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Abstract

In this paper we investigate the semiclassical behavior of the lowest eigenvalues
of a model Schrodinger operator with variable magnetic field. This work aims at
proving an accurate asymptotic expansion for these eigenvalues, the corresponding
upper bound being already proved in the general case. The present work also aims at
establishing localization estimates for the attached eigenfunctions.

1 Motivation and main results

1.1 Motivation

In this paper we are interested in a toy model of Schrodinger operator with variable mag-
netic field (with Dirichlet and Neumann conditions on the boundary) in the bounded region

QO: {(l’,y,Z) ER3 : |IL’| §$0,|y| SyO and0<Z§ZO}a

where xg, y0, 20 > 0. We will need the following notation for the part of the boundary
carrying the Dirichlet condition:

OpirSo = {(x,y,2) € Qo : |x| =z or |y| = yo or 2 = 2o }.
Definition of the operator Forh > 0,a > 0andf € (O, g), we consider the self-adjoint
operator:
L(h,a,0) = h*D; + h*D? + (hDy 4 z cos 0 — ysin 0 + az(z® 4 y°))?, (1.1)
with domain:

Dom(L(h,a,0)) = {1 € L*(Q) :  L(h,a, )¢ € L*(Q),
=0 on Opi€ly and 0,¢) =0onz=0}.



We will denote by (A\(h), uy) an eigenpair (we omit the dependence on « and ¢). The

vector potential is expressed as:

A(z,y,2) = Valy, 2) + az(z® +9%),0,0) = (4,0,0)

where
Vo(y, z) = zcosf — ysin 6.

The associated magnetic field is given by:

V xA=p8=(0,cos0+ alx*+y?),sinf — 2ayz).

(1.2)

(1.3)

Constant magnetic field case (o« = 0) Let us examine the important case when o = 0:

L(h,0,60) = B*D; + h*D? + (hD, + Vy(y, 2))?,

viewed as an operator on L*(R? ). We perform the rescaling:
x = h'?r, y = hY2s, 2 =n'*
and the operator becomes (after division by h):

H(0) = D? + D7 + (D, + Vy(s,1))*.

Making a Fourier transform in the variable  denoted by JF, we get:

FH(O)F ' = D?+ D} + (1 + Va(s, 1))
Then, we use a change of coordinates:
o T
Ug(T,s,t) = (T,s,t) = (7‘,8 — m,t)

and we obtain:

HN(0) = UpFH(0)F U, ' = DI + D? + Vp(3,1)°.

Notation 1.1 We denote by Qq the quadratic form associated with HN*(0).

(1.4)

(1.5)

(1.6)

The operator HN*"(§) We can consider HN®(6) as an operator acting on L*(R2) ; we
denote by HNU(f) this realization. The bottom of its spectrum is denoted by o(6). In
[10] (see the references therein, in particular [16, 19]), it is proved that o is analytic and
strictly increasing on |0, %[, that 0(0) € (0,1), 0 (3) = 1 and oess(HN*(6)) = [1, +o00].

Therefore, () is a simple eigenvalue.



Notation 1.2 We denote by uy the positive and L*-normalized eigenfunction (which is in
the Schwartz class, see [24]) associated with o (6).

Let us also recall that the lower bound of the essential spectrum is related, through the
Persson’s theorem (see [22]), to the following estimate:

ap " (xru) = (1 = (R))|Ixrull, Vu € Dom(gy™"),

where g)®" is the quadratic form associated with HN®“(#), where Yy is a cutoff function

away from the ball B(0, R) and £(R) is tending to zero when R tends to infinity. Moreover,
if we consider the Dirichlet realization HP"(#), we have:

g5 (u) > |Jul|*, Vu € Dom(gg™). (1.7)

Let us finally mention that an accurate analysis of the eigenpairs of HN®“(#) is done in [5]
in the regime 6 — 0.

Motivations Let us explain why we are led to consider this model.

The reason comes from the theory of superconductivity. As much in 2D as in 3D,
the magnetic Laplacian appears in this theory when studying the third critical field H¢,
(which distinguish between normal and superconducting states) after the linearization of
the Ginzburg-Landau functional (see for instance [ 18, 19] and also the book of Fournais and
Helffer [10]). It turns out that H ¢, can be related to the lowest eigenvalue of the magnetic
Laplacian in the regime h — (0. Many properties of the eigenpairs are investigated when
the magnetic field is constant (see [3, 4, 7, 15, 9] for the 2D and [17] for the 3D), but less
are known when the magnetic field is variable (see [18, 23] for the 2D and [19, 24] for the
3D). When the magnetic vanishes, we can refer to [20, 14, 21, 13, 8].

Let us introduce the fundamental invariant in the case of variable magnetic field and
our generic assumptions. We let:

~

B(z,y) = o(0(z,y))l|B(z,y,0)]],
where 6(z,y) is the angle of 3(z, y, 0) with the boundary z = 0:
18(z,y,0)||sinb(z,y) = B(z,y,0) - v(z,y),

where v(z,y) is the inward normal at (z,y,0). It is proved in [19] that the semiclassical
asymptotics of the lowest eigenvalue is:

(k) = min(int 3, inf |81 + o(1)

In this paper (like in [24]), we are interested in the case when the following generic as-
sumptions are satisfied:

inf 5 < inf 5] (1.8)
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ﬁ admits a unique and non degenerate minimum. (1.9)

Under these assumptions, a three terms upper bound is proved for A;(h) in [24] and the
corresponding lower bound, for a general domain, is still an open problem. The aim of
this paper is to establish such a lower bound for an example. For @ > 0, the toy operator
(1.1) is the simplest example of a generic Schrodinger operator with variable magnetic field
satisfying Assumptions (1.8) and (1.9). Let us explain in which sense. In the general case
studied in [24] and after using Taylor formulas near (0, 0, 0) at the order 3, we are reduced,
in the case of a flat metrics, to an operator in the form:

WD?+ (hDy+ AP)? + (hD, + AP,

It turns out that the terms Al(,?’) and the terms of order 2 of A'¥ are not crucial in order
to satisfy the generic assumptions: The most important come from the terms of order 3
in A%, Then, we cancel a few more terms to get a diagonal matrix for the Hessian of
B. Thus, this model is the one with the less terms and so that the Hessian matrix of B is
diagonal. Let us now verify the assumptions. Using the computations of [24], we have the
Taylor expansion:

Blx,y) = 0(0) + aC(O)(@* + %) + O(ja* + yI*). (1.10)

with:
C(0) = cosfo(0) — sinfa’(0).

Moreover, it is proved in [5, Proposition 5.1] that C'(f) > 0, for 6 € (0, g) Thus, As-
sumption (1.9) is verified if xg, yo and 2, are fixed small enough. Using o(f) < 1 when
0 € (0,%) and [|3(0,0,0)|| = 1, we get Assumption (1.8).

Finally, we can briefly compare to what is done in [17] in the case of the constant
magnetic field. In their paper, the authors establish many localizations properties through
Agmon estimates and reduce the general operator to simplest models. By doing this, they
refine the localization properties and are led to a normal form involving an harmonic os-
cillator (see [17, Subsection 13.8]). This will be the main philosophy of this paper, even if
we already start from a simplest operator.

Remark on the function B Using the explicit expression of the magnetic field, we have:

B(iE, y) = Brad(R)a R = a(xQ + y2>

and an easy computation gives:

B 1) = | Bra() o (arean (=00 ),

cosf + R

with

|Braa(R)|| = \/(0056 + R)2 + sin? 6.
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The computations of [5, Proposition 5.1] imply that B,ad is strictly increasing and
OrBraa(R = 0) = C(0) > 0.

Consequently, B admits a unique and non degenerate minimum on R? and tends to infinity
far from 0. This is easy to see that:

inf ||B|| = cosb.
R

We deduce that, as long as o(6) < cos 0, the generic assumptions of [24] are satisfied with
Q) = RY.

1.2 Recall and improvement of existing results and statement of the
main theorem

Let us recall and improve the main result of [24] in our simplified case. We perform the
scaling (1.4) and, after division by h, L(h, a, ) becomes:

L£%(h,a,0) = D? + D? 4+ (D, + tcosf — ssinf + hat(r? + s?)).
Using the Fourier transform F (see (1.5)) and the translation Uy (see (1.6)), we have:

2
A . D; \? 1\’
UgFL(h,a,0)F U, = Di+D3+ <V9(§,t) + hat ((D% — ) + (s +— ) )) :

sin 0 sin 6

This operator will be shortly denoted by £N°™3!(h) and the corresponding quadratic form
q2‘°rma'. We write:
LNormal(h) — HNeu (0) 4 hHl 4 h2[_]27

where:

D.\2 D.\2 2 \2
Hi=at{(Di——=) Vog+ Vo Ds ——= ) +2Vp |5+ - )
sin @ sin @ sin @
D; \° T \2 ’
— 2A2 R S I > .
Hy =a%t {(DT sin@) +<S+sin0> } 20

We look for quasi-eigenpairs in the form:

o~ Zﬂjhj

Jj=0

RS IRTN

J20

and

We solve the following problem in the sense of formal series:

ENormaI (h)@/] ~ /“Z)



Term in 1°  We solve:
We take: 119 = o(6) and:
fo being to be determined.

Term in & Then, we must solve:

(H(0) — 0(0))¢1 = (11 — Hi)vh.

We apply the Fredholm alternative and we write:

(1 — H1)vho, ug)s; = 0.
Let us introduce a fundamental operator involved in the asymptotics. We let:
R R 2 . R
So(D;,7) = (2/t%u§ dédt) Hpam + (—0 /tV(;ug dédt) 7+ d(6),
sin

where
Hparm = Dg +

and
d@zanwwww+%%mNm+z/ww@ﬁﬁ

We recall the important fact that (see [24, Formula (2.31)]):
Q/thug dsdt = C(0) > 0,

so that Sy(D;, 7) can be viewed as the harmonic oscillator up to dilation and translation.
We denote v,(Sy(D:, 7)) the n-th eigenvalue of Sy(D;, 7). The compatibility equation
rewrites:

Sy(D:,7)fo = pfo

and we take p; = 1,(Sy(D;, 7)) and for f; the corresponding L?-normalized eigenfunc-
tion. Then, we can write the solution ¢); in the form:

1 =P + fi(Fue(3,1)

where 97" is the unique solution orthogonal to uy. We notice that it is in the Schwartz class.



Further terms (‘“‘Grushin procedure”) We perform a recursion to get the next terms
(this is related to the so-called Grushin procedure, see [11]). We assume that 1/, is deter-
mined in the Schwartz class for k = 0, --- ,n — 1 and that ),, is written in the form:

Uy, = wi + fn(%)u9(§v f)’

where 9= is determined in the Schwartz class and where f,, is to be determined. We also
assume that g, is determined for k& = 0, - - - , n. The equation for A" is in the form:

(H(0) = 0(0)) i1 = (i — H1)(futto) + tins1to + Ru(7, 5,1),

where R, (7, 3,1) is determined and in the Schwartz class. The Fredholm alternative pro-
vides:

(69(D7A'77A-) - ,ul)fn = ,unJrlfO(%) + Tn(%% with r,, = <Rn7 U/B)éf

Applying again the Fredholm alternative, we deduce that p,,.; = —(r,, fo); permits to
determine a unique solution f, in the Schwartz class which is orthogonal to f,. As a
consequence, we can write:

77Z1n-i-1 = ¢i+1 + fn+1(7A')U9(§, f)

Thus, we have determined (1;),>0 and (%;),>0. To emphasize the dependence on n, we
shall write (/4;,,);>0 and (;,,);>0. Thanks to the spectral theorem, we deduce:

Theorem 1.3 Forall o > 0, § € (0, %), there exists a sequence (i; ) ;>0 and there exist
positive constants C, hy such that for h € (0, hy):

J
d <o—(£(a, 0,h)),h Mj,nhj> < Ch’*?
=0
and we have 1o, = 0(0), 11,0 = va(Sg(Ds, 7).
Main result The aim of this paper is to establish the following accurate estimate for

An(h):

Theorem 1.4 Forall o > 0, 0 € (0,%) and n > 1, there exists a sequence (11;,,) ;>0 and
€g>0s. t fOl” |I0| + |y0| + |Zo| < €,

Aa(h) ~ B pjnh?

h—0 -
j=0

and we have (i, = 0(0), j11., = V,,(Se(D5,7)).



Organization of the paper The paper is organized as follows. In Section 2, we recall a
first rough lower bound for A, (1) and provide the corresponding normal Agmon estimates
for the eigenfunctions. In particular, we will see that the first eigenfunctions are living
in a neighborhood of the boundary of size h'/2. In Section 3, we use these rough results
to improve the localization of the eigenfunctions with respect to the variables (3,%). In
Section 4, we use those localizations estimates to reduce the problem to the study of a nor-
mal form (similarly as in [17]) involving an harmonic oscillator operating in 7 to improve
the approximation of the eigenfunctions in order to estimate the spectral gap between the
eigenvalues and deduce Theorem 1.4.

2 First lower bound and localization estimates

In this section, we are concerned by Agmon estimates (with respect to (z, y)) satisfied by
an eigenfunction uy, associated to A\, (h).

2.1 Agmon estimates

We shall prove the following tangential localization:

Proposition 2.1 For all § > 0, there exist C' > 0 and hy > 0 such that for h € (0, hy):

/ 6(S(a;2-1—312)/hl/4|uh|2 dxdydz < CHU}ZH2,
Qo

/ A [T |12 dadydz < Ch™luy |
Qo

Before starting the proof, let us recall a rough lower bound for A; (h) first obtained in [19]
(see also [10, Theorem 9.1.1]):

Proposition 2.2 There exist C' > 0 and hy > 0 such that, for h € (0, hg) :
An(h) > a(0)h — CRY™.

Combining the upper and lower bounds of A, (), this is standard to deduce the following
normal Agmon estimates (see [16]):

Proposition 2.3 There exist 6 > 0, C > 0 and hy > 0 such that for all h € (0, hg), we
have :

/ M (Jup 2+ hY RV + A)up|?) dadydz < Cllusl|.
Qo

Let us now deal with the proof of Proposition 2.1.
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Proof of Proposition 2.1 We begin by writing the Agmon identity (see [ 1, 2]):
A (h) || exp(®@)un|* = an(exp(®)un) — h*[||[V ] exp(®)un]?, 2.1

for ® a Lipschitzian function (depending on h) to be determined. We estimate g, (exp(P)uy,)
thanks to a localization technique. We use the following partition of unity :

D Xin=1 (2.2)
J

D IVxsll® < Ch, (2.3)
J

where the ; , are smooth cutoff functions supported in balls of size ~”. The IMS formula
(cf. [6]) provides:

an(exp(®)un) = Y an(xin exp(®)un) — CR*7 Y " |[xjn exp(@)un||*.

J J

We let: ¢, = x;nexp(®)u,. We now perform the approximation by the constant mag-
netic field case to give a lower bound for ¢ (¢, ). We introduce the linear approximation
of A in the ball B;:

Az, y, 2) = A, Y5, 2)) 420252 (2—2;)+(2025;—sin 0) (y—y;) +(cos O+a(2+y] ) ) (2—2;).
It satisfies:
A, y,2) = A (@, y,2)] < Cllo — 2 + |y — yl* + [z = 2]7).
Then, we have, with the Cauchy-Schwarz inequality, for all ¢ > 0 :
0 (050) = (1 = €)(IhDyjall® + RD:¢nll* + [|(h D + A)Gjnll?) — e Ch¥ [y,
For the balls intersecting the boundary, we have:

|hDyd;nll* + ||RD.dnl* + |(ADy + A snll* = B(xj, y;) Rl djnll* = hlldjnll*o(0)
2.4)
and for the other balls:

1Dy 1 1P +111D= 5 11>+ (R Dot A b 1> > 118z, y) 1PNl b0 ll* > h|’¢j,h||21510f 18]I

(2.5)
The optimization of € provides: ¢ = h*~'/? and the optimization of p leads to: p = 2.
With this choice and (2.1), we get:

> (an(din) = CHHdyall* = B0V 1P = M (h) | d54l1) < 0

J



We recall the rough upper bound (cf. Theorem 1.3):
M(h) < a(0)h + CR?.

We split the sum into two parts:

bnd int
2. =22
J J J

We choose ® = §h~'/4(2% + y?), so that, on the one hand, there exists ¢ > 0 (cf. (2.5))
such that:

int int

> (an(@in) = CB M| nll* = P26 n VI = M ()| 6nll?) > ch Y lldjnll® > 0
J J
and on the other hand (cf. (2.4)):

bnd

> (an(@in) — CEH|inl* = B2[l6;n VR = A(R) | 65nll?)
j
bnd

> Z/ (xj,y;)h — o (0)h — 0(5)h5/4)> || daxdydz.

Therefore, we deduce:

int bnd

ch Z ||¢] h||2 + Z/ (2, yj —o(0)h — 0(5)h5/4)> |¢j,h|2 dxdydz < 0.

By non degeneracy of the minimum of B (see (1.10)), we get the existence of ¢; > 0 and
co > 0 such that for all j:

e +y7) = Bl yy) — 0(0) > 1 (a? +17).

We now split the sum on the boundary into two parts: the j’s such that x? + yj2 > 2h1 /4t C(6)
and the j’s such that: 22 + y? < 2h'/4¢;"C(6). We infer:
int bnd

Z |X;heXP ®)up|* dxdydz—i—Z/ Ixj.h exp(®)up|? dedydz < Of|uy||*.

Corollary 2.4 Foralln > 0, we have:

/ s 2 |*|y|' 12| (Jun|* + | Doun|® + | Dyun|* + | Dup|?) dadydz = O(h™)|Jup||>.
z|+|y n
/ 12 | *|y['|2]"™ (|un|® + | Doun|* + | Dyun|® + [ Doun|?) dadydz = O(h*)||up ||
z>h -n
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Let us consider > 0 small enough and introduce the cutoff function defined by:
Xn(7,y) = Xo (ffl/gﬂgy7 ]fl/SJrny7 h*1/2+’7z) 7

where Y, is a smooth cutoff function being 1 near (0,0,0). We can notice, by elliptic
regularity, that x,uy, is smooth (as it is supported away from the vertices).

Let us consider N > 1. Forn = 1,---, N, let us consider u, ) a L?-normalized
eigenfunction associated with A, (h) so that (u, p, ) = 0 for n # m. We let:

En(h) = span u,p.
n=1,--,N

We notice that Propositions 2.3 and 2.1 hold for the elements of &y (h). As a consequence
of Propositions 2.3 and 2.1, we have:

Corollary 2.5 We have:
qh(ﬂh) < )\N(h) + O(hoo), with uy, = XnUh,

where u;, € €n(h).
Agmon estimates of higher order In the last paragraph we proved Agmon estimates for
uy, and its first derivatives. We will also need estimates for the higher derivatives. This is

the aim of the following proposition (this kind of higher order estimates can be found for
instance in [12]):

Proposition 2.6 For all v € N3, there exists § > 0, v > 0, hg > 0 and C > 0 such that,
for h € (0, ho):

/ | DYy P dadydz < Ch7 |
/esh—1/4(x2+92)|p”ah]2 dxdydz < Ch™||a|?,
where u, € En(h).

Proof: For |v| = 1, this is already proved. Let v such that |v| > 1 and assume that the
inequality is proved for all multi-indices with length smaller than |v|. We recall that, when
uy, 1s an eigenfunction:

L(h)ap, = Ap(h)ay + [L(h), xn|un.
Let us apply D" to the equation. We get:

E(h)Dnyh = )\n(h)DV’ZLh + D”[L(h)7 Xh]uh + [ﬁ(h), Dy]fth.
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It follows, for ® = §h=2z or & = Sh= Y4 (22 + 4?):
L(h)e® D"y, = M\ (R)e® DYy, 4+ €® DY [L(R), xu|un + e [L(R), D" )iy, + [L(h), e*] D iy,

Then, we take the scalar product with ¢® D"1i;,. From the recursion assumption and up to
choose ¢ smaller to absorbe polynomials, we deduce the existence of v; > 0 and vy > 0
such that:

([L(h), eq’]D”ah, e‘I’D”ah> = hQHV<I>e‘I’D”ﬂh||2 < OR™"||y]|?,
(L (R), D Jin, €* D )| < Ch i
(e DY L(R), Xalun, € D¥ i) < Ch a4+ Chgu(e® D¥in).

We infer:
qh(€¢DVﬂh) S Ch_%”ﬂhHQ.

In particular, we get the control of D,D", D,D" and, up to loose again some negative
power of h, we get the control of D, D”. The extension to u;, € € (h) is then standard. [J

In particular, we infer:

Corollary 2.7 For all n > 0, we have, for all v € N3:

APMMWWWW%MPWMMR
z|+|y|=> -n

/ ., | *ly|'2|™ | D"y ]* dadydz = O(h™) ||l P?,
z>hl/2=n

where up, € En(h).

2.2 Toward a normal form

For u;, € €x(h), we let:

wh (1, 5, 1) = X1 (r, 5, 1)Ul (r, s, 1) = xo (RS, B33 05 Wty (R %, B/ 2s, B/ %t)
(2.6)
and
Uh(f', §, tA) = U@fwh.

We consider §y(h) the image of €x(h) by these transformations. We can reformulate
Corollary 2.5.

Corollary 2.8 With the previous notation, we have the lower bound, for v, € Fy(h):
ar "™ (vn) < AFE(h) + O(h™),
where \¢(h) = h™*An(h).
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We can also notice that, when wy, is an eigenfunction associated with A\, (h):
LN (Yo, = NS (R)vy, + 71, 2.7)
where the remainder 7, is O(h™) in the sense of Corollary 2.7.

In the following, we aim at proving localization and approximation estimates for vy,

rather that u;. Moreover, these approximations will allow us to estimate the energy gh°™2! (v, ).

3 Approximation and refined localizations in the phase
space
This section aims at estimating momenta of v;, with respect to polynoms in the phase space.
Before starting the analysis, let us recall the link (cf. (1.6)) between the variables (7, s, t)
and (7, 3, 1):
1

D:=D,+—Ds, D;=D,, D;=D,. (3.1
sin 6

We will use the following obvious remark:

Remark 3.1 We can notice that if ¢ is supported in supp(xy), we have:
Gi*(0) = (1 = £)Qu(9) — CR/* 017 1|g||.
Optimizing in €, we have:
0 () = (1= b1 Qg () — ORI,

Moreover, when the support of ¢ avoids the boundary, we have:

Qo(¢) = [lo]1*.

3.1 Localizations in $ and

In this subsection, many localizations lemmas with respect to § and ¢ are proved.

Estimates with respect to 5 and f We begin to prove estimates depending only on the
variables 5 and ¢.

Lemma 3.2 Let N > 1. For all k,n, there exist hg > 0 and C(k,n) > 0 such that, for all

h € (0, ho)
|5 Ll| < C (k) onll (3.2)
[E*Ds (8™ o)l < C(k, n)fon (3:3)
1E*D;(5"vn)| < C (K, n) o], (B4

for v, € Fn(h).
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Proof: 'We prove the estimates when vy, is the image of an eigenfunction associated to
Ap(h) withp =1,--- | N.

Case n = (0 Let us analyze the case n = 0. (3.4) follows from the normal Agmon
estimates. We have:
g™ (o) < ASE[E 0 ]1? + [([DF, ETwn, o) + O(h) on .
The normal Agmon estimates provide:
(D7, tTvn, Eon)| < Cllvnl®

and thus:
q}l;lormal(tk:,uh) S O”Uh||2-

We deduce (3.3). We also have:
|£*(—8sin @ + tcos @ + Ry,)vn|* < Cllvpl?.
We use the basic lower bound:

% (—5sin @ + t cos O + Rp)vp||* > = ||t%5sin Qup ||* — 2||(£*T cos § + t* Ry, )up ||*.

N | —

Moreover, we have (using the support of x}**):
[E* Ryonl| < Ch(h=*M2[[# oy || < Ch(R™57)2 lual,
the last inequality coming from the normal Agmon estimates. Thus, we get:

[£ 501> < Clun .

Recursion We apply £¥5"1 to (2.7), take the scalar product with t*§"* v, and it follows:

q;’:‘ormal(fkén+l?)h) S )\;esc(h)l‘fkgn-i-lvhw —|—C|’£k_2§n+lvh”kagn—i_lvhH
+ C||t* D" up || |78 P || + C||E* Dd™wp ||||E8™ vy |
+ C||t* 8™ o || |£F 8™ g || + [(EF[5"T, (—5sin 6 4 cos O + Ry) oy, 175"

where
Ry, = hai { (Ds — (sin0) ' D;)" + (3 + (sin0) '7)"}. (3.5)

We have:
(67T (—5sin@ + fcos O + Ry)?
= [8"" Rp](—3sinf +tcosd + Ry) + (—8sin @ +tcos @ + Ry,) 3", Ry
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Let us analyze the commutator [§"*1, R;,]. We can write:
3"+, Ry) = ahi[3"+!, (D; — (sinf) "' D;)’]
and:
[(Ds — (sinf)~'D5)*, 8"*') = (sin6) 2n(n + 1)5" "
+ 2i(sin 0) " (n + 1)(D; — (sinf) ' D;)3"

we infer:

(8" (=8sin @ + tcosf + Ry)?

= (aht(sin @) *n(n + 1)§""" + 2iahi(sind) "' (n + 1)(D: — (sin6) ' Ds)8") (Vo + Ry)
+ (Vo + Ry) (ahi(sin @) n(n +1)8"" + 2iahi(sin )~ (n + 1)(D; — (sinf) ' D;)3")

After having computed a few more commutators, the terms of [§"*!, (—5sin 6 + £ cos 0 + R;,)?]
are in the form:

t's™ ht'(D; — (sin @) 7' Dg)d™, h2t'(D; — (sin )1 D;)35™,
h*t(5 + (sin@)~'%)%(D; + (sin@)~1D;)s™
withm <n+1land!=0,1,2.

Let us examine for instance the term h2t' (3 + (sin 0)~'7)%(D; + (sin6)~'D;)5™. We
have, after the inverse Fourier transform and translation:

R2||8(5 + (sin @) 717)2(D; + (sin0) 1 D;) 8™ vy || < Ch2(R=3/871)3||1 5™y
where we have used the support of x;**¢ (see (2.6)). We get:

n+1 k+2
[(P*[3"H, (=8 sinf + £ cos O + Ry)*Jon, 5™ up)| < CJIEF8" op]| Y 0> (15 vall.
j=0 1=0

We deduce by the recursion assumption:
o ({5 0,) < Clon .
We infer that, for all &:
1D;(8* 5™ )owl| < Cllon| and || (5™ )up]| < Cllun.
Moreover, we also deduce:
1(Ve + Ra)t*s™ ug|| < Cllunll,

from which we find:
185" 20y || < Clonl].

We will also need a control of the derivatives with respect to s.

15



Lemma 3.3 Forall m,n, k, there exist hy > 0and C(m,n, k) > 0 such that for h € (0, ho):
|E* DT g™ || < C(k, m,n)|vs| (3.6)
|£* DT D;5™ || < C(k,m,n)]||vn, (3.7)

forv, € Fn(h).

Proof: For m = 0, this is done in Lemma 3.2.

Let us assume that the assumptions are true for all [ < m and all k£ and n. We ap-
ply #*DT15" to (2.7) and take the scalar product with t* D7 5", We shall estimate
commutators. We get:

(D, 8" DI 8" oy, " DI 8My,) |

< C«ka th+1A’n,U HHtAkleerlAnvhH _|_CH£I€72Dm+1AnU HHEkDerlgnv H
<C”DtkDm+1AnvhH||£k le+1 UhH_’_CHlfk: 2Dm+1 Un ||||£kDm+1 Uh”
—G—CHtk 1D;n+1An,UhH2

and we deduce, with the recursion assumption, for all € > 0, the existence of C. > 0 such
that:

(D2, t* DI 5" oy, " DI 8™ 0,) | < Ok, m,n)egh™ (DI 5" uy,) + Ccljug ||
Moreover, we have in the same way:

[([DZ,#* DT 8" vy, t* DT 5™, | < C(k, m,n)egho™ (" DI 8"y, ) + O ||lon ).
Finally, we shall analyze:

[(Va(8,1) + Ry)?, " D18,

We have:
[(Va(3,1) + Rn)?, DY15")
= (Vo(5,2) + R)[(Va(3,1) + Ry), DY + [(Vo(3,€) + Ri), DI15")(Vo(5, 1) + Ra)

The worst term is h[(D; — (sin6)D5)?, D7"*15"] but it can be dealt by using the support
of wy, (see (2.6) and the proof of Lemma 3 2). We deduce:

([(Va(5,%) + R)?* £ D71 8" un, 1" D 5m0p) | < Ckym,m)fon*.
We infer the existence of C'(k, m,n) > 0 such that:
(1 — C(k,m,n)e)gy™ (t* DI*5") < C(k, m,n)|lva|*.
and the conclusion follows by choosing £ small enough..

i

In the next paragraph, we establish partial Agmon estimates with respect to  and .
Roughly speaking, we can write the previous lemmas with 7v, and D:vj, instead of vy,.
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Partial estimates involving 7 We now aim at adding 7 and D; in the previous estimates.
For instance, let us begin to prove that:

Lemma 3.4 Forall k > 0, there exist hy > 0 and C(k) > 0 such that, for h € (0, hy):

[ 7ol < CUIFvnll + llonll), 12 Dezonll < C(llFonll + [lvnll),
and |[*Dsop|| < C(I7vnll + [lvall).

forv, € Fn(h).

Proof: For k = 0, we multiply (2.7) by 7 and take the scalar product with 7v,. There is
only one commutator to analyze:

[(Vo+ Ru)?, 7] = [(Vo + Rn), 71(Vo + Ru) + (Vo + Ru)[(Vo + Rn), 7]

so that;
(Vo + Rn)?,7] = [Rn, 7)(Vo + Rn) + (Vo + Ry)[Rn, 7.

We deduce, thanks to the support of wy,:
[{[(Vo + Bn)?, #lon, 7on)| < Cllowllll7onll < C(lI7vnll* + [loal|*)

and we infer:
o™ (Fun) < C(l[Funl> + lun?).

We get:

[Di7onl| < C|17onll + lloal]) and || Ds7on || < C|7onll + [lual)-
Recursion We assume that the property is true for all 0 < [ < k. We now multiply (2.7)
by t*+17 and take the scalar product with t*+17v,. We have:

[([DF, 8 7 Jon, 5 Fop) | < C(I[EDyFon]| + [ 7o) [ o

< Cellt** 7un[* + Ce(l[7vnll* + [[val)-
We have:
(T (Vo + Ry)?, Flog, 1571 70,) | < Cegho™@ (5 70y, ) 4 Co|| 5 7up 2.
We deduce:
(1 — Ce)gpoma (5170, < (a(0) + Ceo)|[|t" T 7up||2 + O Fvp]|? + C|vn|?

It remains to apply Remark 3.1 and to use o(f) < 1 to deduce the control of £*+'7v;, and
thus the one of **'D; and £*+! D, O

As an easy consequence of the analysis of Lemma 3.4, we have:

17



Lemma 3.5 Forall k > 0, there exist hy > 0 and C(k) > 0 such that, for h € (0, hy):
[E*57vnll < C(R)(I7vnll + lloal]),
forv, € Fn(h).

We can now prove the following lemma:

Lemma 3.6 For all k,n, there exist hy > 0 and C'(k,n) > 0 such that, for all h € (0, hy):

17855 o] < Ok, n)(I|7vnll + [lonl)), (3.8)
178 Dy (8™ vn)|| < C(k,n)(| 7ol + llonl]) (3.9)
176 Da(8"on) | < C(k, n)(|7onll + [lvall), (3.10)
forv, € Fn(h).
Proof: The proof is based on a recursion with respect to n. For n = 0, this is a

consequence of Lemmas 3.4 and 3.5. We refer to the proof of Lemma 3.2. The only
difference appears in the computation of the commutator [(Vy + Rj)?, 75""!]. Indeed,

> —(smb) " D;)°, TS rovides an additional term 1n s ut this one 1s controlle
D in0)~1D;)?%, 75" provid dditional in §"*1 but thi i lled
by Lemma 3.2. U

From this lemma, we deduce a stronger control with respect to the derivative with respect
to s:

Lemma 3.7 Forall m,n, k, there exist hy > 0 and C(m,n, k) > 0 such that for h € (0, ho):

178D 5 o) < C (%, m, n)([Fvnll + llowl), (3.11)
178D D" vn]| < C(k,m, n)([[7onll + lonl)), (3.12)

for v, € Fn(h).

Proof: The proof can be done by recursion on m. The case m = 0 comes from the previous
lemma. Then, the recursion is the same as for the proof of Lemma 3.3 and uses Lemma
3.3 to control the additional commutators. 0l

By the same arguments (symmetry between 7 and D), we have:
Lemma 3.8 Forall m,n, k, there exist hy > 0and C(m,n, k) > 0 such that for h € (0, ho):

| D:* D 8™, || < Ok, m, n) (|| Dsvnll + [Jval), (3.13)
| Dt DT D5y, || < C(k,m, n) (|| Davp|| + o)), (3.14)

for v, € Fn(h).

In the next subsection, we prove that v;, behaves like u4(3, 1) with respect to 5 and Z.
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3.2 Approximation of v,
Let us state the approximation result of this subsection:

Proposition 3.9 There exists C > 0 and hy > 0 such that, if 0 < h < hy and v, € Fn(h):
lon = Ton | + [ Vavn — Vallva|| + [ Vs i (vn — Top) || < CRY* 2 up ]|,
where 11 is the projection on uy defined by:
(7, 5,1) = (0, ug)s jua (3, 1).

In particular, 11 : Fn(h) — I(Fn(h)) is an isomorphism (sometimes called Feshbach-
Grushin projection).

Proof: As usual we start to prove the inequality when vy, is the image of an eigenfunction
associated with \,(h), the extension to v, € &y (h) being standard. We want to estimate

I(EN(0) — o (0))nll
We have:
I(EN(0) = o (@))onll < [I(HN(0) = Ap(h))vnll + CRYun].
With the definition of v;, and with Corollary 2.7, we have:

[(HN() = Ap(R)vnll < || Hyon|| + h*|| Havn || + O(h) ol
Then, we can write:

R D: \? . D: \?
tVo| D: — —) wy t| D; — —= | Vyup
sin 0 sin 6

With Lemma 3.2 and the support of u,, we infer:

A 2
HHlvhH S C +C +C Lt‘/b <§ + L) Up,

sin 0

h| Hyogl| < CRY421 o).
In the same way, we get:
W2 Hyvp|| < CRY2 4wy

We deduce:
I(EN(6) — o (6))unll < CRY*2[op]].

Let us write
vy, = U,f + Ivy,

‘We have:
I(HN(0) — a(0))vp || < CRMY*27][uy]].

The resolvent, valued in the form domain, being bounded, the result follows. O
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4 Harmonic oscillator and last refinements

In this section, we prove Theorem 1.4. In order to do that, we first prove a localization with
respect to 7 and then use it to improve the approximation of Proposition 3.9.

4.1 Control of v;, with respect to 7

This subsection is devoted to the reduction to a model operator involving an harmonic
oscillator.

Proposition 4.1 There exist hy > 0 and C' > 0 such that for all Co > 0 and h € (0, hy):

an(vp) > (1 = Coh) (||ngh||2 + | Dsvnl® + || (Va(3,£) + cht Hyarm) vhH2>

C
0

for v, € Fn(h).
Proof: Let us consider
L g ; . . 2
an(vn) = | Dgonl]” + | Dsvall® + || (Vo (8, 1) + aht { Hharm + L(7, D3, 8, Ds)}) wa| "

where
L(#,D;,8,D;) = (sinf) " *(—2sin0D; D; + 2sin 037 + DI + §%).

For all € > 0, we have:
. op - 2
qgn(vp) > (1—¢) (“nghHQ + || Dsvnl|? + H (Va(8,%) + aht Hparm) vhH >
—era®h?||[tL(7, D+, 3, Dg)vy ||
We take ¢ = Cyh. We apply Lemmas 3.3, 3.7 and 3.8 to get:

IEL(#7, D, 3, Dsyonll® < C(IDsvnll* + [[7onl* + llval®).

A model operator From the last proposition, we are led to study the model operator:
My, = D + D} + (Vo(5,1) + ahi Hpam)®.

We can write M, as a direct sum:

Mh:@M}?a

n>1
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with
M} = D? + DF + (V(3,1) + ahtu,)?,

so that, we shall analyze:
H(0,~) = D? + D} + (Vp(8,1) + vi)*.

From [5, Proposition 5.1], we deduce the existence of ¢ > 0 such that, for all v > 0:

o(0,v) > o(0) + .
Taking C large enough in Proposition 4.1, we deduce the proposition:
Proposition 4.2 There exist C' > 0 and hy > 0 such that:

(Hparmtn, v1) < Cllup||?, for v, € n(h)

and:

AN(h) > o(0) — Ch.
4.2 Refined approximation of vy,

The control of v, with respect to 7 provided by Proposition 4.2 permits to improve the
approximation of vy,.

Proposition 4.3 There exist C' > 0, hg > 0 and v > 0 such that, if h € (0, hy):

||‘/9D7A—’Uh — ‘/GD%HUhH + ||D7:Uh — D%HU}LH + HV&E(D%U}L - D%HUh)H S Oh7||2}h||,
Voron = VorTlop|| + [|7on — 7o || + |V 3(7on — 7Tup) | < Ch7[on]],

forv, € Fn(h).
Proof:
Control with respect to D; Let us apply D to (2.7). We have the existence of v > 0

such that:
I[LN™2 (R, D:vs|| < CRY o]

We can write:
1(#(0) — o(0)) Drvnl| < [[(HY(8) — N (h)) Davnl + CRYY|| Drvn].
Proposition 4.2 provides:
1(#(0) = o(0)) Drvnll < (HY(8) = N7 (h)) Davn |l + ChY|un].
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Then, we get:
I Hy Dzvg|| < CRY27 oy |

and:
|R* HyDsvy|| < CRY? ||y

We deduce:
[(HN(8) — o(8)) Dsvnl] < CRMY* 7wy

The conclusion is the same as for the proof of Proposition 3.9.

Control with respect to 7 The analysis for 7 can be done exactly in the same way. [J

Conclusion: proof of Theorem 1.4 We recall that:
orma A 7 ? ~ ~ 2
™ (vg) = || Dy ||* + || Davn || + || (Vg(s,t) + aht {Hparm + L(7, D5, 8, DS)}) vhH
so that we get:
g,°"™ (vn) > (H (8)on, vp)
+ ah(2tV(3,€) Hyarm + tVo L(7, D3, 3, Dg) + tL(%, D3, 3, D3)Va(3, £)vp, vp)

It remains to approximate vy, by Ilv, modulo a lower order term.

Approximation of the terms involving Hy,., Letusexamine first:
<£‘/9(§, tA)Df—U}” Df—/Uh> = <Z§D7A-Uh, ‘/QD;-Uh>.

We have:
[tDzvp|| < Cllog]

and thus, with Proposition 4.3:
<£D;-Uh, ‘/ng’Uh> = <£D~f-vh, %HD{-U}J + 0(1)HUhH2.

We can write:
[tVeIIDsup|| < Cllonl|

and it follows:
(t Dsvp, VoIl Dsvy) = (IIDsvp,, tVaIIDsvs) + o(1)[|Jup]|?.
We deduce that:
(tVy(3,) Dsvp, Dsvy) = (tVp(3,1) D:Ilv, D:1wy) + o(1)]|vn |-

Let us consider:
<ﬂ/9(§, t)%’l}h, 7A'Uh> = <t7A'Uh, ‘/:97A'1}h>.
In order to treat this term, we use:

[E7vn]l < Cllvall.
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Approximations of the other terms Another term we should approximate is:
<l?‘/9(§, g)Dg’l}h, D.f-?)h> = <Z?D§1)h, Vb(g, f)Df-’Uh>.

We can notice that:

lEDsvn]| < Cllun
so that:
(tDsup, Vy(3,1)Dsvp) = (EDgv, Vi (5, D)IIDv) + o(1) ||val?.
We write: A A A A
(tDgvp, Vo(s, )IIDzvy) = (Dsvp, tVy(s, )I1D;vy)
and use: A R
[£V5 (8, )LDz vp | < C'lonll
to find:

(Dgvp, tVy (5, D)IID;vy) = (DsIluy, tVy(3, )IID;vp) 4 o(1)]|un |-
In the same way, we find:

(tsuy, Vytug) = (£8TTvy, VarTlug) + o(1)]|un|)?,
(t5%vy, Vgun) = (52T, VeIluy) + o(1) ||los||%,
(tD2vy,, Vo) = (ED?Tluy, VyIlu,) + o(1) ||vg ||

We infer:

an ™ (v,) = o(0)]os?
+ ah(2tVy(8,1) Hparm + tVaL(7, Dz, 3, Dg) + tL(7, Dz, 8, D3)Vy (8, £)TTuy, TTuy,)
+ o(h)||vn]?.

This implies:
0, (vn) = (0)||onl® + ah{&So(D:, 7)dn, dn)z + o(h)l|vall?,
where ¢, = (vn, ug),; and v, € Fn(h). We infer:
W=t (A (h) = o(0) + o(h))[|vnll* = (&g (D2, 7)dn, dn)+-
With Proposition 3.9 and the min-max principle, we deduce that:
An(h) > o(0) + ahvy (Sy(D:, 7)) + o(h).

This provides the spectral gap between the lowest eigenvalues. Jointly with Theorem 1.3,
we deduce Theorem 1.4.
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