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RESOLVENT CONDITIONS
FOR THE CONTROL OF PARABOLIC EQUATIONS

THOMAS DUYCKAERTS! AND LUC MILLER?

ABSTRACT. Since the seminal work of Russell and Weiss in 1994, resolvent
conditions for various notions of admissibility, observability and controllability,
and for various notions of linear evolution equations have been investigated in-
tensively, sometimes under the name of infinite-dimensional Hautus test. This
paper sets out resolvent conditions for null-controllability in arbitrary time:
necessary for general semigroups, sufficient for analytic normal semigroups.
For a positive self-adjoint operator A, it gives a sufficient condition for the
null-controllability of the semigroup generated by —A which is only logarithmi-
cally stronger than the usual condition for the unitary group generated by iA.
This condition is sharp when the observation operator is bounded. The proof
combines the so-called “control transmutation method” and a new version of
the “direct Lebeau-Robbiano strategy”. The improvement of this strategy also
yields interior null-controllability of new logarithmic anomalous diffusions.

1. INTRODUCTION

This section describes briefly the control property under investigation in the
semigroup framework (we refer to the monograph [TW09] for a full account), some
previous results on resolvent conditions, the purpose, main results and plan of this
paper, and some applications to distributed parameter systems.

1.1. Preliminaries on control systems. Let —A be the generator of a strongly
continuous semigroup on a Hilbert space £ and C be a bounded operator from the
domain D(A) with the graph norm to another Hilbert space F. Now ||| denotes
the norms in £ and F and also the associated operator normes.

Recall the usual admissibility condition (for some time T > 0 hence all T > 0),

T
(1) JKr >0, Vv € D(A), / |Ce |2dt < Krlv||?,
0

which implies that the output map v — Ce~*4v from D(A) to L _(R;F) has
a continuous extension to £ (n.b. the optimal admissibility constant 7' — Ky is
nondecreasing). E.g. (1) holds when C is bounded on €.

If the admissibility condition (1) holds, then null-controllability at time T' (the

definition is not needed here) is equivalent to final-observability at time T, i.e.
T
(2) Jkr >0, Yo € D(A), |le”T4|? < HT/ |Ce ]| 2dt.
0
The control property investigated in this paper is (2) for all T > 0.
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2 T. DUYCKAERTS AND L. MILLER

Here C is interpreted as an observation operator and (2) as the continuous pre-
diction of the final state by observing the evolution between initial and final times.

Recall that k7 is the control cost: it is the ratio of the size of the input over the
size of the initial state which the input steers to the zero final state in a lapse of
time T'. It blows up as T tends to zero, e.g. like exp(1/T) for the heat equation, cf.
[Sei08]. We refer to [Sei05, Mill0a] for a more extensive presentation.

REMARK 1.1. When a multiple of the identity operator is added to A these notions
do not change, the constants K1 and x7 change but not their asymptotics as T — 0,
e.g. the value of limsupy_,oT?Inky for B > 0 does not change. For this reason
in some of our statements we may assume without real loss of generality that the
semigroup generated by —A is bounded or even exponentially stable.

1.2. Background on resolvent conditions for observability. The following
resolvent condition was introduced in [RW94]: 3M > 0,

M
(Re )2
N.b. from now on, such an equation means: 3IM > 0, Yv € D(A), VA € C such
that Re A > 0, the inequality in (3) holds. Russell and Weiss proved that (3) is a
necessary condition for exact observability in infinite time of exponentially stable
semigroups. Their conjecture that it is sufficient was disproved in [JZ04].

When the generator is skew-adjoint (equivalently when the semigroup is a uni-
tary group) a similar resolvent condition is both necessary and sufficient for exact
observability in finite time, cf. [Mil12, theorem 3.8] and [Mil12, proposition 2.9(iii)]):

M
3 ol* < I(A = 2o[* + g=MICv[*, v eD(4), ReA>0.

Theorem 1.2. Let A be a self-adjoint operator on a Hilbert space W and C be a
bounded operator from D(A) with the graph norm to another Hilbert space.
Assume the usual admissibility condition (for some time 7 > 0 hence all 7 > 0),

) 3 Adm, > 0, Yo € D(A), / ICe | 2dt < Adm.[|v]|2.
0

The resolvent condition: AM > 0, Im > 0,
(5) o] < M|[(A = No|* + m|lCv||?, veD(A), XeR,

is equivalent to exact observability in some time 7 > 0, i.e. 3T > 0,

(6) J0bs, >0, Yo € D(A), || < ObsT/ [CeitAu|2dt.
0

More precisely, (5) implies (6) for all T > 7 M with Obs, < TZQJZSM.
Moreover, R in (5) may be replaced equivalently by the spectrum o(A) of A with
the same constants M and m. E.g. if A is positive self-adjoint then A € R in (5)

may also be replaced by X\ > 0 (more generally by X > inf A := inf o(A)).

We refer to [Liu97, ZY97, BZ04, Mil05] and to [Mil12] for more background and
references. This result was extended to more general groups in [JZ09, theorem 1.2].
Resolvent conditions equivalent to (4) were introduced in [Erv09, Erv11] and gen-
eralized in [Mil12]. We refer to [EZZ08, Erv09, Ervll, Mil12] for applications to
discretization.

This paper addresses resolvent conditions for the null-controllability (2) of heat-
like semigroups, i.e. when A is positive self-adjoint or more generally when the
semigroup is normal analytic (the definition can be found at the beginning of theo-
rem 3.7 and of §3). Resolvent conditions for the weaker notion of final-observability
in infinite time:

o0
(1) 37 > 0,3kp > 0,¥ € &, [le~ T < KT/ |Ce o |2dt,
0
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was also investigated in [JZ09] for exponentially stable normal semigroups (in this
framework (7) implies (2) for some time T), cf. remark 3.8. But it seems that resol-
vent conditions for final-observability for any T' > 0 in (2) has not been previously
investigated, although it is a very natural notion for heat-like semigroups.

An other condition called the («, 3) Hautus test is introduced in [JSO07, defini-
tion 3.5]. Other related papers are [JP06, JPP07, JPP09, XLYO08].

1.3. Main results. For simplicity, we focus in this introduction on the case where
the observation operator C' is bounded from £ to F. We refer to later sections for
the full statement of the main theorems under more general admissibility conditions.

We first state a sufficient resolvent condition for final-observability for any 7" > 0
(cf. theorems 4.3 and 4.5).

Theorem 1. Assume A is positive self-adjoint and C is bounded (from & to F).
If the resolvent condition with logarithmic factor : IM, > 0,

M.\ (1
(log(A+ 1)) \ A
holds for some power a > 2, then final-observability (2) for the semigroup generated

by —A holds for any time T > 0.
If the resolvent condition with power-law factor : M, > 0,

®)  lvl* < I(A = X)ol* + ICUIQ) , vED(A), A>0,

1
© ol <M (ANl 4 ul) . ee D) A0,

holds for some power § € [0,1), then final-observability (2) for the semigroup gen-

erated by —A holds for any time T > 0 with the control cost estimate kK < ce/T’

for B = % and some ¢ > 0.

N.b. in the family of resolvent conditions (9), 6 = 0 is equivalent to the exact
observability of the corresponding wave equation @ + Aw = 0, § = 1 is implied by
the exact observability of the corresponding Schrodinger equation ¥ — 1Ay = 0,
d = —1 is the condition (3) of Russell and Weiss restricted to real .

Combining theorem 1 with theorem 1.2 yields the next statement. In a nutshell,
it says that the observability of the Schrodinger equation w —iAY = 0 with a
self-adjoint differential operator A implies the observability of some heat equations
é+ Ap = 0 with A of “higher order” than A. The proof is completed by the
convexity theorem [Mil12, Theorem 3.2]: (5) implies (9) for A =AY and 6 = % -1,

and (8) for A = Alog®/?(1 + A), cf. [Mil12, Example 3.4].
Corollary 2. Assume A is positive self-adjoint and C = C' is bounded, and consider
A=A", yv>1, or A=Alog®?*(1+A), a>2.

If exact observability (6) for the Schridinger group (')
then final-observability (2) for the heat semigroups (e~*4)

ter holds for some time,
t>0 holds for any time.

The condition v > 1 in corollary 2 is sharp by the following example of the
harmonic oscillator observed from a half line (cf. proposition 5.1).

Proposition 3. Consider the positive self-adjoint operator A = —0% + x2 on the
space & = L*(R) of square-summable functions on R. Define the bounded operator
C on & = F as the multiplication by the characteristic function of (—oo, ), g € R.

Exact observability for the Schrédinger group (e®4)icr holds for some time, but
final-observability (2) for the heat semigroup (e~'4);>0 does not hold for any time.
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This example also proves that condition § < 1 in theorem 1 is sharp (since (9)
holds with § = 1 by theorem 1.2). Another example given in §5.2 strongly suggests
that condition v > 2 in theorem 1 is also sharp (cf. the second paragraph of §5).

As opposed to the resolvent condition for unitary groups in theorem 1.2, the
sufficient condition (9) is not necessary. Instead of this resolvent condition with
power-law factor, the examples in remark 2.6 lead us to rather consider the following
resolvent conditions with exponential factor with some powers a > 0: Ja > 0,

(10) 0] < ae® BN (J(A = M| + [|Cv]|?), v eD(A), ReX>0.
Indeed we prove that they are necessary for final-observability (cf. theorem 2.4).

Theorem 4. If (1) and (2) hold for some T then (10) holds with power o = 1.
If (2) holds moreover for all T € (0,Ty] with the control cost kp = ce/T” for some

B8>0,c>0,Ty >0, then (10) holds with power oo = % <1.

In §3, we give an exponential resolvent condition stronger than (10) which is
sufficient for final-observability (cf. theorem 3.7). For proving this and the other
sufficient condition (9) in theorem 1, we use the Lebeau-Robbiano strategy initiated
in [LR95] as revisited in [Mill0a] (cf. also [Sei08, T'T10]). Since this version of the
strategy falls short of proving the weaker logarithmic sufficient condition (8), we
stretched it to this purpose by dropping the requirement that it should provide an
explicit estimate of the control cost kK as T — 0.

This new version of the direct Lebeau-Robbiano strategy of [Mil10a] is presented
in §6 for its own sake. In particular, it yields the following logarithmic improvement.
For simplicity, we state it for normal semigroups, although it is valid within the
more general framework of [Mil10a], cf. theorems 3.5 and 6.1. Definitions of normal
semigroups and spectral subspaces 1ge 4<x € can be found at the beginning of §3.
E.g. if A is a positive self-adjoint operator then (e~4);>¢ is a normal semigroup.

Theorem 5. Assume the admissibility condition (1) and that —A generates a nor-
mal semigroup. If the logarithmic observability condition on spectral subspaces

(11) [0]|? < ae((osllog )™ 108 X) 100112 4 € 1Re acr &, A > e.

holds for some a > 2 and a > 0, then final-observability (2) holds for all T > 0.
The corresponding condition for the strategy of [Mill0a] was

(12) [v]|?2 < ae®[|Co||?, v € 1reacr & A= Ao,

for some a € (0,1), a > 0 and Ao > 0 (n.b. this condition is sufficient for the same
range of exponents o € (0,1) as the second necessary condition of theorem 4).
The term A%, « € (0,1), in this earlier condition is replaced by A/@(\), with
w(A) = (log(log A))*log A and a > 2, in the new condition (11) of theorem 5. The
condition (11) may be replaced by the weaker time-dependent condition parallel to
the original in [LR95] (cf. (66) in theorem 6.1):

T
(13) e T4 < %e%/ |[Ce ™ v|2dt, v € 1rRe a<x &, T € (0,T0), A= Ao.
0

1.4. Applications of the main results to PDEs. Theorem 1 applies to dif-
fusions in a potential well in the following way. Consider A = —A + V on
& = L*(R) with potential V(x) = 2?*, k € N*. It is positive self-adjoint with
domain D(A) = {u € H*R) | Vu € L*(R)}. Let C : & = F = £ be the multipli-
cation by the characteristic function X(_oc 4, of a half line (=00, zp), zo € R. It is
proved in [Mil10b] that they satisfy this power-law resolvent condition:

M
lol* < /\l/kTII(A = Nv|? +ml|Col®, v eD(4), A>0,
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and the decay of the first coefficient cannot be improved (due to a basic quasimode).
Thus theorem 1 gives an alternative proof of [Mil08, theorem 1.10] in dimension one
(n.b. in higher dimensions, theorem 1 also applies, but under a geometric condition
on cones which is stronger than in [Mil08, theorem 1.10]):

Theorem 6. The diffusion in the potential well V(x) = 2%*, k €N, k > 1,
Qo — 020 — Vo= X(—oomo)ts #(0) =0 € L*(R), ue L*([0,T] x R),
is null-controllable in any time, i.e. VT > 0, Yoo, Ju such that ¢(T) = 0.

Theorem 5 applies to logarithmic anomalous diffusions in the following way (cf.
the more general theorem 6.3). Such anomalous diffusions consist in replacing the
Laplacian in the usual heat equation by some functions of the Laplacian defined
by the functional calculus of self-adjoint operators. The key PDE result is an inte-
rior observability estimate for sums of eigenfunctions of the Dirichlet Laplacian A
proved in joint papers of Lebeau with Jerison and Zuazua using the boundary Car-
leman estimates due to Robbiano as improved in [LR95], cf. [JL99, LZ98, LRL09).
This milestone estimate writes as (12) with exponent o = 1/2, i.e.

(14) [v]? < ceVM[Col?, v E1-acrE, A>0,

for some ¢ > 0, where & = L?>(M), C : £ — F = £ is the multiplication by the
characteristic function xq of an open subset Q # () of M, i.e. it truncates the input
function outside the control region . N.b. (14) is indeed an estimate of sums
of eigenfunctions since the spectral space 1_a<) € is just the linear span of the
eigenfunctions of —A with eigenvalues lower than A\. We deduce from (14) that the
logarithmic observability condition is satisfied by A = —v/—Ag(v/—A) for each of
the following functions ¢ defined on (0, 4+oc), hence on the spectrum of v/—A,

©(X) = (log (1 +1log(1+ \)*log(1 4+ A), a>2,

(1%) or () = (log(1+ )", a>1,

(this computation is sketched before theorem 6.3). Thus theorem 5 proves

Theorem 7. Consider the anomalous diffusion in the smooth connected bounded
domain M of R, defined by the Dirichlet Laplacian A and (15), with input u:

0+ V=Dp(V=2)¢ = xau, ¢(0) = o € L*(M), u € L*([0,T] x M).
It is null-controllable from any non-empty open subset  of M in any time T > 0.

For ¢(A) = A%, this problem was first discussed in [MZ06] (basically for a one
dimensional input u depending only on time not space, and « € (—1,0)), then null-
controllability was proved for o > 0 in [Mil06b], and the estimate of the control
cost was improved into k7 = ce/T"" for some ¢ > 0, in [Mil10a, theorem 4.1]. It
is still an open problem wether theorem 7 holds for ¢(\) = 1, cf. remark 6.4.

1.5. Outline of the paper. In the general framework of §1.1, §2 proves that some
exponential resolvent conditions (10) are indeed necessary for null-controllability.
It mainly consists in changing ¢ into —1 in [Mil05, lemma 5.2]. It is also close to the
proof in [RW94, theorem 1.2] that the stronger assumption of exact observability
in infinite time implies (3). Parallel exponential resolvent conditions are proved
necessary for admissibility (1).

In §3, some exponential resolvent conditions stronger than (10) are proved suf-
ficient for null-controllability when A is normal. The proof is based on the di-
rect Lebeau-Robbiano strategy of [Mill0a] for proving final-observability (cf. theo-
rem 3.3), which is an outgrowth of the heat control strategy devised in [LR95].
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When A is positive selfadjoint, §4 proves that null-controllability is implied by
power-law resolvent conditions weaker than (3) and, thanks to §6, by even weaker
logarithmic resolvent conditions. The proof combines the direct Lebeau-Robbiano
strategy of [Mill0a] and the control transmutation method of [Mil06a]. N.b. this
method uses an integral representation similar to Phung’s in [Phu01, Phu02] to
deduce the final-observability of the heat equation ¥ + Av = 0, with an explicit
estimate of the fast control cost, from the exact observability of the wave equation
W+ Aw = 0 in some given time (cf. theorem 4.2).

Examples assessing the sharpness of these sufficient conditions are given in §5.

The independent §6 improves the Lebeau-Robbiano strategy in [Mill0a] when
estimating the costs is not a goal, and applies it to logarithmic anomalous diffusions.

2. NECESSARY RESOLVENT CONDITIONS FOR SEMIGROUPS

The framework of this section is as in §1.1: —A is the generator of a strongly
continuous semigroup on £ and C € L(D(A),F). This section examines which
resolvent conditions are implied by null-controllability in time 7', and similarly by
admissibility. We first prove an auxiliary lemma.

Lemma 2.1. For allT >0, ve D(A), A€ C, ReX > 0:

| _ e—2TReA T LT

(16) g ICoIF < [ oe ol + s [ ce A A= NP,
T 1 2 T

an [ ioe R < g IO + g [ 10 A= Al

Proof. The following definitions shall be convenient:

(18) z(t)=e M, z{t)=z@t)—e v and f=(A— .

Since —2(t) = Az(t) = e " Av = e (v + f) = Az(t) + et f, we obtain
2(t) = 2(t) + e v = —Az(t) — e P f and therefore z(t) = — fot e~ (= he=sAf s,
Hence, by Cauchy-Schwarz inequality, ||Cz(t)||? < I f(f e~ (=) Red || Ce=s4 f|12 ds
with I, = fg e (t=s)ReA gg — fot e *RerAds < 1/Re\. Fubini’s theorem yields

T T T
1
Cz(t)|[Pdt < T / Ir_ ||Ce A f||?ds < 7/ Ce™ 4 f||2ds.
) [C=@)]l T T l I Re ) I I

Respectively plugging e™**v = z(t) — z(t) and x(t) = e * v + 2(t), we now have
the following estimates which yield (16) and (17)

r Re A\ 2 r 2 2 r A 2
/0 |CemtReAp|2dt < 2 / ICalt) Pt + s / |CemA 7|12 ds,

4 2 r 2t Re \ 2 2 r A 2
Cx(t dt<2/ e 2ReA gty +7/ Ce 4 f||2 ds.
/0 [Cz(t)]] i [Cv]| Re ) J, [ [
O

A direct consequence of (16) is a necessary resolvent condition for admissibility:

Proposition 2.2. The admissibility condition (1) implies the admissibility resol-
vent condition

(19)  [ICv]* < LVIA = Awl? +IN)lv]?, v €D(A), Red>0,
with L(X) = % and I(\) = %,

We now state necessary resolvent conditions for final-observability.
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Proposition 2.3. Let By = sup e~ be the semigroup bound up to time T.
t€[0,T)
If (1) and (2) hold then : Yv € D(A), A € C, Re A > 0,
1A =Nl 1CoI1”
(Re A)? T"Rex )°

(20) ]| < 22T ReA ((B% + 27 Kr)

If moreover (2) holds for all T € (0,To] with kT = coei%, co, ¢, 8 >0, then

ICA = Al IO
(Re )2 Re A

(21)  fo)]* < age® eV ( ) , veED(A), Rel>0,

1

with a = 25—, a = ¢+ Bﬁtl and ag = 2(3%0 +co(1+2Kr,)) exp %{gl)

Proof. We keep the notations (18) of the proof of lemma 2.1. The semigroup bound

yields ||z(T)|| < IrBr||f|| < %Hf” Together with (2), it implies the following

estimate of v = eT*(z(T) — 2(T)):

T
ol < 26775 (r [ lCrPae+ ot 151 ).
0 (Re)\)2

Plugging in the following consequence of (17) and (1)

2Kr

Foae 17

T
2 1 2
< —
/O |Cz@)]Pdt < 7 lICv]* +

completes the proof of2 (20).

Plugging kp = coeTig in (20) and using that T' < Ty and Kr < Kg, yields:
ICul?, [I(A - >\)’U|2>
Re A (Re M)2 ’
with hy(T) = TRe A + =55. We are left with optimizing hy: inf ha(T) = ha(Th) =
C(ﬁTi}” with TP = 2. If T\ < Tp then we choose T = T and obtain hy(T) =
a(Re \)® with a = % and @ = ¢ % Otherwise Ty Re A < ;—? then we choose

T = Ty and obtain hy(T) < C({;i;;gl)- H

[v]|? < 2(co + B, + 2¢o K, )" () (

As a corollary, we state that the resolvent condition with exponential factor
(22) [o]> < age* @+ V™ ((A = Nol* + |Co[?), veD(A), AeC,

with a € (0,1], a and ag positive, is necessary for final-observability.
N.b. Ret A :=max {Re A, 0} so that (22) for A > 0 is nothing but (10).

Theorem 2.4. If admissibility (1) and final-observability (2) hold for some T then
(22) holds with power a =1 and rate a = T. If (2) holds moreover for all T € (0, To]

with the control cost kK = coe%g for some positive 8, ¢ and co then (22) holds with
power o = % <1 and rate a = cﬁ%.

Proof. By remark 1.1, without loss of generality we may assume that the spectrum
of A is contained in a positive half-space {z € C | Rez > Ag > 0}. Since

1 1

2 A <——— (A= S —
(23) Red<do = ol < oo A = Al < o=y

A— A)’U”7

the two implications result from those in proposition 2.3: (21) implies (22) with a
greater ag, and similarly (20) implies (22) with « = 1, a = T and a greater ag. O
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REMARK 2.5. The fact that final-observability in some time T' (2) implies an ob-
servability resolvent condition (24) for some unknown positive functions m and M
was observed independently by Hans Zwart in [OWR11]. In proposition 2.3, such m
and M are given explicitly in (19). The proof was already outlined in remark 1.13
of [Mil08g].

REMARK 2.6. Some known exponentially localized eigenfunctions allow to prove
that a resolvent condition with a better factor (i.e. smaller as A — +oc0) than
the exponential one in (22) cannot be necessary for the final-observability for all
T > 0. For completeness, we write the simplest example explicitly: the eigen-
functions e, (z,y,2) = (x + 1y)", n € N*, of the Laplacian on the unit sphere
52 = {22+ y* 4+ 2% =1} satisfy (A — A\p)e, = 0 and [le,]| = ae®V[|Ce,| for
some a > 0, where £ = L?(5?), A = —A and C is the multiplication by the charac-
teristic function of the complement of any neighborhood of the great circle {z = 0}
(cf. [Mil08, §4.2.2] for a similar computation), although final-observability (2) holds
for any time (cf. [LR95]). Moreover, [Mil08] gives an example (the Laplacian with
sextic potential observed from some cone in R?) where there are eigenfunctions

satisfying |le,|| = ae” [ICey, || although final-observability (2) holds for any time.

3. SUFFICIENT CONDITIONS FOR A NORMAL GENERATOR

In addition to the framework of §1.1, we assume in this section that —A gen-
erates a strongly continuous normal semigroup. Equivalently, A is a normal op-
erator on & (i.e. A is closed, densely defined and AA* = A*A) with spectrum
contained in a left half-space (i.e. there exists v € R such that A € o(A) implies
ReA < 7). The reason for this new assumption, is that such a normal opera-
tor A has a spectral decomposition FE (a.k.a. projection valued measure) which
commutes with any operator which commutes with A, defines spectral projections
1rea<x = E({z € 0(A) | Rez < A}), spectral spaces £, = 1rea<i &, and more
generally provides a simple functional calculus, cf. e.g. [Rud73].

The main result of this section is theorem 3.7 which gives sufficient resolvent
conditions to prove final-observability for all T > 0 by the Lebeau-Robbiano strat-
egy under the additional assumption that the semigroup is analytic, cf. §3.3. The
Lebeau-Robbiano strategy in [Mill0a] for normal semigroups is recalled in §3.2 to-
gether with a new logarithmic variant proved in greater generality in §6. We want to
stress the similarity between the usual sufficient condition for the Lebeau-Robbiano
strategy and some necessary and sufficient condition given in [RTTTO05] for the va-
lidity of the resolvent condition (5). Therefore we begin in §3.1 by generalizing
this so-called “wavepacket condition” of [RTTTO05] to normal semigroups and to
resolvent conditions with non-constant coefficients.

3.1. Wavepackets condition. We generalize the wavepacket condition introduced
in [CFNS91, RTTTO05] for A selfadjoint with compact resolvent. Indeed the key re-
sult of [RTTTO5] is that (25) for D and d constant is equivalent to (24) for M and
m constant.

Proposition 3.1. The observability resolvent condition

(24) lol> < M)A = Nl +m(N)[|Col|?, v eD(4), A>0,
implies the wavepackets condition

(25) lol* < dWIICu]*, v € Laapc €, A>0,

g

for any function d > m with D = —;~ (e.g. d =2m and D = ﬁ)
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The wavepackets condition (25) and the admissibility resolvent condition (19) im-
ply the observability resolvent condition (24) for any function m > d with

M =6L+ Y2 where § = (é—%)_l (e.g. m =2d and M = 2dL + 24 ).

Proof. Let v € 1ja—x2<p(x) €- By the spectral theorem [|(A — A)v|[* < D(A)][v][*.
Plugging this in (24) yields (25) with d(\) = =557 since 1 — DM = 2 > 0.

To prove the converse, we introduce the projection vy = 1j4_xp2<p(n) v of v €
D(A), and vy = v—wy. Using ||Cv,|? < (14€2)||Cv|*+(1+e72)||Cvi||?, e(N) > 0,
and applying (19) to estimate this last term, then plugging this in (25) yields

loll> < d(1 + )| Col® + d(1 + ™) LII(A = Nox [ + (1 +di(1 + 7)) [Jox |I*.
But the spectral theorem implies [Jvi-||? < %H(/{; A)vy |2, so that (24) holds with
m=d(1+e2) and M = (1 +e2)dL + 2t ). O

REMARK 3.2. For example, the following resolvent condition

My
A

lol> < = lI(A = Mol + m(N)[[Co]]?, v e D(4), x>0,

(which is equivalent to the observability of the wave equation associated to A, when
m is constant and admissibility holds), implies the wave packet condition

[l < 2m ol vet, & A>0.

3.2. The Lebeau-Robbiano strategy for normal semigroups. The observa-
tion operator C' € L(D(A), F) is said to satisfy the observability condition on spec-
tral subspaces £y = 1rea<x & with exponent o € (0,1) and rate a > 0 if there
exists positive ag and Ay such that

(26) [v]]? < ape® " |Cu||?, ve&, A=

This condition is the starting point of the Lebeau-Robbiano strategy. In the original
framework of [LR95] it writes (14) as recalled in §1.4. In such cases where A is
selfadjoint with compact resolvent it is a condition on sums of eigenfunctions. The
more general framework of [Mill0a] calls it observability on growth subspaces. N.b.
this condition can be considered as another kind of wavepackets condition: (26) can
be written as (25) with the spectral projection £, of £ on the left half-plane with
abscissa lower than A replacing the spectral projection of £ on the ball of radius

D()) and center on the real axis with abscissa .

We only recall the simpler version of the main result in [Mill0a] in the current
framework of a normal semigroup (cf. [Mill10a, §3.6]) with the simplest estimate of
the cost k7 (n.b. the reference operator Cjy is the identity, hence does not appear).

Theorem 3.3. Assume the admissibility condition (1), or there exists w € R and
0 €10,%) such that the spectrum of A satisfies 0(A) C {z € C | arg(z —w) < 6}.
If the observability condition on spectral subspaces in time

T
27)  Jle”|? < ape®™ +%/ [Ce~|%dt, ve &y, T e (0,T0), A= Ao,
0

holds with 3, Ao, ag, a, b positive and o = %, then final-observability (2) holds

for all T > 0 with the control cost estimate limsup T” In kp < co.

T—0
If the observability condition on spectral subspaces (26) holds then (27) holds for

all b > 0 and the resulting estimate is: limsup T° In kp < 2a6+1(ﬂ + 1)’8(54'1)6_52.
T—0

N.b. the time-dependent condition (27) is [Mill0a, (10)]. It generalizes the con-
dition in [LR95, §2, proposition 1] used in the original strategy before the time-
independent condition (14) was introduced, cf. also [Léal0, §4].



10 T. DUYCKAERTS AND L. MILLER

REMARK 3.4. Admissibility here can even be replaced by the weak time smoothing
effect (introduced in [Mill0a, lemma 3.1] generalizing [TT10]), with the § of (27):

Ve e &, Vt>0, e 2 eD(A), and limsupt’In||Ae” || = 0.
=0

If —A generates an analytic semigroup then this is satisfied for any 8 > 0 (cf. e.g.
[EN00, theorem I1.4.6]). Since A is normal, analyticity is equivalent to the condition
on o(A) stated in theorem 3.3 (cf. e.g. [ENOO, corollary I1.4.7]). In particular it is
satisfied if A is positive self-adjoint (which is the original assumption in [TT10]).

The following is the analogous simpler statement of the variant of the direct
Lebeau-Robbiano strategy proved in theorem 6.1:

Theorem 3.5. Assume the admissibility condition (1).
If the logarithmic observability condition on spectral subspaces in time

T
2a
(28)  |le™T||? < aelosnTT? / |Ce=|%dt, wve &y, T e (0,To), A= Ao,
0

holds for some \g > 1, a > 0, § > 0 and v > B+ 1, then final-observability (2)
holds for all T > 0. Alternatively, (28) may be replaced by (13).

N.b. the assumption (28) is (66) with ¢()\) = (log\)” and ¥(w) = wWP*L. Tt is
weaker than (27), but theorem 3.5 lacks the control cost estimate of theorem 3.3.

3.3. Resolvent condition for the Lebeau-Robbiano strategy. The following
lemma just states a sufficient resolvent condition for an observability condition
on spectral subspaces of the same kind as (26). The characterization used in its
first sentence can be found in [ENQ0, corollary I1.4.7]. N.b. if A is nonnegative
self-adjoint, it applies with 6§ = 0.

Lemma 3.6. Assume that the normal semigroup generated by —A is bounded an-

alytic, i.e. there exists 6 € [0, 5) such that 0(A) C {z € C | arg(z) < 0}.

The observability resolvent condition

cos? 6
(29) lv]l* < W\I(A = ANoll? +m(N)||Col?, veD(A), A=A,
with positive A1 and \g implies
A1+ Ao)?
(30) lv]* < Mxmu)nmn{ veEE, A=

Proof. Since arg(z) < 6 implies |Im z| < (tan ) Re z, we have |Im A| < (tan ) Re A.
Moreover 0 < Re A < X implies [Re A — A| < A, hence for all v € &), we have
(A= Mv|? < (1 + tan?0)A\?||v]|?>. Plugging this in the resolvent condition (29)

-1
. 2 2
yields (1 - (M?T)?) lv]|? < m(N\)||Cv|>. Now (1 - (Mf\T)Z) = )%g()\) where

g(\) = /\((A)\ll':););) = u(11+u) is a decreasing function of p = (1 + 21)~! > 0 hence

A
a decreasing function of A > 0. Using A\ > )¢ yields ||v||* < )%g()\o)m(/\)HC’vH2
which is (30). O

This lemma 3.6 yields the following corollary of the Lebeau-Robbiano strategy in
theorems 3.3 and 3.5. N.b. if A is positive self-adjoint, it applies with wy = 6 = 0.

Theorem 3.7. Assume that the normal semigroup generated by —A is analytic,
i.e. there exists w € R and 6 € [0, F) such that 0(A) C {z € C | arg(z —w) < 6}.
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The observability resolvent condition with o € (0,1), wy < w, Ao > wp, and
positive ag and a,

2
B ol < = A= Mol + a0 [Col?, v eD(A), A Ao,

(A = wo)
implies final-observability (2) for all time T > 0 with the control cost estimate

limsup 7% In kp < 2¢°71(6 + l)ﬁ([”l)ﬂfw7 where 3 = .
T—0 -«
The resolvent condition (31) with A* replaced by A/ ((log(log A))*log A), o > 2,
and the admissibility condition (1) imply final-observability (2) for all T > 0.

(0%

Proof. Let Ag = A —w and \; = w —wp > 0. The semigroup generated by —Ag
is bounded analytic and normal. The condition (31) implies (29) with A replaced
by Ao, with m(\) = a)e?¥'" where ¢/ > a is arbitrary, with a) > 0 depending
on a’, and maybe a different \g. Therefore we may apply lemma 3.6 to Ag. The
resulting (30) implies (26) with a replaced by a’. Hence theorem 3.3 applies to Ag.
According to remark 1.1, the resulting cost estimate is still valid for A.

The same proof applies to the second part of theorem 3.7 with theorem 3.3
replaced by theorem 3.5. O

REMARK 3.8. For exponentially stable normal semigroups (not necessarily ana-
lytic), [JZ09, theorem 1.3] proves that the resolvent condition (3) implies final-
observability in infinite time (7), which implies final-observability at some time T
in (2). For exponentially stable normal semigroups which are analytic, theorem 3.7
applies with some w > wy = 0 and some 6: it says that the observability resolvent
condition with « € (0, 1), Ao, ag and a positive,

cos?

22
implies a stronger conclusion than [JZ09, theorem 1.3]: final-observability for all
positive times T  and a control cost estimate. Comparing (32) with (3), we see that
the assumption (32) concerns only large real ), it is weaker on the second coefficient
(it is exponentially increasing instead of polynomially decreasing with \), but it is
stronger on the first coefficient: M is restricted to taking the value cos? (e.g.
M =1 if A is positive self-adjoint). N.b. concerning this restriction, [GC96] and
under weaker assumptions [JZ09, proposition 4.1] prove: if an exponentially stable
semigroup satisfies (3) with M = 1, then it is exactly-observable in infinite time,
which implies final-observability in infinite time (7).

(32)  Joll* < I(A = A)o[]? + age®*"[|Cv]]?, v eD(A), A=A,

4. SUFFICIENT RESOLVENT CONDITION FOR A SELF-ADJOINT GENERATOR

In addition to the framework of §1.1, we assume in this section that A is positive
self-adjoint. The main reason is that we shall use the resolvent condition for the
exact controllability of the corresponding second order equation @+ Aw = 0. Since
the propagators Cos(t) = cos(tv/A) and Sin(t) = (v/A)~!sin(tyv/A) can be defined
for more general operators A (known as generators of a strongly continuous cosine
operator functions, cf. [Mil06a]) there is still some hope to extend this section to a
more general framework. N.b. the infimum of the spectrum is denoted inf A.

4.1. Preliminaries on second order control systems. We introduce the Sobolev
scale of spaces based on A. For any s € R, let H, denote the Hilbert space D(A4%/2)
with the norm ||z, = ||4%/22| (n.b. Hy = &).

For simplicity we consider the framework which suits the observability of the
wave equation from the interior rather than from the boundary. When C' is an
interior observation operator, C € L(Hy, F) and admissibility is obvious. In this
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section we make the weaker assumption C' € L(H;,F), but this is stronger than
the assumption C € L(Hs, F) in §1.1. Indeed we consider the second order system
with output function y:

(33)  Z(t)+ Az(t) =0, =2(0)=zy€ Hy, 2(0)=2z € H_1, y(t)=Cz(1),

We rewrite it as a first order system w—iAw = 0 in the Hilbert space W = Hyox H_;
with norm [|(20, 21)||> = ||20]|3 + ||21]|2 1. The self-adjoint generator A is defined by

A(z0,21) = i(—21, Azy) with domain D(A) = H; x Hy,

where A here denotes the extension of A to H _1 with domain H;. The observation
operator C € L(D(A), F) is defined by C(zp,z1) = Czo.
The admissibility condition for (33) is (4), i.e.

(34)  FAdm, >0, W(z0,21) € D(A), / IC2(0)|2dt < Adm,||(z0, 1)1
0
This condition is equivalent to the resolvent condition, cf. [Mil12, corollary 3.15],
1
) 100 < 120 (1A= NolP + of?) . ve D), Az inf4,

where the positive function Lo is (for the time being) constant.
Recall that, if the admissibility condition (34) holds, then exact controllability
in time 7 is equivalent to exact observability in time 7 of (33), i.e.

(36)  3Obs, >0, ¥(z0,21) € D(A), (20, 21| < ObsT/ 1C2(0)|2dt.
0

As already mentioned in theorem 1.2 of the introduction, the existence of 7 > 0 such
that the observability condition (36) holds is equivalent to the resolvent condition

(37)  llwl® < MOIA = Nwl® +m)|Cwl®, weD(A), Al > inf VA4,

where the positive functions M and m are (for the time being) constants. Moreover
(37) with constant m and M, is equivalent to (cf. [Mil12, corollary 3.18])

1
3 ol <400 (1A= ol + [C0l* ) veD(A). Azt a
where the positive function M, is (for the time being) constant.
We shall need the following more precise statement with variable coefficients
Lo, My, M and m proved in [Mill2, example 3.17] (e.g. proposition 5.2 gives an

example where Ly()\) and My()) increase like A/log?(1 + \)):

Theorem 4.1. The resolvent conditions (35) and (38) with Ly constant or La(\) —
+00 as A = 400, and with Ma(N\) — +00 as A — +oo imply the exact observability
condition (37) with m()\) = 8 M2(A\?) and M()) equivalent to some constant times
Ly(A?)M3(N?) as X — 4o00. (n.b. M(X) also depends on ||Cllziw,.7))-

We shall also need the fast control cost estimate provided by the control trans-
mutation method, as stated at the end of the proof of [Mil06a, theorem 3.4]:

Theorem 4.2. There exists k. > 0 such that the admissibility (34) and the exact
observability (36) for some time T > 0 of the second order system (33) imply the
final-observability of the first order system (2) for all times T > 0 with the control
cost estimate kp < Obs; k. exp(k.7?/T), T € (0, min{1,72}).
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4.2. Main result. The control transmutation method in [Mil06a] stated in terms
of the resolvent conditions in [Mill2] says that the resolvent conditions (35) and
(38) when the functions Lo and My are positive constants imply final-observability
(2) for any time T' > 0 with the control cost estimate lim supyp_, o T Inky < 400.
Our main result is that, with appropriate admissibility condition, the observabil-
ity resolvent condition (38) is still sufficient when Ms(\) increases like X°, § € (0, 1):

Theorem 4.3. Assume that the positive self-adjoint operator A and the operator
C' bounded from D(v/A) with the graph norm to F satisfy the admissibility and
observability conditions with nonnegative v and positive §, L, and M,:

1
(39) [Cvl|* < LAY (AH(A — Mv||* + ||v|2> , veED(A), X>infA,
1
XII

If v + 6 < 1 then final-observability (2) for the semigroup generated by —A holds
for any time T > 0 with the control cost estimate

(40) o] < M. X° ( (A= Nv|* + ||Cv||2> , veD(A), X>infA

1 )

limsupT?Inkp < 400,  where B = i

T-0 l—vy—=9¢
Proof. Setting La(A\) = L,\Y and My()\) = M,\°, theorem 4.1 yields (37) with
M) =m(X\) = M/X2' | §" =~ 4§, and some other positive constant M. Hence,

(41) ]2 < MX (J(A— pwlP + [Cwl?), weDA), A |ul > inf VA

For any A > inf A, we introduce the restriction Ay = 14<x A of A to the spectral
subspace £y = 14<x &, and similarly the restriction Ay = 1)4/<x A of A to the spec-
tral subspace Wy = 1;4)<x W. N.b. A, is associated with Ay (rather than A,) and
Wy = €z x Ex2 with the same norm as W (indeed A is isomorphic to VA (§ %),
cf. e.g. [Mil12, theorem 3.8]). Since o(Ay) C {u €R | A= |pu| > inf \/Z}, applying
the last paragraph of theorem 1.2 to the restricted resolvent condition (41) yields
the full resolvent condition:

lwl? < MIAZ (|(Ax — pw]|? + [[Cw|?), we Wy, peR, X>infVA
By theorem 1.2, this implies that the group generated by iA, is exactly observ-

4 27 .

able by C for all 7 > 7, = m/M/\ with cost Obs, < ﬂii_ﬂ Taking
T = /21, yields Obs, < 27~ 27. By theorem 4.2, this implies final-observability
for all times T > 0 of the semigroup generated by —A,2 with the cost estimate
kr < 21 2kt exp(k.2/T), T € (0,Tp), To < min{1,72}. Since A > inf /A, we
may take Ty = min{1, 272M/(inf A)?'}. For notational convenience we change A2
into A\. Thus, taking any c, > 272M!k,, there exists ¢y > 0 such that

, T
(42) Jle=T4|2 < coe‘:*xS /T/ [Ce~tw|?dt, wve &, T e (0,Ty), > infA.
0

Taking a and 8 such that 3 = 2~ and % + %/ = 1, Young inequality yields

A (A 1 & +1 140
=L N ith = ) :

T T o Tgpe W= 1— 4
Hence (42) implies (27) for some positive ag, a and b, with a € (1/2,1) since
4§’ € (0,1). The Lebeau-Robbiano strategy in theorem 3.3 completes the proof. O

’

REMARK 4.4. The assumption of the control transmutation method corresponds
to v =6 = 0 in theorem 4.3. The Russell-Weiss condition (3) assumed in the more
general result of [JZ09] for normal generators mentioned in remark 3.8 corresponds
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to 6 = —1 in (40). As already mentioned after theorem 1 in §1.3, the condition
6 < 1 is sharp when C' is bounded.

4.3. Variants. Thanks to the improved Lebeau-Robbiano strategy in §6, we re-
place the polynomial loss A% in (40) of Theorem 4.3 by a logarithmic loss:

Theorem 4.5. Assume that the positive self-adjoint operator A and the operator
C bounded from D(\/Z) with the graph norm to F satisfy the admissibility and
observability resolvent conditions with positive o, Ly and M,:

1
@) 1ColP < Lo (1A= Vol + pI?) . veD(A), Az infa,
M A 1
2 < * = _ 2 2 > .
(@) olP < s (1A= WP+ 1CuP) . veD(), Ainta

If a > 2 then final-observability (2) holds for any time T > 0.

REMARK 4.6. In Proposition 5.2 below, we give an example satisfying the admissi-
bility condition (1) and (44) with o = 2, and such that final-observability (2) does
not hold for any time T > 0. However this example does not satisfy condition (43).

Proof. The proof is very close to the one of Theorem 4.3, except that we use The-
orem 3.5 instead of Theorem 3.3 to conclude. We use the notations &y, Ax, W, A,
Wy and Ay of the proof of Theorem 4.3.

Fix A > inf v/A. By Theorem 4.1 with Ly()\) = L, and My()\)
exists M, > 0 such that

_ M.
= o ) there

M/)\Q
A - 2 4 ||Cw|? D inf VA < |u| <\
[[wll oA 1 1) (1A= ww[® + [|Cw|*),  w € D(A), inf VA< |y|
By the last paragraph of theorem 1.2 applied to the operator Ay,
M )2
Pl A — 24 |ICw|? R.
Il < gy gy (104 = mul® + [Cul?), wewy, e

S L Amy/2M!
By Theorem 1.2, the group generated by 7.4, is exactly observable in time %,

with a cost bounded, up to a multiplicative constant, by Ton . By Theorem

A
@/2(A+1)
4.2, this implies final-observability for e *4x2 in time T € (0,Tp) (Tp is indepen-
2

al
dent of \), with a cost which can be bounded from above by eTle*G+D for some
a > 0. Hence (for some constant a’),

, T
le=T4)? < a' e TS 0D / [Ce~*|%dt, wve&, Te(0,Ty), A>inf A.
0

and the conclusion of the theorem follows from Theorem 3.5. O

To close this section we give the version of the main result in the framework
which suits the observability from the boundary rather than from the interior, i.e.
we return to the weaker assumption C' € L(Ha, F) in §1.1. It uses the definition of
Sobolev spaces Hy and norms introduced in §4.1.

Corollary 4.7. Assume that the positive self-adjoint operator A and the bounded
operator C' : D(A) — F satisfy the admissibility and observability conditions with
nonnegative vy and positive §, L, and M,:

1
@) 0ol <L (FIA- B +0lR) . e Ha Az infa,

1
(46) )2 < M X ()\H(A — M2 + ||C’v||2) , veEHs, X>infA.
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If v+ 6 < 1 then the conclusion of theorem 4.3 still holds.

Proof. Tt is enough to prove the conclusion (2) for v in the dense space H3 and with
the final-state norm ||e~7“v|| replaced by the larger norm ||e~74v||; = [le= T4V Au||
(indeed this is not a stronger conclusion as can be proved using the analyticity of
the semigroup for an arbitrary small portion 7 of the time T |7 Ae~74|| is bounded
for 7 > 0). Equivalently, it is enough to replace C in (2) by CA~'/2. To complete
the proof of this corollary, we check that theorem 4.3 applies to this new observation
operator CA~1/2: it is in L(D(v/A), F) since C € L(D(A), F) and, replacing v € Hs
by A~y with v € D(A), (45) and (46) are the needed resolvent conditions. [

5. NOT SUFFICIENT RESOLVENT CONDITIONS: TWO COUNTEREXAMPLES

We first give the concrete example of the quantum harmonic oscillator hamil-
tonian A on the line, observed from a half line. In this example C' is a bounded
operator and the resolvent condition (9) of theorem 1 in §1.3 is satisfied in the
excluded limit case § = 1 although its conclusion does not hold. N.b. no stronger
resolvent condition holds (the precise statement is point (b) in proposition 5.1), the
Schrédinger group (e%4);cr is observable for some time 7', but the heat semigroup
(e7*)4>0 is not observable for any time 7T

In the second example, A is a positive self-adjoint operator with compact resol-
vent on the state space & = ¢2 of complex (or real) square-summable sequences
and C' is an observation with one dimensional output space F = C (resp. F = R).
In this example C' is admissible (but not bounded) and the logarithmic resolvent
condition (44) of theorem 4.5 is satisfied in the excluded limit case oo = 2 although
its conclusion does not hold. N.b. the Schrodinger group (e**4);cr is observable for
any time, but the heat semigroup (e’tA)@o is not observable in a stronger sense
(no sums of eigenfunctions may be driven to zero in finite time).

5.1. Harmonic oscillator observed from a half line. Consider A = —9? +V
on £ = L*(R) with the quadratic potential V(z) = z2. Tt is positive self-adjoint
with domain D(A) = {u € H?(R) | Vu € L*(R)}. Let C : &€ - F = & be the
multiplication by the characteristic function of a half line (—oo, ), zo € R.

Proposition 5.1. This harmonic oscillator observed from a half line satisfies:
(a) The observation operator C is bounded on £, hence it is admissible for both

the heat semigroup (e7t*);>¢ and the Schrédinger group (e™4);cg.
(b) The resolvent condition with positive variable coefficients M and m

[v]* < M)A = Nl + mN)[[Cu]l?, veD(A), XeR,

holds when M and m are constant functions, but it cannot hold with a
function M such that M(X) — 0 as A — +o00, cf. [Mil10b].

(¢) The Schrédinger group is null-controllable (hence exactly controllable) for
any time T > 7/2 (but not for T < w/2), cf. [Mill0b].

(d) The heat semigroup is not null-controllable in any time T > 0, cf. [Mil0§].

Proof. Point (a) is trivial. For the sake of completeness, we sketch the proof of
point (b) in [Mil10b]. The resolvent condition in point (b) writes

+oo

+o00
(47) / () 2dz < M) / I~ (2) + (22 — Ao(z)|2dz

— 00 —00

+m(N) / w(@)Pdz e CE(R), AcR.

— 00
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To prove it when M and m are constant functions, we may equivalently restrict it
to A > 1 by the last paragraph of theorem 1.2 since the first eigenvalue of A is 1.
By the change of variable u(y) = v(z), y = Vha, h = 1/, it writes

oo 2 M e 2.1 2 2
lu(y)|"dy < — |—=h*u"(y) + (v~ — Du(y)|"dy

— 00

Vhag
+m/ )Py e CER), he(0,1].

Arguing by contradiction, we consider a sequence (h,,) converging to some limit h
in [0,1] and a corresponding sequence of functions (up, ) such that the left hand
side is equal to 1 whereas the right hand side converges to 0. From now on, for
brevity, we drop the index n, the variable y and its infinite limits in the integrals.
Integrating by parts, [|hu}|? 4+ V]up|? = [(=h*u) + (V — 1)up)up + [|up|?. This
converges to 1 since [|up|? =1 and [|—h?uj + (V — 1)up|*> — 0. Hence [|hu},|?
and [ V]uy|? are bounded.

We first consider the case ho # 0. Since {u € L*(R) | [|u/|> + V|u]* < c} is
compact in L?(R) for all ¢ > 0, extracting a subsequence if needed, we may assume
that (up) converges to some u in L?(R). This limit u vanishes on a half-line since
f_‘ﬁ?zo\uF lim ffl°|u | = 0. Taking the weak limit of —h2?u}/ + (V — 1)uy
yields —hZ u” + (V — 1)u = 0. Hence u = 0, contradicting [|ul? = lim [|us|? = 1.

In the case ho = 0, since (uy,) is bounded in L?(R), extracting a subsequence if
needed, we may assume it has a semiclassical measure p on the phase space R x R
(we refer to [GMMP97] for an introduction to this tool also known as Wigner
measure). Since [|hu}|? and [ V]uy|? are bounded, we deduce that, in the ter-
minology of [GMMP97], (up) is h-oscillating and compact at infinity (more pre-
cisely, f‘y|>R|uh(y)|2dy < 7z [ V]up|? implies lim sup,, j“‘y|>]‘,{,/|u;"b|2 <1/R?> = 0 as
R — +00). By [GMMPY7, proposition 1.7.ii, this ensures p(R?) = limy, [|up|* = 1.
Since [|—h?uj/+(V —1)uu|? converges to 0, p is supported on the the circle of radius
1 in R? (the characteristic set). Since it converges faster than h?, y is invariant by
VI | 2 = 0, p((—00,0) x R) = 0. Com-
bining these last three facts yields 4 = 0, contradicting the previous fact u(R?) = 1.

To disprove (47) when M(A) — 0 as A — +oo it is sufficient to display an
unobserved quasimode in the following sense, keeping the same semiclassical no-
tations: a sequence (uj) in L?(R) such that [|up|?> # 0 does not depend on h,

fﬁz°|uh|2 = 0 for h small enough and [|—h%u} + (V — 1)up|?/h? is bounded.
We construct (uy) in the usual WKB form wuy(z) = a(x)e™@/" b > 0, where
a # 0 is a smooth amplitude with compact support included in (0,1) and ¢
is a smooth phase function on (—1,1) satisfying the Hamilton-Jacobi equation
o' +V — 1 = 0, more explicitly 2p(z) = 2v1— 22 + arcsinz. It fulfils its
purpose: [|up|? = [lal> # 0, (—oo, Vhao] Nsupp(a) = @ for h small enough and
JI(=h*u) + (V = Dug) /R* = [|¢"a+2¢'d’|* < +oc since

rotation (the hamiltonian flow). Since [

—h2u) + (V= Dup = (|¢'2 +V = Dup — hi(p"a+ 2¢'d")e?" — h2a" e/,

The controllability of the Schrédinger group in some time 7' results from point
(b) and theorem 1.2. Point (c) gives the optimal value of this T obtained in [Mil10b]
by space-time semiclassical measures. We shall not recall this lengthier proof here.
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For the sake of completeness, we recall the proof of point (d) in [Mil08, §4.3.1].
We have to disprove the observability condition (2) which we rewrite:

400
(48) Ikr > 0,Yv € L*(R), / le= T4 () da /{T/ / e |2 (z) dz dt.

— 00

The Schwartz distribution kernel on R? of the operator e~ *4 is called the Hermite

kernel and denoted (z,y) + e~ *4(x,y) (if the initial state is the Dirac mass at y
then x +— e~ ' (x,y) is the state at time t). The key idea is to consider the initial
condition v(z) = e~"4(x,y) in (48) for given T > 0, to > 0 and y > 0, and let
y — +oo in the end. By the semigroup property, (e *4v)(z) = e~ (tHt0)A(z y).
The first Hermite function ¢o(z) = 7~1/4e=1#*/2 is the normalized eigenfunction
of A= —A + |z|? corresponding to the lowest eigenvalue \g = 1. Let Ty = to + T.
Writing the semigroup in a Hilbert basis of eigenfunctions yields

“+oo
(49) 3Co>0,VyeR?, / le"T4p)2(z) dz > e 27020 g (y)|2 = Coe™I’.

Mehler’s explicit formula for the Hermite kernel is (cf. e.g. [Dav89, prop 4.3.1]):

) ()t )
’ (1 — e 1)) 2(1 — e—4)
The function a(t) = %*2_41 is decreasing for ¢ > 0, hence a(Tp) > limy, a = 1 and
B 1 4lzoly
e (@, y)? < (1= o) P (—a(TO)(JC2 +y%) + g

for all © < xg, y > 0 and t € (to, Tp). This implies: 3C; € (1,a(Tp)), IC2 > 0,
et (@, )2 < Cae™ 27" "CW < g,y > 0, t € [to, To).

Therefore, setting Cs = T'Cy ffzo e~ 02’ gy yields:

T x0
(50) ac, > 1, 3C5 > 0, Yy € Ry, / / le™ ) () da dt < Cye=C1v”,
0 —oo

The combination of (49) and (50) as y — +oo proves that the null-controllability
inequality (48) does not hold for any 7. O

N.b. in this example the eigenvalues A\,, = 2n+1 of A satisfy the second property
stated in theorem A.1, i.e. the divergence of Zn>1 i, but Appendix A does not
apply because the output space F = L?(R) is not one-dimensional. Instead we
resorted to Mehler’s explicit formula for the semigroup kernel.

N.b. the proof of the resolvent condition by contradiction using semiclassical
measures follows [Bur02] and [BZ04, theorem 8] where the lower-order coefficients
of A are at most bounded. Here the semiclassical reduction takes advantage of the
homogeneity of the unbounded potential as in [Mil08, Mil10b].

5.2. The log threshold.

Proposition 5.2. There exists a positive self-adjoint operator A on ¢? with dense
domain D(A) and compact resolvent, and an observation operator C' € L(D(A),C)
with the following properties:

(a) The observation C is admissible for the Schrédinger group (e'*4)ier and

the heat semigroup (e~*);>o.
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(b) The following logarithmic resolvent observability condition holds for some
positive constant M :

9 M
[l < T
log“(A+ 1)
(¢) For any time T > 0, the Schrédinger group is controllable by C in time T'.
(d) For any time T > 0, the heat semigroup is not controllable by C in time T.
More precisely, given any nonzero finite sum of eigenfunctions of A as initial
state, there is no input steering it to zero at time T .

N.b. in this example C' € L(D(ATY2),C) for all e > 0, but C' ¢ L(D(/A),C).

I(A = Mol + M[[Cvl?, veD(A), A>o.

Proof. Let (e,)n>1 be the canonical Hilbert basis of ¢2. For x € (2, denote by
Zn = (x,e,) its n-th coordinate.
Consider the operator A on ¢? with domain D(A) defined by

D(A) = {JC c | Z n?(logn)?x2 < oo}, Ae,, = nlog(n+1)e,, n > 1.
n>1
Note that A = f(B), where f is the convex function t — tlog(t + 1), and B is
the operator on 2 with domain D(B) = {x €| Y, syt < oo} defined by
Be, =ne,, n > 1. Consider the observation operator C' defined by

Cx = an

n>1
Note that C € L(D(B),C) C £L(D(A),C). Indeed C € L(D(A5t1/?),C) for all
e >0, but z,, = 1/(nlognlog(logn)), n > 1, proves that C' ¢ £L(D(v/A),C).
By Parseval identity, C' is admissible for the group e?#, and this group is ob-

servable in a time 7w by C. By [Mill2, Theorems 2.3 and 2.4], these two facts imply
the following resolvent conditions for some positive constants L, My:

(51) IC2| < Loll(B = Nl + Lolle], A0

(52) lall? < Moll(B = N)all? + Mol Call?, A > 0.

Let us show that (51) and (52) imply (for some positive constants L, M)

(53) 07 < oy N4 = el + Lha?, 3> 0

(54) Jall® < ——— (A = X)al|? + M| Cal?, A>o.
log=(A+1)

This follows from [Mill2, Theorem 3.2] as in [Mill2, Example 3.4]. We sketch
the proof for the sake of completeness. Fixing pu > 0, we consider the function
gyt %ﬁ(“) (9.(p) = f'(p)). As f is convex, g, is nondecreasing on (0, +00).
By functional calculus, using that B is positive, we get

9. (0)(B = pz| < [lgu(B)(B — pzll,
which yields
log(u+ V(B — p)z|| < [[(A— f(w)z].
Plugging p = f~1()\) here yields that (51) and (52) imply (53) and (54).

The point (b) of the proposition is exactly (54). It implies point (¢) by the-
orem 1.2 since the resolvent of A is compact (cf. [RTTTO05, proposition 6.6.4] or
[Mill2, corollary 2.14]).

Inequality (53) implies the admissibility of C' for the group e®4 by [Mil12, The-
orem 2.3]. To complete the proof of point (a) of the proposition, we compute the
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admissibility of C for the heat semigroup (e=*4);>o (setting Ay = klog(k + 1) < k
and ending with Hilbert’s inequality, cf. [Hil06, HLP88]), for € D(A4),

T “+o0 “+oc0
/ |[CetAz||2dt g/ |Ce~t 2z ||?dt < / D e A | | |dt
0 0

7,k>1

Z \%ka\ Z \$J||$k| Z' |2
\ J
5 k>1

]k>1 j=1

Point (d) results from the divergence of > and AppendixA. O

n2l n log(n+1)

REMARK 5.3. In [Mil12, Example 3.13], this diagonal operator A on ¢? is interpreted
as a function of the Dirichlet Laplacian on (0,1), and C as a boundary observation.

6. THE DIRECT LEBEAU-ROBBIANO STRATEGY WITHOUT EXPLICIT COST

This section concerns the so-called “Lebeau-Robbiano strategy” for proving final-
observability (2) already mentioned in §3.2. It originates in the heat control strategy
in [LR95]. In order to estimate how the control cost blows up as the time available
to perform it tends to zero, it was recently revisited in [Mill0a], which gives more
background and references. The main result of this section, theorem 6.1, improves
[Mil10a] when estimating the control cost is not a goal. Its simpler statement in the
specific normal semigroups framework of §3.2 can be found in theorem 5 of §1.3.

Throughout this section we essentially use the more general framework of [Mil10a]
in order to encompass all the applications discussed there. It is recalled in §6.1 in
the form suitable for the improvement. The general statement of the new result, the
discussion of logarithmic conditions and their application to logarithmic anomalous
diffusions are given in §6.2. The key idea and proof of the result are given in §6.3.

6.1. Framework. We consider the abstract differential equation:
(55) o(t) = Ap(t), @)=z €€, =0,
where A : D(A) C £ — & is the generator of a strongly continuous semigroup
(e!4)¢>0 on a Hilbert space €. The solution is ¢(t) = e'x.
N.b. here the generator is A whereas it was —A in previous sections.
We also consider an observation operator C' continuous from D(A) with the graph

norm to another Hilbert space F (norms in £ and F are both denoted |-||). For
simplicity we assume that C' satisfies the admissibility condition

T
(56) / |Cetx|?dt < Kp|z||?, zeD(A), T>0.
0

This assumption could probably be replaced by some time smoothing effect as in
theorem 3.3, cf. [Mill0a, lemma 3.1].

The goal is to prove that for all 7' > 0 there is a cost kp > 0 such that final-
observability in time T holds, i.e.

T
(57) e A2 < KT/ ICetx|Pdt, = € D(A).
0

We now generalize the three conditions of the Lebeau-Robbiano strategy in
[Mil10a] in order to encompass our logarithmic improvement.

Let Ty and Ao be positive constants. Let ¢ and 1 be two positive increas-
ing continuous functions defined on (Ag,+00) and (1/Tp,+00) respectively such
that ¢, A = A/p(A) and w — Y(w)/w tend to +oo at +oo. E.g. ¢ satisfies
these assumptions if w — ¥ (w)/w is a positive increasing continuous function on
(1/Tp, +00) tending to 400 at +o0o. N.b. the assumptions in [Mill0a] correspond
to p(A) = A1"%/a, a € (0,1), a > 0, and ¥(w) = bt 3 >0,b> 0.
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We assume that there is a nondecreasing family of semigroup invariant spaces
Ex CE A= ) (ie. e, C & C Env, t >0, N > )) satisfying the semigroup
growth property (namely some time-decay): there exists mg > 0 and m > 0,

(58) etAz]| < mee™MeNe Mz, x L&, te(0,Th), A=A

When A is a normal operator (as in §3.2) these growth spaces £, are naturally
defined by the functional calculus as the spectral subspaces £, = 1re a>_x & which
satisfy (58) with mg = 1 and m = 0 by the spectral theorem. Note the interpreta-
tion of A as a spectral abscissa in this simple case.

We also assume that there is an observation operator Cy € L(D(A), F) which
satisfies the final-observability property: there exists by > 0 such that

T
(59) leT4z|? < boe2T¢<1/T>/ |CoetAz||?dt, = eD(A), T e (0,Tp).
0

In the original framework of [LR95] and in §3.2, the reference operator Cy is the
identity operator which always satisfies (59) with by = SUPte[o,T0]||€7tA||2 and
Y(w) = %wlogw, all the more with 9(w) = bw’!, B3 > 0, b > 0. Some appli-
cations require Cj to be a non-trivial projection as discussed in [Mill0a, §3.7].

Finally, generalizing the “condition on sums of eigenfunctions” (26), we assume
the observability on the growth subspaces €y relative to the reference operator Cy:
there exists ag > 0 such that there are positive constants ag and a such that

(60) [Co||? < age®*N || Cal?, z €&, A= Ao

6.2. The direct Lebeau-Robbiano strategy and logarithmic conditions.
The statement of the “direct Lebeau-Robbiano strategy without explicit cost” is:

Theorem 6.1. In the framework of §6.1, assuming in particular admissibility (56)
and relative observability on growth subspaces (58), (59) and (60), if

1
(61) s+ ———— is integrable at + oo for somep >m+1 and g > 1,
1 (@(qé))
P
then final-observability (57) holds for all T > 0.

N.b. instead of assuming (59) and (60) separately, we may as well assume (66).
N.b. if (61) holds for some q > 1 then it holds for all ¢ > 1.

This theorem is proved in the next §6.3. Here we discuss some applications.
As explained after (59), ¥ (w) = wP*l, B >0, and ¥(w) = wlogw are interesting
examples of ¢. Here are some admissible functions ¢ for these 1.

Lemma 6.2. The integrability condition (61) holds for all p > 0 and g > 1 with
the following functions (1, @) (hence also with (b, ¢/a) for alla >0 and b > 0):

P(w) =w, B >0, and () = (log\)*, a > B+1,
or Y(w)=wlogw and  ©(A) = (log(log A))*log A, o > 2.
Proof. This follows from straightforward computations. With the substitution

v(¢®) = py(w), (61) is equivalent to the integrability of ds/w at +o00. We only
give details for the latter case. In this case this substitution writes

(62) s(log q) log™(slog q) = pwlogw.

Taking the logarithm of (62) yields logs ~ logw as s — +o00. Since (zlog® z)" ~

log® x as ©* — 400, taking the derivative of (62) yields j—i ~ méﬁ% as s — +oo.

Hence (61) is equivalent to the integrability of dw/(wlog® ' w) at 4+oco. This well-
know Betrand integral is convergent if and only if o > 2. O
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Now we state the corollary corresponding to the original framework of [LR95].
Let M be a smooth connected compact d-dimensional Riemannian manifold with
metric g and boundary M # (). Let A denote the Laplace-Beltrami operator
on L?(M) with domain D(A) = H{(M) N H%(M) defined by g. N.b. the results
are already interesting when (M, g) is a smooth connected bounded domain of the

Euclidean space R?, so that A = 86—; 4+ 4+ aa%, as stated in theorem 7.
1 d

In this application, the state and input spaces are & = F = L*(M), the growth
spaces are the spectral spaces defined after (58), i.e. £y is the linear span of the
eigenfunctions of —A with eigenvalues lower than A. The reference operator Cy is
the identity operator and the observation operator C' is the multiplication by the
characteristic function xq of an open subset Q # () of M, i.e. it truncates the input
function outside the control region 2.

As recalled in (14) of §1.4, A = —A satisfies (26) with exponent a = 1/2. Hence
A = —/—A satisfies (26) with o = 1. We deduce that (60) holds for A = —By(B),
B = /—A, with some possibly greater ay and a, when

©(A) = (log (1 +1og(1+ X)) log(1 + ), «a>2,

(63) or @A) =(log(l+A)*, a>1L1

The main step of this straightforward computation is: since () K A, u = A/p(N)
implies logpu ~ logA and A = pp(\) ~ pe(w). Applying theorem 6.1 with
lemma 6.2 yields:

Theorem 6.3. The anomalous diffusion on the compact manifold M with Dirichlet
boundary conditions defined by A = —v/—Ap(v/—A) and (63), with input u:

0cd — Ad = xau, ¢(0) = do € L*(M), u € L*([0,T] x M),
is null-controllable from any non-empty open subset Q0 of M in any time T > 0.

REMARK 6.4. Theorem 6.3 for ¢(\) = A\1/# 3 > 0, with the control cost estimate

limsup 7" In kp < oo is [Mill0a, theorem 4.1]. It is still an open problem whether
T—0
theorem 6.3 holds for ¢(A) = 1, although theorem A.2 rather indicates that it

does not. This problem is the null-controllability for 9,¢ + v/ —A¢ = xqu. Unique
continuation holds since (9; + vV—A)¢ = 0 = (02 + A)¢ = 0. We mention some
available “transmutation formulas” that could be relevant to this problem:

t 2
@67]& /(45)65Ad$.

1 1
eitm = ; / m COS(S\/ —A)ds = ﬁ /
oo 0
6.3. Proof of theorem 6.1. To bound the cost xp obtained by the Lebeau-
Robbiano strategy, the crucial lemma [Mill0a, lemma 2.1] partitions the time inter-
val (0, T] into an infinity of intervals with lengths in geometric progression. The key
idea in this section is to consider instead a geometric progression of the “spectral
abscissa” A. This means that the dependence of the resulting cost k7 on T is no
longer explicit. In other words, the following alternative lemma exploited in this
section does not bound the cost k1 but allows more general partitions of (0,T:

Lemma 6.5. Let \y > 0 and g > 1. Consider a positive decreasing continuous
function T on (A1, +00) such that T(A) — 0 as A = +00 and satisfying

(64) s+ 7(q°) is integrable at + oo.

Also consider a positive function f on (A1, +00) such that f(A) = 0 as A = +o0.
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The approximate observability estimate

()
(65) ) em™ ] — f(aM)]lz]* < / |Ce**z|?dt, = eD(A), A=A,
0

implies final-observability (57) for all T > 0.

Proof. Define the geometric sequence A1 = qAg, £ € N*, and the corresponding
sequence of time lapses 7, = 7(\;). Due to the integrability condition (64) and
the monotonicity of 7, the series ), 7, converges. Hence T}, = Zk>n 71, defines a

decreasing sequence of times converging to zero. Applying (65) to z = eT#+14y and
A = A\ yields
Tk
FORNET Y|P = fwrn) ey [* < /T [Ce* Ay, yeD(A), k=1
k+1

Since the left hand side is a telescoping series, adding these inequalities yields

TN

FON™ Ay 12 = F(u)lle™yl* < / |Cey|?dt, y €D(4), k>N >1.
Tk

Taking the limit k — oo yields (57) with T'= Ty and xr = 1/f(An) since f(Ag)

converges to zero and the continuous function ¢ +— ||e!4y|| is bounded on the com-

pact set [0, Ty]. This completes the proof of the lemma since for all T' > 0 there

exists N such that Ty < T. O

We proceed with the proof of theorem 6.1. For ease of exposition, we start with
the case m = 0 in (58) and complete the general case at the very end of §6.3.
Plugging (60) in (59) yields

T
leT4y|? < aoboe2(’\/W(’\)+T¢(1/T))/ |[CetAy|2dt, ye &, T €(0,Ty), A= Ao.
0

Since A — A\/@(A) and w — ¥ (w)/w tend to +oo at 400, taking \g and 1/T, greater
if needed, we may assume that these functions are greater than 2 so that their sum
is lower than their product. We deduce

T
(66) " y)? < aoberTw(%)ﬁ/ [CetAy|2dt, y € Ex, T € (0,Ty), A= Ao.
0

For a given z € D(A), A > X and 7 € (0,T) we introduce an observation
time T = e7 with € € (0, 1), the orthogonal projection of x on £\ denoted x,, and
1L
Ty =T — Th.

Since & is semigroup invariant, we may apply (66) to y = e1=e)7A4 and obtain:
1 T 1 1y_A
67 ey < 7/ Cetlay|?dt, g(r,\) = MYy,
O e el < gy [ ot gn ) = o
We put the factor 4 in the definition of g because we shall use twice the inequality:
(68) ly + 212 <2(llyl* + [I=1%), ye& =€k
Using (68) then (56) yields

(69) /( ||C’etA:cA||2dt<2/ |CetAa|?dt 4+ 2 Kor||e ™42+ ||2.

1—e)T 1—e)r

Using (68) again, then (67) and finally (69) yields
g(m, Nle™al* < / ICe ]2t + Keq [l = 2y |2 + 29(7, A) 7 x|,

(1—e)r
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Applying (58) with m = 0 to zy- yields
.
g(r, Ve | = m (Ker 720797 4 29(r, N)e ™7 |Jaf |2 < / |Cet x| 2dt.
0

Since ||lzy || < [|2||,Ker < K7, and g(7,A) < m, we set go = mé(Kr, —l—m) and
deduce the approximate observability estimate: for all z € D(A),

(70) g(7, N)||e™x||? — goe 277|122 < / |Cetz|?dt, X=X, 7€ (0,Tp).
0

As noted after (61), we may assume without loss of generality that it holds for
some p > ¢q > 1. In order to apply lemma 6.5, define the functions 7 and f by

1 _ =1 90()\) _ q _ _ 1 —2e(1l—e)T(N)A/q
7= (B = T 100 =70, 3) = e,
These functions are well-defined on (A1, +00) for A; large enough. Taking & small
enough ensures r € (q,p). Since r < p and 1~ is increasing, the integrability con-
dition (61) also holds with p replaced by r, hence (64) is satisfied. The assumptions
on  and 9 in §6.1 ensure that 7 decreases, 7(A) — 0 as A — +o00, and g(7,\) = 0
as (17,A) = (0,+00). Therefore f(A) — 0 as A = +oo. Equivalently 7(A)A — oo as
A — 4o0. Using 7(¢g\) < 7(A), this yields for A; large enough

1
f(q)\) > me—k(l—s)r()\))\ > goe—Z(l—s)T(A)A, > /\1.

Therefore (70) implies (65), and lemma 6.5 completes the proof in the case m = 0.

We now complete the general case m # 0 in (58). The proof uses (58) only once:
in the equation before (70). We may divide this equation by e>™*/¢(\) and keep the
same right hand side since e=2™*¢(A) < 1. This yields (70) with g(7, \) replaced
by g(7,\)e™2mM¢(N) | Recalling that w + 1 (w)/w is greater than 1 (as a result of
increasing \g), this amounts to replacing ¢ by ¢/(m + 1) in the definition of g and
eventually in the integrability condition (61).

REMARK 6.6. We take this opportunity to correct misprints in the proof of [Mill0a,
lemma 3.4]: the definition of u is u(t) = kCeT=94q and, conversely, f(T) =

fOT et A" Bu(T—t)dt+eT4" fq yields (fo, eT42) = — fOT<u(T—t), CetAz)dt+(f(T),z).
APPENDIX A. LACK OF CONTROLLABILITY BASED ON MUNTZ THEOREM

For the sake of completeness, we repeat [Mil06b, Appendix] used in §5.2 and
take this opportunity to correct some misprints. This appendix concerns control
systems having a Riesz basis of eigenvectors and a one-dimensional input space.
Theorem A.2 gives a sufficient condition in terms of eigenvalues for a property
which is much stronger than the lack of null-controllability: no sum of eigenvectors
can be steered to zero. It is based on the following generalized Miintz theorem
recalled from [Red77, theorem 7]:

Theorem A.1l. Let {(,}nen be a sequence of distinct non zero complex numbers
and let {en}nen be the corresponding sequence of exponential functions defined by
en(t) = exp(Cut). If {Cntnen satisfies one of these properties:

; 1
Z) E|€>O, ZW:OO,
n n
1
1 Re —| = o0,
) e L
111) {|Cn|tnen increases and there exists a sequence {0, }nen of nonnegative real

1 1
numbers such that E —- < 00, and E W = 00,
n-n nl|’m
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then, for all T > 0, {en}nen is complete in L?(0,T;C), i.e. the only vector orthog-
onal to this set is 0 (equivalently, any function of L*(0,T;C) can be approzvimated
in the norm of this space by linear combinations of these exponential functions).

On a Hilbert space X we consider the system described by the following differ-
ential equation for ¢ > 0 :

(71) @(t) + Ax(t) = bu(t), 2(0) = 2° € X, v € L} (R;C) .

We assume that —A is the infinitesimal generator of a Cy-semigroup {e_tA}t20 on
X, which has a sequence of normalized eigenvectors {¢,, },en forming a Riesz basis
of X, with associated eigenvalues {\, }nen, that is, Ad,, = A\, ¢,. We denote by X;
the Hilbert space obtained by choosing the graph norm on the domain D(A) of the
unbounded operator A on X, by X_; the space dual to &}, and we keep the same
notation for the extension of {e_tA}t>0 to a semigroup on X_;. We also assume
that the “control vector” b is in X_; so that the solution x € C(0,T; X_1) of (71)
is defined for T' > 0 by the integral formula:

T
(72) 2(T) = e~TAg0 4 / e~ T=0Ap (1) dt |
0

There is a sequence of eigenvectors {i,}nen of A* forming a Riesz basis of
X, with associated eigenvalues {\, }nen, which is bi-orthogonal to {¢, }nen, i.e.
(Pns ) =1 and (¢Pn, ¥m) = 0 if m # n. We introduce the coefficients b, = (b, ¢n,)
in the expansion b = 3" bn¢n.

Theorem A.2. Assume that b, # 0 for all n larger than some integer Ny. If the
set of distinct non zero eigenvalues of A satisfies one of the properties stated in
theorem A.1, then, for all non zero initial state x° which is a finite linear combi-

nation of the eigenvectors {¢n}nen and for all T > 0, there is no input function
u € L%(0,T;C) such that the solution x € C(0,T;X_1) of (71) satisfies z(T) = 0.

Proof. Introducing the coefficients x,,(t) = (z(t),v,), (72) writes z,,(T) = e T2 +
fOT e M (T=Dp, u(t)dt. With the notation y,(t) = exp(A,t), 2(T) = 0 writes:

T
(73) VneN, —22=b, / yn(t)u(t)dt .
0

We make the assumptions on {b, }nen and {\, }nen of the theorem. Arguing by
contradiction, we also assume that there are T > 0, z° # 0 which is a finite linear
combination of the {¢,}nen, and u € L?*(0,T;C) such that (73) holds. Let z%
be the nonzero coefficient of z° with the greatest index, i.e. 2% # 0 and 22 =0
for n > N. Let M = max{N,, N}. For all n > M, on the one hand M > N,
implies b, # 0, on the other hand M > N implies ¥ = 0, so that (73) implies
fOT yn(t)u(t)dt = 0. The set of distinct non zero values of {\, }n~nsr also satisfies
the same property stated in theorem A.1 as {\,}nen, so that the corresponding
subset of {yy, }n>asr is complete in L?(0,T; C), and therefore u = 0. Plugging this in
(73) with n = N yields the contradiction: 0 # —z% = by fOT yn(Bu()dt =0. O
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