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Abstract

In this paper, under natural and easily verifiable conditions, we prove the
L!-convergence and the asymptotic normality of the Parzen-Rosenblatt density
estimator for stationary random fields of the form X = g¢ (6k_8, s € Zd), k ez,
where (g;);cza are i.i.d real random variables and g is a measurable function de-
fined on RZ*. Such kind of processes provides a general framework for stationary
ergodic random fields. A Berry-Esseen’s type central limit theorem is also given

for the considered estimator.

AMS Subject Classifications (2000): 62G05, 62G07, 60G60.

Key words and phrases: Central limit theorem, spatial processes, m-dependent
random fields, physical dependence measure, nonparametric estimation, kernel,
density, rate of convergence.

Short title: Kernel density estimation for random fields.

1 Introduction and main results

Let (X;);ez be a stationary sequence of real random variables defined on a probability
space (€, F,P) with an unknown marginal density f. The kernel density estimator f,
of f introduced by Rosenblatt [20] and Parzen [19] is defined for any positive integer

w226 (5

=1

n and any z in R by

where K is a probability kernel and the bandwidth b, is a parameter which converges
slowly to zero such that nb,, goes to infinity. The literature dealing with the asymptotic
properties of f,, when the observations (X;);cz are independent is very extensive (see
Silverman [22]). Parzen [19] proved that when (X;);ez is i.i.d. and the bandwidth b,
goes to zero such that nb, goes to infinity then (nb,)Y?(f,(zo) — Ef,(z¢)) converges in
distribution to the normal law with zero mean and variance f(zo) [, K*(t)dt. Under

the same conditions on the bandwidth, this result was extended by Wu an Mielniczuk



[28] for causal linear processes with i.i.d. innovations and by Dedecker and Merlevede
[10] for strongly mixing sequences. In this paper, we are interested by the kernel density
estimation problem in the setting of dependent random fields indexed by Z¢ where d is
a positive integer. The question is not trivial since Z¢ does not have a natural ordering
for d > 2. In recent years, there is a growing interest in asymptotic properties of kernel
density estimators for random fields. One can refer for example to Carbon et al. ([3],
[4]), Cheng et al. [8], El Machkouri [13], Hallin et al. [16], Tran [24] and Wang and
Woodroofe [25]. In [24], the asymptotic normality of the kernel density estimator for
strongly mixing random fields was obtained using the Bernstein’s blocking technique
and coupling arguments. Using the same method, the case of linear random fields with
i.i.d. innovations was handled in [16]. In [13], the central limit theorem for the Parzen-
Rosenblatt estimator given in [24] was improved using the Lindeberg’s method (see
[18]). In particular, a simple criterion on the strong mixing coefficients is provided and
the only condition imposed on the bandwith is n?b, — oo which is similar to the usual
condition imposed in the independent case (see Parzen [19]). In [13], the regions where
the random field is observed are reduced to squares but a carrefull reading of the proof
allows us to state that the main result in [13] still holds for very general regions A,
namely those which the cardinality |A,| goes to infinity such that |A,|b, goes to zero
as n goes to infinity (see Assumption (A2) below). In [8], Cheng et al. investigated
the asymptotic normality of the kernel density estimator for linear random fields with
i.i.d. innovations using a martingale approximation method (initiated by Cheng and
Ho [7]) but it seems that there is a mistake in their proof (see Remark 6 in [25]). Since
the mixing property is often unverifiable and might be too restrictive, it is important
to provide limit theorems for nonmixing and possibly nonlinear random fields. If d is a
positive integer, we consider in this work a field (X;);cz« of identically distributed real

random variables with a marginal density f such that
Xi=g(eims; s €2, i€l (1)

where (€;);ez¢ are i.i.d. random variables and g is a measurable function defined on
RZ". In the one-dimensional case (d = 1), the class (1) includes linear as well as many
widely used nonlinear time series models as special cases. More importantly, it provides
a very general framework for asymptotic theory for statistics of stationary time series
(see [26] and the review paper [27]).

Let (5;-)jezd be an ii.d. copy of (¢;);eze and consider for any positive integer n the

coupled version X of X; defined by X = ¢ (s* ;s € Zd) where €7 = ¢; Lyjz0) +

1—S )
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z—:z) lj—gy for any j in Z2. In other words, we obtain X; from X; by just replacing &g
by its copy 56. Following Wu [26], we introduce appropriate dependence measures: let
i in Z% and p > 0 be fixed. If X; belongs to L, (that is, E|X;|? is finite), we define
the physical dependence measure 9;, = || X; — X/||, where || .||, is the usual LP-norm
and we say that the random field (X;);eza is p-stable if ), ;4 6;, < co. For d > 2, the
reader should keep in mind the following two examples already given in [14] :

Linear random fields: Let (&;);cza be i.i.d random variables with ¢; in I, p > 2. The

linear random field X defined for any 7 in Z¢ by
Xi = Z As€i—s
sezd

with (ay)seze in RZ' such that 3°
g. For any i in Z%, 6;, = |a;|||eo — &5 lp- So, X is p-stable if Y, 4 |a;| < oo. Clearly,

ieza 07 < 00 is of the form (1) with a linear functional
if H is a Lipschitz continuous function, under the above condition, the subordinated
process Y; = H(Xj;) is also p-stable since 0;, = O(|a,|).

Volterra field : Another class of nonlinear random field is the Volterra process which
plays an important role in the nonlinear system theory (Casti [5], Rugh [21]): consider

the second order Volterra process
Xi - E a’sl,sgei—slei—sga
51,82€7Z%

where as, 5, are real coefficients with ag, 5, = 0 if $; = $2 and (g;);cze are i.i.d. random
variables with ¢; in P, p > 2. Let

A= 30 (@irad,) and Bi= 37 (jawl” + el
31782€Zd 31782€Zd

By the Rosenthal inequality, there exists a constant C), > 0 such that
bip = 1 Xi = X7 llp < Gpdi leollzlleolly + B lleoll}

From now on, for any finite subset A of Z¢, we denote |A| the number of elements in
A and we observe (X;);cze on a sequence (A,),>1 of finite subsets of Z? which only
satisfies |A,| goes to infinity as n goes to infinity. It is important to note that we do
not impose any condition on the boundary of the regions A,. The density estimator

fn of f is defined for any positive integer n and any = in R by
1 r—X;
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where b,, is the bandwidth parameter and K is a probability kernel. Our aim is to
provide sufficient conditions for the IL;-distance between f,, and f to converge to zero in
probability (Theorem 1) and for (|A,|b,)Y2(fo(zi) —Eful(2:))1<ick, (7:)1<ick € RE, k €
N*, to converge in law to a multivariate normal distribution (Theorem 2) under minimal
conditions on the bandwidth parameter. We give also a Berry-Esseen’s type central
limit theorem for the considered estimator (Theorem 3). In the sequel, we denote
li| = maxy<g<qlix| for any i = (i, ...,iq) € Z% and we denote also §; for ;5. The

following assumptions are required.

(A1) The kernel K is Lipschitzian and satisfies [p K(u)du =1, [, |K(u)| du < co and
Jo K?(u) du < oc.

(A2) b, — 0 and |A,,| = oo such that |A,|b, — oo.
(A3) The condition . 4 |i|¥ 0; < oo is satisfied.

Theorem 1 If (A1), (A2) and (A3) hold then

lim E/R\fn(x)—f(x)\d:czo.

n—-+o0o

Remark 1. The above convergence result was obtained also by Hallin et al. ([17],
Theorem 2.1) for rectangular region A,, and under a more restrictive condition on the
bandwith parameter related to the rate of convergence to zero of the so-called stability
coefficients (v(m)),,>1 defined by v(m) = || Xy — Xo||2 where X¢ = E (Xo|H,,) and
H, =0 (g5, |s| < m). Arguing as in the proof of Lemma 9 below, one can notice that

v(m) <3 jism 07.

In order to establish the asymptotic normality of f,, we need additional assumptions:

(A4) The marginal probability distribution of each X} is absolutely continuous with

continuous positive density function f.

(A5) There exists £ > 0 such that sup, , cg2 fij(y|r) < &k where f;; is the conditional
density of X; given X; for any i and j in Z.

Remark 2. In [2], the asymptotic normality of the frequency polygon estimator for
strongly mixing random fields is established under Assumption (A5) among others.
Moreover, in the case d = 1, it is shown that the stationary autoregressive process of

order 1 satisfies Assumption (A5) (see example in [2], page 504).
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Theorem 2 Assume that (A1), (A2), (A3), (A4) and (A5) hold. For any positive

integer k and any distinct points 1, ...,z in R,

fa(r1) = Efn(z1) .
(1An]b,) "2 : %ﬂ\/’(o’r) (2)
fa(zr) — Efn(wr)

where T' is a diagonal matriz with diagonal elements v; = f(z;) [5 K?(u)du.

Remark 3. A replacement of Ef,,(x;) by f(z;) for any 1 <i < k in (2) is a classical
problem in density estimation theory. For example, if f is assumed to be Lipschitz and
if [ [ul|K(u)|du < oo then [Ef,(z;) — f(x;)| = O(b,) and thus the centering Ef, (z;)
may be changed to f(z;) without affecting the above result provided that |A,[b? con-

verges to zero.

Remark 4. If (X;)iczs is a linear random field of the form X; = 3", ;4 a;je;—; where
(aj)jeze are real numbers such that Y. ;. a7 < oo and (g;);eze are i.i.d. real random
variables with zero mean and finite variance then &§; = |as|||so — pl2 and Theorem
2 holds provided that ). ;. |i|¥]a;| < oo. For A, rectangular, Hallin et al. [16]
obtained the same result when |a;| = O (|j|77) with v > max{d + 3,2d 4+ 0.5} and
|An|b£3V‘1+6d)/ (2y=1—4d) goes to infinity. So, in the particular case of linear random
fields, our assumption (A3) is more restrictive than the condition obtained by Hallin
et al. [16] but our result is valid for a larger class of random fields (namely, the class of
spatial processes of the form (1) observed on general regions) and under only minimal
conditions on the bandwidth (see Assumption (A2)). Finally, for causal linear random
fields, Wang and Woodroofe 25| obtained also a sufficient condition on the coefficients
(aj)jena for the kernel density estimator to be asymptotically normal. Their condi-
tion is less restrictive than the condition 4 |i|¥|a;| < oo but they assumed also

E(]eol?) < oo for some p > 2.

Now, we are going to investigate the rate of convergence in (2). Recall that a Young
function 1 is a real convex nondecreasing function defined on R which satisfies
limy 0 9 (t) = 0o and 1(0) = 0. We define the Orlicz space L, as the space of real
random variables Z defined on (2, F,P) such that E[(|Z]/c)] < oo for some ¢ > 0.
The Orlicz space L, equipped with the norm || . ||, defined for any real random variable
Z by | Z]|y =inf{c>0; E[¢(|Z]/c)] <1} is a Banach space. For any positive integer
n and any z in R such that f(z) # 0, we denote D, () = sup,cg |P (U, (x) < t) — (1)]
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where @ is the distribution function of the standard normal law and
0 ) = VIl (@) ~ By (@)
V@) @t

For any 1 < < 2 we consider the Young function 5 defined for any = € Rt by

Vs(z) = exp(2?) — 1. If X, belongs to L,,, we denote also &y, = || X; — X[||4, for any
i in Z2.

Theorem 3 Let n be a positive integer and let x in R be fived such that f(x) # 0.
Assume that [, |K(t)|"dt < oo for some 2 <1 < 3.

(i) Let a > 0 and p > 1 such that Y, ;4 |i|"07%)8;,, < oo then there exists k > 0
such that D,,(z) < k|A, |01 @™ P)p2T0) ypere

p((@+3)2—71)—3)
2ap+ (1 =1p+1)

ap(2—1)
2(ap+ (1 =1Dp+1)

(it) Assume that X, belongs to Ly, and let o > 0 such that Y, g [i|*F)6; 4, < o0
then there exists k > 0 such that Dy (z) < K|A,|%@Dp ) o0 (1 - |An\_93(0‘77)b;94(a’7)>

where

01(04,7_,]7) = and 02(0(,7',]9) =

al2—71)
20+ T1-1)

(o +3)(2—-71)-3

s 7) = 2@+71—1)

and  Oy(a,T) =

2 Proofs

The proof of all lemmas of this section are postponed to the appendix. In the sequel, the
letter x denotes a positive constant which the value is not important and we consider

the sequence (my,),>1 defined by

X 5
My = Max § p, | | 5 Z |z|% i +1 (3)
™ i >vn
-1
where v, = [b7*] and [.] denotes the integer part function. The following technical

lemma is a spatial version of a result by Bosq, Merlevede and Peligrad ([1], pages

88-89).
Lemma 1 If (A3) holds then

1 .\ 5d
m, — oo, mib, =0 and WZh\zéi—)O.

[i|>mp



For any z in R and any 4 in Z%, we denote

Z—XZ'

Ki(z):K( » ) and K;(2) = E (K;i(2)|Fns) (4)

where F,; = 0 (g;_s; |s| <m,). So, denoting M, = 2m,, + 1, (Ki(2))icza is an M,,-
dependent random field (i.e. K;(z) and K;(z) are independent as soon as |i —j| > M,,).
Lemma 2 For any p > 1, any x in R, any positive integer n and any (a;);eza in de,

(p > ag) " > iy

i€An li|>mn

> a; (Ki(z) — Ki())

1€AR

8md
<
=

p

2.1 Proof of Theorem 1

The proof follows the same lines of the proof of Theorem 2.1 in [17]. For any positive

integer n, denote
Iu= [ 1a) = f(a)] do.
R

For any positive real A, we have J,, = J,, 1(A) + J,,2(A) where

)= [ 1)~ s@lde and D)= [5G~ )l

|lz|<A

Lemma 3 For any € > 0, there exists A > 0 such that lim,,_, . EJ, 1(A) <e.

Now, J,2(A4) < JS)Q(A) + J,(f)z where
19)(4) = / ) —EA@l e and = / Ef(x) — f(2)|da
z|< R

Lemma 4 JS)Q goes to zero as n goes to infinity.

So, it suffices to show that IEJS)Q(A) goes to zero as n goes to infinity. Keeping in mind
the notation (4) and denoting

— 1 —

we have JS)Q(A) <I,1(A) 4+ I,2(A) where

Lo (A) = / @) =Ta@lds and Ta(4) - / Fo(@) — EF, ()] da.

2] <A
Lemma 5 EI, ;(A) =0 ((|An\bn)_1/2) for any A >0 and any i € {1,2}.

Combining Lemma 3, Lemma 4 and Lemma 5, we obtain Theorem 1.

7



2.2 Proof of Theorem 2

Without loss of generality, we consider only the case £ = 2 and we refer to x; and x»
as v and y (x # y). Let A\; and Xy be two constants such that A2 + A2 = 1 and note
that

A (A lbn) () = Bfa2)) + Aa([Anlbn) (fn(y) = Efaly) = D |A |1/2
MMl 2(Fo () — EF ) + Dol Anlb) V2(F () — -
€A,

where A; = M Z;(z) + Mo Zi(y) and A; = M\ Z;(x) + X\oZ;(y) and for any z in R,

—_
—_
|

Zi(z) = (Ki(2) —EK;(2)) and Z;(z) =

(Ki(2) — EK;(2))

where K;(z) and K;(z) are defined by (4). Applying Lemma 1 and Lemma 2, we know

that
S (a-E)

1€AR

1

s+ [Aol) o
TG > il 6 = of (5)

" (mdb,)32
2 ‘ ‘>mn

So, it suffices to prove the asymptotic normality of the sequence (|A,[7"2 3,4 Zi)n> ¥
We are going to follow the Lindeberg’s type proof of Theorem 1 in [9]. We consider

the notations

n=(NXf(@) + XBf()o? and o? = / K2 (u)du, (6)

Lemma 6 E(Zé) converges to n and Sup;eza 1oy ElA¢A;| = o(M9).

Let N be fixed in N*. Let ¢ be a one to one map from [1, N] N N* to a finite subset of

Z% and (&;);cze a real random field. For all integers k in [1,N], we denote

!
(&) = Z&p(i) and 55 (§) = Zfso(i)
i—1 ‘

with the convention Sy(0)(§) = Sgx41)(€) = 0. On the lattice 7% we define the lex-
icographic order as follows: if i = (iy,...,74) and j = (j1, ..., Jq) are distinct elements
of Z%, the notation i <j, j means that either i; < j; or for some k in {2,3,...,d},
ir < jr and 4y = j; for 1 < 1 < k. To describe the set A,,, we define the one to one
map ¢ from [1,|A,|]] " N* to A, by: ¢ is the unique function such that p(k) <iex ©(I)

for 1 < k <1 < |A,|. From now on, we consider a field (&;);cze of i.i.d. random

8



variables independent of (X;);cz« such that & has the standard normal law N(0,1).
We introduce the fields Y and ~ defined for any i in Z¢ by

where 7 is defined by (6). Note that Y is an M,-dependent random field where M,, =
2m,, + 1 and m,, is defined by (3). Let h be any function from R to R. For 0 < k <[ <
[An| + 1, we introduce Ay (Y) = h(Sp) (Y) 4+ 55 (7). With the above convention we
have that f,|a,1+1(Y) = h(Se@)(Y)) and also hoy(Y') = h(S5;)(7)). In the sequel, we
will often write hy; instead of hy;(Y). We denote by Bf(R) the unit ball of Cif(R): h
belongs to B} (R) if and only if it belongs to C*(R) and satisfies maxo<i<y ||h®]|o0 < 1.
It suffices to prove that for all h in B} (R),

E (h (Se(anp(Y))) ——— E(h(&v/n)) -

n—-+oo
We use Lindeberg’s decomposition:
|An|
E (h (Spqann(Y)) =k (€0v/n)) = Z E (hgps1 — hi—1) -
k=1

Now, we have hg 1 — hip—1k = Pk g+1 — Pe—1k+1 + hk—1 641 — hi—1 & and by Taylor’s

formula we obtain

I ]. "
P g1 — P11 = You P11 + §Y<p2(k)h’k71,k+1 + Ry,

/ 1 "
Pi—1 k11 — b1k = =Yy Pp—1,541 — §7Z(k)hk—1,k+1 + Tk
where |Rg| < Yj(k)(l A Yomy|) and || < yi(k)(l A Vo). Since (Y, & )iz is inde-
pendent of £ 1), it follows that

’ " n "
E (%(k)hk—1,k+1) =0 and E <73(k)hk—1,k+1> =k (mhk—l,k—f—l)

Hence, we obtain

|An|

E (A(Spann(Y)) = 1 (€ov/m) = Y B(Vop b1 1)
[Anl

hll

2 n k—1,k+1

+ZE<<Y¢>(1€)_‘A”‘) 9 )
k=1

|An|

+ Y E(Ry+75).
k=1




Let 1 < k < |A,| be fixed. Since E[A¢| = O (v/b,) and E <Z§> converges to n (by

Lemma 6), we derive

|An|

2 A
;E|Rk| <E (AO (1 A |/|\n|§|/2)) = 0(1)

and
|An| /2 3
*PEI&)? _

Consequently, we obtain
|An|

Y E (Bl + |re]) = o(1).

Now, it is sufficient to show

|An| "
. / n hkfl,kdrl
nETooZ <E(Y9"(’“)hk—1,k+1) +E <<Y<p2(k) - |An|) B )) =0. (7)

First, we focus on ZL/ZH' E (Yw(k)h;_17k+1). Let the sets {V/*: i € Z¢, k € N*} be defined
as follows: V! = {j € Z¢; j <jex i} and for k > 2, VF =VIin{j € Z2¢; |i — j| > k}.
For all n in N* and all integer k in [1, |A,|], we define

By = o([LKNN) NV and SMp (V)= > Vi

.My
i€k,

For any function ¥ from R to R, we define \I/]k\/l_"l’l =V (S%Z (Y) + S&g@))- We are

going to apply this notation to the successive derivatives of the function h. Our aim is
to show that

|An|

Jim > B (Yw(k P11 — Yo (Scp(k—l)( ) = Soim (Y )) hgq,kﬂ) =0. (8)

First, we use the decomposition

Yoy 1,41 =Y, (k)hk e+ Yo (hk 1k+1 hkMrf k+1>

Applying again Taylor’s formula,

Yoty (s = Hitian) = Yot (Sotn(Y) = S20 (V) By o + R

10



where

Rl <

Yo (SsO(k—l)( ) — S%Z (Y )) (1 NS pe—1)(Y) — 5%?; (Y )|)’

Since (Y;);cza is M,,-dependent, we have E (Y wh k+1) = 0 and consequently (8)

holds if and only if hmn%JﬁX,Z‘A |E\Rk| = 0. In fact, considering the sets W, =
{=M, +1,.... M, —1}% and W = W, \{0}, it follows that

[An]
/ — — 1 _
> E|R,| < 2E ( [A] (Z |Ai|> <1A TE > |Ai|>>
k=1 iEWn " iEWn,
_2 —_
=28 | | A+ > R <1/\|A |1/2Z|A|>
€W 1€Wp
<2E|(AZ[1A 75 D 1A | +4M] sup E([A0A).
[An | S i€24\{0}

Keeping in mind that E[A;| = O(y/b,) and applying Lemma 1, we have

W, E|A| kmib,
<|A P ‘) A2 b 0

i€eWy,

Since E (Zi) converges to 7, we derive

2 (3 (10 o 3 1)) o0

Applying Lemma 6, we obtain Z‘A ! E|R,| = o(1). In order to obtain (7) it remains to
control

[An|

Y?
n ?7
th Lk+1 ( i + Yor) (Sw(k n(Y) - St%k Y )) - m)

Keeping in mind that W,, = {—M,, + 1, ..., M,, — 1} and applying again Lemma 6, we

have
|An|
JEVENW,
[An] .
S E |A | th 1,k+1 ( p(k) E<AO>) + O<1>7

11



it suffices to prove that

I

Fy = A, |th 1k+1< E(Z§)>

goes to zero as n goes to infinity. In fact, we have Fy < |A ‘ ZIA” (J5(n) + Ji(n)) where

Ji(n) = [E (h;Ml 1 (ZQ(k) —E (Kg))) = 0 since hk_LkJrl is o (A i€ V%j)
o (& ;i € A,)-measurable and

Ji(n ’E ((h;—yml — h M k+1 Z (Z )))’
<E 2 A Z ‘A1|/2 A
\<Mn

=o(1).

The proof of Theorem 2 is complete.

Proof of Theorem 5. Let n be a fixed positive integer and let x be fixed in R. We
have U, (r) = U,(x) + R,(x) where

VI (@) “BL @) e 3 () T, ()
V@) J 1 @)t V@) J 1@t

Denote D, (z) = sup,cg |P(Un(z) < t) — ®(¢)] and let ¥ be a Young function. Arguing

as in Theorem 2.2 in [12|, we have

Up(z) =

Dn(x) < D) + @ ([ Rnlly) (9)

where (z) = zh~!(1/z) and h(z) = 21)(z). In the sequel we denote o = f(z) [, K*(t)dt.
Since there exist & > 0 and p > 1 such that Y, ;. |i|?1T%)4;, < oo, we derive from
Lemma 2 that

[ B ()]l < S 63/2 D L5, (10)

iezd
Applying the Berry-Esseen’s type theorem for m,,-dependent random fields established
by Chen and Shao ([6], Theorem 2.6), we obtain

_ K o K (0] f(x = thy)dt my "
D,(z) < .
) o (A5

(11)
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Applying (9) with ¢(z) = 2P, we obtain p(z) = 271 and

. (r=1)d Pt
K o [K @) f(z — thy)dt ma d(1+a
D,(z) < + dab3/2 E ji|40F)g, :

o™ (|An]bn) 2! iezd

Optimizing in m,, the second part of the above inequality, we obtain the point (¢) of
Theorem 3. Now, we assume that X, belongs to L, and there exists o > 0 such that
Y iczd i1+, 4, < 0o. We need the following lemma which can be obtained using

the expansion of the exponential function (see [23]).

Lemma 7 Let 3 be a positive real number and Z be a real random wvariable. There

exist positive universal constants Ag and Bg depending only on B such that

Ag sup 121, < |1 Zl|y; < Bg sup 12 ”p.

P /0
Combining (10) and Lemma 7, we obtain
[ B () [ < S bg/g D15, . (12)

i€Z4

Applying (9) with ¢ = 11, we obtain

(r—1)d
K g K@) f(z — tby,)dt my) d(14a)
Dule) £ = T g 2]
n|¥n ZeZd

Noting that lim;_, = 1 and optimizing again in m,,, we obtain the point (i7)

o(t)
tlog(1+1)
of Theorem 3. The Proof of Theorem 3 is complete.

3 Appendix

Proof of Lemma 1. We follow the proof by Bosq, Merlevéde and Peligrad ([1], pages
88-89). First, m,, goes to infinity since v,, = [b; ﬁ] goes to infinity and m,, > v,. For

any positive integer m, we consider

Since (A3) holds, r(m) converges to zero as m goes to infinity. Moreover,

mdb, < max {\/E,r(vn)l/g + bn} —0

n—-+4o0o

13



and

md > (r (m,))?  since v, < my,.

Finally, we obtain

™ 3/2Z‘|5d5 < \/r(my) ——— 0.

( n—~+00
2| >mn

The proof of Lemma 1 is complete.

Proof of Lemma 2. Let p > 1 be fixed. We follow the proof of Proposition 1 in
[14]. For any i in Z¢ and any z in R, we denote R; = K;(z) — Ki(x). Since there
exists a measurable function H such that R; = H(g;_s;s € Zd), we are able to de-
fine the physical dependence measure coefficients (51( . Jicza associated to the random

field (R;);cza. We recall that 5n) = |R; — R}||, where R} = H(e}_,;s € Z%) and

1—S)

e; = &5 Lyjzoy +50 Ij—oy for any j in Z2. In other words, we obtain R} from R; by just
replacing ¢y by its copy €, (see [26]). Let 7 : Z — Z% be a bijection. For any [ € Z, for
any i € Z4,

PR; = E(R;|F) — E(Ri|Fi-1) (13)

where F; = o (67(3); s < l).
Lemma 8 For any l in Z and any i in Z%, we have ||PR;||, < 52("T(l)p
Proof of Lemma 8. Let [ in Z and i in Z% be fixed.

IRl = [E(RIF) — E(RAF ), = |[E(RIT*F) — E(Ro|T'Fi)|,
where T F; = o (ET(S),Z-; s < l). Hence,

|BR, = || (H (e~o)sezs) ITF) — B (H ((e=o)sezmgirrirs) ITF) |

< ||H ((e-s)seze) — H ((‘gfs)sEZd\{ifT(l)};gr(l)7i> )

= |H ((gimr)—s)seza) — H ((‘C:ifﬂ'(l)fs)seZd\{ifT(l)};50) Hp
= | Ri-ry — BRI,

_ 5(”)

The proof of Lemma 8 is complete.

14



Foralliin Z%, R; = 3",., P.R;. Consequently, D ich, aiRin = Hzlez D ich, aiPlRin.
Applying the Burkholder inequality (cf. [15], page 23) for the martingale difference se-
quence (EieAn aiPlRi)zez’ we obtain

Z aiRi

1€EAR

< 2;02

EZ

> ahR

1€An

3 2\ 3
< 2pZ<Z|ailllPlRill,,>

LEZ 1€AR

p

By the Cauchy-Schwarz inequality, we have

2
(Z |a,| ||P1Rz~||p> <Y @ |BRill, x Y PR,

€A 1€An 1€AR

and by Lemma 8, .4 [| BR[|, < Z;ezd . So, we obtain

S

<23 63" a2 AR,

p jezd i€An lez

Z (IZ'RZ

1€AR

()

Applying again Lemma 8, for any i in Z¢, we have >°,_, || PR, < ZjeZd 0;,- Finally,

we derive .
B
San < (23 ) iy
i€Ay p i€An i€Zd
Since K: E (K (z)|F; i) where Fro = o (5,5 |s| <my) and (Ki(z) —Kl(x))* =
K!(z) — K; (z), we derive 5 n) < 2||Kz(x) — K (2)||,- Since K is Lipschitzian, we obtain
n 251,
" 3 (14)

where §;, = || X; — X[|,- Morever, we have also 5 ) < 2||Ko(z) — Ko()][,-

Lemma 9 For any p > 1, any positive integer n and any x in R,

Z 0jp-

l7|>mn

1Ko () — Ko(@)ll, <
Proof of Lemma 9 . Let p > 1 be fixed. We consider the sequence (I';),>¢ of finite
subsets of Z¢ defined by I'y = {(0,...,0)} and for any n in N*, T, = {i € Z%; |i| = n}.
The cardinality of the set T',, is |I',| = 2d(2n +1)%"! for n > 1. Let 7 : N* — Z% be the
bijection defined by 7(1) = (0, ...,0) and

15



e for any n in N* if [ € |a,,_1, a,] then 7(1) € Ty,
e for any n in N*, if (i,5) € Jan_1,a,]” and i < j then 7(i) <jex 7(5)

where a, = Z?:o I';| goes to infinity as n goes to infinity. Let (m,),>1 be the se-
quence of positive integers defined by (3). For any n in N*, we recall that F,, =
o (e_s; |s| < my) (see (4)) and we consider also the o-algebra G, := 0 (e(;); 1 < j < n).
By the definition of the bijection 7, for any n in N, 1 < 57 < a, if and only if
I7(5)] < n. So, we have G,,, = Fno. Consequently, Ko(z) — Ko(z) = D isan, Di
with D; = E (Ko(2)|G;) — E (Ko(2)|Gi—1) for any [ in Z. Let p > 2 be fixed. Since
(Dy),ez is a martingale-difference sequence, applying Burkholder’s inequality (cf. [15],

page 23), we derive
1/2

IKo(a) = Ko@), < {20 > 1Dl

I>am,

Denoting K, (z) = K <b;1 <x —g <(5_8)Sezd\{_7_(l)}; z—:'T(l)))), we obtain

1Dl = B (Ko(@)[G) — B (Ko(@)[G1) llp < [ Ko(x) = Ko@),
1

Hp

9((e-s)sezt) — 9 ((&s)seZd\{fﬂl)}? aa))

and finally
1/2

— 1
IKo(w) = Ko(@)llp < 3= (22 32 020 b,

I>am, l7]>mn

IA
=
g
S
%5

The proof of Lemma 9 is complete.

Applying Lemma 9, we derive

“p —

n _ 2v/8p
5™ < = " G (15)
" lil>ma

Combining (14) and (15), we obtain

S <2 %\n@ 3 5j7p+bi S G

iezd || > " j>man

16



The proof of Lemma 2 is complete.

Proof of Lemma 3. We follow the proof of Lemma 4.1 in [17]. Let ¢ > 0 be fixed

and let A > 0 such that
[ faars
|z|>A/2
We have

EJn1(A) < / Elfn(x)|dz + / z < / / F(a — bot)dtdz + =
lz|>A |z|>A |z|>A 3

/ K(t) / f(z — byt)dxdt + K(t) / f(z — byt)dxdt + =

>3 > A <4 2> A 3
g
[ xo [ gwdes [ ko[ sy S
|t1>% ly-+bat|>A <4 ly[>A(1—"tp) 3

9
O
ly|>A(1—)

Consequently, we obtain lim,, . EJ, 1(A) <e. The proof of Lemma 3 is complete.

Wl M

IA Il

IA
wlm

Proof of Lemma 4. For any integer n and any real x, we have

() or-s0

and the result follows from Theorem 1, page 6, in [11]. The proof of Lemma 4 is com-

J 22)2 = dx

plete.

Proof of Lemma 5. Let n in N* and z in R be fixed. Applying Lemmas 1 and 2,

we have

- “Zi>mn|i|%5i 1/2
@) = Tafolly < e = = o ((1Anlb) ™).

So, we obtain the result for El,;(A). Now, ||f,(z) — E?n(:p)H; equals to

o | ME(Z@) + X 0 —)E@GEZE) | 09
n| Un j€z\{0}
71 <M

where we recall that Z;(z) = - (K;(z) — EK;(x)) and M,, = 2m,, + 1.
Vbn
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Lemma 10 Letx, s andt be fized in R. Then E (73(3:)) converges to f(z) [ K*(u)du
and sup;cza (o) E|Zo(s)Z(t)] = o(M;?).

Proof of Lemma 10. For any z in R, we have

EKZ(z2) = bn/RKZ(v)f(z — vb,)dv = O(by,). (17)

Let s and ¢ be fixed in R. Since E (Ko(s)Ko(t)) = E (Ko(s)Ko(t)), we have
|E (Ko(s)Ko(t)) — E (Ko(s)Ko(t)) | < [Ko(s)]l2[Ko(t) — Ko(#)]l2.

Using (17) and Lemma 9, we have

E (Ko(s)Ko(t) — E (Ko(s)Ko() | < —= Y 4.

Since b,|E(Zo(s5)Zo(t)) — E(Zo(s)Zo(t)] = |E (Ko(s)Ko(t)) — E (Ko(s)Ko(t)) |, we have

ME(Zo(3) 20(1)) — EZo(5)Z0(0)] < oy 3 Ll 45 (18)

l7|>mn

Moreover, keeping in mind Assumptions (A1), (A2) and (A4), we have

lirrln %E (Ko(s)Ko(2)) = liyrln/RK (v)K <v + tb_ns) f(s—=vb,)dv = u(s,t) f(s) /RKQ(u)du
(19)

where u(s,t) = 1if s =t and u(s,t) = 0 if s # ¢t. We have also

lim biEKo(s)EKO(t) ~ limb, /R K(0) f(s — vby)du / K(w) f(t — why)dw = 0. (20)

n R

Let « be fixed in R. Choosing s =t = x and combining (18), (19), (20) and Lemma 1,
we obtain E(?ﬁ(w)) goes to f(z) [p K*(u)du as n goes to infinity.
In the other part, let i # 0 be fixed in Z¢ and let s and ¢ be fixed in R. We have

E[Zo(s)Z:(t)] < %E}KO(S)K@)} + %E[Ko(s)} E[Ko(1)]. (21)

Keeping in mind that [|a] — |B|] < |a — B] for any (o, 3) in R? and applying the

Cauchy-Schwarz inequality, we obtain
|EIKo(s)Ki(t)| —E[Ko(s)Ki(t)]] < [[Ko(s)l|2]Ko(t) = Ko(t)l|2+ [Ko(t) [ 2Ko(s) —Ko(s) |-

18



Using (17) and Lemma 9, we obtain

Mg — 5d
52 R R (0] - EIKoK D] < (i D 1l (22

l7]>mn

Since Assumptions (A1) and (A4) hold and M2, = o(1), we have

d
EIK(5)| E[Ra(t)] = M [ KA~ ub)du [ [RE@LF(E = oba)dv = o(1)
n R R
(23)
Moreover, using Assumption (A5), we have
EIK _ 5—u) <t—v)’ Z_ B dud
o] = [ k(%5 () (fro(vlu) — F(0) dude
e () (57 reasta
R? bn
2 — wb,)d K(w)|d
<t [ IR = wby)dw x [ [K(w)ldu
e — wb,)d K — wb,)d
8 [ K@= wbo)dw x [ K@)l = wb)do
So, using again Assumptions (A1) and (A4) and M2, = o(1), we derive
Ma
"E\KO K;(t)| = o(1). (24)
Combining (21), (22), (23), (24) and Lemma 1, we obtain
My sup E|Zo(s)Zi(t)] = o(1). (25)

i€Z4\{0}

The proof of Lemma 10 is complete.

Combining (16) and Lemma 10, we derive || f,(z) — E?n(:c)H; =0 ((\An\bn)fl). The

proof of Lemma 5 is complete.

Proof of Lemma 6. Let x and y be two distinct real numbers. Noting that

E(A7) = NE(Z5 (2)) + ME(Z5(y)) + 20 AE(Zo(2) Zo(y))

2

E(&o) = ME(Zo(x)) + ME(Zo(y) + 221 E(Zo(2) Zo(v))
and using (18) and Lemma 1, we obtain

lim MYE(A2) — E(A2)| = 0. (26)

n—-+o0o

19



Combining (19) and (26), we derive that E(A-) converges ton = (A2 f(z) + A2f(y)) Je K*(u)du.
Let i # 0 be fixed in Z¢. Combining (25) and

E[AoAi| < NE|Zo(2) Zi(2) [ +NE[Z0(y) Zi(y) [+ M ME[Zo(2) Zi(y) [+ M AE[ Zo(y) Zi()],
(27)
we obtain M? SUD; ez {0} E|A¢A;| = o(1). The proof of Lemma 6 is complete.
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