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Caroline Chaux Jean-Christophe Pesquet Nelly Pustelnik '
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Abstract

The objective of this paper is to develop methods for solving image recovery problems subject to
constraints on the solution. More precisely, we will be interested in problems which can be formulated as
the minimization over a closed convex constraint set of the sum of two convex functions f and g, where
f may be non-smooth and g is differentiable with a Lipschitz-continuous gradient. To reach this goal,
we derive two types of algorithms that combine forward-backward and Douglas-Rachford iterations.
The weak convergence of the proposed algorithms is proved. In the case when the Lipschitz-continuity
property of the gradient of ¢ is not satisfied, we also show that, under some assumptions, it remains
possible to apply these methods to the considered optimization problem by making use of a quadratic
extension technique. The effectiveness of the algorithms is demonstrated for two wavelet-based image
restoration problems involving a signal-dependent Gaussian noise and a Poisson noise, respectively.

1 Introduction

Wavelet decompositions [34] proved their efficiency in solving many inverse problems. More recently, frame
representations such as Bandlets [32], Curvelets [11], Grouplets [35] or dual-trees [42, 15] have gained much
popularity. These linear tools provide geometrical representations of images and they are able to easily
incorporate a priori information (e.g. via some simple statistical models) on the data. Variational or
Bayesian formulations of inverse problems using such representations often lead to the minimization of
convex objective functions including a non-differentiable term having a sparsity promoting role [13, 38, 3,
12, 43, 19].

In restoration problems, the observed data are corrupted by a linear operator and a noise which is not
necessarily additive. To solve this problem, one can adopt a variational approach, aiming at minimizing
the sum of two functions f and g over a convex set C' in the transform domain. Throughout the paper, f
and g are assumed to be in the class I'g(#H) of lower semicontinuous convex functions taking their values
in ] — 00, +00] which are proper (i.e. not identically equal to +00) and defined on a real separable Hilbert
space H. Then, our objective is to solve the following:
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Problem 1.1 Let C be a nonempty closed convex subset of H. Let f and g be in To(H), where g is
differentiable on H with a B-Lipschiltz continuous gradient for some 3 € |0, +ool.

Find Iznencl f(z) + g(z).

Problem 1.1 is equivalent to minimizing f + ¢ + tc, where (¢ denotes the indicator function of C| i.e.

0 if e,
Ve eH =<7 '
(Ve ) wl@) {+oo, otherwise.

Up to now, many authors devoted their works to the unconstrained case, i.e. C' = H. So-called thresholded
Landweber algorithms belonging to the more general class of forward-backward optimization methods were
proposed in [28, 5, 22, 9] in order to solve the problem numerically. Daubechies et al. [22] investigated the
convergence of these algorithms in the particular case when g is a quadratic function and f is a weighted
¢p-norm with p € [1,2]. These approaches were put into a more general convex analysis framework in
[20] and extended to frame representations in [14]. Attention was also paid to the improvement of the
convergence speed of the forward-backward algorithm in [7], for some specific choices of f and g. In [45],
an accelerated method was suggested in the specific case of a deconvolution in a Shannon wavelet basis.
Then, a Douglas-Rachford algorithm relaxing the assumption of differentiability of g was introduced in
[18]. In recent works [23, 24], a variational approach, which is grounded on a judicious use of the Anscombe
transform, was developed for the deconvolution of data contaminated by Poisson noise. A modification of the
forward-backward algorithm was subsequently proposed in finite dimension in order to solve the associated
optimization problem. Additional comments concerning this approach will be given in Sections 3.2.2 and
5.4. A key tool in the study of the aforementioned methods is the proximity operator introduced by Moreau

1
in 1962 [36, 37]. The proximity operator of f € T'o(#) is prox,: H — H: x + argmin,ecy 3 ly — z)* + f ().
We thus see that prox, , reduces to the projection Pc onto the convex set C'. The function f in Problem 1.1
may be non-smooth and, actually, it is often chosen as an ¢'-norm, in which case its proximity operator

reduces to a componentwise soft-thresholding [20]. In [19], the authors derived the concept of proximal
thresholding by considering a larger set of non-differentiable convex functions.

The goal of this paper is to propose iterative algorithms allowing us to solve Problem 1.1 when C # H.
The relevance of the proposed methods is shown for image recovery problems where convex constraints on
the solution need to be satisfied.

In Section 2, we start by recalling some properties of the proximity operator. Then, in Section 3 we
briefly describe the forward-backward and Douglas-Rachford methods. As the proximity operator of the
sum of the indicator function of a convex set and a function in T'g(#H) cannot be easily expressed in general,
we propose two iterative methods to compute this operator: the first one is a forward-backward algorithm,
whereas the second one is a Douglas-Rachford algorithm. We also investigate the specific convergence
properties of these two algorithms. In Section 4, we derive two iterative methods to solve Problem 1.1
and their convergence behaviours are studied. Finally, in Section 5, these algorithms are applied to a
class of image recovery problems. In this case, the Lipschitz-continuity property of the gradient of g is
not satisfied in the considered maximum a posteriori criterion. To overcome this difficulty, a quadratic
extension technique providing a lower approximation of the objective function is introduced. Numerical
results concerning deconvolution problems in the presence of signal-dependent Gaussian noise or Poisson
noise are then provided.



2 Some properties of proximity operators

As already mentioned, the proximity operator of t.c + f plays a key role in our approach. Some useful results
for the calculation of prox,,, ; are first recalled. Subsequently, the domain of a function f : H —]—oc, +o0]
is denoted by dom f = {z € H | f(z) < Ho0}.

Proposition 2.1 [18, Proposition 12] Let f € T'g(H) and let C be a closed convex subset of H such that
C Ndom f # @. Then the following properties hold.

(i) (Vo € H), prox;x € C' = prox, ;o = prox;z

(ii) Suppose that H =R. Then

prox, ., y = Pc o prox;. (1)

Note that, the second part of this proposition can be generalized, yielding the following result which
appears also as an extension of [14, Proposition 2.10] when C # H:

Proposition 2.2 Let K be a nonempty subset of N, (or)rex be an orthonormal basis of H and (¢k)kex be
functions in To(R). Set

fiH— ]—00,+00] : x> Zcpk(<x,ok>). (2)
keK
Let
C=(V{zeH | (x,or) € Ci} (3)
keK

where (Ci)rek are closed intervals in R such that (Vk € K) Ci Ndom ¢y, # &.
Suppose that either K is finite, or there exists a subset . of K such that:

(i) K\ L is finite;
(ii) (Vk e L) vr > ¢x(0) =0 and 0 € Cy.

Then,
(Vz e H) prox, o= Z TLOL (4)
keK
where
inf C}, if Prox,, <m7 0k> < inf C},
7, = 4 sup Cf if prox,,, (x,08) > sup Cy, (5)

prox,, <x, ok> otherwise.

Proof. Due to the form of f and C, one can write,
VzeH)  (f+w)@) =D (o +ie,)((z,01).
keK

For every k € K, v + to, € To(R) since ¢y, € To(R) and Cj, is assumed to be a closed convex set having
a nonempty intersection with dom . If K is not finite, in view of Assumption (ii), we have (Vk € L)
ok + e, > (or +ic,)(0) = 0. From [14, Remark 3.2(ii) and Proposition 2.10], it can be deduced that

(Vz e H) ProX; , o = Z (prox(pkﬂck (z, 01)) Ok (6)
keK



On the other hand, since for every k € K, C} is a closed interval in R such that C;, Ndom ¢y # &, it follows
from Proposition 2.1(ii), that

Prox,, 1.c, (. 01) =(Pe, o prox,,)((z, 0r))

inf C, if prox,, (z,0x) < inf Cj,
prox,, (z,ox), if prox,, (z,or) € Cy (7)
sup Cy, if prox,, (z,0x) > sup C.

Combining (6) and (7) yields (4) and (5). O

A function f (resp. convex C) satisfying (2) (resp. (3)) will be said separable. Note that (4) and (5)
imply that (1) holds. However, this relation has been proved under the restrictive assumption that both f
and C are separable. In general, when either f or C is not separable, (1) is no longer valid. Let us give
two simple counterexamples to illustrate this fact.

Example 2.3 Let H = R? and f be the function defined by (Vo € R?) f(z) = %xTAx with A =

(Al ﬁm) where Ag o > 0 and |Aq 2| < Aé/;. Let C = [-1,1]2. This convex set is separable w.r.t.
12 No2a ’

the canonical basis of R2.

Now, set ¥ = 2(A1,2,1+ Aap)". After some calculations (see Appendiz A), one obtains:

e Po(proxsz) = (0,1)7

e prox,, jz = (m, 1) where

2" ’Lf ALQ S [—2,2]
T=<1 if Aj o> 2 (8)
—1 Zf ALQ < —2.

We conclude that (1) is not satisfied as soon as Ay 2 # 0, that is f is not separable.

Example 2.4 Let H = R%. Consider the separable function defined by (Vo = (2™, 2®)T € R?) f(z) =
(1+ A1 2) ()2 4+ (1 — Ay o)(2®)? where 0 < |Ayo| < 1. Let the nonseparable convex set C' be defined by

C={z=©02M)T cR? | max(JzV — 2@, |2V 4+ 23)]) < V2}.
In this case, it is shown in Appendiz B that (1) does not hold.
In summary, for an arbitrary function in T'o(#) and an arbitrary closed convex set, we cannot trust (1)
to determine the proximity operator of the sum of this function and the indicator function of the convex

set. In the next section, we will propose efficient approaches to compute the desired proximity operator in
a general setting.

Other more classical properties of the proximity operator which will be used in the paper are provided
in the sequel.

Proposition 2.5

(i) If f = h+ &(-,z) where h € To(H), € H and k € R, then prox; = prox, (- — k).
(i) If f=h+9| - ||?/2 where h € To(H) and 9 € |0, +o0], then



(a) prox; = prox.g)-14( - /(1+7))
(b) (V(y,2) € H2) (prox,y — prox,z,y — =) > (1 + 9)||prox,y — prox, 2|
¢) prox, is strictly contractive! with constant (1 + )~ L.
f

Proof. Properties (i) and (ii)(a) result from straightforward calculations [20, Lemma 2.6]. (ii)(b) follows
from the fact that prox -1, is firmly nonexpansive [20, Lemma 2.4], i.e.

h ZH2
1+9

(Y(y, 2) € H?) <prox1%9y — Prox_n 2,y — z) > ||proxl$0y — prox
Thus, by using (ii)(a), we have
(Y(y, 2) € H?) <proxfy — Prox;2,y — z>

=(1+9) <pr0xl+ﬂ (1%9) — ProX g (1i19)’ 1119 B 1—i79>
2

2(1+19)‘

o (27) o (59
=(1+9)|prox;y — proxfz||2.
Property (ii)(c) can then be deduced, by invoking the Cauchy-Schwarz inequality:
(Y(y, 2) € H?) (1 +9)|lprox,y — pI‘OXfZ||2 < <pr0xfy — Prox;z,y — z>
< |[proxy — prox;z|[|y — z|.

Recall that a function f € T'o(H) satisfying the assumptions in (ii) is said to be strongly convex with
modulus 9.

Proposition 2.6 [18, Proposition 11] Let G be a real Hilbert space, let [ € T'o(G), and let L: H — G be
a bounded linear operator. Suppose that the composition of L and L* satisfies L o L* = v1d, for some
v € |0,+00[. Then foL € Ty(H) and

prox ., = Id 4+ v~ 'L* o (prox,; —Id) o L. 9)

3 Iterative solutions to the minimization of a sum of two convex
functions

3.1 Forward-backward approach

Consider the following optimization problem, which is a specialization of Problem 1.1:

Problem 3.1 Let f1 and fa be two functions in To(H) such that Argmin f1+ fo # @ and fo is differentiable
on H with a B-Lipschitz continuous gradient for some ( € 10, +00].

Find ;Iélg fi(z) + fa().

As mentioned in the introduction, the forward-backward algorithm is an effective method to solve the
above problem.

LAn operator is strictly contractive with constant 3 if it is 8-Lipschitz continuous and 8 €]0, 1[.



3.1.1 Algorithm [20, Eq.(3.6)]

Let 29 € H be an initial value. The algorithm constructs a sequence (z,)nen by setting, for every n € N,
Tpil = Tn + A (prox%f1 (n — WV f2(xn) + by) + apn — xn) (10)

where 7, > 0 is the algorithm step-size, A, > 0 is a relaxation parameter and a, € H (resp. b, € H)
represents an error allowed in the computation of the proximity operator (resp. the gradient). The weak
convergence of (x,)nen to a solution to Problem 3.1 is then guaranteed provided that:

Assumption 3.1

(i) 0 <y <7< 28" where v = infrenvn and 7 = sup, ey Vn-
(i) (VR eN) 0< A<\, <1.

(iii) ZnGN lan|| < +oo and ZnGN [|bn]| < +oc.

More details concerning this algorithm can be found in [20, 14] and conditions for the strong convergence of
the algorithm are also given in [19]. An additional result which will be useful in this paper is the following;:

Lemma 3.2 Suppose that Assumptions 3.1(i) and (ii) as well as the assumptions of Problem 3.1 hold. If fy
is a strongly convex function with modulus ¥, then the forward-backward algorithm in (10) with a,, = b, =0
converges linearly to the unique solution T to Problem 3.1. More precisely, we have

\4 N || < (1 20y x 11
(meN) o =3 < (1= 7575) llao -3l (11)

Proof. Since Argmin f1 + fo # @ and f; is strongly (thus strictly) convex, there exists a unique minimizer
Z of f1 + fa. Then, T is a fixed point of the forward-backward algorithm in (10) when a,, = b,, = 0. Thus,
we have, for all n € N,

Tpp1 —T=(1=Xp)(Tn — )+ \p, (prox%/f1 (xn — 1V f2(xn)) — prox, ; (T — ’yang(f)))

which yields

[Zn+1 — 2l < (1= An)llzn — 2|
+ )‘anrOX nf1 (xn - ’anfZ(xn)) — Prox, (3? - 'YanQ(%))H

Since f1 has been assumed strongly convex with modulus 1, v, f1 is strongly convex with modulus 7,9 and,
according to Assumption 3.1(i), it is also strongly convex with modulus 7. We deduce from Proposition

2.5(ii)(c) that prox is strictly contractive with constant (1 + ~y9)~'. Hence, we have

Yn f1

~ ~ An ~ ~
lzns1 =2l < (1 = An)llwn =2l + 5 +lﬁllxn = mVifa(wn) =T +mVf2(2)].

Recall that an operator R : H — H is nonexpansive if (V(y,z) € H?) |R(z) — R(y)| < ||z — y|. An
operator T : H — H is a-averaged with « €]0, 1[if T = (1 — a)Id+ «R where R is a nonexpansive operator.

Since fs is a differentiable convex function having a S-Lipschitz continuous gradient with 8 > 0, we
deduce from the Baillon-Haddad theorem [4], that V f2/3 is 1/2-average. As v, €]0,2/8[ , by using [17,
Lemma 2.3], Id — 7,V f2 is %—averaged and it is therefore nonexpansive (see [17, Lemma 2.1(ii)]).



This entails that
|zn — WV fo(2n) = T+ 1wV f2(2)|| < [|zn — 2

and, consequently,

AnyY Ayv

s =3l < (1= 7525 ) lon =31 < (1= 1555 o 31

which results in (11). O

The linear convergence of the forward-backward algorithm was also proved in [8, 16] under different
assumptions.

3.1.2 Computation of prox, .,

Let k > 0 and ¢ be a differentiable function with $-Lipschitz continuous gradient where 5 € ]0, +o0[. Let
C be a closed convex set such that C' # @. Then, for every € H, the determination of prox, .,z can
be viewed as a minimization problem of the form of Problem 3.1. Indeed, by using the definition of the
proximity operator, we have:

1 2
(Vz e H) PTOX,ig 4,0 T = Argmin o ly = z|I” + kg(y) + tc(y)-

Now, we can set f; = % Il. — :c||2 + ¢ and fo = kg. The proximity operator of v, f1 with 7, € 10,400, is
the proximity operator of 2|+ [|? = v, (-, z) + tc, which is straightforwardly deduced from Proposition 2.5(i)
and (ii)(a):

y+%ﬂ). (12)

v —P (
(Vy € H) prox, 1y o T7 o

whereas fs has a k(-Lipschitz continuous gradient. In this case, by setting a,, = b,, = 0 in Algorithm (10),

we get
Ty — kVg(xy) —
(Vn € N) Tnt1l = Tn + An (PC( - %L(l-i-ii n) )) _xn) (13)
with
0<y<ym<y<2e ' (14)

The obtained algorithm possesses the following properties:

Proposition 3.3 Suppose that Condition (14) and Assumption 3.1(ii) hold. Consider the algorithm in
(13) where x € H. Then,

(i) we have:

(VTL € N) ”x’ﬂ - pI'OXLC+Kg(E|| S pn”xo - proxbc+mg‘r|| (15)
where
T (16)
p - 1 + 1 9
(ii) by setting xo = prox,  x, we get:
prox,, v € C = (Vn €N) =z, = prox, ., (17)



Proof. (i) : As fy is strongly convex with modulus 1, (15) is obtained by invoking Lemma 3.2.
(ii) : If xp = prox, ,x € C, then (15) leads to

A\
(Vn € N) [ Zn — Prox, 4,2l < (1 - ﬁ) [|prox, ,& — prox, ., x|l =0 (18)

where Proposition 2.1(i) has been used in the last equality. This shows that (17) is satisfied. O

Remark 3.4

(i) Eq. (15) shows that (xn)nen converges linearly to prox, .. x. Although this equation provides an
upper bound, it suggests to choose A\, and 7y, as large as possible (i.e. N\, = 1 and 7, close to
2k"1371) to optimize the convergence rate. This fact was confirmed by our simulations.

(ii) Proposition 3.3(ii) may appear as a desirable property since Proposition 2.1(i) states that, when
prox,,x € C, prox, . ,,r takes a trivial form. In this case, the convergence is indeed guaranteed
in just one iteration by appropriately initializing the algorithm. Note however that prox, o may not
always be simple to compute, depending on the form of g.

(iii) An alternative numerical method for the computation of prox x would consist of setting f1 = tc

Lctrg
and fo = % Il. — £C||2 + kg in the forward-backward algorithm, so yielding

(Vn € N) Tntl = Tn + A (Pc(xn — Y (kVg(an) + 2 — ) — xn)

with 0 < v <7 < 2(kB +1)~L. It can be noticed that the forward-backward algorithm then reduces to
a projected gradient algorithm [6, Chap. 3., Sect. 3.3.2][1], when A\, = 1. In our experiments, it was
however observed that the convergence of this algorithm is slower than that in (13), probably due to
the fact that prox., s is no longer strictly contractive for the second choice of fi.

3.2 Douglas-Rachford approach

Let us relax the Lipschitz continuity assumption in Problem 3.1 and turn our attention to the optimization
problem:

Problem 3.2 Let g1 and go be functions in To(H) such that Argmin gy + g2 # &. Assume that one of the
following three conditions is satisfied:

(i) dom g, Nint dom g; # .2

(ii) dom g1 Nint dom go # &.

(iii) H is finite dimensional and rint dom g; N rint dom go # <.

Find Izréi?I_ngl (2) + g2(2).

In the statement of the above problem, the notation differs from that used in Problem 3.1 to emphasize
the difference in the assumptions which have been adopted and facilitate the presentation of the algorithms
subsequently presented in Section 4.

The Douglas-Rachford algorithm, proposed in [33, 25], provides an appealing numerical solution to Problem
3.2, as described next.

2The interior (resp. relative interior) of a set S of H is designated by int S (resp. rint S).



3.2.1 Algorithm [18, Eq.(19)]
Set z9 € H and compute, for every m € N,

{zm+é = ProX, g, 2m + bm (19)

Zma1 = Zm + T (PT0X,0g, (2211 — 2m) + A — 21 1)
where k& > 0, (Tjn),,cn I8 a sequence of positive reals, and (@), (resp. (bm),,cn) is a sequence of errors
in H allowed in the computation of the proximity operator of kg1 (resp. £g2).

Then, (2m)men converges weakly to z € H [17, Corollary 5.2] such that prox,,,, z is a solution to Problem 3.2,
provided that:

Assumption 3.5

(i) (Vm e N) 7, €]0,2[ and 3, e Tm(2 — 7o) = +00.

(i) 2menTm(lamll + [[bml]) < +o00.

An alternate convergence result is the following:

Proposition 3.6 Suppose that the assumptions of Problem 3.2 hold. If go is a strongly convex function,
then the Douglas-Rachford algorithm in (19) with inf,,en T > 0, sup,,eny Tm < 2 and ap, = by, = 0 is such
that (zm41/2)men converges strongly to the unique solution to Problem 3.2.

Proof. Let the rprox operator be defined, for every f € I'o(H), by
rprox; = 2prox; — Id. (20)
Let us rewrite the Douglas-Rachford iteration in (19) with a,, = b, =0 as 241 = Simzm, where

Sm = TmProx, . (rprox,, )+ Id — 7, prox,

Kg1 ( Kg2 ) g2

For all (y,y') € H?, we have

1Smy — Smy'[|> = 7 [prox,.g, (rprox,.g,y) — prox,., (rprox,,y")|*
+ 27, <p1"ox,§g1 (rprox,.,,y) — prox, . (rprox,,,4'),y — Tmprox, .,y — y' + Tmproxﬁg2y’> (22)

+ 1y = TmProx,,y — ' + Tmprox,y'||*.

Since kg1 € T'o(H), prox,,, is firmly nonexpansive [20, Lemma 2.4] and, the expression in (22) can be upper

bounded as follows

[1Smy = Smy/[1?

<72 <pr0x (rprox,., y) — prox,.,. (rprox,, y'), 'prox, . y — rprox y'>

—m Kg1 kg2 Kg1 Kg2 ’ Kg2 Kg2

427, <p1r0xw1 (rproxwz y) — prox, . (rproxmng’)7 Y — TmProX,,, Y — y 4 Tmproxﬁgzy’>

+ ||y - TmpI'OXngy - yl + TmproxnggyI”Q

1

which yields after simplifications:

[1Smy = Smy/I” < T (2 — Tm) (Prox,,, (rprox,,,y) — prox,, (rprox,,.y'),y —y')

+ |y — Tmprox,,,y — ¥’ + Tmprox,,,y'[|>.



Using the definition of the operator S, in (21), we thus obtain, after some simple calculations,

1Smy = Sm¢/II> < (2= Tm) (Smy = Sty = ¥') + (T = Dlly — /|17
-2 ( (prox,,,y — prox,. .. v,y —y') — |[prox, v — prongQy’HQ). (23)
Let 6 be the modulus of the strongly convex function g». Then kg is strongly convex with modulus x6 and
Proposition 2.5(ii)(b) states that the following inequality holds:
<pr0xﬁ92y — pI‘OXngy/, Yy — y’> > (kb + 1)||proxn92y — pI'OXngy/HQ,
which combined with (23) leads to
||S’my - Smy/||2+/€07—72n||proxngzy - proxngzy/”z

(24)
< (2 - Tm) <Smy - Smylay - y/> + (Tm - 1)||y - y,||2'

Now, let z be the unique minimizer of g; + g». Hence, Z = prox,
Consequently, by setting y = z,,, and ¢y’ = z in (24), we deduce that

4.7 where 2 is a fixed point of Sy,.

21 = 2l1* + K072 120 3 — 2
< 2= Tm) (Zma1 — 2, 2m — 2) + (Tm — D||zm — 2]|%. (25)
Using the fact that
2 (2m1 = 2, 2m — 2) = lzme1 = 2l° + 2m — 2II* = l2m41 = 2|
(25) can be rewritten as
Tmllzmr1 = 212 + (2 = T l2ma1 = 2ml® + 26077 |20 4 3 — 217 < Tin |2 — 21 (26)

Considering Assumption 3.5, (2—7,) ||2m+1— 2m||? is nonnegative and the left-hand side term of inequality
(26) can be lower bounded, so yielding

T ||Zm+1 — Z||2 + 2'%97-72n||zm+% - 2||2 < Tmllzm — Z||2
Finally, by using the assumption that 7 = inf,,,en 7, > 0, we obtain
omss = 212+ 2687l 3, — 22 < o — 22 (27)

This entails that ||zp41 — 2[|* < ||z — 2]|* and, the sequence (||zm — 2]),,cn being decreasing, there exists
¢ € 10, +o0o[ such that lim,, 40 [|2m — 2| = ¢. In turn, from (27), we conclude that lim,, 1o Zmpl = z,
which shows the strong convergence of (z,,41/2)men to the unique minimizer of g; + g». O

It can be noticed that, although the convergence of the Douglas-Rachford algorithm generally requires
that 7,,, < 2, the strong convergence is obtained under the above assumptions, when 7,,, = 2. The limit case
of the Douglas-Rachford corresponding to 7, = 2 is known as the Peaceman-Rachford algorithm [39, 17].

3.2.2 Computation of prox, .

Let C' be a nonempty closed convex set of H. The Douglas-Rachford algorithm can be used to compute
prox, .. where f € I'g(#H) and v is a positive constant, using again the definition of the proximity operator:

1
(Vo € M) prox,q, e = argmin o [ly - z|? + ee(y) + £ (). (28)

The above minimization problem appears as a specialization of Problem 3.2 by setting g1 = vf and g2 =
sl-= z||* + ¢, provided that one of the following three conditions holds:

10



Assumption 3.7

(i) CNintdom f # @.
(ii) dom fNint C # @.

(iii) H is finite dimensional and rint C' Nrint dom f # @.

Subsequently, we propose to use the Douglas-Rachford algorithm in (19) with a,, = b,, = 0, to compute
the desired proximity operator. Note that both prox,, and prox,, with £ > 0, have to be calculated to
apply this algorithm. In our case, we have

ProX, , = ProX,.

and, similarly to (12),

z+ Kkx
(VzeH) pI“OXHgQZzpc( T )
The resulting Douglas-Rachford iterations read: for every m € N,
. Zm + KT
amey = Pe(0) (20)

Zmal = Zm + Tm (proxmf(sz+% — Zm) — zm+%).
This algorithm enjoys the following properties:

Proposition 3.8 Suppose that one of Assumptions 3.7(i), 3.7(ii) or 3.7(iii) holds. Consider the algorithm
in (29) where x € H, infen 7 > 0 and sup,,cn Tm < 2. Then,

(i) (2m41)men converges strongly to prox,. . sx;
(ii) by setting k =1 and zg = 2prox, ;x — ¥, we get:

prox,jx € C = (Vm€N) z, 1 =prox, . (30)

Proof. (i): As gs is strongly convex with modulus 1, (i) holds by invoking Proposition 3.6.

(ii): Set k =1, 20 = 2prox,;x — x with prox,;z € C. By considering the first iteration of the Douglas-
Rachford algorithm (m = 0), we have z1 = prox, ;v and z; = 2. So, by induction, (Vm € N) Iyl =
prox, sz, which is also equal to prox, .z according to Proposition 2.1(i). O

Remark 3.9

(i) As already observed in Remark 3.4(ii), (30) is a desirable property. It shows that the proposed algorithm
converges in one iteration when prox, yx € C, which appears quite consistent in the light of Proposition

2.1(i).

(ii) Other choices can be envisaged for g1 and g, namely

2
(a) g1 =3I —zlI" +c and g2 = ~f
2
() g1 =35l —zl|” +~f and g2 = ¢

2
(c) g1 =1c and go = 3 ||- — z|" + /.

Nevertheless, the strong convergence of (2py11/2)men in virtue of Proposition 3.6 is only guaranteed
in the third case, whereas Property (30) holds only in the first case (when k =1 and zo = x). The
second case was investigated in [24], where the good numerical behaviour of the resulting algorithm
was demonstrated.

11



3.3 Discussion

Both Algorithms (13) and (29) allow us to determine the proximity operator of the sum of the indicator
function of a closed convex set and a function in I'g(#). The main difference between the two methods is
that, in the former one, the convex function needs to be differentiable with a Lipschitz-continuous gradient,
whereas the latter requires that the proximity operator of the convex function is easy to compute. In
addition, the forward-backward algorithm converges linearly, while we were only able to prove the strong
convergence of the Douglas-Rachford algorithm. As we have shown also, the two algorithms are consistent
with Proposition 2.1(i).

4 Proposed algorithms to minimize f + g + (¢

We have presented two approaches to minimize the sum of two functions in T'o(H). We have also seen that
these methods can be employed to compute the proximity operator of the sum of the indicator function of
a closed convex set C' and a function in I'g(H).

We now come back to the more general form of Problem 1.1, for which we will propose two solutions.
Both of them correspond to a combination of the forward-backward algorithm and the Douglas-Rachford
one.

4.1 First method: insertion of a forward-backward step in the Douglas-
Rachford algorithm

We propose to apply the Douglas-Rachford algorithm as described in Section 3.2, when gy = f and go =
tc + g. If we refer to (19), we need to determine prox, , = prox,, and prox,, = prox,.,,,, where £ > 0.
The main difficulty lies in the computation of the second proximity operator. As proposed in Section 3.1.2,
we can use a forward-backward algorithm to achieve this goal. The resulting algorithm is:

Algorithm 4.1

@ Sety €]0,26 1871, A €]0,1] and « € ]0,400[. Choose (T )men satisfying Assumption 3.5(i).
@ Setm =0, 20=2_1/2€C.

® Set Tm,0 = 2Zm—1/2-

@ Forn=0,...,N,, — 1

a) Choose Yimn € [7,267 187 and A € (A, 1].
b) Compute

— \V4 —
Tmntl = Tm,n + Amon (Pc(xm,n ’Ym,n(f%' g(l’m,n) Zm)) o xmm) .
L+ Ym,n

® Set Zmyl = Tm,N,, -
® Set zmt1 = Zm + Tm (proxﬁf(2zm+% — Zm) — Zm.—&-%)'

@ Increment m (m < m+ 1) and goto 3.

12



Step @ allows us to set the algorithm parameters and Step @ corresponds to the initialization of the
algorithm. At iteration m > 0, Step @ consists of N, > 1 iterations of the forward-backward part of the
algorithm, where possibly varying step-sizes (Vm.,n)n and relaxation parameters (A, ), are used. Finally
Steps ® and ® correspond to the Douglas-Rachford iteration. Here, the error term a,, in the computation
of prox, ; is assumed to be equal to zero but, due to the finite number of iterations N, performed in Step

@, an error by, = Zy41/2 — ProX, 4 ,,%m may be introduced in Step @.

It can be noticed that the forward-backward algorithm has not been initialized in Step ® as suggested by
Proposition 3.3(ii). Indeed, as already mentioned, the computation of prox,,zm would be generally costly.
Furthermore, the initialization in Step ® is useful to guarantee the following properties:

Proposition 4.1 Suppose that Problem 1.1 has a solution and that one of Assumptions 3.7(i), 3.7(ii) or
3.7(iii) holds.

(i) Let £ > 0 and p be given by (16). If inf g(C) > —oo and, for every m € N, the positive integer Ny, is
chosen such that

1/2

o /B (g(z0) — inf g(C)) /2 < ¢ ym=0 (312)
P (L €7 o — 2] S 1 #m>0 )

then, (zm)men converges weakly to z € H such that prox z 1s solution to Problem 1.1.

Lc+trg
(ii) For every m € N, (Zm,n)o<n<n,, (and thus, zp,11/2) lies in C.
Proof. (i): According to Proposition 3.3(i), for every m € N,
(Vn € 4{0,...,Nm}) [@m,n — proxbc+l€gzm|| <P [@m,o0 = proxbc+ﬁgz77L||

and, consequently

”bm” = ”Zm-i-l/Q - prOXLc-I—ngZ’m” < me Zm—1/2 — prOXLC+;§me||' (32)

Let us next show by induction that Conditions (31a) and (31b) allow us to guarantee that

[bmll < p™¢. (33)

e If m =0, we deduce from (32) that
1boll < p™°|[z0 = Prox, . 4 g 2oll- (34)
From the definition of the proximity operator, we have
1 2
(Vx € C) §||z0—x|| + rg(x)
1 2
> §||zo — proxLC+ngo|| + /{g(proxLC+ng0)
1 .
> 2120~ Prox,c g0l + 5 nf g(C)

and, since zg € C,
|z0 — proxLCJr,igzo||2 < 2/{(9(20) — infg(C)).

By combining the latter inequality with (34) and (31a), we conclude that ||b| < &.
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e Now, let us show that (33) holds for m > 0, by assuming that ||b,—1|| < p™ &, Using (32), we have

||bm|| S me (||Zm71/2 - prOXLCJ,-Hme—l + prOXLCJ,-ngan—l - prOXLC+,@gzm||)
< me (”bm*l” + ||pI‘OXLC+,€me71 - prOXLCJrkame”)
<P (11l + 12m—1 = 2ml)

where the nonexpansivity of prox
assumption, we deduce that

Lo+rg Das been used in the last inequality. From the induction

bl < PN (™7 1E + [|2m—1 — 2m )

which, according to (31b), leads to (33).

Then, (33) allows us to claim that Assumption (3.5)(ii) is satisfied since

3 mlllamll + b)) < 261 p) 2.

meN

By further noticing that Assumption 3.7 is equivalent to (i) (dom (tc + g) N intdom f # &), (ii)
(dom f Nint dom (¢ + g) # @) or, (iii) H is finite dimensional and (rint dom f Nrint dom (cc + g) # @), the
conditions for the weak convergence of the Douglas-Rachford algorithm are therefore fulfilled.

(ii): The property can be proved by induction by noticing that x¢9 = z_1/2 € C and that z,, .41 is a
convex combination of x,, , and the projection onto C' of an element of H.O

Egs. (31a) and (31b) constitute more a theoretical guaranty for the convergence of the proposed al-
gorithm than a practical guideline for the choice of N,,. In our numerical experiments, these conditions
were indeed observed to provide overpessimistic values of the number of forward-backward iterations to be
applied in Step @.

As a consequence of Proposition 4.1(ii), in Step ®b), the gradient of ¢ is only evaluated on C. This
means that the assumption of Lipschitz-continuity on the gradient of g is only required on C and therefore,
the algorithm can be applied to the following more general setting:

Problem 4.1 Let C be a nonempty closed convex subset of H. Let f and g be in To(H), where g is
differentiable on C with a B-Lipschitz continuous gradient for some 3 € 10, +oc[.?

Find ;nelél f(x)+ g(z).

Note that, in the latter problem, the function g does need to be finite.

4.2 Second method: insertion of a Douglas-Rachford step in the forward-
backward algorithm

For this method, a different association between the functions involved in Problem 1.1 is considered by setting
fi=1tc+ f and fo = g. Since f; has then a [-Lipschitz continuous gradient, we can apply the forward-
backward algorithm presented in Section 3.1.1. This requires however to compute prox. r = prox, . r,
which can be performed with Douglas-Rachford iterations.

Let us summarize the complete form of the second algorithm we propose to solve Problem 1.1.

3That is there exists an open set containing C' on which g is differentiable with a S-Lipschitz continuous gradient.
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Algorithm 4.2

® Choose sequences (Yn)nen and (Ap)nen satisfying Assumptions 3.1(i) and (ii). Set T €]0,2].
@ Setn=0,xy€C.

® Set xl, =ty — Y Vg(Tn).

!
n*

@ Set zn0 = 2prox%fa:;l —
® Form=0,...,M,—1
Znm + xil)

a) Compute z, ., 1 = Pc( 5

b) Choose T m € [T,2].
c) Compute Zpmi1 = Znm + Tnm (prox%lf(2z7l7m+% — Znm) — Zn’er%)‘
d) If Znm+1 = Zn,m, then goto ®©.

© Set xpy1 =Ty + Ay (zmm+% — ).

@ Increment n (n < n+ 1) and goto .

We see that Step ® consists of at most M,, > 1 iterations of the Douglas-Rachford algorithm described
in Section 3.2.2, which is initialized in accordance with Proposition 3.8(ii). Steps ® and ® correspond to a
forward-backward iteration. Let m,, < M, be the iteration number where the Douglas-Rachford algorithm
stops. The error terms involved in Step ® are a,, = z — ProX, 4., fZn and b, = 0. The properties of
the algorithm are then the following;:

1
n,mp+5

Proposition 4.2 Suppose that Problem 1.1 has a solution and one of the Assumptions 3.7(i), 3.7(ii) or
3.71(iii) holds.

(i) There exists a sequence of positive integers (M,,)nen such that, if (Yn € N) M,, > M,, then, (xn)nen
converges weakly to a solution to Problem 1.1.

(ii) The sequence (xy, )nen lies in C.

Proof. (i): Set p €]0,1[. Let n € N and (2p,m)men be defined by iterating Steps ®a), b) and ¢). By invoking
Proposition 3.8(i), we know that (Zn,er%)meN converges strongly to prox, . ;. This implies that there

exists M,, > 1 such that

(VmeN)  m>M,—1 = |z,p1 —Prox, . s, <p"
If M,, > M,, we deduce that
”a"ﬂ” = ”Zn,mn-‘,-% - prOXLc-‘r’ynf‘r;L” < pn

since either m, = M, — 1 or the algorithm stops in Step ®d) (in which case z, , is a fixed point of
the recursion in Step ®c) and 2, ,, 1 = prox,..,, ;). We therefore have > yllan| < +o0o and the
conditions for the weak convergence of the forward-backward algorithm are fulfilled.

(ii): We have chosen xo in C. In addition, (Vn € N) (z, ;.4 1)m lies in €' and @4 is convex combination

of x,, and z Hence, it is easily shown by induction that (Vn > 1) z, € C. 0O

1.
n,m+§
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Proposition 4.2(i) guarantees that, by choosing M, large enough, the algorithm allows us to solve
Problem 1.1. Although this result may appear somehow imprecise regarding the practical choice of M, it
was observed in our simulations that small values of M,, are sufficient to ensure the convergence.

In addition, as a direct consequence of Proposition 4.2(ii), in Step ®, the gradient of g is only evaluated
on C. This means that, similarly to Algorithm 4.1, this algorithm is able to solve Problem 4.1. In the next
section, we will show that a number of image restoration problems can be formulated as Problem 4.1.

5 Application to a class of image restoration problems

5.1 Context

We aim at restoring an image 7 in a real separable Hilbert space G from a degraded observation z € G. Here,
digital images of size N; x N, are considered and thus G = R with N = Ny Ny. Let T be a linear operator
from G to G modelling a linear degradation process, e.g. a convolutive blur. The image w = Ty (resp.

z = (2)1<i<n) is a realization of a real-valued random vector U = (U(I))lgiSN (resp. Z = (ZW)1<i<n).
The image U is contaminated by noise. Conditionally to U = (u(i))lgiSN € G, the random vector Z
is assumed to have independent components, which are either discrete with conditional probability mass
functions (u 27D =) )i<i<nN, or absolutely continuous with conditional probability density functions which

are also denoted by (
that:

MZ»|ﬁ(i):u<i>)1§i§N' In this paper, we are interested in probability distributions such

(Vie{l,...,N})(Vv e R) oy |ﬁ<"'>zv(z(i)) o< exp (— i (v)) (35)
where the functions (¢;)1<;<n take their values in | — 0o, +00] and satisfy the following assumption.

Assumption 5.1 There exists a nonempty subset I of {1,...,N} and a constant 6 € R such that, for all
ie{l,...,N},
(i) domp; =6, +o0[ ifi € I and, domvp; = [d,4+o00[ if i € I;

(ii) if i € I, then v; is twice continuously differentiable on |6, +oo[ such that inf,g)s oo Yi(v) > —00 and

Its second-order derivative 1! is decreasing and satisfies

lim 47(v) = 0;

v—+00

(ili) of ¢ € I, then there exists a; € [0, +00[ such that (Vv € [0, +0o0]) i (v) = ayv.

From Assumptions 5.1(ii) and (iii), it is clear that the functions (¢;)1<i<n are convex (since (Vi € I)
(Vv €9, +o0[) ¢ (v) > 0) such that

lim v (v) = 400 (36)
v—9
v>0

and they are lower semicontinuous (since (Vi € {1,...,N}) liminf,_,5;(v) > 1;()). Examples of such

functions will be provided in Sections 5.3 and 5.4.
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In addition, a both simple and efficient prior probabilistic model on the unknown image 7 is adopted by
using a representation of this image in a frame [21, 29]. The frame coefficient space is the Euclidean space
H = RX (K > N). We thus use a linear representation of the form:

7=F'T

where F* : H — G is a frame synthesis operator, i.e. vId < F* o F < 7Id with (v,7) € ]0, —&—oo[2 (which
implies that F* is surjective).* We then assume that the vector T of frame coefficients is a realization of a

random vector X with independent components. Each component Y(k) with & € {1,...,K} of X, has a
probability density exp(—a¢x(+))/ fj;o exp(—¢r(n)) dn where ¢y, is a finite function in T'o(R).

Finally, we assume that we have prior information on  which can be expressed by the fact that =
belongs to a closed convex set C' of H. The constraint set C' will be assumed to satisfy:

(TC*")YNdom ¥ # & (37)

where

C* = F'C={Fz|zeC)

and

N
(VU = () cicn € g) T(u) =Y i (u).
i=1

With these assumptions, it can be shown (see [14]) that a Maximum A Posteriori (MAP) estimate of
the vector of frame coefficients T can be obtained from z = (z(’)) by minimizing in the Hilbert space

1<i<N
‘H the function f + g + tc where
K
(Vm = (#®) e € H) f@) =3 gi (™) (38)
k=1
and
g=VYoToF*. (39)

We consequently have:

Proposition 5.2 Let H = RX and G = RY with K > N. Let f and g be defined by (38) and (39),
respectively, where T: G — G is a linear operator. Under Assumption 5.1 and Condition (37), then

(i) f and g are in To(H);

(ii) if f is coercive® or domg N C is bounded, then the minimization of f + g+ tc admits a solution. In
addition, if f is strictly convexr on domg N C, the solution is unique.

Proof. (i): It is clear that f is a finite convex function of H. As the functions (¢;)1<i<ny are in I'g(R), ¥
belongs to I'g(G). In addition, by using (37), we have ran (T o F*) Ndom ¥ # @. This allows us to deduce
that dom g # @ and, therefore, g € T'o(H).

(i1): We have dom f N domg N C # & since dom f = H and (37) shows that domg N C' = dom (¥ o T o
F*) N C # @. Since [ and g are in T'o(H), we deduce that f 4+ g + tc is in To(H).

4The existence of the lower bound implies the existence of the upper bound in finite dimensional case.
5This means that limy| | & 400 f(2) = +00.
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Suppose now that f is coercive. By Assumption 5.1(ii), (Vi € I) inf, g}5 4o00[%i(v) > —00 whereas, due to
Assumption 5.1(iii), (Vi ¢ I) inf,e[5,1o0[¥i(v) = ;0. This implies that inf ¥(G) > —oo and, consequently,
inf g(H) > inf U(G) > —oc0. As aresult, f+ g+ 1c > f+ tc + inf g(H) is coercive. When domg N C is
bounded, f + g + tc also is coercive. The existence of a solution to the minimization problem follows from
classical results in convex analysis [26, Chap. 3, Prop. 1.2].

When f is strictly convex on dom g N C, the uniqueness of the solution follows from the fact that f+ g+ ¢
is strictly convex [26, Chap. 3, Prop. 1.2]. O

Remark 5.3 The function f is coercive (resp. strictly convez) if and only if the functions (¢r)1<p<n are
coercive [14, Prop. 3.3(iii)(c)] (resp. strictly convex).

5.2 Quadratic extension

If we now investigate the Lipschitz-continuity of the gradient of g, it turns out that this property may be
violated since W is not finite. Due to (36), the gradient of g is not even guaranteed to be Lipschitz-continuous
on int dom g.

To circumvent this problem, it can be noticed that, because of Assumption 5.1(ii) and (36), for all ¢ € I,
there exists a decreasing function v; : ]0, +o0o[ —]d, +00[ such that limg_, 4o v;(6) = 6 and

(V0 € 10, +oo[) (Vv €]4, +o0) 0 <9 (v) <0 v >uv(0). (40)

Let us now consider the function gy = ¥y o T o F* with 6 € ]0, +oo[, where

N
(Vu = (u(i))lgz‘gN c g) Vo (u) = Zwe,i(u(i))
i=1
and the functions (1g,;)1<i<n are chosen such that,

QUQ +Ga1(0) v+ Go@) ifielandod—ed) <v<wv(b)

2
(Vv € R) Yo,i(v) = av ifiglandd—e(d) <v<d (41)
¥ (v) otherwise.

Hereabove, € : ]0,+o00[ — ]0,4o00[ is a decreasing function and,

2

(Vel)  Gol0) = vi(wi®) — viO (wil0) + 5 (vi(0))
Gi1(0) = ¢ (vi(0)) — v (6).

For every i € I, the constants (; ¢(6) and ¢; 1(0) have been determined so as to guarantee the continuity of
1g,; and of its first order derivative at v;(6). Consequently, the following result can be obtained:

Proposition 5.4 Suppose that Assumption 5.1 and Condition (37) hold. Then,

(i) (V0 € ]0,4+00[) go € To(H).
(i) (V(Ql,gg) S ]0,+OO[2), 01 <0z = go, <go, <g.
(iii) For every 6 € 10, +oc], if TC* C|6 — €(f), +oo[N, then gy has a Lipschitz-continuous gradient over C
with constant Bp = 0| TF*||* < 6v||T||>.
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(iv) For every 0 € |0, +ocl, if f is coercive or if dom gy N C' is bounded, then the minimization of f+ge+tc
admits a solution. In addition, if f is strictly convex on dom gy N C, then f + gg + tc has a unique
minimizer Tg.

(v) Assume that

(a) limp_ 100 €(@) =0,
(b) TC* C [8,+oo[Y,
(c) f is coercive or C is bounded,
)

(d) f is strictly convex on C.

Then, there exists 0 € 10, +oc[ such that, for every 0 € [0, 400, the minimizer Zo of f + go + tc is
the minimizer of f+ g+ tco.

Proof (i) Since ¥y is defined and continuous on [§ —€(6), +oo[N and, (Vi € {1,...,N}) (Vv €]§ —€(6), +0o0])
p.i(v) > 0, we have Wy € I'g(G). In addition, dom Wy Nran (T o F*) D dom ¥ Nran (1 o F*) # @. Thus,

go € Fo('H)

(ii) As a consequence of (41) and (40), we have, for every i € I,

(Vv €]6,vi(02))  ¥i'(v) > ¥p, ;(v) = b>.

So ¥} — b, ; is a strictly increasing function over |0, v;(62)] and

(Vo €], vi(02)])  Yi(v) — v, (v) < ¥i(vilB2)) — Vi, s (vi(02)) =

which, in turn, shows that ; — 1y, ; is strictly decreasing on ], v;(62)] and
(Vo €]6,vi(02)))  ¥i(v) = Yoy,i(v) > ¥ (vi(62)) — Yosi (vi(62)) =

In addition, we know that, if (i € I and v < §) or (i € I and v < 4), then ¢;(v) = 400 and, if (i € I and
v >v;(f2)) or (i ¢ [ and v > §), then ¥;(v) = 1g,;(v). We deduce that, for all i € {1,..., N}, 1; > thg,
and, therefore g is lower bounded by gg,.

By proceeding similarly, we have, for every i € I,

(Vo € [vi(61), +o0]) Yo,,i(vV) = 1/11( ) = Yo,,i(v)
(Vv €]6 — €(62), vi(61)) Vg, i(v) > ¥, (V)

= (Vweld—e(02),vi(01)])  vp,(v) < %1, (v)

= (Wed—e(b2),vi(01))  vo,i(v) > g, i(v).

In addition,
(Vie{L,....N})(Vv €] —00,0 —€(2)])  veo,,i(v) = +00 > 1g,,i(v)
and

(¥ €0 € 5 — el62), 400 oa(v) = o,a(0).
This shows that Uy, > Wy, and, consequently, gp, > go, -
(iii): As already mentioned, dom ¥y = [§ — €(6), +oo[N. Consider
Op = (TF*)71(]6 — €(0), +oo[N) = {z € H | TF*z €]5 — €(), +oo["}.

Oy is an open set and, as TC* CJd — €(6), +oo[", we have: C' C Oy. In addition, the function gy is
differentiable on Oy and its gradient is [26, Chap. 1, Prop. 5.7]

(Vz € Og)  Vgg(x) = FT*(VUy(TF*z)) (42)
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where

(Vu= (u)1zizn €16 = €(0), +00[Y)  VUe(u) = (¥ (u')), .,y

We have then

(Vu = (D) 1<i<p €]6 — €(8), +0o[V) (Vo = (vD)1<i< €]6 — €(8), +o0[V)
N 1/2
1) - Vo)l = (3 (5.u) — 5 ,(0))

and, by the mean value theorem,
(Vi€ {1, N [0 (u?) = 9, (0D)] < [u® =0 sup [y (6)]
£€]6—€(0),+o0]
< Olu® — @],

This yields
(Vuu €15 — (6), +oo[¥) (Vo €15 — e(6), +oo[V) [ TWo(u) ~ V()] < lu—v]
and, we deduce from (42) that
(V(w.a) € 03)  [Vaole) - Vgola')|| < OITE | — '],

and |[TF* | < | FI?|T|? < 7T

(iv): The proof is similar to that of Proposition 5.2(ii).

(v): In the following, we use the notation: h = f + g+ ¢c and (V0 € |0, +o0[) hg = f + go + tC.

Let (0¢)ren be an increasing sequence of |0, +oo[ such that limg o 6 = +00. As a consequence of (i)
and (ii), (he,)een is an increasing sequence of functions in I'o(H). We deduce from [41, Proposition 7.4(d)]
that (hg,)een epi-converges to its pointwise limit. By using (41) in combination with the facts that (Vi € I)
limg_ 400 v;(0) = 9 and limg_, 4o €(f) = 0, we see that the pointwise limit is equal to h.

Under Assumptions (v)(b) and (v)(c), (¥ € N) hgy, is coercive since C' N domgy, = C. Equivalently,
its level sets lev<, hy, = {x cH ‘ he,(x) < 77} with 7 € R, are bounded. (hg,)een being a sequence of
increasing functions, Usenlev<y, hg, = lev<y, hg, is bounded. As the functions he, with £ € N and h are lower
semicontinuous and proper, [41, Theorem 7.33] allows us to claim that the sequence (Zy,)ren converges to
the minimizer Z of h (by Assumptions (v)(b) and (v)(d), both hg, with £ € N and h have a unique minimizer
due to the strict convexity of f on (C'N domg) C (C' N domgp,) = C and, Propositions 5.2(ii) and 5.4(iv)).
As T € domh, (Vi € I) (TF*Z)® € dom); =0, +oo[, where, for every x € H and i € {1,..., N}, (TF*z)®
denotes the i-th component of vector TF*z. Since lim/_, 1~ Tg, = ¥, we have, for every i € [

(Vn € 10, 400[)(34,,; € N) such that
(MEEN) 2 by, =|TF %)Y — (TF5)] <n
=(TF*%p,)" > mei]?(TF*%)(i) -

minieH(TF*E)(i) )
2

By setting n = > 0 and /,, = max;er £y,;, we deduce that

(VLeN) £>0,= (TFF,) " >uv (43)

§ + miner(TF*2)
B 2

there exists £ > £, such that (Vi € I) v;(6;) < v. By using (41), this implies that (Vi € I) (Vv € [v, +00]),
Yo.,i(v) = ¥i(v). By defining now

D= {zedomg | (Vi € I) (TF*2)? € [v, +oo[}

where v = > 4. In addition, since limy_, 4o 0p = +00 = limy_, 4o max;erv;(0p) = 0,
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we deduce that (Vz € D) hg,(z) = h(x). Moreover, according to Assumption (v)(b), for every ¢ € N, if
i €1,
(TF*%,) " €[5, +o0]. (44)

Altogether, (43) and (44) show that both Zp_ and = belong to D. Consequently, as Tg, = arg mingey ho_(2),
we have: h(Zp,) = ho_(Zo,) < he,(T) = h(Z), which proves that T, = 7.
Considering now 6 € [0, +oo[, from (ii) we get: hg, < hg < h. Thus, h(Z) = he_(Z) < he(Z) < h(Z), which
results in hy(Z) = h(Z), while

(Vx e H) ho(x) > he,(z) > he (T) = h(T).

This allows us to conclude that Zy = = as soon as 6 > 67 = 6.0

Remark 5.5 (i) A polynomial approximation of the objective function was considered in [27] which is
different from the proposed quadratic extension technique.

(ii) As expressed by Proposition 5.4 (i), go (resp. f—+ge—+tc) with @ > 0 constitutes a lower approximation
of g (resp. f+ g+ tc), which becomes closer as 0 increases.

(iii) As shown by Proposition 5.4(iii), the main role of parameter 0 is to control the Lipschitz constant of
the gradient of this approzimation of g.

(iv) At the same time, Proposition 5.4 (v) indicates that this parameter allows us to control the closeness of
the approzimation to a minimizer of the original MAP criterion. This approzimation becomes perfect
when 0 becomes greater than some value 6.

Under the assumptions of Proposition 5.4(iii), the minimization of f+ go +tc with 8 € ]0, +00[ is a problem
of the type of Problem 4.1. Therefore, Propositions 4.1 and 4.2 show that, provided that f is coercive or C'
is bounded, Algorithms 4.1 and 4.2 can be applied in this context. In addition, Proposition 5.4(v) suggests
that, by choosing 6 large enough, a solution to the original MAP criterion can be found. However, according
to Proposition 5.4(iii), a large value of # induces a large value of the Lipschitz constant 8y. This means that
a small value of the step-size parameter must also to be used in the forward iteration of the algorithms,
which is detrimental to the convergence speed. In practice, the choice of 6 results from a trade-off as will
be illustrated by the numerical results.

5.3 First example
5.3.1 Model

We want to restore an image 7 € [0, —|—oo[N corrupted by a linear operator T' : G — G and an additive noise
w € G, having the observation
z=Ty+w=1u-+w.

In addition, the linear operator T is assumed to be nonnegative-valued (in the sense that the matrix
associated to T' has nonnegative elements) and, w = (w®);<,<y is a realization of an independent zero-
mean Gaussian noise W = (W(i)hgigN- The variance of each random variable W) with ¢ € {1,...,N}is
signal-dependent and is equal to o2(@")) where

(Vo € [0, 4+00]) o?(v) =
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with a; € ]0, +o0[. So, the functions (¢;)1<;<n as defined in (35) are, when z(*) # 0,

ai(vfz(i))z .
(WeER)  wi(w) =4 o ifve 0ol
+00 otherwise

and, when z(9 =0,
av  ifv e 0, +o0f

+00 otherwise.

(Vv eR)  i(v) = {

So, provided that z # 0, Assumption 5.1 1is satisfied with 6 = 0 and 1T =
{ief{1,....,N} ‘ 2 # 0} since, for all i € I,

v2 — (2(D)2
(o0, +oo) (o) =a; L E)

)
20y 2(9)2
vl () = 200
We deduce from (40) that, for every i € I,
20[1(2(”)2 1/3
(Vo€ J0,+00))  wi(0) = (o)

5.3.2 Simulation results

Here, T is either a 3 x 3 or a 7 x 7 uniform convolutive blur with ||T'|| = 1. The 512 x 512 satellite image g
(N = 5122) shown in Fig. 1(a) has been degraded by T and a signal-dependent additive noise following the
model described in the previous section with «; = 1 or «; = 5. The degraded image z displayed in Fig. 1(b)
corresponds to a 7 x 7 uniform blur and a; = 1.

A twice redundant dual-tree tight frame representation [15] (v =7 = 2, K = 2N) using symlet filters
of length 6 [21] has been employed in this example. The potential functions ¢, are taken of the form
Xk| - |+ wi|. [P¥ where (xk,wr) € 10, +oo[2 and py € {4/3,3/2,2} are subband adaptive. These parameters
have been determined by a maximum likelihood approach. The function f as defined by (38) is therefore
coercive and strictly convex (see Remark 5.3).

A constraint on the solution is introduced to take into account the range of admissible values in the
image by choosing

Cc* =10,255)". (45)

Due to the form of the operator 7', TC* = C* and Condition (37) is therefore satisfied. Proposition 5.2
thus guarantees that a unique solution = to the MAP estimation problem exists. According to Proposition
5.4(iv), for every 6 € 10, +o0], a unique minimizer Zy of f+ gp+cc also exists which allows us to approximate
Z as stated by Proposition 5.4(v).

Since, for every 6 € ]0,+oc[, TC* = C* C [—€(f),+oo[", Proposition 5.4(iii) shows that gy has a
Lipschitz-continuous gradient over C' and Algorithms 4.1 and 4.2 can be used to compute Zy. The two
algorithms are subsequently tested.

On the one hand, when Algorithm 4.1 is used, the initialization is performed by setting zg = Poz and

we choose x = 60 and 7,, = 1. The projection onto C' = (F*)"'C* is Po = prox, , ,p- which can be
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computed by using Proposition 2.6 with L = F'*. The other parameters have been fixed to A, , = 1 and
Ym.n = 0.995/(k0), in compliance with Proposition 5.4(iii). The convergence of the algorithm is secured by
Proposition 4.1 since Assumption 3.7(i) trivially holds. However, to improve the convergence profile, the
following empirical rule for choosing the number N,, of forward-backward iterations has been substituted
for the necessary Conditions (31a) and (31b):

N,, = inf {n c N* ’ |Tm.n — Tmn—1]| < 77} (46)
with n = 10,

On the other hand, when Algorithm 4.2 is used, the parameters have been chosen as follows : A\, = 1,
Tn,m = 1 and 7, = 0.995/60. The algorithm has been initialized by setting xo = Pcz where the projection
onto C' is computed as described previously. The convergence of the algorithm is ensured by Proposition 4.2.
The number M,, of Douglas-Rachford iterations has been fixed as follows:

M, = inf {m € N* | [|znm — Znm1]l <} (47)
with the same value of 7 as for the first algorithm.

The error between an image y and the original image 7 is evaluated by the signal to noise ratio (SNR)
defined as 201og;, ([[]l/lly — ¥lI)-

Three objectives are targeted in our experiments. First, we want to study the performance of the
proposed approach, using the redundant dual-tree transform (DTT). The results presented in Tab. 1 have
been generated by Algorithm 4.1, but Algorithm 4.2 leads to the same results.

3 x 3 blur 7 x 7 blur

0 0.025 | 0.05 5 7 0.025 | 0.05 5 7
a;=11| SNR | 139 | 16.3 | 16.8 | 16.8 || 10.9 | 11.9 | 12.1 | 12.1
0 0.15 | 0.25 10 12 0.15 | 0.25 10 12
a; =51 SNR | 159 | 18.0 | 18.8 | 188 || 12.6 | 13.3 | 13.7 | 13.7

Table 1: SNR for the satellite image.

As suggested by Proposition 5.4(v), as € increases, the image is better restored. The effectiveness of the
proposed approach is also demonstrated visually in Fig. 1(c) showing the restored image when T is a 7 x 7
uniform blur, o; = 1 and 8 = 0.05. It can be observed that the algorithm allows us to recover most of the
details which were not perceptible due to blur and noise.

Secondly, we aim at comparing the two proposed algorithms in terms of convergence for a given value
of . In Fig. 2, the MAP criterion value is plotted as a function of the computational time for a 7 x 7 blur,
a; =5 and 0 = 0.25. For improved readibility, the criterion has been normalized by subtracting the final
value and dividing by the initial one. It can be noticed that Algorithm 4.2 converges faster than Algorithm
4.1. This fact was confirmed by other simulation results performed in various contexts.

Finally, Fig. 3 illustrates the influence of the choice of the parameter § when Algorithm 4.2 is used for
a 7 x 7 blur and «; = 5. As expected, the larger 6 is, the slower the convergence of the algorithms is. A
trade-off has therefore to be made: 6 must be chosen large enough to reach a good restoration quality but
it should not be too large in order to get a fast convergence.
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Figure 1: Results for a satellite image of the city of Marseille. (a) Original image, (b) degraded image, (c)
restored using a DTT.
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Figure 2: Normalized MAP criterion (Algorithm 4.1 in red and Algorithm 4.2 in blue) versus computational
time (in seconds) (Intel Xeon 4 Core, 3.00 GHz).
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Figure 3: Normalized MAP criterion (for # = 0.25 in green and # = 10 in magenta) versus computational
time (in seconds) (Intel Xeon 4 Core, 3.00 GHz).
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5.4 Second example

5.4.1 Model

In this second scenario, we want to restore an image gy € [0, +oo[N which is corrupted by a linear operator
T : G — G, assumed to be nonnegative-valued and, which is embedded in (possibly inhomogeneous) Poisson
noise. Thus, the observed image z = (z(i))lgig ~ € NV is Poisson distributed, its conditional probability
mass function being given by

@)
(z0) = (eiv)®

(Vi€ {1,...,N}) (Vv € [0, +0o0]) 201

H 2T = exp (— av) (48)

where (a;)1<i<n € ]0, —l—oo[N are scaling parameters.

Consequently, using (35) and (48), for every i € {1,..., N}, we have, when z(?) > 0,

) , (2)
aiv — 20 4 201 (Z—) if v e ]0,4o00[
;0
+00 otherwise

(Vo eR)  i(v) = (49)

and, when z(9 =0,
a;v  ifv €0, +oo]

+00 otherwise.

(Vv € R) Yi(v) = {

As the functions (¢;)1<i<n are defined up to additive constants, these constants have been chosen in (49)
so as to obtain the expression of the classical Kullback-Leibler divergence term [10].

In this context, provided that z = 0, Assumption 5.1 holds with § = 0 and I =
{z’ e{l,...,N} ‘ 20 > 0} since, for all ¢ € T,

(Vo€ ]0,400))  i(v) =i —

We deduce from (40) that, for every i € I,

2(®)

0

(V0 € 10, +o0[) v;i(0) =

Remark 5.6 At this point, it may be interesting to compare the proposed extension with the approach
developed in [24]. The use of the Anscombe transform [2], in [24] is actually tantamount to approzimating
the anti log-likelihood v; of the Poisson distribution by

2
~ 1 ) 3 _ (i) o 3 ;
WoeR) ) = {3V FR=2E0 ) v e ol (50)
+00 otherwise.

The proposed quadratic extension is illustrated in Fig. 4 where a graphical comparison with the Anscombe
approzimation is performed.
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Figure 4: Graph of the function ; (black continuous line) when § = 0, a; = 1, 2(0) = 100. Its quadratic
extension vy ; with § = 0.2 (purple dashed line) and # = 1 (red dashed line) for €(f) = 10716 and its

Anscombe approximation 1@- (cyan continuous line).

5.4.2 Simulation results

Here, T is a 5 x 5 uniform blur with ||T]| = 1. A 256 x 256 (N = 2562) medical image 3 shown in Fig. 5(a)
is degraded by T" and corrupted by a Poisson noise following the model described in the previous section for
various intensity levels. The degraded image z is displayed in Fig. 5(b) when «; = 0.01.

An orthonormal wavelet basis representation has been adopted using symlets of length 6 (v =7 = 1,
K = N). The potential functions ¢ are taken of the same form as in the first example and, the function f
is therefore coercive and strictly convex.

The constraint imposed on the solution is given by C' = (F*)~1C* where C* is defined by (45). Since
TC* = C*, Proposition 5.4(iv) guarantees that a unique minimizer Ty of f + gg + ¢ exists, which has
been computed with Algorithm 4.1. The algorithm has been initialized by setting zg = Pcz and, we have
chosen 7y, ,, = 1.99/(k0), k = 60 and A\, ., = 7, = 1. The number of forward-backward iterations is given
by (46) with n = 10~%. Note that the convergence rate could be accelerated by using adaptive step-size
methods such as the Armijo-Goldstein search [44, 24]. However, the computational time of the step-size
determination should be taken into account.

To evaluate the performance of our algorithm we use the Signal to Noise Ratio defined in Section 5.3.2.
Tab. 2 shows the values of the SNR obtained for different values of «; and 6. As predicted by Proposition
5.4(v), beyond some value of ¢, which is dependent of «;, the optimal value is found. We also compare
our results with those provided by two different approaches. The first one is the regularized Expectation
Maximization (EM) approach (also sometimes called SMART) [10, 31] where the Poisson anti-likelihood
penalized by a term proportional to the Kullback-Leibler divergence between the desired solution and a
reference image is minimized. Its weighting factor has been adjusted manually so as to maximize the SNR
and, the reference image is a constant image whose pixel values has been set to the mean value of the
degraded image. The other approach is the method based on the Anscombe transform proposed in [24] and
discussed in Remark 5.6. For fair comparisons, the method here employs the same orthonormal wavelet
representation, the same functions (¢x)1<k<x as ours and the same constraint set C. It can be observed
that the approach we propose gives good results. However, for high intensity levels (a; > 0.1), the method
based on the Anscombe transform performs equally well in terms of SNR. The restored images are shown
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in Fig. 5, when o; = 0.01 and 8 = 0.001 after 3000 iterations. In spite of an important degradation of the
original image, it can be seen that our approach is able to recover the main features in the image. It can
also be noticed that the image restored by the two methods exhibit different visual characteristics.

Regularized || Anscombe Quadratic extension
Q; EM 6=0.001]6=0005]0=01]0=1]6=5
0.01 6.47 8.24 9.75 9.75 9.75 9.75 | 9.75
0.05 9.01 11.5 11.7 11.9 11.9 11.9 | 11.9
0.1 10.1 12.4 12.0 12.5 12.5 12.5 12.5
1 13.8 15.1 0 10.1 13.7 15.1 | 15.1

Table 2: SNR for the medical image.

6 Conclusion

Two main problems have been addressed in this paper.

The first one concerns the minimization on a convex set C' of a sum of two functions, one of which g
being smooth while the other may be nonsmooth. Such a constrained minimization has been performed by
combining forward-backward and Douglas-Rachford iterations. Various combinations of these algorithms
can be envisaged and the study we made tends to show that Algorithm 4.2 is a good choice. It can be
noticed that adding a constraint on the solution for a restoration problem was shown to be useful in another
work [40], where it appeared that the visual quality of the restored image can be much improved w.r.t. the
unconstrained case, when both restoration approaches are applicable.

The second point concerns the quadratic lower approximation technique we have proposed. This method
offers a means of applying the proposed algorithms in cases when g is differentiable on C' but the gradient
of ¢ is not necessary Lipschitz continuous on C'. By quadratically extending g, the proposed constrained
minimization algorithms can be used. This extension depends on a parameter # which controls the precision
(closeness to the solution of the original minimization problem) and the convergence speed of the algorithm.
As illustrated by the simulations, the choice of this parameter should result from a trade-off. The numerical
results have also shown the efficiency of the proposed methods in deconvolution problems involving a signal-
dependent Gaussian noise or a Poisson noise.

Finally, it may be interesting to note that nested iterative algorithms similar to those developed in this
paper can be used to solve mingcy f + g + h where H is a real separable Hilbert space, f, g and h are
functions in I'o(H) and g is -Lipschitz differentiable.

A Study of Example 2.3

Let p = prox;x and ¢ = prox;,, .x where z € H. Let g be the convex function defined by (Vy € H)

9(y) = % ly — :1c||2 + %yTAy. Consequently, p = (I + A)flx is the minimizer of g on H, whereas ¢ is the

minimizer of g on C. Thus, we can write (Yy € ) g(y) = §(y) + hy where G(y) = 3(y —p) "(I + A)(y — p)
and h, is a function of x. Then, ¢ also minimizes g on C.

In the example, we have chosen x = 2(A19,1 + Aa2) ", which yields p = (0,2) " and Pc(p) = (0,1) .

Let § = (m,1)T. To show that ¢ = §, we have check that ¢ minimizes § on C. A necessary and sufficient
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Figure 5: Results on the medical image. (a) Original, (b) degraded, (c) restored with EM, (d) restored with
Anscombe transform and (e) restored with quadratic extension.
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condition for the latter property to be satisfied [30, p. 293, Theorem 1.1.1] is that

(el (Va@) (-0 >0
where V§(q) = (I + A)(G — p) is the gradient of g at ¢. This is equivalent to prove that
VM, ¥ T eC)  @r—A2)Y —7) + (Aram — Az — (P —1) > 0. (51)
Three cases must be considered:
e when Ao < -2, (yV,yHT € C = yM > —1 = 7 and y? < 1. In addition, we have 27 — A; o =
—2—A12>0and Ag o — A%Q >0=Ajomr—Ayp—1< —A%z — A1 2—1<0. So, (51) holds.

e When A; > > 2, similar arguments hold.

2
e When ALQ € [72,2], 2m — ALQ =0 and ALQ'/T - AQ’Q —1= A;’z - A2’2 —1 S -

shows that (51) is satisfied.

2
Al
2

—1 < 0, which
This leads to the conclusion of Example 2.3.

B Study of Example 2.4

1

Let f be the function defined in Example 2.4. Defining the rotation matrix R = % (1

_11> , this function

can be expressed as

(Vo €R?)  f(x) = f(Ra)

- 1 ALQ
A_<m2 1).

C={zcR® | Rec[-1,1)*} =R"[-1,1]

where f(z) = 12T Az with

In addition,

It can be noticed that [—1,1]? is the separable convex set considered in Example 2.3 whereas f appears as
a particular case in the class of quadratic functions considered in this example (by setting Ag o = 1).
Thus, the proximity operator of f is

(Vo € H) i e~ ol + 1)

x roX ;& = argmin —||x —
PToXy g Vet 2 ) Y
1 -
=argmin | Re — Ry||* + f(Ry) = R prox ;(Rz).

and Pc(prox,x) = RTP[_l,l}z(Rproxfx) =RTP_q 2 (prox];(Rx)). Similarly, we have

(Vo € H) proxX;,, T = RTproqu_L[ilyl]2 (Rx).

So, if z = 2RT(A12,2)"T = V2(2 + A12,2 — A12)T, we deduce from Example 2.3 that Pc(proxsz) =
%(1, —1)" and prox;,, .z = %(1 + 74+ 1,1 —7)", where the expression of 7 is given by (8). It can be
concluded that Po(proxsz) # prox;,, .
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