19l )l e (4.28)

where c25 = c25(IN, ¢, €2). Since Cz2—q ,(K) = 0, there exists a sequence of functions {n, } in
C?(X) such that for any n, 0 < n, < 1,7, = 1 on aneighborhood of K and ||1,,|| 2-4
w

7’

;=
)
0 and [|n| ;1 (s;) — 0 as n — oo. By letting n — oo in (4.28) with n replaced by n, and ¢

replaced by ¢, := p(P[1—1,])27, we deduce that / (IVu|? + Au) pda = 0 and the conclusion
Q
follows. O

4.3 Admissible measures

Theorem 4.5 Assume q. < q¢ < 2 and let u be a positive moderate solution of (1.2) with
boundary data p € MY (0Q). Then u(K) = 0 for any Borel subset K C 90Q such that
Cz-q ,(K)=0.

— 4

Proof. Without loss of generality, we can assume that K is compact. We consider test
function 7 as in the proof of Theorem 4.4, put ¢ = (P[5])?? ¢ and get

/ (IVuli¢ — uAl) de = f/ o¢ du. (4.29)
Q

a0 On

By Hopf lemma and since n =1 on K,

o¢
_ - > .
g dp > coep(K)

Since
—A¢ = X+ 4¢ (PPL — )2 TV . VP2 ) — 2¢/(2¢" — 1) (P21 — 17])%7 2| VP[] 2,

we get

caspt(K) < /Q ((IVul? +uN)¢ + 4¢' (P[]~ uv . VP )] ) da. (4.30)
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Using again the estimates (4.24) and (4.27), we obtain as in Theorem 4.4

P21 — )27 ~Ly VP[] Voo dz| < ¢ (1 a, )E ia . (431
@1 VBl Fpda| < ey (14 1Vullyo)) Wil e - (@D
Therefore
1
K) < | (IVul? + u\)cd ’(1 Vul?, ) N 4.32
cxon) < [ (9l +-uN)cde + e (14 Vo)) Dol 2ar (132)

As in Theorem 4.4, since C2—q ,(K) = 0, there exists a sequence of functions {n, } in C?(%)

such that for any n, 0 < n, <1, n, = 1 on a neighborhood of K and ||n,| 2-4 “ () =0
wa (s

as n — 0. Thus [|na][ 1) — 0 and ¢, == (P2[1,])27 ¢ — 0 a.e. in Q. Letting n — oo in

(4.32) with n and ¢ replaced by 7,, and ¢, respectively and using the dominated convergence
theorem, we deduce that u(K) = 0. O

5 The cases ¢ =1,2

For the sake of completeness we present some results concerning the two extreme cases ¢ = 1,
q=2.

5.1 The case ¢ =2

If w is a solution of (1.2) with ¢ = 2, the standard Hopf-Cole change of unknown v = Inwv
shows that v is a positive harmonic function in €. Therefore the boundary behavior of w is
completely described by the theory of positive harmonic functions. The following result is
a consequence of the Fatou and Riesz-Herglotz theorems.

Theorem 5.1 Let u be a bounded from below solution of
—Au+|Vu? =0 in Q. (5.1)
1- Then there exists ¢ € L#(@Q) such that for a.e. y € 0L,

Jlim u(2) = Ing(y). (5.2)

non-tangent.
2- There exists a positive Radon measure v on 02 such that
u(z) = In (P[] (z)) Vr € Q. (5.3)
Remark. Formula (5.3) implies that u satisfies
u(z) < (1= N)Ind(x) + cor Vx € (5.4)

for some co7 depending on u. This implies in particular that u € L*(Q).

In the next result we describe the boundary trace of u.
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Proposition 5.2 Let the assumptions of Theorem 5.1 be satisfied and v is the boundary
trace of e*. Then u admits a boundary trace troq(u) = (S(u), u(w)). Furthermore

1- z € S(u) if and only if for every neighborhood U of z, there holds

lim o In (P9[v](x)) dS = oo. (5.5)

2- z € R(u) if and only if there exists a neighborhood U of z, such that

Q
025D, /wh“ (PHp)() dS < oo, (5.6)

for some 5, > 0.

Proof. This is a direct consequence of the Hopf-Cole transformation and of Proposition 2.8
and Theorem 2.10. O

Corollary 5.3 Under the assumptions of Theorem 5.1, if v € L*(99), then Vu € L3(9),
thus S(u) = 0.

Proof. If v € L?(0Q), then Vv € L3() (see e.g. [32]). Since u is bounded from below by
some constant ¢, v > e€ and

/d|Vu|2dx < e_2c/d|VU|2 dx < oo.
Q Q
The conclusion follows from Proposition 2.6. 0

5.2 The case ¢ =1

In this paragraph we consider the equation
—Au+|Vul|=0  inQ. (5.7)

Although there is no linearity, the results are of linear type and the properties of bounded
from below solutions of (5.7) similar to the ones of positive harmonic functions. Since the
nonlinearity ¢g(|Vu|) = |Vu]| satisfies the subcriticality assumption (2.2), for any bounded
Borel measure p on 02 there exists a weak solution to the corresponding problem (2.1). The
following extension of Theorem 3.17 holds

Proposition 5.4 For any z € 0N, there exists a unique weak solution u = us, to

{ —Au+|Vu| =0 in Q (5.8)

u =0, on 0.

Proof. The proof is in some sense close to the one of Theorem 3.17 and starts with a
pointwise estimate of the gradient of u. This estimate is obtained by a different change of

42



scale different to the one of Lemma 3.18. With no loss of generality, we can asume z = 0.
For £ € (0,1], we set wy(z) = N ~1u(fz). Then wy satisfies

—Awg + | Vwe] =0 in Qf := %Q
{ wy =0, on 9QL. (5-9)
By the maximum principle
0 < we(z) < V1P (¢, 0). (5.10)

Again the curvature of 90 remains bounded as well as the coefficient of |Vwy|. Therefore
an estimate similar to (3.45) applies under the following form

sup{|Vwy(z)| : z € QN (Ba \ B1)}
< chgsup{wy(z) 1 x € QY N (B3 \ B1)}

A1
< cheNtsup{u(lx) 1 x € QN (B3 \ B1)} (5.11)
< e29
Choosing ¢z = y with |z| = 1 we derive
[Vu(y)] < elyl'™ Yy e (5.12)

The remaining of the proof is similar to the one of Theorem 3.17, with the use of Lemma 3.19
which holds with ¢ = 1. O

The main result concerning the case ¢ = 1 is the following

Theorem 5.5 Assume u is a positive solution of (5.7) in Q, then there exists a bounded
positive Borel measure p such that u is a weak solution of the corresponding problem (2.1).

Proof. This is a direct consequence of the proof of Theorem 2.11. If S(u) # @ and 2 in S(u)
there holds
U > Ugs, Ve > 0.

Because of uniqueness and homogeneity, uss, = fus,. Letting ¢ — oo yields to a contradic-
tion. 0

A Appendix: Removabibility in a domain
In the section we assume that € is a bounded open domain in RY with a C2? boundary.

A.1 General nonlinearity

This appendix is devoted to the following equation

—Au+g(|Vu|) =v in Q
u=20 on 0N

43



where ¢ is a continuous nondecreasing function vanishing at 0 and v is a Radon measure.
By a solution we mean a function u € L*(Q) such that g(|Vu|) € L'() satisfying

/Q(—uAg“-i-g(Wul)C) d:z::/QCdu (A.2)

for all ¢ € X(€2). The integral subcriticality condition on g is the following
/ g(s)s_zﬁlfvjl1 ds < o0 (A.3)
1

Theorem A.1 Assume g € Gy satisfies (A.3). Then for any positive bounded Borel measure
v in Q there exists a mazimal solution T, of (A.1). Furthermore, if {vn} is a sequence of
positive bounded measures in Q) which converges to a bounded measure v in the weak sense
of measures in Q and {u,,} is a sequence of of solutions of (A.1) with v = v,,, then there
exists a subsequence {vn, } such that {u,, } converges to a solution u, of (A.1) in LY(Q)

and {g(|Vu., |)} converges to g(|Vu,|) in L*(9).

Proof. Since the proof follows the ideas of the one of Theorem 2.2, we just indicate the main
modifications.

(i) Considering a sequence of functions v, € C§°(€2) converging to v, the approximate
solutions are solutions of

—Aw+ g(|V(w + Gw,))]) =0 in O (A4)
w=0 on 0N. '
(ii) The convergence is performed using
Q Q Q
160 + G0, iy g + IVE2W iy o S0 Wy (A5)
in Proposition 2.3.
(iii) For the construction of the maximal solution we consider us solution of
—Aus + g(|Vus|) = v in Qf (A.6)
us = G9[v] on ;. -

Then consequently, 0 < § < §' = us < uy in Qf and us | w,. Using similar arguments as
in the proof of Theorem 2.2 we deduce that @, is the maximal solution of (A4.1). O
A.2 Power nonlinearity
We consider the following equation

—Au+ |[Vul! =v (A7)

where 1 < ¢ < 2. The study on the above equation also leads to a critical value ¢* = %
In the subcritical case 1 < ¢ < ¢*, if v is a bounded Radon measure, then the problem

—Au+|Vul? =v in
u =0 on 0N
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admits a unique solution u € L'(Q) such that |Vu|? € L*(Q) (see [4] for solvability of a
much more general class of equation). In the contrary, in the supercritical case, an internal
singular set can be removable provided that its Bessel capacity is null. More precisely,

Theorem A.2 Assume ¢ < q¢ < 2 and K C Q is compact. If C14(K) = 0 then any
positive solution u € C%(Q\ K) of

—Au+|Vul|? =0 (A.8)
in Q\ K remains bounded and can be extended as a solution of the same equation in €.

Proof. Let n € C(R) such that 0 < n <1, n =1 in a neighborhood of K. Put ( =1—1n
and take (7 for test function, then

*q// C7 V. Vids —/ @dS+/Cq/|VU|qdz =0.
Q 6961’1 Q

Since 1
o

< </ §q/|Vu|qd:c) ’ </|V7}|qld:c) o

Q Q
/Cq/|Vu|qdz g/ @dsm’ (/CQ’|VU|de>q </|vn|q/dz>" ,
Q s On Q Q

which implies

/ C/*qu.Vnd:c
Q

Therefore

=

/Cq/|Vu|qdac < C30/ @dSHM/ (V|7 dz. (A.9)
Q a0 On Q

where ¢; = ¢;(¢) with ¢ = 30,31. Since C; o (K) = 0, there exists a sequence {n,} C C>(Q2)
such that 0 < 7, <1, n, = 1 in a neighborhood of K and HVUHHL(,/(Q) — 0 as n — oo.
Then the inequality (A.9) remains valid with 7 replaced by 7,, and ¢ replaced by ¢, = 1—n,,.
Thus, since (, — 1 a.e. in €2, we get

/|Vu|qu < 030/ @dS.
Q a0 0n

Hence, from the hypothesis, we deduce that |Vu| € LI(Q).
Next let nn € C§°(Q2) and n,, as above, then

/(1 — 1n) V. Vudx — /nVnn.Vudac + / (1 = nn)n|Vulidx = 0.
Q Q Q
Since |Vu| € L1(Q2), we can let n — oo and obtain by monotone and dominated convergence
/ (Vn.Vu +n|Vu|?) dz = 0.
Q
Regularity results imply that u € C?(). O
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Theorem A.3 Assume ¢* < q <2 and v € M (Q). Let u € L*(Q) with |Vu| € LI() is
a solution of (A.7) in Q. Then v(E) =0 on Borel subsets E C Q such that Cy 4 (E) = 0.

Proof. Since v is outer regular, it is sufficient to prove the result when E is compact. Let
7, be a sequence as in the previous theorem, then

/(Vu.Vnn + 1| Vu|?)de = /nndy > v(E). (A.10)
Q Q

But the left-hand side of (A4.10) is dominated by

(/|V77n|q/dx) ’ (/nn|Vu|qu) ’ +/77n|Vu|qdac,
Q Q Q

which goes to 0 when n — 0o, both by the definition of the C} 4-capacity and the fact that
Nn — 0 a.e. as n — oo and is bounded by 1. Thus v(E) = 0. O
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