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Abstract

In this paper, under natural and easily verifiable conditions, we prove the
L!-convergence and the asymptotic normality of the Parzen-Rosenblatt density
estimator for stationary random fields of the form X = g¢ (6k_8, s € Zd), k ez,
where (&;);cza are i.i.d real random variables and ¢ is a measurable function de-
fined on RZ*. Such kind of processes provides a general framework for stationary
ergodic random fields. A Berry-Esseen’s type central limit theorem is also given

for the considered estimator.

AMS Subject Classifications (2000): 62G05, 62G07, 60G60.

Key words and phrases: Central limit theorem, spatial processes, m-dependent
random fields, physical dependence measure, nonparametric estimation, kernel
density estimator, rate of convergence.

Short title: Kernel density estimation for random fields.

1 Introduction and main results

Let (X;);ez be a stationary sequence of real random variables defined on a probability
space (€, F,P) with an unknown marginal density f. The kernel density estimator f,
of f introduced by Rosenblatt [19] and Parzen [18] is defined for all positive integer n

o= 22K (5

i=1

and any real z by

where K is a probability kernel and the bandwidth b, is a parameter which converges
slowly to zero such that nb,, goes to infinity. The literature dealing with the asymptotic
properties of f,, when the observations (X;);cz are independent is very extensive (see
Silverman [21]). Parzen [18| proved that when (X;);cz are independent and identically
distribut (i.i.d) and the bandwidth b, goes to zero such that nb, goes to infinity then
(nby) Y2 (fr(0) — Ef,(20)) converges in distribution to the normal law with zero mean
and variance f(z) [ K*(t)dt. Under the same conditions on the bandwidth, this



result was extended by Wu an Mielniczuk [27] for causal linear processes with i.i.d.
innovations and by Dedecker and Merlevede [10] for strongly mixing sequences.

In this paper, we are interested by the kernel density estimation problem in the setting
of dependent random fields indexed by Z¢ where d is a positive integer. The question
is not trivial since Z? does not have a natural ordering for d > 2. In recent years,
there is a growing interest in asymptotic properties of kernel density estimators for
random fields. One can refer for example to Carbon et al. ([3], [4]), Cheng et al. [8], El
Machkouri [12], Hallin et al. [15], Tran [23] and Wang and Woodroofe [24]. In [23], the
asymptotic normality of the kernel density estimator for strongly mixing random fields
was obtained using the Bernstein’s blocking technique and coupling arguments. Using
the same method, the case of linear random fields with i.i.d. innovations was handled in
[15]. In [12], the central limit theorem for the Parzen-Rosenblatt estimator given in 23]
was improved using the Lindeberg’s method (see [17]) which seems to be better than
the Bernstein’s blocking technique approach. In particular, a simple criterion on the
strong mixing coefficients is provided and the only condition imposed on the bandwith
is n?,, — oo which is similar to the usual condition imposed in the independent case
(see Parzen [18]). In [12], the regions where the random field is observed are reduced
to squares but a carrefull reading of the proof allows us to state that the main result
in [12] still holds for very general regions A,, namely those which the cardinality |A,|
goes to infinity such that |A,|b, goes to zero as n goes to infinity (see Assumption
(A3) below). In [8], Cheng et al. investigated the asymptotic normality of the kernel
density estimator for linear random fields with i.i.d. innovations using a martingale
approximation method (initiated by Cheng and Ho [7]) but it seems that there is a
mistake in their proof (see Remark 6 in [24]). Since the mixing property is often
unverifiable and might be too restrictive, it is important to provide limit theorems
for nonmixing and possibly nonlinear random fields. We consider in this work a field
(Xi)icza of identically distributed real random variables with an unknown marginal
density f such that

Xi=g(eies; €2, i€l (1)

where (g;);eze are i.i.d. random variables and g is a measurable function defined on
RZ. In the one-dimensional case (d = 1), the class (1) includes linear as well as many
widely used nonlinear time series models as special cases. More importantly, it provides
a very general framework for asymptotic theory for statistics of stationary time series

(see e.g. [25] and the review paper [26]).



We introduce the physical dependence measure first introduced by Wu [25]. Let (5;) jezd
be an i.i.d. copy of (g;);ez¢ and consider for all positive integer n the coupled version
X; of X; defined by X; = g (¢}_,; s € Z*) where e; = g5 Lyzoy + g0 lLj—qy for all j
in Z4. In other words, we obtain X from X; by just replacing gq by its copy 5/0. Let
i in Z* and p > 0 be fixed. If X; belongs to L, (that is, E|X;[? is finite), we define
the physical dependence measure 6;, = || X; — X/||, where || .||, is the usual LP-norm
and we say that the random field (X;);czq is p-stable if ). ;4 6;, < oo. For d > 2, the
reader should keep in mind the following two examples already given in [13] :

Linear random fields: Let (;);cze be i.i.d random variables with ¢; in L, p > 2. The

linear random field X defined for all i in Z¢ by

Xi - E AsEi—s

sezd

with (as)seze in RZ' such that > ieza @i < oo is of the form (1) with a linear functional
g. For any i in Z%, 6;, = |a;|||eo — €olp- So, X is p-stable if Y, 4 |a;| < co. Clearly,
if H is a Lipschitz continuous function, under the above condition, the subordinated
process Y; = H(Xj;) is also p-stable since 6;, = O(|a,|).

Volterra field : Another class of nonlinear random field is the Volterra process which
plays an important role in the nonlinear system theory (Casti [5], Rugh [20]): consider

the second order Volterra process
XZ' = E asl,SQ‘gifslgi*szu
81,82€7Z4%

where as, 5, are real coefficients with as, 5, = 0 if $; = $9 and (&;);cze are i.i.d. random
variables with ¢; in LP, p > 2. Let

A= > (a2 ;+al,) and Bi= > (lasl’ + |ai]").
51,52€7Z4 51,52€7Z4

By the Rosenthal inequality, there exists a constant C), > 0 such that
0ip = 1 Xi = X7 llp < GpAi eollzllenlly + Cp B lleoll

From now on, for all finite subset A of Z¢, we denote |A| the number of elements in
A and we observe (X;);cze on a sequence (A,),>; of finite subsets of Z? which only
satisfies |A,| goes to infinity as n goes to infinity. It is important to note that we do

not impose any condition on the boundary of the regions A,. The density estimator



fn of fis defined for all positive integer n and any real x by

“mr 25 ()

where b,, is the bandwidth parameter and K is a probability kernel. Our aim is to

fnlz

provide sufficient conditions for the LL;-distance between f,, and f to converge to zero
(Theorem 1) and for (|An|b)Y2(fu(z:) — Efn(:))1<ick, (Ti)i1<ick € RF, k € N\{0},
to converge in law to a multivariate normal distribution (Theorem 2) under minimal
conditions on the bandwidth parameter. We give also a Berry-Esseen’s type central
limit theorem for the considered estimator (Theorem 3). In the sequel, we denote
li| = maxj<p<qlix| for all i = (iy,...,iq) € Z% and we denote also §; for d;5. The

following assumptions are required.

(A1) The marginal density function f of each X} is Lipschitz.

(A2) K is Lipschitz, [, K(u)du=1, [, u*|K(u)|du < co and [, K*(u) du < co.
(A3) b, — 0 and |A,| — oo such that |A,|b, — oc.

(Ad) Dz lil® 6, < oo,

Theorem 1 If (A1), (A2), (A3) and (A4) hold, then there exists k > 0 such that
for all integer n > 1,

win

1
/\fn ~ f(a)dx < (bn+m>. )

Remark 1. One can optimize the inequality (2) by taking b, = |An|_%. Then, we
obtain E [, |f.(z) — f(2)| dz = O (|An|—%>,

Remark 2. The convergence in probability of [, |f.(z) — f(x)|dz to 0 was obtained
(without rate) by Hallin et al. ([16], Theorem 2.1) for rectangular region A,. The
authors defined the so-called stability coefficients (v(m)),,>1 by v(m) = || Xy — Xol|3
where Xo = E (Xo|H,,) and H,, = o (g5, |s| < m). Under minimal conditions on the
bandwidth b,,, with our notations, their result holds as soon as v(m) = o(m~%). Argu-
ing as in the proof of Lemma 7 below, one can relate the stability coefficients with the

physical dependence measure ones by the inequality v(m) < C Zm>m 2,m>1,C>0.
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In the sequel, we consider the sequence (my,),>1 defined by

3d

1
M = MAX § Vn, | | 75 Z |z\% i +1 (3)

" i >vn,

4
where v, = [b, '] and [.] denotes the integer part function. The following technical

lemma is a spatial version of a result by Bosq et al. ([1], pages 88-89).

Lemma 1 If (A4) holds then

1 5d
d . 5d
my, — 0OQ, mnbn — 0 and W ||Z |’L‘ 2 52 — 0.
1>mn
For any z in R and any 7 in Z%, we denote
Z — XZ —
Ki(z) =K ( ) and K;(z) =E (K;(2)|Fn.) (4)

). So, denoting M,, = 2m,, + 1, (K;(2));cze is an M,,-

where F,; = 0 (gi—s; |s] <m,
dependent random field (i.e. K;(2) and K;(z) are independent as soon as |i —j| > M,,).

Lemma 2 For any p > 1, any x in R, any positive integer n and any (a;);eza in de,

1/2
(p Z a?) Z Oi p- (5)

i€Ap [i|>mn

<

7nd
> a; (Ki(z) — Ki()) Sbn"

€Ay

p

In order to establish the asymptotic normality of f,,, we need additional assumptions:
(B1) The marginal density function of each X} is positive, continuous and bounded.
(B2) K is Lipschitz, [, K(u)du =1, [, |K(u)|du < oo and [, K*(u)du < co.

(B3) There exists x > 0 such that sup(, ez fij;(y|z) < x where f;; is the conditional
density of X; given X; for all distinct i and j in Z.

Remark 3. In [2], the asymptotic normality of the frequency polygon estimator for
strongly mixing random fields is established under Assumption (B3) among others.
Moreover, in the case d = 1, it is shown that the stationary autoregressive process of

order 1 satisfies Assumption (B3) (see example in [2], page 504).
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Theorem 2 Assume that (A3), (A4), (B1), (B2) and (B3) hold. For any positive

integer k and any distinct points 1, ...,z in R,

fa(z1) = Efulz1) .
(1) s N0 ©

where T' is a diagonal matriz with diagonal elements v;; = f(x;) [ K*(u)du.

Remark 4. A replacement of Ef,,(z;) by f(z;) for all 1 < i < k in (6) is a classical
problem in density estimation theory. For example, if f is assumed to be Lipschitz and
if [o|ul|K(uw)|du < oo then |Ef,(z;) — f(z;)] = O(b,) and thus the centering Ef, (z;)
may be changed to f(z;) without affecting the above result provided that |A,[b? con-

verges to zero.

Remark 5. If (X;)iczq is a linear random field of the form X; = >, ;4 a;e,—; where
(a)jeze are real numbers such that ). ;. a7 < oo and (g;);ez¢ are i.i.d. real random
variables with zero mean and finite variance then &; = |as|||o — &yl2 and Theorem
2 holds provided that ). ;. |i|¥|a;| < oo. For A, rectangular, Hallin et al. [15]
obtained the same result when |a;| = O (|j|77) with v > max{d + 3,2d + 0.5} and
\An\bg%l%d)/ @7 =1744) g6es to infinity. So, in the particular case of linear random
fields, our assumption (A4) is more restrictive than the condition obtained by Hallin
et al. [15] but our result is valid for a larger class of random fields and under only min-
imal conditions on the bandwidth (see Assumption (A3)). Finally, for causal linear
random fields, Wang and Woodroofe [24] obtained also a sufficient condition on the
coeflicients (a;) ey for the kernel density estimator to be asymptotically normal. Their

condition is less restrictive than the condition ), ;. |i| ¥ |a;| < oo but they assumed

also E(|eg|?) < oo for some p > 2.

Now, we are going to investigate the rate of convergence in (6). Recall that a Young
function 1 is a real convex nondecreasing function defined on R which satisfies
limy 0 9 (t) = 0o and 1(0) = 0. We define the Orlicz space L, as the space of real
random variables Z defined on (2, F,P) such that E[(|Z]/c)] < oo for some ¢ > 0.
The Orlicz space L, equipped with the norm || . ||, defined for all real random variable
Z by | Z]|y =inf{c>0; E[¢(|Z]/c)] <1} is a Banach space. For any positive integer
n and any z in R such that f(z) # 0, we denote D, () = sup,cg |P (U, (x) < t) — (1)]
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where @ is the distribution function of the standard normal law and

VAl (fal2) — Eful@))
VF@) f KA 0
For any 1 < 8 < 2 we consider the Young function ¢4 defined for all z € R by

Ys(z) = exp(z?) — 1. If X, belongs to Ly,, we denote also &; 4, = || X; — Xy, for all

iin Z<.

Un(z) =

Theorem 3 Let n be a positive integer and let x in R be fived such that f(x) # 0.
Assume that [, |K(t)|"dt < oo for some 2 < T < 3.

(i) Let a > 0 and p > 1 such that Y, ;4 |i|"07%)8;,, < oo then there exists k > 0
such that Dy () < K|A,|P1@m2)p2 TP yhere

p(la+3)(2—1)—3)
20p+(t=1)(p+1))

ap(2 —71)
2(ap+ (1= 1(p+1))

01(a, 7, p) = and O(c,7,p) =
(i1) Assume that X, belongs to Ly, and let o > 0 such that Y, g [i|*F)6; y, < 00
then there ezists k > 0 such that D, (x) < K|An|93(a’T)bfL4(a’T) log (1 + |An|_93(0"7)b;94(a’7))
where
a2—1)
20+ T1-1)

(@+3)(2—1)—3

s, ) = 2a+71—1)

and O4(a, ) =

2 Proofs

The proof of all lemmas of this section are postponed to the appendix. In the sequel,

the letter £ denotes a positive constant which the value is not important.

2.1 Proof of Theorem 1

For any positive integer n, denote J,, = [, |fu(x) — f(2)|dx. For any real A > 1, we
have J,, = J,1(A) + Jn2(A) where

Tua(4) = /| M) = (@)l and 3,(4) = / ) = @)

Moreover

B < [ Blf@lde+ 5 [ 2@

2
|z|>A A R



and

Elf,(x)|dx < K x — byt)dtdx
[ Enels [ ] Kol -
:A é\K(lt)\ g Af(x—bnt)da:dt—l—/ IK(t)] F(x — bot)daedt

t<4 ja|>A

< K(t dydt + dydt
A K0 |W'Mf( y)dy / K0 |y‘>A(17%n)f(y) y

4
<3 t2|K (t)|dt + — /|K |dt/ f(y)dy

Consequently, we obtain
K
Ei(A) < 5. (7)

Now, J,2(A4) < JS)Q(A) + Jg)Q(A) where

J(I)ZA: w(x) —Ef,(x)dr and JS)ZA: Ef.(z) — f(z)|dx.
W) (4) LSAIf() ful) )(4) /mgw() f(@)

Since
Efule) - ()] = | [ K@) (Flw = bat) - F(2) dt\
< [ KOl = b0 - @)l
< b [ el
we obtain

JZ)(A) < KAb,. (8)
Keeping in mind the notation (4) and denoting f, (z) = \Anlbn >ien, Ki(z), we have

J511)2<A) <I,1(A) 4+ 1,2(A) where

Lot (4) = /xSAlfn(x)— Fa@)lde and Lo(A) = /| @) BT, @)l

By Lemma 2, we have

K’Z|i|>mn |z|%5, .
V |An|bn(mflzbn)3/2

[ /(@) = Fa(@)]], <

Applying Lemma 1, we obtain
kA

VAL b,

ElL,1(A) <



Hz equals to

Now, H?n(x) —Ef, ()

o | ME(Z@) + X 10— DEGo@Z@) | 0
n| YUn JEZN\{0}
71 <Mn

where we recall that Z;(z) = \/% (K;(z) — EK;(z)) and M, = 2m,, + 1.

Lemma 3 Let x, s and t be fivred in R. Then E (73@)) converges to f(z) [ K*(u)du
and supiezd\{o} E|20(S)7Z<t)‘ = O(Mn_d)

Combining (10) and Lemma 3, we derive ||, (z) — E?n(:c)H; =0 ((|An\bn)_1). Hence,
KA

EL,2(A) < ———.

2(4) T

Combining (7), (8), (9) and (11), we obtain

1 1
EJ, < +Alb, + —— .
" <A2 ( mnibn))

Optimizing in A, we derive (2). The proof of Theorem 1 is complete.

(11)

2.2 Proof of Theorem 2

Without loss of generality, we consider only the case k£ = 2 and we refer to x; and -
as r and y (v # y). Let A\; and Ay be two constants such that A\? + A\2 = 1 and note
that

A (An]ba) 2 (fa(2) = Efa(@)) + (| Anlbn) V2 (£uly) — Efuly Z |A |1/2,

where A; = M\ Z;(z) + Mo Zi(y) and A; = \ Z;(x) + Mo Z;(y) and for all z in R,

1 = | R _
Zi(z) = NS (Ki(2) = EK;(2)) and Z;(z2) = NS (Ki(2) — EK;(2))
where K;(z) and K;(z) are defined by (4). Applying Lemma 1 and Lemma 2, we know
that
1 — |)\1| + |)\2 5d
A |72 Z (A - A) T (mib, )32 Z i = 0i = of (12)
€A, 2 ‘ \>mn




So, it suffices to prove the asymptotic normality of the sequence (|An|*1/ 23 A, Ki)n> X
We are going to follow the Lindeberg’s type proof of Theorem 1 in [9]. We consider

the notations

1= (@) + 7)o and o* = [ K (13)

R
Lemma 4 E(Zg) converges to n and Sup;eza 1oy ElAA;| = o(M?).

On the lattice Z? we define the lexicographic order as follows: if i = (iy, ...,i4) and
j = (j1,...,jq) are distinct elements of Z<, the notation i <., j means that either
iy < j; or for some k in {2,3,...,d}, ix < jr and 3, = j; for 1 < [ < k. We let
¢ denote the unique function from {1,...,|A,|} to A, such that ¢(k) < @(l) for
1 <k <l<|A,|. For all real random field ((;);eze and all integer k in {1,...,|A,|}, we

denote
k |An|

Se)(€) =D Cory and S50 () = Copi
i=k

i=1
with the convention Sy0)(¢) = S5a,41)(¢) = 0. From now on, we consider a field

(&i)icza of i.i.d. standard normal random variables independent of (X;);cza. We intro-
duce the fields Y and v defined for all 7 in Z? by

A
Y= = and =

i VSi
A, [12

|An‘1/2

where 7 is defined by (13). Note that Y is an M,-dependent random field where
M, = 2m, + 1 and m,, is defined by (3). Let h be any function from R to R. For
0 <k <1 < [A,], we introduce hy (Y) = h(Spp)(Y) + S5 (7). With the above
convention we have that fy|a,1+1(Y) = h(Sew)(Y)) and also hoy(Y) = h(55,)(7)). In
the sequel, we will often write hy; instead of hy;(Y). We denote by Bf(R) the unit
ball of C}(R): h belongs to B{(R) if and only if it belongs to C*(R) and satisfies
maxo<i<s ||h? ]| < 1. It suffices to prove that for all h in B} (R),

E (7 (Sp(anp(Y))) ——— E(h (/1))

n—-+o0o
We use Lindeberg’s decomposition:
|An|
E (h (Spanp(Y)) = b (V1)) = Y E (hypsr — ha—1p) -
k=1

10



Now, we have hy i1 — he—16 = M1 — Pe—1x41 + Pe—1,641 — he—1% and by Taylor’s

formula we obtain

! 1 "
P k1 — Moe—1 k41 = Yoy g1 51 + QY; k1 k1 + B
/ 1
P—1 k41 — P = =Yoo (k) P11 — é%a(k)hkfl,kﬂ + Tk

where |Rg| < Y;(k)(l A Yowy|) and || < yi(k)(l A Vo). Since (Y, &)izew) is inde-

pendent of §,), it follows that
’ " n
E (%(k)hk—l,kﬂ) =0 and E (73(k)hk—1,k+1> =E <|A |hk 1 k+1)

Hence, we obtain

|An|

E (h(Sv(lAn\)(Y)) —h (\/7_750)) = ZE(Yw(k)h;ﬁ—l,k—i—l)

k=1

o n h;;lk-i-l
*ZE« - i) 3 )

|An|

+ Y E (R +75).
k=1

Let 1 < k < |A,| be fixed. Since E[A¢| = O (v/b,) and E (Zi) converges to n (by

Lemma 4), we derive

%E|Rk| <E( <1/\ |/|§|2|/2)) = o(1)

and

[An] /2 3
n*PEG[P _
> ein < Tl — o (a,17%).

Consequently, we obtain
|An|

ZE(|Rk| + |ri]) = o(1).
k=1

Now, it is sufficient to show

|An] "
. / n hkf k
lim (E(Yw(k)hkl,kﬂ) +E ((Yj(k) — 0 |) ; +1>> =0. (14)

n—-+o0o
k=1

11



First, we focus on ELA"J E (Yo Vhie 1k+1) Let the sets {VF;i € Z¢, k € N\{0}} be
defined as follows: V! = {j € Z%; j <jex i} and for k > 2, VF =VIin{j e 2¢; |i—j| >
k}. For all n in N\{0} and all k£ in {1, ..., |A,|}, we define

EY" = o({1,., k)N Vi and Sn (V)= > Vi

w(k
ZEEJVIn

For any function A from R to R, we define h]k\/[_"u =h (S%Z)(Y) + S;(l)(fy)>. Our aim
is to show that

|An
lim ZE (Yw(k)h;c—mﬂ = Yo <Se0(k*1)( ) — S%Z Y )) h;—l,k-i-l) = 0. (15)
=1

n—-+4o00

First, we use the decomposition

/ /Mn I /Mn
Ysa(k)hkq,kﬂ = Yw(k)hk—l,k-i-l + Yso(k) (hkﬂ,kﬂ - hk—l,k+1> :

Applying again Taylor’s formula,
’ /Mn Mn " /
Y‘P(k)<hk71,k+1 - hk 1 k+1) Yw(k) (Sga(k 1) ( ) S(p(k ( )) h’kfl,kdrl + Ry,

where

IR, <

Yoy (So-n (V) = 2 (1) (1A 1Sa0(¥) = X (V1) |

Since (Y;);eza is M,-dependent, we have E (Y (k)hk i k+1) = 0 and consequently (15)
holds if and only if lim,, Z‘A"|E\Rk| = 0. In fact, considering the sets W, =

{—M, +1,..., M, —1}* and W* = W, \{0}, it follows that
|An| / o o 1 o
> E|R,| < 2E ( [A] (Z |Ai|> (1 A TG > |Ai|>>
k=1 i€EWn " €W,
_2 _
=2E | [Bo+ ) [AoA| <1/\ YWIE > A |>
€W €Wy
<2E A 1A A | ] +4M% sup E(J[AA).
( [An |1/2 Z;; )) iez4\{0} ’

Keeping in mind that E|A;| = O(v/b,) and applying Lemma 1, we have

W, |E|A0| I{mibn B
<|A 7 2 15 ') A2 = e O

1€EWy,

12



Since E (Zi) converges to n (by Lemma 4), we derive

(o)

By Lemma 4, we obtain ZIA”‘E|Rk| = 0o(1). In order to obtain (14) it remains to

control

|An|

Yy? ) n
th 1k+1< 20 4 Yo (S«J(k (V) = S )>_2\A |>

Keeping in mind that W,, = {—M,, + 1, ..., M,, — 1} and applying again Lemma 4, we

have
™ . . -
FsE| |th e (B —E@D) || +[n-E(5)|+2 Y EIEA,
JEVENW,
|An|
< |E |th 1k+1( o(k) — E(Ai)) +o(1),

it suffices to prove that

A

F)= ‘Mzhkm( o —EG))

goes to zero as n goes to infinity. In fact, we have Fy < |A | ZlA” ( ( )+ J(2 (n ))

where J( ’E ( ;Mﬂkﬂ (Zi(k) —E (Zi))) ’ = (0 since hkfl,kJr1 iso (Ai (1€ V¢A(/I,:)>\/
o(&;ie€ A ) measurable and
(2 7 "M, —9 —_9
g ’E ((hk*“fﬂ Iy k+1> (Aw(k) -k (%)))’

A2
<E 2N Z |A |1/2 A

li|<Mp

=o(1).

The proof of Theorem 2 is complete.
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Proof of Theorem 3. Let n be a fixed positive integer and let x be fixed in R such

that f(x) # 0. We have U, (z) = U,(z) + R,(z) where
= v VIAfba (fu(2) —Ef,(2)) ~ VIAb (fal@) = Fa(2))
Up(x) = and R,(z) = :
V@) f K ()t V@) f K )t

Denote D,,(z) = sup,cg [P(U,(z) < t) — ®(t)| and let 1 be a Young function. Arguing

as in Theorem 2.2 in [11], we have

Dy(z) < Du(z) + ¢ ([ Rull) (16)

where ¢(z) = 2h~'(1/z) and h(z) = z¢(z). In the sequel we denote 0 = f(z) [ K*(¢)dt.
Since there exist @ > 0 and p > 1 such that ), /. |i]1(+)§, , < 0o, we derive from
Lemma 2 that /P

HRn(x)”p < W %i |’L‘d(1+a)5i,p- (17)
Applying the Berry-Esseen’s type theorem for m,,-dependent random fields established
by Chen and Shao ([6], Theorem 2.6), we obtain

K o [K()]7 f(x = thy)dt mi ™"

En < T
T WS

(18)

Applying (16) with 1(z) = 27, we obtain ¢(z) = 271 and

T—1)d

K| f(z — tb,)dt m{ P
Dy(z) < HIR| QlIPIC )di m + ( K\/ﬁ3/2 Z Md(Ha)éi,p) .
omdeb,

UT(‘AnV)n)%_l iczd

Optimizing in m,, the second part of the above inequality, we obtain the point (i) of
Theorem 3. Now, we assume that X, belongs to L, and there exists o > 0 such that
> ieza |1[40F98; 4, < co. We need the following lemma which can be obtained using

the expansion of the exponential function (see [22]).

Lemma 5 Let 8 be a positive real number and Z be a real random variable. There

exist positive universal constants Ag and Bg depending only on B such that

”Z”p ”Z”p
Ajg su < ||Z < Bj su .
g p>12) pl/ﬁ o || ||¢,8 o g p>12) pl/ﬁ

Combining (17) and Lemma 5, we obtain

1B () |y <

D LTS, (19)

K
dap3/2
My, bi i€Z4

14



Applying (16) with 1) = 1)1, we obtain

K [ K (8|7 f(z — thy)dt mi ™" K ,
D,(z) < —2& i A E d(1+a) 5. .
() < o7 ([Anfbn) 5 O\ i 211 00

i€Z4

Noting that lim;_, tlog((ifll)
t

of Theorem 3. The Proof of Theorem 3 is complete.

= 1 and optimizing again in m,, we obtain the point (i)

3 Appendix

Proof of Lemma 1. We follow the proof by Bosq et al. ([1], pages 88-89). First, m,

1
goes to infinity since v,, = [bn Qd} goes to infinity and m,, > v,,. For any positive integer

r(m) =Y [il% ;.

[i|>m

m, we consider

Since (A4) holds, r(m) converges to zero as m goes to infinity. Moreover,

mb, < max {\/a, K (7“(1},1)1/3 + bn)} —0

n—-+o00

and .
— (r(ma))? since v, < my,.

1
my > - (r (o) >

Finally, we obtain

1 . 5d
G 2, 17 ST

The proof of Lemma 1 is complete.

Proof of Lemma 2. Let p > 1 be fixed. We follow the proof of Proposition 1 in
[13]. For all i in Z¢ and all  in R, we denote R; = K;(z) — K;(x). Since there exists a
measurable function H such that R; = H(g;_4; s € Z¢), we are able to define the physical
dependence measure coefficients (5§Z)))iezd associated to the random field (R;);cze. We
recall that 5&) = ||Ri — R} ||, where R} = H(e}_,; s € Z%) and &} = ¢; L{j0 + £¢ L{j—0)
for all j in Z%. In other words, we obtain R} from R; by just replacing &¢ by its copy
gy (see [25]). Let 7 : Z — Z% be a bijection. For any I € Z, for all i € Z4,

PR; := E(R;| 7)) — E(R;[Fi-1) (20)
where F; =0 (67(5); 5 < l).

15



Lemma 6 For any | in Z and any i in Z%, we have ||PR;||, < 51("T(l
Proof of Lemma 6. Let [ in Z and i in Z% be fixed.

1PR:, = [E(Ri|F) — E(Ri| Fi-1)l, = ||E(Ro|T"Fi) — E(Ro|T"Fin)],
where T'F; = 0 (€(5—i; s < 1). Hence,

1Pl = B (8 (e-sez) IT°7) = E (B ((e-scengiorinish-o) IT'R)|

< [[H((e-s)seze) —H <<€*S)s€Zd\{i77—(l)}; 8;(1)_i> ‘p

= ||H ((EifT(l)fs)SEZd) —H <(51'77—(1)73)36201\{1‘_7-(1)}; 5,0> Hp
= ||[Ri—ry = Rl

— 5

The proof of Lemma 6 is complete.

ForalliinZ%, R; = Y, , P.R;. Consequently, ||>,c, aiRl-Hp =31z Yien., CL@'PzR@'Hp-
Applying the Burkholder inequality (cf. [14], page 23) for the martingale difference se-

quence (ZieAn aiPlRi)lez’ we obtain

z{: ai}%l

1€EAR

< (2>

leZ

Z a; DR

1€AR

z 2\ 3
< 2p2<2\a@-|u%up>

leZ i€AR

p

By the Cauchy-Schwarz inequality, we have

2
<Z sl HPsz-Hp> <> @ lIRRill, x Y [RRl,

€A, 1€A, 1€AR

and by Lemma 6, >, . | PR, < E]ezd . So, we obtain

< (20> 05 3 2> AR,

p jezZd 1€AR leZ

EE: aifﬂ

€A,

Applying again Lemma 6, for all ¢ in Z%, we have Y, [|PiRill, < 3.z 5(" Finally,

JEZL
we derive

:E:: aifﬂ

1€AR

- <2p 2 ) PO (21)

1€An i€Z4

p
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Since K; E (K;( } Where Fri=o0(er_,; |s| <my) and (Ki(x) —Kl(x))* =
Ki(z) — Kj(x) we derlve 5 ) < 2||K;(x) — K} (2)||,- Since K is Lipschitz, we obtain

20;
(n) %P
sy < 5 (22)
where §; , = || X; — X[|,.- Morever, we have also
o5y < 2[[Ko(x) = Ko(2)]], (23)

Lemma 7 For any p > 1, any positive integer n and any x in R,

Ko(w) - Kool < Y22 3 4,

" l>ma

Proof of Lemma 7. Let p > 1 be fixed. We consider the sequence (I',,),>0 of finite
subsets of Z? defined by T’y = {(0, ..., 0)} and for all n in N\{0}, T, = {i € Z%; |i| = n}.
For any integer n, let a, = > 7_([[';| and let 7: N\{0} — Z% be the bijection defined
by 7(1) = (0, ...,0) and

e for all n in N\{0}, if [ € Ja,_1,a,] then 7(I) € T,

e for all n in N\{0}, if (4, ) € Jan_1,a,)” and i < j then 7(i) <jex 7()

Let (my,)n>1 be the sequence of positive integers defined by (3). For any n in N\{0},
we recall that F,, o = o (e_s; |s| <m,) (see (4)) and we consider also the o-algebra
G, =0 ( ) 1 <5< n) By the definition of the bijection 7, we have 1 < j < q,, if
and only if |7(5)| < n. Consequently G,,, = F, 0 and Ko(z) —Kq(z) = > isay, Di with
D; = E (Ko(2)|G;) — E(Ko(x)|Gi—1) for all [ in Z. Let p > 1 be fixed. Since (D), is
a martingale-difference sequence, applying Burkholder’s inequality (cf. [14], page 23),

we derive
1/2

IKo(a) = Ko(@)ll, < {20 > I1Dilly

l>amn

Denoting K (z) = K <b;1 <3; —g <(e,s)sezd\{,T(l)}; 5;(1)))>7 we obtain

1Dl = 1B (Ko(@)[G) — B (Ko(@)[G1) llp < [ Ko(w) = Ko@),

1 /

SE ((e-s)seze) — g ((5fs)s€Zd\{fT(l)}; 5T(z)> )
1 /

= b_ ((5—7(1)—8)362‘1) -9 ((g—T(z)—s)sezd\{fT(z)}; 50) Hp
1 ) O—r(1)p

=5 Xm0 = X2 ll, = =

17



and finally

1/2
_ 1 V2p
IKo(z) = Ko(@)llp < 3~ | 2p Y | < ; Y G

" l>amn " ‘J|>mn
The proof of Lemma 7 is complete.
Combining (23) and Lemma 7, we derive

n 8p

5 < VB 5 (20

"> ma

Combining (22) and (24), we obtain

n 48 2
Zd( mb\n/_p Z 5”’+ Z Ojp < ———— \/_pm Z Ojip- (25)

n

i€Zd l7|>mn \]|>mn l7|>mn

Combining (21) and (25), we derive (5). The proof of Lemma 2 is complete.
Proof of Lemma 3. For any z in R, we have
EK3(2) = b, i K?(v) f(z — vb,)dv = O(by,). (26)
Let s and ¢ be fixed in R. Since E (Ko(s)Ko(t)) = E (Ko(s)Ko(t)), we have
|E (Ko(s)Ko(t)) — E (Ko(s)Ko(t)) | < [Ko(s)]l2[Ko(t) — Ko(#)]]2.

Using (26) and Lemma 7, we have

[E (Ko(s)Ko(1) — E (Ko(s)Ko(0) | < —= > 4.

\/E l7|>mn
Since b,|E(Zo(s)Zo(t)) — E(Zo(s)Zo(t)] = |E (Ko(s)Ko(t)) — E (Ko(s)Ko(t)) |, we have
MR (Zo(3) 20(1)) — B (Zo()Z0(0)] < 1oz 3 Lil™ 45 (27)

lj1>ma

Moreover, keeping in mind Assumptions (A3), (B1) and (B2), we have

liyrln %E (Ko(s)Ko(t)) = liygn/RK (v)K <v + tb_ns) f(s—vby,)dv = u(s,t) f(s) /RKQ(u)du

(28)

18



where u(s,t) = 1if s =t and u(s,t) = 0 if s # ¢t. We have also

liTILn %EKO(S)EKOQ) = liTILn bn/RK(v)f(s - vbn)dv/ K(w) f(t — wb,)dw = 0. (29)

n R
Let z be fixed in R. Choosing s = ¢ = x and combining (27), (28), (29) and Lemma 1,
we obtain E(Z (z)) goes to f(z) [ K*(u)du as n goes to infinity.
In the other part, let i # 0 be fixed in Z¢ and let s and ¢ be fixed in R. We have

E|Zo(s)Z;(t)| < %E}KO(S)E@)} + %E[Ko(s)} E|Ko(t)]. (30)

Keeping in mind that ||a| —|8]| < |a— 8| for all (a, 3) in R? and applying the Cauchy-

Schwarz inequality, we obtain
[E[Ko(s)Ki (1) —E[Ko(s)Ki(1)]| < [Ko(s)ll2lKo(t) = Ko(t) |2+ [Ko(t) |2[Ko(s) —Ko(s) 2

Using (26) and Lemma 7, we obtain

M
EIRIR0] - ERaK 0] < s 3 il (31)
! [31>mn
Since Assumptions (B1) and (B2) hold and M9, = o(1), we have
Mff ay
E’KO ’E’KO ’ = M?Zb |K ) f(s —uby)du [ [K(v)|f(t —vb,)dv = o(1).
R

(32)

Moreover, using Assumption (B3), we have

Ela(oro] - [[ (%) x (t_v)’f(u)(fio(UIU)—f(v))dudv
Jf e (5 (5 seastma

gmbfl/R|K(w)\f(s—wbn)dwx /R|K(w)|dw

+ 02 /R |K(w)]f(s — wb,)dw x /R |K(w)|f(t — wb,)dw

So, using again Assumptions (B1) and (B2) and MZb, = o(1), we derive
Mif
5. E[Ko(s)Ki(t)] = o(1). (33)

Combining (30), (31), (32), (33) and Lemma 1, we obtain

Mnd sup E\Zo(s)fi(t)\zo(l). (34)
i€Za\ {0}
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The proof of Lemma 3 is complete.

Proof of Lemma 4. Let x and y be two distinct real numbers. Noting that

E(A2) = NE(Z2(x)) + ME(Z2(y)) + 2\ AE(Zo(x) Zo(y))
E(Ag) = NXE(Zy(x)) + A2E(Zo(y)) + 20 AE(Zo(2) Zo(y))

and using (27) and Lemma 1, we obtain

lim M|E(AS) - E(&,)] = 0. (35)
n—-+0oo

Combining (28) and (35), we derive that E(A-) converges ton = (A2 f(z) + A2f(y)) Je K?(u)du.
Let i # 0 be fixed in Z¢. Combining (34) and

E[AoAi| < NE|Zo(2) Zi(2) [ +AE[Z0(y) Zi(y) [+ M ME[ Zo(2) Zi(y) [+ M AE[ Zo(y) Zi()),
(36)
we obtain My sup;cza\ (o E|A¢A;| = o(1). The proof of Lemma 4 is complete.
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