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Abstract

A general procedure to characterize bivariate absolutely continuous distributions by
using the bivariate failure (hazard) rate function is obtained. The theoretical results
are illustrated by obtaining new characterizations of some probability models includ-
ing the bivariate Gumbel exponential and the bivariate Pareto (Lomax) distributions.

Key words: characterization; bivariate failure rate function; bivariate probability

models.



1 Introduction.

Several characterizations of probability models have been obtained in the last 30
years based on the univariate failure (hazard) rate or mean residual life functions.
For example, it is well known that the exponential distribution is characterized in
the class of absolutely continuous distributions by a constant failure rate (or mean
residual life) function. It is well known that the univariate failure rate uniquely
determines the distribution function, that is, it has all the information about the
probability model. The same holds for the mean residual life. These two functions
are used to describe the aging process in reliability and survival studies (see, e.g.,
Barlow and Proschan (1975)). Recent characterizations based on aging measures can
be seen Belzunce et al. (2004), Navarro and Ruiz (2004a) and Nanda, Bhattacharjee
and Alam (2006,2007).

If X is an absolutely continuous random variable (usually representing the lifetime

of a ‘unit’ or a component in a system) with reliability function R(z) = Pr(X > z)

and density function f(z) = —R’'(x), the univariate failure rate is defined by
f(z) d
= =——MmhR
(o) = H =~ R(a)

for all x such that R(z) > 0.

If (X1, X5) is a random vector (usually representing the lifetime of two ‘units’ or
two components in a system) with absolutely continuous reliability function defined
by R(z1,x2) = Pr(X; > x1, Xy > x9) and density function f(zq,xs), the univariate
failure rate was extended to the bivariate set up by using different ways.

The first one uses the bivariate failure rate function defined in Basu (1971) by

f(xh *IQ)
R([Ehl’g)

r(zy,x0) =

for all (zy,x9) such that R(xy,x2) > 0. Puri and Rubin (1974) characterized a
mixture of exponential distributions by r(x1,z3) = ¢ for z; > 0 and x5 > 0. However,
in general, r does not necessarily determine R. This fact was noted by Yang and

Nachlas (2001), Finkelstein (2003) and Finkelstien and Esaulova (2005).



The second option is to use the hazard gradient defined in Johnson and Kotz

(1975), Barlow and Proschan (1975) and Marshall (1975) by

h(xl, .732) = (hl(xh 132)7 h2(x17 xQ))?

where

0
s, In R(z1, z2)

for i = 1,2 and (z1,x9) such that R(xy,x2) > 0. It is well known that h uniquely
determines R (see Marshall and Olkin (1979) and Shanbhag and Kotz (1987)). Some

hi($1,$2) =

recent characterizations using the hazard gradient were given in Navarro and Ruiz
(2004b), Kotz, Navarro and Ruiz (2007), and Navarro, Ruiz and Sandoval (2007).
This function is also used in Navarro and Shaked (2006) and Navarro, Rychlik and
Shaked (2007) to obtain ordering properties between order statistics and series sys-
tems with dependent components. Shaked and Shanthikumar (1987) gave a dynamic
version of the multivariate hazard function.

The purpose of this paper is to study a general procedure to obtain characteriza-
tions of probability models by using the bivariate failure rate function of Basu (Section
2). The theoretical results are illustrated by some examples of characterizations of

relevant probability models (Section 3). Some conclusions are given in Section 4.

2 The main result.

Let (Xi,X32) be a random vector with absolutely continuous reliability function
R(zy,29) = Pr(X; > x1, Xy > x9), density function f(xy,z5), and bivariate fail-

ure rate
f(xh xQ)
R(.Tl, Z’Q)

for all (z1,z2) such that R(zy,22) > 0. We shall denote the marginal reliability
function of X; by R;(z;) = Pr(X; > ;).

r(zy, x0) =

The main result of the paper is included in the next theorem which proves that the
bivariate failure rate r of Basu (given the marginal distributions) uniquely determines

R under some reasonable assumptions.



Theorem 1. If (X, X3) has support S, R(z1,22) = 1 for a fized point (z1,23) € S
such that [z1,z1 + €) X 22,22 +€) C S for a positive real number €, and In R(xy, xs)
i1s analytical in S, that is, it can be written as

In R(I’l,ZL‘Q) = — Q; 5
=0 j=0

for all (xq1,29) € S, where a;; € R fori =10,1,2,... and j = 0,1,2,..., then the

(21 ; 21)" (22 ;! z)’ (1)

marginal distributions and r uniquely determine R.

Proof. From (1) and R(z1, 22) = 1, we have ago = 0,

> 1 —21)
Ri(21) = R(x1, 23) = exp (— ;%,0%)
and
o _ J
Ry(x) = R(z1,x2) = exp (— Z%,j@j#)
=0 '

for all (z1,x9) € [21,21+¢) X [21,21 +¢), where Ry and Ry are the marginal reliability
functions. Hence, a;( and ag; are known for all = 0,1,2,... and j =0,1,2,...
From (1), the bivariate failure rate function r of (X, X5) defined by

1 0?

R(Il, .172) 8x18x2 R(«'Eh «TQ)

r(zy, xe) =

can be written as

T(ml,xQ) = ( Za” 1512—_211 (1:2—22 ) (Zza” X jZI (:C?j—_zi; )

=0 j=1

i J . .
Il ¥ Zl (I2 - 22) t J
Y 72 (i + 33 () (o)
. 0

for all (z1,22) € S. Therefore, r is also analytical in S and it can be written as

e =303 b, nod “Q;fﬁ

1=0 7=0

for all (x1,22) € S, where

J . .
¢ J
bij = —Qiy1 41 + E (r) (s) Qr j+1—s@it1—r,s (2)



fori=0,1,...and 7 =0,1,...
Thus, if r is known, the coefficients b; ; are known for ¢ = 0,1,... and j = 0,1, ...
Then, from (2),

a1y = —boo + ap1a10

is known.

By induction on k, let us suppose that the coefficients a; ; are known for all ¢ and
j such that i +j < k. Thenif i+ j =k, 7 > 1 and j > 1, using (2), a;; can be
obtained from

=17

1j-1 . .
1—1\ /(5 —1
;= —bi_1 -1+ Z Z < . ) ( < >ar,j—sai—r,s (3)
r=0 s=0
sincer+j—s<i+j—landi—r+s<i1+j5—1.
Therefore, Ry, Ry and r determine R. O

Remark 2. It is well known (see Theorem 1 in Puri an Rubin (1974)) that, if r is
constant, then the distribution of (X1, Xs) is the mizture of exponential distributions

defined by the density

flzy,x0) = a/ooo /000 exp(—uix; — ugx2)G(duy, dus), (4)

where o = 1/E(X1X2) and the probability measure G is concentrated on the set
A = {(ug,uz) : wqug = a,ug > 0,up > 0}. If we suppose that r(x1,x9) = 6 and that
the marginal distributions are exponential with means py and po, then arg = 1/,
ap1 = 1/pa, a1 = —0, a;0 = ap; =0 fori =2,3,... and a;; can be computed from

(3). In the next section we given some new characterizations results.

3 Examples

In this section the theoretical results given in Section 2 are illustrated by some new
characterization results. Firstly, we obtain a characterization of the bivariate Gumbel

exponential distribution.



Example 3. If the marginal distributions are exponential with means pu, and ps and
r s given by

1
016 1022 4 0% 0,
M1 fh2 H1 M2

for x;y > 0 and x9 > 0, where 0 < 0 < 1/(ppa), then a1o = 1/p1, apr = 1/pa,

r(z1,20) =

a0 =ap; =0 fori=2,3,... Therefore,
a1 = —bop + ap1a10 = 0.

Moreover,

g 0
az1 = —big+apia20+aa10=——+—=0
M1

Analogously, a; 2 = 0.
By induction on k, we suppose that a; ; = 0 for all i and j such that 2 <i+j < k.
Then, if i + j = k, from (3), we have

CL272 = —b171 + ail = —92 + 92 =0

and, if (i,7) # (1,1), then

A i1\ (-1
Qi3 = _bz’—l,j—l + Z Z - S Apj—sQi—ys = 0

r=0 s=0
since bi_1j—1 = 0 and either a,;—s = 0 or a;_,s = 0 (note that r +j —s > 1,
i—r+s>1landr+j—s+i—r+s=i+j==k). Hence, (X1, Xs) has the following
reliability function
R(z1, ) = exp (—ﬂ _ 2 9$1$2>
for x1 > 0 and x5 > 0, that is, (X1, X2) has a bivariate Gumbel exponential distri-
bution (see, e.g., Kotz, Balakrishnan and Johnson (2000, p. 351)). In particular, if

0 =0 then X1 and X5 are independent and

1
1 b2

r(zy, x0) = = ri(x1)ra(x2)

for xy > 0 and xo > 0, where r(x;) = 1/p;, i = 1,2, are the marginal (univariate)

failure rate functions. <



The following example shows that the main result can be applied without develop

the series expression for In R.

Example 4. If (X1, X3) is a random vector in the conditions of Theorem 1, then it has
the bivariate Lomaz (Pareto type I1) distribution defined (see, e.g., Kotz, Balakrishnan
and Johnson (2000, p. 382)) by the following reliability function

R(Z’l, .1’2) = (1 + a1 + 05233'2)70

for x1 > 0 and zo > 0, where oy > 0, ag > 0 and 6 > 0 if, and only if, its bivariate

failure rate function is given by
r(z1,29) = 0(0 + Dayas(l 4+ oy + agxs) 2
for x1 >0 and x5 > 0, and the marginal distributions by
Ri(t) = (1 + a;t)™*

fort >0 andi=1,2.

The ‘only if " part can be proved by a straightforward computation of r and R; from

R.
The ‘if " part is obtained from Theorem 1 taking into account that R(0,0) =1 and
In R(zy,22) =0ln(1— T T Qa2
1+ 1T + o
and hence In R and r are analytical for x1 and xo such that cyxy + asxs > 0. |

The following example shows that the main result can also be applied to bivariate

distributions without rectangular support.

Example 5. If (X, X3) is a random vector in the conditions of Theorem 1, then it

has the following reliability function
R(x1,25) = (1 — anwy — )’

for x1 >0 and x9 > 0 such that cyx1 + asxs < 1, where a; > 0, ag > 0 and 6 > 0 if,

and only if, its bivariate failure rate function is given by
r(z1, 1) = 0(0 — Dayas(1 4+ ayzy + asry) 2

6



for x1 > 0 and xo > 0 such that cyxy + asxe < 1, and the marginal distributions by
Ri(t) = (1 — oyt)?

for0<t<1landi=1,2.

The ‘only if " part can be proved by a straightforward computation of r, Ry and Ry
from R.

The ‘if’ part is obtained from Theorem 1 taking into account that R(0,0) =1 and

In R(xy,29) = 0In(1 — a1 — qaws)

and hence In R and r are analytical for x1 and xo such that ayxi + asry < 1. |

4 Conclusions

This paper shows that the bivariate failure rate of Basu (1971) and the marginal
distributions uniquely determine the distribution function under some reasonable as-
sumptions satisfy by the most common bivariate models. Hence, this function can
be seen as a possible extension of the univariate failure rate function to the bivariate
set-up and it can be used to characterize known bivariate models or to obtain new
bivariate models. It is an open question if this property would hold by relaxing some
of the hypothesis included in Theorem 1. It is also an open question to determine
which functions can be the bivariate failure rate functions of bivariate probability

models satisfying the assumptions of Theorem 1.

5 References.

Barlow, R.E. and Proschan, F. (1975). Statistical theory of reliability and life
testing. Holt, Rinehart and Winston, New York.

Basu, A.P. (1971). Bivariate failure rate. J. Amer. Statist. Assoc. 66, 103-104.

Belzunce, F., Navarro, J., Ruiz, J.M. and del Aguila, Y. (2004). Some results on
residual entropy function. Metrika 59, 147-161.

7



Finkelstein, M. (2003). On one class of bivariate distributions. Statist. Probab.
Lett. 65 (1), 1-6.

Finkelstein, M., Esaulova, V. (2005). On the weak IFR aging of bivariate lifetime
distributions. Appl. Stoch. Models Bus. Ind. 21 (3), 265-272.

Johnson, N.L. and Kotz, S. (1975). A vector of multivariate hazard rate. J.
Multivariate Anal. 5, 53-66.

Kotz, S., Balakrishnan, N. and Johnson, N. L. (2000). Continuous Multivariate
Distributions. Wiley, New York.

Kotz, S., Navarro, J. and Ruiz, J.M. (2007). Characterizations of Arnold and
Strauss’ and related bivariate models. J. Multivariate Anal. 98, 1494-1507.

Marshall, A.W. (1975). Some comments on the hazard gradient. Stochastic Pro-
cesses and Their Applications 3, 293-300.

Marshall, A. W. and Olkin, 1. (1979). Inequalities: Theory of Majorization and
its Applications. Academic Press, San Diego, California.

Nanda, A.K., Bhattacharjee, S. and Alam, S.S. (2006). Properties of proportional
mean residual life model. Statist. Probab. Lett. 76 (9), 880-890.

Nanda, A.K., Bhattacharjee, S. and Alam, S.S. (2007). Properties of aging inten-
sity function. Statist. Probab. Lett. 77 (4), 365-373.

Navarro, J. and Ruiz, J.M. (2004a). Characterizations from relationships between
failure rate functions and conditional moments. Comm. Statist. Theory Methods 33
(12), 3159-3171.

Navarro, J. and Ruiz, J.M. (2004b). A characterization of the multivariate normal
distribution by using the hazard gradient. Ann. Inst. Statist. Math. 56, 361-367.

Navarro, J., Ruiz, J.M. and Sandoval, C.J. (2007). Some characterizations of
multivariate distributions using products of the hazard gradient and mean residual
life components. Statistics 41 (1), 85-91.

Navarro, J., Rychlik, T. and Shaked, M. (2007). Are the Order Statistics Ordered?
A Survey of Recent Results. Comm. Statist. Theory Methods 36 (7), 1273-1290.

Navarro, J. and Shaked, M. (2006). Hazard rate ordering of order statistics and
systems. J. Appl. Probab. 43, 391-408.



Puri, P. S. and Rubin, H. (1974). On a characterization of the family of distribu-
tions with constant multivariate failure rates. Ann. Probab. 2, 738-740.

Shaked, M. and Shanthikumar, J.G. (1991). Dynamic multivariate mean residual
life functions. J. Appl. Probab. 28, 613-629.

Shanbhag, D.N. and Kotz, S. (1987). Some new approaches to multivariate prob-
ability distributions. J. Multivariate Anal. 22, 189-211.

Yang, S.C. and Nachlas, J.A. (2001). Bivariate reliability and availability model-
ing. IEEFE Trans. Reliab. 50 (1), 26-35.



