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three dimensions
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Abstract

We consider an incompressible, viscous free surface flow down a three dimensional channel. In the
absence of surface tension, we prove the existence of a unique stationary flow in weighted Sobolev spaces.
The proof relies on a careful study of a particular pseudodifferential operator and the use of a Nash-Moser
implicit function theorem.

Introduction

We consider an incompressible viscous free surface fluid flowing down a three dimensional inclined channel.
In the case where the bottom of the channel is flat, there exists a well-known stationary solution, usually
referred to as the Poiseuille-Nusselt flow[4]. However, the question of finding such a stationary solution for
a general profile of the bottom is not easy to address, as the linearized operator in the neighbourhood of the
Poiseuille-Nusselt solution is not elliptic, and results such as those obtained by [4] or [I4] do not apply in
this situation. As a matter of fact, it has been proven, see e.g. [I] that the surface tension coefficient, when
it exists, plays a particularly important role in the structure of the linearized solution operator, transform-
ing it into an elliptic second order pseudodifferential operator. In the general three dimensional case when
surface tension is neglected, the linearized free surface problem is no longer elliptic, and one has to carefullly
analyze the structure of the associated operator in order to study its invertibility. Moreover, event though
this linearized operator may be invertible, there is a loss of smoothness when inverting it, which makes the
analysis even more complicated.

1 Formulation of the problem

1.1 Governing equations

Let Q7 be an unbounded domain of R3, with 6Q =T',UX,, I, being the fixed bottom of the channel. More
precisely we define:

Q) ={(z,y,2) €R3, —00 < & < +00,—00 < y < +00,7(x,y) < z < 20+ p(z,y)}

where p is a mapping from R? into R describing the free surface, while z is the height of the free surface
when x,y goes to co. Similarly, 7 is a mapping from R? into R representing the fixed bottom.
We now let u be the velocity field and p be the pressure in the classical Stokes equations. We denote by
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C1
1
o(u) = i(V(u) +! V(u)) — pld the stress tensor, by f the gravitational field with coordinates | 0 |with
Cy
Oy = gsina and C; = gcos a, a being the angle shown on Figure [T.1] and g, the gravity constant.
In this paper, we shall prove the existence and uniqueness of a triple (u7 P, Ep) solution of the
following system of equations:

—dive(u) = finQ),divu =0inQ},u = (onT',0(u).n = CnonX, (1.1)

with the conditions at infinity:

C1(z0z — 327)

lim  u(x,y,2) = 0 (1.2)
(z,y)—+o0 0

and the main kinematic equation for the free surface itself, which reads in the stationary case:

un=>0 (1.3)

Equations will be referred to as the Auxiliary problem, while will be called the Main Equa-
tion. Note that the constant C involved in the normal stress condition can be set equal to 0 by substracting
off a constant pressure field, and we will assume so in the sequel. The function g is 0 in the case of the no-slip
boundary condition, but can be chosen as a small - in a sense to be made precise later - rapidly decaying
function in S(R?).

1.2 Function spaces

We now introduce the family of Banach spaces to which belong the data and unknowns of our problem.
For § = (61,02) in R% and s > 0, we set:

H3(R?) = {f € H*(R®)/|| f(X, 2) exp(8u]z| + Saly]) | - (rs) < +o0} (1.4)

where X = (z,y) € R? and H*(R?) is the usual Sobolev space.
Similarly, we define:

C3(R%) = {f € C*(R®)/ > Sup(|Df|)exp(dila| + dalyl) + D Sup([D*f]) < +o0}  (L.5)

|| <s ler|=[s]

where [s] is the integer part of s and [f] = sup,_, mi‘f([sy)

We recall for further use a classical embedding theorem:

Proposition 1.1 Let f € H§(R3), and assume that, for m € N, «a € |0, 1[, there holds:
s— 3+ aand 25 > n, then f € CJ"**(R®) and there exists a constant C > 0 such that:

||f||c;n+a < Ol fllg



1.3 The main result

We introduce the following notation : for X a Banach space, we denote by B¢(X) the ball of radius € centered
at the origin in X. Our main result can now be stated:

Theorem 1.2 There exists 69 small enough such that, for

delta < §p and € small enough, f and ¢ as in 1.} with ¢ € BS(HE(I')) and T € BS(H{’(R?)), there exists
a unique triple (u,p, ) solution of . 1.3)), with

¥ € H}(R?), (u,Vp) e H(Q)}(Q).

Moreover, the solution depends continuously on the data:

lullgz + 1IVPl gy < CULFIT+ (11D

The proof of is quite lengthy, and will be presented in the rest of this article. It relies on a thorough
study of the linearization of , as can be expected from our formulation as a small perturbation
problem. However, and this is where the technical difficulty of this result lies, it is impossible to use a
standard Implicit Function Theorem: when considering the nonlinear mapping G formally defined by

G(¥) =ux.n (1.6)

we will see that DG(X)~! o DG(Y) is an unbounded operator. We therefore have to invoke, and verify the
cumbersome assumptions of, a Nash-Moser type iterative scheme in order to overcome this loss of regularity,
the most difficult task in this program being the study of the invertibility of the linearized operator DG(X)
in a full neighbourhood of the Poiseuille-Nusselt flow - and not only at this particular solution.

In Section2] we shall define the appropriate formalism in order to study the operator G. In particular,
we will explicitly compute its derivative around the Poiseuille-Nusselt flow. This linearized operator has
an unusual and interesting characterization as a first-order transport like- operator with a nonlocal term
of order —1 of the type studied in [3], and this nonlocal term will play a major role in the invertibility of
the derivative of G. Section] contains an exposition of the heavy machinery involved in the Nash-Moser
Theorem.

2 Kinematic condition

Let us recall a standard parameteric representation one can use in order to describe a family of free surfaces
¥, as a graph along the normal above a reference manifold,see eg[5][6] for a detailed exposition.

Let then X be a 2-dimensional reference manifold, denote by M (s) a generic point on ¥ and by 7(s) the unit
outward normal vector to %(s). We will use the notation J;, for the generic tangential derivative operator
with respect to the k" local coordinate on 3.

For a small enough neighbourhood of ¥ there exists a system of local coordinates and a unique representa-
tion, for any point M in this neihgbourhood

M(s,d) = M(s) + dn(s) (2.1)

and this representation defines a C°°-diffeomorphism from x| — Ly, Lo[ onto the Lg-neighbourhood of 3,
for Lo small enough (the size of Ly depending only on the maximum principal curvature of ¥ ). Hence, by
choosing p € Hi(3; R) with a small enough norm, one can represent any manifold close enough to % using
the parameterization just defined:

Y, =%+pi (2.2)

or equivalently: _ _
Y, ={M,=M+p(s)in, M € X} (2.3)

For instance, one can trivially represent any point in the three dimensional space over the (z,y) plane
corresponding to the unperturbed Poiseuille-Nusselt flow using its tangential and normal coordinates, and



this property still holds true locally for small enough perturbations of this plane.
We can now define precisely the nonlinear operator G we are interested in:

Definition 2.0.1 Let G be the normal velocity operator

.. S(R?) — S(R?)
Coprug,n,

G well defined in a neighbourhood of the origin in H§(Z;R).

We first state the

Proposition 2.1 There exists 091 > 0 such that, for § < dg1, there exists € > 0 such that, for every s > 4
and (p,7) € BE(Hf(RZ))Q, the operator G defined in |2.0.1 is at least of class C* from B(Hj(R?)) into

BE(H; % (R)).

The proof of propositior2.1] is rather classical and rely on usual differentiability arguments for the solution
of a well-posed boundary value problem w.r. to the coefficients of the equation. One uses as in [10][3][5] a
change of variables - the Hanzawa transform - shrinking (27 to the domain corresponding to the Poiseuille-
Nusselt flow, {2y say. More specifically, let { € C*°(R) be a cut-off function such that for every p € H$(Zo)

and v € Hj(3o), the mapping Y, , defined by

Do) + (2
0

for p,~ small enough is a C? diffeomorphism from R? into itself. One can then set

M (z) = M — [¢(

M(z) = Mo(S(x)) + D(z)no(S(x))
leading to

D D+ZO

Yor(M(2)) = Mo(S(x)) + [D(2) = C(7)p(S(2)) + (=7 =)7(S(@))Ino(S()

One easily notices that Y, , maps Q] into {2, 3, into %y and I, into I'o.
We now consider the change of unknown function:

(@) = u(Y,; (&), (&) = p(Y, | (2)), F(&) = f(Y, (&)
and

¢(&) = g(¥, (@)

for & € Q. After performing this change of variable, the auxiliary problem(l.1))(1.2) becomes:

A(p,v)(v,q) = FinQg, B(p,7)v = 0inQg,v = ConTy, C(p,¥)(v,q).ng = C.ngon Xy

with the conditions

lim (i, §,2) = 0
@)l —+o0 0

and

lim Q(j:ng 2) = C2(f2 - ZO)
1(2,9) | =00

(2.5)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

Denoting by L) the operator defining the left-hand side of (2.10), one easily checks that L7 maps Hj({0) x
HE Q) into HE2(Q0) x Hi 1 (Qo) x HE(To) x Hi ' (Xp). In order to solve (2:10), we first eliminate the



conditions at oo by seeking a solution (v, ¢) under the following form:

v=V+Uy,q=0Q+ F (2.13)
where (Uy, Pp) is the unperturbed solution corresponding to a flat bottom:
A(0,0)(v,q) = Fin{p, B(0,0)v = 0inQp, v = 0onTy, C(0,0)(v,q).ng = C.ngon (2.14)

We now state and prove the following

Proposition 2.2 There exists g > 0 such that if § < &y and s > 4, then for every (p,7) € B(H§(R?) x B.(H§(R?),
there exists a unique solution (v,q) to (2.10) with
v=V+Uo,q=Q+ P (2.15)
(Uo, Po) as in ([2.14). Morevover, there holds:
IVl iz 0) + IVQU 2300y < CUlGN 22 (0) T €07) (2.16)
€p being small for (p,7) € B.(H;(R?)) x B.(Hj(R?)).

The proof of (2.2)) relies on a classical contraction argument, as follows: one first rewrites (2.14) under the
following form
A(0,0)(V, Q) = [A(0,0) — A(p,7)](v,q) inQ,

B(0,0)V = [B(0,0) — B(p,7)]vin Qo, (2.17)
V = ConTy, )
C(0,0)(V,Q).no = [C(0,0) — C(p,)l(v,q).noC.ng on Lo
and look for a fixed point of the following operator (V,Q) = M) (W, R) defined as the solution of:
A(0,0)(V,Q) =[A(0,0) — A(p, V)](W + Uy, R+ Py)in

V = ConTy
C(0,0)(V,Q).ng = [C(0,0) = C(p,7)|(W + Uy, R+ Py).noC.ng on X

At this stage, the main point is to prove that (2.14]) is well-posed when the right-hand sides are replaced by
small data, that is, that the following problem:

A(0,0)(V,Q) = f1inf
B(O, O)V = fg iIlQO
V = fg OHFO
C(0,0)(V,Q).ng = fdon Xy

(2.19)

has a unique solution for small enough quadruple (f1, f2, f3, f4) in BE(H(?’S(QO) X H§’2(QO) X Hg’l(Zo) X
HE2(%).

This result follows easily from arguments in [2I] for the standard Sobolev spaces, and from the detailed
study of the weighted case that we postpone to Section3] see in particular corollary3.5] Using this result,
one can now show that the mapping (W, R) — (V,Q) = M) (W, R) is well-defined and is a contraction for
(p,7) € Bc(H3(R?)) x Be(H;(R?)) and € small enough. Property(2.16) is then a simple consequence of the
Lipschitz continuity of the coefficients of the operator in (2.10).

Let us note that the C? regularity of the solution operator G of obtains through standard arguments
relying on the chain rule, and move on to the computation of the differential of G with respect to the free
surface p.

For p small enough, we compute the derivative %—g(p).h as the limit when t — 0 of

S(G(M, + thiy, th + )~ G(M,,p)) (2.20)



with - as previously defined - M, = My png, see ﬁgur The computations we need to perform are classical
and detailed in[3]. Let us first recall- using coordinates in a local frame - that

0
no [0 (2.21)
1
x
M, y (2.22)
20 + p(z,y)
1 Pz
nog | Py (2.23)
1
where E = /1 + |Vp)2. Therefore, we have that
o — thee
Mth = Mp+thnp Yy — th% (224)

20+ plz,y) + 42

We now determine the normal vector ng, at M;,. Up to smaller order terms in ¢, one can work out the
following expressions, seef5] for details:

Np4th (Mp+th) = np(Mp) — AVh + Lh + O(t) (225)
with )

L+ (py)*  —papy O
Alp) = —PzPy L+ (pz)*> 0 (2:26)

Pz Py 0

Li(p) PyPay + PaPyy

L(p) = | L2(p) | = | puPuy + Pypua (2.27)

Ls(p) —Pzz — Pyy

We now return to the derivative of G itself: (2.20) is split into three parts.
First, a part coming from the variation of the normal field, that is

1
;upﬂh(Mp +thn,) X (nprn (M, +thn,) —ny(M),))

whose limit as t — 0 is given using (2.25) by:

~ fup(My), A().VB)) + Lo(p) 1 (229
with
Lo(p).-h = (up(M,), L(p)) .h (2.30)
We rewrite as
—(V,Vh)) + Lo(p)-h (2.31)



Uy

with V easily obtained using the transpose of A(p). If we let | Uz | be the coordinates of u,(M,), then one
Us

has:

Ui(1+|Vpl?) + pzG(p)
v (Uz(l +[Vpl?) + pyG(p)> (2.32)

We remark that V is a small perturbation of (51) which is itself close to ((1))
2

The second part of (2.20) comes from the variation of the point at which the function u is evaluated:

1
Eup+th(Mp +thn,) — upren(Mp) X (npten(Mp + thn,) — ny(M,))

the limit of which is obviously

ou

a—np(Mp).np. (2.34)

Finally, the third term in (2.20) comes from the variation of « with respect to the domain, see e.g. [3]: setting

Upyth(M) — u,(M)

o(M) = lim . , (2.35)
then the limit of the last term is
v(M,).n,. (2.36)
Finally, the derivative of G is given by the follwoing formula:
DG
D—p(p).h = —(V,Vh) + Loh + v.n,. (2.37)
Similarly to v, we define the local derivatives of the treess tensor and the pressure field
M) — M
’U(M) = lim U(“p+th)( ) U(ul))( ) (238)
t—0 t
and
M) —p,(M
g(M) = tim Lexn(D) = pp (M) (2.39)
t—0 t
One clearly has that
1
T(v) = §Vv +' Vo — ql. (2.40)

Using standard arguments, one easily obtains the following system of equation for the local derivative v with
respect to the domain:

. . . . 0o
—div7r(v) =0inQ),dive =0inQJ,v =0on I, 7(v).n, = A(p).Vh—(T%.np.nph)—ﬁ—Mo(p)h onk,, (2.41)

where we have set
Ap) = (1+ Vo) (o —C) (2.42)



and
Mo(p) = (0 — C)Lo(p). (2.43)

Again, one notices that A(p) is a small perturbation of (o — C) and also that My(p) is an operator of order
0 with a small norm whenever p € B..

In the rest of the article, we will denote by P_; the operator h.n, where v is the solution of . We will
first focus on a simplified version of it, P_ o1 say, defined as h.n, where w is a solution to the set of equation

(2.44) below:
—divr(v) =0inQ),dive = 0inQ),v =0onT', 7(v).n, = A(p).Vh+ hon ¥, (2.44)

The study of the operator P_ ¢; is key to the proof of the invertibility of the linearized operator %—ﬁ.

2.1 Properties of P_;

We first state the following important technical result:

Proposition 2.3 For any s > 0 and § < o1, P-1 is a continuous linear operator from H§(R?) into
H;H (R?)

Proof: this easy result stems from the obvious linearity of P_; o and the fact that the Stokes problem is
well-posed on unbounded domains for small data, see e.g. [I9][2I]. In fact, the much more accurate result
holds true:

Proposition 2.4 P_, is a pseudodifferential operator of order —1 whose principal symbol is given by

p(&) = 7

Proof: the techniques we use are described with great details in [5], to which we refer the interested reader.
Let us however recall the geist of the computation: P_; o is a pseudodifferential operator on X, if it is a
pseudodifferential operator in R? in any local coordinate system on >,. Moreover, its principal symbol
is uniquely defined, irrespective of the choice of local coordinates, and can therefore be computed using
conformal coordinates on X,, see e.g. [11].

Denoting again by E the coefficient of the first fundamental form on ¥,, the local basis is now given by

1 0M
P 2.45
¢ E 351‘ ( )
and the following properties are satisfied:
oM OM oM
——=0.4 |—|=E. n= i 2.46
351' 85]' b |882 | o /Z,\e ( )

For every point N we set N = M(s1,52) + An,, M € X,. The coefficients in (2.44) now becomes dependent
on the space variables, and we write the new system as follows:

A(s1,82,\)(W,Q) = 0inRa x R, B(s1,52, )W = 0inRa x R, )\lim W(s1,s2,A) =0, (2.47)
——00

C(s1,82, \)(W,Q) = D(s1,82, \)hon A =0 (2.48)

where W, @Q are the unknown functions w, ¢ after the change of variables (these computations are obviously



similar to those in Sectio.
Now, in order to compute the principal symbol, one can see that it is sufficient to consider the problem with
the coefficients frozen at A = 0:

A(s1,52,0)(V,R) = 0inRa x R, B(s1,$2,0)V = 0inRa2 x R, Alirn V(s1,82,A) =0, (2.49)
—

— 00

C(s1,82,)(V,R) = D(s1,82,00honA =0 (2.50)

The proof of this simplification is straightforward : one first forms the difference W — V, @ — R, a solution
to:

A(Sla 3270)(W - V7 Q - R) = (A(Slﬂ 5270) - A(Slﬂ 52, A))(VV? Q) il’le X R; (251)
B(s1,82,0)(W = V) = (B(s1, $2,0) — B(s1, 82, \)WinRa x R, )\lim (W —=V)(s1,82,A) =0, (2.52)
——00

0(317827)(W_‘/7Q_R) = (C(Slas%)(W_V’Q_R)_0(813327A)(W_VaQ_R))(VVvQ)OnA:0 (253)

and use the Taylor formula to obtain an expansion of W — V, Q — R:

W-V=M+H Q-—R=M+K (2.54)
where H, K are smoother than W — V, @ — R and the terms coming from Z, M, being multiplied by A, do
not contribute to the normal trace operator on A = 0. Therefore, we may legitimately focus on the simpler
operator h — V5(s1, $2,0) where V is the solution to:

1
—§AV+VQ:OinR2><R;, divV =0inR?*xR, Ahm V=0,7(V,Q) = (6—C)Vh+hon X =0 (2.55)
——00

We now use the Fourier transform in the s variables, and obtain the following:

%(—‘?;;1 +1EV) +i6Q = 0 (2.56)
;(—‘?;V; +1€7V2) +i62Q = 0 (2.57)
;(—%2;7;’ +Je20) + ZC’S ~0 (2.58)

6V 46 Vi + %‘Z/\?’. (2.59)

Upon solving for Q and combining the equations above, one immediately obtains that

A 1 9,0

Qe &2)) = 5775 73 L5 — IEFIVe. (2.60)

It follows that [8‘9—;—\52]%2—& = 2\§|2g—?. On the other hand, there also holds: —|f|2[a‘9—;—|§|2]% = —2|§\2g—("2,

so that we finally obtain the following ODE for Vj:
(25 — [€F]Va=0. (2.61)

Such an equation is trivially solved using the following representation:

V3(6,2) = (A + BX) exp(=AE]) + (C + D) exp(A]) (2.62)



so that Vi(£,0) = A+ c
We can then compute Q:

Q(&,A) = Bexp(=Al¢]) + D exp(A[E])- (2.63)

Upon considering the third coordinate of the stress tensor on = 0, there follows:
Vs . , I
5(570) = Q(£,0) +i(§1031 + E2032)h + A, (2.64)
an expression which can be simplified since one has that o3; = 032 = 0 on the boundary. Finally, one obtains
that:

h
€l

which finally leads to the following equality - given that A = 0 because of the normal velocity boundary
condition:

C—A= (2.65)

_ 1

V3(£,0) Ak (2.66)

and the lemma is proven.
Next, we need the following lemma

Lemma 2.5 P_q is a self-adjoint operator in L?(R?).
The proof of the lemma consists in a straightforward use of Green formula.
In fact, one can prove the more important result:

Lemma 2.6 P_, is a coercive operator from H~2(R2) into H2(R2). Therefore, there exists a constant
C > 0 such that, for every h € H*%(Rz), there holds:
(P-1,0h, k) = C||h|”
Proof : a straightforward consequence of the Green formula and the Korn inequality. In fact, setting
v.n = P_j oh and writing for a test function w

; 1 t . t _ . . . L
pr divT(v).w+ 3 pr(Vv—i— Vo) : (Vw+'Vw) = fz,, (7(v).n)w, one obtains, using v itself as a test function:
%fgp Vo +f Vol = fEP(T(v).n.n)(w.n), that is:
(Pfl’oh,h) = %pr |V’U +t V’U‘Q
and, thanks to the Korn inequality: (P_10h,h) > C||v]|%;: The lemma then results from the following
technical result, the proof of which is similar to that provided in [20] and is therefore omitted:

Lemma 2.7 Let Q, be an open set in R® with a C* boundary. Then for v € H'(Q) such that T.n is
parallel to n and divT(v) = 0, one can define a normal stress operator v — T.n.n € H_Tl(aﬂp) satisfying the
following continuity property:

lollgra,) = Cllrnnl -1 . This operator coincides with the usual normal stress operator when v is C*
(€2)) H™Z (89,)

up to the boundary of 2,

Upon using this result, one then has:

(P-1,0h,h) 2 Clvl3 g, = C’||Tnn||i{,Tl ) which ends the proof of Lemma

(09,)

3 The main result
We now prove our main result, namely, the existence of a unique steady solution (u,,p,,%,) to the full

problem [L.IL.21.3]in weighted Sobolev spaces for a large enough Sobolev index s. As we will be using a Nash
Moser iteration technique, we have to make precise our choice of a scale of Banach spaces.

10



3.1 Scale of Banach spaces

In this subsection, we recall the machinery fully developped in[22].
Let then {X;};>0 be a one-parameter family of Banach spaces, with norm denoted by |.|;, such that for every
t,t" with 0 < t < t' < +oo0, there holds:

XD Xy DX, 2D X = ﬂ X, (3.1)
t>0
and
vt <t |2y <2 (3.2)

We will work with three such scales, respectively denoted by {X;}i>0, {Y:}i>0 and {Z;}1>0. The mapping
G in will be defined from D C Yy x Xg into Rg. Upon setting

fo=(7,0), po =0 (3.3)

with 7o = 0 being the flat bottom corresponding to the Poiseuille-Nusselt flow, one clearly has that:

Our purpose is now to prove that, for f close enough to fy, there exists a ps in a suitable function space
such that G(f, ps) = 0.
Below is the set of four hypotheses that have to be satisfied in order for the Nash-Moser Implicit Function
Theorem to apply:

Hypothesis 1
Let By = {(f,p) € Vi x Xi/|f — fol < €& |p—po| < €}; then G : By — Z, is at least C? with respect to p and
C° with respect to (f, p), and there exists a constant M such that:
v(fv p) € Bta Sup(|DPG(f7 P)|0, ‘DgG(fa p)‘O) < M0~

Hypothesis 2
For every couple (f,p), (f',p') in By, there holds:
G(f.p) = Gf', )0 < Molf — lo

Hypothesis 3
(G, fo,po) is of order s, s > v > 1 (see Hypothesis 4 below for the definition of v), that is:
(fo,po) € Ys x Xs, G(Bo (Y2 x X¢)) C Z; and for every ¢ € [1,s], for every t € [1, s], there exists M; > 0
such that |G(f, p)| < MK whenever |f — fo|t < K, |p— polt < K

Hypothesis 4 (existence of an approximate inverse)
For every (f,p) in B,, there exists a linear mapping H(f,p) : Z, — X, such that V¢ € Z,, |H(f, p)¢|o <
My|¢| and moreover, H(f, p) is continuous from Z; into X;_., whenever (f, p) € B, [(Y; x X4]).
One also has that |H(f, p)G(f, p)|li—» < M K for every (f,p) such that |f — folt < K, |p — polt < K.
Finally, H is an approximate left inverse of D,G(f,p) in the sense that |[D,G(f,p)(f,p) — Id¢lo <
MO|F(fap|V|¢’Y| for every ¢ € Zl/'

When all four hypotheses above are satisfied, the following deep result applies:

Theorem 3.1 (Zehnder [22]) Let (G, fo, po) be of order s and satisfying Hypotheses 1 to J above. Then
there exists a neighbourhood Dy = {f € Yx,|f — fo| < C} with p, A in the admissible parameter set defined
as follows:

1<k <2,

1 <a,

1<v<pu<Ai<s,

A > maz{2kv(2 — k)7L k(v + k),

s > mar{av(a —1)"Y X+ av(k —1)71},
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and a mapping ¥ : Dy — X, such that for every f € Dy there exists a unique py = ¥(f) solution to

G(f,ps) =0 with |ps — poly < C7H|f = folx.
Finally, one has that ¥ is continuous whenever H is.

Our next task is to apply this theorem in the context defined above. To this end, we have to choose the
scales of Banach spaces in which we work and check all four hypotheses in that particular case.
Thus, we recast the weighted Sobolev spaces defined in Section [2] into the above formalism:

Definition 3.1.1 For every t € [0, +o0o[ and every § < dp we set:
X, = Hf“(RQ)
Y, = H; T'(R?) x H;T'(R?)
3
Z = HZ'(R)
and their respective intersections

X. = S(R?)
Yo = S(R?) x S(R?)
Zoo = S(R)

We set: f = (v,() 7 being the function describing the bottom of the domain occupied by the fluid and ¢,
the value of the solution u, on I'y, and recall for the sake of completeness the

Definition 3.1.2 G(f,p) = u,|s,-n,.

3.2 Proof of the main result

In this final section, we end the proof of Theorem [1.2] First, let us proceed to check the hypotheses of
Theorem.1] Given the obvious equality fo = (70, 90) = (0,0) corresponding to the Poiseuille-Nusselt flow,
one concludes trivially that G(0,0) = 0.

Let us now check that Hypothesis 1 is fulfilled: first, By = {p, |p|x, <€, |fly, < €}, so that G is well defined

from (Yy x Xo) into Zp. In fact, we can invoke the computations performed in Section [2| and conclude

1
that G(f,p) € H§+t+2 (R) for every t > 0. The other prerequisites for Hypothesis 1 come directly from

Proposition2.1} in particular the fact that M, can be chosen as a uniformly bounded constant.

Regarding Hypothesis 2, it is nothing else than a Lipchitz estimate for G with respect to the first variable:
(G(F.p) = G(F'#')lo < Molf = F'lo. /

In order to prove such an inequality, one has to compare the respective solutions u,, u, corresponding to
different f, f’ and hence, defined on different domains. The key tool is once again the Hanzawa transform
mapping each domain onto the same, unperturbed one. We first write for p (resp. p’) the system satisfied
by the solution v, ¢ (resp. v’, ¢') and form the difference, thereby obtaining the following set of equations
similar to those introduced in the proof of Proposition [2.2

Alp,7)(v =2, q—q') = [Alp,7) — Alp,¥)](v', ¢') in Qo, (3.5)
B(p,7)(v —=2") = [B(p,7) — B(p,7")]v'inQo,v —v" = { =" onTy, (3.6)
Clp,v)(v=2",q—¢q")no = [C(p,v) — Clp,7)]v" .m0 on Xy. (3.7)

/

The key point here is that v/, ¢’ remains in a uniformly bounded ball when (v,g) € By. One then applies
Taylor formula to the RHS of and obtain the bounds required for Hypothesis 2.

We now examine Hypothesis 3: first of all, let us notice that (fo,po) € Usx X Xo and that we already
established as a general result that G(f, p) € Z; if (f,p) € Y; x X, for t € [1,4+o00[. The last point to check is
that for every ¢ € [1, +oo[, there exists an M, such that |G(f, p)|¢ < MK whenever |f — fol: < K, |p—pol: <
K in (Y; x X;)|J By (here, we have chosen K < ¢).

Such an inequality follows directly from the proof of Hypothesis 2, upon performing similar computations
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with respect to both f and p this time. In fact, one can even choose M; = M for all ¢, a remark that will be
used in a crucial way for the verification of Hypothesis 4. In order to proceed to this verification, we state
and prove the

Proposition 3.2 For every pair (f,p) € Yoo X Xo there exists a linear mapping H : Z, — Xo with v = g
such that |H(f, p)lo < Mo|¢|z, .

When (f,p) € Yoo x Xoo, H is continuous from Z, into X,_., for every t > 0.

Moreover, the following inequality:

H(f, G, D er < MK

holds true for every (f,p) € (Yz x X¢) U By with |f — fol: < K, |p — pol: < K.

Finally, H(f,p) is an ezact inverse to D,G(f,p), i.e.: Vo € Zy, [D,G(f,p)(f,p) — Id =0

Before proving Proposition and showing that it is sufficient to ensure that Hypothesis 4 holds true, let
us now explain the way we shall apply Theorem3.1] to our problem.

(manque page 35 de l’original...)

We now proceed to prove Proposition Our goal is to show the existence, for (f,p) given in Yo x X

and for any F € H;Jr%(Rz), of a unique h € H;ié(R2) such that D,G(f,p)h = F.
Recalling that D,G(f, p)h = — < V,Vh > +Lo(p)h+ P_1,0h, we want to invoke a result due to the authors:

Theorem 3.3 ([3]) Let V be a smooth real-valued vector field in R?, g a smooth real-valued function, and
consider the following problem:

~<V,Vh > +Lo(p)h+ P_ioh = f (3.8)

where V- = (V1,Va), there exists a non-zero constant vector field C' such that ||V — C|lwie << 1, Lo is a
bounded operator of order zero with symbol o, such that ||or, || << 1, and VV, o1, are rapidly decreasing
at infinity.

We assume furthermore that P_1o is a self-adjoint pseudodifferential operator of order —1 satisfying a

Its principal symbol is given by op_, (z,§) = %, m(x)

coercivity inequality (P—1,0h,h) = C|p||
being such that 0 <m < m(x) < M.
Then, for everyt > 0 and f € HH%(R2), there ezists a unique solution h € Ht_%(R2) to (3.3), and the

solution h depends continuously on the data f.

H’%(RQ)'

We now check that the assumptions of Theorem are satisfied in the problem we are considering. The
smoothness of V and g is obvious, because they correspond to smooth data (f,p). On the other hand,
(V1,Va) is given explictly as in Section2]
v <U1(1 +|Vol*) + pG(p)

U2(1+[Vp|*) + pyG(p) )’
where (Uy,Us) is the solution to for Q, close enough to €. In fact, using results of Section2] in
particular Proposition one can show that:

Us(1 + ea(z1, 22)
with €1, €5 close to 0. The second condition has to do with the operator Ly, which has to be of order 0. This
is a consequence of the computations in Section [2 The principal symbol o, of Ly is given by the first-order
derivatives of p and by Barff .n, and therefore ||or,||cc << 1. Finally, results concerning the operator P_;
have been proven for the particular case P_j gh = (0 — C)Vh + h, and a perturbation argument will now

give us the desired conclusion for the more general case of P_; gh = (0 — C)Vh + %.n.nh, allowing us to

v (Ul(l +e(an, ”52>> (3.9)
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apply Theore to obtain the existence of an exact inverse to D,G(f, p). In fact, there holds:

Corollary 3.4 Under the assumptions of Theoren{3.3, and under the following assumptions: 0 < Cy <
T/ 2 _1/p2

|%.n.n| < O, g—z.n.n < 0, then, for every f € H;+2(R ), there exists a unique h € H(? 2R solution to

the equation:

—<V,Vh>+Loh+P_1h=f (310)

Proof: we use, once again, a perturbation argument, and must go back to the proof of the main result in [3].
We shall denote as in [3] A = — <V, V. > +Lg. As for the principal symbol of P_y, it is computed exactly

felea n.n
as in Sectio and we obtain that o(P_1)(z,§) = 2

We know already that P_; is elliptic, as was already the case for P_; . However, P_; is not necessarily
coercive, so we now adapt slightly the proof of Theorem 4.2 in [3] in order to make it work in this particular
case. This modification amounts to rewriting the weak formulation (see the proof of Theorem 4.2 in [3]) and
using a suitably chosen test function of the form A(z)h. This easy extension of [3] is left as an exercise to
the reader.

We also state and prove the easy

Corollary 3.5 Under the same set of assumptions as above, there exists §go > 0 such that for § < dp2 and

1/R2 1/m2
for every f € H§+2(R ), there exists a unique h € H; 2(RY) solution to (3.8).

Proof: one uses the changes of RHS and unknown function f(x) = fo(x) exp(—0d|z|), h(x) = ho(x) exp(—d|z|)
to obtain a modified equation:

— < V,Vhy > +Liho + P_1ho + exp(8|z|)[P-1, exp(—8|z|)]ho = fo (3.11)

where L = Lo— < V, V(exp(—6|x|)) > and [.,.] stands for the commutator of two operators. Regarding L,
it can clearly be considered a small perturbation of Ly for § small enough. As for [P_1, exp(—d|z|)], it is an
operator of order —2 that has a small norm when § is small enough. This proves Corollary??.

At this stage, we have established the existence of an exact inverse H : Z, — Xg to D,G for v = g, H being
a continuous operator from Z; into X;_. for every ¢ > 0, when (f, p) € Yoo X Xwo.

There still remains to prove that |H(f,p)[G(f,p)]lt—y < MK whenever (f,p) € (Y; x X;)[()B:1 with
|f — folt < K, |p— polt < K. Now, this is a consequence of the continuity of H: |H(f,p)d| < M¢|¢|it
and the estimate on G in Hypothesis 3: |G(f, p)¢| < MoK.

The proof of Theorem[I.2|is almost over: we must still prove that Hypothesis 4 can be replaced by Proposi-
tio In the original proof by Zehnder ([22], p. 118 to 125), the use of an approximate inverse is made after
the smoothing procedure for (f, p) - the proof itself relying on a Newton iterative method. Hence, the esti-
mate in Hypothesis 4 |[D,G(f, p)(f, p) — Id]¢|o < Mo|F(f, ply|d~| is in fact only required for the regularized
approximating sequence (7, p™),7 being the smoothing factor. The result that we prove in Propositio is
actually stronger. In the original proof by Zehnder, the constant M, has to be uniform with respect to the
smoothing parameter 7, a condition that becomes irrelevant in our case thanks to the exact invertibility of
D,G(f,p) (the interested reader is referred to [22], p. 124-125 for more details). This finally ends the proof
of TheoremI.2l
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