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Abstract.

This paper deals with the introduction of a decomposition of the deformations of curved thin beams,
with section of order §, which takes into account the specific geometry of such beams. A deformation v
is split into an elementary deformation and a warping. The elementary deformation is the analog of a
Bernoulli-Navier’s displacement for linearized deformations replacing the infinitesimal rotation by a rotation
in SO(3) in each cross section of the rod. Each part of the decomposition is estimated with respect to the
L? norm of the distance from gradient v to SO(3). This result relies on revisiting the rigidity theorem of
Friesecke-James-Miiller in which we estimate the constant for a bounded open set star-shaped with respect to
a ball. Then we use the decomposition of the deformations to derive a few asymptotic geometrical behavior:
large deformations of extensional type, inextensional deformations and linearized deformations. To illustrate
the use of our decomposition in nonlinear elasticity, we consider a St Venant-Kirchhoff material and upon
various scaling on the applied forces we obtain the I'-limit of the rescaled elastic energy. We first analyze
the case of bending forces of order 6 which leads to a nonlinear inextensional model. Smaller pure bending
forces give the classical linearized model. A coupled extensional-bending model is obtained for a class of

forces of order 62 in traction and of order 6 in bending.

I. Introduction

This paper pertains to the field of modeling the deformations of a thin structure who has a curved
rod-like geometry with a few applications to elastic rods. Let us consider a curved rod of fixed length and
with cross sections of small diameter of order §. Let us denote by s3 the arc length of the middle line of the
rod, by nj(s3), n2(s3) two normal vectors of this line and the corresponding coordinates by s = (s1, 2, $3).
In this setting, the aim of this paper is twofold. In a first result, we show that a deformation v of such a rod

can be decomposed as the sum of an elementary deformation and of a residual one as follows (see (I1.2.1)):
(I.1) v(s) = V(s3) + R(s3) (s1m1(s3) + sama(s3)) +0(s).

In the above decomposition, the field V(s3) is the mean of v over each section and R(s3)(s1m1(s3)+s2na(s3))
is the rotation of the same section, meaning that R(s3) € SO(3) (the special orthogonal group i.e. the set of
orthogonal 3 x 3-matrices with determinant equal to 1). The residual field (s) represents the warping of a
section. The main interest of our decomposition is the fact that each term is estimated with respect to § and
the L?-norm of the distance between Vv to SO(3). In order to obtain such decompositions, we first adapt the
proof of the so called ”Rigidity Theorem” established by Friesecke-James-Miiller in [11]. Our improvement

only consists in evaluating the dependence of the quantity which measure the distance from the gradient of

1



a deformation (defined on an open set §2) to SO(3) in terms of two geometrical parameters characterizing 2
(see Theorem I1.1.1). As far as thin structures are concerned, the main interest of this result is the possibility
to slice the considered structure into small pieces for which the two geometrical parameters are uniformly
controlled. This point is particularly helpful for a curved rod with a variable curvature which is the case
investigated in the present paper. This allows to define the elementary deformation as a continuous field
and to derive estimates on V, R, ¥ and on the distance between Vv and R. These estimates first permit to
identify a few known critical orders for the quantity ||dist(Vv, SO(3))||r2 with respect to § (see [15], [19],
[20]). Then, we explicitly investigate two cases namely where [|dist(Vv, SO(3))||p2 is of order 62 and &~
where x is a real number strictly greater than 2. Let us emphasize that the decomposition of v together
with the estimates on V, R, v allow to identify the limit of the Green-Lagrange strain tensor in terms of
the limit of the components of the decomposition of v. Moreover this decomposition of a deformation is, in
some sense, stable with respect to the limit process with respect to ¢, which can be seen as a justification of
this splitting of v.

The second type of results concerns the asymptotic behavior of the deformations of elastic rods when §
goes to 0, assuming that the elastic energy is comparable to ||dist(Vv, SO(3))||3. and more precisely for a
Saint Venant-Kirchhoff’s material. We consider an elastic rod submitted to dead forces (which are assumed
to be volume forces to simplify the computations but this is not essential). We strongly use the decomposition
(I.1) to choose the scaling for the applied forces. In order to obtain an elastic energy of order §2 with x > 2,
we are led to split the forces into two types: order §%~! for the loads with mean equal to 0 over each cross
section and order §* for general loads. We mainly investigate the cases k = 2 and x > 2. Then we also
use our decomposition to identify the limit energy through a I'-convergence argument in both cases. Let us
briefly summarize the obtained results.

In the case k = 2, we obtain a minimization problem which depends only on the fields V and R (and
indeed on the forces and the boundary conditions of the 3D problem) which corresponds to the nonlinear
energy for inextensible rods obtained in [15] and [19]. Moreover if the rod is clamped on one (and only one)
of its extremities, we show that this minimization problem is equivalent to an integro-differential problem
for R and that for small enough forces there is uniqueness of the solution.

In the case k > 2, the limit minimization problem corresponds to the standard linear bending-torsion
energy which is also obtained in the case x = 3 in [15] and [20].

We also examine a situation where the forces satisfy a specific geometrical assumption (which corre-
sponds to pure traction-compression for a straight rod) but are of order §*~! (x > 3) and nevertheless which
leads to an elastic energy of order 62%. We obtain a linear limit model for extensional displacement in the
elastic 1D rod (with an elastic limit energy already derived in the case of a straight rod and a 3D energy of
order 4% in [15] and [20]).

As a general reference on elasticity, we refer to [7] and [3]. A general introduction to the mathematical
modeling of elastic rod models can be found in [2], [24], see also e.g. [1], [16]. For the justification of
rods or plates models in nonlinear elasticity we refer [1], [8], [12], [14], [15], [18], [19], [20], [21], [22], [23].
For a general introduction of I'-convergence we refer to [9]. The rigidity theorem and its applications to
thin structures using I'-convergence arguments can be found in [11], [12], [19], [20]. For the decomposition
of the deformations in thin structures, we refer to [13], [14] and for a few applications the junctions of
multi-structures and homogenization to [4], [5], [6].

The paper is organized as follow. Section II is devoted to introduce the decomposition (I.1) of the
deformations in a thin curved rod and to establish the estimates on V, R, v. In Section III, after rescaling
the rod and the various fields with respect to J, we investigate the limit of the Green-St Venant tensor in the
two cases ||dist(Vv, SO(3))||zz ~ 62 and ||dist(Vv, SO(3))||z2 ~ 6" for k > 2. In Section IV, we consider an
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elastic curved rod made of a St Venant- Kirchhoff ’s material (see IV.1.9). After rescaling the applied forces,
we identify the limit energy (as § goes to 0) through a I'-convergence technique. The I'-limit is a functional
of V and R if kK = 2 and of the displacement field &/ and of an infinitesimal rotation field R A Z if k > 2.
Then, a specific choice of applied forces leads to a linear extentional model. Section V is devoted to give an
equivalent formulation of the limit minimization problem obtained in the nonlinear case k = 2 which leads
to a partial uniqueness result. At least an appendix at the end of the paper details a few technical points

concerning the interpolation between two rotations and a density result.
I1. Decomposition of a deformation in a thin curved rod

In this section, we derive a decomposition of the type I.1 for a deformation v of a curved rod together with the
estimates given in Theorem I1.2.2. In order to obtain these results, we first adapt the proof of the ” Theorem
of Geometric Rigidity” established in [11]. As mentioned in the introduction we essentially evaluate the
dependence of the quantity which measure the distance from Vv to SO(3) in terms of two geometrical
parameters characterizing the domain. This is the object of Subsection I1.1. Then Subsection I1.2 is devoted
to establish the estimates on the terms of the decomposition of v with respect to ||dist(Vv, SO(3))||L2 (see
Theorem I1.2.2). The techniques are similar to the ones developed for small displacements in [13] and [14].
At least, in Subsection I1.3 where the rod is assumed to be clamped at least on one of its extremities, we
deduce estimates of v and Vv in terms of ||dist(Vv, SO(3))||Lz.

II.1. Estimating the constant in the Theorem of Geometric Rigidity

We equip the vector space M,, of n x n matrices with the Frobenius norm defined by

A= Al =

(aij)lgi,jgn’

Recall that an open set 2 of R™ is said to be star-shaped with respect to a ball B(O; R;) if for any z €
B(O; Ry) and any y € Q the segment [z,y] in included in Q.

Theorem II.1.1. Let Q be an open set of R™ contained in the ball B(O; R) and star-shaped with respect to
the ball B(O; Ry), (0 < Ry < R). For anyv € (H'())", there ezist R € SO(n) and a € R" such that

Vo — Rl|(r2)nxn < C||dist(Vv; SO(n 200,
(I1.1.1) {” 220 | dist( (n))]]22 0

||’U —a— R$||(L2(Q))n < CRHdiSt(V’U; SO(H))HLQ(Q),

where the constant C' depends only on n and —.

Proof of Theorem II.1.1. The proof of the %irst inequality in Theorem II.1.1 is identical to the proof of
Theorem 3.1 in [11] if we show that the constants which appear in the three main points of this proof only
depend upon n and " These three main arguments are first an approximation lemma, then a specific
covering of (2 and finally a Poincaré-Wirtinger’s type inequality. In particular, we explicitly construct a
covering of {2 which can be used in the proof of Theorem 3.1 of [11] and which only depends of Rﬂ and n.

1
We begin with the following lemma which just specifies the dependence of the constants in Proposition

A1 of [11].

Lemma I1.1.2. Let n > 1 be an integer and 1 < p < oo be a real number. Let Q be an open set of R™
contained in the ball B(O; R) and star-shaped with respect to the ball B(O; Rl), (0 < Ry < R). There exists
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a constant C = C(n,p, R/R1) such that for any function v € (Wl’p(ﬂ))n and for any real number A > 0
there exists a function w € (W1())" such that

(4) ||vw||(Loo(Q))an < CM\

i zeQ; o) Fw)}| <5
(@) [ze (2) # w()}] )\p/{zGQ;IIIVv(I)|||>>\}

(@i)  ||Vv = Vwl|rr)nxn <C [Vo()[|[Pdx
{zeQ; [[|Vu(2)|[|>A}

[Vo(@)]||Pdz

Proof of Lemma II.1.2. Let us denote by B, = B(O;1) the unit ball of R and set S, = B,. The
proof of Lemma I1.1.2 is given in [11] except what concerns the dependence of the constant in the inequalities
with respect to the geometrical parameter R/R; which will be extensively used in the sequel. We recall the
following result proved in [11] ( Proposition Al; see also Evans and Gariepy [10], Section 6.6.2 and 6.6.3):
there exists a constant Cy which depends on n and p such that for any function v in (Wl’p (Bn))" and for
any real number A > 0 there exists a function @ € (Wh(B,))" such that

IV y@||(poo (B,)ymxn < Cod

B N Co N
[y € B, ; Tw) # @)} §~—/ IVl
(11.1.2) AP iy B (19,5 w) >4}
[[Vyv — Vywl|(1r(B,))nxn < Co/ _ IVyu)ll|Pdy
{Y€Bu; 1|V, 0(y) 11> 3}

Since €2 is, in particular, star-shaped with respect to the origin O, for any direction s of S, the ray issued
from O and with direction s meets the boundary 92 on a unique point P(s). In order to transform the ball
B,, into the set Q, we first introduce the function F from S,, into RT by

Vs € S, F(s) = [|OP(s)]|2,

where ||.||2 denotes the euclidian norm on R”
Now the function G from R” into R™ is defined by

This function G is one to one from R™ onto R™ and maps B, onto §2. Moreover, due to the geometrical
assumptions on {2, the function G is Lipschitz-continuous and satisfies the following inequalities for almost

any y € R”

Cy

G &)
R

(I1.1.3)  RiCr <||IV,G)ll] < RCy, <IVGH @)l < 7, O < det (VyG))| < R"Cy

where the constants C; and Cs depend on n and R/R;. The proof of the above estimates is left to the reader
(see also [13] and [14]).

Let v € (W'P(Q))". We define the function ¥ = vo G which belongs to (W'?(B,))" and we have for almost
any y € B,

V,0(y) = Voo (G(y)) V,G(y).
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Taking into account (II.1.3), we obtain
(I1.1.4) Ry Cs][| Vo (G| < V2l < RC4l[|Vav (G (y)) ]

where C3 and Cy depend on n and R/R;. Using the estimates on the jacobian given by (I1.1.3), we deduce
that

R? RP
Cs—2IV20| P o ionmxn < V4017 wxn < Co=1IVa|?s 1 onmsxn for 1 <p< oo
(11_1.5) SR”” ||(L Q) > || Y ||(L (Bn)) > GR’fH ||(L (Q))nxn =P

C5R1||vmv||(Lao(Q))n><n S ||Vy5||(Lao(Bn))n><n S C6R||VI’U||(LDO(Q))7LX7L

where C5 and Cg depend on n and R/R;. Now we apply the result recalled at the beginning of the proof
so that for any A > 0, setting A\ = C4 R\, there exists a function @ € (Wl’oo(Bn))n such that (II1.1.2) holds
true. Let us set w = @ o G~ which belongs to (W>(Q))". Thanks to (IL.1.2) and (IL.1.5) we have

_Coh _GCiR
— Cs5Ry Cs Ry

||vmw||(Loo(Q))n><n
and 7) is proved. We use (I1.1.3) and (II.1.4) to obtain
HzeQ; v(x) #wk)}| <CoR{y € Bn ; U(y) #w(y)}|

Cocan - 0002 R" 1
sf/ IVl < 25
N JyeBn 1IV,5 )13 1 BT AY e ||| Vav@)l1>4)

IV ()| |Pde
and 1) is established. Now we prove iii). We have for A and w satisfying i) and ii)

/Q IVev(z) = Vaw()|[[Pde = / IVav(2) = Vaw(a)||[Pde <27 {IVzo@)[[[” + V2w (@)|[P }da

vFEW vFW

< 2p/ [WPdz 4 |||V w(@)||]P Yo + 2p/ 1V a0()|[[Pda
vF#wW [[[Vo(z)|[|[>X\

< c/ Nz + 2?/ 1Va0(@)|[Pdz < C 1V o0(2)||[Pdz
vAW [V zv(@)]][>A [Vzv(x)]]|>A

Finally we obtain
V0 — Vo]l goayyen < C / IVa0(@)]|[Pdz,
{zeQ; ||| Vev(z)|||>N}

where the constant depends on n, p and R/R;. This concludes the proof of Lemma II.1.2. r

We now turn to the second argument in the proof of Theorem I1.1.1, namely the specific covering of .
In the following we construct a covering Q of Q with cubes of the type Q(a,r) = a+]—r,r[*, r > 0 satisfying
the following properties:

* for every Q(a,r) € Q, the cube Q(a,2r) is included in £,

R
* there exists a constant C’(n, R—) such that
1

(I1.1.6) Vz € Q(a,r) € Q, r < distoo(x,00) < C(n, Rﬂ)r,
1



* there exists a finite integer N(n) such that for every cube Q(a,r) of the covering Q, the number of

cubes of the type Q(b,2r’) which meet Q(a,r), where Q(b, ") belongs to Q, is at most N(n).
Ry

2i3\/n

For i € Nand k € N, we set r; = and

Ry = {a €™ | a=ry (in,in,. .. in), ip€Zand odd}.

The covering Q of € is constructed by induction as follows :
* consider all the cubes Q(a,rg), a € Ro, such that Q(a,2ry) C Q and denote by Qp the family of these

cubes Q(a,r9) and by Uy = U Q(a,ro),

Q(a,ro)€Qo -
*in step k > 1, consider the cubes Q(a, ), a € Ry, such that Q(a,rr) C Q\ Uy U...UU_1 and such that
Q(a,2r;) C Q, and denote by Qy the family of these cubes Q(a,r) and by Uy = U Qa,ry).

Q(a,rk)€EQk
We denote by Q the countable family of all the cubes constructed through the above process.

The above explicit construction permits to show that the covering Q verifies the required properties (as an

example we can take C'(n, %) = 5\/5}% and N(n) = 2"+3).

As far as the third argument in the proof of Theorem 1.2.1 is concerned, we now recall the following
Poincaré-Wirtinger’s inequality (see [13] for a proof and various applications). Since € is contained in the

ball B(O; R) and is star-shaped with respect to the ball B (O; Rl), there exists a constant C' which depends
R
on n and i such that for any ¢ € H(Q) (see [13])
1

(I1.1.7) [0 — M(®)||L2() < CllpVol|(L2))n

where M(¢) is the mean of ¢ over Q and p(z) = dist(z, 9Q). Using Lemma I1.1.2, the specific covering of
described above and the Poincaré-Wirtinger’s inequality (II.1.7) permit to reproduce the proof of Theorem
3.1 in [11] in order to obain the first estimate of our Theorem II.1.1 with a constant which depends only on
n and Rﬂ To end the proof, we apply inequality (11.1.7) to the field v(z) — Ra and we use the first estimate

1
in Theorem II.1.1. L

I1.2. Decomposition of the deformation in a curved rod. Estimates

11.2.1. The geometry

Let us introduce a few notations and definitions concerning the geometry of a curved rod (see [13], [14]
for a detailed presentation).

Let ¢ be a curve in the euclidian space R3 parametrized by its arc length s3. The current point of the
curve is denoted M (s3).

We suppose that the mapping s; — M (s3) belongs to (C%([0, L]))3 and that it is one to one. We have

aM

— =t tly =1
et Il =1,

where || - ||2 is the euclidian norm in R3.
Let n; be a function belonging to (C*([0, L]))3 and such that

Vss €0, L], Ini(ss)]l2 =1 and t(s3) -ni(s3) =0.
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We set
ny = t A n;.

In the sequel, w denotes a bounded domain in R? with lipschitzian boundary (while obviously, @ denotes

the closure of w). We choose the origin O of coordinates at the center of mass of w and we choose the coor-

dinates axes (O;e;1) and (O;ez) as the principal axes of inertia of w, so that / r1dx1drs = / Todx1dre =
w

w

x1Todx1dry = 0. The reference cross-section ws of the rod is obtained by transforming w with a dilatation
w
of ratio § > 0 and we set

Q(g = wg X (O,L)
Introduce now the mapping ® : R? x [0, L] — R? defined by
D : (s1,82,83) —> M(s3) + s1mni(s3) + sana(ss)

There exists §o > 0 depending only on ¢, such that the restriction of ® to the compact set Q5 is a C'—

diffeomorphism between Qs and ®(Qs). Moreover, there exists two positive constants ¢ and ¢; such that
V6 € (0,60, Vs €y, e <||IVe(s)||| < e
Definition II.2.1. For § € (0,d¢], the curved rod Ps is defined by
Ps = 0(s).

The cross-section of the curved rod is isometric to ws. In Ps, the point M(s3) is the center of gravity of
the cross-section ®(ws X {s3}) and the axes of direction nj(s3) and ns(s3) are the principal axes of this

cross-section.

Notation. Reference domains and running points. We denote x and s respectively the running point of Pjs
and of Qs so that x = ®(s).
A deformation v defined on Ps can be also considered as a deformation defined on Qs which we will also

denote by v, as a convention. As far as the gradients of v are concerned we have Vg v = V,v.V®
V6 € (0,00),  cllVav(@)[|| < [[[Vsv(s)ll| < Cll|Vav(2)]]]

where the constants are positive and do not depend on §.

11.2.2. The elementary deformation

In this subsection, we show that any deformation v € (H 1(7’5))3 of the rod Ps can be decomposed as

(using the above convention)
(I1.2.1) v(s) = V(s3) + R(53)(51n1(53) + 52n2(53)) +9(s), s € Qs,

where V belongs to (H'(0, L))B, R belongs to (H*(0, L))3X3 and satisfies for any s3 € [0, L]: R(s3) € SO(3)
and v belongs to (H1(735))3 (or (Hl(Q(;))3 using again the same convention as for v). Let us give a few
comments on the above decomposition. The term )V gives the deformation of the center line of the rod and it

is indeed a function of the arc length s3. The second term R(s3)(s1m1(s3) + sang(s3)) describes the rotation
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of the cross section (of the curved rod) which contains the point M (s3). The sum of the two first terms

V(s3) + R(s3)(s1m1(s3) + sama(s3)) is called an elementary deformation of the rod.
11.2.3. The main theorem

The following theorem gives a decomposition (I1.2.1) of a deformation and estimates on the terms of

this decomposition.

Theorem I1.2.2. Let v € (Hl(Pg))g, there exists an elementary deformation V + R(51n1 + SQIIQ) and a
warping U satisfying (I1.2.1) and such that

Il (L2(05))2 < CO||dist(Vzv, SO3))||L2(py)
||V55||(L2(Qé))3x3 < C||dz'5t(Vzv,SO(3))||L2(7>5)

dR C. .
(I1.2.2) ‘ 153 ’(LQ(O Ly < 53 lldist(Vav, SOB)l L2 ()
dy c. .
|5 Rl = 51670 50D
[Vav = R[ 129,555 < Clldist(Vav, SOB3))||z2p5)

where the constant C does not depend on 9.

2L L L
Proof. Let N be an integer belonging to [%’ g} andlet 0 <a< L — N

L
We have § < ~ < gé. Let R > 1 be such that the reference cross-section w is contained in the ball B(O; R).

L
Then the domain Qs o = wsx]a, o + N[ has a diameter less than 3R¢. In the sequel we will work with the
portions Ps o of the rod Ps defined by

Psa =2 (Q(;’a) .

As in [13] we distinguish two cases.

First case. If w is star-shaped with respect to a ball of radius Ry < 1/2, it is shown in [13] that each Pjs 4

Ri6
is star-shaped with respect to a ball of radius ?1 and we are in a position to apply Theorem II.1.1 to the

R
function v into each part Ps for which the ratio R is independent of . As a consequence, there exist

1
R, € SO(3) and a, € R? such that

(1123) { ||VI’U — RQH(Lz(pJWQ))sxs S C||diSt(VI’U; 80(3))||L2(P5,a)

[lv—as — Rq (x — M(a)) ||(L2(P5,a))3 < C(SHCZ’L'St(VzU; SO(S))||L2(7>51@).

The constant C does not depend on « and 4.

Second Case. Let us consider the general case, where the cross-section is a bounded domain in R? with

lipschitzian boundary. There exists a finite sequence of open sets w, ..., w) such that
w = U w®, ws = U w((;l),
1<ISK 1<ISK

and such that every w(® is star-shaped with respect to a disc of radius Ry, 0 < Ry < 1/2. Moreover, the
open set w is connected, then there exists Ry €]0, Ry] such that w™ N w® contains a disc of radius Ry if

the intersection is not empty.



L
The domain le)a = w((;l) x]a, o+ N[ is star-shaped with respect to a ball of radius R;d. As in the first

case, there exist Rg) € SO(3) and ag) € R3 such that
||V$U - Rg)||(L2(73§’l‘)l))3><3 < C”diSt(vﬂCU; SO(S))||L2(7>§,1L)

lv —al) = RY (2 — M(a)) < CO6||dist(V4v; SO(3))

||(L2(7;-((sfi))3 ||L2(P§,l<)¥).
The constant C' does not depend on « , § and I.
If w™ Nw) #£ ( the portion 7)5(2 N 7)5(2 contains a ball of radius Red/8. This allows us to compare the

elementary deformations a) + R (x — M(a)) and a'® + R (x — M(a)) in this ball. We obtain

C
IR -RE|* <

< 55 lldist(V.v;SO(3)) 12 oy a2 < Sldist(V.v: SO3) 2

L2y UPE)) L2(P{UPE))
where the constant only depends on R , R; and Ra.

Setting R, = R,(ll) and a, = a((ll) and proceeding step by step with respect to [, we finally deduce that
(I1.2.3) holds true with a constant C' which does not depend on « and ¢ as in the first case.

Now we consider two splittings of Ps by considering two sets of arc length

L L
Oék:k/’N, k:O,...,]\[7 5k:ak+ﬁ, k:O,,N—l

We consider the elementary deformations as, 4+ Ra, (z — M(ay)) and ag, + Rga, (x — M(By)) of the
portions Ps o, and Ps g, which satisfies estimates (I1.2.3) with a constant independent of k. Considering

Ps,a;, N Ps. g, and Ps o, NPs g, , we can compare Ry, and R. We obtain

Af41°
N-1
L
(I1.2.4) = ‘ ‘ ‘
N
k=0

Rak+1 B Rak

2 O )
||| = lldist (Vs SO@) ey

where Ry, = Rq,_, and where the constant C' is independent of 4.

Now we are in a position to define the elementary deformation associated to v. We set for s3 € [0, L]

1

|w6| ws

(I1.2.5) V(s3) = v(s1, S2, $3)ds1dss.

In order to define R we use the following argument whose proof is postponed to the appendix. There
exists a field of matrices R belonging to (Hl(O,L))Bxg, with R(s3) € SO(3) for all s3 € [0, L], such that
R(ar) =Ry, for k=0,...,N and

dR |12 Li|Ra., — Ra, |2
11.2.6 H—H <4 —’H ey Tk ‘ .
( ) dss ll(L2(0,1))3%x3 — kZ:O N L/N
Indeed the field v is defined by
(I1.2.7) 7(s) = v(s) — V(s3) — R(s3)(s1n1 + samp)  for a. e. s € Q5.

The third estimate of (I1.2.2) follows directly from (I1.2.4) and (I1.2.6).

9



From (II.2.3) we obtain

N-1
Vv — ak||?L2(7>5,ak>>3X3 < C||dist(Vav; SO3))|[72(p,)
k=0
(I1.2.8) N1
[[v —aa, — Ra, (:L' - M(ak)) ||?L2(775,ak))3 < CéQHdiSt(Vzv; SO(B))||QL2(7’5)'
k=0

Now, we take the mean value over the cross-sections of )5, then using the definition of V we deduce

N-1

(11.2.9) [V~ aa, — Ra,, (M — M(aw))||?

||(L2(ak7ak+l))3 < C||dist(V4v; SO(3)) 172 (p,) -
k=0

Thanks to the definition of R and the third estimate in (I1.2.2) we get

N—
(11.2.10) |R - Ra,
k=0

—

||dzst(V v;80(3 ))||%2(735).

H(Lz(ak ak+1))3X3 — 52

Consequently (I1.2.9) and (I1.2.10) give the first estimate in (II.2.2) while (I1.2.10) leads to the last estimate
n (11.2.2).

i3} d d
Due to the definition of ®, we have 8_ = n, and 8_ =t + 51— 1 + SQﬁ so that the relation
08¢ 0s3 dss dss3
Vsv = V,0.V® leads to
ov ov ov dn; dns
11.2.11 P _v, PN v, P _v, (t am )
( ) D51 v D59 v Ny 51 + 51 d55 + So—— dss

Then inserting (I1.2.10) into (I1.2.8) gives in particular

dn dn, |2
H—thﬁ*Sl + 89 n2)H
53 dss’ l(r2(04))3

11.2.12
( ) 683 ds

< C||dist(Vav; SOB3))|[72(py) -

Integrating first over ws x {s3} in (I1.2.12) leads to the forth estimate of (I1.2.2) (recall that / s1ds1dss =

w

/ sads1dsy = 0). It remains to show the estimate on V0. From (I11.2.11) we get
w

o0v oo
11.2.1 v _ _ _ B
( 3) Dor (Vv —R)ny D5g (Vv —R) ny
and then with (I1.2.8) and (11.2.10)

(I1.2.14)

< C||dl$t(vm’0, 50(3)) | |%2(735)-

H631 (L2(Qs)) H852 (L2(2%))

. We have from (I1.2.7) and (I1.2.11)

Now we estimate

H833H L2(04))3

o
853

dR
ng

= (Var—R) (6451 0 4002

dy
ds5 d55 (S1H1 + 82112) -—+Rt.

I11.2.15
( ) ng

10



Proceeding as above to bound the first term and using the third, the forth and the last estimates of (I1.2.2)

v
to control the last two terms of the above inequality permit to obtain the estimate on Doe given in (I1.2.2).
83
|

In order to split the bending and the stretching of the rod, we now introduce the following quantities:
53
(11.2.16) Vss € 0,L],  Vi(ss) = v<o)+/ R(:)t(2)dz,  Vs(ss) = V(ss) — Vis(ss).
0

Let us notice that Vp is the bending deformation of the middle line while Vg is the stretching deformation.
Due to the third estimate in (I1.2.2) we have

C .
< < |ldist(Vav, SO@))l|2(py) -

(11.2.17) Vsl 20,20 <

Inserting the definition (I1.2.16) into the decomposition (I1.2.1) gives
(11.2.18) v(s) = Vp(s3) + R(ss) (s1n1(s3) + sona(s3)) + Vs(s3) +(s), s € Q5.

Estimates (I1.2.2) and (I1.2.17) permit to interpret the part Vg(ss) + R(ss)(s1my(s3) + sena(sz)) of
the decomposition (I1.2.18) as an approximation of the parametrization of the deformed rod at least if
||dlst(vm’U,SO(S))||L2(735) << 9.

11.2.4. The boundary condition
Let us denote by I3 the unit 3 x 3 matrix and by I; the identity map of R3.

In this subsection, we derive boundary conditions on the terms of the elementary deformation given
by Theorem I1.2.2. Indeed these conditions depend on the boundary conditions on the field v. We discuss

essentially the usual case of a clamped condition on the extremity of the rod defined by
F075 = @(w(; X {0})

Then we assume that

v(z) ==z on Tgs.

In the following we show that the elementary deformation V(s3) + R(s3)(s1n1 + sengp) given by Theorem
I1.2.2 can be chosen such that 7 = 0 on the corresponding boundary ws x {0}. Due to the definition (II.2.5)

of V, we first have

(recall that the point M (0) is the beginning of the middle line of the rod Ps; see the notations in Subsection
3.1). Now we prove that in Theorem I11.2.2 the choice R(0) = I5 is licit as a boundary condition for the
matrix R(s3). Estimates (I1.2.3) for the first portion Ps o, imply

||’U(., . 0) — g, — Rao (811'11 (O) + SQI’IQ(O))H%LQ(WJ)):& S C(Sd’LSt(VE’U, SO(S)) ||%2(P5,a0)-

Using now the boundary condition written in the equivalent form v(s1, s2,0) = M (0) + s1n1(0) 4+ s2n2(0) in

the above estimate and using again / s1ds1dsy = / Sods1dsy = / 5182d31d32 =0 lead to
w

w

11



I1Ra, —Lsl||* < IIdwt(V v; SOB) L2 (ps ., -

S5
As a consequence we can substitute Ry, by Is in the construction of the function R(s3) without altering
estimates (I1.2.2) so that R(0) = I5. Indeed this leads to © = 0 on the boundary ws x {0}. The above
arguments can be easily adapted if the imposed deformation on I'g s is of the form v(z) = A+ P(xz — M (0))
where A is the deformation of the point M (0) and P is 3 x 3 matrix. This leads to two boundary conditions
of the type V(0) = A and R(0) = Q where, as an example, the rotation Q minimizes the distance from
P to SO(3). In the same spirit, if the rod is clamped on the two extremities of Ps, one can modify the
construction of the function R(s3) in such a way that R(0) = R(L) = I3 keeping (11.2.2) true.

I1.3. H!- Estimates

Throughout the paper we now assume that the boundary I'g 5 is clamped so that
(I1.3.1) V(0) = M(0) = Vp(0), Vs(0) =0 and R(0) =13

and we denote by C a generic constant independent of 4.
We derive a first H'- estimates using directly (I1.2.2) and the fact that |Rt|jo = 1. It gives

1
(I1.3.2) 0(1 + 5 dist(V.v, SO(3))IIL2<7>5>)-

e

Using the boundary condition (11.3.1), it leads to

1.
(I1.3.3) VIl 22000 < 0(1 + g||d1st(va,SO(3))||L2(7>5)).
Inserting (I1.3.2), (II.3.3) into (II.2.1) and using the estimates of (I.2.2), we deduce that

(II . 4) ||U||(L2(775))3 =+ ||VI'U||(L2(7DJ))3><3 < 0(5 + ||diSt(Vz’U, SO(B))||L2(P5))7
||’U - V||(L2(735))3 < C(S((S + ||diSt(Vm’U, SO(S))HLz(pJ))

Notice that using (I1.2.2) also leads to the following estimates

HR I3H L2(0 L))sxs = (52 ||dISt(VI’U,SO(3))||L2(775)
(I1.3.5)

H ng H(LZ(O,L))3 < 6—2||dlst(va, 50(3))||L2(P5)

dM
Since t = Ton the last inequality of (I1.3.5) together with the boundary condition (II.3.1) give
83

C. .
(I1.3.6) v - MH L2 5—2||dlst(va,SO(3))||L2(7;5).

0,1))3 =

From (I1.2.1), (I1.3.5), (I1.3.6) and estimates (II.2.2), we deduce that

c ..
(1137) ||’U — Id||(L2(735))3 + ||V1’U — I3||(L2(775))3X3 < g||dlst(vzv, SO(S))||L2(735).

12



From (II.2.2) and (I1.3.5) we also have

(I1.3.8) ||R ||dlst( I’U,SO(?)))HLz(pJ).

I3H (H'(0, L))3X3 =52

From (I1.2.2) and (I1.3.8) and the fact that (v —I;) — (V — M) = (R — I3)(s1n1 + s2ng) + T, we obtain
(1139) ||(’U — Id) - (V - M)H(Lz(pé))s S CHdiSt(sz, SO(3))||L2(735)
and

[Vav + (Vo) = 205|126, 500 < Clldist(Vav, SOB))l[12(py) + CO|[R+RT = 20s[ 1 1) s

Due to (I1.3.8), the continuous embedding of H'(0,L) in C°([0,L]) and the equality R + RT — 2I3 =
R”(R —I3)? we finally obtain

HV;E’U + (vz’U)T SCHdiSt(VZ’U,SO(S))||L2(735)

_ 213||(L2(P6))3X3
(I1.3.10) o 2
+5—3 [[dist(Vzv, SO3))[|72(p;)-

ITI. Asymptotic behavior of a sequence of deformations

In view of the first estimate in (I1.3.5) we can distinguish three main cases for the behavior of the

quantity ||dist(V,v, SO(3))||p2(p,) (which will be a bound from below of the elastic energy)

O(6"), 1<k<2,
||diSt(VI’U,SO(3))||L2(735) = 0(52),
0(6"), k> 2.
This hierarchy of behavior for ||dist(V,v, SO(3))||z2(p,) has already be observed in terms of elastic energy
n [15].

In this section we investigate the behavior of a sequence of deformations of Ps for ||dist(V,v, SO(3))||12(p,) =
O(6"), for k > 2. Actually, the first estimate in (I1.3.5) is useless if K < 2 then we can not analyze this case
using the decomposition (I1.2.1). As usual we first rescale )5 in order to work over a fix domain in Subsection
III.1. In Subsection III.2 we investigate the case x = 2 while in Subsection III.3 we deal with £ > 2. Let us

emphasize that we explicit the limit of the Green-St Venant’s tensor in both cases. Subsection III.4 gives a

few comparisons with the linearized deformations.
II1.1. Rescaling of Q;

We set = w x (0, L) and, we rescale Q5 using the operator
(H5¢)(51, SQ, 83) = ¢(5Sl, (SSQ, 83) for any (Sl, Sg, 83) e

defined for any function ¢ defined over 5. Indeed, if ¢ € L?(Qs) then (Ils¢) € L?(R2). The estimates (11.2.2)

of T transposed over §) are

||H55||(L2(Q))3 < C’||dist(Vzv, SO(3))| |L2(P5)

Ollsv .
||—||(L2(Q))3 < C||dist(Vzv, SO(3))||L2(ps)

(I11.1.1) aH,;v
|| aS || (L2(2))3 < C||dlst(V v SO( ))||L2(735)

|| 81‘[51}

|| L2 Q))s < —||dlst(V v SO( ))||L2(735)

13



while estimates (II.3.4) and (I1.3.7) on v become

L.
||H5’U||(L2(Q))3 < C(l + g||d1st(Vzv, SO(g))||L2(P5))

Ollsv '
155 lzz@ye < 0(5 + [|dist(Vo0, SO(3))||L2(P5))

Ollsv '
155, Nlez@pe < 0(5 + [|dist(V40, SO(3))||L2(P5))

8H5’U 1 .
G Nl < O (1 + 5ldist(Vov. SOB)l|1apy)

(I11.1.2)

and

c, ..
s (v = La)llz2(0))s < 3 ldist(Vav, SO@))lL2(py)

81’[5(1} - Id)
e
OlLs(v — I,)
=5,

OlLs(v — I,)
T

c ..
lz2@ps < 5 [ldist(Vav, SO@))llL2(py)
(II1.1.3) C
||(L2(Q))3 < g||dlst(va,SO(3))||L2(7;5)

C ..
2@ < 53 lldist(Vav, SO@))llL2(ps).

All the estimates given in Section I1.2.3 over €5 can be easily transposed over €.
II1.2. Limit behavior for a sequence such that ||dist(V,vs, SO(3))||12(p,) ~ 02

Let us consider a sequence of deformations vs of (H 1(775))3 such that vs = Iq on I'g 5 and
(IT1.2.1) ||dist(Vavs, SO(3))| 2 (py) < CO°.

Indeed different boundary conditions on vs can be considered on both the extremities of Ps (see Subsection
I1.2.4). We denote by Vs, Rs and Ts the three terms of the decomposition of vs given by Theorem II.2.2
and by Vp s and Vg s the two terms given by (I1.2.16). The estimates (I1.2.2), (I1.2.17), (I1.3.5), (I1.3.6),
(II1.1.1), (II1.1.3) lead to the following lemma:

Lemma IT1.2.1. There exists a subsequence still indexed by § such that

Rs =R weakly in (H'(0, L))3X3

Vs — V  strongly in (Hl(O, L))3

) 3
(I11.2.2) Vps — V strongly in (Hl(O,L))

1
gVS,& — Vs weakly in (Hl(O, L))3

1 .

5—21_1555 — 7 weakly in (L*(0, L; Hl(w)))3

Moreover R(s3) belongs to SO(3) for any s3 € [0,L], V € (H?(0, L))3 and they satisfy

v

(I11.2.3) VO0)=MO),  RO)=I,  Vs(0)=0, and =
83

Rt.

Furthermore, we also have

(I1T2.4) { [Isvs — V'  strongly in (Hl(Q))g,

II5(Vavs) — R strongly in (L2(Q))3X3.

14



The fields ¥V and R which are defined in Lemma II1.2.1 describe the deformation of the limit 1D curved
rod as a deformation of the middle line V and a rotation of each cross section R. The convergences (I11.2.4)
show that (V, R) is the limit of the deformation of the (rescaled) 3D curved rod and represents the elementary
deformation of this rod.

The last relation in (II1.2.3) shows that || 3—;“2 = 1 and then the variable s3 remains the arc length of
the middle line of the deformed configuration. As a consequence, in the present case, there is no extension-
compression of order 1 the rod. Then the limit behavior is essentially a bending model. At least, the forth
convergence (II1.2.2) means that the quantity Vs which describes the stretching is of order ¢.

The following corollary gives a corrector result.

Corollary II1.2.2. For the same subsequence as in Lemma II1.2.1, we have

) _
E(H(;(V vs) — Rs)ng, ;Tv weakly in  (L*(2))3,
(I11.2.5) . e .
5 (M5(Vz05) — Rt — d—(sm1 + Somy) + ES weakly in  (L*(Q))>.
3

Proof. The first convergence in (II1.2.5) is a direct consequence of (I1.2.13) and (I11.2.2). In order to
obtain the second convergence, remark first that, thanks to estimates (III.1.1) and (II.2.1) the sequence
%H(;E; is bounded in H'(Q2). Due to (II1.2.2), its weak limit must be equal to 0. Using now (I1.2.15) and
the convergences (II1.2.2) leads to the result. r

To end this section, let us notice that the strong convergences in (II1.2.4) together with the relation
(Vovs) T Vievs — Iz = (Vevs — Rs)TVaevs + (Rs)T(Vevs — Rs) permit to obtain the limit of the Green-

St Venant’s tensor in the rescaled domain 2

1

(I11.2.6) %Ha((vm’va)Tvzvg ~I;) = E  weaklyin (L'(Q))**3,
where
1 dy
E:—{(n1|n2|t ( | (Sll’ll—l—Sgl’lQ)-"-—S) R
(I11.2.7) 2 852 dss
( | dR(Sn —l—Sn)—f—ﬂ)(n |n |t)T}
a5, 852 1 213 ds 1|2

and where (a|b|c) denotes the 3 x 3 matrix with columns a, b and c.

dR
Setting @ = RT7 and using the fact that the matrix RT — is antisymmetric, we can write E as
s3

(I11.2.8) E = (n;|ny|t)E (0 [ny|t)7,
where the symmetric matrix E is defined by

a_ﬁ.nl %{8“} n2+a—w.n1} %{aw t—SQ—Rnl anerL Rnl}

a5, 051 2" 053 95, 53 ds;
ES w 1 w R dVs
(1112.9) E= x o5, ™ —{852 S Ry Rng}
* * —-51 Rt Rn; — Sg—Rt Rn, + C(ll& Rt
S3
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Corollary II1.2.3. Assume that
Vé €]0, o, det (Vos(z)) > 0 for a.e. x € Ps
then, for the same subsequence as in Lemma II1.2.1, we have

= N ST
(111.2.10) ||E||(L2(Q))3><S = ||E||(L2(Q))3><S < %lH(l) 5—2||d28t(v1’1}5,SO(3))||L2(735).
—

Proof. The map A — VAT A is continuous from the space of the 3 x 3 matrices into the set of all
symmetric matrices and we have |||V AT A||| = |||A]||, where ||| - ||| is the Frobenius norm. Then, the second

strong convergence in (I11.2.4) gives

H5( (vaa)Tvzvg)—>Ig strongly in (LQ(Q))3X3.

1
Estimate (II1.2.1) implies that the sequence SH(;( (Vavs)TVyvs — Ig) is bounded in (L?(2))3*3. The

identity (V,vs)TVevs — I3 = (\/(Vivg)TVIvg - Ig) (\/(Vzvg)Tng + Ig), the weak convergence (I11.2.6)

and the above strong convergence give

1
gﬂ(s( (V205)TV 05 — 13) —E weakly in  (L2(Q))3*3.

We recall that for any 3 x 3 matrix A such that det(A) > 0, we have dist(A, SO(3)) = |||[VATA —13|||. By

weak lower semi-continuity of the norm, we obtain the result. |

II1.3. Limit behavior for a sequence such that ||dist(V,vs;, SO(3))||12(p,) ~ 6" for r > 2.

Let us consider a sequence of deformations vs of (H 1(7)5))3 such that vs = I; on I'g 5 and
||dist(Vvs, SO(3))||p2(py) < CO".

The estimates (I1.3.7) and (I1I1.1.3) lead to the following convergences:

Rs — I3 strongly in (HI(O, L))3X3,
(I11.3.1) Msvs — M strongly in  (H'()),
II5(Vg4vs) — I3 strongly in (LQ(Q))BXB.
We now study the asymptotic behavior of the sequence of displacements
Us = Vs — Id.
Due to decomposition (I1.2.1) we write
(I11.3.2) us(s) = Us(sz) + (Rs — I3)(s3) (s1mi1(s3) + sama(ss)) + Us(s), s € s,

where Us(s3) = Vs(s3) — M(s3) = (VB,s(s3) — M(s3)) + Vs,5(s3) and we have the following Lemma:
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Lemma II1.3.1. There exists a subsequence still indexed by § such that

1
5n72

(Rs—T3) = A weakly in  (H'(0,1))>

1
5"@—*2“6 — U strongly in (Hl(O, L))3
(I11.3.3)

1 .
5"—_1VS’6 — Vs weakly in (H'(0, L))3
1
6—51_1555 — 7T  weakly in (L2(07 L; Hl(w)))3

The function U belongs to (HQ(O,L))B, for any ss € [0,L] the matrix A(ss) is antisymmetric and the

following relations hold true:
(I11.3.4) UO0)=Vs(0) =0, A@0)=0 and — =At,

Moreover we have

3

3

1
(SK—_2H5U5 — U strongly in  (H'())
(I11.3.5)

1 . 3x3
mﬂg(vmug) — A strongly in  (L*(Q)) =

Proof. The convergences (I11.3.3), (I11.3.5) and the relations (I11.3.4) follow directly from estimates (11.2.2),
(I1.3.6), (I1.3.7) and (III.1.3). It remains to prove that A(s3) is antisymmetric. Using the first convergence
in (III.3.1) and the first convergence in (I111.3.3) we get

1 R (Rs; —1I3) — A strongly in (L?(0,L))

3x3
65—2 :

The matrix R belongs to SO(3), hence RY (R5 - Ig) = —(Rs — I3)T. Then, from the first convergence in
(IT1.3.3), we deduce that the matrix A(s3) is antisymmetric. !

Since A is antisymmetric, there exists a field R € (H(0, L))3 (with R(0) = 0) such that for all z € R3
(I11.3.6) Az =TRAz.

From (II1.3.4) and the above equality we obtain

du
111.3.7 —— =RAt.
( ) o

The relation (I11.3.6) means that, at the order §*~2, the cross sections of Ps are submitted to small rotations
and (I11.3.7) shows that the limit displacement is of Bernoulli-Navier’s type.
Corollary II1.3.2. For the same subsequence as in Lemma III.3.1, we have
1 v
ST (ILs(Vzvs) — Rs)ng — —3;a weakly in  (L*(Q))?,
ay

(I11.3.8) o
(IL5(Vavs) — Rs)t — A (S1ny + Somy) + ES weakly in  (L*(2))3.
3 3

5n71
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Proof. The proof of Corollary I11.3.2 is similar to that of Corollary III1.2.2, but using now (I1.2.13),

(I1.2.15) and the convergences of Lemma IT1.3.1. r
From Lemma III1.3.1 and Corollary II1.3.2 we deduce the limit of the Green-St Venant’s tensor in the rescaled
domain

1
(I11.3.9) FH,;((vggv(;)Tvm —I;) = E  weaklyin (L'(Q))**?,

where the symmetric matrix E is defined by

1 00 95 dR dVs\T
E—g{(a—sl|a—52|d—s3/\(S1n1+S2n2)+d—83) (n1|n2|t)

ov  0v dR dVs
T( XYY | XY 2 il
+ (1 |z t) (351 8S2|d53 A (S + Szm2) + dSB)}

We can write E in the form

E = (n; |ny|t)E(ny |ny |t)7

where the symmetric matrix E is defined by

o 1 0w o 1¢ ov AR dVs
=/ . ) /. ) A i Rl A
a5, ™ 2{551 ;‘ﬁasg nl} 2{%51 I “1}
—~ ol 1 v dR dVs
11731 E= v lpov drR . Vs
(I11.3.10) . 55, M 2{852 b ST b n2}
AR IR Vs
* * —Sld—sg'n2+52d—83'n1+—d83 :

From Lemma II1.3.1 and the above convergences, we deduce the analog of Corollary I1.2.3.
Corollary II1.3.3. Assume that

V4§ €]0, o, det (Vus(z)) >0 for a.e. x € Ps
then, for the same subsequence as in Lemma II1.3.1, we have

= N ST
(111311) ||E||(L2(Q))3><3 = ||E||(L2(Q))3X3 < (%HIB 5—K||d25t(vm’05,50(3))||L2(pé).
—

II1.4. Comparison with linearized deformations

In this subsection, we always consider a sequence of deformations vs of (H 1(7)5))3 satisfying vs = Iy on

Foﬁg and

[|dist(V,vs, SO(3))] |L2(735) < Co".

We recall the decomposition (I111.3.2) of the displacement us = vs — I4.

Let us notice that (I1.3.5) shows that for £ > 2, both the displacement and its gradient are small (with
respect to §). One can then address the problem of comparing the limit displacement Us and the limit
displacement in the framework of small deformations. To this end let us first recall the decomposition of
displacement for small deformations.

We define the strain semi-norm | - |¢ by setting

1
vwe (H(Ps)” ol = |5(Vaw+ (V)| fapy o

18



Now, using the results obtained in [13], we decompose us in the sum of an elementary displacement and a

warping
us(s) = Ue,5(s) +Us(s) = Us(s3) + Ra(s3) A (s1my(s3) + soma(ss)) + Us(s) for a.e. s € Qs.
The warping us satisfies the following equalities

/ ﬂg(sl, S92, Sg)dSldSQ =0 / ﬂg(sl, S92, 83) A (51n1(53) + 52n2(53))d51d52 =0 for a.e. S3 € (0, L)
ws ws

Notice that the first term Us of the elementary displacement U, 5 is the mean value of us over the cross-section
®(ws x {s3}) and then is the same as in (I11.3.2). Theorem 2.1 in [13] gives

Hvsﬂ(sH(Lz(Qs))sz < C|’u(5|g HU5H(L2 Qs))3 < C(5|’u(5|g
(I11.4.1) H dRs H Jusle H s < clusle
dsy 2o, = 62 dss (L2o.L)s = 4

We recall (see [14]) the definitions of the inextensional displacements and extensional displacements sets of
the middle-line of the curved rod.

Dy, = {Ue (H'(0,L)) | % t=0, U®0)= }
(I11.4.2) dU .
Dy, = {U e (150, 1))’ M= g =0, U0)= o}

An element of Dy, is an inextensional displacement while an element of D, is an extensional one. We recall

(see [14]) that Us can be written as the sum of an inextensional displacement and an extensional one
(I11.4.3) Us =Urs +Ugs Urs € Drn, Ugs € Dgg,

and we have (see again [14])

< olule.

AUy s lus|e HdUE6 H
I1171.4.4 :
( ) dssz l(L2(0,L))3 — é

H dss H L2(0,L))3 H dss H(L?(O,L))s - 02
In order to be obtain the same estimate on U5 that the one given by Lemma II1.3.1. in the previous section,
we are lead to assume that |us|e < C0". Comparing with estimate (I1.3.10) which gives
|U6|8 S C((SK +62n—3)
since ||dist(V,vs, SO(3))||2(p,) < C6" we are led to assume in the following that x > 3.
The estimates (I11.3.11), (II1.4.1), (I11.4.2) and (II1.4.4) lead to the following lemma:

Lemma IT1.4.1. We assume that k > 3. There exists a subsequence (still indexed by §) of the sequence
given in Lemma I11.3.1 such that

5”1 sUrs — U strongly in (Hl(O, L))3
5”1 TUgps = Ug weakly in (H'(0, L))3
S &{%Ra — R weakly in (H'(0, L))3
S 5: T (dl/l(; Rs A t) ‘ng — 2, weakly in L*(0,L)
%nga —7u  weakly in (L*(0,L; Hl(w)))3
%H(s (Vus + (Vus)™) — E  weakly in (L2(Q))3X3
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with B = (ny |ny | )E (ny |ny [£)7 where the symmetric matriz B is given by

ou 1¢ ou ou 1 ¢ ou IR
= . ) Bl _- . D S Y SN I - ¢
25, ™ 2{351 ;‘QJFaS2 m | 2{%51 22153 =
. o 1 ¢ ou R
E = gu 1rou o6, 42
§ a5, ™ 2{652 ot 2}
IR IR AU
* * 7S1d_83.n2+32d_83.n1+d—83.t

Moreover the symmetric matrices E and E given in (I11.5.10) satisfy

1
E + 3 (IR]3Is — R.TR) if k=3,

=

(I11.4.6) =

~7

E if k> 3.

Proof. The convergences (I11.4.5) and the expression of E are proved in [14] taking into account (I11.4.4)
and the fact that |us|e < C6" with x > 3. Let us notice that the limit ¢/ in the first convergence (II1.4.5) is
the same that in (II1.3.3). In order to prove (II1.4.6) we first write the Green-St Venant deformation tensor

as (using us = vs — Iy)

1 1 §r3 1
an((vzvé)Tvzvg — Ig) = FH&((V;EU&)T —+ VIU(S) + )T

Using convergences (I11.3.5) and (II1.3.9), we deduce that

,1
E +-ATA if k=3

E: 2

E  if k>3,

where the matrix A is defined in (II1.3.3) and (IIL.3.5). Recalling relation (II1.3.6) between A and R leads
to (ITL.4.6). L

In the case k > 3, Lemma III1.4.1 shows first that starting from nonlinear deformations leads exactly
to the same deformation model that starting from linearized deformations. The comparison in the case
where k£ = 3 is more intricate. This is due to the definitions of the two warping v and u which do not
satisfy the same geometrical conditions (see (I1.2.7) for T and the beginning of this section for w). The

second difference concerns the comparison between the stretching deformation Vs and the extentionnal

au, d
displacement Ug. While it is easy to see that d—E -t = % -t for kK > 3, in the case where kK = 3
S3 S3
ay, 1y dU 2 1y di 2
one obtains ——= -+t = —2 .t — || == ’ . The correcting term —‘ — ’ actually comes from the limit
dss dss 21l dssll2 21l dss ll2
1
contribution of the term W(R(s - It (Rs — I3)t.

IV. Asymptotic behavior of an elastic curved rod

This section is devoted to use the above geometrical results in order to analyze the asymptotic behavior
of an elastic rod when its thickness tends to 0. As usual, we consider a elastic energy density which is
bounded below by dist?(F, SO(3)) (see e.g. [7], [11], [12], [19] and [20]). As mentioned in the introduction,
our decomposition of the deformation permit us to scale the applied forces in order to obtain estimates on
the deformation and on the total elastic energy (see (IV.1.8)). Then, to simplify the argument, we specify
the energy density through choosing a St Venant-Kirchhoff’s material (see (IV.1.9)). In the following, we
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derive the limit elastic energy in the two cases k = 2 and k > 2 using I'-convergence techniques. The limit
energy is expressed as a functional of the fields V, R, Vg and ©. Such limit energies depending on more
variables than the 3D ones have also be derived in [19] by different techniques. In the present paper we also
eliminate the fields Vg and ¥ to be in a position to obtain a minimization problem for the rotation field
R and the field V. Let us emphazise that in the I'-limit procedure, the decomposition of the deformations
is again helpful in two directions. Firstly it provides an explicit expression of the limit Green-St Venant
deformation tensor and secondly it simplifies the proof of the two conditions involved in the identification of

the limit energy by I'-convergence.
IV.1 Assumption on the forces

In this part we assume that the curved rod Ps is made of an elastic material. As in [5] and [11] we

assume that the elastic energy W satisfy (actually we will consider an explicit energy)
(IV.1.1) VF € M;,  W(F) > Cdist*(F, SO(3)),

where C' is a strictly positive constant.
Let us denote by fs € (L?(Qs))? the applied forces and by J(¢) the total energy

(IV.1.2) J@)= [ W(Vo)— [ fs-¢
Ps Ps

This energy is considered over the set of admissible deformations:
(IV.1.3) U; = {qﬁ e (H'(Ps))® | ¢=1; on ro,é}.

For different boundary conditions see Subsection 11.2.4. As far as the behavior of the forces fs5 is concerned
we split the forces into two parts. The first one does not depends on the variables (s1, s2) and the second
part has a resultant equal to 0. Due to estimates (I1.3.4), (I1.3.6) and (I1.3.7) the admissible order of theses

forces can be chosen different.

Let f be in (L?(0,L))% and let g be in (L?*(£2))3 such that
(IV14) / g(Sl, S, 53)d51d52 =0 for a.e. s3 E]O, L[
We assume that fs is defined by

(IV.1.5) fs(s) =08%f(s3) + 6”_19(%1, 85—2, 53) for a.e. s € Qs.

The fact remains that to find a minimizer or to find a deformation that approaches the minimizer of J(¢)
or of J(¢) — J(I4) is the same. Let v be in Us, thanks to (I1.3.7), (I11.3.9), (IV.1.4) and (IV.1.5), we obtain

(1V.1.6) | [ o= 1| < O3 (lftzzco.0pe + lgllwaon)|dist(Ve, SOB) |z,
5

Actually one can think to use estimate (II.3.4) instead of (II.3.7) and (I1.3.9) in the above inequality. The
reader will easily see that this gives a better estimate only in the case where x < 2 which is not considered

in the following (see Remark below).
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It is well known that generally a minimizer of J does not exist on Us. In the next sections we will
1
investigate the behavior of the functional S2n (J(¢) — J(I4)) in the framework of the I'-convergence. Hence,

we assume that

(IV.1.7) ((SQ—H(J(’U) —J(Ia)) < Cy

where Cy does not depend on §. Using (IV.1.1) and (IV.1.6) we obtain for such v

Clldist(Vv, SO(3))I[Z2(py) — CO (Il 1l 2200y + llgll 22092 |dist(Vo, SOB3))|| 2(ps) < C107".
Hence, we have
(IV.1.8) ||dist (Vv, SO(3))||p2(ps) < CO".

where the constant C' depends on the sum || f|[(L20,))s + ||9]l(z2(2))s and of C.

Remark. If one uses estimates (I1.3.4) to bound the contribution of the forces in the energy, one alternatively

obtains through similar calculations
||dist(Vv, SO(3))||2(py) < COT/2,

Comparing to (IV.1.8), one gets a better estimate only if k < 2.

Let us notice that once the assumption (IV.1.5) on the applied forces is adopted, the estimate (IV.1.8)
and the results of Section II permit to obtain estimates of V, R, v and V,v — R with respect to §. To
emphasize how these estimates can help pass to the limit as § tends to 0, we will restrict the following
analysis to a classical and simple elastic energy. We denote by ¢r(A) the sum of the elements on the main
diagonal of the 3 x 3 matrix A.

In order to simplify the derivation of the limit model we choose
A T 2 K T 2y
g(tr(F F-1I3)" + Ztr((F F—13)%) if det(F)>0

+ oo if det(F) <0

(IV.1.9) W(F) =

which corresponds to a St Venant-Kirchhoff’s material (see [7], [8]).
For all 3 x 3 matrices such that det(F) > 0 we have

W(E) > LlI[FTF - L||[? > Ldist*(F, 5O(3))

hence assumption (IV.1.1) is satisfied. For every ¢ € Uy satisfying (IV.1.7), we have using (IV.1.6)

FIVETY6 Tl fiaqyyons < T0) = T + | Fs-(6= 1)

< C10%" + Co" (|| fllz2(0,Ly)2 + Nallz2(0)2)ldist(Ve, SO(3))l] 2 py)-

Due to estimate (IV.1.8) we obtain the following estimate of the Green-St Venant’s tensor:

1
(IV.1.10) ||§{V¢TV¢ — 13}H(L2(P6))3X3 < O~
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It results that ¢ belongs to (W4(P5))3 and moreover
(IV1.11) IV @|l(L1(py)yexs < CO3.

Furthermore, there exists two strictly positive constants ¢ and C' which does not depend on ¢ such that for
any ¢ € Uy satisfying (IV.1.7) we have

(IV.1.12) —c0?" < J(p) — J(14) < C6*".
We set
(IV.1.13) ms = d)ien[fj(s (J(¢) — J(1a)).

As a consequence of the inequality in (IV.1.12) we have

(IV.1.14) —c< 52 <0.

We denote

(IV.1.15) My, = lim 2
§—0 92k

IV.2 Limit model in the case x =2

Let (v(;) be a sequence of deformations belonging to Uy and such that

0<6<dg

J(vs) — J(I
(IV.2.1) lim W < +oo.
§—0

Upon extracting a subsequence (still indexed by §) we can assume that the sequence (vs) satisfies the

condition (IV.1.7). From the estimates of the previous section we obtain

||diSt(V’U5,SO(S))||L2(735) < 062,
1
(1v.2.3) 15 V05 Vs =T }| 2,00 < O,

||V’U5||(L4(7;-5))3x3 < Cse

For any fixed ¢ € (0,dp], the deformation vs is decomposed following (I1.2.1) in such a way that Theorem
I1.2.2 is satisfied. There exists a subsequence still indexed by § such that (see Section 11.6)

R; =R weakly in (H'(0,L))>

Vs — V  strongly in (H"(0, L))3

(IV.2.4) VB,s — V strongly in (Hl((), L))3
1
$Vss— Vs weaklyin (H'(0, L)’
1
5—21_1555 — T weakly in (LQ(O, L; Hl(w)))3
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where R(s3) belongs to SO(3) for any s3 € [0, L], V € (H?(0, L))3 together with

(IV.2.5) VO) = M©0), R(O)=Ts, Vs(0)=0, and j—vzm.
S3

Furthermore, we also have (see (II1.2.6) and (I11.2.7))

3

)

IIsvs — V' strongly in (Hl(Q))

(IV.2.6) II5(Vzvs) — R strongly in (LQ(Q))BXB.
Q%H(;((VM)TVM —I;) = E  weaklyin (L*(Q))**?,
where
B -3 {101 71 s 5+ 2
(1 s S+ )

Remark that, due to the decomposition (I1.2.1), the convergences (IV.2.4) and (IV.2.6) imply that

IIs(vs — Vs)

(IV.2.7) ;

— S1(R—T5)n; + S5(R—TI3)ny  strongly in  (L*(2))°.

Now, recall that

J(’U(;) — J(Id)

54
(vas) 3 = [ {5 [ (G0(Tan) Tuvs = 1) |l g 0s((V00) Vv — 1)} 1 den (V)|
f/ f~H5(v571d)|H5det(V@)|f/9~M|H5det(vq))|
Q Q d

d
In order to obtain the limit of the terms involving the forces, we recall that det(V®) = 1+s; det (n1 [ ny | ﬂ) +
dss

s det (n1 | no | d—) so that indeed IIs det(V®) strongly converges to 1 in L>°(Q) as § tends to 0. As a
53
consequence and using the convergences (IV.2.6) and (IV.2.7), it follows that
1I —1
- ng det(Ve))

/ |w|f + Z / gSadet (ny | ng | —)dSldSQ) (V-M)+ i/@L (/wgSadSlng) (R —1I3)n,

lim / f- H(;(v(; — Id)|H5 det(VCI))| +/ q

§—0

A
In order to pass to the limit-inf in the left hand side of (IV.2.8), we recall that the map M — 5 (tr(M))* +

A
w|||M]||* is continuous and convex from M3 into R, so that the map A — /1 (§(t7"(A))2 + pl[|A][[?) from
¢

(L?(©2))3*3 into R is weak lower semi-continuous. The above strong convergence of II; det(V®) together

with convergences (IV.2.6) finally give

2 (tr ()2 + ul B
QL2

(IV.2.9) / |w|f+Z/gS det (n; | no | —)dSlng) (V- M)

_Z/O (/wgSadSlng) -(R-1Iz)n, < H_mi(J(va)—J(Id))-
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Let U,,;;, be the set

Uptin = {(v’,R’,v’S,a’) € (H*(0,L))* x (H'(0,L))*® x (H(0,L))* x (L*(0, L; H(w)))* |

’ ’ ’

V (0) = M(O), VS(O) =0, R (0) = I3, /5/ (Sl, 52,83)d51d52 =0 fora.e. s3€ (O,L)

av’

R/ (s3) € SO(3) for any s3 € [0, L], e
3

7Rt}

The set U, is closed in the product space. For any (V/,R/,Vzg,ﬁ,) € Uyniin, we denote by Jnr the

following limit energy

’ ’ ’ ’ A ’ ’
Tun(V R V) = [ (S @) + ull )17}

Q

(IV.2.10) / |w|f+Z/gS det (n; | ny | —)dSlng)-(V/ ~ M)

_z_:/o (/wgsadslclSQ) R~ Tn,

where

1 ov dV\T
E 25{(“1“‘2“ (as |ag (51“1+52“2) TS) R
(IV.2.11) 2

dVg
4R ( | 552 (Sm1 + Sono) + d—)(m Ins |t)T}.
With this notation (IV.2.9) reads as

. J(vs) — J(I,
(IV.2.12) Ivr(V.R,Vs,7) < lim o) = Hla) 6)54 )
6—0

Now let (V R, Vs, ) be in U,,;;, and let ((VN, Ry, Vs N, EN)) v be a sequence of elements belonging
en*
to Ui such that ’

Vn € (W2%°(0,L))3, Vn — V  strongly in  (H?(0,L))3
Ry € (Wh*(0,L))3*3, Ry — R strongly in  (H'(0,L))**?
(IV.2.13) Vsn € (Wh=(0,1))®, Vsny — Vs stronglyin (H'(0,L))*
oy € (W2 (Q))3, Tn(S1,S2,0) =0, fora.e. (S1,5:) € w,
Oy — 0 strongly in  (L*(0, L; H'(w))®.

To prove the existence of the sequence (RN) see the appendix at the end of the paper.

Nen*
We consider the deformations (§ € (0, dg])

(IV.2.14) ’UN,(;(S) = VN(Sg) + RN(Sg)(Sll’ll + 821’12) + 6VS N(Sg) +6 ’U]\[(Sé1 852 ) s € Q.

Using convergences (IV.2.13), the fact that (VN, Ry, VS,N,EN) belongs to U, and proceeding as in Sub-

section II1.2, we have
Isvn,s — Yy strongly in - (W OO(Q))B,
. 3x3
(IV.2.15) II5(Vyun,s) — Ry strongly in - (L™°(12)) 8

%Hé((vaN,é)TszN,é —I3) — Ex strongly in  (L(£2))**?,
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where
1 651\[ 651\[ dRN
Ey ==
N 2{(n1|n2|t)(851 | 8S2 | ng

ooy  Otuny  dRy dVS,N T
95, | 08, | g5y (S10+ Sam) + JENEAD

dVy T
(51111 + Song) + —S’N) Ry
ng

+RT, (

If § is sufficiently small we have det (VzUN75(x)) > 0 for a.e. x € Ps because of the second convergence in
(IV.2.15). Tt follows that J(vns) < +oo. We divide J(vn,5) — J(I4) by 6* and we pass to the limit using
the strong convergences (IV.2.15). We obtain

1
(IV.2.16) (%1_% 5—4(J(UN75) — J(Id)) =JNL (VN, Ry, VN,S,EN)-

Letting N tend to 400 and using (IV.2.13), it follows that for any (V, R, VS,E) € Unlin
(1V.2.17) Ine (ViR Vs, ?) = lim I (Vv R, Vs, On).

Hence, through a standard diagonal process for any (V, R, Vs, 5) € U,in there exists a sequence of admissible
deformations vs € (H'(Ps))? such that

_ . J(vs) = J(1a)
(IV.2.18) Int(V,R,Vs,0) = ;Ln% —r

The following theorem summarizes the above results.
J()—J(
Theorem IV.2.1. The functional Jny, is the T-limit of % in the following sense:

e consider any sequence of deformations (1)5) belonging to Us and satisfying

0<5<80

g 200 =T
§—0 o

and let (Vg, R;, Vsﬁg,ig) be the terms of the decomposition of vs given by Theorem I1.2.2. Then there exists
(V, R, VS,E) € Upniin such that (up to a subsequence )

Rs; =~ R weakly in (H'(0, L))3X3
Vs — V  strongly in (Hl(O, L))3

VBs — V strongly in (Hl((), L))3
1
)

1 .
6—21_1555 — 7 weakly in (L*(0, L; Hl(w)))3

Vs — Vs weakly in  (H'(0, L))3

and we have

J — J(I
jNL(V)RaVS)i) S hm M
§—0 5

e for any (V, R, VS,F) € Uyin there exists a sequence (1)5) belonging to Ugsuch that

0<0<do

. —J(
Ine(V, R, Vs,7) = }li% w-
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Moreover, there exists (VO,RO,Vsyo,ﬁo) € Upiin such that

(1V.2.19) my = lim % = Ine(VosRo, Vs,0,T0) = min Ine(V,R, Vs, 7).
5—0 (VRVsT) €U

The next theorem shows that the variables Vg and v can be eliminated in the minimization problem
(IV.2.19). To this end let us first introduce a few notations. We denote by E the Young’s modulus of the

material and by x the solution of the following torsion problem:

X € H'(w), /x=0

(IV.2.22) /MVXW) _ /W{SQ% +&§—i}

Vi € HY(w).

At least we set

K:/w{(aa—;fl_&)u(aa—éjtsl)?} Ilz/wsf, 12=L5§-

Theorem IV.2.2 Let (Vo,Ro) be given by Theorem IV.2.1. The minimum mz of the functional Jy1 over

U.,.iin satisfies the following minimization problem:

(IV.Q.QO) mo = .FNL(VO,RO) = min FNL (V,R),
(V,R) EVnlin

where
Votin = {(V,R) € (H2(0, L)) x (H'(0,L))** | V(0) = M(0), R(0)=1Is,

R(s3) € SO(3) for any s3 € [0, L], v Rt},
dS3
and
_EL ["/dR 2 FEL (" /dR 2 uK (*dR 2
fNL(V’R)—T/O (Gt Bm) +T/O (Gt Rne) + 50 [ (G m - Ru)
L > dn,
(IV.2.21) —/0 (Iw|f+;/w95adet (n1 | ng | d—sg)dSldSQ)'(V_M)
2 L
—Z/ (/gSadSlng)-(R—Ig)na.
a=1"0 w

Proof of Theorem IV.2.2. Let us first notice that in the expression (IV.2.10) of Iy (V,R, Vs, ), one
can replace E by E where E and E are given by (I11.2.7), (II1.2.8) and (I11.2.9).
In order to eliminate (Vg,7), we fix (V, R) € V.,.iin and we minimize the functional Jyp, (V, R, ) over

the space

W — {(VS,E) e (HY(0,L))® x (L2(0, L; H'(w)))® | Vs(0) =0,

/5(51, 52783)d51d52 =0 fora.e. s3€ (O,L)}
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Through solving simple variational problems (see [14]), we find that the minimum of the functional Jy, (V, R, -, )

ay,
over the space W is obtained with d—s Rt =0 and
83

2
5(51,52,. -Rn; = { S @t Rn;, -‘rSlSQ—t Rl’lg}

(IV.2.23) 7(S1, 52, ) Rngfl/{ —t Rn; + SQ Sl—t an}

2 dss
_ dVs dVs dR
’U(Sl,SQ,.) Rt+Sl R 1+S2— RIIQ = {X Sl,Sg)—nl Rng}Rt

A ~
where v = m is the Poisson’s coefficient of the material. Then the symmetric tensor E (see again
7
(I11.2.9)) at the minimum is given by

~ 1/ 0x dR
—vEs3(R 0 —( By ) ‘R
~ v 33( ) 5 %51 2 dss n; ng
(IV.2.24) ER) = - 17 0x dr. ,
* I/Egg(R) ) (aSl /;\Sl) 53 n; RIIQ
* * E33 (R)
~ dR dR LA EN . .
where Eg3(R) = —5 —t Rn; — S, d—t -Rn,. Upon replacing E by E(R) in the expression of Jy1, we
s3
obtain
min jNL(VaR)VS75) :]:NL(V)R))
(vsm)ew
where the functional Fy, is given by (IV.2.21). C

Remark. The above analysis shows that if (v(;) is a sequence such that

0<6<dg

mo = lim 7J(U5) 1 J(Id),
5—0 1)

then there exists a subsequence and (Vy, Ro) € Vi, which is a solution of Problem (IV.2.20), such that

the sequence of the Green-St Venant’s deformation tensors satisfies

2—6H5((VI05)TVI05 - Ig) — (n1 |ng | t)E(RO)(nl [ns | t)T strongly in (LQ(Q))3X3,

where E(Ry) is defined in (IV.2.24).
IV.3 Limit model in the case x > 2

Let (1)5) be a sequence of deformations belonging to U and such that

0<5<80

(IV.3.1) i (V) — JUa)

§—0 §2r < oo

Upon extracting a subsequence (still indexed by §) we can assume that the sequence (vs) satisfies the

condition (IV.1.7). From the estimates of the section IV.1 we obtain
[|dist(Vus, SO(3))||L2(735) < Co",
1 T K
(1v.3.3) Hi{vvg Vs = I3 }| (12 (pyyyss < €87,
||VU6||(L4(P5))3X3 < Co3.
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For any fixed ¢ € (0, do], the displacement us = vs — I is decomposed following (I1.2.1) and (III.3.2) in such
a way that Theorem I11.2.2 is satisfied. There exists a subsequence still indexed by § such that (see Section
I11.3)

(Rs —I3) =~ A weakly in (Hl(()7 L))3X3

5n72

st — U strongly in (H'(0,L))’
(IV.3.4) |
gr—1
1

6—51_151)5 —7 weakly in (L*(0, L; Hl(w)))3

Vss — Vs weaklyin (H'(0,L))’

where A is an antisymetric matrix and ¢(0) = Vs(0) = 0. Moreover, U belongs to (H?(0, L)) and there
exists R € (H'(0, L))? with R(0) = 0 such that

(IV.3.5) —At=RAt.

Furthermore, we also have

1 . 3
FHgUa — U strongly in (Hl(Q)) ,
I5(V,vs) — I3 strongly in (LQ(Q))3X3,
(IV.3.6) ILs(us — Us)
65—1
H(;((vag)TVZU(; —I3) ~E weakly in  (L?(2))3*3,

— SYR Ang + SaR Any  strongly in (LQ(Q))B,

1
25n71

where (see Section I11.3)

E = (n; | ny [t)E(n; | ny [t)7
ov 1¢0v ov 1¢0v dR dVs
- . il S —- . - Sy— ot —=2 .
(IV.3.7) a5, ™ {551 ;‘2 * 95 m | {6351 2055 T sy m |
= ) 1 ) dR dVs
E= . ot St —2
* 955 ™ {652 R P . na
dR dR dVs
* * —Sldsg-ng—f—Sgd—sg'nl-i-d—Sg't
—J(I
Proceeding as in the previous section, we pass to the limit-inf in w and we obtain
A
JREICIEIE
o l2
(IV3.8) /0 |lw|f + Z/ (S1,52,.)Sa det (n1 | ny | —)dSldSQ) :

— Z/ / Sl, SQ, .)SadSlng) . (R AN na) S h_m 62%(J(’U5) — J(Id))

6—0

Let Uy, be the space

Uiin = { (R, V6. T) € (HX(0, L))" x (H'(0,1))* x (H'(0, L))" x (L*(0, L; H' (@)))" |

/

U (0) =R (0) = V(0) =0, ;ﬂ =R At, / (S1,5,83)dS1dS; =0  for a.e. s3€ (o,L)}.
S3 w
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For any (U,,R,,V,S,ﬁ/) € Upip, we set
’ ’ ’ _/ A ’ ’
T R Vo) = [ {Gler )+ llE}
2
(IV39) / |w|f Z/w 51,52,. S det (1’11 | 1o | —)dSlng) U

—Z/OL (Lg(sl,SQ,.)sadsldsz) (R Anyg),

with E is given by (IV.3.7) where we have replaced (L{ R, Vs, ) by (L{ R VS, ) From (IV.3.8) it results
that

(IV.3.10) JL(U, R, Vs,?) < lim w
§—0 92

Now, let (Z/l, R, Vs,ﬁ) be in Uy, and let (RN, VsyN,EN) sequences of elements such that
Nen*

Rn(0) =0, Vs n(0) =0, TN (S1,52,0) =0, for a.e. (S1,52) €
Ry € (WH>(0,L))?, Ry — R strongly in  (H'(0,L))?
Vs n € (Wh>(0,1))3, Vs N — Vs strongly in  (H'(0,L))?
oy € (WEh2(Q))?, oy — T strongly in  (L*(0, L; H'(w))?

(IV.3.11)

Moreover we set
dUn

=Ry At Un(0) =0).
TSRy At Uy(0)=0)

We consider the deformations (§ € (0,0¢] and s € Q)
k—1 K— 51 82
(IV.3.12) un.5(s) = Vn.s(s3) + Ruv.s(s3)(s1n1 + samz) + 6 Ws y(s3) + 6Ty (F’ =, 53)

where Ry s and Vy 5 are defined below

dR
den N2 = PRy By

53 , Vi s(s3) = RN s(2)t(2)dz.
Rns(0) =135

Here By is the 3 x 3 antisymmetric matrix such that

dRN

Vo € RB, Byx =
dS3

Nx.
Using the above convergences and the fact that (Z/lN, Rn, Vs, N,ﬁN) belongs to Uy;,, we have

sun,s — Un  strongly in (Wl’oo(ﬂ))g,

§r—2
(IV.3.13) 5(V,ons) — s strongly in - (L2°())°"°.
1
WH(;((VQCUN,(;)TVZUM(; —I3) — Ey strongly in  (L°°(Q))3*3,
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where E is given by (IV.3.7) where we have replaced (Z/l, R, Vs, 5) by (L{N, RN, Vs N, EN). If 0 is sufficiently
small we have det (vaN,(;(ac)) > 0 for a.e. x € Ps. We divide J(vn,s) — J(I4) by 6% and we pass to the
limit. We obtain

1
(IV.3.14) (%1_% W(J(UN’(S) — J(Id)) =JL (UN,RN,VS,N,EN).

Now letting IV tend to +oo gives that for any (U,R, Vs,ﬁ) € Uun

(1V.3.15) T (U, R, Vs, D) = lim Jp(Un,Rn,Vs,N,0nN).

N—4oc0

Hence, through a standard diagonal process for any (L{ ,R,Vs, ﬁ) € Uy, there exists a sequence of admissible
deformations vs € (H'(Ps))? such that

o J(s) = J(La)
(IV.3.16) JL(U,R,Vs,0) = (%13% e

The following theorem summarizes the results of the case k > 2.

Theorem IV.3.1. The functional Jy, is the T'-limit of w

in the following sense:

e for any sequence of deformations (05) belonging to Us and satisfying

0<5<80

lim J(’Ug) — J(Id)

S 52% < +00

and let (L{(;, Rs, VS,(;,E;) be the terms of the decomposition of the displacement us = vs— Iy given by (111.3.2).
Up to a subsequence there exists (Z/l, R, Vs,i) € Uy, such that

(Rs —I3s) = A weakly in (Hl(O,L))3X3

1
65—2
1
(5"—_2”6 — U strongly in (Hl(O, L))3

5,%—_1]/515 — Vg weakly in (Hl((), L>)3

1
5—}{1‘1565 — 7 weakly in (L*(0,L; H' (w)))

3

where for any x € R3, Az = R Ax and we have

J — J(I
jL(U;RaVS,E) < lim w
§—0 5

e for any (U,R, VS,E) € Uy, there exists a sequence (v(;) belonging to Uy such that

0<6<dg

J(vs) = (I,
Jo (U, R, Vs, ) = lim 7(05)5% Ua)

Moreover, there exists (UO,RO,V&O,EO) € Uy, such that

my = lim 2 = J; (U, Ro, Vs,0,00) = min Ty (U, R, Vs, 7).

5—0 2K (u,R,vs,i) €Uyin
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The next theorem is the analog of Theorem IV.2.2.
Theorem IV.3.2 Let (Uy, Ro) be given by Theorem IV.3.1. The minimum m, of the functional Jr over

Uy, satisfies the following minimization problem which admits a unique solution:

(1V.3.17) my = Fr(Up,Ro) = min  Fr(U,R),
(UR)eViim

where

2 3 1 3 au

Vi = {(u,R) € (H(0,L))* x (H'(0,1))* | U(0) =R(0) =0, == :RAt},
3

and

EL (" dR 2 EL, [*/dR uK

FLUhR) = =~ /O (. ™) +T/O (d—Sg / &5

([V318) / (|w|f—|— Z/ 51,52,. S det (n1 | no | )dSldSQ) -U

—Z/ / 51,52,.)Sad51d52)-(7€/\na)

E is the Young’s modulus and K is given in Theorem IV.1.5.

Proof of Theorem IV.3.2. We proceed as in Theorem IV.2.2. We fix (V, R) € Vy;, and we minimize the
functional 77, (L{ J R, ) over the space W. Through solving simple variational problems (see [14] again), we

dy
find that the minimum of the functional [J7, (Z/l ,R,-, ) over the space W is obtained with d—s -t =0 and

S3
_(SS)nff{SQ S2@n+ssRn}
UV 91,02, - 1=V 9 dss 2 102 1
dR 52 — S?2dR
1Vv.3.19 il . = — — /. 2 12"
( ) ’U(Sl,SQ,.) no l/{ SlS2d33 ns + B dS3 nl}
ay dy dR
v(S1,52,.) - t+S1—S n1+52—s'n2:X(51,52)—'t
83 ds3 dss

Then the symmetric tensor E (see (IV.3.7)) at the minimum is given by

~ 1/ 0x dR
~ —VE33(R) 0 5 (@ — SQ) d_53 -t
(IV.3.20) E(R) = - 1rox LI
* Z/E33 (R) B (651A+ Sl) dS3 t
% % E35(R)

=~ dR dR ~
where E33(R) = —5’1 -ng + Sgd— -n3. Upon replacing E by E(R) in the expression of [J;, we obtain
53 53

min  J.(U,R,Vs,0) = FL(U,R)
(vsm)ew

where the functional F, is given by (IV.3.18). r

Remark. The above analysis shows that if (1)5) is a sequence such that

0<0<éo

m, = lim 7J(v5) — J(a)
§—0 o2k

3
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then the sequence of the Green-St Venant’s deformation tensors satisfies

1 .
Wﬂg((vmw)TVzw — Ig) (n1 |ngy |t) (Ro)(n1 |ns | t) strongly in (LQ(Q))BXB,
where E(Ry) is defined in (IV.3.20) and Ry is the solution of (IV.3.17).

IV.4 Extentional models for special forces.

In this subsection we investigate the case where f5 is given by
(IV4.1) fs(s) =" f(s3) for a.e. s € Qs,

where f belongs to (L?(0,L))3. Without any additional assumption on f, Subsection IV.1 shows that this

leads to

| dist(Vos, SO(3))||12(p,) < C6* 1,

1
if W(J(vlg) — J(Id)) < (7. As a consequence, the results of Subsections IV.2 et IV.3 can be applied if
k > 3). Let us for example consider the case k > 3 and remark that due to the choice of f the contribution

of the forces in the limit energy Fr,(Up, Ro) is equal to

|w|/ f(s3) -Up(s3)dss = |w|/ / f(s ds RO(Sg,) At(s3)dss.
L
Then if the quantity / f(s)ds is proportionnal to t(s3), this contribution vanishes and then Ro = Uy =0

s:
and the minimum is null. This example shows that for this kind of special forces, the energy have a smaller

order than 2k — 2 or equivalently that the estimates on vs can be improved in this case.

We assume that there exists f € H'(0, L) such that

(IV.4.2) / F(dl = f(s3)t(s3) for any ss € [0, L].

Let v an admissible deformation of the rod Ps. Now, using (IV.4.2) we derive a new estimate of
/P fs5 - (v —1I). Notice first that det(V®) = 1 4 s1 det (n1 | ng | 3—:) + s9 det (n1 | ng | 3—2;), then
S
using the decomposition (II.2.1) for the admissible deformation v, estimates of Theorem I1.2.2 and (II.3.5)
together with Sads1dsy = 0 we deduce that

ws

L
[ g0 1) =l [ ) (V) = M(s0)dss|
Ps 0
SC(SKJA||f||(L2(O,L))3||diSt(V’U,SO(3))||L2(736).

(IV.A.3)

We obtain by integrating by parts and using the decomposition (I1.2.16) of V (see also (I11.4.7))

[ 651 0s0) - Moo = [ Floaiton) - (S (o0 — ) s

L L _
(vaa) - / Fls3)t(s5) - (R(ss) — L)t(ss)dss + / f(s3>t<s3>-%j<53>d53

=5 | TR~ Tt(ss) - (o) = Tat(saddss + [ Flsn) T2 (00) - lss)as

3
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Finally, using the above estimate and (I1.2.17) we get

rk+1 L _
|cu|52 + /0 F(s3)(R(s3) — Is)t(s3) - (R(ss) — I3)t(s3)dss

<CO" £l z2(0.0y7] [dist(Vv, SOB)) | 2.

(IV.4.5) ’ L Jo o)

We assume that

W(Vv) = [ f5-(v—=1Ia) = J(v) = J(Ia) < +00
Ps Ps

which implies using (IV.1.9)

(IV.4.6) %Hdist(Vv,SO(3))||2L2(7,6) - / fo-(w—1g) < Jw) — J(I4) < +o0.
Ps

Hence

(IV.4.7) 4 ’ L2(Ps) 2 Jo

< C5n||f||(L2(07L))3||diSt(V1}, SO(3))||L2(735) + J(U) — J(Id) < 400

Now, in view of the above inequality, let us consider a sequence (vs) satisfiyng J(vs) — J(14) < C15°%.

From estimate (I1.3.8) we deduce that

0<6<dg

L
(IV.A8) | / FR -~ L)t - (R~ I)t| < O£l 120,105l [dist (Vv SOB)) 13y -

where the constant C* only depends upon the geometry of the middle line of the rod. According to inequalities
(IV.4.8) and (IV.4.7) the cases k = 3 and £ > 3 lead two different energy estimates.
If kK > 3 we obtain

[|dist(Vus, SO(3))||L2(735) < Co",
1 T K
(IV49) HE{V’U‘S Vs — IB}H(L2(736))BXS < cé >
||VU§||(L4(736))3X3 < o
The constant C' does not depend on J.

If k = 3, the energy estimate depends on || f||(z2(0,2))s. Indeed , if
(IV.4.10) ||f||(L2(0 )3 < _K®
’ 2C*|w|

estimate (IV.4.8) and (IV.4.7) give

v (4~ Sl 1f1lzm0.000 ) st Vs, SO s
< C&||fll(z2(0,yys ] |dist(Vo, SO(3))|| L2 () + C16°
and then
||dist(Vvs, SO(3))||L2(ps) < C67,
(IV.4.12) H%{wng I3 }[| L2y ysns < OO

||V’U5||(L4(735))3x3 S C(S%
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The constant C' does not depend on §.

In view of (IV.4.7), an alternative assumption to (IV.4.10) which also leads to estimates (IV.4.12) is to
suppose that

(IV.4.13) f(s3) >0 for almost any s € (0,L).

In the sequel of this subsection, we will assume that the forces f satisfy (IV.4.2) together with (IV.4.10)
or (IV.4.13) if Kk = 3.

J(vs) — J(I,
w. According to estimates (IV.4.9) and (IV.4.12),

performing this process in the elastic energy term is identical to the one detailed in the previous Subsection.
We just focus on the behavior of the terms involving the forces. In view of (IV.4.3), (IV.4.9) and (IV.4.12)

we get

Now we have to pass to the limit-inf in

wl L
Jim 52 / fo - (vs —Ia) = lim (5L |1 / f(s3) - (Vs(s3) — M(s3))dss.

Now we use the notations and results of Subsection II1.4, we have

[ronme s e [7e 8o [0t

Thanks to the convergences of Lemma II1.4.1 we deduce that

(IV.A4.14) lim 5%/ fs - (vs — Ig) = |w|/ ft-

Let us define the limit operator Jrs by

(IV.4.15) YU, R,Vs,v) € Uy, JLs(U,R,Vsﬂ):/
Q

(@ 4 ulIBIP - ol [ 7

The matrix E is given by (IV.3.7) and the displacement Ug is such that (see Lemma I11.4.1)

t— = ifk=3
p s, ,
(IV.4.16) —dUE ot = 3;3 dss
% Sy itk >3
ng

The expression of J1s shows that this functional has a unique minimizer. We have obtained the following

result.

J(.) = J(,
Theorem IV.4.1. The functional Jrs is the T-limit of % in the following sense:

e for any sequence of deformations (’U(;) belonging to Us and satisfying

0<6<dg

i L s) = J(a)

o 52n < +00
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and let (Ug, Rs, Vs, 5,55) be the terms of the decomposition of the displacement us = vs— I given by (I11.3.2)
and (II1.4.3). Up to a subsequence there exists (Z/{ R, Vs, ) € Uy, such that

1
5

3x3

s(Rs —Is) = A weakly in (H'(0,L))

o 2?/{5 —s U strongly in (Hl((),L))3

1
5n71
1
65—1

1
6_”H5U5 — 7 weakly in (L*(0,L; H' (w)))

where for any x € R3, Ax = R Az and where the relation between Ug, Vs and U is given by (IV.4.16). We

have

Vss = Vs weakly in (Hl(O, L))3

Ugs — U weakly in (Hl(O, L))3

3

J(vs) — J(I
Jis(U, R, Vs,7) < lim J(vs) — J(Ia) - (fa)
6—0 o

e for any (L{,R, Vs,ﬁ) € Uy, there exists a sequence (v(;) belonging to Ussuch that

0<5<80

i Jws) = J(1a)
JLS(U,RJ)S,) I%T'

Moreover, there exists a unique (Z/lo,'Ro, Vs,o,io) € Uy, such that

my = hHl - = Jrs(Uo, Ro, Vs,0,T0) = inf Jrs(U, R, Vs, ).
URVs,v)EUin

The next theorem is the analog of Theorems IV.2.2 and IV.3.2.
Theorem IV.4.2 Let (Uy, Ro, Vs,0) be given by Theorem IV.4.1 and Ug,o € Dg, defined by (IV.4.16). The

minimum m, of the functional Jrs over Uy, is obtained with Uy = Ry = 0 and it is given by the following

minimization problem which admits a unique solution:

(IV.A17) mi = Frs(Upo) = min  Frs(Us),
where

B E dUE ~dUg
(IV.4.18) Frs(Ug) —|w|{5/0 o / f 53

FE is the Young’s modulus.

Proof of Theorem IV.4.2. We proceed as in Theorem IV.3.2. We fix (V,R,Vs) and we minimize the
functional v — Jrs (U, R, Vs, 5) over the space
W = {5’ € (L*(0,L; H'(w)))? | /a’(51,52,53)d51d52 =0 forae. s3€ (o,L)}.

Through solving simple variational problems (see [14] again), we find that the minimum of this functional is

obtained for

dy 52 — 52 dR
5(S1,SQ,.)'H1:7V{S1£3S't+ 2 9 ld_g n2+5152ds3 i 15
dy dR S2 - S?2dR
(IV.4.19) ©(S1,S2,.) -ng = —V{Szgj t—515— ds5 Ny 4 =2 5 L dss n;
dy dVs dR
5(51,52,.) t+Sl—S 1’11+SQ 1’12:)((51,52)—'1]
s3 s3 dss
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Then the symmetric tensor E (see (IV.3.7)) at the minimum is given by

~ 1/ 0x dR
—vE33(R 0 — (== —-95)— -t
- VEs3(R, Vs) 2 (aasl :) dss
(1V.4.20) E(R,Vs) = VB (R Lrox  g\4R |,
* vE33(R, Vs) 2(8§1 + 1) a5
* * E33(R, Vs)
~ d dR dR =~
where E33(R,Vs) = % t— S5 — 1o, 2 + Sgd— -n7. Upon replacing E by E(R, Vs) in the expression of
S3 S3 S3

Jrs and using (IV.4.16), we obtain that the minimum of the functional Jr¢ (Z/{, R, Vs, ) over the space A

is equal to:

eif k>3

P [ (R ) B [ (2R ) uK/ O+ el [Ty
2 0 ng 2 2 0 ng ng 2 0 ng

then, we immediately deduce that the minimum m, of the above quantity is obtained with Uy = Ry = 0

dUE

and it is given by the minimum of the functional Fr g defined by (IV.4.18).

oif k=3
21 L(@ )Z% L(ﬁ )k L(dR . le f||RAt||
dss 12 2 dss n1 4 ds 2
0 0 0
E d 2 ~d
n |w|/ dVs |/ Vs Vs ‘.

where the relation between Vg, U and Ug is given by (IV.4.16). Now, if f(53) > 0 for a.e. s3 € (0,L), then
the minimum mg3 of the above quantity is obtained with Uy = Rg = 0.

We now prove that under the condition (IV.4.10) we still have Uy = Ro = 0. To this let (Z/l, R, 0 ,5) (we
have chosen Vg = 0) be in Uy;, and vs be a sequence of admissible deformations given by Theorem (IV.3.1)
such that

J —J(I
jLS(UR 0 ’U)—%l_}r%%,

and

=~ N
Bl z2(0))3xs = |[El|(z2(0))sxs = lim 57||dlst(VzU6750(3))||L2<7>5)-

In view of (IV.4.3), (IV.4.4), (IV.4.6) and (IV.4.8) we obtain

po T
(Z a 7|W|||f||(L2(o,L>>3)||E||?L2(ﬂ))m < Jis(UR, 0,7).

Now we choose v as the minimizer of Jrg (U , R, 0, ) over W in the above inequality, it gives

L
1% c* 2 dR 2 dR 2 K/
B 142 L({— I
(4 5 [l fllz20,0)) ){/O (1+ ”){ 1(d53 n2) + 2(d53 dsz
ElL iR \? EIL, [*/dR LS / | / 7 2
<= 2. ==z - — R At|5.
< (ds3 n) + = 0 (ds3 B 2 |, TR A

It follows from the above analysis that the minimum mj3 is obtained for Uy = Ry = 0. In both cases the

minimum mg is given by the minimum of the functional F1 g defined by (IV.4.18).) |
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Remark. Still in the case where k = 3, if f satisfies (IV.4.2) without any other assumption, the limit
deformation is given by Theorem IV.2.2.

We assume « = 3. Let us end this section with an interesting model obtained by superposing general
forces given by (IV.1.5) denoted here by (fY,gy) and the special forces f} described in (IV.4.2) satisfying
the assumptions of this section ((IV.4.10) or (IV.4.13)). The corresponding total limit energy in this case is
then

YUR V5,0 € Ui, ToclR.Vs,0) = [ {Sr®)2 + ull B}
/ (lwlr® + 22:/ (S1,S2,.)Sa det (ny | ny | —)dSldS2)~
—Z/ / (S1,52,)82dS1dS2) - (R Ang) - |w|/ e d !

Notice that the above energy leads to a linear limit model which couples the inextentional displacement, the

torsion and the extentional displacement (see also (IV.4.24)).

The analysis of the present subsection and of Subsection IV.3 permits to state the following theorem.

)= J(,
Theorem IV.4.3 The functional Jrg is the T'-limit of w in the sense of Theorem IV.j.1.

Let (U, Ro, Vs,0,00) be a minimizer of the functional Jrg over Uy, and define Ugoy € Dgy by
(IV.4.16). Then Uy, Ro,Ug,0) is the unique solution of the following minimization problem:

(1V.4.21) m3 = Fra(Uo, Ro,Ug,) = min Fre(U,R,Ug),
URUE)EVGiin
where
VG = { (U R Up) € (H(0. L))" x (H'(0, L))" x Dia | U(0) = R(0) =0, Up(0) =0, ;ﬂ = RAt),
53
and
_EL, (F[dR 1?2 EL ["[dR LS 2
F16(U, R, Up) _T/O g ™) +T/O ™) / td
E|w| L rdug 1| dU || 272
- —~t =
+ / dS3 + 2Hd83 H2:|
(1V.4.22)

/0 (11724 3 [ (51,5205, det(minzld“—%ld&)-
fz/ ([ 865082 0501082 - (R Am) ol [ 749

E is the Young’s modulus and K 1is given in Theorem IV.1.3. Moreover we have

dUE,O _ H
ng B ng

(IV.4.23)

2~1
\ +g/

and the couple (Uy, Ro) € Viin is the unique solution of the following variational problem:

L 2
@. dR ,uK dRO . dR M dUo . ﬂ
EJ gl3_a[d53 n“} {ds / 53 d53 } T ) T sy dss
0 dng,
(IV424) / (|w|f + Z/ 51,52, )S det (1’11 | no | —)dSlng) -U
+ Z/ / Sl, So, .)SadSlng) . (R N l’la), V(U,R) € Vin
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Indeed the remarks at the end of Sections IV.2 and IV.3 are still valid for the above chosen forces.
V. Solutions of the non-linear minimization problem (IV.2.21)

The results of this subsection are limited to the case where the curved rod is fixed only on I'g s (see
Subsection I1.2.4). As a consequence, the other extremity (for s3 = L) is free (or with little change submitted
to a given load). For these boundary conditions, we replace the minimization problem (IV.2.21) by an integro-
differential equation satisfies by R. To do that, we write the minimization problem (IV.2.21) in terms of the
unknown R. We denote by G the matrix of (L?(0, L))3*3 such that

L
/ <G,R—I3>:/ (|w|f—|—2/ (S1,55,.)Sa det(m|n2|—)d51d52)-(V—M)
0

+Z/ / 51,52,.)Sad81d52)-(R—I3)na,

for any (R,V) € Viin, where < -+ > is the inner product associated to the Frobenius norm over the space
M.
We set

As :{A € (L2(0,L))>® | AT(s3) = —A(s3) for ae. s3€ (o,L)}
NS :{R € (HY(0,1))*® | R(0) = I3 and for any s3 € [0,L], R(ss) € 50(3)}.
Let A be a matrix belonging to A3 and let Ra be the solution of the Cauchy’s problem

Ra € (H'(0,L))**?,
dR A

(V.1) T (s3) = Ra(s3)A(s3), fora.e.s3€(0,L),
3
RA(0) =1s.
The map A —— R is one to one from A3z onto HS. An element R € HS is associated to the element
dR
A =RT == of A3.
ng

Taking into account the definition of G, the minimum ms is in fact the minimum of the functional

2 uK [*/dR 2 /L
V.2 -Rn, L —n; R - G,R-1I
( ) / ng - ) + 4 0 (ng t 1'12) 0 < 8=

over the closed set HS. In terms of A, my is also the minimum of the functional

E [t dRA uK [*/dRa 2 L
(V.3) g(A)*i/O ;1 Tt RAna) A (ng, nl-RAng) 7/0 <G,Rp-I;>

over the space As. In view of (V.1), we have

2 K 2 L
: A i An, - —/ G,Ra — .
(V.4) /ZI tn)+4 O(m n2) [ <GRA-TL>
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In what follows we derive the first and the second derivatives of the last term in (V.4). By a standard

calculation we show that for any matrices A and B in A3 we have
RA+B(83) RA 83 / RA (s)ds) RA(Sg)
([ RA<t>B<t>R£<t>RA<s>B<s>R£<s>dtds) R (55) + OBl ya0,5):
as the consequence we obtain
’ 1 1"
G(A +B) =G(A)+G (A)(B) + 59 (A)(B,B) + O([IBI[(L2(p,1y5x)
where
pk ("
/ Z 1, (At . na) (Bt . na) + T/ (An1 '1’12) (Bn1 . 1’12)
0
- / < G(s3) / Ra(s)B (S)Ri(s)ds) Ra(s3) > dss
(V5) ’

g”(A)(B,B):E/O ZIa(Bth)QJr%/O (Bn, - n,)°

_ Q/OL < G(s3) / / Ra(t (t)RA(s)B(s)Rﬁ(s)dtds) Ra(s3) > dss.

In order to explicit the minimum of G, we simplify the term involving the forces in G (A)(B). We have

/OL < G(s3), (/053 RA(s)B(s)Rﬁ(s)dS) R (s3) > dss
- /OL < G(s3)R} (s3), ( /0 RA(S)B(S)RQ(S)C[S) > dss.

We integrate by parts the right hand side term in the above equality. This gives

/0 " s, ( /O R (5)B(s)RA (s)ds R (s5) > dis
:/0 < ([ G(S)Ri(s)ds) ,Ra(s3)B(s3)RA (s3) > ds
:/OL < Ri(83)(/: G(s)Rg(S)ds)RA(53),B(S3) > dss.

Using the fact that symmetric and antisymmetric matrices are orthogonal for the scalar product < -, - >, we

finally get for any matrix B € Aj

o [ () (o) 4 [ () ()

—/ < RA(53)(/L % [G(s)RE (5) ~ Ra(s)G7 ()] ds ) Ra(s5) . Bss) > dss.

0 S3
The above derivations allow to prove the following theorem.
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dR.
R =2

Theorem V.1. Let (Vo,Ro) be in Vo, and set Ay = Then (Vo,Ro) is a solution of the

3
minimization problem (IV.2.21) if and only if Ro is a solution of the following integro-differential problem

AO(S3)n1 (83) . 1’12(83) = luiKRg(S3)(/SJ [GRg - RoGT])RQ(83)n1(s3) . n2(83)
1 L
(V.7) Ao(s3)t(s3) -y (s5) = E—hRg(@,)(/ [GRY — ROGT})RO(Sg)t(SQ,) 01 (s3)
An(sa)t(ss) ma(s9) = 2R (sa) ([ [GRE ~ RoGT] ) Ra(sa)t(sa) masa)

83

Moreover, if
1 K
(VS) ||G||(L2(O L))3x3 < = 73/ 1nf (Ell,EIQ, M2 )

the solution of the minimization problem (IV.2.21) is unique.

Proof. An element (Vy, Ro) of Vi is a minimizer of (IV.2.21) only if Ag is a minimizer of the functional
G given by (V.3). Hence, we have G (Ag)(B) = 0 for any B € As. In view of (V.5) and (V.6), the

antisymmetric matrix A satisfies

S (o) (B0 ) [ (o) ()

:/ < ROT(SB)(/L C[G(IRE ~ RGI])Ro(ss) Blss) > dss. VB € Ay

0 532

This immediately gives (V.7).
Now we prove that the functional G admits a unique minimizer, under the assumption (V.8). For any A € Aj

we get
2 2 2 2
HAH(LZ(O,L)S»XS = Q{HAt ' n1||L2(0,L) + At n2HL2(0,L) +[|Any - n2||L2(O,L)}'
From the expression (V.5) of G (A)(B,B) and the above equality we have

uK
(v9) G"(A)(B.B) > L{int (BL, ED, 5 ) — 13721l x(0.cy0w5 B0, 1y00-

As a consequence of the above inequality, if G satisfies (V.8) the functional G is strictly convex, which insures

the uniqueness of the minimizer Ag. r

Appendix. A few recalls on rotations

Let V be a matrix belonging to SO(3). The matrix V is the matrix of a rotation Rae in R? where a is
a unit vector belonging to the axis of the rotation and where 6 belonging to [0, 7] is the angle of rotation

about this axis. The rotation is written as
vx € R?, Rao(x) = cos(@)x + (1 —cos(f)) < x,a > a+sin(f) a Ax.

We have
2
|13 — V||| = 2v/2sin (2) > ie
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For all ¢t € [0,1], we denote by W () the matrix of the rotation Ra 9. The function t — W (¢) belongs to

(c*([o, 1]))3X3 and satisfies
dW
WO =L, W=V,  W@HesoE), ||Zl|=vo<2Aqm-vi, e
Now, let Uy and U; be two elements in SO(3). We set

VvV =U,'U,

and we consider the map
U(t) = UgW () for any t € [0,1],
where W (t) is defined above. We have built a path U € (C*([0, 1]))3X3 such that
U((0) =U,, U@1)=1U,, U(t) € SO(3),
dU
|55 ®][] <200 - vl te .1
Lemma A. Let R be in (H'(0,L))3*3 such that R(0) = I3 and such that for any s3 € [0, L] the matriz

R(s3) belongs to SO(3). There exists a sequence of matrices (Ry)nex+ satisfying Ry € (WH°(0,L))3%3,
Ry (0) =I5 and for any ss € [0, L] the matriz Ry (sg) belongs to SO(3) and moreover

Ry — R strongly in  (H'(0,L))>*3.

dR
Proof. The matrix A = RTd— is antisymmetric and belongs to (L*(0, L))3*3. Let (Ay) . be a sequence
S3 n

€
of antisymmetric matrices such that

Ay € (C([0,L]))3*3 and Ay — A strongly in  (L?(0, L))*>*3.

Let Ry (N € N) be the solution of the Cauchy’s problem

dR
N _RyAn
ng
Ry(0) =1

We have Ry € (C1([0, L]))3*3 and for any s3 € [0, L] the matrix Ry(s3) belongs to SO(3). From the above

strong convergence we deduce that

Ry — R strongly in  (H'(0, L))3*3.
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