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Abstract

The paper deals with the renewal risk model. A precise large deviation result in the case

of subexponential claim sizes is proved. As a special case, the example of Pareto distributed
claim sizes and inter-occurence times is investigated.
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1 Introduction

In this paper we investigate the precise large deviations for the renewal risk model (total claim
amount process), having the following structure:

AssuMPTION H; The claim sizes Z1, Zo,... form a sequence of independent identically dis-
tributed (i.i.d.) nonnegative random variables with a common distribution function (d.f.)
B(u) = P(Z; < u), which has a finite mean a = EZ; and a finite second moment EZ? < co.

AsSSUMPTION Hs The inter-occurrence times 61 = 11,09 = Ty — 11,03 = T3 — 15, ... are i.i.d.
non-negative random variables with mean 1/ and finite second moment Ef? < oco. In addition,
01,05, ... are mutually independent of 77, Z5, .. ..

In the special case, where 61,60s,... have exponential distribution, this model is called a
Poisson model.

The random variables T3, = Zle 0;, k = 1,2,... constitute a renewal counting process
N(t) = #{k = 1,2,... : T, € (0,t]}, t > 0 with a mean function A(t) = EN(t), for which
A(t) ~ At as t — oo. Define a random walk process S, =Y ,_; Zg, n > 1, Sop = 0.

We are interested in a precise large deviation result for random sums (total claim amount
process) S N(¢) under the assumption that claim sizes’ distribution B is heavy-tailed. A natural
class of heavy-tailed distributions is the class of subexponential distributions. Recall that the
d.f. B(x) on [0, o) is called subexponential and is denoted B € .¥) if the tail B = 1 — B satisfies
equality

lim B * B(u)/B(u) = 2,

uU— 00
where B *x B denotes the Stieltjes convolution of B with itself. The precise large deviations for
random sums Sy (4 in special cases of .7 were studied in Kliippelberg and Mikosch (1997), Tang
et al. (2001) (the tails B are of extended regular variation), Ng et al. (2004) (B has a consistent
variation). They prove that, under corresponding regularity conditions, it holds

P(Sy@ > +aX(t)) ~ AB(z), t— o0

uniformly for = > yA(t) for every v > 0, i.e.

’ P(Sny) > @+ pA(t))
im sup —

-1/ =0. 1.1
aF” x>yA(t) )\(t)B(SC) ( )

For applications of the precise deviation results in insurance and finance see, e.g., Kliippelberg
and Mikosch (1997), Mikosch and Nagaev (1998), among others.
In our paper we prove that, under mild additional assumptions on the subexponential d.f.
of the claim size Z; and on the d.f. of the inter-occurrence time 61, for every nonnegative pu > 0,
the relation
P(Sn( > &+ (a+ p)At) ~ MB(x + pAt), = — o0 (1.2)

holds uniformly for all ¢t € [f(z),yz/Q(z)] in case p > 0, and for all ¢t € [fi(z),o(z/Q(z))]
in case u = 0, where f(x), fi(z) are arbitrary infinitely increasing functions and v > 0 is an
arbitrary positive constant. Note that, in general, the zones of uniform convergence in (1.1) and



(1.2) are different. The relation in (1.2) with respect to x — oo is more natural for studying
the asymptotics of the finite time ruin probabilities, where the initial capital of an insurance
company, x, tends to infinity.

The rest of the paper is organized as follows. Additional assumptions on the distribution B
and on the renewal process N(t), together with the main theorem are formulated in Section 2.
The proof of the theorem is given in Section 3. An example of the Pareto distributed claim sizes
and inter-occurence times is presented in Section 4.

2 Additional assumptions and main result

To formulate our main result we need to introduce some additional notations and assumptions.

Let Q(u) = —log B(u), u € R, be the hazard function of distribution B. We assume also
that there exists a non-negative function ¢ : Ry — Ry such that Q(u) = [ q(v)dv, u € Ry.
The function ¢ is called the hazard rate of d.f. B. Denote by

r = limsup uq(u)/Q(u) (2.1)

U—00

a hazard ratio index.
The next two assumptions A and B are essential for our purposes.

AssUMPTION A The distribution B is subexponential and satisfies the following conditions:

2 if r =0,

1/2; liminf >
r<1/% limin “‘1(“)—{4/(1_7~) if 0.

AssuMPTION B For any positive § > 0 there exists a positive € > 0 such that

Y PIN®)=k)(1+6F -0 as t— oo (2.2)
E>(140) At

REMARK 2.1 Condition (2.2) is satisfied for the Poisson model. Indeed, if N(¢) is the homoge-
neous Poisson process with intensity A, then

S PNO hA+er < Y (/\(1;;6)10’“<I+ 1 1 )

+ 5+
E>(146)t E>(146) Mt 1+90 (1 + 5)

1+5(>\(1+e)t)[(1+5)”]+1<1 1+e <1+e)2 )

S N (S SV 176 " \15s
(1+9)2 1+¢ 1
< (w_e)exp{<5+(1+5)ln1+5>)\t} NTIET)

if € < d. In general case, the verification of Assumption B is more complicated. As conjectured
by Kliippelberg and Mikosch (1997) (see Lemma 2.3 therein) Assumption B can be satisfied if
the following stochastic ordering relation holds:

PO; <u) <P(Ey <u), uelRy,



for some exponential random variable F1, implying

P(N(t) > k) =P(01 +...+ 0, <t) <P(E +...+ Ep <t) = P(N(t) > k), (2.3)

where N (t), t > 0 is a homogenous Poisson process. However, the last inequality is not sufficient
for Assumption B to hold. For example, take i.i.d. Pareto(2) random variables 61,60, .. ., i.e.

P(61>u):(1iu>2, u>0.

Obviously,
POy <u)=1—e 280 <1 — e = P(B; <u), u>0,

where E; ~ Exp(2). Then inequality (2.3) reads as

~ k k+1
P(N(t) > k) < P(N(t) > k) = e2t<(2l§!) + ((2’1 it ). (2.4)

Since A = (Ef;)~! = 1, for fixed 0 < § < 1/2 and every € > 0 we have

V ot ot )F ot)k+1
k>(21;5)tP(N(t) PR = e k>(zl-i:-5)t (( k') ((k: 4)— ! te ‘)(1 +e)*
2 (20 26 _ 2t (2t)21 24 _,
e [Qt]! (1 % 6) e [Qt] [2t]e—[2t]\/[27] (1 + e) 00

by Stirling formula, so that (2.2) does not hold when N () is replaced by N(t). This difficulty
was also noted in Tang et al. (2001, p. 92). The reason for this discrepancy lies in the ”shifted”
set of summation indices. In this example, instead of summation with respect to k > (1 + )2t
(because EN(t) = 2t) as in (2.2), the set of summation indices is k > (1 4 §)t. More precise
verification of (2.2) in the Pareto(3) (5 > 2) case is given in Section 4.

The main result of our paper is the following theorem.

Theorem 2.1 Let assumptions Hi, Ha, A and B be satisfied. Then, for every positive jn > 0,
it holds
P(Sn@) > @+ (a+ p)At) ~ MB(z + pAt)

as x — oo uniformly for allt € [f(x),vz/Q(x)], where f(x) is an arbitrary infinitely increasing
function and v > 0 is arbitrary positive constant. (Note that x/Q(x) is nondecreasing function
for sufficiently large x, see Lemma 3.3 (i).)

The proof of the theorem is given in Section 3. In case y = 0 we have:
Corollary 2.1 Under assumptions Hi, Ha, A and B it holds
P(Sn( > & + aXt) ~ XtB(x),

as x — oo uniformly for all t € [fi(x), fa(x)], where fi(x) is an arbitrary infinitely increasing

function and fa(z) = o(x/Q(z)).



ProoOF. It follows from Theorem 2.1 and Lemma 3.4 that with some fixed positive u

P<SN(t) >z +aXt) > P(SN(t) >z + (a+ p)At)

B(z + pAt)
B(x)

= (1—o0(1))AtB(z) exp{ - /ngthq(u)du}

> (1-o(1)MB(x)

B (1 [ QW
> (1—o0(1))MB(x) <1 Q) u du)
> (1 —0(1)))\153(35)(1 _O<th(x)>)

> (1-o(1)MB(x)

as ¢ — oo and t € [f1(x), fa(x)].

On the other hand, for such fixed positive u, P (SN(t) >z 4 adt) <P (SN(t) > * + (a+ p)At),
where 2* = x — pA\fa(z) = v — 0o(1)z/Q(x) = z(1 — o(1)). Hence, similarly we can obtain that
for sufficiently large x

P(Sni > +axt) < (1+0(1)AB(z" + pAt)

_ . B(a*) B(z* + pt)

< (14 o0(1))AtB(x) 3@ B
< (1+o(1))MB(z)exp Q;‘Z*) (z — 2" + ,u)\t)}
< (1+o0(1))M\B(x)
uniformly for ¢ from interval [fi(x), fa(z)]. O

3 Proof of main theorem

The statement of Theorem 2.1 follows from Theorem 3.1, Lemma 3.3 below and the estimate

PS8 fun{ [ SRS ) < 00

B(z + pAt)

provided 0 < A < 1 and x is sufficiently large.

Theorem 3.1 Under assumptions Hy, Ha, A and B, for every positive 1 > 0, A1, Ay (Ag < 1)

and any domain D C [f1(x),00), where fi(x) is an infinitely increasing function, it holds

Blx + prt(1 — A))

P(Sne > o+ (a+ p)At
(Sn ( ) >§1+A1hmsupsup =

lim sup sup

=00 teD /\tE(:L' + N)‘t) z—0o0 teD B(a; + ,u/\t)
and brs R B
>+ (a+ t B 1—-A
lim inf inf ( N 2 T (a+mA) > 1 — Ay liminf inf (xi' pAL( 2))
z—00 teD )\tB(x + ,u/\t) z—00 teD B(x + u)\t)



The statement of this theorem follows from lemmas 3.1 and 3.4 below.

Lemma 3.1 Let assumptions Hy, Ha, A and B be satisfied and let €(t) be a monotonically
vanishing function satisfying limy . te2(t) = oo. Then for every u >0 and 0 < A < 1

> P(N(t) = k)P(Sk >z + Mu+ a)t) = o(1)tB(z + pAt(1 — A))
[k—\t|>€(t)At

as © — oo uniformly for t € [f3(x),00), where f3(x) is an infinitely increasing function.

Proor. Write

Z P(N(t) = k)P(Sp >z + AMu+ a)t)
|k—At|>e(t) At

— < Z + Z + Z )P(N(t) =k)P(Sy >x+Npu+a)t) =1L+ I+ I3, (3.1)

keD1 ke€Dy keDs

where D1 = [0, (1 — €(t))At), D2 = ((1 + €(t))At, (1 4+ 0)At], D3 = ((1 + 0)At, 00).
First we estimate the therm I;. For this we use the next large deviation result (see Theorem
4.1 of Baltrunas et al. (2004)) and auxiliary Lemma 3.3.

Lemma 3.2 Assume that random variables Z1, Zo, . .. satisfy assumptions Hi and A. Then
P(S, — ES,, > 1) ~nB(1)
as n — oo uniformly for T > t,, where T, is any infinitely increasing sequence satisfying

lim \/n sup Q)

n—00 > T

=0.

Lemma 3.3 Suppose that the hazard function Q(u) satisfies condition r < 1. Then:
(i) Q(u)/u does not increase for sufficiently large u;

(i) for every e > 0 there exists positive u. and c., such that
Qu) < cau't  for u > u,. (3.2)

PrROOF OF LEMMA 3.3. (i) The proof easily follows from the proof of Lemma 2.1 in Baltrunas
(2005).

(ii) We have

;g _wg@)1 _ 1
(o5 Q) = &k = T < -+ 0
for u > u.. Hence,
log Q(u) —logQ(u) = [ (logQ(v))du
< (r+e)/uv dv:(r—&—e)logug,



implying Q(u) < 45 u"™¢ = cu" ¢ for large u. O
Since Q(u)/u does not increase for sufficiently large w, it follows from lemmas 3.2-3.3 and
Assumption A that for ¢t = t(z) € [f2(x), 00),

I < P(Sja—cpyrg >+ (p+a)rt) Z P(N(t) = k)
keDy
~ (1—€e(t)MB(z + pMt + Mae(t)) > P(N(t) = k)
keDy
< MB(x+ pAt) P(N(t) < (1 — €(t))t)
_ \B N =M _ [ te)
= MB(z + pt) P{ v <\ wvar 91}

= o(1)tB(z + pAt) (3.3)

by assumption te?(t) — oo and the central limit theorem for the renewal process (see, e.g.,
Theorem 2.5.13 in Embrechts et al. (1997)):
N(t) =Xt 4
——— — N(0,1). 3.4
VA3tVar 0, (0,1) (34)

Consider the term 5. We can apply the large deviation Lemma 3.2 once again for term I
to obtain, by the dominated convergence theorem, that for t € [f3(z), 00)

I, = Y P(N(t)=kP(S, - ESp >z —ka+ (1 + a)\t)
k€Do
~ Y P(N(t) = k)kB(z — (k — M)a + pAt)
keDo
< Bz —daMt + pAt) > P(N(t) = k)k.
keDo

Let the positive § > 0 be such that da < Ap. Similarly as in the estimate of term I; we have

L < (1+0(1)(1+48)AB(z + pAt(l — A)P(N(t) > (1 + €(t))At)
N(t)— Xt - te2(t)

V3tVar 6 A Var 0
= o(1)tB(x + pAt(1 — A)). (3.5)

< (L4 o)1+ 5)P{ }/\tB(x (1 — A))

Using the property of subexponential distribution B (see, e.g., Lemma 1.3.5 in Embrechts
et al. (1997)) we have that for each € > 0 there exists a constant K (€) such that

P(S, >z) < K(e)(14¢€)"B(z), x> 0.

Therefore, applying Assumption B and taking into account the equivalence of (2.2) to (see
Remark (ii) on p. 296 in Kliippelberg and Mikosch (1997))

S PIN@ =K1 +eF =0,

k>(14+8) At



we obtain

Iy < K(e) ) P(N(t)=k)(1+6"B(@+ Mu+a)t)

keDs
< K(e)B(z+pA) > P(N(t) =k)(1+e)F
keDs
= o(1)B(x + plt). (3.6)
The proof of the lemma follows from (3.1) and the estimates (3.3), (3.5), (3.6). O

Lemma 3.4 Assume that assumptions Hi, Ho and A are satisfied. Then for every positive
>0
Y PN(t) = k)P(Sk >z + A(u+ a)t) ~ MB(x + pAt)
[k—\t|<e(t)At
as x — oo uniformly for t > fq(x), where fy(x) is arbitrary infinitely increasing function,
e(t) = c1logt/\/t and c1 > 0 is any positive constant.

PROOF. Rewrite

Y P(N(t) =k)P(Sk > 2+ A+ a)t)
|[k—Xt|<e(t) At

= E(m + uAt) Z P(N(t) = k)p(z,1)
k—At|<e(t)At

P(Sk >z 4+ AMp + a)t)
Bz — (k — X)a + pAt)’

B(z—(k—Mt)a+plt)
B(z+ult) )
Using Lemma 3.2 we obtain

where p(z,t) =

P(Sk >z + AMp+a)t) = P(Sk—ESg >z —(k— X)a+ ut)

~ kB(z — (k— M)a + pAt) (3.7)
uniformly for |k — M| < e(t)At.
We will show that
lim p(z,t) =1 (3.8)

uniformly for t € [f4(x), 00).
Let (kK — At)a > 0. Then, applying the mean value theorem, rewrite

ple,t) = exp{Qz + pAt) — Q(x — (k — At)a + pAt)} = exp{(k — At)aq(§)} = 1,
where = + Mt(u —e(t)) <z + pAt — (k — At)a < € < x + pAt. By (2.1), we have

9 _ 0
q(f)—Q(g) ¢ §(+)f

for every € > 0 and sufficiently large x. Therefore

ol t) < exp {(r + )k - )\t)an) ! (3.9)



for sufficiently large . The function Q(u)/u does not increase for sufficiently large u. Hence,
by inequality (k — At)a < Mte(t) = Aciv/tlogt, we obtain from (3.9) that

Q(z + M(p — €(t))) Q(A\ut/2)
T M — €(t)) } = o { gt }

o(x,t) < exp {cl (r + €)Vtlogt

for sufficiently large z. Since r < 1/2, we obtain for large ¢

Q(Aut/2)logt logt o logt
\/E ﬁ T f1/2—r—e
by (3.2), choosing € > 0 such that r + ¢ < 1/2. If (k — At)a < 0, the proof of (3.8) is similar.
Hence, by the dominated convergence theorem, we have from (3.7)-(3.8) that

< ce(Aut/2)" e — 0

Z P(N(t) = k)P(Sk > =+ AMp + a)t)
|k— M| <e(t) Mt
~ MB(z + pX)P(IN(t) — M| < e(t)At) ~ AtB(x + pt)

according to relation (3.4). The proof of the lemma is complete. O

4 Example of Pareto distribution

In this section we will show that assumptions Hy, Ho, A and B are satisfied in case of claim sizes
and inter-occurence times having heavy-tailed Pareto distribution. Assume that i.i.d. claim sizes
Z1,Za, ... and inter-occurence times 61, 6, ... have the Pareto(«) and Pareto(() distributions,
respectively:

_ 1 N\« 1 \8
B(u) = P(Z :( ) P(0 :( ) >0
(u) (Z1 > u) TTu (01 > u) T u u >
with & > 2 and 3 > 2. Obviously, assumptions H; and Hy are satisfied and a = EZ; = (a—1)71,
EZ? =2(a—-1)"Ya—-2)", A= (Eh) ' =8-1, E®? =2(8-1)"1(3-2)"L.
It is well-known that Pareto distribution is subexponential. Moreover, in our case Q(u) =
alog(l +u), ¢(u) = a(1+ u)~L, implying

r = limsup ua(u) =0< E and liminfug(u) = a > 2.
Hence, Assumption A is satisfied.
The most complicated is the verification of Assumption B. First we will estimate P(N(¢) >
k) =P(01 + ...+ 0, < t) showing that for £ > (14 6)(8 — 1)t and every ¢ > 0 the following
inequality holds:

0.0k }

P01+ ...+ 0 < 1) < Coggexn { - TSy

(4.1)

where o, is specified in (4.3) below.



The Laplace—Stieltjes transform of d.f. P(6; < u) is

O(s) = /0 e “dP(0; <u) = ﬁ/o (1—ie—u)ﬁ+1 du.

Obviously, é(s) is analytic function for Res > 0. The properties of the Laplace-Stieltjes trans-
form imply

ék(s):/ e *dP(h + ...+ 0 <u) Vs:Res>0,
0

so that the inverse formula gives

o+ioco ets -1 -
0%(s)ds for any o > 0. (4.2)

1
POy + ...+ 0p < 1) = 27“/

—ico S

For any real s > 0 we have
0(s) = / e “dP(#; <u) =1-— sE6; + 0(82E9%)
0

(sg)zexp{—ﬁ-i—O( 21

s
8—1
Therefore, for any real positive s

S cgs

R 2 s s
0(s) < exp{—ﬁ_1+ﬁ’8_1}:exp{—w;(ﬁ_l)}exp{ﬁ_l<2i5—l+%s)}.

Since %5 —1+cgs— —2% < 0, s — 0, there exists a small number o, > 0, such that

A 20,
O(oy) < exp{ - m} (4.3)

From (4.2), for such o, we obtain

1 0o ‘et(a*ﬁy) _ 1’ R )
Py ——=——= |0(ox +iy)|"dy
or | T e

1 00 ‘et(o*—l-iy) o 1’ R

P(91+...+9k§t) <

< — = LR 6)|0(os +iy)|d

e v =L RGO
i et [ 1B+ i)

< . t()',g< 19}6 1 ” d

< g @m0 e [ BT

o Loty [l »
Q —o0 VOZ+Y?

To estimate the integral in (4.4), note that equality (here Re s > 0)

5 g BB+1) /OO e
f(s) =2 -
implies |0(0, + iy)| < |0’Cf1y| \/:;i = and therefore
/ oo+l 4 < o / _ Cbm. (4.5)
—c0 02 —|— y O«

10



For k > (14 6)(8 — 1)t, from (4.4) and (4.5) we obtain

ok 20.(k —1)
Pl +...+ 6, <t) < 2 eXp{(1+6)(ﬂ—l) N (2+5)<ﬁ—1>}

- % exp{ﬁaik1(1i5 N 2—?5)}6}@{(2—#52;(*6—1)}
0.0k
146)(2+6)(3 — 1)}

= 00*75756Xp{—(

which is needed inequality (4.1).
Now we have

040
> PWNO 2R+ <Cosp D <1+f)ke"p{_k (1%)(2”)(&_1)}%0
E>(148)(8-1)t E>(148)(8—-1)t

as t — oo, since
40 log(1 0
1+0)2+0)(B-1) og(lL+¢€) — 1+0)2+0)(B—1)

Therefore, Assumption B is satisfied.

>0, whene]DO.

To conclude the section, we recall that the main theorem of the paper says that, for every
-1 -t
P(SN(t)>$+<ﬂ+M>t>N (/8 ) o, &L — 00,
a—1 (1 +a+ ﬁt)

uniformly for ¢ € [f(z),yz/Inx] with arbitrary infinitely increasing function f(z) and arbitrary

positive p,

positive constant -y.
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