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Abstract

This paper establishes the asymptotic normality of the Parzen-Rosenblatt
density estimator for stationary random fields under natural and easily verifi-
able conditions. We deal with random fields of the form X = ¢ (6k_8, S € Zd),
k € 74, where (g;);czq are i.i.d random variables and g is a measurable function.
Such kind of spatial processes provides a general framework for stationary ergodic
random fields. In particular, in the one-dimensional case, this class of processes
includes linear as well as many widely used nonlinear time series models as special

cases.

AMS Subject Classifications (2000): 62G05, 62G07, 60G60.
Key words and phrases: Central limit theorem, spatial processes, m-dependent
random fields, physical dependence measure, nonparametric estimation, kernel,

density.

1 Introduction and main results

The kernel density estimator introduced by Rosenblatt [14] and Parzen [13] has received
considerable attention in nonparametric estimation of probability densities for time
series. If (X;)iez is a stationary sequence of real random variables with a marginal

density f then the kernel density estimator of f is defined for any positive integer n

B = - S ()

where K is a probability kernel and the bandwidth b, is a parameter which converges

and any x in R by

slowly to zero such that nb, goes to infinity. The literature dealing with the asymptotic
properties of f,, when the observations (X;);cz are independent is very extensive (see
Silverman [15]). In particular, Parzen [13] proved that when (X;);cz is i.i.d. and
the bandwidth b, goes to zero such that nb, goes to infinity then (nb,)"2(f,(zo) —



Ef.(xo)) converges in distribution to the normal law with zero mean and variance
f(zo) [y K*(t)dt. Under the same conditions on the bandwidth, this result was recently
extended by Wu an Mielniczuk [19] for causal linear processes with i.i.d. innovations
and by Dedecker and Merlevede [6] for strongly mixing sequences. In this paper, we are
interested by the kernel density estimation problem in the setting of dependent random
fields indexed by Z? where d is a positive integer. The question is not trivial since Z¢
does not have a natural ordering for d > 2. In recent years, there is a growing interest in
asymptotic properties of kernel density estimators for spatial processes. One can refer
for example to Carbon et al. (|2], [3]), Cheng et al. [4], E1 Machkouri [8], Hallin et al.
[10] and Tran [16]. In [16], the asymptotic normality of the kernel density estimator for
strongly mixing random fields was obtained using the Bernstein’s blocking technique
and coupling arguments. Using the same method, the case of linear random fields
with ii.d. innovations was handled in [10]. In [8], the central limit theorem for the
Parzen-Rosenblatt estimator given in [16] was improved using the Lindeberg’s method
(see [12]). In particular, a simple criterion on the strong mixing coefficients is provided
and the only condition imposed on the bandwith is n%, — oo which is identical
to the usual condition imposed in the independent case (see Condition (A2) below).
It is interesting to note that in [4], the asymptotic normality of the kernel density
estimator for linear random fields with i.i.d. innovations is obtained using a martingale
approximation method (initiated by Cheng and Ho [5]). To our knowledge, [5] and
[4] are the first two papers where a central limit theorem is obtained by martingale
techniques in the spatial context. Since the mixing property is often unverifiable and
might be too restrictive, it is important to provide limit theorems for nonmixing and
possibly nonlinear spatial processes. If d is a positive integer, we consider in this work
a field (X;);czq of identically distributed real random variables with a marginal density

f such that
Xl' =g (gifs; s € Zd) ’ (NS Zd7 (1)

where (g;)ezq are i.i.d. random variables and g is a measurable function. In the one-
dimensional case (d = 1), the class (1) includes linear as well as many widely used
nonlinear time series models as special cases. More importantly, it provides a very
general framework for asymptotic theory for statistics of stationary time series (see [17]
and the review paper [18]). Let (5;)jezd be an i.i.d. copy of (¢;);eze and consider for
any positive integer n the coupled version X of X; defined by X' =g (sf,s; s € Zd)

where € = ;20 + £o Lyj—oy for any j in Z%. Following Wu [17], we introduce
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appropriate dependence measures: let ¢ in Z¢ and p > 0 be fixed. If X; belongs to L,,
we define the physical dependence measure 6;, = || X; — X/||,- In the sequel, we denote
0; for ¢, and we assume that
.\ 5d
> il® 6 < 00 (2)
i€z
where |i| = max;<p<q |ig| for any i = (iy,...,i4) € Z%. We consider the density estimator

of f defined for any positive integer n and any x in R by

f"(x):ndlb ZK( b )

€An

where b, is the bandwidth parameter, A, denotes the set {1,...,n}? and K is a prob-
ability kernel. Our aim is to prove that condition (2) is sufficient for the L; dis-
tance between f, and f to converge to zero in probability (Theorem 1) and for
(n¥b,) Y2 (fr(5) — Efon(2:))1<i<k, (Ti)1<i<k € R¥, k € N*, to converge in law to a multi-
variate normal distribution (Theorem 2) under minimal conditions on the bandwidth

parameter. We consider the following assumptions:
(A1) K is Lipschitzian, with compact support, [K(u)du =1 and [K*(u)du < oc.
(A2) The bandwidth b, converges to zero and nb, goes to infinity.

Theorem 1 Assume that (A1) and (A2) hold. If (2) is satisfied then

n—-+o0o

lim E/R|fn(x)—f(x)|dx:0.

Remark 1. The above convergence result was obtained also by Hallin et al. ([11],
Theorem 2.1) under a more restrictive condition on the bandwith parameter related
to the rate of convergence to zero of the stability coefficients (v(m)),,>; defined by
v(m) = || Xo — Xo||3 where X¢ = E (Xo|H,,) and H,, = o (s, |s| <m) with |s| =
maxi<j<q |sg| for any s = (sq, ..., 84) in Z%. Arguing as in the proof of Lemma 4 below,

one can notice that v(m) < 7., 2.

In order to establish the asymptotic normality of f,,, we need additional assumptions:

(A3) The marginal probability distribution of each X} is absolutely continuous with

continuous positive density function f.

(A4) The joint probability distribution of each (X, X}) is absolutely continuous with

continuous joint density fo .



Theorem 2 Assume that (A1), (A2), (A3) and (A4) hold. If (2) is satisfied then

for any positive integer k and any distinct points x1, ..., xp in R,

fu(x1) = Efp(z1)
: — £ L N(0,T) (3)

n—-+4o0o

(ndbn)l/Q :
fa(zr) — Efn(wr)

where T' is a diagonal matriz with diagonal elements v;; = f(x;) [ K*(u)du.

Remark 2. A replacement of Ef,,(x;) by f(z;) for any 1 <1i < k in (3) is a classical
problem in density estimation theory. For example, if f is assumed to be Lipschitz and
if [o|ul|K(uw)|du < oo then |Ef,(z;) — f(z;)] = O(b,) and thus the centering Ef, (z;)
may be changed to f(x;) without affecting the above result provided that ndb? con-

verges to zero.

Remark 3. If (X;)iczs is a linear random field of the form X; = 3", ;4 a;je;—; where
(aj)jeze are real numbers such that ) ;. a7 < oo and (g;);ez¢ are i.i.d. real random
variables with zero mean and finite variance then &; = |a;|||eo — ;l> and Theorem 2
holds provided that >, . |i| % |a;| < co. Cheng et al. [4] obtained a similar result for
linear random fields under the condition ) jezd \/W < 00 and a condition on the joint
probability distribution of each (X, X), k € Z? which seems to be very restrictive
(see Condition (C2)(ii) in [4]). Finally, Hallin et al. [10] obtained also the same result
when |a;| = O (|j|7) with v > max{d + 3,2d + 0.5} and ndp}?~ oD/ 174D 4666 1o
infinity. So, in the particular case of linear random fields, our condition (2) is more
restrictive than the condition obtained by Hallin et al. [10] but our result is valid for
a larger class of random fields (namely, the class of spatial processes of the form (1))

and under only minimal conditions on the bandwidth (i.e. (A2) holds).

Remark 4. Let (T',),>1 be a sequence of finite subsets of Z¢ such that |I',| goes
to infinity and |OL',|/|I",| goes to zero as n goes to infinity. A carefull reading of the
proof of Theorem 2 shows that the result still hold if the density estimator f,, is defined
for any x in R by

1 z— X;
= K !
zan

and provided that b, goes to zero and |I',|b, goes to infinity as n goes to infinity.
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2 Proofs

In the sequel, for any i = (i1, ...,14) € Z¢, we denote |i| = max;<j<4 |ix| and we consider

the sequence (my,),>1 defined by

3d

1
My = Max § Vn, | | 5 Z |z\% i +1 (4)
™ i >vn,
-1
where v, = [b7*] and [.] denotes the integer part function. The following technical

lemma is a spatial version of a result by Bosq, Merlevede and Peligrad ([1], pages

88-89). Its proof is postponned to the appendix.

Lemma 1 If (2) holds then

1 .\ 5d
my, — 0OQ, mibn — 0 and W Z |’L‘ 2 52 — 0.
non |i]>mn

For any z in R, we denote

Ki(z) =K (Z ;an) , Ki(2) = E(Ki(2)|Fni) and Fry =0 (6i_s; || <my,)  (5)

So, denoting M,, = 2m,, + 1, (K;(z));cz¢ is an M,,-dependent random field (i.e. K;(x)

and K;(7) are independent as soon as |i — j| > M,,).

Lemma 2 For any p > 2, any positive integer n and any (a;);cze in RZd,

(p > a§> " > iy

<

3 i (Ki(x) - Ki(x) ngn

1€EA,

p

Proof of Lemma 2. We are going to follow the proof of Proposition 1 in [9]. For
any i in Z? and any x in R, we denote R; = K;(z) — K;(x). Since there exists a
measurable function h such that R; = h(g;_,; s € Z%), we denote by (5§Z})iezd the
physical dependence measure coefficients associated to the random field (R;);cz¢. Let

7 : Z — 7% be a bijection. For any [ € Z, for any i € Z¢,

PR; = E(R;|F) — E(Ri|Fi-1) (6)
where F; =0 (ET(S); s < l).
Lemma 3 For any | in Z and any i in Z%, we have ||PR;||, < 552(”4}.
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Proof of Lemma 3. Let | in Z and i in Z% be fixed.
PR, = [[E(R:|F) — E(Ri| Fi-)]l,,

[E(Ro|T"Fi) = B(Ro|T"Fia)|| | where T'Fi = o (eT(SH; s <1)
= ||E (¢ (e=o)ucan) ITF) ~E (b ((e=s)ucaniriniera i) ITF) |
< |[h ((e=s)seza) — h ((5fs>s€Zd\{ifT(l)}; 5;(1)—1‘) ,
= (|h ((5i,T(l),s)S€Zd) —h ((EH(l)—s)sezd\{m(z)}; 55) Hp
= || Ri—ry — B+

=5

i—7(1),p

I,

The proof of Lemma 3 is complete. For all i in Z%, R; = > ez PR;. Consequently,

San| =Y aX an| =[S Y wnr

1€EA, p 1€EA, IEZ P IEZ i€Ay
Since (Eze A, aiPlRi) ez 18 @ martingale-difference sequence, by Burkholder inequality,
we have
1 1
2 2\ 2
Y aR| < {20) > aPhR < (20> (Z jail HPzRin> (7)
1€An l€Z |li€An l€Z \i€eA,

p

By the Cauchy-Schwarz inequality, we have

<Z |l HPIRZ-H,,>2 < (Za? HPlRin) X (Z HPzRZ-Hp>

1€An 1€AR 1€AR

and by Lemma 3,

SRR, < Y6,

i€Z4 jezd

So, we obtain

=

<23 63" a2 AR,

p jezd i€An lez

Z aiRz

1€AR

Applying again Lemma 3, for any ¢ in Z¢, we have

Y PR, <45,

leZ jezd



Finally, we derive

Z CLZ'RZ

i€An

. (zp 3 ) S

1€AR i€Z4

p
where

o = i) — Ki(w) = (Kife) = Ki(@)) " [
Since K, = E (K} (2)| Fp;) where Fri; = o (e1_,; |s] <my) and (Ki(z) —Ki(:v))* =
K!(z) — K, (z), we derive 5i7p < 2||K;i(z) — K} (2)||,- Since K is Lipschitzian, we obtain

26,

o < ; (8)

where 9, , = || X; — X[||,- Morever, we have also 52(7’;) < 2||Ko(z) — Ko(2)||p- The proof

of the following lemma is postponned to the appendix.

Lemma 4 For any p > 2, any positive integer n and any x in R,

Ko(e) - Kala)ll, < 2 37 a0

" |j>mn

Applying Lemma 4, we derive

o < TV 2\/_ > G 9)

|7|>mn

Combining (8) and (9), we obtain

n 28
ORAEEE RAALT S

iezd " il>ma " jl>man

The proof of Lemma 2 is complete.

2.1 Proof of Theorem 1

The proof follows the same lines of the proof of Theorem 2.1 in [2]. For any positive

Io= [ 1futa) = sl de

For any positive real A, we have J,, = J,, 1(A) + J,2(A) where

integer n, denote

Jur(A) = /| ) = 5@l and i (4) = / @) = @]



Lemma 5 (Hallin et al. (2004)) For any € > 0, there exists N(¢) > 0 such that
lim, 100 EJp1(A) < € for all A larger than N(g).

Proof of Lemma 5. See Hallin et al. ([11], Lemma 4.1).
Now, Jpa(A) < JU(A) + J2(A) where

J0(4) = / ful@) —Efu(0)|dr and I = / Efu(e) — f(2)] de
2] <A R

Lemma 6 (Carbon et al. (1996)) J,(LZ% goes to zero as n goes to infinity.

Proof of Lemma 6. See Lemma 2.1 of Carbon et al. ([2], p. 159) or Lemma 1 of
Devroye ([7], p. 897)

So, it suffices to show that EJS%(A) goes to zero as n goes to infinity. We consider

where
La(A) = /| Mol =Tl
a(A) = /| @) B @l
La(A) = /| ) B @)l
and

Lemma 7 Let A > 0 be fized. We have

A
vndb,

Proof of Lemma 7. Let n in N* and x in R be fixed. Applying Lemmas 1 and 2, we

El,;(A) = O ( ) Vi € {1,2,3}.

have

_ 8v/2 (5 1
| fulz) = Fu(@)||, < VT (b > ‘Z|25i=0< ’—ndbn)'

[i]>mp



So, we obtain the result for EI,;(A) and EI,3(A). Now, we are going to control
El, 2(A), denoting

then H?n(x) - E?n(:p)H; equals to

1 —2 . - -
—a | "E(Zo(@) + > AN (A = JIE(Zo(2)Z(x))
" FE€Z\{0}
|G1<Mn

where we recall that M,, = 2m,, + 1. The proof of the following lemma is done in the

appendix.

Lemma 8 Let z, s and t be fized in R. Then E(Zi(az)) converges to f(z) [, K*(u)du
and Supiezd\{o} E|Zo<S)ZZ<t)‘ = O(Mn_d)

Consequently,

[7.00) ~ ER @ = O (g + 2 )

nib,,  nib,
The proof of Lemma 7 is complete. Combining Lemmas 5, 6 and 7, we obtain Theorem
1.

2.2 Proof of Theorem 2

Without loss of generality, we consider only the case k£ = 2 and we refer to x; and o
as r and y (r # y). Let A\; and Ay be two constants such that A\? + A\2 = 1 and note
that

M) o) ~ Bf(a)) + 20 2 ) — ) = 3
M8, 2 (F, (1) ~ BT, (1) + Ma(n,) 2(F, ) — BT, () = 3 o
1€EA,

where
and for any z in R,

1 = 1
5 Wilz) —EKi(2)) - and - Zi(z) =




where K;(z) and K;(z) are defined by (5). Applying Lemma 1 and Lemma 2, we know

that
> (Ai-A)

€A,

1
nd/2

S E RO ST (10)

(mdb,,)3/
2 | |>mn

So, it suffices to prove the asymptotic normality of the sequence (n*d/ 2 Y e A, Ai)n> X

We consider the notations
1= @) + 7)o and o = [ 1w (1)
R
The proof of the following technical result is also postponed to the appendix.
Lemma 9 E(Zz) converges to n and Sup;cza (o) E[AA;| = o( M 7).

Let p be fixed in N*. Let ¢ be a one to one map from [1, p] N N* to a finite subset of

Z% and (&;);cze a real random field. For all integers k in [1, p], we denote

k P
&)=Y &y and S5 (&) = &
i=1 i—k

with the convention Sy(0)(§) = S5 (,41)(§) = 0. To describe the set A, = {1,..., n}d, we
define the one to one map ¢ from [1,n% N N* to A,, by: ¢ is the unique function such
that (k) <iex ©(1) for 1 < k < I < n? where <je, denotes the lexicographic order on
Z%. From now on, we consider a field (&;);cz¢ of i.i.d. random variables independent of
(X;)ieza such that & has the standard normal law N(0,1). We introduce the fields YV’
and 7 defined for any i in Z? by

where 7 is defined by (11). Note that Y is an M,-dependent random field where
M, =2m,, + 1 and m,, is defined by (4).
Let h be any function from R to R. For 0 < k < [ < n? + 1, we introduce
hiea (YY) = h(Sp) (Y) 455 (7). With the above convention we have that hy, pa11(Y) =
h(Sew)(Y)) and also hou(Y) = h(Sg;)(7)). In the sequel, we will often write Ay, in-
stead of hy;(Y). We denote by Bf(R) the unit ball of Ci(R): h belongs to Bf(R) if
and only if it belongs to C*(R) and satisfies maxo<j<y [|h? |00 < 1.
It suffices to prove that for all h in B}(R),

E (h (Spme)(Y))) ——— E(h(&v/n))-

n—-+o0o

10



We use Lindeberg’s decomposition:

nd

E (h (Symay(Y)) — h(Sov/m)) = Z E (hgg+1 — hi—1.1) -

k=1
Now,
P 1 — M1 = Mooy — Mot o1 + Pt je1 — Pi—1 -
Applying Taylor’s formula we get that:
1

P k1 — Pe—1 k41 = Yo Mgt g1 + §Yg;2(k)hk71,k+1 + Ry,
and .
k-1 k41 — M—1 ke = _7¢(k)h;c—1,k+1 - §7i(k)h;—1,k+1 + Tk

where [Ry| < Y25 (1A [You)) and [re] < 924 (1A [vpm)))- Since (Y, &)izp) is inde-
pendent of §,), it follows that

/ " n o w
E (%(k)hk—1,k+1> =0 and E <7Z(k)hk—1,k+1> =k (ﬁhk—lJﬁ-l)

Hence, we obtain

d

E (h(SSO("d)(Y)) —h (fo\/ﬁ)) = ZE(Yw(k)h;c—LkH)

k=1
nd h//
2 n k—1,k+1
+) E ((Yw(k)_ﬁ> i )
k=1
d

k=1

Let 1 < k < n? be fixed. Noting that A, is bounded by 4||K||o/v/b, and applying

Lemma 9, we derive o
E|Aq? 1
E[Ry| < 3z 0 (n3db,,)1/?

and

E 3 3/2E 3 1

n3d/2 = p3d/2 n3d/2

Consequently, we obtain

d

c 1 1
SSE R+ = O (G + ) = oD
k=1 "

11



Now, it is sufficient to show

nd "
. ’ n hk—l,k 1
lim (E(Yw(,ﬂ)hkmﬂ) +E ((Yj(k) - —> - )) —0. (12)

n——+oo TLd

On the lattice Z? we define the lexicographic order as follows: if i = (iy, ...,i4) and
j = (j1,...,jq) are distinct elements of Z<, the notation i <., j means that either
iy < jp or for some p in {2,3,...,d}, i, < j, and i, = j, for 1 < ¢ < p. Let the sets
{VF.ieZ ke N*} be defined as follows:

‘/;1 = {.] S Zd7 .] <lex Z}7
and for k > 2

'k:: '1 . d‘ ,_,> »_.: . _. )
Vi=Vin{i €2 fi—jl 2k} where [i—j|= max |ir — jil

First, we focus on EZil E (Yv(k)h;gfl,kﬂ). For all n in N* and all integer k in [1, n,

we define
By = o([LE NN NV and SMp (V)= > Vi
icEMn
For any function ¥ from R to R, we define ‘I’Jk\{"u = \I’(Sﬁg)(Y) + 550 (7) (we are

going to apply this notation to the successive derivatives of the function h). Our aim
is to show that

nd
lim ZE (Yw(k)h;c—mﬂ — Yo <Se0(k*1)(y) - S%Z)(YD h;—l,k-i-l) =0. (13)
k=1

n—-4o00

First, we use the decomposition
Y@(k)h;c—Lk-i—l = Yip(k)h;s]\frll,kJrl + Yw(k) (h;c—l,k—i-l - h;f\ﬁ,ml) .
Applying again Taylor’s formula,
Yw(k)(h;efl,kJrl - h?ﬁ,kﬂ) = Yso(k)(Sso(k—l)(Y) - S%Z)(Y))hgq,kﬂ + R;m
where
| Rl < 20¥500 (Spe—0) (Y) = Sy Y DL A [Spie—ny (Y) = Sy (V).

Since (Y;);eza is M,-dependent, we have
E (Yv(k)hkj\ﬁ,kﬂ) =0

12



and consequently (13) holds if and only if lim,, ZZL E|R,| = 0. In fact, denoting
={-M, +1,... M, —1}¥ and W* = W,\{0}, it follows that

ZE\RM <2E <|A0| (Z A, \) <1/\ # > m))

i€Wn i€EWy
-2 -
iEWE iEW
2 _2 - o
S iR > E@AGA]) +2 ) E[AA]
i€Wn €Wy
SRl AoA ~ o~ 4K s
< Ml S ) +2 3 B s o< WAL,
n i€Wn €W "
-2
SE(A)[K]] J 4K || -
e —OO 2 +1 1 700 Md E A Al
(ndbn)l/Q + + (ndbn)1/2 nie;l\%o} <| 0 |)

=o(1) (by Lemma 9).

In order to obtain (12) it remains to control

k) . U
th Lk+1 ( 2 4 Yoy (Sso(k—n(y) - Sﬁm(y)) - ﬁ)

Let p be the law of the stationary i.i.d. real random field (ex)peze and consider the
projection my from RZ" to R defined by mo(w) = wp and the family of translation
operators (T%),czqa from RZ' to R% defined by (T%(w)); = wiyy, for any k € Z¢ and any
w in R%". Denote by B the Borel o-algebra of R. The random field (g0 T*)eza defined
on the probability space (de,BZd, @) is stationary with the same law as (ex)rpeza,
hence, without loss of generality, one can suppose that (Q, F,[P) = (]de, BZd, p) and
er = mo o T*. Let p be the metric defined for any finite subsets I'; and I'y of Z¢ by
p(I'1,Ty) = min{|i — j|; ¢ € 'y, 7 € I's}. We consider the following sets:
AMn=Lie A, p({i},00N,) > M,} and IM = {1 <i<n?; p(i) € AM},
and the function ¥ from RZ’ to R such that
U(A) = Z(Q) + Z 2A¢A; where W,, = {—M, +1,..., M, — 1}%.
ieVinNW,
For 1 < k < n?, we set D,(C") =n—VoT¥®(A). By definition of ¥ and of the set I}

we have for any k in I}

2

Uo TPH(A) = Ay + 28,0 (Spir—1) (B) = Sy (B)).

13



Therefore for k in IMn

D,(C") n M,
F — m —Y?2 o(k) — 2Y¢(k)(5¢(k 1) ( ) S{p(k ( ))

For any finite subset I' of Z?, we denote by |I'| the number of elements in I'. Since

lim,, ;o n ¢[IM"| = 1, it remains to consider

=K ndzhk 11D

Applying Lemma 9, we have

_2 _
R <|E ndzhk et By —EBQ) ||+ =BG +2 Y E[A4,]

JEVENWny

IN
&=

= th vt (B — EBg) | | +o(1),

it suffices to prove that

== th et By — E(BY))

goes to zero as n goes to infinity. In fact,

Fy< 0 3 () + )

k=1

where

Te(n) = )E (h;M1 k+1 (Zgo(k) E (A )))‘ =0

14



RS V%ﬂ") measurable and

(v
)= [B (s = i) (So — B (30)))

Al —
k(20 > B 5

|i|<Mn
2

since hk Tk 180

K| E(Ay) | 4K]|s 4K
(ndby, )1/2 (ndb,, )1/2 Z;ﬂ |AiAo| since Ay < N a.s
i#0
=0 L. My supiczn oy E([BoAi])
= (ndbn)1/2 (ndbn)1/2

=o0(1) (by Lemma 9).

The proof of Theorem 2 is complete.

3 Appendix

Proof of Lemma 1. We follow the proof by Bosq, Merlevéde and Peligrad ([1], pages
1
88-89). First, m,, goes to infinity since v,, = [bn Qd] goes to infinity and m,, > v,. For

any positive integer m, we consider
Z . 5d
= ‘Z| 2 52
[i]>m

Since the condition (2) holds, we know that (m) converges to zero as m goes to

infinity. Moreover,

mdb, < max {\/a,@/)(vn)l/g + bn} — 0.

n—-+o00o
We have also
md > (1 (mn))? since v, < m,,.

Finally, we obtain

3/QZH §; < /v(my) —— 0.

( db ) i n—+o0

The proof of Lemma 1 is complete.
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Proof of Lemma 4 . We consider the sequence (I',),>o of finite subsets of Z¢ de-
fined by I'g = {(0, ...,0)} and for any n in N*, I, = {i = (iy, ..., iq) € Z%; |i| = n}. The
cardinality of the set T, is |T',,| = 2d(2n + 1)47! for n > 1. Let 7 : N* — Z? be the
bijection defined by

e for any n in N* if [ € |a,,_1, a,] then 7(1) € Ty,
e for any n in N*, if (p, q) € |an_1, an]” and p < ¢ then 7(p) <iex 7(q)

where a, = 377 |Tj| goes to infinity as n goes to infinity. Let (m,)n>1 be the se-
quence of positive integers defined by (4). For any n in N*, we recall that F,, =
o (e_s; |s| < my) (see (5)) and we consider also the o-algebra G, := o (e+(5); 1 <p < n).
By the definition of the bijection 7, for any n in N, 1 < p < a,, if and only if |7(p)| < n.

So, we have G, = F,o. Consequently,

Ko—Ko= > E(Ko|G) —E (Ko|Gi1).

-~

I>am, D,

Since (D;),; is a martingale-difference sequence, we have

1/2

1Ko = Koll, < {20 Y Dl

I>am,

Denoting

r—4g <<€fs)s€Zd\{fT(l)}; 8;(l)>

K, =K
0 bn b

we have

1Dl = IE (KolG) — B (KolGt) llp < 1Ko = Kol

1 ’
< o ||9 ((e=s)seza) — g ((&s)sezd\{—m)}% ffT(z)) Hp
]_ ’
=7 (|9 (Cry-s)sezs) — 9 ((g—ru)—s)sew\{—ﬂl)}; 50) H
1 . O—r(t)p
=0 [ X—r) = X250l = b,



Consequently, we obtain

1/2
— 1 \/2p
1Ko =Kol 5= {20 D oy | <5 D2 i
" I>am, "> ma

The proof of Lemma 4 is complete.
Proof of Lemma 8. For any z in R, we have

EKZ(2) = b, / K2(v) f(z — vb,)dv = O(by,). (14)

R

Let s and ¢ be fixed in R. We have
|E (Ko (5)Ko () —E (Ko(s)Ko(t)) | < [[Ko(s)]l[Ko(t) =Ko (t) |2+ Ko (8) |2 Ko(s) =Ko(s)[|2-

In the sequel, the letter C' will denote constants whose values are not important. Using

(14) and Lemma 4, we have

E (Ro(5)Ro(t)) — E (Ko(s)Kolt) | < ~—— 3 4.

\/E l7|>mn
Since b,|E(Zo(s)Zo(t)) — E(Zo(s)Zo(t)] = |E (Ko(s)Ko(t)) — E (Ko(s)Ko(t)) |, we have
MEE(Z0()Z0(0) ~ B(Zo(s)Zol0)] € s 3 ¥ 6 (19)

m e

Moreover, keeping in mind Assumptions (A2) and (A3), we have

lim biE (Ko (s)Ko(t)) = lim /R K (v)K (w - S) F(s—vby)dv = u(s, t) f(s) / K2 (u)du

(16)

where u(s,t) = 1if s =t and u(s,t) = 0 if s # ¢t. We have also

lim iIEKO(S)EKO(t) = lim bn/ K(v)f(s— vbn)dv/ K(w) f(t — wb,)dw = 0. (17)
n bn n R R
In the other part, let i # 0 be fixed in Z¢. We have

E|Zo(5)Z;(t)] < biE}Ko(s)Ki(t)} + ;E‘Ko(s)} E}Ko(t)}. (18)

Keeping in mind that ||| — |3]| < |a — 8] for any (o, ) in R? and applying the

Cauchy-Schwarz inequality, we obtain
|E[Ko(s)Ki(t)| = E[Ko(s)Ki(t)]] < [[Ko(s)l|2]Ko(t) = Ko(t)l|2+ [Ko(t) |2 Ko(s) —Ko(s) -

17



Using (14) and Lemma 4, we obtain

2 B0 ~ BRI € ot 3 5 (19

‘]|>mn

Since Assumptions (A3) and (A4) hold and M2b, = o(1), we have

]bw—:E}KQ(S)KZ(t)} = Mgbn /V/VR2 }K (wl) K (’wg) ’foﬂ'(s — wlbn,t — wgbn)dwldwg = O(].)
(20)
and
]\j—:E’KO(S)’ E’Ko(t)’ = M%, /]R IK(w)|f(s— ubn)alu/]R |K(v)|f(t — vb,)dv = o(1).
(21)
Combining (18), (19), (20), (21) and Lemma 1, we obtain
ME sup EiZo(s)Z(0)] = of1). (2)

i€Z\{0}

Let z be fixed in R. Choosing s = ¢ = x and combining (15), (16), (17) and Lemma 1,
we obtain E(?é(x)) goes to f(z) [, K*(u)du as n goes to infinity. The proof of Lemma

8 is complete.

Proof of Lemma 9. Let x and y be two distinct real numbers. Noting that

E(A) = ME(Z; (7)) + ME(Z5(y)) + 20 AE(Zo(2) Zo(y))

2

E(&o) = ME(Zo(x)) + ME(Zo(y)) + 201 0E(Zo(2) Zo(v))
and using (15) and Lemma 1, we obtain

lim MYE(A2) — E(A2)| = 0. (23)

n—-+o0o

Combining (16) and (23), we derive that E(K(Q)) converges ton = (A2 f(z) + A2f(y)) [ K*(v)du.
Let i # 0 be fixed in Z?. Combining (22) and

E[AoA;] < NE|Zo(2)Zi(2)[+ME Zo(y) Zi(y) |+ MAEI Zo () Zi(y) [+ M AE| Zo(y) Zi()]
(24)
we obtain M4? SUDP; ez {0} E|A¢A;| = o(1). The proof of Lemma 9 is complete.
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